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I. Introduction

Two bounded linear operators A and B in a Hilbert space H are said
to anticommute if AB + BA = 0. However, if A and B are unbounded,
then this definition of anticommutativity does not work, because AB +
BA may not make sense on any vector in H.

A proper notion of anticommutativity of (unbounded) self-adjoint
operators was given by Vasilescu [23]. Samoilenko [21] and Pedersen
[20] gave several equivalent characterizations of the anticommutativity
and discussed some aspects of anticommuting self-adjoint operators.

Following [20], we say that two self-adjoint operators A and B in a
Hilbert space anticommute if

e’itAB C Be——'itA

for allt € R. We remark that this definition is symmetric in A and B [20]
and gives an extension of the notion of anticommutativity of bounded
operators mentioned above.

Families of anticommuting self-adjoint operators are not only in-
teresting in its own right (in particular, from representation theoretical
points of view), but also may be important in applications (e.g., analysis
of operators of Dirac’s type [3,5-8, 13, 16] and supersymmetric quantum
theory [1,2,4,9,15,17, 18]).

In [10,11] the present author has developed analysis on anticom-
muting self-adjoint operators; The paper [10] is concerned with alge-
braic properties of the partial isometries assoicated with anticommuting
self-adjoint operators and analysis of the sum of two anticommuting
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self-adjoint operators, while the paper [11] gives a characterization of
the anticommutativity of self-adjoint operators in connection with Clif-
ford algebra and discusses some consequences of it, one of which can
be applied to the self-adjointness problem of some classes of operators
of Dirac’s type in both finite and infinite dimensions. In this paper we
summarize the main results obtained in [10, 11].

I. Product of two anticommuting self-adjoint operators

In this section we describe some results on a product of two anti-
commuting self-adjoint operators. We denote by D(A) the domain of
the operator A.

For the reader’s convenience, we first summarize as a lemma some
known facts on anticommuting self-adjoint operators.

Let A be a self-adjoint operator in a Hilbert space with the spectral
family {E4(A\)|X € R}. Then the polar decomposition of A is given by

A=Ug|A]

with
Ug=1—E4(0) — E4(-0),

see, e.g., [19, p.358]. We call U4 the partial isometry associated with
the self-adjoint operator A.

Lemma 2.1 [20,23]. Let A and B be anticommuting self-adjoint
operators in a Hibert space. Then the following (i)—(vii) hold:
(1) UpA C —AUg and UyB C —BU4.
(ii) UB|A| C |A|UB and UA|Bl C |BIUA.
(iii) |A| and |B| commute.
(iV) UsU = —UpgUy,.
(v) A and |B| commute and B and |A| commute.
(vi) D(AYNn D(B)ND(AB) = D(A)n D(B)N D(BA) and

(AB+BA)f =0, fe D(A)NnD(B)ND(AB).

(vii) A+ B is self-adjoint.

For two anticommuting self-adjoint operators A and B in a Hilbert
space, we consider the product

Co(A, B) = iAB
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with D(Co(A, B)) = D(A) N D(B) N D(AB). It follows from Lemma
2.1(vi) that

D(CO(A7 B)) = D(CO(B’A))a

and

[Co(A,B) + Co(B,A)]f =0, feD(Cy(A,B)).
In particular, Cy(A, B) is symmetric.

Theorem 2.2 [10]. Let A and B be anticommuting self-adjoint
operators in a Hilbert space. Then

(i) Co(A, B) is essentially self-adjoint.
(ii) Let C(A, B) be the closure of Cy(A, B). Then

C(A, B) = —C(B, A).

(iii) The operator C(A, B) is essentially self-adjoint on every core
for A? + B2,

Remark. We can find a dense domain D on which Cy(4, B)* is
essentially self-adjoint for all ¥ € N [10, Theorem 2.3].

By Lemma 2.1 (vi) we have
ACy(A,B) 4+ Cy(A,B)A=0, BCy(A,B)+ Cys(A,B)B =0,

on a suitable domain, respectively. Hence C(A, B) may have a chance
to anticommute with A and B. In fact, the following theorem holds.

Theorem 2.3 [10]. The operator C(A, B) anticommutes with A, B,
and A+ B.

. Algebraic properties of the partial isometries associated
with anticommuting self-adjoint operators

Theorem 2.3 shows that, given two anticommuting self-adjoint op-
erators A and B in a Hilbert space, we have a triple {A, B,C(A, B)}
of mutually anticommuting self-adjoint operators. It is interesting to
investigate structures of this triple. We do it by analyzing the algebraic
structure of the partial isometries of U4, Up, and Ug(4,p)- Thus our first
task is to compute products of these partial isometries. A key tool for
this purpose is the following formula for the partial isometry associated
with a self-adjoint operator.
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Lemma 3.1. Let A be a self-adjoint operator. Then

Ugp=s— el—i>I—I+—10A(A2 +€)71/2,

Proof. This can be proven by the functional calculus for self-adjoint
operators. For the details, see [10]. Q.E.D.

Remark. Let A be a self-adjoint operator and P4 be the orthogonal
projection onto (Ker A)+. Then:

Ua = sgn(A)Pa,
where sgn(\) = A/|A|, A € R\ {0}.
We also note the following fact.

Lemma 3.2 [10]. Let A and B be anticommuting self-adjoint op-
erators in a Hibert space. Then:

(i) Pa and Pg commute.
(il) P4 and U commute, and Pg and Us commute.

Using Lemmas 3.1, 3.2 and some technical facts, we can obtain the
following results .

Theorem 3.3 [10]. Let A and B be anticommuting self-adjoint
operators in a Hilbert space. Then:
UaUp = —iUc(4,B),
Uca,ByUa = —iPpUp = —iUBPa,
UC(A,B)UB =1PgUs =iUsPpB.

In the rest of this section, we assume that A and B are anticommut-
ing self-adjoint operators in a Hilbert space H. To rewrite the formulas
given in Theorem 3.3 as commutation relations, we introduce

Ua Up Uc(a,B)
Xi=i—, Xo=1—, Xzg=1—2+
1 ¢ 9’ 2 ? 9’ 3 ? 2 )
Yizla Y2=PB’ }%:PA) Y4:PAPB-

For bounded linear operators X,Y on H, we define

[X,Y]=XY -YX.
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Theorem 3.4 [10]. The following commutation relations hold:

3
[Xj7Xk:] = ZeijXZYij ]ak = 1)27 33
=1
[Xjaym] = [Ym)Yn] = 07 .7 = 1)2733 m,n = 1’293a4~9

where €;,¢ is the Levi-Civita symbol with €123 = 1.

Proof (Outline). This follows from Theorem 3.3, Lemma 3.2,
Lemma 2.1 (iv), and the fact that P% = Pj,. Q.E.D.

The vector space of all bounded linear operators on H is a Lie algebra
with the Lie bracket | - , - ]. We denote it by £(H). Theorem 3.4 implies
the following result.

Theorem 3.5 [10]. Let M C £(H) be the subspace spanned by
XiYm,k=1,2,3,m=1, 2,3,4. Then M is a Lie subalgebra of £(H).

As is well-known, the Lie algebra su (2,C) of the special unitary
group SU(2) is the set of 2 X 2 complex skew-Hermitian matrices of trace
zero and has a basis {e;}3_; which satisfy the commutation relations

3

lejrex] =D ejneer, 5,k =1,2,3.
=1

We define a linear map p : su (2,C) — £(H) by
3 3
o> aje) = a;X;, 0;€C,j=1,23
Jj=1 j=1

Theorem 3.6 [10]. Suppose that A and B are injective. Then g
is an isomorphism between su (2,C) and M.

Proof. We need only to note that, in the present case, P4 = Pg =
1. Q.E.D.

In the case where A and B are not necessarily injective, we can
proceed as follows. Let

Ho = (Ker A+ Ker B)*
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and define the operators Ap and By acting in Hg by

AOf:Af7 fe D(AO)a
Bof = Bf, [ € D(Bo)

with
D(Ao) = D(A)NHo, D(Bp)= D(B)NHp.

It has been proven in [20] that Ag and By are injective, self-adjoint, and
anticommute. We define the operators

U

Us
X =i, X¥ =

I8 y© _Uotaos)
2 b

2
and the map g : su (2,C) — £(Hop) by

3 3
go(Zajej) = ZO&jXJ(O), Olj € (C,j = 1,2,3.
1 1

Applying Theorem 3.6 with A and B replaced by Ag and By, respec-
tively, we have the following result.

Theorem 3.7 [10]. The map gy is an isomorphism between
su (2,C) and the Lie algebra My generated by X;O),j =1,2,3.

Theorem 3.7 implies that gq is a faithful representation of su (2, C)
on the Hilbert space Hy. If Hy is infinite dimensional, then g gives
an infinite dimensional representation of su (2,C). The structure of the
representation gp may be interesting. We have the following theorem.

Theorem 3.8 [10]. Let H be separable and Hy be infinite dimen-
sional. Then there exists a sequence {Mp,}2, of subspaces in Ho with
the following properties:

(i) For each m and n with m # n, M,, and M, are orthogonal.
(iii) For all n € N, dim M,, = 2 and M,, is left invariant by
0
(XY
In particular, the representation gg is completely reducible with the heigh-
est weight of each irreducible component being 1/2.

In concluding this section, we give a remark on a relevance of anti-
commuting self-adjoint operators to Clifford algebra theory. The Clifford
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algebra 2, associated with the n-dimensional Euclidean space R™ is the
algebra generated by elements v;,j = 1,---,n, and identity 1 satisfying

Let A and B be anticommuting self-adjoint operators in the Hilbert
space H and define

It =Up,, I3=Ug,, I3=Uc4,,B,)-

Then the operators I'j,j = 1,2,3, are self-adjoint on Hg. Moreover we
have

Fij+Fij:26jk, i, k=123,

and I leaves M,, invariant. Let I j(n) be the restriction of I'; to My,
so that we have
D
r=r;”~.
n=1

Let €, be the algebra generated by I’ J(n)) j =1,2,3. Then we have the
following result.

Theorem 3.9 [10]. For each n = 1,2,---, the algebra €, is the
spin representation of As.

IV. The sum of two anticommuting self-adjoint operators

Let A and B be anticommuting self-adjoint operators in the Hilbert
space H. As we have seen in Lemma 2.1 (vii), A+ B is self-adjoint. This
section concerns more detailed properties of the operator A + B.

4.1. The case where B is injective

In this case, the partial isometry Up is unitary with the spectrum
o(Ug) = {£1}, so that we have the orthogonal decomposition

(4.1) H=H+@H_={<£>|feH+,geH_}

with
Hi =Ker (Ug F1).
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Theorem 4.1 [10]. Let A and B be anticommuting self-adjoint
operators in H and B be injective. Then A, B, and P4 have the following
matriz representations with respect to (w.r.t.) the decomposition (4.1):

_ 0 a*M_ _ [ By 0
(4.2) VA_(GMWL ; ) B~(O _B_),
a*ta O
PA - ( 0 aa*) b
where a is a partial isometry from Hy to H_, By (resp. B_) and M,

(resp. M_) are commuting nonnegative self-adjoint operators in M
(resp. H_), and aBy C B_a.

This theorem is a generalization of [20, Corollary 3.3] which gives
matrix representations of A and B similar to (4.2) in the case where
both of A and B are injective.

We consider the diagonalization of A + B w.r.t. the decomposition
(4.1). By the commutativity of |A| and |B| [ Lemma 2.1(iii) |, we can
define, via the functional calculus,

A = Arctan(|A||B|™Y),

which is bounded and self-adjoint. Since —iX3 and A are commut-
ing bounded self-adjoint operators, —iX3A is bounded and self-adjoint.
Hence the operator

V = X3t

is unitary. It turns out that V implements the diagonalization of A + B
w.r.t. the decomposition (4.1):

Theorem 4.2 [10]. Let A and B be anticommuting self-adjoint
operators and B be injective. Then

V(A+ B)V~! = Ug(A? + B?)'/?

(4.3) _ ((LuLa+ B3)Y? 0 )
0 —(LaLy +B%)Y2 )’
where
LA = CLM+.

Remark. Formula (4.3) can be regarded as an abstract and non-
perturbative version of the so-called Tani-Foldy- Wouthuysen transfor-
mation of the usual Dirac operator in three space dimensions (e.g., [14]).

Theorem 4.2 can be proven by using the following lemma.
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Lemma 4.3 [10].

Vle_l = (1 - PA)Xl + PA(Xl cosA + X2 SiIlA),
VXVl = (1 — Py)Xo+ Pa(—Xysin A+ XpcosA).

4.2. The case where B is not injective

In this case, we note the following fact.

Lemma 4.4 [10]. The operator Pg commutes with A,V,Ug, and
(AZ + B2)1/2.

Lemma 4.4 implies that A, B, V, Ug, and (A%24+B?)!/2 can be reduced
to (Ker B)* in which B is injective. Thus we can apply the preceeding
result in Section 4.1 to obtain the following theorem.

Theorem 4.5 [10]. Let A and B be anticommuting self-adjoint
operators. Then (4.3) holds on (Ker B)~.

Remark. In the case of abstract Dirac operators, results similar to
Theorems 4.2 and 4.5 have been obtained in [22].

V. Characterization of anticommutativity of self-adjoint
operators in connection with Clifford algebra

In Section Il we have seen that two anticommuting self-adjoint op-
erators are related to the Clifford algebra 23. This fact suggests that it
may be more natural to characterize anticommutativity of self-adjoint
operators in connection with Clifford algebra. In fact, such a character-
ization is possible as we shall present below.

Let H be a Hilbert space. We say that {v; j=1 U5 @ self-adjoint
representation of the Clifford algebra A, on H if each v; is a bounded
self-adjoint operator on H satisfying (3.1).

The first of the main results in this section is the following,.

Theorem 5.1 [11]. Let A and B be self-adjoint operators in a
Hilbert space H. Suppose that there exists a self-adjoint representation
{71,72} of U2 on H such that each ; commutes with A and B. Then
A and B anticommute if and only if

eis'ylAeit'yzB

— eit'yzBeiswlA
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for all s,t € R.

Remark. If ; commutes with A, then ;A is self-adjoint with
v1A = A7vi. The same holds for the pair {v2, B}. Hence exp(isy; A)
and exp(ity2B) can be defined via the functional calculus.

Theorem 5.1 has some interesting consequences. We fix a self-adjoint
representation {~;,v2} of 23 on a Hilbert space K. We denote by X @ H
the tensor product of K and H.

Theorem 5.2 [11]. Let A and B be self-adjoint operators in a
Hilbert space H. Then A and B anticommute if and only if v1 ® A and
v2 ® B commute in the Hilbert space K ® H.

Remark. A simple example of K and {~1,72} is given by

K =C?,

(01 ({0 =i
M=01=141 o) Mm=2:=1,; o )

The matrices o1 and o, are the first two of the so-called Pauli matrices.
We have a “dual” version of Theorem 5.2:

Theorem 5.3 [11]. Let A and B be self-adjoint operators in a
Hilbert space H. Then A and B commute if and only if 7 ® A and
Yo ® B anticommute in the Hilbert space K @ 'H.

Remark. In the case where K = C? and v; = 04,7 = 1,2, the
necessary condition in Theorem 5.3 has been proven in [13] by a method
different from that in [11].

Theorem 5.3 can be applied to the self-adjointness problem of op-
erators of Dirac’s type. We first recall a basic result due to Vasilescu
[23]:

Lemma 5.4 [23]. Let {A;}}_; be a family of mutually anticom-
muting self-adjoint operators in a Hilbert space (n < c0). Then Z?zl Aj

1s self-adjoint and
2

D4 =
j=1

n
2
Aj.
1

Using this lemma and Theorem 5.3, we can prove the following fact:
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Theorem 5.5 [11].  Let {A;}7_, be a family of mutually commut-
ing self-adjoint operators in a Hilbert space H (n < 00). Let {v;}7_;
be a self-adjoint representation of U, on a Hilbert space K. Then the
operator

E:= ZVj@Aj

Jj=1

1s self-adjoint in K ® H and

2
p*=) I®A:.
j=1

We next consider a countable family {A,}52 ; of self-adjoint opera-
tors. We can define the operator

by the relation

{fe nD )| w— lgn ZAnfemsts}
Af=w_1\;131wZAnf, f € D(A).
n=1

The following lemma is an extension of Lemma 5.4.

Lemma 5.6 [23]. Let {A,}22, be a family of mutually anticom-
muting self-adjoint operators in a Hilbert space H such that D(3 . | An)
is dense in H. Then Y oo, A, is self-adjoint and

o0 2 o0
(Z A,,,) = Z A2,
n=1 n=1

Using Lemma 5.6, we can obtain an extension of Theorem 5.5:

Theorem 5.7 [11]. Let {A,}52, be a family of mutually com-
muting self-adjoint operators in a Hilbert space H. Let {v,}52, be a
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self-adjoint representation of Ao, on a Hilbert space K. Suppose that
D37 ¥ ® Ap) is dense in K ® H. Then the operator

Do = Z Tn ® An
n=1 )
is self-adjoint in K ® H and

PL=% IeA
n=1

The operator P (resp. Po) in Theorem 5.5 (resp. Theorem 5.7)
gives a class of operators of Dirac’s type in an abstract form. Hence
Theorems 5.5 and 5.7 solve the self-adjointness problem for such Dirac
operators. Examples to which Theorems 5.5 and 5.7 are applicable in-
clude: (i) the Dirac-Weyl operator with a strongly singular gauge po-
tential [13] (cf. also [12]); (ii) classes of operators of Dirac’s type in an

abstract Boson-Fermion Fock space (infinite dimensional Dirac opera-
tors) [3,4,7,9,11].

VI. Anticommuting self-adjoint operators and super-
symmetric quantum theory

As a final topic in this paper, we discuss a connection of the theory
of anticommuting self-adjoint operators with supersymmetric quantum
theory (SSQT).

We first give an abstract definition of SSQT (e.g., [1,2,4,17,25]).
Let N > 1 be an integer. A SSQT with N-supersymmetry is defined to
be a quadruple {H, {Q,}\_,, H, Nr} consisting of a Hilbert space H, a
set of self-adjoint operators {Q,})_, (“supercharges”), self-adjoint op-
erators H (“supersymmetric Hamiltonian”) and Np (“Fermion number
operator”) acting in H, which satisfies the following conditions:

(S.1) N2 =1 (identity on H) and Ng # +I.
(S2) H=Q2%, n=1,---,N.
(8.3) Foreachn=1,---,N, Nr leaves D(Q,) invariant and

NpQn+ Q.Nr =0 on D(Q,), n=1,---,N.
(S4) For alln,m=1,---, N, with n # m,
(@, Qmd) + (Qm¥, Qnd) =0, P, ¢ € D(Qr) N D(Qm),

where (-, -) is the inner product of H.
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Note that (S.3) means that Ny and @, anticommute in a “naive”
sense, while (S.4) shows that @, and Q,, (n # m) anticommute in the
sense of quadratic form on D(Q,) N D(Qy,). It is natural to ask if they
anticommute in the proper sense given in the Introduction.

The following fact is known.

Lemma 6.1 [23]. Let T be a bounded self-adjoint operator and Q
be a self-adjoint operator in a Hilbert space. Suppose that T leaves D(Q)
invariant and

TQ+QT =0 on D(Q).

Then T and Q anticommute.

Applying Lemma 6.1 to T'= Ny and @ = Q,,, we have the following
result.

Proposition 6.2. In any SSQT {H,{Q.})_,,H,Nr}, each Q,
and Ng anticommute.

As for (S.4), we can apply the following theorem.

Theorem 6.3. Let Q1 and Q2 be self-adjoint operators in a Hilbert
space H such that

Q=@
and

(6.1) (Q1%,Q20) + (Q29,Q10) =0, ,¢ € D(Q1) N D(Q2).

Then Q1 and Q2 anticommute.

Proof. We have L = |Q1| = |Q2|. Hence D(Q1) = D(Q2) = D(L)
and the polar decompositions of ¢); and ()5 are given by

Q1 =UL, Q2=U,L,

where U; = Ug,. Putting these formulas into (6.1), we have
(62) (Ul'{;) UZJ;) + (U2'{E) Ula) =0

with § = L), ¢ = Lg, ,¢ € D(L).

We first consider the case where L is injective and hence so is Q;
( = 1,2). Then U; and U; are unitary, self-adjoint and Ran L is dense
in H. Hence (6.2) implies that

UjUy + UUj = 265, J, k=1,2.
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Let D = U2 ;Ran E1([0,n]). Then D is dense in ‘K. Since U; commutes
with L, Uy and U leave D invariant and hence so do @; and Q5. It
is easy to see that D is a set of entire analytic vectors for each Q; and
Q1Q2 + Q2Q; = 0 on D. Hence we can apply [20, Proposition 5.2] to
conclude that ¢; and ()5 anticommute.

In the case where L is not injective, (); and ()9 are reduced to Hy =
(Ker L)+ = (Ker Q;)* = (Ker Q;)*. We can apply the preceeding
result to éj = @Q; | Ho to conclude that @1 and @2 anticommute. This
implies the anticommutativity of @; and Q2 in H. Q.E.D.

Theorem 6.3 gives the following result.

Proposition 6.4. In any SSQT {H,{Q.}"_,,H,Nr}, Q, and
Qm (n,m=1,---,N,n # m) anticommute.

Remark. 'The SSQT considered above is a non-relativistic one. In
relativistic cases, condition (S.2) have to be replaced by a more compli-
cated one (e.g., [9,24]).
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Asymptotics for the Painlevé II Equation:
Announcement of Result

P. A. Deift and X. Zhou

Submitted in honor of Professor S.T. Kuroda,
Jrom whom we have learned so much

1. Introduction

In this paper we study the asymptotics of a class of solutions of the
(homogeneous) Painlevé II (PII) equation

(1.1) Upe = 2u% + zu | r€eER,

as © — =oo. Following the work of Flaschka and Newell [FN] and
Jimbo, Miwa and Ueno [JMU] the PII equation can be solved by means
of a Riemann-Hilbert (RH) factorization problem as follows ([FA]; see
also [IN]). Let £ denote the oriented contour consisting of six rays,

0 = (_, {ng) _ 6i(k—1)7r/3R+},
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with associated jump matrix v(): 1) - My(C), v® | =1 = (%)
etc., where p, ¢ and r are complex numbers satisfying the relatlon

(1.3) p+q+r+pgr=0.

For z € R and z € TW, set

4z3

o(z) = 8

—i(%—}—mz)ad o3 ’U(l) (Z)

+zz)os v(l)(z) ei(%z3+xz)03
(1.4)

=e€

where o3 is the Pauli matrix (; _?).

Now let m(Y)(z) = m()(z, 2) be a (2 x 2 matrix valued) holomorphic
function defined on C\ (! solving the RH problem

mP(2) =mP(2) vV (z), 025D }

mV(z) -1 as z—o00,

(1.5)

where m(+)( ) (resp. mt )( )) denotes as usual the boundary value of
m()(z) from the left (resp. right) side of the oriented contour (1),

(Thus for z € R4 in particular, we have m{! )( ) = lim¢jo mM) (2 £ de),
etc.). Then

(1.6) u(z) = 2i(m{? (2) )12 = —2imP (z) )a1 |

solves PII, where

”(w)
(1.7) mM(2) = mW(z;2) =T + + O( )

as z — 0o.

For general p, q, 7 and z, p+q+r+pgr =0, z € R, the RH problem
(1.5) may fail to have a solution. However, every (local) solution of the
Cauchy problem for (1.1) can be obtained from the RH problem for
suitable p, ¢ and r by the above prescription. Indeed (see e.g. [FA],
[IN]) there is an inejctive map (the Direct Transform)

(1.8) (u(0),u'(0)) —
(po = p(u(0),4'(0)), go = q(u(0),%'(0)), ro = r(u(0), % (0)))
€ {(p,q,7): p+q+r+pgr =0}

with the property that the RH problem (1.5) with p = pg, ¢ = qo and r =
o has a solution for all = in a neighborhood of zero, and if u(z; po, g0, 70)
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is the solution of PII obtained from (1.6), then w(z;po,qo,70) is the
unique (local) solution of PII with the given initial data (u(0),u'(0)).
Moreover, allowing complex values for = in (1.4), u(z; po, go,70) gives a
meromorphic continuation of the solution to the entire complex plane.

We are interested in particular in solutions of (1.1) that exist for all
z in R. A sufficient condition (see [FZ]) for the RH problem (1.5) to
have a solution for all x € R, is that

(1.8) lg—P| <2 and reR.

Real solutions of PII correspond to RH data with the symmetry
(1.9) p=-—q, r €iR,

and pure imaginary solutions correspond to data with

(1.10) p=4q, reR

(cf. [FA], [IN]). From (1.3), (1.8), (1.9) and (1.10), we see that for any
real ¢,

(1.11) -l1<g<1, p=—q, r=20
formula (1.6) leads to a global, real solution of PTI, while for any ¢ € C
(1.12) g, p=q, r=-[g+9/1+[g*)] R

formula (1.6) leads to a global, purely imaginary solution of PII. Fur-
thermore (see below) a special argument shows that for

(1.13) g=+1, p=Fl, r=0

(1.6) also leads to a global, real solution of (1.1).
We will study the asymptotic behavior of the solutions of PII in
these three cases (1.1), (1.2) and (1.3). The results are as follows.

Theorem 1.14 (global real solutions). For

-l1<qg<l, p=—q and r=0,

(1.15)
5 2 a/g 3 log(—x
u(z) = (_\i;M cos (g(—w) /2 — 5'/108(_“3) + ¢) +0 ((_gi)5/2>

as x — —o0 ,
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where
-1 )
(1.16) v=v(q) = o log(1 — ¢*)
(1.17) ¢ = —3vlog2+ log'(iv) + = sgn q — i

2 4

(here I' denotes the Gamma function) and

(1.18)  wu(x) = e~ (2/3)=** (1+0(1)) a z— +4oo.

q
2\/mxl/4

Theorem 1.19 (global purely imaginary solutions). For

qeC, p=q and r=—[(¢g+q§)/1Q+]q?)]

(1.20)
i(—20)12 (2 32 3 log(—x)
as T — —00,
where
-1 .
1.21 = — log(1 + |g|?
(1.21) v = 2> log(1+ laf?)
and
(1.22) ¢ =—-3vlog2+ % + arg I'(iv) — arg q .
For Re q # 0 (equivalently r # 0)
(1.23)
[z oy 2v2 3/ 3 1
u(z) = o1 5~ WCOS(TIE — il/logaz—}—qb)—{—O Gy

as I — 400

where € is any positive number and

1. 1+]qf?
1.24 = —log ———
(1:24) YET® 2| Re q|
7
(1.25) ¢ = T_ —vlog?2 + arg T'(iv) + arg(l — ¢?) ,

4 2
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(1.26) o = sgn(Re q) ,
and for Re ¢ = 0 (equivalently r = 0)

1

e (2/3)2%? (1 ,
e +0o(l)) as z—+4o0.
2,/mxl/4

(1.27) u(z) =

Theorem 1.28 (global real solutions: singular case). For

g==x1, p=F1 and r=0,

a2 U@ ==(=3)"- Az ()40 ()77
and
(1.30)  wu(z) = ;tg\/__flx_l/_éle—@/g)x?'h Laol) a5 oo oo

Theorem 1.14 is due to Ablowitz and Segur (see [SA1], [SA2]). A rig-
orous justification of the beautiful heuristic calculations in [SA1], [SA2]
is given in [HM] and [CM], at least up to the phase shift (1.17), using
a Gelfand-Levitan type equation derived earlier by Ablowitz and Segur
in [AS] Theorem 1.28, at least to leading order in z, is due to Hastings
and Mcleod and appears in [HM]. A Gelfand-Levitan approach is only
possible in the special case of Theorems 1.14 and 1.28 when r = 0 and
the contour ©(1) for the RH problem can be reduced to a single line.
Theorem 1.19 is due to Its and Kapaev [IK]. In the case r # 0, the
contour does not reduce to a line and the RH problem must be solved
directly as a RH problem on a nontrivial contour with self-interactions.
The authors in [IK] use the so called “isomonodromy method” which
they have developed, together with Novokshenov and others, in a won-
derful series of papers over the last eight or nine years. An exposition
of the method, together with a discussion of the many results that have
been obtained, can be found in [IN]. The method is a descendent of the
original method of Zakharov and Manikov [ZM] which they derived in
analyzing the long-time behavior of the nonlinear Schrédinger equation.
Another derivation of Theorem 1.14, using the isomonodromy method,
was given by Suleimanov [S]. We note, however, that certain technical
difficulties in [IK] and [S] remain, and a completely rigorous justifica-
tion of the isomonodromy method poses a deep and very interesting
challenge.
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The above results solve the so-called “connection problem” for global
solutions of PII. For example, if we observe the asymptotics of a purely
imaginary solution of PII as £ — —oo, then v and ¢ in (1.20) are known
and hence ¢ can be computed from (1.21) and (1.22), and so v(q), ¢(q)
and o(q) can be determined from (1.24), (1.25) and (1.26), which yields
the asymptotics as ¢ — +oo through (1.23). Conversely if we observe

the asymptotics of a purely imaginary solution as x — +oo, then v, ¢

—2R
and o in (1.23) are known. But then r = Tﬁ?q is known from (1.24)
q

and (1.26). This relation can be rewritten as |[r~! +¢|2 =772 — 1. On
the other hand arg(1 + rq) = arg((1 — ¢*)/1 + |q|*) = arg(1 — ¢*), and
hence arg(r~! + q) can be determined from (1.25). Thus r~! + ¢ and,
hence g, is known. Substitution in (1.21) and (1.22) then yields the
asymptotics as  — —oo through (1.20). Thus if we know the behavior
of the solution as * — +oo (resp. £ — —o0), we can “connect” the
solution to its asymptotics as ¢ — —oo (resp. © — +00).

The six Painlevé equations PI-PVI were introduced by Painlevé
and Gambier at the beginning of this century on purely mathemati-
cal grounds, but recently they have appeared in a wide range of physi-
cal applications, including self-similar solutions of the Korteweg deVries
equation, correlation functions for the transverse Ising chain in the in-
finite temperature limit, nonperturbative 2D quantum gravity, amongst
many others. A comprehensive survey of recent results and applications
of Painlevé equations can be found in [FI]. It is increasingly recognized
that the Painlevé equations play a role in modern mathematical physics
analogous to the role played by the classical special functions of the last
century. Many of the applications of classical special function theory rest
on the fact that the asymptotics and the associated connection problem
for the special functions can be solved explicitly. Theorems 1.14, 1.19
and 1.28 should be viewed as providing the analogous information for
PIIL

We now make some additional remarks about the asymptotic formu-
lae in the above theorems. Note that if g = £1, p = +1 and » = F1 in
(1.24)—(1.26) then v = 0 and the lower order oscillatory term in (1.23) is
absent. This case plays a special role in our analysis of PII and provides
a model problem by means of which the general case of Theorem 1.19
can be analyzed. Moreover, in this case, the solution has full fractional
expansion as & — +oo identical in form to (1.29).

It is interesting to consider Theorems 1.14 and 1.28 from the follow-
ing point of view. Observe that for large positive z, PII reduces to the
Airy equation. Question (see [HM)): for real q does there exist a real
global solution of PII that is asymptotic to gA;(x) as  — +00? (Here



Asymptotics for the Painlevé II Equation 23

A;(z) is the standard Airy function.) Theorems 1.14 and 1.28 show that
this is so for |g| < 1 (the asymptotics for A;(z) can be found, for ex-
ample, in [AbSt]). However, if |g| > 1 and the solution u(z) ~ q A;(z)
as £ — +o0o, then u(z) must blow up for some z. This result is due
to Hastings and McLeod (see [HM]). In fact, as shown by Kapaev and
Novokshenov, u(z) blows up at an infinite number of points z,, — —o0
(see [KN], [IN]).

An analysis of the asymptotics of solutions u(z) of PII as z — oo
along a ray in the complex plane has been given by Boutroux [B]. Further
interesting developments can be found in Novokshenov [N] and Kapaev
[K], who use the isomonodromy method.

Recently the authors have introduced a new and general nonlinear
steepest descent-type method for analyzing the asymptotics of oscilla-
tory RH problems [DZ1]. The method has been used to derive rigorously
the long-time asymptotics for the modified Korteweg de Vries (MKdV)
equation [DZ1], for the nonlinear Schrédinger (NLS) equation [DIZ], and
for the doubly infinite, compactly perturbed Toda lattice [Kam]. The
method has also been used to announce the derivation of the collision-
less shock region of Ablowitz-Segur for the Korteweg de Vries (KdV)
equation [DZ3], and to obtain the long-time asymptotics for the auto-
correlation function of the transverse Ising chain at the critical magnetic
field [DZ2].

As indicated above, many of the results in Theorems 1.14, 1.19 and
1.28 have not yet been justified rigorously. Moreover, the methods of the
authors, and in particular the isomonodromy method, require an a priori
ansatz for the form of the solution. The purpose of this paper is to derive
Theorems 1.14, 1.19 and 1.28 rigorously and directly with error bounds
using the steepest descent method of [DZ1]. Our approach is algorithmic
and requires no ansatz for the asymptotic form of the solution. The
method proceeds by deforming contours, and in the simplest cases, we
are left with the localized RH problem near the points of stationary
phase. These localized RH problems can then be solved explicitly in
terms of classical special functions. This is the case for MKdV in the
similarity region and also for the asymptotics on (1.15) and (1.20). This
is not the case, however, for the asymptotics in (1.23) and (1.29): here
the RH problem localizes on a line segment rather than at the stationary
phase points. A similar situation arises in the analysis of the collisionless
shock region in KdV (see [DZ3]). This is a new and essentially nonlinear
feature of the steepest descent method, and its resolution occupies the
main part of the work.
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Eigenvalue Properties of Schrodinger Operators

W. D. Evans, Roger T. Lewis and Yoshimi Saito

Abstract.

In Evans-Lewis [5] and Evans-Lewis-Saitd [6], [7], [8], [9] we have
been discussing conditions for the finiteness and for the infiniteness
of bound states of Schrodinger-type operators using geometric meth-
ods. Here the ideas and results obtained so far are summarized and
presented in an expository manner. These bound states correspond
to eigenvalues below the essential spectrum of the operator. After
basic results are presented, Schrédinger operators of atomic type will
be discussed to show how these basic results can be applied to various
types of N-body Schrodinger operators.

Introduction

In [5], [6], [7], [8] and [9] we have been considering criteria for the
bound states of Schrodinger-type operators

0

(0.1) P=—- Z ajajk(m)ak + q(z) zeR", 9; = o
J

J,k=1

to be finite or infinite (see Assumption 1.1 for the properties satisfied
by the coefficients a’*(z) and ¢(z)). These bound states correspond to
eigenvalues below the essential spectrum of the operator. The goal of
this paper is twofold:

(1) In 81 the basic results for the operator (0.1) will be presented in
a more self-contained and unified way, which we hope makes these basic
results easier to be understood. Our arguments are based on the geomet-
ric method using the Agmon spectral function which was introduced in
Agmon|[l]. We are going to show that our arguments become smoother
and more streamlined by restricting the operator P using only smooth
cut-off functions. This was introduced in [9]. Here we have an opportu-
nity to modify our way of deriving the basic results obtained in [5] and

Received December 8, 1992.
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[6]. Other important ingredients are the results of Glazman [10, Chapter
1] on counting the eigenvalues of an abstract selfadjoint operator in a
given interval. Since the proofs of some of his theorems in [10] are too
succinct, we are proving these theorems in a more self-contained way so
that our main theorems will be understood more easily.

(2) In §2 we shall discuss the Schrédinger operator of atomic type

(02) P=Py= Z (——iAi + voi(gc’)) + Z vii(zt — 29),

; 2m —
i=1 1<i<j<N

where
(0.3) — (a:?l,xzz,,:cf,) € R",

(see Assumption 2.1). We chose the operator (0.2) as an example to
give an idea how the general results obtained in §1 can be applied to
various types of N-body Schrodinger operators since it is easier to be
treated without being bothered by technical troubles. We are going to
compare our results to the celebrated results by Zhislin ([22], [23], [24],
[25]), Yafaev ([20], [21]) and others for the atomic Hamiltonian given by

N
(0.4) P‘—‘P(N,Z):Z(-ﬁAi_l_éZi_')_'_ Z 1

i=1 1<i<j<N jt — 2|

We are also giving an another proof for the finiteness of the bound states
of the operator (0.2) with “short-range” potentials vji, 0 < j <k < N,
i.e.,

(0.5) vir € LY?(RY)  (0<j<k<N)

The results given in §1 can be applied to other types of N-body
Schrédinger operators. In [8] we discussed N-body Schrodinger oper-
ators with their center of mass removed. Then the operator becomes
unitarily equivalent to the operator in §1, and hence we can develop
essentially the same theory as in §1 and §2. Thus we are able to treat
molecular Hamiltonians. We also discussed molecular Hamiltonians with
symmetry restrictions in [9]. The N-body Schrédinger operator with its
center of mass removed is considered in the Lo space whose elements are
square integrable functions over

(0.6) X ={zecR"WN cmazt +moz? + -+ myz? = 0}
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satisfying specified symmetry conditions. Again we found that we can
construct a parallel theory to those in §1 and §2. For these details see
[8] and [9].

While we try to make this work self-contained, we refer to our works
[5], [6], [7] and [8] when we use the exactly same propositions given in
the above papers. Some technical lemmas and theorems are proved in
the Appendices.

§1. The bound states of Schrodinger-type operators

Consider the Schrodinger-type operator

o}
Jk: n L=
(1.1) Jkg 18a x)0k + q(z) z € R", 0; oz,

Assumption 1.1. The coefficients a’* and q of the operator P is
assumed to satisfy the following (i) ~ (iii):

(i) Each a’* is a bounded, continuous, real-valued function on R™.

(ii) The matrix A(z) = (a?*(z)) is uniformly positive definite on
R", i.e., there exists a constant cg > 0 such that

(1.2) > F(@)EE 2 e E €12
7,k=1

for all z € R™ and (&,&2,--+,&,) € C™
(iii) ¢ € L1 (R™)j0c-

We start with the following definition.

Definition 1.2. (i) Let n be a nonnegative, bounded C'* function
on R™. Let the sesquilinear form on C§°(R") x C§°(R™) be defined by

(1.3) pnld, 0] = Rn{< V(ng),V(ng) >a +qn’¢p} dz,

where

- - jke A
Ly <€ jg:‘la i

(§ = (51,52,”‘,&),( == (Cl:(Z)"'aCn) € Cn)

We set py[¢] := py[é, ¢]. For n =1 we denote p;[, | simply by p[, |.
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(ii) Define the Hilbert space Ly ,(R™) by
(1.5) Lo (R™) = La(R™, n?dx).

The inner product and norm of L ,(R"™) are denoted by ( , ), and
|, |y, respectively. For n = 1 we simply write Lo(R™), (', ), and || ||.

The following assumption guarantees that p,, is closable on L, ,(R™).

Assumption 1.3. For every € € (0,1) there is a C(e) > 0 such
that

(1.6)
/ o |p2dz < € / Vel2dz + C(e) / 6Pde, ¢ CRM,
n R~ R»

where ¢_(z) = max(—q(z),0).

It is known (Schechter [16, Theorem 7.3, p.138]) that (1.6) holds if
q— belongs to the Kato class, i.e.,

(1.7) lim 9(2,9)lg(y)ldy =0,
Y e—yl<r
where
|z —y2™ if n > 3,
(1.8) g(z,y) =4 |In|z —y|| if n =2, and
1 ifn=1.

Remark 1.4. Assumptions 1.1 and 1.3 are slightly more strict than
those given in [6], [7], [8], [9] although usual N-body Schrédinger oper-
ators satisfy our assumptions. Since we assume that the matrix A(z) is
uniformly positive, the condition on g_ seems to be easier to check (cf.
the condition H(1) in [6, p.383]).

Proposition 1.5. Let Assumptions 1.1 and 1.3 be satisfied. Let p,
be as in Definition 1.2. Then p, is densely defined, symmetric, bounded
below, and closable in Ly ,(R™).

Proof. (1) Since it is easy to see that p, is densely defined, sym-
metric, and bounded below, we are going to give the proof that p, is
closable. Let {¢;} be a sequence in C§°(R"™) such that

{ Ip5lln — O (4 — 00),

(1.9) _
pold; — dx] = 0 (4, k — oo).
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We have only to prove that p,[¢;] — 0 as j — oo.
(2) It follows from Assumption 1.1, (ii) and Assumption 1.3 that
there exists a positive constant C; such that

(110) 1613, = pafol+Crllols > [ LRIV + (@ + 1o } da

for ¢ € C§°(R™), where g4 (z) = max{q(x),0}, and hence {n¢;} is a
Cauchy sequence in both H'(R") and Ly(R™,q,dx). Further, since
n¢; — 0 in Ly(R™) as j — oo, it follows that

(1.11) s— lim n¢; =0 (j — o0)
j—o0

in both H'(R™) and Ly(R™, g+ dz) which implies that p,[¢;] — O.
Q.E.D.

Definition 1.6. Let p, be as above. Denote the closure of p, by
pn- Let H, be the selfadjoint operator in Ly ,(R™) associated with gy,
(see, e.g., Kato [13, Chapter VI|). For n = 1 H; will be denoted simply
by H. Define ¥£(H,) by

(1.12) Y(H,) =info.(H,),
where o.(H,) is the essential spectrum of H,,.

Now we are in a position to introduce the Agmon spectral function.

Definition 1.7. Let S"~! be the unit sphere. For any set U C
S"=1 and for positive numbers R and é define

Us:={we S" ! :dist(w: U) < 6};
I'(Us,R):={z € R" : z =tw for w € Us and ¢t > R}
K (Us, R; P) == inf{plg] : ¢ € C°(T(Us, R)), llell =1};

(1.13) K(U : P):=lim lim K (Us,R;P);
610 R—oo

and

M:={weS ' Kw:P)= inf K(w: P)},
w€ n—1

where we write K (w : P) instead of K({w} : P), and the set M C S™~!
is called the minimizing set. :

The following properties of the Agmon spectral function are impor-
tant.
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Proposition 1.8. Suppose that Assumptions 1.1 and 1.3 hold. Let
H be as in Definition 1.6.

(i) Then K(w : P) is a lower semicontinuous function on S™~! and
we have

(1.14) Y(H):= min K(w:P),

weSn—l
and the minimizing set M is a compact set in S"~1 with

(1.15) M={weS" ' Kw:P)= erréigl_l K(w: P)}.

(ii) For any U C S™1,

(1.16) K(U:P)=K({U :P)= inf K(w: P)
welU

The first part of the above proposition is due to Agmon [1, Lemma
2.7, p.38]. For the proof of (ii) see [6, Lemma 5, p.380].

Let us give a necessary condition for the bound states to be finite.

Theorem 1.9 ([6, Theorem 8]). Let Assumptions 1.1 and 1.3 hold.
Let H be the selfadjoint operator associated with the closure p of p in
L?(R™). A necessary condition for the finiteness of the number of eigen-
values of H below ¥(H) is that for some g > 0 and some Ry > 0

(1.17)
K(M;s,R; P) = K(M : P) = ¥(H) for all 6§ > 69 and R > Ry.

Before proving the theorem we mention a simple fact on a linear
space.

Lemma 1.10. Let Y be a vector space over C. Let Y7 and Y;
be linear subspaces of Y such that dimYs; < oo and Y is the direct
sum of Y1 and Ys (ie., Y1NYy, = {0}, and Y = Y1 + Y3). Let Yy be
another linear subspace of Y such that dim Yy > dimY;. Then we have
dim(YpNY;) > 1.

Proof. Let dimY; = m and let ¢1,¢3, -, o, be a base of Ys.
Let {f;}, 7 = 1,2,---,m + 1, be a set of m + 1 independent vectors
in Yp. Since Y is the direct sum of Y; and Y3, there exist u; € Yj,
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j=1,2,---,m+landajr€C,j=1,2,---,m+1,k=1,2,---,m such
that

(1.18) fi=ui+ Y amde (=12, m+1).
k=1
Note that the system of linear equations

m+1

(1.19) Y cajk=0 k=12,-,m
j=1
has a nontrivial solution (cj, ¢z, , C¢m+1). Then we have
m+1 m-41
(1.20) for=Ycifi= > cju
j=1 j=1

is nontrivial and belongs to YoM Y7, which completes the proof. Q.E.D.

Proof of Theorem 1.9. We are going to prove that the number of
eigenvalues of H below X(H) is infinite if

(121) K(Ms RP)<K(M:P)=X(H) (6§>0andR > 0).

The proof is divided into several steps.
(1) It follows from (1.21) that for each j = 1,2,--- there exist a
positive number R; and ¢; € C§°(I'(M(y/5), R;)) such that

r(a) R1<R2<-"<Rj<"'—’00,
(b) I|¢J”2 =1 (.7 = 1a23 o ')7
(c) supp(¢;) Nsupp(¢e) =0 (5 # k),

Let Xo be the linear subspace spanned by {#;}32,. Note that it follows
from (b) and (c) of (1.22) that

(1.22)

— N

(1.23) plf] <Z(H)|fII?

for any f € Xp.
(2) Let s be a positive number such that

(1.24) plel +sloll* >0 (¢ € C°(R™)).
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Define the sesquilinear form p*) on C$°(R™) x C$°(R™) by

(1.25) P, 0] = pld, @] +5(d,0) (¢, € CFCR™)).

Since the potential ¢(*) = g(z) + s satisfies Assumptions 1.1 and 1.3, p(®)
is closable with its closure 5(*). Let H(®) be the nonnegative selfadjoint
operator determined through 5(*). Obviously we have D(5()) = D(5).
It follows from the uniqueness of the selfadjoint operator determined
by a symmetric closed sesquilinear form (Kato [13, Chapter VI, Theo-
rem 2.1 and Corollary 2.4, pp.322-323]) that H(®) = H + sI, where I
is the identity operator on Ly(R™). Let E(*)(.) be the spectral mea-

sure associated with H(®). Applying the second representation theorem
(Kato [13, Chapter VI, Theorem 2.23, p.331]) to the nonnegative closed

sesquilinear form 5(®), we see that

(126)  FOf = /R MIEOWSI?  (f € DE) = D(3)).

Therefore we have

E®)((~00,))) = E((~o0,A—5)) (A€R)

27
(1.27) [,[f]:/R)\d“E()\)fllz (f € D()),

where E(-) is the spectral measure associated with H.
(3) Suppose that dim F(—oo, X(H)) = m < co. Then, setting

Y1 = E([X(H),00))L2(R"),
(1.28) Y2 = E((—o0, X(H))Lo(R™),
Yo = Xo

in Lemma 1.10, we see that there exists a nonzero fo € La(R"™) which
belongs to both Xy and E([Z(H),o0))Lo(R™). Therefore, fy satisfies
(1.23) with f replaced by fo, and it follows from the second relation of
(1.27) that

olfo] = /R A|EO) fol?
(1.29) _ [ 2
/E o MBS

> S(H)llfoll*.

These two inequalities contradict each other, which completes the proof.

Q.E.D.
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In order to give a sufficient condition for the bound states of H to
be finite we are going to start with

Proposition 1.11 (cf. [5, Theorem 15|, [6, Theorem 10]). Sup-
pose that Assumptions 1.1 and 1.3 hold. Let n be a nonnegative, bounded

C function on R™. Let H, be the selfadjoint operator given by Defini-
tion 1.6. For any R > 0 define

Kr = Kn(Hy) = inf{pafd] : 6 € C(Er), 6y = 1),
(1.30) Koo = Koo(Hy) = lim K,

where
(1.31) Erp={z € R":|z| > R}.
Then, setting Koo = limp_.o Kr, we have

(1.32) Koo = S(H,).

Since the idea of the proof is essentially the same as the proof of
[5], Theorem 10 or [6], Theorem 15, we are going to give the proof in
Appendix.

The following corollary will be used later.

Corollary 1.12. Let n be a nonnegative, bounded C* function
on R™ such that all the first derivatives 9;n, j = 1,2,---,n are also
bounded on R"™. Let p, and p = p; be as in Definition 1.2.

(i) Then we have D(p) C D(py), t.e., for u € D(p) and for any
sequence {¢;} C C§°(R™) such that ¢; — u in D(p), we have

s— lim ¢; =u in D(py),
(1.33) T i
sy [6,] = ol

(ii) On the other hand, for u € p, we have nu € D(p)

Proof. Since it follows from (1.10) that {¢;} is a Cauchy sequence
both in H}(R") and Ly(R™,q4dz). Then it is easy to see that {¢,}
is also a Cauchy sequence in the norm || ||,,. The second part of the
corollary follows directly from the fact that p,[¢] = p[n¢] for any ¢ €
C§°(R™). Q.E.D.
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Assumption 1.13. Let M be the minimizing set associated with
the operator P give in Definition 1.7. We assumed that M is a proper
subset of the unit sphere S™~!.

Assumption 1.13 is introduced to exclude a phenomenon known as
the Efimov effect in the case of N-body Schrodinger operators. For more
detailed discussion and the references, see [6, p.381-382].

Lemma 1.14. Let Assumption 1.13 be satisfied. Let § be a suf-
ficiently small positive number, and let R be a positive number. Then
there exist & = as r, 3 = Bs,r € C§°(R™) satisfying

(i) a(z),B(z) € [0,1] and a(z)? + B(z)? =1 for allz € R™;

(i) supp(a) C I'(Ms; R/2), with a =1 in I'(Ms; R);

(i) supp(8) < X \ T(M; R);

(iv) a and B are homogeneous of degree 0 in R™ \ B(R); and

(v) given € > 0 there exists C(€) > 0 such that

Va(z)]? +|VB(2)]* < (ea(z)? + CeB(z)?) xa/lz]*  (z € R™),

where xa s the characteristic function of the set A := I'(Ms; R/2) \
r'(m 53 R), and M is the minimizing set.

For the proof see [6, Lemmas 9, 10, and Definition 11]. See also [9,
Lemma 3.1]. We can take 8 as w in (i) of Definition 11 of [6].

Proposition 1.15. Let Assumptions 1.1, 1.3 and 1.13 be satisfied.
Let B8 = Bs,r, 6,R > 0, be as in Lemma 1.14. Let pg and Hg be as in
Definitions 1.2 and 1.6 with n replaced by (3, respectively. Then we have

(1.34) S(Hpg) > S(H).

Proof. Set N'(6) = S™ !\ Ms, and let v be a (sufficiently small)

positive number. Set

(1.35) N(6)y = {we 8™ : dist(w : N(§)) <7}
Let T) > R. Then it follows that

(1.36) Kr(Hs) > K(N(6),T : P),

where Kr(Hg) is as in Proposition 1.11, K(N(6),T : P) is asin (1.13),
and we should note that pgl[¢] = p[Bd], ||¢llz = ||B¢|l, and the cone
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T'(N(8),T) contains I'(N(6),T). Letting T' — oo first and letting v —
0 next, we obtain

(1.37) Koo(Hg) > K(N(6) : P),

which implies by Proposition 1.11 that

(1.38) Y(Hg) > K(N(6): P).

Since dist(N(8), M) > 0, Proposition 1.8 can be applied to get
(1.39) Y(Hg) > KN (6): P) > K(M: P) =X(H),

which completes the proof Q.E.D.

Theorem 1.17, which is one of our main results in this section, is
the application of an abstract result by Glazman [10] to the operator H.
Here we are going to give his result as follows:

Proposition 1.16 (Glazman, [10, p.13-15]). Let A be a selfad-
joint operator defined in a Hilbert space H. Let Ao be a fixed real number.
Let E(-) be the spectral measure associated with A. Then the dimension
of E((—o0,X0))H is finite if and only if there exists a linear subspaces
F and G of H such that dim G < oo, ‘H is the direct sum of F' and G,
and

(1.40) (Af —=Xof, f) =0  (f € FND(A)),

where (, ) denotes the inner product of H, and D(A) denotes the domain
of A. Then the number of eigenvalues A of A such that A < Ao does not
exceed the dimension of G.

Since the proof is given rather implicitly in Glazman [10], we shall
give a proof in Appendix.

Let € > 0. In order to give a sufficient condition for the finiteness of

the bound states of H, we are going to introduce an operator P, defined
by

P.=— Z Bjajk(a:)ak + ge(z),
(1.41) jk=1

ge(z) = g(x) — ‘fIEXA’
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where A is as in Lemma 1.14. Since the behavior of g. at infinity is the
same as q, we have

(1.42) YH)=KM:P)=K(M:P)=X(H).

Theorem 1.17 ([7, Theorem 13]). Let Assumptions 1.1, 1.3, and
1.13 hold. Suppose that there exist 6o > 0, € > 0, and Ry > 0 such that

(143) K(Ms,R;P.)=3%(H) for all 6 < &g, and R > Ry.
Then H has no more than a finite number of eigenvalues in (—oo, X(H)).

Proof. (1) Let oo = asy,Rrys B = Bso,r, be as in Lemma 1.14. Let
¢ € C§°(R™). Then, using the IMS localization formula (Ismagilov [12],
Morgan [14], Morgan and Simon [15]), and (v) of Lemma 1.14, we have

(1.44)
olé] = /R V(@) +dladl? ~ (lal} + BE)ISPY dz + pald]
> [ (V@) + gelad} do + psld] - / Ce s alBoP dz,
R™ R™ '5U|

where C. is a positive constant depending only on € and xa is as in
Lemma 1.14 with R and 6 replaced by Ry and 6. Then (1.44) is com-
bined with (1.43) to give

(1.45)
Aol = B lodlP + polel - | TexalePds (0 CFR™)).

- |z]

2) Define the linear form p/; on C§°(R™) x C§°(R™) by
B 0 0

Ce _
(1.46) ppld, el = pald, o] — /R Wmﬂqﬁﬂso dz.
Then, since the potential
, Ce
(147 /(@) = 4le) - 5xa@

satisfies Assumptions 1.1 and 1.3, the linear form p’ﬂ is closable with its
closure gj;. Let Hj be the selfadjoint operator in Ls g(R™) determined
through pjs. Thus, using the denseness of C5°(R") in D(p) and Corollary
1.12, we obtain from (1.45)

(1.48) plu] > S(H)llowl? + Folu]  (u € D(P)).
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(3) By noting that ¢'(z) — g(z) — 0 uniformly as |z| — oo, it follows
from Propositions 1.11 and 1.15 that

(1.49) S(HS) = S(Hg) > S(H).

Therefore, the spectrum of Hy in (—oo,¥(H)) is only a finite number

of eigenvalues with finite multiplicity. Let ¢1, 2, - -, @, be the eigen-
functions corresponding to these eigenvalues. Set

(1.50) F={ue Ly(R"): (u,B%p;) =0, j=1,2,---,m}.

Then F* is the linear m-dimensional subspace spanned by ¢;, j =
1,2,---,m. Let w € D(p) N F. Then it follows from the second repre-

sentation theorem of the closed symmetric linear form (e.g., Kato [13,
Chapter IV, Theorem 2.23]) that

OB RO

1.51
(1.51) _ / || B (Aull?
Y(H)

> X(H)||Bull?,

where Ej(-) is the spectral measure associated with Hy. This, together
with (1.48), gives

(1.52) plu] > S(H){l|aull® + [|Bull*} = S(H)|ul®
for any uw € D(p) N F, and hence we have
(1.53) (Hu — X(H)u,u) >0 (ue D(H)NF).

Thus, the condition (1.40) in Proposition 1.16 was verified, which com-
pletes the proof. Q.E.D.

Corollary 1.18. The number of eigenvalues of H below ¥(H) is
less than the number of eigenvalues of Hy below %(H) for Hp given
above.

Remark 1.19. Notice the gap between the conditions (1.17) in The-
orem 1.9 and (1.43) in Theorem 1.17. We are led to the following ques-
tion:

Under Assumptions 1.1, 1.3 and 1.13, are there conditions which
can be imposed upon M that will insure that (1.17) is a necessary and
sufficient condition for the finiteness of o(H) N (—o0,X(H))?
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When stronger conditions are imposed on g, then (1.17) (with 7!
substituted for Ms and the location of M left unspecified) is known to
be a sufficient condition for the finiteness of o(H) N (—oo0, X(H)), see
Simon [18, pp.517-518], and the related “open question” on p.518 of
that article. However, these stronger conditions do not include N-body
systems for N > 3. :

Recently Donig [3] answered the open question in the affirmative.
While the conditions imposed on his potential is slightly more strict than
ours, Coulomb potentials satisfy his condition.

§2. Schrodinger operators of atomic type

In this section we consider the (N + 1)-body Schrédinger operator
of atomic-type

N
(21) P=Py= ; (—zimiA,- + UOi(a;i)) + 1S§SNvij(xi —z7),
in R¥Y | where N > 3,
ot = (2%, 2%, .-, z}) e R¥ (t=1,2,---,N),
(2.2) m;>0 (i=1,2---,N),
= (zt22,--- V) e R¥V,

and A, is the Laplacian in R” with respect to the variables z! =

(z%,2%,---,2¢) with v > 3. The atomic Hamiltonian is given by
Yoo Z 1
i=1 1<i<j<N

where N, v are as above, and m and Z are positive numbers correspond-
ing to the mass and charge of the nucleus, respectively.

The sesquilinear form p associated with the operator (2.1) is given
by

N
ol =Y 5 | Viola) Tpdo
1= N | o
(2.4) +y /R (e (2)p (@) da

Ay /Rm vij (@' — 27)¢(2)p(z) do

1<i<j<N
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for ¢, € C(RYY), where

o 0 0

(2:5) ((9:1:’1’6:55’ ’8m§,)

fori=1,2,---,N. For the potentials v;;, we assume the following

Assumption 2.1. For 0 <¢ < j < N, v;; is areal-valued function
satisfying
(i) vij € Llloc(RV)a
(ii) limjy o0 vs5(y) = 0, and

(111) (’U,;j)_ € M(Ry)
Then, setting

vo; (27 i=0,j=1,2,---,N),
2o Ve =] ) ; B=0=1 )

v (z* — 27) (1<i<j<N),
where x = (z!,22,---,2") € R*N as in (2.2), and

N
(2.7 (@)=Y Vo@+ Y Vi),

1<i<j<N

we easily see that g(z) satisfies Assumptions 1.1 and 1.3 (see Agmon [1,
Lemma, 4.7] for the proof that ¢_ € M(R¥"). Thus, the corresponding
sesquilinear form p (or, more exactly, the closure g of p) determines a
selfadjoint operator in Ly(RYYN). Henceforth, the selfadjoint realization
will be denoted by P again.

We are now introducing the subsystems of the operator P.

Definition 2.2 (Subsystems of P).
Let S*M—1 be the unit sphere of R*Y. For w € S¥N~! define the
subsystem P, of P by

N
1 : . .
(2.8) P, = — Z EAJ- + Z voi () + Z iy (2 — ),
J=1 wi=0 wi=wI
where w = (w!,w?,---,w¥) and 3 _i_, [or 3 :__;] means summation

over those indices i for which w* = 0 [or those pair of indices (i, 7),
1 <i< j <N, for which w® = wJ]. The selfadjoint realization of P,, in
L?(R¥Y) will continue to be denoted by P,,. '

The following fact given by Agmon [1, Lemma 4.8, p.66] will play an
important role:
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Proposition 2.3 (K(w) and subsystems (Agmon [1, Lemma 4.8))).
Let P be as in (2.2) and satisfy Assumption 2.1. Let P,, be the sub-
system of P defined above. Then, for any w € S¥N—1

(2.9) K(w; P) = K(w; P,) = X(P,) = A(P,,),

where A(A) and X(A) denote the infimum of the spectrum and essential
spectrum of A, respectively.

Let M be the minimizing set for the Schrédinger operator P of
atomic type (see Definition 1.7).

Definition 2.4 (Sets M; and subsystems P;). Fori=1,2,--- N,
define

(2.10)
M; ={w = (Whw? W) W =éynforne S 1j=1,2,---,N},

where 6;; = 1 and §;; = 0 for j # i. The set M, is a closed subset of

SvN-1 Let P, be given by (2.8). Since for any w € M; the subsystem
P, has the same form, we set P, = P, for w € M,, i.e.,

N
1 ; .
(2.11) P, = —Z%AJ’—FZ’U@(:EJ)-F Z Ujk({L'j —l‘k).
j=1 J j#i 1<j<k<N
j#i and k#1
The subsystem P is the subsystem of (N —1) electrons !, - - -, z*~1, z+1,
N
.. ’x .

In this section we assume that the lower bound % (P) of the essential
spectrum of P is determined only by subsystems of N — 1 electrons.

Assumption 2.5. Let P be the atomic-type Hamiltonian (2.1).
Let M be the minimizing set of P. Assume that

N
(2.12) Mc [ M.

i=1

Assumption 2.5 implies that the minimizing set M is not only a
closed set of SYN~1, but also a proper subset of S*N~1. Thus, this
assumption implies Assumption 1.12 for our operator P.
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Definition 2.6 (Operators P; and L;). Let P be as above and for
eachi=1,2,---, N define

1 . .
(213) Fl=-) 50+ Y owia)+ Y vz — ),
g#e oY j#i 1<j<k<N
j#1 and k#i

The selfadjoint realization of P in Ly(R¥(NV=1) is also denoted by P..
We also set

1 : )
(214) Lz =P—- Pz, = —-——Az’ + Uoz'(mz) + Z ’Ujk(iL'J — ZBk)

2m;
' 1<j<k<N
j=t or k=1t

Now we are in a position to give a criterion for the finiteness of the
bound states of the atomic-type Hamiltonian P.

Theorem 2.7 (Finiteness of bound states ([7, Theorem 3.4)).
Let P be given by (2.1) and let Assumptions 2.1 and 2.5 be satisfied.

Let P! and L; be as above. Suppose there exist positive numbers 6y, Ry,

and € such that

(215) (Lz¢, ¢)L2(RVN) > ‘/R L|¢|2 dr

e

for each i = 1,2,---,N such that M; C M and for every ¢ €
C(L'((M;)so; Ro)). Then P has at most a finite number of bound

states.

For the proof see the proof of Theorem 3.4 in [7].

Let us next discuss the infiniteness of the bound states. It follows
from Assumption 2.5 that there exist some i C {1,2,---, N} such that

M; € M. In view of Theorem 1.9 we are looking for a condition which
guarantees the existence of a sequence of functions {F,} such that

(2.16) F, € C3°(T'(Mi)s,,; Rn))

with é,, | 0 and R,, T 00 as n — oo, and

(2.17)  p[Fn] = (PFp, Fy)L2meny < B(P) (n=1,2,---,N),
which gives the inequality (1.21) immediately. Write z € RV as

(2.18) r = (zt,2") (' = (=, -+, 2L . 2N)).
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We are going to find F), with the form
(2.19) Fo.(z*,2') = 0,(z%)dn () (n= No,No+1,---),

where Ny is a positive integer determined later. As for 6,,, we have the
following

Proposition 2.8 [7, Proposition 4.4].  Let q > 1. Then there exists
a sequence {0,} = {04} of functions on R such that, forn =1,2,---,

1) 6, € C(RY),

2) [|OrllL2mr) = 1,

3) suppb, C {z* € R¥ : n? < |z¢| < 5n?},

4) there exists a constant Cy = C3(q), independent of n = 1,2, --,
satisfying

1 Cs
0< (‘"2mz Aien’en)L2(R") < ’T;ZI‘
The construction of 8,, n = 1,2,---, is easy and direct. See the

proof of Proposition 4.4 of [7].
In order to discuss the construction of ¢,(z'), we need the next

Assumption 2.9. The potentials v;;, 0 <7 < 7 < N, satisfy

(220) Vij € MIOC(RV).

Let i be as above. Then it follows from the HVZ theorem (see [11],
[19], [22]) combined with Assumption 2.5 that £(P) = A(P}) < 0 and
Y(P]) > A(P}), and hence A(P/) is the lowest eigenvalue (ground state)
of P; with the eigenfunction ®;(z’). In fact, suppose that £(P/) = A(P}).
Then we see from the HVZ theorem that there should exist a subsystem
P!" of P] such that

(2.21) A(PY) = S(P) = A(P!) = S(P).

This contradicts Assumption 2.5 since the lower bound A(P)’) of the
subsystem P;’, which is different from any Pj, j = 1,2,---, N coincides
with X(P). It follows from [1, Theorem 5.9] that the eigenfunction ®;(z’)
decays exponentially. Similarly, using Assumption 2.9, too, we can prove
that any first derivatives of ®;(z’) decay exponentially ([7, Proposition
4.2]). Now we shall prove that ¢,(z’) in (2.19) can be constructed by
truncating ®; using a smooth function, and then approximating with
functions in C$°(R¥(N-1),
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Proposition 2.10. Let Assumptions 2.1, 2.5, and 2.9 hold. Then,
for some positive integer Ny and each integer n > Ny, there exists ¢,, €
Cs°(R¥(N-1)) satisfying

#nllL2@ev-0y =1,
(2.22) supp ¢, C {2’ € RV |2/| < 2n},

—nc
e 0

(Pi,(ﬁn, ¢n)L2(Ru(N—1)) S E(P) + Cl

with positive constants cy and Cj.

For an integer 1 < i < N set

(2.23) I(z) = voi(z") + Z vk(2? — z*).

1<j<k<N
j=tor k=1

We have P = P; + I,.

Theorem 2.11 (Infiniteness of bound states, [7, Theorem 4.7]).

Let Assumptions 2.1, 2.5 and 2.9 be satisfied. Suppose that there
exists an integer 1 <1 < N, M; C M, positive numbers 6y, Ry, c., and
s € (0,2) such that

(2.24) Ii(z) < —ci|z*|~* (z € T'((My)s,; Ro))-
Then P has infinitely many bound states.
For the proof see the proof of [7, Theorem 4.7] and [7, Proposition

4.5]. We have only to show that the sequence {F, } above satisfies (2.17).

The following theorem on the finiteness and infiniteness of the bound
states for the atomic Hamiltonian is well-known: Zhislin ([22], [23], [24],
[25]), Yafaev ([20], [21]), and others.

Theorem 2.12 (Zhislin ([22], [23], [24], [25]), Yafaev (][20], [21]),
and others). Let N,v > 3 be integers. Suppose that Assumption 3.2 is
satisfied for P = P(N, Z) given by (2.2).

(i) Suppose that

(2.25) Z<N-1.

Then P = P(N,Z) has at most a finite number of bound states.
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(ii) Suppose that
(2.26) Z>N-1.
Then P = P(N, Z) has infinitely many bound states.

Using Theorems 2.7 and 2.11 we can give a proof of the above cele-
brated theorem except the case Z = N — 1. Let Z < N — 1. Since it is
easy to see that, for x € I'((M;)s; R) with 0 < 26 < 1, we have

U> (1 —6)|zl,

(2.27) =) > {1 = E)led
|z* — 27| < (1 + 26)|z|,

it follows that, for ¢ € Cg°(I'((M;)s; R)),

Z ) .
[— ] + 3 |t — 2] |¢]? d
Jj#t

N-1 Z \
= /RVN [(1 Y 28) 2] (1= 5)|g[,-|]|¢I dz

> 2d
> [ Slefds

if 6 > 0 is sufficiently small and R > 1, where
N -1 Z

€= -
1426 1-96

Thus we see that the condition (2.15) in Theorem 2.7 is satisfied for

every ¢ = 1,2,---,N. In the case that Z > N — 1, see the proof of
Theorem 4.8 of [7].

(2.28)  (Lity @) r2mony 2> /

RvN

(2.29) > 0.

Concerning Assumption 2.5, [7] gave a proof of the following theorem
(Theorem 5.2):

Theorem 2.13. Let N,v > 3 be integers and P = P(N,Z) be as
in (2.2). Suppose that

(2.30) Z>N-2.

Then the operator P = P(N, Z) satisfies Assumption 2.5, i.e., the lower
bound of P is determined only by subsystems of N — 1 electrons.

Finally consider the case where the potentials are “short-range”, i.e.,
vij € L, /2(RY). It is known that the bound states are finite in this case
(Sigal [17]). We are going to give another simple proof for the slightly
more general version.
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Theorem 2.14. Let Assumptions 2.1 and 2.5 hold. Suppose that
(2.31)  (vjr)-() € L,/2(R") 0<j<k<N,j=iork=1)

for any i such that M; C M, where (vji)— is the negative part of vji.
Then the operator P given by (2.1) has at most finite bound states.

Proof. Let e > 0. Let §g be a positive number such that 1—28y > 0.
Then there exists Rg > 0 satisfying

(2.32)

[/u R {op)-@)} "y <e <j<k<N, j=iork=1i),
y|>clip

where ¢ = 1 — 26g. Let ¢ € C§°(I'((M,)s,; Ro))- Since we have

(2.33) z € T((M;)s; Ro) = { || > (1 — 80)Ro,

|z¢ — 27| > (1 — 260)Ro,
it follows from the Holder inequality that

(2.34)
/ (vor)— () |82 da’
Ru

voi) — v/2 3413V 2v/(v=2) g )WDY
= [/|y|>cRo {( o:) } ] [/Rv i ] ’
[ )= —aP)jpf da’

Rl/

UL o P [nae
ly|>cRo -

\

where 1 < j <k < N, j=1or k=14 It follows from a Sobolev-type
inequality (e.g., [4, Theorem I11.3.6]) that

v/(v— i1(v=2)/v 75 i
235 [ ot an] O <o [ vigPa

~ being a positive constant depending only on v. Then we obtain from
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(2.34) and (2.35) that

(2.36)
[ @+ 3 - -2 vier e

1<j<k<N
j=i or k=1

< (2N - l)e/ |Vig|? dz
Ru

for any ¢ € C§°(I'((M;)s,; Ro)). The inequality (2.36) is combined with
the Hardy inequality

6 [ o . 4 [ o
2.37 / dz* < | et < Vig|? dxt,
@30 Jo ol o W ST fo IV

where ¢ € C5°(R¥Y), to give

(2.38)
(Li¢7¢)L2(R"N) —LVN |.’L'|2 dzx

_ _ € — de 1412
> /R 1= N = 1y = 250 VP de

for any ¢ € C§°(I'((M;)s,; Ro)). Therefore, choosing € > 0 suffi-
ciently small, we see that the right-hand side of (2.37) is nonnegative for
¢ € CE(T'((M;)sy; Ro)). Thus the condition (2.15) is satisfied, which
complete the proof. Q.E.D.

Appendices
A.1 The infimum of the essential spectrum of H,

Proof of Proposition 1.11.
(1) Let A € 0.(H,) with a singular sequence {u,}, i.e.,

(

(b) lujlla =1 (G =1,2,),
(A.1.1) (c)w—limu; =0  inLy,(R"),
(

Jj—oo

\ d) s— lim (H, — A)u; =0 inLy ,(R™).

j—oo
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Introduce an inner product (, ), and norm || ||,, in C§°(R"™) by

{ (6 90)p, = Prld, ] + C1(®, 0)n,
Ipllo, = (¢ 8)pn] "2,

where the positive constant C is as in (1.10). Note that we obtain from
(1.10)

2 3 2
(A1 {/wanms%wm,
Joll, < Il

for ¢ € Cg°(R™). Then C§°(R™) becomes a pre-Hilbert space with the
inner product ( , ),, and norm | ||, , and the domain D(p,) of the
closed linear form p, is the completion of Cg°(R™) by || [|,,. The inner

product and norm of D(p,) will be denoted again by (, ), and norm
| llp,- We have

(A.1.2)

(A.1.4)

{(u y V) = Pty v] + Ci(u, )y,
lullp, > 8115

for u,v € D(p,).
(2) Since Cg°(R™) is dense in the Hilbert space D(p,), there exists
a sequence {¢;} C Cg°(R") such that
(A.1.5) luj = ¢illo, =0 (5 — 0).
Then it follows that

@ sl =1 G —o0),
(A.1.6) (b) w— lim ¢; =0 in D(py),

j—00

(©) polpsl = A (G = o0).
In fact, (a) follows directly from (b) of (A.1.1) and (A.1.3). As for (b),
we have for any v € D(p,)

(A.L.7)
(¢j’ 'U) (¢J Uj, v ) + (ujv'u)Pn
= (¢j — uj,v)p, + ((Hy — Auj,v)y + (A + C1)(uy,v)
—0
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as j — oo, where we have used (c), (d) of (A.1.1), and we should note
that

(A.1.8) Plus,v] = (Hyuj,v)y
(see, e.g., Kato[13, Theorem VI.2.1, p.322]). Finally, since we have
pald] = 05112, — Cllsll5
= lu;ll2, = Cillu;ll? +
(A.1.9) = pnlus] +;
= ((Hy = Nuj, uj)y + Mlusllz +;
= A+ ((Hy — Nuj, uj)g + 5,

where v; — 0 and ((H, — A\)uj, u;), converge to 0 as j — oo, we obtain

(d).

(3) Let a(z) be a C* function on R™ such that

(A.1.10) a(m)z{o x € Bp={z € R": |z| < R},

1 T e ER+1,

0 < a <1, and |Va| is bounded on R™. Set |¢|4 = [< &,¢ > 4]'/2 for
¢ € C™. Then it follows from the identity

(A.1.11)
IV(ang)|h = V()[4 + IValilngl* + 2anR{$ < V(n¢), Va >4},

where ¢ € C§°(R™), that
(A.1.12) IV(ang)|% < (1 +6)[V(n8)|% + Csxr,r+1|n6]?

for ¢ € Cg°(R"™), where 6 is an arbitrary positive number, xr r+1 is the
characteristic function of {x € R": R < |z| < R+ 1}, and

(A.1.13) Cs= (1461 max IVali.

Further we have

(A1.14)  q(z)e®ng|* = g4+?|nd|* — g—a?|ng|?
= a’q4|nd)® — q_|ng|> + (1 — o®)g_|ng|?
< qlng|* + (1 — a?)q_ng|*.

Therefore, it follows that
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(A.1.15)
pnlad] < (1+6)pnld] + Cs /

Bpryi

ind|? dz + / (1 — 6®)q_ndf? dz.

"

Here it follows from Assumption 1.3 and (A.1.3) that
(A.1.16)
[ 0= pnef da

: {/ q“"7¢|2d“’}1/2{/ a-1(1 - o?)nef? dz}'/?
= {/ V(ng)2 dz + C(1)[1l2}"
(8 [ V(@ - a®no)l da+ O - a2}
R"
< ol (8161, + @[ inol? ],
Bri1

where C(1) and C(62) are as in (1.6) with € replaced by 1 and 62, re-
spectively, Cy is a positive constant independent of §, and C’(6) is a
positive constant which may depend on 8. Thus, combining (A.1.14)
with (A.1.15), substituting ¢ = ¢;, and taking note of the definition of
KR, we obtain with another constants C} and C”(6)

(A.1.17)
Kg|og;||?
< pnlag;]

< (L+8)pn[851+C3l15ll o, {61165l + C"(é)[/ In¢;|? da]'/2}.

R+1

(4) Using (A.1.6) and the Rellich theorem, we see that, for any
0 < R < o0,

(A.1.18) / Ing;|?dz — 0
Br

as j — oo, where we should note that (c) of (A.1.1) and (A.1.5) imply
that

(A.1.19) w— lim ¢; =0 in Ly ,(R™).

]-—-)m
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From (A.1.18) we see that
(A120)  Tim flagy

= lim{[ |¢;n*dzx +/ (1 —a®)|¢;nl|* de}
J—00 R» R”

= lim 15115

= 1.

Thus, by letting j — oo in (A.1.17) and using (c) of (A.1.6), (A.1.18),
and (A.1.20), it follows that

(A.1.21) Koo < (1 48X+ 86C5C5

with C3 = sup; ||¢;ll,,. Since 6 is arbitrary, we have proved that Ko, < A
for any A € o.(H,), i.e., Koo < X(Hp).

(56) Let u < ¥(Hy). Then in (—oo, ] the spectrum o(H,) of H,
consists of a finite number (M say) of eigenvalues A\, k = 1,2,---, M,
repeated according to multiplicity, with corresponding eigenfunctions
vr € D(H,) C D(p,). Let E,(-) be the spectral measure associated
with H,,. Then note that we have

(A1.22)  pylo] = (Hpo, )y

M oo
=" Mel(¢, on)nl® + / Ad(Ep(N)6, d)r

a5
j

M= I[=

Mk = )&, p)nl* + ullol15

x>
Il

1

for ¢ € D(H,). Further, since D(H,) is dense in D(3,), the inequality
(A.1.22) holds for any ¢ € D(p,). Now choose {¢;} C C§°(R") such
that

(@) lim polé] = Roc,
(ALZ) N ®) gl =1 @G=12-),
(C) suppd)jr‘lsupqug:@ (jv£=1’27"', ]5/—‘5)
Let ¢ = ¢; and make j — oo in (A.1.22). Then it follows that
(A.1.24) Koo > u,
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where we should note that ¢; converges to 0 weakly in Ly ,(R") as
j — oo. Since p < X(H,) is arbitrary, we obtain K., > X(H,), which
completes the proof. Q.E.D.

A.2 Proof of Glazman’s theorem

Proof of Proposition 1.16.
(1) Suppose that the dimension of E((—o0, Ag))H is finite. Then set

{F = E([Xo,0))H,

(A.2.1) G = E((—00, o) )H.

Then the dimension of G is finite, and H is the direct sum of F' and G.
Further, for f € D(A) N F we have

rn= [ T A EN) P

0

A.2.2
(4-22) > Mol (o, o) I
= )\O(f’ f)a
where | || denotes the norm of H, and we have used the relation

lE([Ao, 20)) fll = || f|| for f € F. This implies that (1.40) is satisfied.
(2) Suppose that there exists subspaces F' and G of M satisfying
the conditions in Proposition 1.16. Set m = dim G and suppose that

(A.2.3) dim E((—o0,Ag))H > m + 1.
Then it follows from Lemma A.1.1 that
(A.2.4) E((—00, X0))H N F 5 0.

In fact we can assume that there exists a nonzero element fy such that
(A.2.5) fo € E((—o0, o — n))HNFND(A)

with 4 > 0 because we can choose the m + 1 independent elements
f1, f2,-++ fm1 in E((—00, Ag)H so that all f; belong to E((—o0, Ao —
p)YH N D(A), which is possible in either case where the spectrum of A in
(—00, Ag) contains the essential spectrum or it consists only the discrete
spectrum. Thus it follows that

Ao—p

(Afo, fo) = / AdIE(N) foll?

—00

< Mol E((=00, Ao — 1)) foll?
= )‘O(an fO)

(A.2.6)
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This contradicts (1.40). Therefore, we have shown that

(A.2.7) dim E((—o0, Ao))H < m,

which completes the proof. Q.E.D.
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Stationary Phase Method with Estimate
of Remainder Term over a Space
of Large Dimension

Daisuke Fujiwara

Abstract.

Let r4(v) denote the remainder term of the stationary phase

method over R®. Then an estimate of v#/?*1ry4(v), as d — oo, is

given under certain assumptions, which are tolerable for application
to Feynman path integrals.

§1. Stationary phase method

Stationary phase method is a method to evaluate asymptotically, as
v — 00, oscillatory integrals over R? of the following form:

I(S,a, V)=/ e~ 5@) g(z)dz,
d

R

where S(z) is a real valued C* function called the phase function, a(z) is
a C* function called the amplitude and v is a large positive parameter.
In the simplest case that a(x) € C3°(R?) and that S(z) has only one
critical point z*, where Hess S(z*) is non-degenerate, it gives

d/2

I(S,a,v) = (f—:) [det{Hess S(z*)}]7Y/?(e"*5@ ) q(z*) + rq(v))

and an estimate of the remainder term
ra(v) = O(v=#2-1),

If support of a(z) is not compact, we have to require some addi-
tional assumption that control the behaviour of a(z) at the infinity. For
instance (cf. [1]), the same conclusion holds if we assume the following

Received December 28, 1992.
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Hypothesis (H.0). (i) sup_ | 955(z) |< oo for any multi-index o
with | a |> 2. (ii) There exists a constant &6 > 0 such that | det Hess S(z) |
> 6. (iil) For any multi-indez a, sup, | 9ga(z) |< oco.

Since the stationary phase method is closely related to the mathe-
matical theory of Feynman path integrals (cf. (3], [4], [5] and [6]), we
wish to investigate the following

Question. Can one control v¥?*'ry(v) asd — oo ?

We give a positive answer to this question. Detailed discussions can
be found in [2]. Applications are discussed in [4], [5] and [6].
§2. Statement of results

We shall treat the following oscillatory integral over L — 1 dimen-
sional space:

I({t;},S,a,v)(zL, z0)

L
Vi 1/2 —wS(zL,... 330)
_ e ooy (xg,... Ildm
]:[ 27rt /RL—l ' :

with large positive parameter v and small positive parameters {t;}. Our
hypothesis for the phase function is

Hypothesis (H.1). S(zr,...,z0) is of the form

L
S(@ry- -y 0) = Y Si(t @5, 25-1),

where

| z; —x; 1 |°
2t

Si(tj, xj,xj—1) = + tjwj(t, Tj, 1)

For any m > 2 there exists a positive constant k,, such that

sup | 85,00 w;(t;, x5, 1) |[< km
Tj,Tj—1

if2<a+p<m.

We will give two examples of phase functions satisfying hypothesis
(H.1).
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Example 1. Let L(§,z) = %52—V(a:), (¢&,z) € R?, be a Lagrangian
with a potential V(x). Assume that the potential V(z) is a real-valued
C*°-function satisfying estimates:

sup | V®®(z) |[< oo for any k> 2.

Then for a small T > 0, there exists a unique classical orbit v°(t) such
that v°(0) = y,7%(T) = z. Let

T
ST, z,y) = / LG (), v (1)) de

be the classical action. Then S¢(T, z,y) is of the form

cl _|a:—y|2 cl
S (Tamay) - T+T¢ (Tamay)

and for any m > 2 there exists a constant C,,, such that

sup | 858 ¢° (T, z,y) < Cn,

if 2 < a+ B < m. Therefore, S(zp,...,x0) = Z§=1 S(tj,zj,xj-1)
satisfies the hypothesis (H.1).

Example 2. Let L(£,z) be the same lagrangian. Let 7'™(t) be
the straight line connecting (0,y) and (7', z) in the time-space, i.e.,

t Tt
In

t) = — - .
v (t) Tx‘f‘ Ty

Let -
ST, z,y) = / L™ ()47 (2))dt.

Then function S!™(T,x,y) is of the form

in _I:c—y|2 In
S (T,m,y) - T+T¢ (T,x,y)

and for any m > 2 there exists a positive constant C,, such that

sup | 950, ¢ (T, z,y) |< Cn,
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if 2 < a+ B < m. Therefore, S (zy,...,x0) = Z]I-;l S (t;,x5,x5-1)
satisfies the hypothesis (H.1).

Under hypothesis (H.1) the critical point of the function (zp_1,...,

z1) — S(xr,xr-1,...,%1,%0) is unique if Ty = Zle t; is small. We
denote it by (z}_,...,z]). We abbreviate S(xr,x}_;,...,27,%0) as

S(TL,Zo). We can write the Hessian of S at the critical poit as H + W,
where

1 1 1
nte  Th 0 0
1 1 1 1
% mtw O
H = 0 1 1,1 _21
t ta t4 ta
and
tlaglwl +t28§1WQ tgaxlamzwz 0
tgamlaxzwg tgagzwz +t3832w3 t38$28$3w3
W= 0 tgamzamsw;?, t33§3w3 +t48333w4
It is clear that -
detH=—"2_ %0
tita... 11

We can state our first result.

Theorem 1. Under the hypothesis (H.1) there exists a positive
constant 6; independent of L such that if Ty, =t1 + ...+t < 6; then

I({tj}7 S, 11 V)(SCL,QfO)

(N s e 4 B (1t (v 20)
271'TL | | |

where the remainder term r(v,zr,xo) satisfies the estimate: For any
K > 0 there exists positive constants C such that if | ap |,| ap |[< K

, 83?38;1;7‘(’/’ rr,%o) |< CKTEI/_l.

Remark. 6; and Ck are independent of L as far as T, is bounded.
Therefore, we can control r(v,zp, o) even when L tends to oo.

In order to state the result for general integral with amplitude a(z),
we require a little more preparations. Let 1 < k < | < L. Then the
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critical point of the function (z;—1,...,Tk+1) — ZJ —k1 S5, T, T5-1)
is unique if tg 11 +. ..+ is small. Let (zj_,,...,x} ;) denote the critical
point, which is a function of z; and z;. We abbreviate a(zr,...,z;,z]_;,

3 Thy1>Thy -+, T0) to a(zr,. .., T141, 77, Tky Th1,- .-, To)-
Our hypothesis concerning the amplitude function is the following:

Hypothesis (H.2). For any integer K > 0 there exists a positive
constant Ak with the following properties: (i) If | a; |< K for j =
0,1,...,L, then

L
| [T oz7a(@z, - 20) I< Ak
(ii) For any sequence of positive integers {j1,...,7s} satisfying

O=go<n—-1<n1<j2—-1<...<Jjs—1<3s<L

we have

Qg Qo Qg — 1
8 8 H@M 1 ka xL?sz"’BJs—l’sz 17'-'717j1—17:cj0) IS AK,

as far as | aj |< K for 5 =0,51 —1,51,...,7s — 1, Js, L.

Before stating our second theorem, we give an example of amplitude
functions satisfying hypothesis (H.2).

Example. Let b;(z;,2z;_1), j=1,...,L, be functions bounded
together with their derivatives of all order, i.e., for any positive integer
K there exists Cg such that

Sup|(9°‘7(9°‘3 1h, (.’L‘j,l'j_]_) |S Ck Ogaj,aj_l < K.
x

Tj—1

L
Then a(zg,...,z9) = Qe 1055251 o i o hypothesis (H.2)
above.

Now we can state our main

Theorem 2. Under the hypotheses (H.1) and (H.2) there exists a
positive constant 61 such that if 0 < T < &

I({tj}’ Sa a, V)(:BLa m0)

.\ 1/2
= vt —iwvS(TL,%0) -1 —-1/2
<2WTL ) e [det(I + H™'W)]

x (a(ZT,Zo) + r(v, L, x0))
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where r(v,xr,xo) satisfies the estimate: For any K > 0 there exists
positive constants Cx and M(K) such that if | ag |,| ar |< K we have

| 89083 L (v, mL, m0) |[< CxTrv ™' Apx).

Remark. 6; , Ckx and M(K) are independent of L as far as T7, is
bounded. Therefore, we can control r(v,xr,zo) even when L tends to
00.

§3. Sketch of the proof

We begin with our key lemma, which is valid under hypothesis (H.3)
weaker than (H.2) and is interesting in its own sake.

Hypothesis (H.3). For any integer K > 0 there exists a positive
constant Ag such that if | o; |[< K for j=0,1,...,L,

L
| [] 2% alzr, - ., m0) I< Ak
=0

We can state

Key Lemma. Under the hypotheses (H.1) and (H.3) there exists
a positive constant 8y such that if Ty, < 6y we have

I({t;},S,a,v)(zL,x0)

.\ 1/2
Vi wS(FETs 1 ~1/2
= (27!'TL> e (ZL,%0) [det(I+ H W)] b(v,zr,x0),

where b(v,zr,xo) satisfies the estimate: For any K > 0 there exists
positive constants C1(K) and M(K) such that if | oo |,| ar |< K we
have

| 950855 b(v, w1, 20) |< C1(K)* Ap(xe)-

ZTo "TL

Remark. C(K) and M(K) are independent of {¢;}, L, (zr, zo) and
v as long as Ty, < ég.

Above Lemma can be proved by modifying the proof of Theorem
6.8 in Chapt. 10 of Kumano-go [7].
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Omitting the proof of lemma we proceed to the proof of Theorem

vi
2. To make notations simpler we denote o by E. With this notation
7

we can write

I({t;},S,a,v)(zL, o)

L pN\1/2 . L-1
— H (E) / e—ZVS(ELv...,.’Z:O)a(xL,_‘.’mo) H dxj.
-1 L-1 j=1

R

We perform integration over xj-space. Using stationary phase
method, we have

2 p\1/2
H (%") / e—iu{Sz(tz,xz,m1)+S1(t1,m1,zo)}a($L’ ., T2, T, IBo)d:L’l

E 1/2 o
= (T(Q, 1)) e—zu521(ﬂ32,$0) (Pla(LITL, “aey $2,$0)+R1G(.’L‘L, e ,:L'Q,LL'O)),

Here T'(2,1) =t5+1t1,55, (z2, Tg) denotes the critical value of Sy(ta, z2, 1)
+S51(t1,x1,x0) with respect to the variable z1, Pya is the main part and
Ria is the remainder term of the stationary phase method.

Remark. (A) Clearly, we have

Pi(a)(zr,...,22,20) = a(zL,ZL—1,--.,Z2,Z0)D(S1 + Sz;xz,xg)_l/z
here
tltz 2 * 2 *
D(Sl+52; 122,:1:0) =1+t o (tzaxl(.UQ(tg, T2, 1131) + tlamlwl(tl,xl, 1130))
1 2

(B) The remainder term R;a is a very complicated function with
respect to 2 but is simple with respect to the variable (zp,..., 3, Zo).
In fact, we have 0;;,(Ria) = R10;;a for j = 0and 3 < j < L. And
Ria is small in the following sense: For any integer K > 0 there exists
a constant Cg such that

l5333;";---3§£R1a(wL,---,xz,wo) |
Y
< Oxy™! =2 maxsup| 800001002053 .. 0L alar, . @, 1, 30)
1 2 g

Here max is taken with respect to (1, 82 for 81 < as + 4, B2 < as.
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Next we integrate the term Pja over xs-space and apply the sta-
tionary phase method. We obtain

()" (wim)”

/ e_zy{s3(t3’m37w2)+521(zz’xO)}Pla(xL’ . ,$2, xo)dwz
R

1/2
— E e—iuS;I (z3,x0)
T(,1)

(PzPla(:CL, e ,:E3,£L‘0) + R2P1a(xL, .. .,.’I)3,CL‘0)).

Here S3; (z3, zo) denotes the critical value of the function z2 — Ss(t3, 3,
Z2) + S31(x2,%0), PoPya is the main term and Ry Pja is the remainder.
Since P, Pja is a simple function of x3, we integrate it over x3-space and
apply the stationary phase method. The main term includes P3P, Pia
and the remainder includes R3 P, P;a.

Repeating this procedure L — 1 times, we obtain

E 1/2 .
AO(mLamO) = (T(L 1)) e_zUSLl(mL’xO)PL_l - .Pla(CEL,.'Bo),

which is nothing but the main term of Theorem 2.

Now we must treat the remainder term. Since R;a is a complicated
function of x5, we skip integration over x5 space and perform integration
over zz-space. Then we obtain

)" 6" (en)

/ e—zu{S4(t4,w4,w3)+Ss(ta,w3,w2)+521(zz,zo)}Rla(mL, ..., T4, T3, iBz,.xo)d-'L“s
R

1/2 1/2
_(_E_ E o535 (@4.02)+ 531 (02,0}
T(4,3) T(2,1)

(PsRia(zr,...,z4,22,20) + R3Ria(zyp,...,24,%2,20)) .

Here S};(z4, z2) denotes the critical value of the function x5 — Sy(t4, 4,
z3) + S3(ts, z3,22), PsRia denotes the main term and RsRja is the
remainder. P3Ria is a simple function of the variable z4 but R3R;a is
not. We integrate P3R;a over z4-space but we skip integration of R3R;a
over T4-space.
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Similarly, we skip integration of R;P;a over x3-space and integrate
it over x4-space. We obtain

)"0 (wn)

/ e—w{ss(ts,ws,m4)+54(t4,z4,w3)+531(w3a$0)R2p1a($L’ ..., T4,T3, xo)dw4
R

1/2 1/2
_(_E_ _E N iz 2a)+ 85 (w5,m0))
T(5,4) T(3,1)

(P4R2P1G(.’EL, c..y3T5,T3, 1130) + R4R2P16L($L, co oy 5,3, :1:0)) .

We continue this process. The rule is that we apply the stationary
phase method when we integrate over xy-space and if Ry appears then
we skip integration over xi41-space. We finally obtain the following
expression:

I({t;}, 8, 0,v)(2L, o) = Ao(zL, T0) + ¥ Ajju_s..n (€L, T0),

where Y* denotes summation with respect to indices (js, ..., j1) satis-
fying
1<j1<j2—1<j2<j3—1<...<js—1<j3,

and each term is an oscillatory integral

Aj1j2 Js (mL’ .’Eo)

B H (T(Jma]m - 1))1/2

s
—itwS; . i1 (TL,TjyseasTjq ,TO) ] . . ) . I I )
/ © Js Jl( e e )b]S"'Jl (:EL’(L'JS7 v "xﬂl’xo) dm]m’
s .

whose phase function is

Sjs---jl (CIZL, .'Ist, N ,.’Ejl y 1130)
= Sp;.(xr,zi,) + S5 ;. (Ti, ®5,_,) + -+ 5, 0(25,, To)

and the amplitude is

bjs-~-j1(mL7xjsv' .. ,mjl,l'g) = QL—IQL—2 ‘e Qla(wL,xjs, . ,le,ivo),
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with
Id, forj:jsajs—l’--'ajl,
sz Rj fOI‘ijs—].,js_l—l,...,jl—1,
P;, otherwise.
Furthermore, we can prove that b;, ; (zr,x;,,...,T;,%o) satisfies

hypothesis (H.3).

Proposition. For any integer K > 0 there exist positive constants
C2(K) and integer m(K) such that

| 922953 ... 821 820, i\ (TL, Tj,, - - -, Tjy, T0) |
S
<Co(K)*Amiy |1 v 250
k=1

Now we apply our key lemma to Aj ;,_,. j,(zr,%o) and use the
proposition above. Then we obtain

1/2
L ) o—ivS(FTE0)
Ty 1y

Qj,js—1...5, (TLy T0),

Ajsjs—l“-jl ((EL, ‘TO) = (

where the function a;,;, ,..j,(xL,%o) satisfies the following estimates:
For any integer K > 0 we have

8
| 822 85005,5,_,...5, (T, %0) |< CL(K)*Co(M(K))* Amem iy [ [ v s
k=1

This implies that the remainder term (v, zr,z¢) can be written as

*
r(v, L, T0) = Y _ j,ju_r...js (TL, T0)-

If ag,a; < K we have
sk
| 92EB%0T (v, 2L, T0) [ | 2E820ay,j, .5, (TL, To) |
*

S
<Y Cs(K)* Ay [ [ vt
k=1

L
<Anm(M(K)) H(l +C3(K)v™'t) -1,

=1
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where we abbreviated C1(K)Co(M (K)) as C3(K). This proves Theorem
2.

Theorem 1 can be proved similarly.

More detailed dicussions are given by [2].
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Commutator Algebra and Resolvent Estimates

Christian Gérard
Hiroshi Isozaki
Erik Skibsted

§1. Introduction

In studying the detailed properties of Schrédinger operators, the
method of micro-localization seems to be indispensable. For the many-
body problem, this point of view was introduced by Enss [3], Mourre [11]
and then by Sigal-Soffer [13] to investigate the propagation properties
of the unitary group. These sorts of estimates not only lead us to a
deep understanding of the space-time behavior of the solution to the
Schrédinger equation, but also give us many applications. The aim of
this paper is to prove a certain variation of these kinds of estimates for
the resolvent of the N-body Schrodinger operator.

We consider a system of N-particles moving in R¥ with mass m;
and position z* € R¥(1 <i < N). Let X be defined by

N
X = {(mlf v axN);Zmixi = 0})
i=1
and consider the Schrédinger operator

H=Ho+» Vi

i<J

where — Hy is the Laplace-Beltrami operator on X equipped with the
Riemannian metric induced from ds? = 2 Zfil m;(dz?)? on RN”. Each
pair potential V;; = Vj;j(z* — z7) is assumed to be a real-valued C>-
function on R” and satisfies for some constant p > 0

(1.1) |05 Vij (y)| < Cra <y>""7,

Received January 18, 1993.
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for any m = 0,1, 2, - - -, where 9, denotes an arbitrary derivative of order

m and <y> = (1+ |y|?>)*/%. Let R(z) = (H — z)~'. Let A be the set of
thresholds of H. For A € 0ess(H) Nop(H) N A°, we define

(1.2) a(A) =inf{A — p;p € A, p < A}

Note that a(A) = A if A > 0, which follows from the absence of positive
eigenvalues of Schrédinger operators (see [5]). We consider a pseudo-
differential operator (Ps.D.Op.) P with symbol p(z, &) belonging to the
following class. For a positive integer k and a € R, let R*(a) be the set
of C*°-functions p(z, £) having the following estimates:

(1.3) 07 0gp(x, €)| < C <z>""<E>"F 0<m,n <k,
and also satisfying

x-€
14
(1.4) SUP S

<a on suppp(z,§).

A typical example of the element of R*(a) is given as follows. We take
p(t) € C°(R) such that p(t) =1ift <a—2¢ p(t) =0ift >a—e¢, €
being a small positive constant. Then

z-§ 2k~ Tk
—) <€>"Fe R*(a).
P 3) <€ (a)
For a Ps.D.Op. P, P € R*(a) means that the symbol of P belongs
to R*(a). As is well-known, for a sufficiently large k, P € R*(a) is
L2-bounded. Let B denote the totality of bounded operators on L?(.X).
The main result of this paper is the following

Theorem 1.1. For any s > —1/2 and t > 1, there exists k =
k(s) > 0 such that

<z>*PR(\+1i0) <z>"°'c B

for any P € R*(y/a(X)).

Although the above theorem is formulated by Ps.D.Op.’s, the main
part of the proof consists in the calculus of commutators in an algebra
consisting of functions of several operators, which is one of the interesting
features of the many-body problem. This commutator calculus has its
origin in the work of Mourre [11], was developed by Sigal-Soffer [13],
[14] with great success and is now considered as a basic tool for the
many-body problem.
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One of the authors proved a slightly weaker theorem in {15] and we
should note that the above Theorem 1.1 is implicitly suggested in [16],
where the commutator of H and

fi=§1g(x-vm+vm-a:)—6'<x>

was used. In this paper, we shall explain a method which treats directly
the resolvent. Our idea is very close to those of Sigal-Soffer [13] and
Derezinski [2]. One of the applications of the above theorem is the
study of the detailed structure of the S-matrix ([9], [10], [16]). Other
applications will be given elsewhere.

Finally, we remark that throughout the paper we neglect the domain
question and treat freely the product of unbounded operators. This is
justified by defining them by quadratic forms on & x S, where S is the
space of rapidly decreasing functions.

§2. Commutator Algebra

For two operators P and A, we introduce their multiple commutators
by
adg(P, A) = P,
ad, (P, A) = [ad,-1(P, A), 4], n>1.

The fundamental formulas to calculate the commutators are as follows:

(ad, (P, A))* = (=1)" ad, (P*, A%),
ad.(PQ,A4) = (Z) adn_(P, A) adi(Q, A),
k=0

[P, A" = cn padp(P, A) A",

k=1
Cn,k being constants.
We choose the coordinates z = (1, -, Z(ny—1),) on X such that
(N-1)v
Ho=— > (8/0x:)’.
i=1

Asin [2] and [13], an important role is played by the self-adjoint operator
B defined by

L% v v, 2,

2 <> <zr>
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We first consider the commutation relations between H,B and X =
<x>. Let Ly be the differential operator defined by

(N-1)v 5

Let V be the set of C°°-functions v on X such that Ljv is bounded on
X for any n > 0. This set V forms an algebra and is independent of the
choice of the Jacobi coordinates.

Example. If v € C®(RY) satisfies [0]'v(y)| < Crn <y >,
Vm > 0, then v(z! — 27) € V. In particular, each two-body potential
V;j(z* — z7) belongs to V.

Let V,, = X™V. Let Py ,, be the set of differential operators of
order k with coefficients € V,,,. V,, is invariant by the action of L,
which implies that, if L € Py m, [L, B] € Pi,m—1. We have, therefore,

Lemma 2.1. Forn > 1, we have
(1) adn(X, B) € Po,1—n.
(2) ad,,(H,B) € Pa,—n.
(3) adn(B,H) € Ppy1,-1-

These commutation relations suggest us to introduce the following

Definition 2.2. P Op™(X) (meR) <=
X2%ad,(P,B)X"? € B, for any o,3 € R and n > 0 such that o + 3 =

n—m.

The analogy of the class Op™(X) to that of Ps.D.Op.’s is appar-
ent when one thinks of Beals’ characterization of the standard class of
Ps.D.Op.’s ([1]). The basic properties of Op™(X) are summarized in
the following lemma whose proof follows easily from the definition.

Lemma 2.3. (1) P € Op™(X) <= There exists Py € Op°(X)
such that P = X™P,.
(2) P € Op™(X) = [P,B] € Op™ }(X).
(3) P € Op™(X) = XFPX' € Op™t i (X), Vk,leR.
(4) P € Op™(X) = P* € Op™(X).
(5) P € Op™(X), Q € Op"(X) = PQ € Op™"(X).

Therefore, U,,Op™(X) forms an algebra which is our basic tool in
this paper.



Commutator Algebra and Resolvent Estimates 73

The basic subject of this section is to calculate the commutators of
functions of operators. For m € R, let 7™ be the set of C'°°-functions
on R such that

1F®) ()] < Cu(1 + |z)™*, Vk>0.

Then for f € F™ (m € R), there exists F(z) € C*(C), called an almost
analytic extension of f, having the following properties:

F(z) = f(z), =€eR,

10.F(2)] < Cy <z>™"1"N|Imz|V, VN >0,
suppF'(z) C {|Imz| < e(1+ |Rez|)}, 0<e< 1l

Furthermore, 8 F'(z) is an almost analytic extension of f()(z) (see [6]).
Let f € F~¢ (¢ > 0) and F be its almost analytic extension. Then for
any self-adjoint operator A we have

(2.2) F(A) = 571; /C BLF(2)(z — A)ldz A dz

(see [8]). One can also prove the following formula of the asymptotic
expansion of the commutator: If f € F™ (m € R) and A is self-adjoint,
we have

N-1

(23) [P f(A)] =) (=)*"/n! ada(P, A)f™(A) + Ry,

n=1

(24) Ry = 2_; L BLF(2)(A — 2)~" ady (P, A)(A — 2)~Ndz A dz.

Ry is bounded if there exists k such that m+k < N and adn (P, A)(A+

i)~* € B. This commutator expansion formula turns out to be a pow-
erful tool of analysis (see also [6], [7]).
An important example of the element of Op™(X) is given by

Lemma 2.4. f(H), f(B) € Op°(X) if f € F~¢, € > 0.
Proof. By (2.2), we have

ad,(f(H),B) = 5% /C 0,F(2)ad,((z — H)™', B)dz A dZ.
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For o, 3 € R such that o + 8 = n, one can show
| X*ad, ((H — 2)"%, B)XP|| < C <2z>" |Imz| ™"},

with v = v(e, ) > 0. The above mentioned properties of the almost

analytic extensions then prove that f(H) € Op°(X). To prove the
lemma for f(B), we have only to note that

|X™(B—2)"'X7"| < Cp|lmz|™™ !, ¥n>0. [

It is convenient to introduce the following notation : Let P, €
Op*™(X), k(1) > k(2) > -+ — —oo. Then an operator P is said to
have the asymptotic expansion ) ., P,, written as P ~ Y ., P,, if
and only if - -

N-1
P-Y P,eop™M(Xx), YN>2

n=1

Using (2.3), one can show the following

Lemma 2.5. Let P € Op™(X), f € F™, m,n € R. Then

[P,f(B)] ~ > Pf®(B), PpecOp™*X).

k>1

By the same methods as above, we can also show

Lemma 2.6. Let ¢ € C°(R) and f € F™,m € R. Then we
have:

(1) ad,(p(H), X) € Op°(X), n20.
(2) [p(H), F(X)] ~ D (=1)"}/n! adn(p(H), X)f™(X).

n>1

Lemma 2.7. Let fe F™,g€ F*,m,n € R. Then we have:

(1) adg(g(X),B) € Op" *(X), k>o0.
(2) [9(X), F(B)] ~ > _(=1)* " /k! adk(g9(X), B)f ¥ (B).

k>1
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§3. Resolvent Estimates (1)

We fix A € 0ess(H) Nop(H)°NAC and let Co(A) = a(A) — € for small
€ > 0. Let ¢ € C°(R) be such that ¢(t) =1if |t — A| < 8, p(t) =0 if
[t — A| > 26. Our starting point is the following Mourre type estimate
which holds for small § > 0 ([4]):

(3.1) p(H)ilH, Alp(H) > 2Co(N)p(H)?,

where

A= 1i(x-Vw+Vx-x).

2%
We now introduce

Definition 3.1. fe€ F™(A\), me R<«<= f € F™, supp f C
(—OO, a’()‘))

For a small €y > 0, we take Fy(t) € F°()) such that

Fo(t) =0 if t> \/Co()\) — €Q,
1

Fo(t) = if t< \/Co(A) - 260,
Fyo(t) > 0, Fo(t) € F2(N),
Fy(t) <0, —F(t) € F2(N).

For 0 < €; < €g, let C1(A) = y/Cp(A) — €1 and define
Fp(t) = (C1(A) — )™ Fo(2),

Fomia(t) = (C1(X) — ) Fin (£)2.

In the following arguments, (*) denotes an operator having the asymp-
totic expansion:

S Pufu(B), Pn€Op™n(X),

n>2
fn € F2mH1=7()),  supp fn C supp Fp.
The crucial step is the following lemma.

Lemma 3.2. Let m > —1/2. With F,,(t) and ¢(t) introduced
above, we define P,, = X™F,,(B)p(H). Then there exists a constant
Co > 0 such that

— Re @(H)i[H, X*™ Fyny1(B)o(H) > CoPyi P + (¥).
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Proof. To calculate the commutator ¢[H, X 2m+1[§;:1(B)] in the
category of the algebra explained in §2, we make the following device.
Let ¢;1(t) € C§°(R) be such that ¢1(t) = 1 on supp ¢, and put ¢(t) =
te1(t). Then

(HYilH, X*™ 1 Py (B)p(H)
= SO(H)ZW(H), X2m+1F2m+1 (B)]QO(H)
= p(H)i[y(H), X*™ ] Fay1 (B)p(H)
- (H)X?™ iy (H), Fymy (B)p(H).

We first show that

(3:2) — Re p(H)X2™1i[y(H), Fomy1(B)|o(H)
> (2m + 1) Pr(2Co()) — 2B% — €3) Py, + (%),
€2 being a sufficiently small positive constant. In fact, we have

;thmH(t) = —(2m + 1)F,,(t)* — G(t),

where ,
G(t) = —=2(C1(\) — t)*™ Ly (1) Fy (2).
Then using (2.3), we see that the left-hand side of (3.2) is written as
(2m + 1) Re o(H)X* ™ 1i[yp(H), B|Fm(B)*p(H)
+ Re o(H)X*™+Lily(H), BIG(B)p(H) + (*).
Taking note of the relation,
o (H)X /%[ H, B)X"/2,(H)
— o(H)(i[H, A] — 2B + K)(H),
K being a compact operator, we have
me)xzmww( ), BIG(B)(H)

- X™./G (P X1/2 H B]X1/2(,0(H /G Xm )

> X™m G(B)go( )(2Co(N) — 2B? + K)p(H)+/G(B)X™ +

> (%),

where we have used Lemmas 2.5, 2.6 and 2.7 in the first line, (3.1) in the
second line and the fact that —2t2 > —2(Cy()\) — o) on supp G(t) in the
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third line. We can then see that the left-hand side of (3.2) is estimated
from below by

(2m 4+ 1)Fp (B) X ™p(H) X Y/?i[H, B|X'/?(H) X™ Fpr(B) + (%)
> (2m + 1) P2 (2Co(A) — 2B% — €2) Py, + (%).
We next show that
(3.3) — Re p(H)i[p(H), X*™ | Fam11(B)p(H)
> (2m + 1)P* (2B? — 2C1(A)?) P, + (%).
In fact, the left-hand side of (3.3) is written as
— Re p(H)i[H, X*™ ] Fom 1 (B)p(H) + ()

= — Re 2(2m + 1)o(H)X*™B(C1(A) — B)Fn(B)*0(H) + (¥).

Since t < C1(\) on supp F,(t), we have
~B(Ci(\) = B)Fu(B)? 2 (B? — Ci(\)?) Fu(B)?,

which proves (3.3).

The lemma now follows from (3.2) and (3.3). 0

Let F,,(t) be as above. We call X™F,,,(B) the operator of canonical
type.

Lemma 3.3. Letm € R, P € Op*™(X) and f € F2™()\). Take
n > m. Then for any N > 1, there exist the operators of canonical type
X”‘k/an_k/g(B) (k=1,---,N—1), Py € 0p* Y (X) and a constant
C > 0 such that

N-1
Re Pf(B)<C Z Fr_oy2(B) X" *Fy_j2(B) + Py.
k=0

Proof. By enlarging the support of F,(t) suitably, we see that
P(t) = f(t)Fn(t)™2 € FZ¢(N\), € > 0. Then we have

Pf(B) = P(B)Fy(B)?
= Fn(B)Pw(B)Fn(B) + [P¢(B)aFn(B)]Fn(B)~
One can then see that

Re F,(B)P(B)F,(B) = Fo(B)X"P,X"F,(B),
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where Py = P} € Op°(X). Therefore, for a suitable constant C > 0,
Re F,(B)Py(B)Fy(B) < CFa(B)X*"Fo(B),

X" F, (B) being the operator of canonical type. Since [Py(B), F,,(B)]
has an asymptotic expansion:

[Py(B), Fa(B)] ~ Y PFP(B), P, € Op"™ *(X),
k>1

we repeat the above procedure to conclude the lemma. ]

The main purpose of this section is the following

Theorem 3.4. Letm > —1/2,t > 1 and F € F™(A\). Then we
have
X™F(B)p(H)R(A +i0)X~™t ¢ B.

Proof. We take ¢ € C§°(R) such that ¥ = 1 on supp ¢. Let
u = Y(H)R(A+ t€)f,e > 0. By Lemma 3.3, we have only to consider
the case where X™ F(B) is the operator of canonical type X™F,,(B).

We introduce a notation here: @ € Op™(A; X) if and only if Q =
Pf(B) for some P € Op™(X) and f € F™(A).
By Lemma 3.2, we have
Col| X™ Fin(B)p(H)ul|* < — Re (i[H, Qo (H)u, p(H )u)

(3.4) + Re Z— (Qru,u) + (Qnu,u),

n=2

where Q = X2+ F, 1 (B), @, € Op2™*1""(X; X) and Qy €
Op*™+t1=N(X). Note that
— Re (’L[H, Q](P(H)u’ QO(H)’U,)
= Im {(Qu(H) f, ¢(H)u) — (Qp(H)u, p(H)f)}
— 2¢ Re (Qu(H)u, p(H)u).

Let 6 =t — 1. Since @ is written as

N—1~*
Q=>_ P P +Qy,

1=0
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where P, € Op™ ™ %(); X), P e Op™t*(\; X) and Qu €
Op*™ 1N (X), we have

N-1

(Qe(H)u, o(H)H| < D | Pip(H)ul® + Ol X"+ f||2.
1=0

Here and in the sequel C denotes a constant independent of € > 0.
(Qe(H)f, p(H)u)| is estimated from above in the same way. Since Q
can be written as

Q = V Foms1(B)X>™ 1/ Fam1(B)
+ W o (B), [V Fomga (B), X2™H1],

one can show that

— Re o(H)Qu(H) <Y PP +Qu,
i>0

with a finite number of P; € Opr_n_l/zhi()\;X), and Qn € Op N (X).
Therefore

— Re (Qu(H)u, p(H)w) < 3 [Paull® + C|X™ |1

i>0

Re (Qnu,u) in (3.4) is estimated from above similarly. We then arrive
at

(3.5) IX™ Fon (B)p(H)ull> < > | Paull® + CIX™ 1%,
i>0

with a finite number of P, € Op™ °(\; X). In view of Lemma 3.3, one

can use (3.5) with m replaced by m — § to estimate || P;ul|>. We repeat
this procedure and finally obtain

IX™ Frn(B)p(H)ul® < C(I1X 2wl + |IX™+ £I|%),
with s > 1/2. The limiting absorption principle then implies the theorem
(see [12]). 0

§4. Resolvent Estimates (2)

In this section, we shall give the proof of Theorem 1.1 which consists
in translating Theorem 3.4 in terms of Ps.D.Op.’s. Let ¢(H) be as in
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the previous section. Then by Lemma 2.4,
X™1—-@(H)RA+i0)X"™eB, VmeR.

Therefore to prove Theorem 1.1, we have only to consider ¢(H)R(A+10).
For a small ¢y > 0, we define C(A) = /a(A) — € + 3¢y so that C(\) <

a()\). We take F_(t) € F° such that F_(t) = 1if t < C()\) — e,
F_(t)=0ift > C(\). Let F(t) =1— F_(t). Throughout this section,
we shall use the Weyl calculus of Ps.D.Op.’s.

Let P € R*(y/a()\)). Then for s > —1/2 one can take k large
enough so that X°*P <B>7° X~° € B. Therefore by Theorem 3.4,

X*PF_(B)p(H)R(A +10)X "

=X°P<B>"*X"°-X*<B>°F_(B)p(H)R(A+i0)X*"tcB

for s > —1/2 and t > 1.
The proof of Theorem 1.1 is thus completed if we show the following
assertion : For any s > 0, there exists k = k(s) > 0 such that

(4.1) X°PF,(B)X € B, YP € R*(1/a()\)).

Applying Lemma 2.7 to [X, F(B)], we see that (4.1) follows from the
following assertion: For any s > 0, there exists k = k(s) > 0 such that

(4.2) X*PF,(B) € B, VP € R*(\/a()\)).

Suppose (4.2) is proved for some s > 0. Let C1(A) = /a(\) — € + €.

Then by taking € and €¢g small enough we have
x-&
< Ci(A) —
<z > 1N — <

on supp p(x,§) and t > C1(A) + €9 on supp F,(t). Let By = B — C1())
and consider

P(t) = e "B F (B)P*X***'PF(B)e B, t>0.

Let b1 (z, &) be the symbol of B;. Namely,
_z£
<z>

Then on supp p(z, &), bi(z,€) < — €. Let Py be the Ps.D.Op. with
symbol

bl($7€)

—C1(N).

po(il), E) = (—bl (.'13, &-))1/21)(1,, 5)
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As is easily seen Py € R*1(1/a()\)). We now take k large enough and
apply the standard symbolic calculus to obtain

2P; X?t1py = — By P*X*t1p _ p*X?t1ppB,;
finite

+Re > PrX*Pi+Q,

where P;, P; € R'(y/a(\)), | = I(k, s) satisfies I(k,s) — oo as k — oo,
and the symbol of @ is rapidly decreasing in z. We have, therefore,

Blp*X2s+1P + P*X2s+1PBl
<Red) PrX*P+Q.

Hence by the induction hypothesis

—%P(t) < e " F (B)(Re Y  PrX*P, + Q)F.(B)e B

< Ce™™o,
with some constant C' > 0, if k is chosen large enough. Since

F,(B)P*X**'PF,(B) = P(0) = — / ” %P(t)dt,

one can see that X**/2PF, (B) € B, which completes the proof of
Theorem 1.1.
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§1. Introduction

The purpose of this talk is to present a survey of the theory of
scattering for a class of nonlinear wave equations of the form

(1.1) Op = 8¢ — Ap = —f(p)

in a space of initial data and asymptotic states as large as the energy
space associated with that equation. The exposition will follow the treat-
ment given in [12]. Here ¢ is a complex valued function defined in space
time R™*t1, A is the Laplace operator in R", and f is a nonlinear suit-
ably regular complex valued function satisfying polynomial bounds at
zero and at infinity. A large amount of work has been devoted to the
theory of scattering for the equation (1.1) and for several other equa-
tions, and we shall devote most of this introduction to a partial review
of nonlinear scattering in order to put the subsequent treatment of (1.1)
into perspective.

The general setting is the following. One considers a semilinear
equation

(1.2) 8yu = Lu + F(u)

where L is a linear antiselfadjoint operator in some Hilbert space ‘H, and
generates a one parameter unitary group U(t) = exp(tL) in H. One is
interested in situations where the global Cauchy problem for (1.2) is well
understood in some space X (which may or may not coincide with H).
In particular any initial data ug € X should generate a unique global
X valued solution of (1.2) with u(0) = up and with suitable regularity

Received February 2, 1993.
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in time. One is then interested in studying the asymptotic behaviour
in time of the solutions of (1.2) by comparison with the solutions of the
linear equation

hereafter referred to as the free equation. That study gives rise to the
following two questions.

(1) Given ut € X, does there exist a (unique) solution u of the equation
(1.2) that behaves at ¢ — %00 as the solution U(-)u of the free equation
(1.3) generated by u4, for instance in the sense that

(1.4) |lu(t) = Ut)uy; X|| — O as t — too
or
(1.4") NU(=t)u(t) — ug; X|| — O as t — *oo.

If that is the case, one defines the wave operators 24 as the maps uy —
u(0) thereby obtained. This first question is referred to as that of the
existence of the wave operators. Actually, one may be interested in
comparing solutions of (1.2) and (1.3) in a sense different from and in
fact stronger than (1.4) (1.4’). For instance one may require that

(1.5) |lu — U(-)us; X([T, £00))|| — 0 as T — oo

where X (I) is a space of X valued functions defined in a time interval I
with prescribed behaviour in time. Such a convergence is in fact needed
in order to develop a consistent theory of scattering.

The second question is somehow the converse of the first one.
(2) Given a generic X valued solution of (1.2) generated by initial data
u(0) = up € X, does there exist ux € X such that u behaves asymp-
totically as U(:)uy as t — Foo in the same sense as above. If that is
the case for all ug € X, one says that asymptotic completeness (AC)
holds in X. Note that this notion of asymptotic completeness is very
restrictive, since the only asymptotic evolution which is used is the free
evolution. In the linear quantum mechanical many body problem, this
would correspond to the case where asymptotic completeness is achieved
by the completely free channel, a situation typical of purely repulsive in-
teractions.

A general method to prove the existence of the wave operators, and
the one to be used in all the examples to follow, consists in solving the
Cauchy problem for (1.2) with infinite initial time. In fact the Cauchy
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problem for (1.2) with initial data uo at time to is equivalent to the
integral equation

t
(1.6) w(t) = Ut — to)uo + / drU(t — 7)F(u(r)).
to
The solution u expected to behave as U(-)uy at t — oo should
then be obtained by taking up = U(to)u+ and letting t¢ — +oo. Re-
stricting one’s attention to positive times for definiteness, one obtains
the equation

o0
(1.7) u(t) = U(t)u, — / drU (¢t — 1) F(u(r))
t

to be solved for u for given u,. One can then try to solve (1.7) by a
contraction method in a time interval [T, 0o) for T sufficiently large, and
then continue the solution u thereby obtained to all times by using the
known results on the Cauchy problem at finite times. The contraction
step requires the use of a space X' ([T, 00)) of X valued functions of time
with a suitable time decay, in order to control the integral in (1.7). That
time decay has to be satisfied by the solutions U(-)uy of the free equa-
tion. As a standard by product of the previous method, one obtains a
proof of the existence of global solutions and of asymptotic completeness
for small data. The method also requires that F'(u) exhibit a suitable
decay in time for u in the relevant space X ([T, 00)). This in turns re-
quires that the function F' tend to zero sufficiently fast when u tends to
zero. In the case where F' satisfies power bounds in u as u — 0, that
condition reduces to lower bounds on the associated exponents.

Asymptotic completeness for general data, once the previous results
are available, reduces to proving that generic solutions of (1.2) with
initial data in X exhibit the time decay that is used in the definition
of the space X(-) used to solve the Cauchy problem at infinity. The
question of AC therefore reduces to the derivation of a priori estimates
and depends in a specific way on the invariances and conservation laws
of the equation at hand. As should be clear from a previous remark, it
always requires a repulsivity condition on the interaction term F'

We now review briefly some of the available results for the most
studied equations, namely the nonlinear Schrédinger (NLS) equation

(1.8) B = —(1/2)Ap + f(p),

the nonlinear wave (NLW) equation (1.1), and the nonlinear Klein Gor-
don (NLKG) equation

(1.9) Op +m?e+ f(p) =0
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which differs from (1.1) by the presence of a mass term m2¢. For clarity
we restrict our attention ot the case where the nonlinear interaction term
is a single power

(1.10) Fle) = NelP .

For those three equations, the global Cauchy problem is well understood
in the energy space Xy, to be defined below, for A > 0and 1 <p < p, =
14+ 4/(n — 2) in space dimension n > 2.

For the NLS equation, one takes u = ¢ and F'(u) = —if(¢p), the free
evolution group is U(t) = exp(i(t/2)A), the conserved energy is

(111) B(¢) = (1/2)|Vel + [doV(e)
where | - || denotes the norm in L™ = L"(R™) and
(1.12) V(e) = 2X(p+ 1) pP*

in the special case (1.10). Furthermore the L? norm of ¢ is also con-
served, and the energy space is the standard Sobolev space X, = H'.

For the NLW and NLKG equations, one takes u = (¢, d;¢) and
F(u) = (0,—f(¢)). The solution of the free equation generated by the
initial data ug = (@9, ¥o) at time ¢t = 0 is

(113) PO (1) = K (t)po + K ()0

where K(t) = w!sinwt, K(t) = coswt, w = v/—A for NIW (w =
v —A + m? for NLKG), so that the free evolution group is

(1.14) ut) = (_jgg?(t) ggg) '

The energy is

(1.15) E(p,9) = ¢z + I Velz(+m?|lell3) + /dva(cp)

for NLW(NLKG), and is conserved in the sense that E (¢, d;¢) = Const.
for solutions of the equation. The energy space is Xo = (H'NLPt1)@ L2
for NLW and Xo = H! ® L? for NLKG, where H! is the homogeneous
Sobolev space associated with H?!.

We now summarize the main results available on the existence of
the wave operators for the NLS, NLW and NLKG equations with power
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nonlinearity (1.10). For the NLS equation [5, 6, 7, 9, 17, 25, 42, 45, 46,
the wave operators are known to exist in the energy space Xo = H'! for
4/n <p—1<4/(n—2)[7]. In the smaller space X = 3 defined by

(1.16) Y =H'nFH") ={p: ¢ € H and zp € L*}

the wave operators are known to exist for 4/(n+2) <p—1<4/(n—2)
[5]. Finally for 0 < p — 1 < 2/n, the wave operators do no exist even in
the L2-sense, namely (1.4) with X = L? implies ux = 0 and v = 0 [41].

There is a huge literature on the theory of scattering and related
problems (including global existence for small data) for the NLW equa-
tion [10-12, 14-16, 18, 19, 22-24, 28, 29, 33-36, 38-42]. For that equa-
tion, the wave operators are known to exist in the space

(1.17) X =Xon{(p,9): (x®V)p € L? z¢p € L?}

for p1(n) < p < p., where p;(n) is the larger root of the equation [28,
29]

(1.18) n(n—1)p*— (n*+3n-2)p+2=0.

That lower bound on p is not expected to be optimal however. One
expects the same result to hold (possibly in a smaller space) for po(n) <
p < p«, where po(n) is the larger root of the equation

(1.19) (n—1p(p—1)=2(p+1).

That result is proved only in dimensions n = 2 and 3 and on special
sets of regular asymptotic states [15, 18, 36]. For p < po(n), the wave
operators are expected not to exist, in view of the existing finite time
blow up results for small solutions [14, 18, 19, 39]. In the energy space
Xo, the wave operators exist under assumptions on f which barely fail
to include (1.10) with p = p,, the reason being that the lower limit on p
required for the existence of the wave operators turns out to be p > p.
in that case and conflicts with the condition p < p, required to solve the
global Cauchy problem at finite times [12]. It is one of the purposes of
this talk to present that theory.

For the NLKG equation [3, 4, 9, 31], the wave operators are expected
to exist for 4/n < p—1 < 4/(n—2) in the energy space and for pp(n+1) <
p < p« in a suitably smaller space, but the available treatments of the
problem in the literature do not seem to be optimal.

We next summarize the main results available on the question of
asymptotic completeness (AC) for the same equations. As mentioned
above, the proof of AC requires a repulsivity condition, namely A > 0 in
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the case (1.10), and reduces basically to the proof of a priori estimates
for generic solutions of the equations. There are essentially two methods
available. The first method applies to the NLS and NLW equations (but
not to the NLKG equation) and exploits the approximate pseudocon-
formal invariance of the NLS equation and conformal invariance of the
NLW equation. For the NLS equation, it yields AC in the space X = X
defined by (1.16) for po(n + 1) < p < p. [5, 17, 45, 46]. For the NLW
equation [10, 33, 40] it yields AC in the space X defined by (1.17) in a
rather simple way for 4/(n — 1) < p —1 < 4/(n — 2). There are some
results for lower values of p and not too high dimension (2 < n < 4), but
they are much harder to derive and probably not optimal [10, 11]. The
second method of proof of AC is based on the Morawetz inequality [30],
itself a variant of the approximate dilation invariance of the equation at
hand. That method has been applied first to the NLKG equation [3,
4, 9, 31] and to the NLS equation [7, 9, 25]. It is especially well suited
to the proof of AC in the energy space Xy and allows for such a proof
both for the NLS and NLKG equation for 4/n < p—1 < 4/(n — 2).
Remarkably enough, that method also applies to the NLW equation in
the energy space, in spite of the weakness of the time decay available in
that case [12], and yields AC under conditions on f that again barely
fail to include the power interaction (1.10) with p = p,. It is the second
purpose of this talk to present the basic steps of that method and its
application to the NLW equation.

The treatment of the theory of scattering for the NLW equation to
be given below is interesting for several reasons. First, it allows for a
test of the power of the methods in a case where on the one hand only
weak time decay is available, but where on the other hand the space
time homogeneity of the free equation somewhat alleviates the algebraic
complications. This situation is to be contrasted with the better behaved
but more complicated case of the NLKG equation. Second, it requires
the study of the NLW equation in the critical case p = p,, thereby
leading to a number of results of direct relevance to the Cauchy problem
in that case, for which there has been a strong interest recently.

The problem of existence of the wave operators will be treated in
Section 2 below, and that of asymptotic completeness in Section 3. The
exposition follows closely [12] to which we refer for a more detailed treat-
ment and in particular for all the proofs.

§2. Existence of the wave operators

In this section we shall prove the existence of the wave operators
for the NLW equation (1.1) by following closely the method sketched in
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the introduction, namely we shall solve the associated equation (1.7) by
a contraction method for large times and continue the solution thereby
obtained to all times by using the known results on the Cauchy problem
at finite times. An essential role in proof will be played by the space time
integrability properties (STIP) associated with the free wave equation
Oy = 0, by which we mean properties of the following type. Consider a
linear evolution equation

(2.1) = (1.3) Owu = Lu

where L is a linear antiselfadjoint operator in some Hilbert space, typ-
icaly H = L?, and let again U(t) = exp(tL). Then any initial data
up € L? generates a solution of (2.1)

(2.2) U()ug € (CNL>®)(R, L?)

where by C(I,X) (resp. L(I,X)) we mean the space of continuous
(resp. L?) functions of time from some interval I to a Banach space
X. Now if one is willing to give up some regularity in time, it may
happen that one gains some regularity in space, namely that

(2.3) U()uo € LI(R, X)

for some ¢, 2 < g < oo, where X may be L” for some r > 2, or a Sobolev
space WP for some r > 2 and some p € R, preferably p > 0, or some
more general space. Such properties exist for a large class of dispersive
equations and have a long history [7, 13, 20, 21, 26, 27, 35, 37, 43,
44, 47]. A recent and hopefully didactic account appears in [13]. Since
the wave equation is somewhat complicated in that respect, we shall
first explain the basic facts on the simplest example of the Schrodinger
equation i0;p = —(1/2)A¢p. In that case the unitary group U(t) can be
represented by the operator of convolution in space

(2.4) U(t) = expli(t/2)A] = (2mit) ™2 expliz?/(2t)] %4
so that by the Young inequality, for any f € L1,

(2.5) U Flloo < @nlt) [ fl1x

and by interpolation with unitarity in L2,

(2.6) U@ fl- < 2t~ £lls

for all f € L™, where 2 < r < oo, r and 7 denote pairs of Holder
conjugate exponents, namely 1/r+1/7 = 1, and here and in what follows
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6(r) =n(1/2—1/r). Let now f be a function of space time and introduce
the operator

(2.7) U *; .f = [drU(t — 1) f(7).

From (2.6) and from the Hardy-Littlewood-Sobolev inequality in time,
it follows that for 0 < é(r) =2/g < 1
(2.8) U *¢ £; L{(R, Lp)|| < C|If; LI (R, LY) |

x

where the subscripts t and x serve as reminders of the variable of in-
terest. At this point, an elementary and by now well known duality
argument (see Lemma 2.1 in [13]) yields the following two results. First,
the following inequalities also hold

(2.9) 1T ¢ f; L (R, L)l < CLf5 LE (R, L)

where 0 < §(r;) = 2/q; < 1,4 = 1,2, the main point and difference with
(2.8) being that now the pairs of exponents (g,r) in the left hand side
and in the right hand side are completely decoupled. Second, for any
up € L? and 0 < §(r) = 2/q < 1, the following estimate also holds

(2.10) 1U (- )uo; L{ (R, L)|| < Clluollz-

Estimates of the type (2.9), (2.10) are especially convenient to study the
Cauchy problem for semilinear equations of the type (1.2) in the form
of the integral equation (1.6). In fact, one can use the estimates of the
type (2.10) to control the free solution and the estimates of the type
(2.9) to control the integral in the right hand side of (1.6).

We now turn to the case of the wave equation [Jp = 0. We recall
that the solution with initial data ug = (o, o) at time zero is given by

(2.11) = (1.13) O (t) = K(t)po + K(t)tho

where K (t) = w™!sinwt, K(t) = coswt and w = v/—A. The STIP of the
wave equation are best expressed in terms of homogeneous Besov spaces
B = By ,(R™). Those spaces are to be thought of as technically more

adequate substitutes for the homogeneous Sobolev spaces W,f’ (spaces
of distributions with derivatives of order exactly p in L"). In order to
avoid technicalities, we refrain from giving an explicit definition. We
refer for that and for a summary of basic properties to the appendix of
[8] or [12], and for a more extensive treatment to [1], Chap. 6.

The basic estimate which replaces (2.6) in the case of the wave
equation is the following [2, 32].
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Lemma 2.1. The following estimates hold for all r, 2 < r < 00
(2.12) || exp(iwt) f; BT < Clt|~ 7™\ £; BEM)|

where the loss of derivatives and the time decay exponents are given by

B(r) =2t (1/2 - 1/r) and y(r) = (n — 1)(1/2 — 1/7).

By exactly the same arguments as in the Schrodinger case, one ob-
tains the following analogue of (2.9).

Lemma 2.2. The following estimates hold
(213) |K *c £; L9 (R, BITP)) | < OIlf; L% (R, B™)|
for 0 < ~y(r;) =2/¢; <1,i=1,2.

We define the energy space for the wave equation as the space
(2.14) Xo=H'NL) o L?
where 2* = 2n/(n — 2) and we restrict our attention from now on
to space dimension n > 3. Finite energy initial data, namely initial
data (o, %0) € Xo generate solutions of the free wave equation through
(2.11). In the same way as for the Schrodinger equation, one obtains the

following STIP for those solutions, in the form of inequalities similar to
(2.10).

Lemma 2.3. Let (@g, o) € Xo and define ¢ by (2.11). Then
(2.15) 115 LAR, BR)|| < ClI(¢o, %o); Xol|

for all triples (p,r,q) which are admissible in the sense that

(2.16) 0<é6(r)<n/2 (equivalently: 2 < r < o0)
(2.17) 0<1/g=p+6(r)—1=0<1/2
(2.18) p+08(r)<1 (equivalently: 20 < ~(r)).

The STIP of Lemma 2.3 are best visualized in the (o - p) plane,
where o is the variable defined by the second equality in (2.17). The
variable o characterizes the homogeneity of the relevant norms in the
space variable. In particular Sobolev inequalities allow to control a given
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Fig. 1. STIP of Oy =0

BP? norm in terms of other such norms with the same o and higher values
of p. The admissible region (2.16)—(2.18) is represented in Figure 1. For
instance the point (¢ = 0, p = 0) corresponds to L*°(R, L?"), the point
o=0,p=1t LR, Hl), etc. Following Lemma 2.3, it is natural

to introduce the following spaces of pairs of functions. For any interval
I C R, we define

(2.19) Yo(I) ={(e,%): ¢ € L=(I,L* ) N LI, BY)
and ¥ € LI(I, B?™!) for all admissible (p,r,q)}.

Lemma 2.3 says in particular that initial data (po,%0) € Xo generate
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solutions ¢(©® such that (©(®,8;0©) € Vo(R).

Although we shall never need to assume faster space decay on ¢ than
is contained in the condition ¢ € L?", it is worthwhile to remark that
such a decay is preserved in time for functions in Yy(-) in the following
sense (see Proposition 2.1 in [12]).

Lemma 2.4. Let (p,0ip) € Yo(I) for some interval I and let
@(s) € L¥ for some s € I and for some k, 2 < k < 2*. Then ¢(t) € L*
forallt € I, ¢ € C(I,L*) and ¢ satisfies the estimate

(2.20) le@llk < C(1+ [t)

for allt € I, where C depends on the norms of ¢(s) in L* and of (i, 8;p)
in Yo(I) but not otherwise on I.

We now turn to the study of finite energy solutions of the equation
(1.1). We assume from now on that f satisfies the following assumption:

(H1) f € C'(C,C) and for some p, 1 < p < oo,

21 — zg|max|z;|P7° if p>
| | max |z|P~? if p > 2
|21 — zo[P1 if p<2

@21)  |f(z) - f=)] < c{

for all z1, 20 € C, where f’ stands for any of 8f/9z,0f/0z.

Of special interest will be the case where p = p..

We recall that the NLW equation (1.1) can be recast in the form
(1.2) with u = (¢, 0yp) and U(-) given by (1.14), so that the integral
equation (1.6) reduces in that case to

.

(2.22) () = K(t — to)po + K (t — to)tho — /dTK(t —7)f(p(7))

to

and to a second equation for 0;¢ which is nothing but the time derivative
of (2.22) and which we shall therefore omit. Similarly the equation (1.7)
which leads to the definition of the wave operators reduces to

(223 ot) = K(t)ps + Kty + / “drK (t— 1) f(e(r)

and to the time derivative thereof, which we again omit. All subsequent
results in this section are derived from the equations (2.22), (2.23) by
estimating the free solution and the integral in the right hand sides by
Lemmas 2.3 and 2.2 respectively. That requires in addition estimates
for the nonlinear interaction f(y) in the integrand. Besov spaces are
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especially convenient for that purpose since they allow for Leibniz type
estimates of the following form (see Lemma 2.3 in [12] for more general
results).

Lemma 2.5. Let f satisfy (H1) for somep > 2. Let1 <r,s,k <
00, 1/s=1/r+1/k, and 0 < p < min(1,n/r). Then

(2.24) 1£(); B2 < Cligs B2IL I olP =2

We first give some preliminary results on finite energy solutions of
the equation (1.1). As a preliminary to the proof of asymptotic com-
pleteness in the next section, one can easily show that solutions of (1.1)
in )y have asymptotic states (see Proposition 2.3 in [12]).

Lemma 2.6. Let f satisfy (H1) with p = p.. Let ¢ be a solution
of (1.1) such that u = (p,0rp) € Yo(I) for some interval I C R. Then
u € C(I,Xg). Furthermore if I is infinite, say I = [T, 00) then

(2.25) ds-lm U(—t)u(t) = uy in Xo

t—o00

The next result says basically that “some” of the STIP of solutions
of (1.1) included in the definition of }, imply all such STIP.

Lemma 2.7. Let f satisfy (H1) with p = p., let I be an interval of
R, and let @ be a solution of (1.1) with o € Li(I, B?) for one admissible
triple (p,7,q) such that

(2.26) pln—1)/(n+1)+o(n+2)/(n—2) > 1.

Then (@, 0:p) € Yo(I).

The region defined by (2.26) in the (o - p) plane is the upper right
corner of the admissible region indicated on Figure 1.

We are now in a position to attack the local resolution of the equa-
tion (1.1) in the form of the integral equations (2.22) or (2.23). As
mentioned earlier, we first solve that problem locally in time by a con-
traction method, actually by a partial contraction method whereby all
the norms defining the relevant space are reproduced by the right hand
side of (2.22), (2.23), but only part of them are contracted on bounded
sets of that space. One could use for that purpose the space )y de-
fined by (2.19), but it is technically more convenient to use intermediate
spaces of functions ¢ satisfying only part of the STIP and to rely on
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Lemma 2.7 to prove that the solutions thereby obtained belong to ).
A convenient choice of intermediate spaces is

(2.27) X(I)= () L%, B)

i=1,2

where 7s = 2(n +1)/(n — 1) and (pi,rs,qi) are two admissible triples
satisfying
(2.28)

-2 2 1 -1
0<01§min<n nt ) i

) i Dm—) 2~ 27" =y

The value r = r, corresponds to 3 = 1/2, namely to the case where there
is neither gain nor loss of derivatives in (2.13). The point (p2, s, ¢2) lies
on the upper boundary of the admissible region and satisfies (2.26), so
that Lemma 2.7 will be applicable to solutions in Xy(I) (see Figure 1).

We can now state the basic local existence result (see Proposition
3.1 in [12]).

Proposition 2.1. Let f satisfy (H1) with p = p,.
(1) Let (wo,%0) € Xo. Then there exists T > 0 such that the equation
(2.22) has a unique solution ¢ € Xo(I), where I = [tg — T,to + T.
Furthermore (p,8:p) € Yo(I).
(2) Let (p4,%+) € Xo. Then there exists T > 0 such that the equation
(2.23) has a unique solution ¢ € Xo(I), where I = [T,00). Furthermore
(0, 0:p) € Yo(I). In particular ¢ satisfies (2.25).
(3) Let (po,%0) € Xo (resp. (p4,%4+) € Xo) be small in Xy norm.
Then there exists a unique solution ¢ € Xo(R) of the equation (2.22)
(resp. (2.23)). Furthermore (v, 8ip) € Yo(R), ¢ satisfies (2.25) and its
analogue as t — —oo.

As remarked before the contraction method yields as a by product
the existence of global solutions for small data (part (3) of Proposition
2.1.) and asymptotic completeness for small data.

Corollary 2.1. Let f satisfy (H1) with p = p.. Then the wave
operators 04 exist as bijections of Xg locally in a neighborhood of zero.

The second step in the construction of the wave operators consists
in extending the solutions obtained in Proposition 2.1 part (2) to all
times. For that purpose we need to solve the global Cauchy problem
at finite times. According to standard methods, this requires a priori
estimates of solutions of (1.1) in the energy space, which in turn follow
from energy conservation. We assume
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(H2) (gauge invariance) There exists a function V € C'(C,R) with
V(0) = 0 such that f(z) = 8V/8z and V(z) = V(|z|) > —a?|z|? for all
z e C.

The energy is then defined by (1.15) (with m = 0) and one can prove
energy conservation in the following sense (see Proposition 3.6 in [12]).

Lemma 2.8. Let f satisfy (H1) with p = p. and (H2). Let I be
an interval of R, let to € I and (vo,%0) € Xo and let ¢ be a solution of
(2.22) such that (p,0sp) € Vo(I). Then for all s and t in I

(2.29) E(p(t), 8ip(t)) = E(p(s), Brp(s))-

The question arises at this point whether one can solve the Cauchy
problem globally in time for the NLW equation in the energy space for
the critical value p = p, of the exponent in f. There has been recently
a strong interest for that problem, for which Proposition 3.1, especially
part (1), and Lemma 2.8 are directly relevant. The answer is most
probably yes but the existing proofs are restricted either to finite energy
radial solutions, or to smooth solutions in space dimension n < 7. In
order to proceed safely, we therefore assume in addition that f satisfies
the assumption (H1) both for p = p, and for some p < p,. It is at
this point that single power nonlinearities (1.10) barely escape from the
present theory. One can then derive the final result on the existence of
the wave operators.

Proposition 2.2. Let f satisfy (H1) both for p = p.« and for
p =p2 < p«, and (H2).
(1) Let (o+,%+) € Xo. Then the equation (2.23) has a unigue solution
@ such that (¢, 0tp) € Yo([T',00)) for all T € R. That solution satisfies
(2.29) for all s and t in R and satisfies (2.25). In particular the wave
operator Q4 : (p4,p+) — (©(0),8:p(0)) is well defined from Xo to Xo.
Simalar results hold for negative times.
(2) Let in addition V > 0 (i.e. a = 0). Then Qi and Q1! are bounded
operators in Xo norm.

Part (2) of Proposition 2.2 follows from the simple remark that for
allt € R

(2.30) lu(t); Xoll* < E < [lu(t); Xoll® + Cllu(t); Xol*

where E is the energy, the first inequality follows from the positivity
of V and the second one from a Sobolev inequality. The same double
inequality holds for U(—t)u(t) instead of u(t) because U(-) is isometric



Scattering Theory for Nonlinear Wave Equations 97

in Xy, and for u; by Lemma 2.6, so that ||u(0); Xo|| < m(||us; Xo||) and
llug; Xoll < m(||u(0); Xol|) with m(s) = (s2 + Cs2")1/2,

§3. Asymptotic completeness

In this section, we sketch the proof of asymptotic completeness for
the NLW equation (1.1) in the energy space by using the method origi-
nally devised in [31] for the NLKG equation, in the version given in [7,
9, 12]. It follows from Propositions 3.1 and 3.2 that the proof of AC
reduces to proving that generic finite energy solutions, namely solutions
of (2.22) with initial data in Xy, belong to Vo(R). By Lemma 2.7, it
suffices to prove that such solutions belong to L9(R, B?) for one admis-
sible triple (p,r, q) satisfying (2.26). The proof then reduces to a priori
estimates on those solutions. We continue to restrict our attention to
space dimension n > 3 to begin with. However the proof will require
at some point the existence of one norm of the solutions with integrable
decay in time, namely v(r) > 1, and will therefore only apply in space
dimension n > 4, since y(o0) = 1 for n = 3.

The essence of the proof consists in squeezing the given solution
between two conflicting estimates which force it to decay. The first of
those estimates is the Morawetz inequality [30]. For f satisfying (H2),
we introduce the auxiliary potential

(3.1) Wi(z) = 2f(2) — V(2).

For f a single power (1.10), W; reduces to W1(z) = (A\/2)(p — 1)|2|P!.
We introduce also the functions g(x) = (z24a?)~'/2 and g;(z) = V-(zg).
One checks easily that (n — 1)g < g1 < ng and that Ag; <0 for n > 3.
We can now state the Morawetz inequality (see Lemma 4.3 in [12]).

Lemma 3.1. Let f satisfy (H1) with p = p. and (H2), let I be
an interval, to € I, (po,%0) € Xo and ¢ a solution of (2.22) with
(o, 0:p) € Yo(I). Then for all s and t in I, s <t,

s

(3.2) /dT/dxgl (x)Wi(p(1,7)) < —Re(Bp, (g -V + V - 2g)p)

t

The Morawetz inequality is a modified version of dilation invariance.
In fact the operator x - V + V - x is the generator of space dilations. It
fails to be defined in the energy space because of the factor =, and the
function g serves to compensate for that defect. Let A =zg-V +V - zg.
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The formal proof of (3.2) consists in computing the time derivative

—0, Re<at(p7 A(p) = Re<at2907 A(P>
= —Re(Ap, Ap) + Re(f (), Ap)

by using the antisymmetry of A and the equation (1.1). By elementary
computations, the term with A is easily seen to be non negative, while

Re(f(¢), 4¢) = [31i(o)da.

The regularity of ¢ provided by ) is sufficient to convert the formal
proof into an actual proof. For positive V' the right hand side of (3.2)
is bounded by 2F uniformly in s, ¢t and a. For I = R and W; > 0, and
after taking the harmless limit a | 0, one obtains from (3.2)

(3.3) /dtdm|x|_1W1(g0(t, z)) <2E/(n—1).

The meaning of (3.3) is best understood by seing what it forbids: it
forbids in particular that ¢ be a localized solution travelling at finite
speed. In fact, if ¢(t,z) = h(z — vt) and if f is a single power (1.10),
then the left hand side of (3.3) becomes approximately for large ¢

C>C)—1 p+1 _
c/ t7dt R = co.

This fact suggests that ¢ must either spread out in space, or recede
to infinity with unbounded velocity. The second possibility is however
forbidden by the second basic estimate, namely the finiteness of the
propagation speed coming from the hyperbolicity of the equation. That
estimate is best expressed for the present purposes in terms of the prop-

agation of local energy. For any A C R", we denote the complement of
A by A’ = R™\A and we define the energy in A by

(3.4 By, 4ih) = [ds(ff + Vol + V(o).
We shall also need the balls in R®
B(zo,R) = {z € R": |x — zo| < R}.

We can now state the local energy propagation as follows (see Lemma
4.2 in [12]).
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Lemma 3.2. Let f satisfy (H1) with p = p. and (H2) with V > 0.
Let I C R with 0 € I, let (po,v%0) € Xo and let ¢ be a solution of (2.22)
with (¢, 0cp) € Yo(I). Then for allzg e R*, R >0 andt €I

(3.5)

E(p(t), 0rp(t); B(zo, R — |t])) < E(p(0), 8:0(0); B(wo, R))
(3.6)

E(p(t), dp(t); B' (zo, R+ [t])) < E(0(0), 8:0(0); B (o, R))-

The formal proof of Lemma 3.2 consists in noting that the energy
momentum vector

b0 = |8)* + |Voo|> + V(p)
§ = —2Re 8,5V

is time like and applying the Green formula to the truncated cones 0 <
|7| < |t|, |z| £ R£ |7|. Again the regularity provided by )} is sufficient
to convert the formal proof into an actual proof. Lemma 3.2 will be used
in the form of the following easily derived corollary (see Lemma 4.6 in

[12]).

Corollary 3.1. Under the same assumptions as in Lemma 3.2
with I =R, for anyn >0

(B7) et L% (B0, L+t — 0 when [t| — oo.

There remains the hard task of combining the estimates (3.3) and
(3.7) to derive a priori estimates for the norm of ¢ in LI(R, B?) for a
suitable admissible triple (p,r,q). We choose such a triple with v(r) =
1+ ¢ and 0 = 1/2 — ¢ for some small € > 0 (such a triple satisfies
(2.26) for € small enough). It is as this point that we have to restrict
our attention to space dimension n > 4. For ¢ a solution of (2.22) with

to = 0, (wo,%0) € Xo and (p, 0:p) € Vo.1oc(R) we define

(3.8) ko(t) = | K ()po + K (t)o; BY|
(3.9) k(t) = lle(t); BLI.

One of the main technical steps of the proof consists in deriving a set of
integral inequalities for k by applying the estimates (2.12), (2.13), (2.15)
to the integral equation (2.22). Some of these inequalities will require
that f satisfy (H1) both for some ps < p. and for some p; > p.. One
can then prove:
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Lemma 3.3. Letn > 4 and let f satisfy (H1) both for p = pa < p.
and for p =p; > p.. Let (p,7,q) be an admissible triple with y(r) = 1+¢
and 0 = 1/2 — € for some small € > 0 and let ¢ be a solution of (2.22)
with tg = 0, (vo,%0) € Xo and (p,0:p) € Vo1oc(R). Then for some
n > 0 depending only on €,p1,p2 and some M(E) depending only on the
energy E, ¢ satisfies the inequalities

t
(3.10) k(t) < ko(t) + M(FE) /dT min |t — 7|~ % min k(r)%7,
0

It is easy to see by homogeneity that ¢ = 0 and p = p, would yield
(3.10) with n = 0. The combination of signs (——) in (3.10) yields an
information on the local regularity of & and requires only the assump-
tion (H1) with ps < p. while the combination (4++) yields the (most
important) information at infinity in time and requires p; > p.. The
crossed terms with (+—) and (—+) would hold with only p = p,.

The next step in the proof consists in combining the estimates (3.3),
(3.7) with the inequalities (3.10) in the case (£, —) to show that k(¢) is
small in suitable large intervals. That step requires the assumption (H1)
only with p = p. and p = p2 < p«. In addition it requires the following
additional repulsivity condition in order to exploit (3.3).

(H3) For some ¢ > 0, for p; < p. < p; and for all z € C

(3.11) Wi1(2) > cmin(|z|Pr T, |z[P2H1).

We introduce the auxiliary norms

ll; €2 (LI, B = [|k(®); €°(LUD) = sup  [lks LI([t, ¢ + 1])]].
t: [t,t+1]CT

One can then prove (see Lemma 4.5 in [12]):

Lemma 3.4. Letn > 4, let f satisfy (H1) both for p = p, and for
p = P2 < ps, (H2) with V > 0 and (H3). Let ¢ and k be as in Lemma
3.3. Then for any €, > 0 and for any £ > 0, there exists a > 0 such that

(3.12) |k; €2° (L ([a,a + £]))|| < e1.

The proof of Lemma 3.4 consists in estimating the integral in (2.22)
with tg = 0 by splitting the integration region for large t in four subre-
gions, for some small §; and some large 6 < t:

(1) In the region t — 6; < 7 < t, one uses the estimate (3.10) with signs
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(—_)’
(2) In the region 0 < 7 < t — 65, one uses the estimate (3.10) with signs
(+—), thereby obtaining two estimates sublinear in k£ with small coeffi-
cients. In the intermediate region t — 05 < 7 < t — 6, one essentially
splits the z integration in two subregions:
(3) Fort —0; <7 <t—#0, and |z| < 27, one uses a modified version of
the estimate (3.10) with signs (+—) and a consequence of the estimate
(3.3).
(4) For t — 6, <7 <t—0; and |z| > 27, one uses a modified version of
the estimate (3.10) with signs (+—) and the estimate (3.7).
Lemma 3.4 means essentially that k£ tends to be small in suitably lo-
cated, but arbitrarily large intervals. Using that information, which is a
weak form of the fact that k tends to zero at infinity, and the superlinear
part of Lemma 3.3, namely the inequalities (3.10) with signs (++), one
then proves that k(t) exhibits the same time decay at infinity as k(©),
namely belongs to LZ(R). That last step is an elementary abstract ar-
gument based on (3.10) and (3.12) and is otherwise independent of any
additional property of the equation.

Combining all previous steps yields the final result (see Proposition
4.2 in [12]).

Proposition 3.1. Letn > 4, let f satisfy (H1) both for p = p; <
P« and for p = p1 > p., (H2) with V > 0 and (H3) (namely (3.11)). Let
(0, %0) € Xo and let ¢ be a solution of (2.22) with (p,8:p) € Vo 10c(R).

Then (@, 0wp) € Vo(R). In particular asymptotic completeness holds in
Xo.-

We finally comment on a problem left open by the preceding proof.
Although any finite energy initial data (g, ¥9) € X, generates a solution
in Yo(R), no estimate is obtained for the norm of (¢, 8;¢) in Yo(R) in
terms of the energy of the solution. This is due to the fact that the proof
starts from some time translation invariant information and ends up with
information of the same type, in the form of time integrals, by going at
some intermediate stages through estimates which are pointwise in time.
It would be interesting to know whether the map (o, %0) — (@, Orp) is
bounded from Xg to Vo(R). This would probably require a simplified
time translation invariant version of the preceding proof.

Another challenging question would be to extend the present results
— if true — to the purely critical case where f is assumed to satisfy
(H1) for p = p. only.

Acknowledgements. I am grateful to the organizers, especially
to Professors Kenji Yajima and Yoshio Tsutsumi, for inviting me to
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The Relativistic Boltzmann Equation
Near Equilibrium

Robert T. Glassey and Walter A. Strauss

§1. A remark on spectral theory
The Boltzmann equation, linearized around the equilibrium, has the
form
of

b—t‘i‘Af—i—Kf:O.

We want to deduce the exponential decay of f(t) ast — oco. The operator
A + K is neither symmetric nor skew-symmetric. Nor is K compact.
However, it enjoys the following properties:

(i) Spec(A+ K) C {Re A >0}
(i) A4 K has no point spectrum on Re A = 0.
(ili) Spec(A) C {Re A > ap} for some ag > 0.
(iv) K is A -smoothing.
Property (iv) means, roughly, that the operator
e hAKe AK | eTtAK

is compact for all t; > 0,...,t, > 0.

Theorem [Vidav, Shizuta]. The spectrum of A+ K in the strip
{0 < Re A < ap} is discrete, and

H e—t(A+K) I|—<- et

for some a7 > 0.

This is a generalization of Weyl’s classical theorem on the perturba-
tion of spectra. We will see at the end of the lecture how this theorem
proves the stability of the equilibrium of the relativistic Boltzmann equa-
tion.

Received December 4, 1992.
Research supported in part by National Science Foundation grants DMS
90-23864 and DMS 90-23196 and by ARO grant DAAL-3-90-G0012.
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§2. The relativistic Boltzmann equation

Consider a gas with particle density F'(t,z,v) where t = time, z =
position, and v = momentum. The particles interact only through col-
lision. Thus

vg Oy F' 4+ v -V, F = scattering term.

If the particles are treated relativistically, then the momentum v is any
vector in R? and the velocity © satisfies |9| < c. They are related by
2 = m2c? v

m°c®, U=c—.
Vo

——|’U

The mass of a particle is m and the energy is cvg. Henceforth we set
¢ =m = 1 and rewrite the equation as

(RB) OF+1-V, F=Q(F)

with the scattering term

_ / / Varo[F(W!)F(v') — F(u)F(v)] dQ du.
R3 5'2

Here u and v are interpreted as the momenta of a pair of incoming
particles, and v’ and v’ as the scattered ones. Thus the term F'(u’)F(v')
represents the gain and F'(u)F'(v) the loss. Conservation of momentum
and energy is expressed by

/ / / /
u+v=u +v, U+ VY =uUy+ 7,

where vg = \/1+ |v]2, uj = /1+ |up|?, etc. (This is in contrast to
the classical non-relativistic case where vy = const - |[v|?). The scattering
kernel is the product of two quantities. The Mgller velocity Vi, is given
by
VE =1 —a® - o x 4%
The scattering cross-section o = o(g, ©) is a function of the generalized
momentum difference g and the generalized scattering angle ©. Notice
that, for a given incoming momentum v, the three vectors u,u’ and v’
are constrained by the four scalar conservation laws given above. The
integration in the scattering term runs over the five remaining variables.
A solution of (RB) has the conserved quantities

//dedx//devdx//vodedm

the mass, momentum and energy, respectively. Furthermore, the entropy
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(The last integral is the negative entropy.) The equilibrium of greatest
entropy comes from minimizing the negative entropy subject to fixed
mass, momentum and energy. It is

u(v) = eotbomeV/IHIE,

the maxwellian distribution. Our goal is to prove the asymptotic stabil-
ity of u(v).

In the classical case, u(v) is a gaussian. After the introduction of
the equation by Boltzmann in 1872, it was not until Carleman in 1933
that the stability was proved for the case of space-independent solutions.
Grad in a series of papers around 1963 proved the stability for a finite
time for general solutions. Finally in 1974 Ukai proved the asymptotic
stability, and hence the global existence of solutions near equilibrium,
in the case of spatial periodicity. Then Nishida and Imai and Ukai in
1976 solved the problem without a periodicity assumption. Many others
have made substantial contributions to the classical theory in the last
15 years. Here we announce the resolution of the relativistic problem
with spatial periodicity.

Main Theorem. Assume that the scattering cross-section o sat-
isfies k1g(1 +g)~! < 0(g,0) < ky for some constants ki,ky > 0. Let
the initial distribution F° satisfy

i Flz,v)20

(i)  F° is continuous

(iii) FY is periodic in x

(iv) [ [(a+b-v—cy/1+|v]?)[F°(z,v) — pu(v)]dvdz =0

for all a,b,c.

(V)  |Fz,v) — p(v)| < ey/n(v) 1+ o)) 777372

for some v > 0 and for sufficiently small e. Then there exists a global,

continuous, x-periodic solution of (RB) with F(0,z,v) = F°(z,v), and
there exist 6 > 0 and ¢; > 0 such that

|F(t,z,v) — p()| < ciee™%/u(v)
for 0 <t < oo.

This theorem is also true with C* and H* norms for arbitrarily large
k. Hence there exist arbitrarily smooth solutions. It is also true under
more general conditions on o.
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83. Sketch of the proof of stability

We may normalize pu(v) = exp(—+/1+ [v[2). Next we write the
perturbation as F' — u = ,/uf, so that f satisfies
8 f+Af+Kf=Q(),
where
A=17-V;+a(v),
K = a linear integral operator in v,
Q = a quadratic term.

We wish to solve this equation globally with small initial data. To do
this, we choose a space Y on which @ is bounded:

1QF Iy <cll Flly

and a similar Lipschitz property for Qf — Qg, together with decay of
the linearized problem:

o0
| e it < oo,
0

It is a standard fact that these two properties imply the asymptotic
stability.

To prove the Main Theorem, we choose the space Y of continuous
functions f(x,v), periodic in z, which satisfy

//a+b v+cy/1+ ]2 i fdvdz =0

for all a, b, ¢, such that the norm

£ lly = sup(L+ [o)+/2|£(@,v)

is finite. We omit the proof of boundedness of Q on this space in order
to concentrate on the linearized problem.
The linearized entropy identity is

(Af + Kf, )
] O I (I 1)
////VM ule [\/M ol Vu)  Vuu)  u)

X dud ) dvdzx.
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This expression is manifestly non-negative, and in fact is positive for all
f #0in Y because of the orthogonality conditions. Thus properties (i)
and (ii) from the beginning of this lecture are satisfied. Furthermore,
A =17V, + a(v) where

a(v) = / / Viro(g, ©)p(u)dud Q)

is bounded above and below: 0 < o < a(v) < @z < oco. Hence (Af, f) >

aoll £ II7:.

In the classical case a(v) is like a constant times |v|, which means
that the dissipation is large for large |v|. In the mid-1970’s Shizuta
showed how the concept of an A-smoothing operator can be applied to
the classical Boltzmann equation. In fact, Grad showed in the 1960’s
that

Kf(t,z,v) = /k(u, v)f(t, z,u)du

where k(u,v) < ci|u — v|~! exp(—cz|u — v|?), in the case of the hard
sphere.

In the relativistic case the exponent is much weaker. Nevertheless
we can improve the denominator to obtain

e—czlu—v|

Ik(u, ’U)l <a

lu—v| + |uxv|

This estimate implies that
sgp/ (|k| + |k|?) du < o0
and, for all 8 > 0,
[ @ ful)? bldu < e+ )P

Following Shizuta, we approximate the kernel as a sum

k(u,v) ~ ij

with nice functions p; and g;. Therefore the A-smoothing property of
K would follow from the compactness of the operator

e 1 AQPe 2 4QPe " AQP .. eTHAQP
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where @ is multiplication by g;(v) and P is integration with p;(u). In
this string of operators it suffices to prove the boundedness of the various
factors and the compactness of one of the factors. In fact, one string of
three factors is

PeQf (z) = / e Alg(v) f(@)]p(v)do
- / et g(v) f(z — t0)p(v)dv.

We apply 0 to both sides of this identity. Inside the integral, 9, is
converted to t18;. A change of variables from v to ¥ thus leads to the
identity

0 (akernel) - f - dv.

1
_tA _ 1+

Thus we gain regularity in z and therefore Pe *4Q is compact. For
details, see [3].
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On Spectral Theory for Schrodinger
Operators with Magnetic Potentials

Bernard Helffer

Abstract.

In this survey, we want to analyze the effect of the presence of a
magnetic potential on the spectrum of the Schrodinger operator with
magnetic field. We consider three connected problems:

— study of the bottom of the spectrum

— study of the bottom of the essential spectrum

— study of the decay of the eigenfunctions.

We think this survey is complementary to other presentations of the
subject in [12], [20] and [49].

§1. Qualitative Theory
Let V € C°°(R™) be an electrical potential s.t.
(1.1) V>C for some constant C,

and let A = (A,...,A,) be a magnetic potential in C*°(R™,R™). We
denote by

(1.2) WwaA = ZAJ d.’l:j
J

the corresponding 1-form and by

(1.3) op=dog =ijk da:j/\d:rk

i<k

the corresponding magnetic 2-form.
The Schrédinger operator with magnetic field is usually defined by

(1.4) Pav(t)= Y (hDsy — A2 +V

1<j<n

Received December 8, 1992.
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and we shall denote by PX’V the Dirichlet realization in a connected

open set 2 with bounded regular boundary (cf. [57]). If the operator is
with compact resolvent, for example (see also the results in Section 2) if

(1.5) V tends to oo, as |z| — oo

we know by the Kato’s inequality that (cf. [12])
(1.6) Xoav(h) 2 Aoy (h)

where A{ 4 () is the first eigenvalue of P ,,.

In the case when PXV is not with compact resolvent, one easily get
(1.7) inf Sp P{ ,, > inf Sp Py,

observing that it is true (cf. (1.6)) when V is replaced by V. = V +¢|z|?
and that

(1.8) inf Sp PXVE — inf Sp PXV ase — 0 (e > 0).

Finally let us observe that due to the characterization of the essential
spectrum by Persson [54] (see also Agmon [1]) we have also for the
essential spectrum

(1.9) inf EssSp Py > inf EssSp Py, .

We are now interested to the cases where we have equality. Let us
first recall the following result due essentially to Lavine-O’Caroll [41],
(see also [21]).

Proposition 1.1. Let h > 0 be fized and €2 as above; let us assume
that we have the assumptions (1.1)—(1.5); then the following properties
are equivalent:

(i) ’\(S;Z,A,V(h) = )‘(S)),o,v(h)
(ii) PX’V and Pg}v are unitary equivalent.
(iii) (a) op =0 in Q and
(b) for all closed path in 2, (2mh)™! f,y wp €.

Sketch of the proof. 1If ug is the first eigenfunction of ngv (h) at-

tached to the eigenvalue A\{}(h), (we know that uo does not vanish in
and we can then assume that ug > 0 in Q and |lug]| = 1) we have the
following identity

(1.10) [[(hV —iA — h(Vuo/uo))d||>
=(PL(R) =X | ¢) Vo eCF(Q)
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The first consequence is of course that we get another proof of (1.6).
Let us briefly sketch the proof of (i) = (iii) (which is the non trivial
part of the statements). From (1.10) we deduce, using a minimizing
sequence tending in L? to a normalized eigenfunction of PXV(h) Ua
corresponding to A g = Ag

(1.11) (hV —iA — h(Vup/ug))ua =0 in D'(Q).

We rewrite (1.11) on the form

(1.12) (hV —iA)pa =0  in D'(Q), with pa = ua/uo.
It is easy to prove that

(1.13) wa #0 in Q.

By differentiation we get padws = 0 and finally dws = 0. In the case
when {2 is simply connected we get the existence of 8 such that wgq = df

and we have immediately
/ wpa = / df = 0.
¥ 2]

In the general case, we use (1.12) which can be written locally
(1.14) hd(Logpa) = twa.

Hence |p 4] is locally constant (and then constant by connectedness) and
because ¢ 4 is univalued, we get (iii)p. (iii) = (ii) and (ii) = (i) are much
easier.

Remark 1.2. The same result can be obtained under the weaker
assumption (replacing (1.5)).

(1.15)
The bottom of the spectrum of ngv is an isolated eigenvalue )‘gz,o,w

with (i) replaced by the apparently different
(i)’ inf Sp Py = Ao v-
We observe indeed that (1.15) implies

(1.16) inf EssSp P’y > Ago.v-

Using (1.16) and (1.9), we get that if (i)’ is satisfied then there is at least
one eigenvalue )\8 a,v and the proof goes after in the same way.
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§2. More on the essential spectrum

In this section, we present essentially the results of Helffer-Mohamed
([22], [23]) with more recent improvements due to Iwatsuka [34],
Mohamed-Nourrigat [47], Meftah [44] ... . We consider an electric po-
tential of the form

14
(21) V(z)=> Vj(@)*+Vo(z)  where V; € C®(R"), Vo(z) >0
j=1

and a C* magnetic potential wa = .. Ajdz;. Because V is semi-
bounded we know that P4 v admits a unique selfadjoint realization on
L2(R™) (cf. Schechter [58], Avron-Herbst-Simon [3] or Reed-Simon [57]).
Moreover C§°(R™) is dense in D(P4 v). In Avron-Herbst-Simon [3],
Dufresnoy [13], Helffer-Mohamed [22], sufficient conditions were given
which imply compact resolvent. These sufficient conditions are not far
to be necessary (cf. Dufresnoy [13] and Iwatsuka [34], and also Remark 5
in Mohamed [45]). We shall give here two extensions of the basic result
given in [22]. It is probably possible to establish a unique statement
containing the two results. For the sufficient conditions we recall that it
is sufficient to prove (cf. Avron-Herbst-Simon [3] or Iwatsuka [34]) the
following inequality

(2.2) Vue CPR™),  llgull* < C((Payvu,u) + [[ul?)

where ¢ is a continuous function tending to +oo as |z| tends to co. For
all r € Z, we introduce

P T n r—1
(23)  m(@) =1+ Vo@)|+ Y D 105Vi(@)+ Y D 103bil.
j=1|a|=0 1,j=1 |a|=0

The following theorem is due to Meftah [44] and is an improvement
of [22] (see also Mohamed-Raikov [49] or Simon [61]):

Theorem 2.1. Let us assume that (2.1) is satisfied and that there
existsr € N, 0 < 6 <1 and ¢y > 0 such that

p n
(24) lgrad Vol+)_ D 185Vi(@)l+ > D 108bis] < camy (),
ji=1|al=r+1 1,3=1|a|=r
then there exists a constant cy s.t.

(25)  ll(me(2)*ul® < co((Payu|w) +lul?)  Vue CER™)



Schrodinger Operators with Magnetic Potentials 117

where k = (1 — §(27 ! — 3))/2".

Corollary 2.2. If we assume in addition that

(2.6) my(z) — 400 as |z| — oo
and
(2.7) §<1/(2"t! - 3)

then P4 v 1s with compact resolvent.

Remark 2.3. The case § = 0 corresponds to the result given in [22].
Asr =1, V; =0, n = 2, Corollary 2.2 says that, if |bi2(x)| — oo as
|| — oo and if there exists C > 0and § < 1s.t. |Vbya| < C(|b12|'T0+1),
then P,y is with compact resolvent. The counterexamples given by
Iwatsuka [34] and Dufresnoy [13] correspond to the case where |Vbi2| is
of the order of |b12|2.

The proof is an adaptation of the proof given in [22] (cf. also Helffer
[20] or Mohamed-Raikov [49] for a presentation) and is based on ideas
coming from a proof given by J.J. Kohn [37] for the hypoellipticity of
Hoérmander’s operators.

Remark 2.4. As observed in Mohamed-Nourrigat [47], the choice
of V of the form (2.1) is not necessary. We refer also to Guibourg [16]
for other proofs in this direction or to the surveys of Mohamed-Raikov
[49] and Nourrigat [51]. Other generalizations are given in Iftimie [32].

Remark 2.5. Necessity. Under the assumption (2.4), Corollary 2.2
gives in fact a necessary and sufficient condition for compactness of the
resolvent. Indeed if there exists a sequence of points in R™yx such that
|yx| tends to oo and s.t. m,.(yx) is bounded, then (taking possibly a sub-
sequence) my(z) remains bounded in a union of disjoints balls B(yg, C)
and using the proof (see p.102-103 in Helffer-Mohamed [22]) charac-
terizing the essential spectrum we get the existence of some essential
spectrum. Let us also observe that an assumption like (2.4) permits the
control of the variation of m,(x) in suitable balls and the comparison of
the above statements with the statements of Iwatsuka [34].

In order to characterize the essential spectrum of P4y in the case
when m,.(z) does not tend to co we introduce stronger assumptions in
place of (2.4). Let us first consider a slowly varying function ¢ on R™
that satisfies for some 7, ¢ > 0 the conditions

(2.8a) Vz € R", o(z)>1
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(2.8) |z —y| < 7é(z) = ¢ 8(y) < p(z) < co(y)
and
(2.9) d(r) > +o0  as|zr| - oo

and let us assume now that our potentials have a polynomial behavior
in the following sense

(2.10) |gradVol+) > [85Vi()|

3=1|a|=r+1

+5 % gleln|aeb| < Coz)

4,j=1r<|al|<(r+2)
We then introduce the following “limit set” at oo.

Definition 2.6. B, is described as the set of the
z = (vo, (v5)al<r,j=1,...00 (Bj)lal<(r—1),1<i<j<n)

s.t. there exists a sequence y, (v € N) with the following properties:

(2.11a) (a) ly,| — oo as |v| — oo
(2.11b) (b)  Vi(w) — (vf)  as|y|— o0
(2.11c) (€ 9bij(yy) — (Bjj)  as|v] - o0

We now associate to each z € By,
— an electric potential:

(2.12a) V@) =vo+ > (Y z®vf/al)?,

1<j<p |al<r

— a magnetic potential:

(2.12b) (A:(@)i= Y (Y a*Bgai/(al-(2+]al)),

1<i<n |a|<(r—1)

and the corresponding Schrodinger operator Py, v, .
We then introduce the following subset of R

(2.13) Seo = |J SP(Pa..v.).

2€EB
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The theorem of [22] gives the link between the union of the spectra
of these “limit Schrodinger operators” and the essential spectrum of
P4 v. This is quite natural if you remember the statement of Persson’s
Theorem (see [54] or Agmon [1])

(2.14) inf EssSp(Pa,v) = sup inf Sp(P} ")
Kek ’

where K is the family of the compacts in R™ or the second version

inf ESSSp(PA’V) = hmR—’—l—oo inf SP(PLR?&B(O’R))

Theorem 2.7 (cf. Helffer-Mohamed [22]). Under assumption
(2.10), we have

(2.15) EssSp(Pav) = Soo.

Actually we shall give in Section 6 a sketch of the unpublished result
of Helffer-Mohamed [23] saying that

Theorem 2.8.
(2.16) Soo is closed in R.

With this theorem we can effectively give a reasonable answer to the
question of the equality

inf EssSp(P4 v) = inf EssSp(FPo,v ).

But first we can understand from a new point of view the inequality
(1.9). For this, we compare B, (A, V) and B, (0,V). We observe first
of all that

(2.17) Boo(A, V) C Boo(0, V).

If we use what we know for the spectrum (cf. (1.7)), we get from (2.16)
the existence of z € Boo (A, V) s.t.

inf Soo (A, V) =infSp P4, v, > inf Sp P v,
Then (2.17) implies
(2.18) inf S0 (0, V) < infSp Py v, <inf S (A4, V).

because z € By (A, V) C By (0, V). In order to simplify we just discuss
the case where V = 0 and we get
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Proposition 2.9. Under assumptions (2.1), (2.10) with V = 0.
Then inf EssSp Py o = inf EssSp Py o if and only if there exists a se-
quence ¥y, S.t. |y,| tends to oo and |09b;i(y,)| — 0 as |v| — oo for
la| < (r—1)andl1<i<j<n.

83. Semi-classical results

3.1. The Schrodinger case

In [21], we gave an estimate as h tends to 0 of A 4 1 (h) — Al v (h)
when condition (iii) is not satisfied. Under suitable assumptions on V'
(V has a unique non degenerate minimum in Q! at a point zo, V(x¢) = 0
and V creates a sufficiently strong barrier around 92), we prove that a
magnetic potential (with 0 corresponding op in 2) creates a splitting of
the type

(3.1) Agav(R) = AGov(R)

= h17% exp(=51/1)(a()(1 — cos( | wa/h)) + Olexp(~<)/h)

.
where

e a(h) is a symbol (independent of A) which is (under suitable
generic assumptions) elliptic,
g is strictly positive,
S7 is the minimal length of a closed path starting of g and not
homotop to the trivial path in 2.

Here the length is measured according to the Agmon metric V' -dz?. The
sentence “creates a sufficiently strong barrier” means mathematically
that

S1 <285

where Sj is the Agmon distance of zo to R? \ Q.

The proof is based on a comparison of A4(h) with a problem (in-
dependent of A) on the covering of Q2. Another important fact in the
proof is the decay of the eigenfunctions which is controlled by Agmon
estimates (cf. Agmon [1], Helffer-Sjostrand [28] and Section 5). As a
consequence of these estimates we get also by perturbation

(32) Aoav(h) —Aoov(h)
= h'/? exp(—S; /h)a(h)((1 — cos( / wa/h)) + O(exp(—¢)/h)))

v

'We have assumed to simplify that  was the complementary of a disc in R?
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where Mg 4,v is now attached to the problem in R".

3.2. The direct effect

When 25, < Si, it is explained in Helffer [21] how to produce under

suitable assumptions a direct effect of the magnetic field whose order is
effectively exp(—2Sp/h).

3.3. The paramagnetic inequality

As a first application we obtain (following [21]) a new version of
the counterexample (given by Avron-Simon [7]) to a conjecture on the
existence of a paramagnetic inequality due to Hogreve-Schrader-Seiler
[30] and we think that this gives also some interesting information in
the discussion around the existence of the Bohm-Aharonov effect (cf. [2],
[54], [8], and the references in this paper). We treat the case of dimension
2 but the arguments are more general in nature. Let us consider the
Dirac operator in R? with a magnetic field

2
(3.3) D(A)(h) =) oj(hDa, — Ay),
j=1
where the o; are the Pauli matrices
_ (0 1
1=\1 0
(0 3
2=\ =i o

which is a selfadjoint operator on L?(R?) ® C2.
Then the Pauli operator is classically defined as the square of the
Dirac operator

(34) P(A)(h) = (D(A)())* =} _(hDx, — A4;) - 1d +h (ﬁ _OB)

with B(z) = (8z, A1 — 05, A3). If V satisfies (1.1), we are interested in
the validity of the paramagnetic inequality

(3.5) inf Sp((D(A)(R))? + V- I) < inf Sp(—h2A + V).

If X\o,0,v (h) denotes the first eigenvalue of (—h%2A + V) and if we denote
by /\iv the first eigenvalues of ((D(A)(h))2 + V - I), the question is to
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know if the following inequality is true:

(3.6) inf A1 v(R) < Aoo,v(h)

Let us recall that in Section 1 we have mentioned the opposite inequality:

(3.7) Xo,a,v (h) > Ao 0,v(R)

It is then an easy corollary of (3.2) that, under the same assumptions,
(3.6) is false for a convenient choice of A and h small enough. We ob-
serve indeed that according to the decay properties of the corresponding
eigenfunctions, we have

XE | (h) = Xy (h) = O(exp(=2(So — €)/h)), Ve >0

which is a smaller effect that the effect due to the flux (this was the
argument we use to go from (3.1) to (3.2)).

3.4. The Dirac operator in dimension 3

We consider the Dirac operator with magnetic potential A
3
(3-8) (Z oj(hDz; — Aj) + B+ V)
j=1

in L2(R3;C*), where (;)j=12,3 and 8 = a4 are the Dirac matrices,
(Aj)j=1,2,3 is a magnetic vector potential and V a scalar potential. Let
us assume that:
limsupV(z) < 1
|| —o0

which implies that the spectrum is discrete in the neighborhood of 0.
We assume also that 2 is the complementary of an infinite cylinder C
in the z3 direction and that B = 0 in 2. We assume that V creates
a sufficiently strong barrier around C and that V has a unique non-
degenerate extremum in 2 at some point say zop = (0,1,0) and that
V(zo) = 1. Finally we assume generical assumptions on V' (unique “non
degenerate” minimal path around C starting from z¢). In the case where
A is zero we know from X.P. Wang [64] that due to the Kramers theorem
all the eigenspaces appear with even dimension (see also [53]). Near 0 the
“first” eigenvalue Ag(h) is determined modulo O(h?) by some quadratic
approximation and separated from the rest of the spectrum by (h/C)
(cf. [64]). Moreover the multiplicity is exactly 2. The argument fails as
the magnetic field is introduced and the purpose of the work of B. Parisse
[53] was to study the effect of the magnetic field on the splitting which
by perturbation arguments will in this context be “exponentially small”.
B. Parisse proves the following theorem:
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Theorem 3.1. If Ag(h) is the double eigenvalue of Do(h), then
for h small enough, the operator D4(h) admits two eigenvalues )\i(h)
satisfying to

(3.9) ANE(h) = Ao(h) + kM2 exp(=S1/h) (R(c(h) - [exp(Lig/h) — 1))
+ O(exp(—2)/h)))

where e > 0, c(h) = a(h)+ib(k) is a complex elliptic symbol, ¢ = [ wa,
e > 0 and Sy is the minimal length of a closed path starting of g and not

homotop to the trivial path in 2. Here the length is measured according
to the Agmon metric (1 — V?2), dz?.

Modulo some technicalities due to the fact that we now deal with
systems, the scheme of the proof is the same as for Schrodinger. It is
more delicate to prove that c¢(h) # 0 and this a consequence of the WKB
constructions.

Let us remark that as a consequence of (3.9) we get the following
formula for the splitting

(3.10) At(h) — A5 (R)
= —2hY/? exp(—S1/h) - (b(h) sin(¢/h) + O(exp(—¢)/h)))

It would be very interesting to prove that generically b(h) is elliptic
or that under additional symmetries b(h) is exponentially small. As
suggested by B. Parisse it would also be interesting to look to the non
relativistic limit where we will find a problem similar to the case treated
in Subsection 3.3.

§4. The case of systems
(after Hebbar, Kuwabara, Manabe, Shigekawa .. .)

4.1. Introduction

The idea to look at systems is very natural and physically motivated
(see for example T.T. Wu and C.N. Yang [65]). But O. Hebbar found
more recently that R. Kuwabara treats the case with V' = 0 in 1982 [40].
As we shall see, the case V # 0 is not essentially more difficult. Anyway
the result of Hebbar [18] is a little more general that the result of [40]
also in the case V = 0.

4.2. The results of Kuwabara revisited

Let (M, g) be a compact n-dimensional C* manifold without bound-
ary and F a be a complex vector bundle over M with rank r. We
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assume that E has a C* Hermitian structure (-). Let us denote by
A°(M,E) = C*(E) the set of the C* sections of E. More generally we
denote by AP(M) the set of the C* p-forms on M and by AP(M, E) the
set of E-valued C* p-forms on M. Let d: A°(M,E) — AY(M, E) be a
linear connection on E compatible with the Hermitian structure. There
is also a natural extension of d = dy on the p-forms given by

(4.1) dy(s®t) = (cios)®t+s®dt
foralls € A°(M, E) and t € AP(M). There is a natural inner product on
AP(M, E) and we can then define the L? p-forms with a natural Hilber-

tian structure. The Laplace operator on the p-forms is then defined
by:

(4.2) L® =d*d, +dp_1.d;_;

We shall concentrate on: L = L° and will write sometimes L(E,d)
to mention the dependence with respect to the fiber bundle and the
connection. Of course L is an elliptic operator (of order 2) with compact
resolvent and admits as spectrum an increasing sequence of eigenvalues
N (E, J) tending to 400 and because the Laplacian is positive, we have of

course A\o(FE,d) > 0. If E = M x C, and if we take the trivial connection
d, we get the usual spectrum of the Laplace-Beltrami operator A;(M)
with Ag(M) = 0. The problem we want to address is now: Under which

conditions on E and d do we have Ao(M) = \o(E, d), or more generally

M(M) = Xj(E,d) for j =0,...,k—1 for some k. Let us remark that
if a section s satisfies Ls = 0 (we shall say that s is harmonic) then it
satisfies ds = 0 (that is s is a parallel section). Kuwabara proves the
following proposition (Proposition 3.1 in [40]):

Proposition 4.1. (i) If L has a zero eigenvalue with multiplicity
k (k<) then

(4.3) E=FE&Ty ( Whitney sum),

where T}, is a trivial bundle of rank k.
(ii) If L has zero eigenvalue with multiplicity r, then E is a trivial bundle
and the curvature Q0 of the connection vanishes.

The proof is a direct consequence of the fact that an orthonormal
system of k independent eigenfunctions wu; gives actually a system of
k independent sections giving a natural orthogonal basis for a trivial
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subbundle of E. The second point is as in the study of the scalar Bohm-
Aharonov effect.
The second result given in [40] is the following:

Proposition 4.2. If L has zero eigenvalue, then Sp(M,g) C

Sp(M,g,E,d). Moreover, if L has zero eigenvalue with multiplicity r,
then Sp(M, g, E,d) =r-Sp(M, g) where r-Sp(M,g) =Sp(M,g)U---U
Sp(M, g) (r times).

Proof. Since 0 € Sp(M, g, E,d), there is a non zero f in C*(E)
s.t.

(4.4) df =0.

We have already seen that it does not vanish anywhere. Suppose A €
Sp(M, g) and let ¢ be a non zero eigenvector

(4.5) —A¢ = M.

Then, using elementary computations, (4.4) and (4.5), we get that s =
of is an eigenvector for L. The other part is also easy.

Actually, O. Hebbar will deduce these results from the following:
Lemma 4.3 (see [18]). If L has a zero eigenvalue with multiplicity
k (k < r) then the connection split according to the decomposition:
E=T:oT (orthogonal decomposition)
d=d ®dy
As a consequence we have a direct decomposition of the Laplacian
L(M,g,E,d) = L(M,g,Ti", d1) ® L(M, g, Ty d2)
with 3 5 3
Sp(M, g, E,d) = Sp(M, g, E,d,) USp(M, g, E, d3)

and moreover L(M, g,Tk,Jg) has zero eigenvalue with multiplicity k.
Then we get the following improvement of Proposition:

Proposition 4.4. If L has a zero eigenvalue with multiplicity k
(k < 1) then
(i) E=Tg ® Ty (Whitney sum), d = d; ® dy
(i)
(iii) Ty is a trivial bundle and the curvature of dy vanishes
)

Sp(L(M, g, E,d) > Sp L(M, g, Tk, dz) = kSp(M, g).

L(M, g, Ty, d2) has zero eigenvalue with multiplicity k

(iv
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To go further, we have to analyze more precisely and introduce the
notion of gauge transformations. Recall that a gauge transformation
on a vector bundle £ with the Hermitian structure is a diffeomorphism
®: E — E which maps each fiber E, isometrically and linearly onto
itself. For a linear connection d on E, we get a new connection ®*d =
®~1d®. Two connections d and d’ on E are called gauge equivalent to
each other (and we write d ~ d') if there exists a gauge transformation
such that: &' = ®*d. Of course, we have in this case

Sp(L(M, g,E,d) = Sp(L(M, g, E,d").

The problem we are looking at is to give now a good characterization
of two gauge equivalent connections. Kuwabara [40] gives the following
criterion:

Proposition 4.5. Let E be a line-bundle on M then d ~ d if
and only if the corresponding connection 1-forms w and W’ satisfy (w —
w')/2m 2 is an integral 1-form.

This was already observed in Section 1. For a general fiber bundle,
there is a similar criterion using the notion of matrix of holonomy at-
tached to a connection and a closed path 7. Using the theorem that a
connection with 0 curvature is locally gauge-equivalent to 0, it is natural
to attach to each curve v a class of equivalence of unitary matrices in
U(C"): U, = I. We have then the following criterion (cf. for example
[18] but it is probably well known in Topology):

Proposition 4.6. Let E be a trivial hermitian fiber bundle on M
and let dy be the connection associated to the 1-form 0; then d ~ dy if
and only if the corresponding connection 1-form w

(a) w has 0-curvature
and
(b) U, =1 for any closed path .

As a conclusion of this subsection, we get following Hebbar [18] the
following extension of the results in [40]:

2which is a global 1-form on M
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Theorem 4.7. Let E be a Hermitian bundle over (M, g), and da
linear connection on E which is compatible with the Hermitian structure.
Then the following properties are equivalent:

(i) L has a zero eigenvalue with at least multiplicity k (k < r)

(i) E= T,;L ®Ty (Whitney sum), d = d,®dy with3 dy ~ do where dg
denotes the canonical connection on the trivial bundle T}, whose
1-form is 0.

(iii) Sp(L(M,g, E,d) D kSp(M,g)

4.3. Extension to the Bochner-Laplace-Schrédinger
equation

Here we explain the results of [18]. More precisely we shall explain
how to deduce the results with non zero V from the corresponding results
with V = 0. But note that it is possible because we are on a compact
manifold. For other cases (boundary problems) we must of course take
the problem directly (as Hebbar did). The theorem obtained by Hebbar
[18], generalizing results of ([21], [40], [59], [43]), is the following (we
limit ourselves to the case when M is compact):

Theorem 4.8. Let E be a Hermitian bundle over (M, g), and da
linear connection on E which is compatible with the Hermitian structure.
Let V' be a C*° potential on M. Let \g(M,g,V) be the first eigenvalue
of the Laplace-Beltrami-Schrédinger operator on M: — A+ V. Then
the following properties are equivalent:

(i) L+V has Ao(M, g,V) with at least multiplicity k (k < 7).
(i) E =T & Ty, (Whitney sum), d = d; & do with (cf. preceding

Footnote) dy ~ do where dy denotes the canonical connection on
the trivial bundle Ty whose 1-form is 0.

(iii) Sp(L(M,g,V,E,d)) D kSp(M,V,g)

Remark 4.9. In particular, if kK = r, we get the equivalent of the
theorem given in Section 1.

Corollary 4.10. Let E be a Hermitian bundle over (M,g) with
rank r; then the following properties are equivalent:
(i) L+V has Ao(M,g,V) as an eigenvalue with multiplicity r.

(i) E is a trivial bundle and d ~ do where dy denotes the canonical
connection on E whose 1-form s 0.

3and Proposition 4.6 gives a good criterion to verify the property
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(i) L(M,gq,V, E,d) is gauge equivalent to (—A + V). Id defined on
the trivial fiber bundle M x CT.

The equivalence of (i) and (iii) was proved in [43].

Sketch of the proof (following partially [18]). We extend the Lavine-
O’Caroll formula to this case. For s € C*°(F), we have the identity

(4.6) llds — (duo/uo) ® s||* = (L(M, g, V, E,d)s | s) — Xo(M, g, V)]|s||?

where we take the L2-canonical scalar products. From this, we get that
an eigenfunction s; of L(M,g,V, E, J) with eigenvalue A\o(M,g,V) has
the property that (s;/ug) is parallel for d. This was the essential point
to get all the statements in Subsection 4.2.

" Remark 4.11. It is possible to quantify this result by semi-classical
methods in the spirit of the results of Section 3. The problem is studied
by Hebbar in [18].

§5. Some decay results for the eigenfunctions

5.1. Decay at

We want to present in this subsection some results on the decay at
oo (or locally as the Planck constant tends to 0) of the eigenfunctions
of P4 y. For the first result, we consider the simpler case where A and
V are polynomials with

(5.1) vV >o.

As in Helffer-Nourrigat [24] and also Feffermann [12] we introduce

(5.2) M(z) = Z |3°‘V(:c)|1/(|°‘|+2) + Z Iaabj,k(w)|1/(|a|+2).

a’j7k

In this simpler case, the compactness criterion given in Corollary 2.2
was obtained in [24], where it is also proved that, if M(z) tends to oo,
every solution in S'(R™) of HY = A, A > 0 is actually in S(R™). In
the case when V(z) itself tends to oo, the decay of the eigenfunction
1 is associated with the Agmon metric (V — \),dz?. Of course it is
not necessary to assume that we have compact resolvent and it is for
example sufficient to assume that A satisfies

(5.3) A < inf EssSp Py v
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in order to get some decay like exp((A —inf EssSp P4 v)|z|). We refer to
[1] and references therein for a discussion. But let us come back to the
case when M (z) tends to co. The heuristic idea is that the role played
by V is replaced by M(z)2. We shall loose a little in precision because
one has to remember that M (z) is only defined up to some multiplicative
constant. For all A we introduce the “well”

(5.4) U\ = {z € R*, M(x)*> < \}

and denote by dy(z) = d(z, U(\)) the distance of = to U(X) for the mod-
ified Agmon’s metric ds®> = M(x)?dz2. The principal result obtained in
[25] is the following:

Theorem 5.1. There exist constants C' > 0 and € > 0, depending
only on the dimension n of the space and on the largest degree r of the
polynoms A; and V > 0, s.t. for any solution ¢ € S(R™) of Pavy =
A, A > 0, the following inequality is satisfied

(5.5)  |w(z)| < OA*exp(—eder(x)|[¥||L2,  for all x € R™.

Remark 5.2. As we have implicitly seen in Section 3 (and as it
appears clearly in [26] or in [60], [62]), the Agmon’s type estimates have
a natural transcription in the semi-classsical context and play a basic
role in the estimate of the tunneling effect. The estimates are then
local but asymptotic for h tending to 0. A semi-classical version of this
theorem was obtained by Brummelhuis [10] (see also [25] Section 6).

Example 53. n = 2; Ai(z1,22) = 22y, Ax(z1,32) = —xizy;
V = 0. We have in this case: b; o(z1,%2) = 22 + 2% and M(z1,72)? =
(1+ z% + z32).

Remark 5.4. The polynomial character is only assumed for simpli-
fication. One can certainly extend the results under assumptions of the
type given in (2.11) (see Guibourg [16] for results in this direction).

Some words on the proof. The L? estimates in (5.4) follows closely
the Agmon’s proof replacing V by M?2. In order to get the L™ estimates,
a global Sobolev’s theorem is used in [25] whose proof is based on the
proof of maximal estimates in adapted Sobolev spaces appearing in [24].
The proof is then a consequence of the nilpotent Lie groups techniques
which will be presented very shortly in Section 6 (See the book [24] or
the surveys of Helffer [19] or Nourrigat [51]).
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5.2. Semiclassical aspects for the decay

As it was already mentioned in the context of the study of the decay
of the eigenfunctions at oo, we can also study the decay in the semi-
classical context and the first result proved in Helffer-Sjostrand [28] is
that if

(5.5) Py v (h)up = A(h)up

with A(h) — F and |[un||2 = 1 then we have on every compact K and
for every € > 0

(5.6) lun(z)| < Ce,k exp(e/h) exp(—d(v-g), (z,Ug)/h)

where Ug is the well: V < E and d(v_pg), (z,y) is the Agmon distance
attached to the potential (V — E),. As we observed in Subsection 5.1
and as one can easily compute for examples of the type

=Y (hBy; —i Y bjkzk)? + [z,
j k

this estimate is not at all optimal. It can be useful (at least to understand
heuristically the problem) to look for WKB constructions in the case
where V' has a unique non-degenerate minimum at O and is analytic in
a neighborhood of 0. We assume here that

infV =0.

It is proved in [28] that for ¢ small enough it is possible to construct a
WKB solution for P4 v (h) of the form

(5.7) h=™4a(t, x, h) exp(—p(t, z, h)/h)

where ¢(t, z, h) is a solution in a neighborhood of 0 of the eikonal equa-
tion

(5.8) (Ve —itA2 =V

Admitting that this WKB approximation gives effectively an approx-
imation of one eigenfunction (and this is proved for t small enough in
[28]), then R ¢ gives the control of the decay with respect to t. We admit
the existence of ¢(t, ) (also proved in [28]) and taking the real part and
the imaginary part of (5.8) we get

(5.9) IVRG)I* =V + V(S ¢r) — tA]



Schriodinger Operators with Magnetic Potentials 131

and
(5.10) V(R¢:) (V(S¢) —tA) =0
and we can take

(5.11) R ¢y > 0.

Equations (5.9) and (5.11) permit to say that in a neighborhood of 0,
R ¢; is the Agmon distance to 0 for the potential: (V + |V ¢ — tA|?).
This gives the general inequality

(5.12) Rp: > Raoo in a neighborhood of 0.

Then we observe that

(5.13) V(R ¢: + ¢0)V(R ¢ — do) = [V ¢y — tA|?
and
(5.14) (Rx — ¢0)(0) = 0.

Then we get in a suitable (but independent of ¢ with |t| < ) neighbor-
hood of 0 that (R ¢: — ¢o)(z) = 0 implies that: V(S ¢;) —tA = 0 along
the integral curve of the vector field V(R ¢; + ¢p) joining z and 0. In
particular if (R ¢: — ¢o)(x;) = 0 in an open set on some sphere around
0 then we get by analyticity that V(S ¢:) — tA = 0 in a neighborhood
of 0 which gives that A is locally exact.

§6. Nilpotent Lie group techniques

In this section we shall give the proof of Theorem 2.8. We assume
that the reader is somewhat familiar with the theory of nilpotent Lie
groups (see [15]) and we emphasize that all these techniques were de-
velopped first for the study of hypoellipticity. For n,p,s € N, let us
introduce the “maximal” universal Lie Algebra G(™?*) with the follow-
ing properties

(6.1) G(™P9) is graded of rank of nilpotency s,
ie.

GPS) =G DG ® ... B G
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and

[Gi,Gj] C Givyy i (i4+7) <,

Gi,G;] =0, if(i+7)>(s+1)

G =619G7, with dim G} =n, dim G} =p
G generates G.
G/ @G /@G =0

where
(6.5) G2P=G,®---®G,
and

G(™P:%) is of maximal dimension with the above properties.

The algebra G(™?*) has the following universal property: Let (Y}); be

a basis of G1, (Y/)r a basis of G{; then there exists a partial homomor-
phism of rank s, A, s.t.:

(6.6) AY)) =X, AY) = XY,
where

X} = 0, —iA;(x) for j=1,...,n; X} =iVi(x)
for k=1,...,p (with s =r + 1). We refer to R. Goodman [15] for this

property or to [24] where this type of Lie Algebras is studied in Chapter
XI. We observe (cf. Chapter XI of [24])

(6.7) PAz,Vz = Hez,H(_A),
where
(6.8) H=6/®g,

¢, is the element of G* (dual of G = G(™P+)) associated to z € Bo, by
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the relations

(6.9) £./Gy =0,
(6.10) 2,((adY")*Y)") = vg, for |a] < s -1,
(6.11) 2. ((adY")*[Y,Y]]) = B;; for |a| < (s —2),

[ 159

(6.12) A=YV 4> v
3 k

and Il 3¢ is the induced representation associated to £ and to a subal-
gebra H satisfying
([H,H]) =0.

Let us introduce
AL,H)=G-(£+HY)  inG*
In a first step we use the techniques of [24] in order to prove:
Proposition 6.1.

(6.13) o(Pa.v.) = | o(,(-4))
pEA

The map p — II, is the classical Kirillov’s map from G* onto G (the
set of equivalence classes of irreducible representations of the simply
connected Lie group associated to G, G := expG) and G acts on G* by
the coadjoint map.

Proof of Proposition 6.1. Let us first observe that the different
operators appearing in formula (6.13) P4, v, and II,(—A) are essentially
selfadjoint starting from respectively S(R™) and Sy, the space of C*°-
vectors of the representation. Proposition 2.21 of Chapter II in [24] gives
immediately the following equivalences for A € R and C > 0

(6.14) 1(Pa,,v. = Null > C7HJull,  Yue CFR")

(615) I(Tp(~A = NSl = €I fllag

Vf € S,y and Vp € A(£,, H)

where Hﬁp is the space of the representation II,.

We shall write (6.14)x ¢ (resp. (6.15)5,¢) in order to say that the
inequality (6.14) (resp. (6.15)) is satisfied for specific constants (A, C).



134 B. Helffer

This equivalence between (6.14) and (6.15) implies immediately the
property

(6.16) o(Pa,v,)=C

with

C= U U(Hp(—A)) )

PE(A(L2,H)

and the way to go from (6.16) to the stronger (6.13) is of the same type
as the object of Theorem 2.8.

Proof of (6.13). Let us assume that for some A € R, we have the
following property

VpeTl,=A(,,H), 3C, >0
s.t. (6.15), . is satisfied with C' = C,,.

We wish to show (6.15)5. with C independent of p € I',. This
problem is quite analogous to the problems solved in [24]. The only new
point is that I', is closed and invariant by G but not stable by dilation.
We refer to [19] which is more adapted to our problem. A first important
remark coming from the hypoellipticity of A in G is the existence of a
constant D > 0 s.t.

(617)  ulzz, < D(I1Pavoul® +|ul®),  Yue SR,
and (cf. Proposition 2.2.1, Chapter II in [24]),

618) Il < DUM,(-2)fI%e +Ifl}e ), ¥/ €Sn,.

where H™ (for m € N and 7 a representation) is the space of the u € H?
s.t. m(Y)%u € HY, for |a| < m, with the natural Hilbertian norm. (6.18)
shows that the problem to prove (6.15)y ¢ with C independent of p is
equivalent to the apparently stronger result (but more stable):

Property P;. Let us assume that, for all p € I',, there exists
Cp, > 0 s.t.

(6.19)
(ML) (=8) = N flzy, < C lfllzs » VS € Sn, with C =G,
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then there exists C > 0 s.t. (6.19)¢ is satisfied for all p € T',,.

On the same way, Proposition 6.1 results of the following stronger
property:

Property P,. Let us assume that, for all z € B, and for all
p € I, there exists Cp , > 0 s.t. (6.19)¢ is satisfied with C' = C}, ,, then
there exists C > 0 s.t. (6.19)¢ is satisfied for all z € B, and p € T';.

Here we introduce as a new subset of G*

(6.20) r=(JI.

2€EBso
whose properties are given in the following:

Proposition 6.2. £ € T if and only if there exists z € By, s.t.
2/(G*DGY)=1,/(G?>®GY) where £, is defined in (6.9-6.11). Moreover
I' is closed in G* and stable by the action of G.

Proof of Proposition 6.2. We can define I on the following way
which is quite similar to Definition 2.4 in chapter I of [24]

£ el < 3((zg, £4)qen

.. |z4] 4+ |€4| — 00 as ¢ — oo and £ = lim A} &,
g—oo 7

where A is the partial homomorphism of rank s introduced in (6.6):
(A2,6)(2) =170 (M(2))(=, ),

VZeg

(If X is a vector field, o(X) is by definition the symbol of the corre-
sponding differential operator). The proof that I' is closed is the same
as in [24] (Corollary 2.4, Section 2, Chapter IV). We observe that if

0= lim X} &

g— o0
then, for (y,n) € R?",

by = lim X2, (& +7)
is well defined in I'" and that we have

Ly / (GY ®G?) = (exp(y - Y')) - £/(G] & G?).
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As (y,n) varies in R*", we verify that £(y.n) describes the orbit of £,
which proves the stability of I by the action of G.

Proof of Py (the proof of Py is similar). Let us assume that for
each p € I, we have (6.19)¢, with C, > 0. In order to come back to a

more homogeneous situation, we introduce a new Lie algebra G
(6.21) G=GaR-Z,

where the law (and the graduation) for G is deduced from G’s law by
imposing

(6.22) Gi=G,oR-Z
and
(6.23) G, Z] = {0}.

Let us now introduce Py € Uz(G) (U(G) is the enveloping algebra of G

A

and Uy (G) is the subspace of the 2-homogeneous elements for the natural
dilation)

(6.24) Pr=—-A+ X Z2
We associate to I the set I' defined by
(6.25) I'={ped*;p=(p¢), pel and ¢ =1}.

It is clear that I is closed in é*, G-stable and that there is a natural
identification

(6.26) I, (=A) = A =T1I5(Py).
Consequently, we have
VpeTl, 3C; =C, >0
s.t.
(6.27) (P ke, 2 C M If W, VS € Sy
with
C=Cp.

Unfortunately, we can not directly apply the statements of [24] but
the proof of Theorem 4.7 as sketched in [19] can be adapted in our
context by modifying the assumptions on the following way:
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Theorem 6.3. Let G be a graded Lie algebra of rank s and ' a
closed G-stable subset in G*. Let us assume moreover that: [G?,G?] = 0
and that G generates G. Let P € U, (G) and let us assume that

(H1) VpeT, 3C,> 0 st. |fl4m < Coll,(P)fl , ¥/ € Su,

(H2)
3C > 0s.t¥p €T, [|flrp < ClUT(P)flks + IfllEe 1, VF € Sn,

(H3) (g,pglelfc‘;‘xl“ lg - pl > (1/2).

Then there exists C > 0 s.t. for all p € ' we have:

(6.28) 1 < CIT,(P)fllze,  Vf € Sm,

It is easy to see, using (6.18) and (6.19), Proposition 6.2 and the
property |g- | > |{| = 1, that all the assumptions of Theorem 6.3 are
satisfied with G = G, P =Tand P =P, € UQ(Q). (6.28) will give
Property (P2).

Indications on the proof of Theorem 6.3. We follow closely the
sketch given in [19] p.228 (proof of Theorem 4.7). Let us mention that
J. Nourrigat [50] has improved this theorem, but it is sufficient to use
the above theorem in our context. If we compare with Theorem 4.7 in
[19], we do not make a proof by induction nor a restriction to |£;| = 1.
Assumption (H2) replaces (4.21) and (H3) replaces (4.22) in [19]. Mod-
ulo these modifications the proof is the same (in this article s = r). We
introduce for j = 1,...,s and (¢y,...,%s) the set

I9(£y,...,0)={{ €T, 3g € G with g-8/G% = (¢;,...,4,)}

where G = G; @ --- @ G,. Note that (I'**! =T') and that I'V(¢;,..., %)
is just the orbit of €T if £ €T and O if £ ¢ T

Lemma 6.4. Let us assume (H2), (H3) and the following prop-
erty: For all ({,...,4;) € G x -+ x G, 3C(4;,...,4) s.t. VI €
Li(Lj,...,0),

(Q)) llfllir;ni <O, ,Es)HHz(P)fll%gé Vf € Su,
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then we have Property (Qj+1))-

Note now that (Q;) = (H1) and that (Q(,s41)) is the conclusion of
the theorem. According to the remarks before the lemma, the proof
of Lemma 6.4 is almost identical to the proof of Lemma 4.10 in [19]
by observing that the assumptions of Theorem 4.9 in [19] are satisfied
(|¢s| = 1 is no more true but (H3) replaces this assumption). This ends
the proof of Theorem 6.3.
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H'-Blow up Solutions for
Peker-Choquard Type Schrodinger Equations

Hitoshi Hirata

§1. Introduction and the main results

In this paper, we study the H!-solution for the following nonlinear
Schrédinger equation

{ i0u = —Agu — (177 * [u|?)u
u(

(1-1) 0,z) = uo(z) € H'(RY)

I

where r = |z] and 2 < v < 4, v < N — 1, and show a sufficient condi-
tion of ‘H!-blowing up’. Here we say that u is an H'-local solution of
(1-1) when for some T' > 0, u € C([0,T); H') and satisfies next integral
equation

(1-2) u(t) =U(t)up — i/o Ut — s){(r~7  |u?|)u}(s)ds,

where U(t) =exp(itA;) is the evolution operator for the free Schrédinger
equation. Above type nonlinear Schrodinger equation is appeared in
some approximations of many body problems, so-called Hartree approx-
imation. As for detailed arguments of this approximation, see e.g. [5],
[6] and [7].

Before stating the main results, we define several notations. For
p € [1,00] and k € N, we define Sobolev space

WhP ={fecS :|flwer = Z 162 fllp < oo},

la|<k

where || - ||, is usual LP-norm. H* = W*? and H=* = (H*)*. For an
interval I and a Banach space X, C*(I; X) is the space of X-valued C*-
functions on I, k = 0,1,2... and LP(I; X) is the space of LP-functions.
We say u € LY _(I; X) if u € LP(J; X) for any compact J C I.

loc

Received January 5, 1993.
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For the existence of H!-local solution of (1-1) and (1-2), we have
obtained following theorem. (e.g. [2],[3])

Theorem 0. Let2 <y <4,y < N and ug € H'. Then, there
ezist T* > 0 and u € C([0,T*); H'), which satisfies (1-2), and has
following properties (1) ~ (4).

(1) u is unique solution of (1-2) in LY (0,T*;W1P), where 1/p =
1/2 — (v —2)/4N and 0 =8/(y — 2).

(2) u satisfies following conservation laws.

(1-3)  Nlu@®)llz = lluollz,
(1-4) E(u(t) = [Vau®)lz — 1/2(ju)|*, v * [u(t)|*) = E(uo),

fort € [0,T*). Here (-,-) is L?-dual coupling.
(3) If2<y<4 and T* < o0, then ||V u(t)||]s — oo ast — T™*.
(4) u satisfies (1-1) in H~! sense.

Remark. (1) If u satisfies ||u(t)||z — oo as t — T™* for some T™ <
00, we say u blows up at blow up time T.

(2) The assumption 2 < + is not essential. Since the space in which
u is unique becomes simple, we state this assumption. On the other
hand, the assumption 4 > ~ is essential for the existence of H'-local
solution.

On the blow up of H!-solutions, 2 < « is a necessary condition,
i.e. when 0 < v < 2, the H!'-solution with any initial data uy € H*!
is global. On the other hand, it is well-known that when 2 < «, ug €
H'N L?(RY;|z|?dz) and E(up) < 0, the H!-solution of (1-1) blows up
in finite time (e.g. [1]). K. Kurata and T. Ogawa ([4]) dealt with more
complicated potential — (=7 * |u|?)u — (1772 % |u|?)u, and showed there
exists a blow up solution under the assumption v; < 2 < 2 < 4 and
2 < N — 1. Recently, in the local nonlinear case, i.e. —|u|P~!u instead
of —(r=7 x|u|?)u, T. Ogawa and Y. Tsutsumi ([8]) showed that for any
radially symmetric H!-initial data ug, the H'-solution of corresponding
equation blows up in finite time. We shall prove that we can use their
methods in the non-local nonlinear case in this paper. Our main result
is following.

Theorem 1. Let2 <y <4 andv+1< N. Suppose that uy be
radially symmetric in H*(RN) and E(ug) < 0. Then the H'-solution u
blows up in finite time.

Remark. (1) Since ug is unique in LY _(0,T*; W1P) and the equa-

loc
tion is symmetric by spatial rotation, u is also radially symmetric.
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(2) Since E(K¢) = K?||Vagll3 — K*/2- (4%, 777 * |¢|) for any
¢ € H' and K > 0, E(up) < 0 is attained by some up € H!. This
observation shows the assumption F(up) < 0 means ‘ug is not small’.

§2. General lemmas

In this chapter, we state two well-known lemmas which hold in H'.
The first one is so-called Gagliardo-Nirenberg’s inequality.

Lemma 2-1. Letu € HY(RY) and N > 3. Then, there ezists a
constant C' such that

(2-1) lullp < CIVaullgllulla™,
where 1/p=1/2—a/N.
The second one holds on radially symmetric functions.

Lemma 2-2 (Strauss|[9]). Let u be a radially symmetric function
in HY(RN). Then, there exists a constant C such that for any R > 0
and p € [2,00],

- - - 2 2—-1
(22) Nlullzocratapy < ORI Dl LR Vel bl

§3. Proof of Theorem 1

Choose ¢ € W3°°([0,00)) such that

T for 0<r<1,
(3.1) &(r) r—(r—1)3 for 1<r<1++/3/3,
- r) =
smooth and ¢’ <0 for 1++/3/3<r <2,
0 for 2<r,
and put

$m(r) =m - ¢(r/m),
Ym(2) = z/|z] - Pm(|2])-

Remark that if we put ®(r) = [ ¢m(s)ds, ® € L°(RN) and V,® =

Ym. We also obtain next lemma.
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Lemma 3-1. Let u be the H'-solution of (1-1). Then,
(3-2)

S / Uo U - Valodz — S / () - Vou(t)dz

:/o pm%}/aﬂ'(wm)kaju(ﬂakmdx

= 1/2 [ A(Va ) - Jul)P, d + 7B (ue) — 2| V()

+7v/2 / / a(z,y)|lr — y|_7_2|u(r, ac)|2|u(7', y)|2da:dy]d'r
lz|V|y|>m
for all te€[0,T%),

where & and R mean imaginary and real parts respectively, () is k"
component of ¥, and

(3-3) a(z,y) = & = y|* = (Ym(z) — ¥m(y) - (z —y).

Now, remarking that u is radially symmetric, we have
(3-4)
2R /8] (1/)m)k8]u Orudzx
k

7
= 2/ |V pul?dz + 2/ ¢ |V pul2dz.
|z|<m m<|z|<2m

And, simple calculation shows that there exists a constant C such that

<Cm™2 for m<|z| < 2m,
=0 for otherwise.

(3-5) |A2(Vz - Ym(z))| {

The next lemma is the key estimate to obtain our result.

Lemma 3-2. Let0 < a <1 and m> 1. For |z|V |y| > m and
|z —y| < m*, there exists a constant C, which is independent of x,y and
m, such that

(3-6) a(z,y) < C(b(|z|) +b(jy)))lz — y|*.
Here

0 for r<m,
(3-7) b(r)y=4 1—-¢5,(r) for m<r<2m,

1 for 2m <.
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Using this lemma, we obtain

(3-8)

/ / a(z, y)lz -y~ u(z) Plu(y) Pdedy

lz|Viy|>m,|z—y|<m>

<c / / (b(J2]) + b(ly)lz — v~ u(@)?u(y) *dedy
|z|V]y|>m,|z—y|<m=

<2C /| @l < m)) r ) « ol )

<2C |62 (r)u(@) | Lo (o) 2y XU < m*}) 77711 - [luoll3
(by Holder’s and Young’s inequalities)
<Cm~ V|V {62 (r)u(@) Iz o mm) - ™ 7 lluol13

(by Lemma 2-2)
SCma(N—'y)—(N—l)”uong/b(r)lku($)|2dx+Cma(N—’Y)—(N——l)“uOH%_

Here we used L2-conservation law (1-3) and defined

1 x € A,

e ={, oo

On the other hand, since |(Ym(z) — ¥m(v)) - (z — ¥)| < [[Pralloolz — yl?,

we get

/] a(@,y)le — 4| Hu(@)Plu(y) Pdady
lz|Vily|2m,|z—y|2m=

®9) < / & — y 7 [u(e) 2 |uly) 2dzdy
jz|V]y|>m,|z—y|>m=

<Cm™"*||uo|3-
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After all, by (3-2),(3-4),(3-8) and (3-9), we have
3 / oY, - Vlpdr — / w(t) P - Vou(t)dz

< / WE(uo) — (7 — 2)[[Vau(r)|2

(3-10) _9 / b(r) |V u(7)2dz — Cm~2|Juo |2

+ C(m™ 7™+ meW == (V=) 1y ) 2
+ CmeN = =(N=1) 12 / b(r)|Vpu(r)[2dz]dr.

Thus, if we take sufficiently large m such that

vE(ug) + C(m ™" + m*N ===y 0|4 = —p < 0,
2

and
CmWN=1=(=11y2 -2 < 0,
we obtain
(3-11) S / Uo Yy - Vollgdr — / w(t) Y - Vou(t)dz > nt.
Since

d/dt(/‘l’lu(t)lzda:) = —2%/u(t) Ym - Vou(t)de,

integrating the both hands of (3-12), we deduce that

/Wlu(t)|2da: < —nt? — 2t%/u0 Ym - Vg de
(3-12)
+ /\If[u0|2dm for all t € [0,T™).

Now, we assume u is a global solution. Then, (3-12) is satisfied for
any t < oo and the r.h.s. of (3-12) is negative for sufficiently large t.
This is contradiction since the Lh.s. of (3-12) is non-negative. Thus,
u is not global solution and T < oo. Using Theorem 0.(3), we obtain
|Vzu(t)||]2 — oo as t — T™*. This means our desired result.

84. The proofs of lemmas

Proof of Lemma 3-1. We first assume ug € H?2. Under this as-
sumption, the solution u belongs to C([0,7*); H?) N C([0,T*); L?) and
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satisfies (1-1) in L2-sense (see e.g. [2]). Note that the maximum ex-
istence time T™* is the same as that of the H'-solution. We take the
real part of L?-inner product between (1-1) and v,, - V u. Here, using
equality (1-1) and integrating by parts, we have

2R(10u , Y - Vu)
=i/6tu1/)m -Vudr —i/d)m -Vzuoudx

(1) _ 2(,.— 2
=id/dt | uy, - Voudr+ | Vi Yp|ul*(r™7 % |u|*)d
- /V$v¢m|vmu|2d$+ 1/2/Am(vm-¢m)|u|2d$,
2§R(—A$U, "»[}m ) vzu)
(4-2) - zmz/aj(wm)k 8;u BT dz — /vm |V |24,
7,k
and

2R (u(r™" * |ul?), ¥m - ViT)
(4-3)

= / (Va - ) |ul2(r~7 * [u[?)dz + / U2 - Vo (r™7 * Juf?)dz
Here, since
1/2 [ 1u(@)Pm @) - V([ |o = 41 ul) )
~1/2 [ [u(@) (V. ( / bm(@)le — 91 luly) 2dy)
- (Vabm)(a) - [ o= ol lu(w)Pdy}do
~1/2 [ 1@V [ {Gn(@) — @)l — 4l o)l

+ |z — Y| 7 Ym () |u(y)|*}dy]dz
=172 (V2 $m) @@ [ o - ol uto)Pdy)da

=—1/2 / Valu(@)]* - (/ Ym ()l — y| 77 u(y)*dy)dz
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+172 [ @[ Vo - {hn(@) = (o)l — o1 Huly) Pdslds

- 172 [ (V2 )@@ 12— ] uly) *dy)do
:—1/2/]u 2o (y /v (@) 2|z — y|~dz)dy

172 [ 1@ [ Wn(e) = om) - (97 = ) Py}
:—1/2/|u 2) 2 (2) - Vi (r= % [u]2) () d

— /2 [ 1@ [ (@) = bn(w) - (2 =) e = 31" ulw)*dy},
the second term of r.h.s. of (4-3) is equal to

2 [ [ lute)Patz,)le —y1 72 ~ o =yl lulw) dyda.
Thus, by (4-1)~(4-3), we get
z'd/dt/uwm-Vwﬂda:+1/2/Am(Vm-¢m)|u|2da:'

=2R Z / 3j (d}m)k 8_7"11, orudr
7,k

/2 f / (@) Pa(z, )|z — 3|~ u(y)Pdy de
/2 / 2 (77 * [uf?)de

Taking real part of b.h.s. and using the definition of energy (1-4), we
obtain

—d/dt%/uwm-vxﬂdx

T [otwmhdsuomdn - 1/2 [ 4T, - bm)lufdo

+ 7B (o) ~ 7|Vl
/2 [ [u@)Pate, ke -y uty) Pdy de.

Thus, integrating (4-4) over [0,7™*) by t, we obtain (3-3).
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For the case of ug € H', we take {uo;} C H? such that ug; — ug
in H! as Il — oo. For each up,i, we can construct strong solutions u;(t)
of (1-1) in a certain common time interval [0, T], and {u;(t)} converges
to the H!'-solution u(¢) in H! uniformly. (See [2].) Thus, we obtain
(3-2) on [0,T]. Since T is depend only on |lug|/g:, we can repeat this
procedure, and we obtain (3-2) as long as u(t) exists. Q.E.D.

Proof of Lemma 3-2. It suffices to consider on z,y 2-dimensional
plain, then let z = (rcosf,rsinf) and y = (p,0). By taking m suf-
ficiently large and using renormalization, we can assume m = 1 and
6 < 1. For the case of 1 < r,p < 1+ +/3/3, we calculate

|z —y? — (8(z) — ¢(¥)) - (z — y)
=(r — p){(r — &(r)) — (p — ¢(0))}
+ (1 = cos0){r(p — ¢(p)) + p(r — ¢(r))}
=(r—p){(r—1° = (p = 1)’} + (1 = cosO){r(p — 1)* + p(r — 1)°}
(r=p){(r =12+ (r—D(p-1)+(p—1)%}
+ (1 = cos8){r(p—1)* + p(r — 1)°}.

Since b(r) = 3(r—1)2 on 1 < r < 14++/3/3, it suffices to show that there
exists a constant C, independent of r and p, such that

(r=p){(r=1)°+(r=1(p—1)+ (p—1)*}
+ (1 =cosO){r(p—1)?+ p(r — 1)?}
<C[(r—p)*{(r —1)* + (p—1)%}
+2(1 = cosO)rp{(r — 1)*> + (p — 1)?}].
This is possible obviously since 1 < r, p. For the case of 7 A p < 1, the

similar calculation shows the statement, and we omit the details.

Q.E.D.
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On Scattering by Two Degenerate Convex Bodies

Mitsuru Ikawa

§1. Introduction

Let n be an odd integer > 3, and let O be a bounded open set in
R™ such that

(1.1) Q=R" -0 is connected.

We assume that
I' =00 is smooth.

Denote by S(z) the scattering matrix for O. The scattering matrix
S(z) is an L£(L?(S™1))-valued holomorphic function defined in {z €
C; Rez < 0}, where we denote by L(FE) the space of all the bounded
operators from F into itself. As a fundamental property of the scattering
matrix, it is shown in Lax-Phillips [7]:

Theorem 5.1 of Chapter V. The scattering matriz S(z) is holo-
morphic on the real axis and meromorphic in the whole plane, having a
pole at exactly those points z for which there is a nontrivial z-outgoing
local solution of

{(A+z2)u=0 in 2

u=0 on I

In the study of scattering by obstacles, the problem to know re-
lationships between the geometry of obstacles and the distribution of
poles of scattering matrices is one of the most interesting and important
problems. It is conjectured that the more rays of geometric optics are
trapped by O the more solutions of the wave equation are trapped by
O, and that the more solutions of the wave equation are trapped, the
nearer to the real axis it appears the poles of the scattering matrix.

Received April 1, 1993.
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Concerning this problem, Melrose [9] proved that, if O is nontrap-
ping in the sense of geometric optics, for any a > 0 the logarithmic
domain

{z; Imz < a log(|z| + 1)} has at most a finite number of poles of S(z).

For trapping obstacles, Bardos-Guillot-Ralston [1] considered the
following example:

O=0,U0,

where
Oy, 1=1,2 are strictly convex and O; N O; = ¢.
They showed that, for any € > 0, the logarithmic domain
{2; Imz < elog(|z| + 1)} has an infinite number of poles of S(z).

Next Ikawa [3] considered the same example and showed the follow-
ing result: Set d = distance(O1, O3), and let A;, [ = 1,2, be the point
on I'} = 00, such that

distance(0q,03) = |A; — A,|.

Then, there is a positive constant cy determined by d and the geometry
of I'; near A; (I = 1,2) such that, in the strip {z; 0 < Imz < Zco} the

poles of S(z) distribute asymptotically at the points g j++v—=1cy, j=
0,+1,42,--.

After that, Gérard [2] proved that, for any a > 0, the poles of S(z)
in the strip {z; 0 < Im z < a} distribute asymptotically on the points

gj_'_\/_].cm, j:O,:tl,:I:z’--.7 m:0’2’...’m0

where
O<C()§01SCQS-'-SCmO<a.

The constants c¢,,, m > 1 are also determined by d and the geometry of
Fl near Al, l = 1,2.

The formula which gives ¢, indicates that, when all the principal
curvatures of I'; at A4;, [ = 1,2, become small, the constants ¢, become
also small, and when all the principal curvatures vanish at A4; (I = 1,2),
all the ¢,, determined by the formula are equal to O.

This fact indicates us that, if all the principal curvatures vanish at
A;, S(z) may have a sequence of of poles converging to the real axis.
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But the methods used in [3] and [2] are no more valid in the case where
all the principal curvatures vanish. We considered in [4] an example of
O = 0, U O, in R3 such that the principal curvatures of I'; vanish only
at A; of finite order, and showed that there exist an infinite number of
poles in a domain {z; Imz < |Rez|”7} for some positive constant -.
The proof of this result is based on the trace formula due to Bardos-
Guillot-Ralston [1]. On the other hand, as to the position of poles near
to the real axis, by taking account of the results of [3] and [2], it seems
very likely that the poles of S(z) in the domain {z; Imz < |Rez|™"}

7
exist only near the points 3 g, j = £1,£2,--.. But it seems very difficult

to get more information on the distribution of poles by the means of the
trace formula.

In this paper we shall consider an example of obstacle in R? consist-
ing of two convex bodies, whose curvature vanishes of finite order at A;.
Precisely, let O; be a bounded open set in R? with smooth boundary I'y
such that

(1) O; C{z = (x1,72) € R%; 25 < 0},

(2) A = (0,0) eI,

(3) TI'; is represented near A; as

Ty = _$12m

where m is a positive integer> 2,
(4) the curvature of I'; does not vanish on I'y — {4;}.

Let O, be a bounded open set in R? with smooth boundary I's such
that

(1) Oy C {z = (z1,z2) € R%; x5 > d} where d is a positive constant,
(2) Ay =(0,d) €Ty,

(3) T'p is represented near A as
o = d + 1,‘12m,

(4) the curvature of I'; does not vanish on I'y — {A5}.

We set
0201U02, F:FIUFQ

and

Q=R?2-0.
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- Comnsider the following boundary value problem with parameter y €

C

12) { (A+ pPu(z) =0  in Q

u(z) = g(x) inT

for g(x) € C*(T"). For Im y < 0, (1.1) has a unique solution in L?(Q).
Denote the solution u(z) as

u(z) = (U(w)g)(z)-

Then by using the regularity theorem for elliptic operators, U(p) can be
regarded as a continuous operator from C*°(T') into C*°(Q2) for each p
such that Im u < 0. Thus, U(u) becomes an £(C(T"), C*°(Q))-valued
holomorphic function in {u;Imp < 0}, where L(E, F') denotes the set
of all the continuous operators from F into F'.

We would like to consider the analytic continuation of U(u) into
{; Im g > 0}. The result that I will show is the following theorem:

Theorem 1. Assume that
(1.3) m 2> 4,

and set

o= —-:

m—1

Then, for any €1, €2 > 0, there exists a positive constant C, such

that U(u) can be continued analytically into

1-€2

(1.4)
{15 Im pt < [Re | ~0H207 =1 |Re | > C, o, }

— U2 _ A Imp >0 and |gfr— Rep| < ea}.

Recall that the poles of S(z) coincide with those of U(u). Therefore,
even though Theorem 1 is of the analytic continuation of U(u) for an
obstacle in R?, it gives us a partial answer to the above question.

§2. Geometric optics near the periodic ray aia;

In order to consider the solution of the reduced wave equation (1.2)
for high frequency, that is, for |Rep| large, the geometric optics in
plays an important role. Especially, it is essential to know the asymptotic
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behavior of rays trapped by O, which are the ones approaching to the
periodic rays when t — oco. In our case, the periodic ray in €2 is only
the one going and returning between A; and As. Thus we consider the
behavior of rays in the domain Q(6) (6 > 0) surrounded by the following
four curves

2 2
1 =96, T =6, TZ=-1"", zZ=d+z,""

and set

Si(6) =Q@) NIy, 1=1,2.

From now on, in this section we shall denote the point in R? as

Q= (z,y), z,y € R.
Let

Q= (z,—z*™) € 51(6) and E=(£,/1-¢€2) €S,

and denote by X (Q, Z) the ray starting from @ in the direction =, that
is,

X(Q,8)={Q +sE;s > 0}.

Denote by @’ and E’ the first fitting point of X (Q, =) at I'; and the

direction of the reflected ray respectively. Setting Q' = (z’,d + 2’ 2m),
we have

E'=E-2(&, NQ)NQ")

where N(Q') denotes the unit outer (with respect to O3) normal of I,
that is,

N(Q) = (1 + (2ma’*™ ™))"/ (2ma’*™ 1, -1).

Set =/ = (¢, —/1 — £'%). Then we have a mapping
T: (z,6) — («,¢).

It is obvious that, when the both z and £ tend to zero, z’ and & also
tend to zero. As an approximation of the mapping T we shall consider
the following mapping T', which maps (z,£) to T'(z,§) = («/,£’) given
by

2.1 v=ad
21) ¢ =€+ 4mz”*™ ! = ¢ + dm(z + €)1,
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Let f(s) be a smooth function defined for s near to 0, and let
{m;}32, be an increasing sequence such that m; — oo as j — oo,
We say that f(s) has an asymptotic expansion for s — 0

f(s)~aps™ +a;s™ +---+a;s" 4 -
when, for any M > 0, there are jo and Cps such that
Jo

1f(s) =D a5s™] < Carls|™.

j=0
Lemma 2.1. Suppose that m > 2. Then, there is a one parameter

family of a pair of functions g(s) and h(s) defined for small s having
asymptitic expansions

(2.2) g(s) ~ ag s* +ay $°1 4+ ay s9TT oo

. h(s)Nb08a+1+b15a+2+"‘+b_75a+‘7+1+"'
and satisfying
- s s
2.3 T h - h ~ 0.
(23) (9(5),1(5)) = (o), (=)

In the asymptotic expansion (2.2), a; s a free parameter, ap = +(a/2)*
and by = Faag are independent of ay, and by is given by

ala+1)
2
and a; and b; (§ > 2) depend on a;.

b1 = ag — (a+ 1)ay,

Proof. We look for formal series

{ g(s) ~ aps” + ay s’ + - -

24
(24) h(s) ~ bps® 4+ bysPT 4 ...

as they satisfy (2.3), which can be written as

(2:5) 9(155) — 9() ~ hs),
(2.6) h(1) = hls) ~ 4m(g(s) + h(s))™ .

We choose aj, b; (j =0,1,---) so that (2.5) and (2.6) hold. Note that
for p € R we have

5 ’ P :D+1+1( +1)p+2
s+ 1 § —Dps 2PP §
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Substitute (2.4) and the above expansion into (2.5) and (2.6). Equating
the leading terms of the both sides of (2.5) we have

1
—a0'73’7+ — bosﬁ,

which implies that § = v+ 1 and by = —vyag. Substituting the just
obtained relations into (2.6) and equating the leading terms of the both
sides of (2.6) we have

—Bbs? ! = 4m (ags?)*™ .
Therefore it follows that
Y2m—-1)=F+1=7+2,
4may®™ ! = —byB = agyB = apy(y + 1).
Thus we have

y=(m-1"1=q,

_ 1 m
dmay?™ = —— — = ma’.
m—1m-—1

Now, substitute these v, 8, ag and by and equate the second terms
of the both sides of (2.5). The we have

1
{aoa(a—;—z —ar(a+ 1)} s212 = by 5212,

Choose arbitrary a; and take b; as

a(a+1)
2

Then the second term of the left hand side of (2.6) is
{boﬁ(ﬂ;_ 1) _ bl(,B + 1)} P2

On the other hand, the second term of the right hand side of (2.6) is

b1 = ag ——al(a—i-l).

am(2m — 1)ag?™ Y (ay + bg)sPm—2etatl,

Evidently it holds that (2m — 2)a+ a+ 1 = 8+ 2, and we can check
easily by a direct calculus that

b AB+1)

5 — b (B4 1) = 4m(2m — 1)ag®™ 1 (ay + bo).
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For j > 2, the (j + 1)-th term of the left hand side of (2.5) is
{—(a+ j)a; + linear combination of ag,ay,"--,a;_;} s>t
Thus, b; should satisfy
—(a+ j)a; + linear combination of ag, a1, --,a;_1 = b;.
Similarly, (j + 1)-th term of the left hand side of (2.6) is
{—(B8+ j)b; + linear combination of by, b1,---,bj_1}s° T+,
The (j + 1)-th term of the right hand side of (2.6) is

4m {(2m — 1)ag®™ 2a; + terms determined by by, b;,---,b;_; and
J j

ag, a1, **,a5—-1, aj}83+3+1.

Now consider a linear equation in unknown (a;, b;):

(C! +j)aj + bj = Fj

(a+1)(a+2)a; + (8+5)b; = G-
Since (a + j)(B+ ) — (@ + 1)(a + 2) # 0 for all j > 2, the above
equation has a unique solution for any given (F}, G;). Thus for j > 2,

we can choose the coefficients a;, b; successively in such a way that the
asymptotic expansions of the both sides of (2.3) are equal. Q.E.D.

Lemma 2.1 gives us an asymptotic behavior of broken rays in (.
Choose jg and set

g(JO) = ag Sa + a Sa+1 4+ 4 a’jo Sa+‘70,

RUO) = by @t 4 by 522 4 ... 4 b, gt1+io

and . .
2 = g (n ), € = AP,
Since =(n+1)"! for s =n"!, we have
s
0 (Jo) n! 0 (do) n”!
$n+1:g (1+n_1)’ €n+1=h (1+’I’L—1)

Then, for any M fixed, if we choose j, sufficiently large, we have the
following estimate

|T($?‘U§2) - (xqo1+1’§101+1)| S CM n—M for all n.
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This gives us an approximate behavior of broken ray in 2 which con-
verges to the periodic ray ajas.

Let us denote as

T(ap +5,6n+1) = (Fns1 + 9, 6npr +1),
where we set (Z3 ., £2+1) = T(x2, £9). Define mapping T}, by
Tn : (S’t) - (sl’t/)a

which maps a neighborhood of (0,0) € R? in to a neighborhood of
(0,0) € R2. Then we have

a(s',t)

An = I(s,t)

s=t=0
B 1 1
“\2m@em -1) (22, )" 14+ 2m2m—1) (%, )" )"

Substituting the expansion of z2, we have

A~ 1 1
" don2+dn 3+ l14+don24+dn3+---)’
where dyp = (o + 1)(a + 2). Set
SP(s,t) = T 0 Ty 0+ 0 Tj(s,t) = (XP(s,¢),E7(s, 1)),

and
057 (s, t Pa(st) grhia(st
D7 (s,t) = _J_(S,Z _ (931},11(3 t) 9%312(3 t)) .
3(s,t) 93,21(3’ ) 93’22(3, )

Evidently we have
DT(0,0) = Ap,0A, 10---0A;.

Lemma 2.2. Suppose that m > 4. Then, we have an asymptotic
ezpansion of D7(0,0) in n~* of the form
D;'l(o’ O) Dj ~

na+2 + a’ll,lna+l + . e n—a'_l + a12,1n—a—2 + L.
(a+2)n*t +ag 10+ -+ —(a+1)n > 24agpn *3+... )’
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where D; is a nonsingular 2 x 2-matriz.

Proof. In this proof, we write D7?(0,0) as D™ for the simplicity.
Suppose that D™ has an asymptotic expansion of the form

D™ ~ (gi (™), 1y, = G(n™Y)
where g;;(s) are functions with asymptotic expansion for s — 0
9i3(8) ~ @ij08™ + ag187IHY 4 agj 087 4
Since

Dn+1 — An+1Dn

0 1 n
—{E+ (don_2+d1n_3+--- don‘2+d1n_3+---)}D ’

we have

0 1
n+l _ pn _ n
b b (don‘2+d1n_3+.-- don_2+d1n“3+---)D ’

Thus, it suffices to look for 2 x 2-valued function G(s) satisfying

] 0 1
G2 = 00 = (gt 4t 4 a1 st ... ) OO

By the same argument as of Lemma 2.1 we get an aymptotic expansion
of G(s) for s — 0, and D™ = G(n™!) satisfies the required properties.
Here we use essentially the assumption m > 4 for the purpose of the
possibility of successive determination of the coefficients of G(s).

Lemma 2.3. For any multi-index v we have

81, X1(5,1)],_,_o| < CMln o(n?+2)0,

t_?(s t)| L O‘ < chlp—- 1( 2+2a)hl

where C > 0 is a constant independent of -y.

Take other functions

§(s) ~ Gos™ +ars™ + -,
B(s) ~ Bos® + by 4 ...
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with the properties of Lemma 2.1 of the type (2.3), that is,

), h(-——)) ~ 0.

~ S

T(5(s), h(s) = (330

1+s
Set

y?z = aon_a + aln"(a‘*‘l) + ...
172 p— Eon_(a"}'l) + Eln_(a-l"z) + “on

and define S, by

Sn(s,t) = (s',1"),
where (s,t) and (s,t') are combined by the relation T(yg +s5,m0 +1t) =
(::jﬁH + s, ﬁ2+1 +t'). We set similarly

S‘;L:gnogn_lo"'ogj.
Now by using Lemmas 2.2 and 2.3 we have

Proposition 2.4. Let jo; (I = 1,2) be fized. Then there are func-
tions ki(s), (I =1,2) with asymptotic expansion for s — 0

k‘l(S) ~ Cl,08a+2 + Cl,18a+3 + .-

satisfying

n 1 Qn
S; (Oakl(;))r\'s_j

Jo,1 0,2

(O,kz(%)) for n — oo.

§3. Construction of asymptotic solutions

From now on we shall use again the notation z = (z1,z2) to denote
a point of R2. Let us construct an asymptotic solution of (1.2) for
an oscillatory data. Since the curvature of the boundary I'; is positive
except at A;, the behavior of asymptotic solutions going out from ()
is same as in the case that the bodies are strictly convex. Therefore
it is essential to consider asymptotic solutions in Q(6) for oscillatory
data given on S1(6). Let w € S' = {w € R?; |w| = 1}, and let f(z) €
C§°(51(8)), and set

(3.1) g(z, p) = 7 f(z).

We shall use a standard method for construction, but as remarked in
Section 2 it is crucial to know the behavior of the phase functions when
the number of reflections increases to the infinity.

With aid of Proposition 2.4 we have the following
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Proposition 3.1. Let w be an element of S* near (0,1), and set
p1(z) =z w.

For any positive integer N, there is a sequence of real valued smooth
functions defined in a neighborhood of 2(8) with the following expansions

mn_ %

0 n —1l—« —1-2a
o (@) = bo(@)n ™~ 4by (a1

RS bM(CC)T’L_l_(M+1)a,
@on(x) = co(x) + 2nd+c; (x)n =172

44 CM(w)n—-l—(M-}-l)a’

Yoni1(x) = &(z) + (2n + 1)d + & (z)n~ 172 4 &(z)n 173
oot (@) e,
where M is a positive integer and b;(z), c;(z), éi(z), j =1,2,---, M,

are smooth functions.
Moreover, ¢;(x), j =1,2,---, satisfy the eikonal equation

[Vei(z)| =1 in Q(6)
and the difference pj1 — @; on the boundary satisfies

),n—l—Na —1—-(N+1)a

(p2n — Yon-1)(7) = eo(z) + en—1(z +en(z)n
+ - Fey(z)n =MD for gll 2 € 5, (6),

(Pant1 — 02n) (@) = €o(z) + En_1(Z)n 1N + én(z)n 1~ NHD)e

+ ey (@)n M for gl z € S5(6),

where eg(z) and éy(z) satisfy the following estimate

leo(z)], |€0(z)| < Cn |z1]".

Now we construct a sequence of asymptotic solutions by using the
sequence {(;}32; of phase functions in the above proposition. First let
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@ =k + 10 with ¢ < 0 and set
uj(z, p) = exp(—ipep;(z)) vi(z, 1),
P
vi(z, ) =Y vip(z) (i) P,
p=0

and we shall construct v;, successively by the following procedure:
Set
Tj = 2Vgoj -V + Acpj.

Let vgo(z) be solution of

TO Voo = 0 in Q(&),
voo(z) = f(z)  on Si(6)
and vop(x), p=1,2,---, P be the successive solutions of
TO Vop = A Vo,p—1 in Q((S),
vop(z) =0 on S;(6).

Let 5 > 1 and suppose that v;j_; p(z) are defined. Define v;, as the
solutions of

Tjvjp = Dvjp-1 i Q(6),

Vjp(T) = Vj-1p on Se(;(6)
where we take v; _; =0 and

() = { 1 for j even,
= 2 for j odd.

About the asymptotic behavior of v,, for n — oo, we have the
following lemma which is a direct consequence of the properties of ¢, ()
in Proposition 3.1.

Lemma 3.2. For each p fized, we get the following asymptotic

(s 29

expansion of vpp(T) in n”:
Van,p(2) ~ wpo (T)nP+wp1 ()P~ + wpa ()P >
-+ wpi (@),
and
Van+1,p(2) ~ Wpo(@)nP+Dp1 (2)nP ™% + dpa (x)nP >

+ -0+ Wpk (TP,
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where wp;(x) and Wp;(x) are smooth.

Now define u(z, ) for Inp = o < 0 by

oo

(3.2) (@, p) = Y (—1)" un(z, ).

n=0

It is evident that u(z, u) converges absolutely, and we see from the con-
struction of u; that the following relations hold:

oo

(33)  (A+p) ulx,p) = (ip)™" ) exp(—iupn(z)) Avnp(z),

n=0

[u(z, 1) — exp(—ippo(x)) f(m)]sl(a)

(34) == Z {exp(—ippan(z)) — exp(—ippan—1(z))} van(z, 1)
and
(3.5)

u(z, #)|s2(5) = Z {exp(—inpanii(z)) — exp(—inpan ()} van1(z, 1)

n=0

Let n and &9 be an arbtrary positive constant. With the aid of
Lemma 3.2 we have from (3.3)

(3.6) (A + p?) u(z, p)| < Cn g, ™7
for all Imu < —eg, z € Q(6).

Similarly we have from (3.4)
37 lulz,m)=g(z,m)| < CNpeo 1™
for all z € S;(|pu|™") and Im p < —¢

and from (3.5)

(3.8) u(z, p)| < CN poeo I~
for all z € Sp(|p|™") and Imp < —ep.
Now, note that for any broken ray starting from a point in Q(6) and

for any a > 0 it holds the either of the following two cases:
(i) the broken ray fits S;(a) within [a~2(™~1]-times reflections.
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(ii) the broken ray goes out from (6) within [a~2(™~1)]-times re-
flections.

Then, by using the techniques in Ikawa [4] and that of Vainberg [10]
jointly, we can easily construct @(z,u) by an explicit procedure from
u(z, u) satisfying the following estimates, which show that u(z,p) an
good approximate solution to (1.2) for an oscillatry data g(z, ) defined
(3.1):

For any N > 0 and ¢¢ > 0 we have for all Impu < —¢g

(i) a(-, ) is C*°(Q)-valued holomorphic function,
(i) (A + p?)i(z,p) =0 in Q,

(iii) |i(x, 1) — g] < Cney |t for all z € Ty,
(iv) |i(z, )| < Cneo ||~  for all 2 € To.

When we want to extend the above results beyond the real axis,
there is a difficulty that the convergence of u,(z, 1) is not exponential
with respect to n — oo. But the summation (3.2) is of a similar form to
the zeta functions. Thus, we shall use the technique of analytic contin-
uation of the zeta functions. We shall consider in the next section the
analytic continuation and estimates of the zeta function so that we may
use it for the analytic extension of u(z, 1) beyond the real axis.

§4. Analytic continuation of the zeta function and its gener-
alization

In order to consider the analytic continuation of u(z, ) defined by
(3.2), we express u(zx, pt) as a sum of zeta functions.

Even though the analytic continuation of the zeta function is well
known (see for example Veech [11]), we shall give a proof because the one
used here is modified a little and we need estimates of the dependency
of the functions on parameters.

In this section, several notations will be used in different meanings
from the ones in the previous sections, except .

Let m be a positive integer and let z and s be complex numbers.
For |z| < 1 we define the function F(z,s : m) by

(4.1) F(z,s:m) = Z 2" n”%.

Obviously, the right hand side of (4.1) converges absolutely for |z| < 1,
which implies that the function F(z, s : m) is holomorphic in {z; |z| < 1}
for any s € C.
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We consider the analytic continuation of F'. First assume Res > 0,

and set
oo ZM =Mz ws—l
I(z,s:m)z/ dz.
0 1—2ze %

We see that, for each Res > 0, I(z,s : m) is holomorphic in z € D =
C —[1,00). As it is well known, F(z,s : m) has the following integral
representation:

(4.2) F(z,s:m)= %I(z,s :m) for |2] < 1.

On the other hand, the definition (4.1) gives us

OF
zé—(z,s:m)=F(z,s—1:m) for all |z| < 1.
z
Let a be a positive integer. Then we have for Res > 0 and |z| < 1 the
expression

(4.3) Flz,5—a:m)= F(ls) (z gz)a I(z,5 : m).

By means of the above integral representation we shall show the following
lemma:

Lemma 4.1. For any s € C and m positive integer, F(z,s : m)
as a function in z variable can be continued holomorphically into the
domain D = C — [1,00). Moreover, we have the following estimate:

- [(Res+a)
(4.4) |F(2,5:m)] < Ck,q IT(s + a)|

for all Res > —a and z € K,

RS [2f™ (14 2])°

where K is an arbitrary compact subset of D, a is an arbitrary positive
integer and Ck 4 is a constant independent of m.

Proof. By using the fact that I(z,s : m) is holomorphic in z € D
for any Res > 0, the expression (4.3) proves Lemma 4.1 except the
estimate (4.4). It is easy to show by the induction that

a\* 2™ m® 2™ {1+ cas(m) ze=+
z— = Ca,1(m) ze
0z) 1—2ze = (1—ze 7)atl &

+ ca,z(m)(ze_’c)2 + - ca,;(m) (ze~%)°},
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where the coefficients ¢, ;(m), [ =1,2,...,a are polynomials of m~! of
order less than a, and they satisfy

lca i (m)| < C, for all m.

Thus, if we set

1—ze™®| =
max |1 — ze77%| = ¢k,
zeK

we have for all Res > 0

|<z§—z)a1(z,s:m)|

<m®|z|™ (CK)—(a-l-l) Ca(1+ |2])® / e——mw|xs—1l d
0
<m®|z|™ (cx) "D C, (1 + |2)2 m~Be* T(Re s).
Substituting this estimate into (4.3) we get immediately for all Res > 0

|F(z,s —a:m)| < (cx)~ @D C L(Res) me RS 2™ (1 + |2])°.

" Ir(s)l

Denoting s —a in the above inequality by s anew, we get (4.4). Q.E.D.

In order to consider the analytic continuation of u(z, 1) beyond the
real axis, we have to consider the analytic continuation of the following
function originally defined for Im p < 0:

(4.5) Rg(p:q) = Z exp ( —ip(n + con 172
n>[kl?
+enTiTe 44 cMn_l_(MH)O‘)) nd.
Let us set

Dyge={p=tk+o;2rmr+e<|k|<2(r+1)r—¢, 0 <r P}

For ¢ < 0, as remarked in the above, the right hand side converges
absolutely. Now consider the holomorphic extension of Rg(u : ¢) into
o> 0.

Lemma 4.2. Let 8> (1+2a)~! and let € > 0. For any positive
integer v, Rg(p : q) can be prolonged analytically into D, g .. Moreover,
we have the following estimates:

(4.6) |Ra(p:q)| < Cgae rif for all p € Dr,g,g
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and
|Ra(n:q) — F(e™™, —q: [r"])| <Cpecrr®™7
forallp € Dy g,
where y = (1+a)f —1>0.

Proof. First suppose that c; = 0 for all j > 1. For each n > 0 we
have

(4.8) exp (— ip(n + con™17%%)) n?
ln—(1+2a)l nd

=0

where we set z = exp(—ipu). Suppose that p € D, 5. (r > 0) and set
m = [rP]. Note that

Z 2"~ (T2l nd — Pz (14 20)l — q:m).
n>m

Let |z| < 1 and take the summation in n > m of the both sides of (4.8).
Since the both summations converges absolutely we have a relation

oo 2 l
Rg(p:q) = ( ;'M) co' F(z,(1+2a)l —q:m),
=0 )
which implies
(4.9) Rﬂ(u Q) F(e™™,—q:m)
Z col F(e™ ™, (14 2a)l —q:m).
=1

We see easily that {z = exp(—ip); u € D, .} is contained in a compact
subset K of D = C — [1,00) for all r. Then by Lemma 4.1, each term of
the right hand side of (4.9) can be extended holomorphically into D, g .
Therefore, if we show that the right hand side of (4.9) converges abso-
lutely in Dy g, it follows that Rg(u : ¢) can be extended analytically
into D, g ..

Thus, by applying the previous lemma we have for all 4 € D, g

R
—1
L et Pz, (14 20)1 — g,m)

_<_CK,q|Z|m(]_—|—|z|) ! | |C |l —(1+2a)l+q.



Scattering by Two Bodies 171

Here we applied Lemma 4.1 by taking s = (1 4+ 2a)! — q, and used the
fact that I'(Res + a) = |I'(s + a)|. Note that

ml — —ikm+ma| — ™o < Cer—ﬁ.rﬁ _ C,

2™ = le

m—(1+2a)l |k|l < (|k|—(1+2a)ﬁ+1)l — C|k|——yl
where we set v = (14 2a)f —1 > 0, and

|z2| < exp(r P)< C forall z=e " p€D,g,.
Then we have
|Rg(p) — F(e™, —q : m)]
21
<Crq k%) l—,(Cok_”)l < Ck,q Colk[*77.
=1

Thus the desired properties of Rg(u : q) are proved for the special case.

Next consider the general case, that is, the case that ¢;, (j > 1) are
not necessarily zero. We introduce some notations. Set

l= (lo’l17”'7lM) € {071,"'}M+17
c=(co,c1,""yepm) and A= (0,1,---, M),

and denote as

ll=lo+h+ - +iu, A-l=h+2+ -+ Mly,
M M
=1l v=1]u"
j=0 j=0

Now we have the following expansion
exp (—p,(n +eon TR 44 cMn_l_(2+M)°‘)) n?

.3\
— Z (—le'i)l | o 1= @lU+ADa g

Thus, by replacing the expansion (4.8) by the above one, we can achieve
the same argument as the special case, and get Lemma 4.2. Q.E.D.
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§5. Proof of Theorem 1

First we shall show that the function u(z, 1) defined by (3.2) can be
extended analytically into the domain

Dge = Ujr|>cp.. Drp.e

where Cp . is a positive integer depending on 3 and e. Secondly, we
shall show that u(z, 1) is a good approximation of the solution of (1.2)
for all p € Dg,

Let po € D, g and set m, = |r|P. We express the function u(z, u)
defined by (3.2) as follows:

(5.1) (s, u):}juzn(ag, w4+ Y usn(z,p)

n=0 n>mg
me
- Z Uzn+1 (T, 1) — Z Uz2n+1(2, 1)
n=0 n>ms,

=ulM (e, 1) + ul® (z, 1) — ulV (2, 1) — ul® (z, ).
Recall Proposition 3.1 and Lemma 3.2. Then we have

P
uP (z, ) = Z (—ip)™P Z exp(—iu(co(z) + 2nd + ¢y (xz)n =172

p=0 nzm.,

oo e ()n O fupg (P 4+ + wpien? K,

Thus, for each z € Q(§) fixed, ug)(ax, p) can be expressed by a summa-
tion of following terms:

(-'L,Ll,)_pRﬁ([l,p——]a), p:01"'7P7 j=07"'7K7

from which we see that u{® (z, 1) can be extended analytically into D, 5 .
beyond the real axis. Moreover, applying the estimate in Lemma 4.2 we

have

P

(5.2) uP (2, 1) < Cnpe Y PP < C'npe
p=0

for all p € D,
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(Recall that the constants P, K, M are determined by N through Propo-
sition 3.1). Similarly we see that ul (z, p) also can be extended analyt-
ically into D, g . and

P

(5.3) [wP (2, 1) < Cnge D Il Irl?P < C'nppee
p=0

for all p € Dy g
holds.

Consider ugl)(:n, p). Since it is a finite sum of entire functions, it
is also an entire function. But it is important to get an estimate for
p € D, 5. For all n < m, we have

Re 92, < 2no <m, o < s,

where s is independent of r. Therefore we have for all 4 € D, g .

P
[ugn (2, )| < €% Y mP|u|™? < Cp,
p=0
from which it follows that
(5.4) 4 (2, )| < Camy.

Evidently the same estimate holds for ugl)(x, p). Thus we have the
following '

Lemma 5.1. © The function u(x, u) defined by (3.1) can be extended
analytically into Dg . and the following estimate holds:

(5.5) lu(z, p)| < Cngelpl?  for all z € Q(6), 1 € Dg.

Next consider (A + u?)u(zx, u). By applying the above argument to
the expression (3.3), we get easily

(5.6) (& + p?)u(@, w)] <Cnp,e lul =7 Ir|PF
for all x € Q(6), 1 € Drppe.

For the estimate of boundary value, we can use the same argument as
above.

An in Section 3, by using the techniques in [4] and that of [10] jointly,
we can easily construct by an explicit procedure from u(z, ) a function
i(z, 1) with the following properties:
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Proposition 5.2. Let N >0, 9 > 0 and 8> (1+2a)~?! be fized.
For the oscillatory data g(z,p) of the form (3.1) we can construct a

function i(x, p), which is C*°(§2)-valued holomorphic function in Dg .,
satisfying for all p € Dg .

(i) (A + )iz, ) =0 in 9,
(i) [@(z, 1) = gl < COnpeo ™" for all z € T,
(iii) [@(z, 1)| < CN,peo ™" for all z € T2,

Theorem 1 in Introduction can be derived from the above proposi-
tion by a standard arugument.
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Abstract.

We consider the following nonlinear elliptic equations with real
parameter \:

(Py) Au+ f(u,A) =0, ©u>0inQ; u=0 onodQ,

where  is a smooth bounded domain in R" (n > 2) and f > 0
satisfies an inequality:

flu,A) < e+ cou?

(c1,e2 >0, p > 1 constants).

We suppose the existence of a family of solutions {(us, As) }o<s<1
of (Py) with the following properties: (us,)s) € C(Q) x R is contin-
uous in s, As is bounded, and maxus — 0o (s | 0).

We investigate the asymptotic behavior of solutions near blowing-up
points.

§1. Introduction

In this paper we consider the following nonlinear elliptic equations
with real parameter A:

(Py) { Au+ f(u,A)=0, u>0 in Q,

u=20 on 0.

Here Q is a smooth bounded domain in R™ (n > 2) and a smooth
function f satisfies the following inequality:

0 < f(u,A) < ¢1 + cou? (u >0)

Received February 8, 1993.
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where c¢;,c2 > 0, and p > 1 are constants. Recently many works have
been done in the case that (Py) is Yamabe type problem, i.e., when
n > 3 and f has (nearly) critical Sobolev exponents such as

n+2

(1) f=u"=+ ),
(ii) f=urzr (A>0).

See, e.g., [1,3,4,6,8,10, and references therein]. We recall the results on
the asymptotic behavior of solutions of (Py) when f is (i) or (ii). There
are two types of results. The first one is on the behavior of solutions when
2 is a ball with center 0. In this case it is known that a family of solutions
{(us, As)}se(0,1] (C C%(2) x R) exists with the following properties:
(A1) (us, As) (C C(R) x R) is continuous in s;
(A2) As is bounded ;
(A3) maxus — 00}
(A4) us(0) = 00, us(x) -0 (ze€N,z#0)ass|O.
(We call such a point as £ = 0 a blowing-up point.) For more detailed
behavior see [1, 3,4, 10).

The second one is on the behavior of solutions of (Py) which satisfy
a minimizing sequence property for the (Sobolev) inequality:

| Vu, |2 dz
fﬂ > 5 — Sn as s |0,
” Us ”p+1
where p = Z—fg orp= Z—f% — ) respectively, and S, is the best Sobolev

constant in R™. Under appropriate assumptions it is proved that a
blowing-up point is unique and that (A3) and similar behavior to (A4)
hold ([3,4, 6, 8,10]).

We would like to investigate the asymptotic behavior in a neigh-
borhood of a blowing-up point for more general domains and for more
general functions.

Throughout the paper we assume that there exists a family of solu-
tions {(us, As)}o<s<1 of (Py) with the properties (A1)—(A3).

Before proceeding to state our result, we give the definition of blow-
ing up points. From our assumption it follows that there exist a family
of points {z;} (C Q) , a point zo € Q, s; € (0,1], and Ao such that
Tj — T, As; — Ao, Us; (T;) — 00 as j T oo. We call (g, Ao) or simply

To a blowing-up point with respect to {(us;,As;)}32;-

Our result is
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Theorem. Under above hypotheses the following statement holds.
For each blowing-up point xg € §2 there exists rg > 0 such that for each
fized r (0 <1 < 1g) there exists s (0 < s < 1) such that

klr—2/(P—1) < ug(z) < k2T—2/(P—1)

(|lz—zo |< 7).
Here k1,ks > 0 are constants depending only on ,cq,co, and p.

As a direct consequence of Theorem we have

Corollary. Letn > 3 and let p = ”+2 Then for each blowing-up

point Tg € S there exists rg > 0 such that for each fized r (0 < r < o)
there exists s (0 < s < 1) such that

/ us(m)% dx > ks.
|z—zo|<7

Here k3 > 0 is a constant depending only on ,cq1,c2, and p.

In Section 2 we give the proof of Theorem in the case n = 2. In
Section 4 we sketch the proof of it in the case n > 3.

§2. Proof of Theorem (n = 2)

In this section we prove Theorem in the case n = 2. For the proof
of it we need the following two lemmas.

Lemma 1. Let n = 2. Suppose that a family of functions
{vs}ocs<1 C C?(2) N C(Q) satisfies the following hypotheses :
(i) vs satisfies the following differential inequality

Avg + ke’ >0 in

where k > 0 is a constant.
(ii) vs € (C()) is continuous in s .
Let r > 0 be such that B(zo,7) ={z:|z—z0 |<7} CQ, and

/ e @ dy <« — am
B(zg,r) k

Assume that for some 0 < s; < 1 the following inequality holds for all
51<s<1,
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2

= _1. o ( (0))/2
Vs — vs(Tot+z
€], = {271_ /0 e dﬂ}

< zi—z, z(0) = r(cos ,sin0).
Then for all s; < s<1
(i) e?* (@) < 4le*],,
(ii) / e’ @de < 4_7r
B(=o,r) k

Lemma 2. Letn =2. Let xg € Q be a blowing-up point. Let r be
such that B(zo,r) C 2. Suppose that for some 0 < 31 < 1 a solution us
of (Py) with A = A satisfies

1/(p-1)
us(z) < (E) | z — o |_2/(p_l) (x € B(zg,T))

for all s € [s1,1]. Then vs = (p—1)Inu, satisfies a differential inequal-
ity ‘
Avg + ke’ >0 (z € B(zo,T))

for all s € [s1,1], where k is a constant independent of xq,r,s;.

For the proof of Lemma 1 see [7; Proposition] or [2]. In Section 3
we prove Lemma 2.

Proof of Theorem. We set vs = (p—1)lnus. Let k > 0 be a
constant as in Lemma 2. Let ry be so small that B(zg,r0) C €2,

(1) / @) dg < 2T
B(zo,r0) k

0 .
e"-’l(m) < E | T — T |_2 ((E € B(anTO)) .

Let 0 < r < 1y be fixed. Suppose that for some s; > 0, vs satisfies

2
()  e@=wl@)<Ile-z|?  (z€Br)

for all s € [s1,1]. Then by lemma 2, v, satisfies

(3) Avs + ke** >0 (x € B(zo,T)) -
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Let zs € B(zo,r) be a maximal point of u, in B(xo,r):

us(zs) = BI(I;%}S‘) us(x).

Then by (2)
2
evs(Zs) < % | zs — 20 |72.
We consider u; a solution of the following linear elliptic equation

f(“S(x)a’\S).

us(z)

Aug + cs(zx)us =0;  cs(x)
Since zg is a blowing-up point, we may assume that wus(z) >1 for
x € B(xo,r). Then c,(z) satisfies

2c
cs(z) < e+ cpuf ™ (z) < ey + —kz | 2y —x0 |72

Hence by Harnack’s theorem there is a constant ¢’ such that
(4) us(zs) < ¢ minu,(z)

for all z with | z — zo |<| zs — 2o |- Here ¢’ depends only on p,c1,co.
On the other hand, since (1),(2), and (3) hold, we have by Lemma 1

uP~(zo) = e (®) < 4”@, s € [sy,1].
Hence, by (2), (4)
us(s) < c'ug(xo)
< 923/(=1) =1/ (P—1) =2/ (p—1)
Applying Harnack’s theorem again we get an inequality:

5 < i .
(5) us(Ts) < CBI(I;?}T) us ()
Here c is a constant depending only on p,c;,ce. Since xg is a blowing-up
point, this implies that (2) does not hold for all s € (0, 1].
Set
sz = inf{s’ : (2) holds for alls € [s',1]}.

Then s > 0, and (2) does not hold for s = sg, i.e., there exists =’ €
B(zo,r) such that

2
B = e = gl e e [
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On the other hand, by Harnack’s inequality (5) we have
¢ g, (x) < usy(2') < cu,, () (z € B(zo,7))-
Hence we have

2 -2 —1 / -1
S @) < max wt(e)

2cP1
<cP™! min WwPIl(z) < =2,
B(:co,r) 2 k

Thus we obtain

k1T—2/(p—1) < ug,(z) < k2,~—2/(p—1)’

2 ﬁ 2 i?i_l
kl EC_l (E) y ]{)2 EC(E> .

Q.E.D.

§3. Proof of Lemma 2

Proof of Lemma 2. Since u, is a solution of (Py) with A = A, vs(2)

satisfies
f(u37 )\S) —

S

1
A’Us + p—;—I , V’l}s |2 —|-(p — 1) 0.

On the other hand, by our assumption on f

f(w,A)

<c +cpuPt (u>1).
Hence we get a differential inequality
1
Avg + m— | Vg |2 +(p—1)cze” >0
p —
(c3=1c1 +c2).
Therefore if we can estimate the term | Vu, |2 by e | i.e.,
| Vo, 2< che’ or | Vg |2< cqulPt?)

then we get a differential inequality

Avs + k'e? >0
(k" = (p— 1)(ca + ca)).
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In the following we estimate the term | Vus |? by u2*!,
Set
M, = max uz(x), ms= min us(x),
o = g ual@), e = Jpin usl)
and choose K; > %—: Then by the continuity of ug (C C (ﬁ)) in s, we
have for some s > 0

(6) M, < Kjus(x) (z € B(zo,T))
for s < s < 1. On the other hand, by Sperb’s lemma [9; Lemma 5.1}

_ | Vus(@) P

P,(z) 5

us ()
+ / f(t,As) dt (z € B(zo,T))
0
attains its maximum at the point where Vus; = 0 or on 8B(zg,r). Since

xo is a blowing-up point, we may assume that P, attains its maximum
where Vus(z) =0 . Hence we have

C2
+1

(7) | Vs |2< 2 (cl s > MPHU (2 € B(zo,r))

for s, < s<1. By (6) and (7)

| V'U,s |2 p+1 Co p—1
—ug—-— S 2K1 Cq + D T 1 Uy .

Therefore we get a differential inequality

Avs + Kqpe®* >0 Ky = <2Kf+1 (cl + p—cf—l) + 03) (p—1).

We may assume that
K2 > ]-7 K2 > k7

where k is the constant determined by (11) which is independent of
xg,r,S2. Note that K5 depends on zg,r,ss . In the following we improve
the above differential inequality and obtain:

Avg + ke’ >0 (z € B(zo,T)).

If necessary, by choosing r > 0 sufficiently small we may assume that

2
(8) ev1(®) < ET_Q (|z—zo|L 1),
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KZ/ e (@) dy < 4.
B(:Ito,’l‘)

By the continuity of v in s, it follows that for some s’ > 0, (8) holds for
all s < s < 1. Hence by Lemma 1 we have

(9) e’ (m0) < g[ev(®)], < 8r~2

for all s/ < s < 1. On the other hand, by Harnack’s theorem there exists
a constant ¢’ such that

max  us(z) < cus(xo).
o~z |<r

Hence by (9) we have
us(zs) < 93/(p—1) o/ p—2/(p—1)
Applying Harnack’s theorem again we get
us(zs) < cus(z) (z € B(zo,1))

for all s’ < s < 1. Here c is a constant depending only on p,c;,c2. Then
repeating the above arguments we get a differential inequality

(10) Avs + ke’ >0 (z € B(zo, 1)),
(11) k= (Zci"+1 (c1 + Z%) + 63) (p—1).

Since k < Kj, from the continuity of us(z) in s it follows that there
exists s” such that for all s <s<'1

2
(12) us(z)P7 = %@ < Er_z x € B(zo,1),
(13) / e @ dg < 4_7r
B(zg,T) k
Set

s* = inf{s"” : (10),(12) hold fors” < s < 1}

Suppose that s; < s*. Then repeating the above argument we conclude
that a differential inequality (10) holds for all s € [s*, 1]. This contradicts
the definition of s*. Thus we have s* = s;. Q.E.D.
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§4. Proof of Theorem n > 3

In this section we sketch the proof of Theorem when n > 3. We may
assume that 0 ¢ Q and introduce spherical coordinates:

z=rw (r=lz|, weS" ).

Let 2o € Q be a blowing-up point. Let 79 > 0 be such that B(zg,7) C
Q.

Suppose that
us(z) <| ¢ — zg |_2/(p—1) (x € B(zo,70)) -
Then we have

| Us [ox(Blaoron < Cer + M), M= tmax us(z).
To,To

On the other hand, by Sperb’s lemma [9; Lemma 5.2] we get

2 C2 +1
s 1°<2 M, M?P .
| Vu | S (Cl + p+ 1 3 )

Hence vs = (p — 1) Inu, satisfies a differential inequality

(vs)r ‘e Msz;+1
r u?

>0

— )

(vs)rr +

where c is a constant depending only on £,c;,co, and p. We consider
vs(rw) a function w; ., (y) defined in R? near | y |=| zo |:

Wsw(y) =vs(rw),  |yl=r, yeR”.

Now we have a two-parameter family of functions {ws . }s .. Repeating
similar arguments as in Sections 2 and 3 we can conclude the assertion

in Theorem. Q.E.D.
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Mapping Properties of Functions
of Schrodinger Operators
between [P-Spaces and Besov Spaces

Arne Jensen and Shu Nakamura

Abstract.

Sufficient conditions are given for the boundedness of f(H), H =
—~A+V,in LP(R?%), 1 < p < oco. Optimal results with respect to
the decay of f are obtained for LP-boundedness of e~*¥ f(H ) and
the nearly-optimal norm-estimate ||e_itHf(H)HB(LP) < C(1+ t)7,
t € R,y > d|1/2 — 1/p| is proved. Results are also obtained on the
mapping properties of e~ between certain Besov spaces.

§1. Introduction

In this paper we consider mapping properties of functions f(H) of
a Schrodinger operator H = —/A + V between LP-spaces. Let f be a
bounded Borel function on R. Then f(H) is defined using the functional
calculus and is a bounded operator on L?2(R¢). For 1 < p < oo the
operator f(H) is densely defined on LP(R%) and one may ask whether it
can be extended to a bounded operator on LP(R%). Results for p = oo
are obtained from those for p = 1 via duality. If H = Hy = —A, then
f(Hp) is a Fourier multiplier, and conditions for LP-boundedness are
well-known. One of the goals of this paper is to extend to f(H) results
from the theory of Fourier multipliers.

The results in this paper extend and complement the results ob-
tained in [JN]. The main new ingredient here is a scaling result. We also
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obtain several results on mapping properties between Besov spaces. To
state the results, we need some definitions. Our main assumption on the
potential V' is the following;:

Assumption A. V is real-valued function on R%, and it is de-
composed as V(z) = Vi (z) — V_(z) such that V4 > 0, V, € K}f° and
V_ € K4, where K, is the Kato class of potentials.

For the sake of completeness, we recall the definitions of K; and
K¢ (cf. [S, Section A2] for details, discussion and examples):

Definition 1.1. V € Ky, if:

v
For d>3, lim sup / ——l—%dy = 0;
r=02eRd Jjz—y|<r |m - y|

For d=2, lim sup / log{|z — y|‘1}|V(y)|dy =0;
T=02eRd Jjz—y|<r

For d=1, sup / [V (y)|dy < 0.
zeR? J|z—y|<1

V € KY© if X{|sj<r}(2)V (x) € K4 for any R > 0, where xq denotes the

characteristic function of €2.

Let V satisfy Assumption A. Then H = —A + V is defined on
L?(R?) using the quadratic form technique, see [S] for the details.

We consider functions in the following symbol class, which may be
denoted by S* = S((\)*,dA2/(\)?) in the notation of Hérmander’s
S(m, g)-class of pseudodifferential operators. Here (\) = (1 + A?)!/2 as
usual. ‘

Definition 1.2. Let a € R. f € S if and only if f € C®°(R)
and for any k& > 0,

|B5FN) < G (NF, XeR.

We now describe our main results and the contents of the paper. In
§2 we prove three main theorems. The following result is a variant of
one of the results in [JN].

Theorem 1.3. Lete > 0. If f € S7¢, then f(H) is extended to a
bounded operator in LP(R%), 1 < p < co.

The results in [JN] on the t-dependence of the norm of e *# f(H)
are extended in the following result:
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Theorem 1.4. Let1 < p < o0 and let B > d’%—%l, v >

d’% - %» If f € S™P, then e ®H f(H) is bounded in LP(R%) and

le®#fH)| <C@), teR.

This result is optimal with respect to the decay of f in the sense
that for H = Hy = — A\ the LP-boundedness of e~*Ho( Hy + 1)~ implies
v>dl: - zla" see [Sj]. For results with optimal t-estimates, see [JN] and
the comments in §2.

We prove the following resolvent estimate:

1 1
Theorem 1.5. Letl1 <p<oo and let B = d‘i — —I. Then there
p

exists C > 0 such that

_ (2)P
IE =2 gz < Clmepris ? ¢ R.

This estimate was proved by Pang [P] with 8 = d. Computing the
L'-norm of the explicit integral kernel of the free resolvent one finds that
this estimate holds with 3 = (d —1)/2 (p = 1). Thus we have no reason
to believe that our estimate is optimal.

An alternate method for obtaining LP-boundedness of f(H) can
be based on resolvent estimates as Theorem 1.5 and the representation
formula (cf. [HS])

71) = 5= [ @:F)H - 2) Mz,

vy

where f is an almost analytic continuation of f. We discuss this ap-
proach and give some results in §3 and in the Appendix.

In §§4-5 we obtain results on mapping properties of e ¥ between
Besov spaces. We first introduce a class of generalized Besov spaces
and then show that under certain regularity assumptions on V these
spaces can be identified with ordinary Besov spaces. Generalized Besov
spaces have previously been considered in [Pe] in a different context.
For one particular case this approach was also used in [JP]. The ad-
vantage of using the Besov spaces is that one obtains results for e #*#
directly, avoiding the localization f(H). The main result is stated as
Theorem 5.2.
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82. Scaling and LP-estimates

In this section we show that estimates in [JN] are uniform with
respect to the scaling: H — 0H, 0 < ¢ < 1, and apply it to improve
LP-estimates for f(H) and e ®H f(H). Throughout this section, we
suppose V satisfles Assumption A and assume o(H) C [0,00) without
loss of generality.

1 1
Theorem 2.1. Let1l < p < o0, B > d'ﬁ__’ and let g €
p

C§°(R). Then there exists C > 0 such that
(2.1) lg(@H)e™ " || 5y SC 1), tER,

uniformly in 0 < 8 < 1. In addition, the estimate is uniform with respect
to g, if g Tuns in a bounded set G in C§°, t.e., if there is R > 0 such
that supp g C [-R, R] and |0%g| < Cy for any a and any g € G.

Proof. The scaling operator U, () on LP(R?) is given by
Uy,(0)p(z) = 0¥/Pp(6z), 0<0<1, zcR?
and U, () is an isometry in LP(R%). Then we have
OH = Up(\/g)_l(HG)Up(\/a)

where Hyg = Hy+ Vy and Vy(z) = 8V (v/8z). In particular, this holds for

p = 2, and by the functional calculus we learn
f(OH) = Up(VO)~ f(H)Up(V0),

in L2(R?), which in turn holds in any LP(R?) by a density argument.
Thus it suffices to show

(2.2) |g(Hg)e™itHe <C@t¥, teR

”B(Lp)
uniformly in 0 < 6 < 1.

The idea of the proof is now to check all the computations in [JN]
in order to conclude that the proof of (2.2) with § = 1 can be carried
out with constants uniform in 0 < 8 < 1. It seems that two points in
the argument require some comments. We discuss only these two points
and omit other details. _

At first, the proof of [JN, Theorem 2.1] uses the Gaussian kernel
estimate for e *#. We note that if T on LP(R?) has an integral kernel
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T(z,y), then the scaled operator T(8) = U,(v/8)TU,(v/6)~' has the
integral kernel given by 8%/2T(v/0z,v/0y). Thus

et = Uy(VB)e U, (/B)

has the integral kernel
(2.3) e o (z,y) = 642 (7)) (VOz, Vo).

On the other hand, under Assumption A, the integral kernel of e tH
satisfies the bound

2

|e (x7y)| -_ € € eXp 4(1 +€)t ) ) m7y ’
for.some L > 0 and any € > 0 (see, e.g., [S, Theorem B.6.7] or [D]).
Hence e ¥ satisfies

2
. —t0H < —d/2,—d/2 L6t _ |z —y| .
(2.4) |e (z, y)| <C.0 t e~ exp ————4(1 T

Combining (2.3) and (2.4), we derive

|e—tHe (il) y)l <C t—d/zeLGt exp [ — |m B y|2
P = e 4(1+¢)t

a2
< Cst—d/zeLt exp (_ 4|251 +y|)t) :
€

which is uniform in 0 < 8 < 1.

The second part is concerned with the commutator estimates in [JN,
§3], where we need to have estimates for the operator norms on L?(R?%)
for H(Hg +M)_1/2H and |0, (He +M)_1/2“ on L2(R%) (M > 0is a
sufficiently large constant). The former one is clear because it is bounded
by M~1/2. The latter follows once more from the scaling argument:

8, (Hy + M)~ = |0, U2(vB) 0 + M)~ 12U (vB) |
— | (va(vB) 0 t2(vB) ) (01 + M)~

= |6, (H + 9-1M)-1/2H < HBm(H n M)_1/2“ .

Remark 2.2. Under additional assumptions, e.g., if d < 3, we know
that (2.1) holds with § = 1, 8 = d|1/2 — 1/p| (see [JN, Theorems 1.4,
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5.2]). In these cases, the estimate also holds with 8 = d|1/2 — 1/p|
uniformly in 0 < § < 1. The modifications needed are essentially the
same as above, so we omit the details.

Proof of Theorem 1.3. Without loss of generality, we may suppose
supp f C [—1,00). We choose ¢ € C§°(1/2,2) so that

o0

Z ©(2")) =1, A>0.

n=—oo

We let
o) = p(27F ), AeR, k=1,2,...,

and let po(\) € C$°(R) such that
o)+ ) er(N) =1, A>-1.

We decompose f using {px(A)} as follows:

)= Zf(A)sok ka

where fi(u) = o(u)f(2%u) for k > 1. Then it is easy to see that
supp fr C (1/2,2) for k > 1, and

|02 fu(w)] < Ca2* (2P ) 7% < Cu27%%,  peR, k>0

Hence {2°% f (u)}:ozo is a bounded set in C§°(R). By Theorem 2.1, we
learn

(2.5) |)fk(2—‘°H)||B(L,,) <Cc27k, k>0

Thus we conclude

IF ED)llszr) < Z |fe@ ™" H) ||y < €327 <00
k=0
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Proof of Theorem 1.4. Let f € S™? with 8 > d|1/2 — 1/p| and fix
v so that d|1/2—1/p| < v < B. Let @i and fi be chosen as in the
proof of Theorem 1.3. Then by the above argument and Theorem 2.1,
we learn

e "0H £, (0H) <C27PEYY, teR,k>0,0<0<1.
B(L?)
Setting = 2%, ¢ = 2%s, we have
|Ie_iSka(2_kH)”B(Lp) <C o—Bk <2ks>7 <C 9—(B=7)k <S>*y_

Summing over k£ we obtain

le™**% F ) gmy < D e fiel@™ H) |l 5
k=0

<C(s)7Y 2Bk < C(s).
k=0

Lemma 2.3. Letm > d/2 be an integer. Then there exists C > 0
such that for z € {z € C\ R||z| < 2},

(2.6) |(H—-2z)""(H+1 < Cllm 2|71/,

)—m”B(Ll)

Moreover, the estimate holds uniformly in 6 € (0,1], if we replace H by
0H.

Proof. The idea is to mimic the proof of [JN, Theorems 1.1, 1.3],
so we give only a sketch. For the notation and the details, we refer to
[JN].

By commutator computations as in the proof of [JN, Lemma 3.2],
we have

sup
ngcZd

(=) (H=2)7 (- =n)"'| < Cillm ="

for z € {z € R\ R||z| < 2} with any | € N. This implies

(-—n)' (H - z) "X

e = 27 = =27+ sup

< C|llm 2|~ 1.
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We let [ > d/2 and apply [JN, Theorem 2.4] to obtain

d/2l 1y l—d/2l
<CNH =27 1 =27 sz

”(H - B(L?2)

)7
B(1(L?))
=CImz|"}7%2.

On the other hand, (H +1)™™ is bounded from L!(R?) to I*(L?) ([JN,
Theorem 2.1]), hence

|(H —2)""(H +1)

<||(H

—m
sy

) ||(H + 1)_m|IB(L1,l1(L2))

—1-d/2

‘IHB(ll(L?),Ll

<Cl|(H < C|Imz|

—l“B(ll(Lz))

The proof of the last statement is analogous to the proof of Theorem 2.1,
so we omit the details.

Proof of Theorem 1.5. It suffices to consider the case p = 1. Other
cases follow by complex interpolation. We let 8 = d/2 and let m > d/2
be an integer. We first consider the case |z| < 2. We write z = z + iy,
and suppose 0 < y < 2. By iterations of the first resolvent equation
(recall that we assume o(H) C [0, o0)), we have

(2.7) (H—z) iz+1 FL(HA1) %4 (a4 1)™ (H—2) " (H+1)™™

The first term is uniformly bounded, and we estimate the second term
by Lemma 2.3 to obtain

(2.8) |(H - 2) 1”B(Ll) < Cllmz|~P71, |z| < 2.

Now we use the scaling argument again. By the last statement in
Lemma 2.3 we may replace H by 6H in (2.8) :

|| (6H — <Clmz| ™!,  |2|<2, 0<6<1.

1“3 (LY)

For |z| > 1, we let z = |2|- 2, |2] = 1, and let § = |z|~!. Then we obtain
1 = 2 gz, = 1121021 B = 2))-

= 2|7 [|(6H - 2)_1”B(L1)

< Clz| ™ Im 3| 7P~ = C|2|P|Im 2| =P~ 1.

sz
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This completes the proof.

Remark 2.4. We could have used Theorem 1.4 instead of Lemma 2.3
to estimate the second term in the right hand side of (2.7). This gives,
however, a slightly weaker result, namely, the estimate with 8 > d|1/2—

1/p|.

§3. The almost analytic continuation and LP-boundedness

In this section we discuss an alternative approach to the proof of
the LP-boundedness of functions of Schrodinger operators. The idea
is to combine the almost analytic continuation method with resolvent
estimates.

We introduce the following definition concerning the almost analytic
continuation. A construction is discussed in the Appendix, and it is used
in the proof of Theorem 3.3.

Definition 3.1. Let f € §* for some a € R. A function f on C
is called an almost analytic continuation of f, if it satisfies

(1) f is a smooth function on C and f(z) = f(z) for € R..
(2) For any N > 0,

(3.1)

82f(z)‘ <COn (" VmeN, zec,

where 8; f(x + 1y) = (8, + i8y) f(zx + iy).

If fe S, & >0, and if A is a selfadjoint operator in a Hilbert
space, then it is known that f(A) can be represented by the almost
analytic continuation of f and the resolvent of A:

(3.2) £a) = 1 / (8:(2)) (A~ 2)dzdz
2mt Jo
(see [HS] and [G, Appendix]).

In order to apply this formula to Schrédinger operators on LP(R?),
we need a priort estimates for the resolvent. Since the discussion of
this section is methodological in its nature, we start from the following
hypothesis, which includes the result of Theorem 1.5 as a special case.

Hypothesis (RE(3)). Let H be a Schrédinger operator on an
LP(R%)-space. We say that H satisfies RE(3), if

<o &

I(H = 2)7H g0y < Tm 2P0

z€ C\R.
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Theorem 3.2. Suppose H satisfies Hypothesis RE(3) on LP(R%)
with B > 0, and suppose f € S™¢ with e > 0. Then f(H) is extended to
a bounded operator in LP(R?).

Proof. We take N > 3, construct the almost analytic continuation,
and then apply (3.1) and (3.2) to obtain

1 z g —e—1-— —
||f(H)||3(Lp) < E/(}Cﬁ—# (z) 1-N IIm z|N dzdz

<Z>—1—E—(N—l3)
< C'/C Tm 2[5 dzdzZ < oo.

Theorem 1.3 follows easily from Theorem 3.2 and Theorem 1.5 (the
proof of which is independent of Theorem 1.3) or a result by Pang [P].
We can also prove an analogue of Theorem 1.4 using the same idea. To
simplify the argument, we consider only the case f € C§°(R).

Theorem 3.3. Suppose H satisfies RE(B) on LP(R?) with 8> 0
and let f € Cg°(R). Then for any vy >+ 1,

(3.3) le™* f(H)||gpry SC ), teR.

Proof. Let fi(x) = e~ f(z). Then it is easy to see that for any
$>0, [[fellgs < Cs(t)°, t € R. Hence, by Lemma A.2 we learn

/ |Im 2|7+
C

where ft(z) is the almost analytic continuation of f; as constructed in
the Appendix. Now letting e =y — 8 — 1 > 0, we obtain from RE(3)

Bzft(z)‘ d2dz < C.(8)7, e>0,teR,

. 1 .
e £ gy < 5 / 0:7.2)| I(H = )" | gz, dedz

(2)° z _
S c mﬂ_ﬂ— agft(Z)l dzdz

SC/|Imz|”7+e
<C(@)’,

95 fi (z)‘ dzdz
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since f; is compactly supported.

Combining this result with Theorem 1.5, we obtain (3.3) with v >
14 d/2 for p = 1. Thus this direct approach does not give the optimal
result. Even if we had RE((d — 1)/2) (free case), we would only get

(3.3) with v > (d + 1)/2. We have lost at least order O((t)l/z) in
this procedure. There is another possibility, however. In the proof of
Theorem 2.1 (or Theorem 1 in [JN]), the representation

s = [ T eRg(a)ds,  R=(H+ M),

— 00

is used to obtain estimates for || f(H)||; and lle=®# f(H)|| p (see the

proof of Lemma 2.3 for the definition of ||-|| ;). An alternative is to use

the representation (3.2) instead, and then we obtain optimal estimates
for the t-dependence.

Remark 3.4. The almost analytic continuation technique was in-
troduced by L. Hormander in a series of lectures on Fourier integral
operators held in 1969, see also [H1] and [H2, Chapter 3]. It was used
extensively by A. Melin and J. Sjostrand in their work on Fourier in-
tegral operators with complex phase functions. The representation for-
mula (3.2) first appeared in [HS], and has recently been used extensively
in the study of many-body Schrédinger operators.

Remark 3.5. An axiomatic approach to the functional calculus
based on (3.2) and RE(8) has been given by Davies [D2].

84. Generalized Besov spaces

Throughout this section we consider a fixed selfadjoint operator H
on the Hilbert space L?2(R%). Our goal is to associate with H a family
of spaces in such a manner that this family becomes the usual Besov
spaces for H = —/A. We define the spaces for an arbitrary selfadjoint
operator on L?(R%), under certain assumptions on this operator, which
are verified for H = —/A + V by Theorem 2.1.

Assumption 4.1. For any ¢ € C§°(R) let ¢(H) denote the
bounded operator on L?(R¢%) obtained via the functional calculus. As-
sume that p(H) extends to a bounded operator on LP(R%), 1 < p < oo.

REMARK. As mentioned in §1 the operator ¢(H) on L°(R?) is ob-
tained as the adjoint of the corresponding operator on L!(R¢?), hence is
uniquely determined.
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Assumption 4.2. Let H satisfy Assumption 4.1. Let ¢ € C3°(R).
Assume that for any p, 1 < p < oo, ||<p(9H)|]B(L,,) < cfor all 8 € [0, 1],

with ¢ independent of 6.

If V satisfies Assumption A, then H = —A + V satisfies Assump-
tion 4.2 by Theorem 2.1 (with ¢t = 0). Fix ¢ € C§°(R) with supp(¢) C
{A|1/4 < |\ <4} and

D e =1, A#o.
j=—o00
Define
Yo(N) =1-> ¢(477)), AeR,
=1
and

v;(N) =@ 7)), j=1,2,..., AeR.

Definition 4.3. Let H satisfy Assumption 4.2. Let p, q, s satisfy
1<p<o0,1<¢g<oo,ands>0. For v € LP(R?) define

1/q
oo

(4.1) 1ol gsaey = D (2Sj ||¢J'(H)””p)q

=0

For ¢ = oo the definition is modified in the obvious way. The generalized
Besov space is defined by

B39(H) = {v € L’(RY) | [[v]l gz sr) < o).

Lemma 4.4. Let H satisfy Assumption 4.1. Let u € LP(R?).
Then

lull, < > lls (H)ull,,

5=0
where the sum may equal +00.

Proof. Let 1 < p < oco. If u € LP(R?%) N L2(R%), then we have
u = Z.;'X;O ¥;(H)u, and the assertion is clear. It follows for general
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u € LP(R%) by the density argument. The case p = oo follows by the
duality argument.

Proposition 4.5. For s >0, 1’ < p,g< o0 ands =0, ¢g =1,
1 < p < oo, the space By?(H) is a Banach space with the norm given

by (4.1). It is a subspace of LP(RY).

Proof. It is easy to see that (4.1) defines a norm on B,(H). Let

(v¥)ken be a Cauchy sequence in B, ?(H). Consider first the case ¢ = 1.
Then by Lemma 4.4 and s > 0

B;'(H)

lall, < D Ml (H)ull, < Y 2% |l (H)ull, = [lul
§=0 j=0

Let g > 1. Let ¢’ denote the exponent conjugate to q. Then ¢’ < co and
for s > 0 we have

1/4

el <l (Hull, < | Y279 i
3=0 j=o

By (H)

In either case we conclude that B;?(H) is a subspace of L?(R%) and
that the given sequence (v*)ren is a Cauchy sequence in LP(R?), hence
convergent in LP to a limit v € LP(R%). Define

& = 2% ||l (H)v* |
& = 2% ||y (H)vll|, -

Then E;“ — & as k — oo for each 5 = 0,1,2,.... Furthermore, since
o B2(H) < ¢ for all k, we conclude that (§;);en € ¢9(N).

We have now proved v € B?(H). It remains to prove convergence
of the sequence £* = (€F)jen to € = (&) jen in £4(N). Since (&) ken is
a Cauchy sequence in £7(N) and the components converge, this result is
straightforward to prove. Details are omitted.

o

Now we prove a mapping property of e~**H between abstract Besov
spaces associated with H.

Theorem 4.6. Let V satisfy Assumption A and let H = — A+ V.
Assume s > 0,1 <p, g < oo, and B > d|—§- — %| Then

(4.2) e *H ¢ B(BY?P4(H), By(H))
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with norm bounded by c (t)°.

1 1
Remark 4.7. Note that the above result holds with g = d ‘ 3~ 1—0

under restrictions on d (e.g. d < 3) or under additional assumptions on
V, see [JN, §5].

Proof. Fix x € C§°(R) such that ¢(A) = x(A)p(A) for all A € R.
For j > 1 and u € LP(R?) we have from Theorem 2.1

257 ||cp(4_jH)e_”Hqu = 257

x(4_jH)e"i(4j t)4_jH<p(4*j H)u”
P

< c29(s428) ()P ”cp(4_jH)u||p.

The estimate for j = 0 follows from Theorem 2.1. The result now follows
from the definition of the norm (4.1) and the covering argument.

We note the following results, which are useful in the next section.

Proposition 4.8. LetV satisfy Assumption A. Assume 1 < p,q,q1
< oo ands > s, > 0. If eithers > s, ors = 51 and q < qi, then B)Y(H)
is continuously embedded in B** (H).

Proof. The argument in the proof of [BTW, Theorem 2.2.1] carries
over unchanged to our generalized Besov spaces.

Lemma 4.9. Let V satisfy Assumption A and let s > 0, 1- <
p, ¢ < oo. Let M € R. Then B)Y(H + M) = By?(H) with equivalent
norms.

Proof. A simple covering argument, which is omitted.

§5. Identification with ordinary Besov spaces

We have chosen the definition of B)?(H) in such a manner that for
H = —A this space is identical with the usual Besov space, which we
here denote B;'?. In applications it is of interest to know conditions on
V which imply ByY(H) = By? (with equivalent norms).

Our result on this question is based on the real interpolation method
and interpolation spaces defined via semigroups. We refer to [BL| for
the results needed. We recall a few results from [BL, Section 6.7]. Let
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G(t), t > 0, be a strongly continuous bounded semigroup on a Banach
space X with infinitesimal generator A. For u € X’ define

w(t,u) = sglz G(s)u — ul| 5 -

The real interpolation method constructs a family of Banach spaces
between the domain D(A) of A (with the graph norm) and X, denoted
(X,D(A))g,q, 0< 0 <1,1<¢q< o0. In [BL, Theorem 6.7.3] it is shown
that the norm ||ul| x p(s)), , is equivalent to the norm given by

) 1/q
(5.1) llull 5 + (/ t=0910(t, u)th> :
0

The usual LP-type Sobolev space of order m € N is denoted W" (R9).

Assumption B(p,m). Let 1 < p < oo and let m € N. Let V
satisfy Assumption A, and let H = —A+V. Assume there exists M > 0
such that (H + M)~™ is a bounded map from L?(R?) to W*(R?) with
a bounded inverse.

Theorem 5.1. Let V satisfy Assumption B(p,m) for some m €
N and 1 < p < oo. Then for 1 < q<o00,0<s<2m, ByY(H) = By
(with equivalent norms).

Proof. Let V satisfy Assumption B(p,m). We first show that
—(H 4+ M)™ — L generates a strongly continuous bounded semigroup
with M, L > 0 and the domain of the generator is W7*(R%). Without
loss of generality we may assume M = 0 and H > 1. Then by Theo-
rem 1.3, U(t) = e *#" is bounded in LP(R?). Moreover, by Theorem 2.1
Ut) = R D uniformly bounded with respect to ¢ € (0,1].
Hence there is L € R such that ||U(t)||g») < Ce™* for any t > 0. Thus
—(H™ + L) generates a bounded Cj semigroup. The strong continu-
ity follows from the fact that it is strongly continuous in L?(R%). The
expression of the resolvent by the semigroup:

(A+K)™'= —/ e KU (t)dt, K> 1L,
0

where A is the generator of U(t), implies (H™ + K)™! = (A + K)™1,
and hence the domain of A is W]"(R?). We assume L = 0 in the sequel
in order to simplify the notation.

Now we let A = —H™ and let G(t), t > 0, denote the semigroup
generated by A. Let D = D(A) = WJ*(R?). Note that the usual Sobolev
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norm and the graph norm of A are equivalent norms on D, as can be
seen using the closed graph theorem.
Fix ¢, 1 < g < oo (the case ¢ = oo requires obvious modifications

in the arguments below) and s, 0 < s < 2m. Define § = 1t follows

from the real interpolation method (see [BL]) that
Bp? = (L?,D)gq.
Thus to prove the theorem it suffices to prove
B:J,q(H) = (Lp?D)9,q

with equivalent norms. We follow essentially the arguments in [BL, p.
160-1]. Let ¢,v; denote the functions from §4 used in our definition of
the generalized Besov spaces.

Assume first u € (LP,D)g 4. Let ®(N) = p(A\)(exp(=A")—1)"1, A e
R. Note ® € C§°(R). Using Theorem 2.1 we find ||®(477H)|| 5,y < ¢
for j =0,1,2,.... Therefore

s (Hull, = |24~ H)(G(4™™) = 1)ul|, < cw(4™™, u).

Using (4.1) we conclude

o 1/q
lullgs.agey < | llull, + [ D (2¥9w(272™,u))?
§=0
Since w(t,u) is an increasing function of ¢ and we have
g—2m(i—1)
/ t=007 gt = ¢ 22m999 = 2579,
2—2mj
we get
o 00 2—2m(j—1)
Z 2599()(272™1 y4)? = CZ/ ' t7097 1y (272m9 )4t
§=0 j=0727%m
oo 2—2m(j—-1)
< CZ/ 091 (¢, u)dt
_]:O 2—2mj

oo
< c/ t7097 1y (t, w)dt.
0
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Using (5.1) we conclude

(5.2) lellpge ey < cllullzr,py,,

which proves the first half of the theorem. To prove the second half,
assume u € B?(H). Theorem 2.1 implies

||A17[)J(H)u||p < C4mj |l¢J(H)u”p7 .7 =0,1,2,....
Using

IG(s)u—ull, < | G () Al dr

and

1G(s)u = ull, < 2]ull,
we get (see also Lemma 4.4)
o .
w(t,u) <Y min{1,£4™ }|jo; (H)ul|, -
5=0

We estimate the integral term in (5.1). The integral is split as

5.3 cedt= [ oo dt+ / .. dt.
N R ka0 oY

We introduce the notation o; = ||9;(H)ul|,. For t € (4= mk+1) | 4—mk)
we have min{1,t4™/} = 1, if § > k+ 1, and min{1,t4™} = t4™. if
j < k. This result is inserted in the sum in (5.3) to get

4—~mk

Z/ m(k+1) e Zt4m]a]+ zIc: “ |
Jj=k+1
oo k ? oo o0 !
< CZ Z4mj—(1—9)mkaj +CZ z 40mkaj

k=0 | j=0 k=0 | j=k+1

. 0o oo 1
Z i4m(1 0)(i—k) (4%9m g, +CZ Z 40m(k=3) (483m )

k=0 |7=0 k=0 jj=k+1

Since u € ByY(H), (4%™a;)jen € €4(N), and in both cases above we
have convolution by a sequence in #!, so we use Young’s inequality to
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conclude
1 1/q oo ) q 1/a
([ eorotsan) e | S (0 pwsteul,)
The other term in (5.3) is estimated using Holder’s inequality:
‘ 1
- 1/q - - q /q
(/ t—"q—lw(t,u)qcit) < / t70 Y oy | dt
1 1 j=0
1/q
o0 oo .
:cZaj <ec Z(49m9aj)q
Jj=0 Jj=0
Combining these estimates we get
(5.4) ”u”(Lp,D)e,q < C||UHB;;‘1(H)

which proves the second half of the theorem.

Theorem 5.1 combined with Theorem 4.6 implies the following map-
ping property of e between (usual) Besov spaces.

Theorem 5.2. Let V satisfy Assumptions A and B(p,m), and let
H=-A+V. Assume 1 <p, g< o0, 8>d|1 - %I, v >dL - %|, and
0<s<2(m-—p). Then

(5.5) e " e B(B:*t?P1, B59)
with norm bounded by c(t)”.

Concerning the Assumption B(p, m) we note that for m = 1 we can
use standard perturbation results to show that if V is bounded relative
to the Laplacian on LP(R?) with relative bound less than one, then the
condition is satisfied. Several sufficient conditions for this to hold can be
found in [Sc]. For m > 1 some regularity is needed. If V € C*°(R¢%) with
all derivatives bounded, then Assumption B(p,m) holds for all m > 1
and all p, 1 < p < .

Remark 5.3. Note that the proof of Theorem 5.2 also yields

(5.6) e "H ¢ B(B2P1, LP(R?))
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under the same assumptions. In this form the result is a direct general-
ization of the results on the free Schrédinger equation in [BTW].

Remark 5.4. In the proof of Theorem 5.1 we have shown that
—(H + M)™ — L generates a bounded Cy semigroup. This result has also
been obtained by Davies [D2] in an abstract framework, cf. Remark 3.5.

Appendix. A construction of an almost analytic continuation

In this appendix we propose a construction of an almost analytic
continuation, and discuss its properties. We start by constructing an
almost analytic continuation of f € C§°(-2,2).

We fix x € Cg°(R) such that 0 < x(z) <1,

1, if|z| <1,
x(x) = { .

0, if|z|>2,

and let p(z) = [ x(y)dy. For f € C3°(—2,2), we define f(z), z€ C by

(A1) flz+iy) = (2m) 7 x(z/2)x(v) / T PO giet f(e)de,

where f(¢) denotes the Fourier transform of f(z).
Lemma A.1. f(z) is an almost analytic continuation of f(z).

Proof. Tt is easy to see that f(z) € C5°(C) because f € S, and

e~ is a smooth bounded function. It is also easy to see that f (z) =
f(z) for z € R since p(0) = 0. It remains to show (3.1). By direct
computation we have

(a.zf) (z +1iy) = (0, + 10 )f(aH—zy)
— (2m) V2 x(2/2)x(®) / i€(1 - p/ (yE))e PO et f()de
+ (2m) 1227y (2/2)x () / e~ PO it f(£)d

L i(2m) 22/ 2)x () / e~ PWO) i f(£)de
(A.2) =I+I+1I.

To estimate the first term, we note that p'(y€) = x(y§) =1 if |y€| < 1,
hence

11— 0 (WE)| = 11 = x(¥€)| < x{jye1>13¥:€)
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where xq denotes the characteristic function of 2. Then we have

<c / €1l 6151 (0, 1 F(6)de

(A3) <c / N N1 F(6)lde < ClylN

since f € 8. To estimate the second term, we note that f(z) = 0 on
supp X’ (z/2). Hence

N

0= X/(g) Z (Zy)kifk) (z) — (2m)" /2y / /Z iw{f(é-)dg

k=0

We subtract this from (I[) to obtain

o ¢
|H|SC/|(e W) ;)( Z,)) () lde
<c [l gl
(A9) < Cly ¥+,

The estimate for (I) is easy since it is supported away from the real
axis.

Once an almost analytic extension is constructed for a Cg°-function,
it is then standard procedure to extend it to f € S¢. We include the
construction for the sake of completeness. Let ¢ € C§°(1/2,2) as in the
proof of Theorem 1.3, and let ¢;(z) € Cg°(R) defined by

o+p(z) = o(£27%z), k=1,2,..., z € R,

z)=1-— Z(pk(:z:), z € R.
k£0
We decompose f € S as

oo o0

f@)y= Y f@ei) =Y fi2 V),

j=—co j=—o0

where fi(y) = ¢(sign(k)y)f(2*ly) for k # 0 and fo(y) = f(¥)wo(y)-
Now we can apply the above construction to each f;(z) to obtain f;(z).

Note that we can modify the construction such that fj(z) is supported
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in {z|Rez € [1/4, 4],|Imz| <2} for j >0and in {z|Rez € [-4, —1/4],
ITm z| < 2} for j < 0. Then f(z) = D e o fj(2792) defines an almost
analytic continuation of f. Further details are omitted.

Compared with the other known constructions of an almost analytic
continuation, our method seems to have the advantage of being straight-
forward, namely, we do not use asymptotic sums. On the other hand, we
need no differentiability of f to define f (z), and the proof of Lemma A.1
shows that (3.1) with N = a € R4 follows from f € H§, s > a + 3/2.
In fact, it is known that f € C3*T*(R) is sufficient to construct f(z)
satisfying (3.1) with N = a (E. B. Davies, private communication, see
also [D2]). Our construction may be not as precise as Davies’, but the
next lemma is sufficient for our application in §3.

Lemma A.2. Let R > 0 be fized, and let f € H§([—R, R]) with
8> 1. Then for any € > 0 there is C = C(R,€) such that

(A.5) / |Im z|~°*¢
C

a,:f(z)] dzdz < C||fllgs -

Proof. 1t suffices to consider the case R = 1, and we may assume
f(z) is defined by (A.1). As in the proof of Lemma A.1, we decom-

pose 8;f as 8;f = I+ I+ 1. We start by estimating (I). As in the
computation to derive (A.3), for each y we have

Iél— ) £(©) dg <Iy|s—1 IR 1/2

< Clyl*™ 1 Fl s -

Hence by Plancherel’s theorem, we have

/ (Tm 2| ~*+| 1(2)|d=dz = / |~ (e + iy)|dedy
C |z|,ly|<2

1/2
< C/ (/ | I(z + iy)lzdx) ly|~*T=dy
ly|<2

c [ (WP 1l ) ol edy
ly|<2

—cC ~lteg
( /lyIsz 1 y) 171

IA

H; — c ”f”Hg .
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On the other hand, (A.4) implies

| L(z +4y)] < Clyl* ™ 1f g »

and the estimate for (II) follows from this. The estimate for (1) is easy
and we omit it.
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Absolute Continuity of the Essential Spectrum
for some Linearized MHD Operator

Takashi Kako

§1. Introduction

The magnetohydrodynamic (MHD) motion of plasma is described by
the system of equations which consist of the compressible Euler equation
and the reduced Maxwell equation with the mutual interaction terms
given by the Lorenz force and Ohm’s low. Related to the plasma con-
finement experiment, the study of the behavior of plasma motion around
the equilibrium is very important. The MHD motion in the vicinity of
the equilibrium is described by the following linearized MHD equation:

2
(1.1) pO%t—f- = _K¢ = grad{yPo(dive) + (grad Py) - €}

+ By X rot(rot(Bgy x £)) — (rot By) x rot(By % &),

for the Lagrangian displacement vector field ¢ :  C R3® — R3. Here,
the equilibrium quantities pg (=density), Py (=pressure), By (=magnetic
field), are given bounded smooth functions which satisfy the equilibrium
condition:

gradPO = jo X Bo, diVBO = 0,
(1.2) with jo = rot By (=electric current density),
Py >cp >0, pg>c,>0:arbitrary.

We assume in (1.1) that the specific heat ratio v is a positive constant.
We impose a slip condition: £ - n = 0 on the boundary 9€) where n is
the unit normal on the boundary.

In this paper, we shall study some spectral properties of the operator
Po 'K in a Hilbert space L?(€; podr)3. In particular, we shall prove the
absolute continuity of the essential spectrum and the discreteness of the
embedded eigenvalues in the continuum under some assumptions on the

Received December 10, 1992.
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shape of the region 2 and the symmetry of the equilibrium. We assume
hereafter that Q is a flat torus in R3:

Q= {(z,y,2) : z,y,2€ S=R/2nZ} = S°.

We consider the equilibrium where the quantities By and Py depend only
on one variable z. Then, these one-dimensional equilibrium quantities
are given as:

Bo = (0,b(z) sin ¢(z), b(z) cos $(z))
Py=c— %b(az)z,

where b(x) and ¢(z) are arbitrary smooth functions with the property:
b(0) = b(21), $(0) = $(27) mod 2r,

and c is a sufficiently large positive constant. Due to the symmetry of
the coefficients, we can decompose ¢ into (m,n) Fourier modes:

e™YtInEE (), m,n : integers

and the force operator po 'K is realized in the decomposed space as a
selfadjoint operator with a form (see Kako [1]):

A B
(1.3) K = (B* C)
where A, B, B* and C are differential /multiplication operators given as
d o d
- Py)— 2 2
A d:r(b + v O)d$+bn¢
B ‘z'd(b2—|- Py)m % Py
= — _Z__
dr YLo)me, dx’)’ 0Me
(1.4) . ‘i(b2 + 'YPO)mqb%
B* =
—z"yPon¢%
. mZ(b% + vPo) + b*nf myngyPo

mengeY Py ni’yPo
with

(1.5) ne = n{cos ¢) + m(sin ), my = m(cos @) — n(sin ¢).
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We can construct a selfadjoint operator pp 1K in L2(S; poda:)3 with the
resolvent expression:

B 1 E? —~E;'BC;!
(1.6) (pg K+A)™" = po,
—C{'B*E;Y Cy'+Cy'B*E'BCY!

where E) = Ay — BC’;IB* with Ay = A+ App and C) = C + Apg (see
Kako [1]).

§2. The essential spectrum of p, K

From the resolvent expression (1.6), we can extract some spectral

properties of the operator py ' K such as the range of the essential spec-
trum.

Theorem 2.1 (Kako [1]). The operator p; 'K has a natural self-
adjoint realization in the Hilbert space L*(S;podz)3, and the essential
spectrum of py 'K consists of 04 and o5 with

oa={A: A=wal(z), 0 <z <27}

and
(2.1) os ={A: A=wg(z), 0 <z < 27},

where
wa = b*ng?/po (Alfvén frequency)

and

(2.2)  ws =wavPy/(b* +vP,) (slow magnetosonic frequency).

The proof of this theorem is based on the following expression of the
resolvent:

0 ~GF;}
(2.3) (g 'K + o)™ = ) , Pt h
—Fy G* Fy
with G = A;OIB and G* = B*A)fol. Where the remainder R; is a trace

class operator in L2(S; ppdz)® and G is a Hilbert-Schmidt class operator
from L2(S; podzx)? to L?(S; podz), and F), is a multiplication operator:

walz)+ Ao 0
(2.4 Fr = o
0 Wg (LE) + )\0
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Introducing unitary operators U and U* in L2(S; podz)® as

L 0 G . 1 0 -G
(2.5) U =p, exp(_G* 0) and U™ = p, eXp(G* 0 )a

we have

_ 1y 0 0
(2.6) Upy K + o) U = (o FA_I)pO+R2’
0

where Rj is a trace class operator which maps L2(S;podz)® to the
Sobolev space of order two: HZ2(S;podz)®. Applying the trace class
perturbation theory (see Kato [2]), we can prove that there exists an ab-
solutely continuous spectrum which consists of the union of the ranges
of functions w4 (z) and ws(x) (see Kako [1]).

§3. Application of Mourre’s estimate

We shall apply Mourre’s commutator estimate to the present prob-
lem and prove the discreteness of embedded eigenvalues in the contin-
uum as well as the absolute continuity of the continuous spectrum in
the complement of eigenvalues under the following assumption.

Assumption. The functionsw, and wg are smooth and a number
of critical points 5 (k),k =1,2,..., M and z%(l),l = 1,2,..., N :

W@y (k) = ws(z5(1) =0

are finite.

We define functions H.a(z) and Hg(z) as
Ha(z) = (wa(z) + Xo) ™" and Hs(z) = (ws(z) + do) ™"
Let T be an unitary operator from L2(S; podz)3 to L2(S)3:
(3.1) T : L*(S; podz)® > f v py/*f € L2(S)°.

Then the operator T'p, IKkT-1 = Po 2K Po /2 s unitarily equivalent
to pg ' K. We denote this selfadjoint operator in L?(S)® by K’. We
introduce a conjugate operator H to K’ as

0 0 0
32 H=|0 Hj@=)L+ LH,(2) 0
0 0 Hi(z) & + £ Hy(x)
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Proposition 1. Under the assumption of the smoothness of wa
and wg, the operator iH with domain:

D(’LH) = {f : f :(flaf2af3)tafk € L2(S)1k = 17273a
d d
H) (&) o o, Hy(a) o fy € 12(5))
is skew selfadjoint in L?(S)3

Proof. Let a(z) be a real valued continuously differentiable func-
tion. We claim that an operator A defined as

D(A4) ={f : ] € IX(S),alw) 1§ € L*(5))}

Af =ilal@) o f + +a(2)f)

is selfadjoint. In fact, for f,g € L?(S) with the property that a(a:)%g,

a(x)%f € L2(S), we have

(3.3) /S < (a(@)g(a) F@))dz = 0.

Using this identity, we can prove that A is closed and symmetric. The
denseness of the range of A £ ¢ can be shown in the standard way.
Q.E.D.

Let E(-) and Ey(-) be spectral resolutions of D = (K’ + A¢)™! and

0 0 0 0 0
D()E (0 F_l)poz 0 HA($) 0
Ao 0 0  Hg(x)

Then the commutator [H, Dg] = HDy — DoH between H and Dy can
be calculated as

0 0 0
0 0 2H G (z)?

This operator is nonnegative. Using Proposition 1 and this expression
of the commutator [H, D), we can prove the following lemma.
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Lemma 2. Let A C R be such that
(Hi'(A)U HgH(A) N {ag (k) 1oy N{zs()}L, =0

and also let the intersection between A and the point spectrum of (K’ +
o)~ ! be empty. Then we have the following Mourre type estimate:

(3.5) E(A)[H,D|E(A) > aE(A)+Q, a> 0,
where Q) is a compact operator.

Proof. Since D — Dy is compact, E(A) — Ep(A) is also compact.
Furthermore, (D — Do)H is a compact operator in L?(S)3, since the
difference D — Dy is bounded from L?(S)3 to H?(S)?. Hence we have
that the operator E(A)[H,D]E(A) — Eo(A)[H, Do]Eo(A) is compact.
Using the non-negativity of the commutator [H, Dy] and the assumption
for the interval A, we have the estimate (3.5). Q.E.D.

From this lemma, applying the results of Mourre (see [4 , Theorem
4.7 and Theorem 4.9] and [3]), we have the follwing theorem.

Theorem 3. Let A be as in Lemma 2. Then the operator (K’ +
Xo)~! restricted to the subspace E(A)L?*(S)3 is absolutely continuous
except for some discrete set. The absolutely continuous part is unitarily
equivalent to a part of the multiplication operator F 1 0o.

From this theorem, we can have the corresponding results for the
absolute continuity of the continuous spectrum of p; 1K and the unitary
equivalence between the absolutely continuous part of the operator pg 1K
and the multiplication opetator pg lFy.
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Singularities of Solutions to System
of Wave Equations with Different Speed

Keiichi Kato

Dedicated to the sixtieth anniversary
of Professor ShigeToshi Kuroda

§1. Introduction and results

We consider the following system of wave equations
Ue,u = fu,v

(11) (&1 f( ’ )
Oc,v = g(u,v)

where O, = (1/c?)8% /6t — Z;'L=1 8?/0x3 and ¢, and c; are positive con-
stants. We assume that f(-,-) and g(:,-) are in C*°. In what follows, we
shall study the singularities of the solutions to (1.1) when the solutions
are ‘conormal distributions’ to some hyperplanes. Before the statement
of main theorems, we define conormal distributions.

Definition (Conormal distributions). Let Q@ C R™ be a domain.
Let L be a C*®-manifold in Q. We call that u is in H*(L,00) in Q if

MyoMso---oMue H () forl=0,1,2,...,
where each M; is a C* vector field which is tangent to L.

We can define the space of conormal distributions not only for a
C*°°-manifold but also for a union of two hypersurfaces which intersect
each other transversally.

Now we shall state the main results. Let w € S™ ! and Li; =
{(t,z) € R*;cit + (=1)w -z =0} for 3, j =1, 2.

Received December 25, 1992.
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Theorem 1. Let 2 be a neighborhood of the origin of R* 1, i =1
or2 and j =1 or2. Suppose that u, v are in HE () for s > (n+1)/2,
u and v are solutions to (1.1) and

u, v € H?(L;j,00) inQN{t <0},

then
u, v € H*(L;j,00) in K

where K is the domain of dependence with respect to Q N {t < 0}.

Theorem 2. Let ) be a neighborhood of the origin of R™! and
i,7, 7,7 e Nwithi+i =3, j+ 37 = 3. Suppose that 0 < ¢; < ¢z, u, v
are in HY () for s > (n+1)/2, u and v are solutions to (1.1) and

Uu, v € HS(LijULi/j,OO) inﬂﬂ{t<0},

then
u, v € HS(LijULilj UL,’j/ ULi/j/,OO) n K

where K is the domain of dependence with respect to QN {t < 0}.

Theorem 3. Let  be a neighborhood of the origin of R™t! and
i,1,7,7 €eNwithi+1i =3, j+j = 3. Suppose that 0 < c; < c2, u, v
are in HS () for s > (n+1)/2, u and v are solutions to (1.1) and

u, v € HS(LijULijl,OO) n Qﬂ{t(O},

then
u, v € Hs(LijULi/jULij/ ULZ'IJ'I,OO) mn K
where K is the domain of dependence with respect to QN {t < 0}.
J.M. Bony has obtained the same result for scalar strictly hyperbolic

equations in [3]. So our results are not full of originalities. But the author
believes that our proofs are new and simple.

§2. Proof of Theorem 1

We set M =t0; + -0y and My = wy0; +¢;0,, for k=1,...,n. It
is easy to prove the following proposition.
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Proposition 1. My, ..., M, are linearly independent on R"*!
and M, My, ..., M, are linearly independent on R**1\L;;.

Proof of Theorem 1.
O(Mw) =[0, Mlu+ M f(u,v)
(2.1) =20u + M f(u,v)
=2f(u,v) + M f(u,v).
Similarly we have
(2.2) O(Mu) = 2g(u,v) + M f(u,v).

Since u and v are in H

£ (), we have that 2f(u,v) + M f(u,v) and
2g(u,v)+M f(u,v) are in HS ' (Q) and Mu, Mv are in H _(QN{t < 0}).

loc
Using the energy estimate for 0., and O.,, we consequently have that

Mu, Mv € H _(K). Repeating this argument, we have
(2.3) M'u, M'v € H{ (K).

It is easy to see that

(2.4) Mlu, Miv € HE _(K) for Vk, VIl e N.

(2.3) and (2.4) yield Theorem 1.

§3. Proof of Theorem 2 and Theorem 3

Proof of Theorem 2. We put M, = td; + (x — a) - 0, for a € R™.
Using the same argument as in the proof of Theorem 1, we have

(3.1)  Mlu, Mlv € HE _(K) for Va with a-w =0 and VIl € N.

We divide K\ U L;; into the following three parts,

1,5=1
Kl—{(t z) e Kieit—w-2>0, it +w -z >0}
={(t,x) e K;art—w-z <0, cot —w-z > 0}U
(t,z) € Kjcot+w-2>0, eit +w -z <0}
(t, )

€ Kjcot —w-z<0orcot+w-z <0},

{(t,
K3 = {(t,

We prove first that v, v € C* in K;. Let (to,zo) be any point in Kj.
Let (to, zo, 70, &0) be any point in TG )\0. We use the same argument
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as in the proof of the main theorem of M. Beals [1]. If M, is elliptic at
(to, xo, 70, &o) for some a € R™, then from (3.1) we have

(3.2) u, v € H™ at  (to,z0,70,&).

When M, is not elliptic at (¢o, g, 70, &) for all a € R™, 0., and 0., are
elliptic at (o, zo, 70,&0). In fact, we can choose ag € R™ with ag-w =0
such that c%tg — |z — ao|2 > 0. Then we have

1
cito (a[Tol - 1§0|) < to|mo| — |&ol|z0 — ao|

= |&o - (zo — ao)| — |€ol|zo — ao
<0.

The same argument works for [.,. Hence
(3.3) u, v € HtY at  (to, 0,70, &)
From (3.2) and (3.3), we have

u,v € H*'  at (to, z0).
Repeating this argument, we have
(3.5) u,v € C™ at (g, o).

Next we prove that u,v is in C* on K2 Let (to,xo) be any point
in Ko. Let (tg,x0,70,&0) be any point in T, (t 20 )\0 When M, is elliptic

at (to, o, 70,&0) for some a € R™, then from (3.1) we have
(35) u, v € Hs+1 at (to, o, 70, 50)

When M, is not elliptic at (to, o, 7o, o) for all a € R™, the same method
as in the first step proves that O, is elliptic at (to, 0, 70,£0). So it
suffices to show that [, is elliptic at (tg, o, T0,&0). Since 7oto + (zo —
a) & =0foralla € R® with a-w =0, 7oto + 20 - €0 = a- & = 0. Then
a-& = 0 for all @ € R with a-w = 0. Hence £ is parallel to w. We

decompose xy = x( ) + x(z) such that :cgl) is parallel to w and a:(2) i

(2 1)

perpendicular to w. We put ag = x; ). Hence o —ag = x5~ is parallel
to w. Since c?|to|? < |zo — a|? for all a € R™, we have

1
cito (c—llTol - ]§o|> > to|To| — |&ol|z0 — ao|

= to|70| — €0 - (o — ao)|

=0 (since to7o — &o - (o — ag) = 0).
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Consequently we have
(3.6) u, v € H*? at (to, o, T0,&0).
From (3.5) and (3.6), we have
u,v € H!  at (to, zo).

Repeating this argument, we have
(3.7) u,v € C* at (to,xo)-

The same argument for u in the second step yields that
(3.8) u,v € C* in Ks.

(3.1), (3.4), (3.7) and (3,8) imply Theorem 2.

We can prove Theorem 3 by the same argument as in the proof of
Theorem 2.
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An L?"-Theory
for Nonlinear Schrodinger Equations

Tosio Kato

§1. Introduction

Consider the nonlinear Schrédinger equation:
(NLS) Ou =i(Au— F(u)), teR, zeR™,

where F'(u) = F o u is, for example, a Nemyckii operator defined by a
function F' : C — C. There is an extensive literature on this problem,
but it seems that all existing work assumes that either the initial value
¢ = u(0) = u(0,-) or the limit ¢4 = lim; 1o, e *#2u(t) is in L2. The
present paper is an attempt to solve (NLS) with the data in a larger
class of functions.

As in most of the work on (NLS), we convert (NLS) into integral
equations such as

(INT) wu=®u=ug—iGF(u), or u=®iu=uy —iGLF(u).

Here ug or uy is a free wave (solution of the free Schrédinger equation
Oyu = iAu), and G or G4 is an integral operator defined by

Gt = [ Ut-9)f(s)ds
(1.1) %
Gof(t) = / Ut — 8)f(s)ds, U(t) = eit2.

oo

The free term up in (INT) is usually related to the initial value
u(0) = ¢ by

(1.2) uo=T9, Te(t) =U(t)s,

Received December 28, 1992.
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but it is often convenient to take any free wave without regard to the
initial value. The dual operator to I' is formally given by

(1.3) rf = /_ " U(=9)f(s) ds.

We note that
(1.4) Gi=G_ -Gy =TIT".

To deal with the different operators G, G4+ and G; simultaneously, it is
convenient to consider operators of the general form

(1.5) Guf(t) = /_ " alt, Ut — 8)f(s) ds,

where a is a measurable function such that |a(t, s)| < 1 (cf. Yajima [14]).
Our first task is to study the continuity properties of the operators
I' and G, between wider classes of spaces than hitherto considered. Set

LP = LP(R™), L9" = L"(L?) = L"(R;L?). The following results are
well known (see e.g. [7]). I is bounded on L? to L7 if

(1.6) 1/g+2/mr=1/2, 1/2—-1/m<1/q¢<1/2.

G, is bounded on L%t to L%7 if either

(1.7) 1/¢g+2/mr=1/2 and 1/s+2/mt=1/2+2/m,

or

(1.8) 1/g+1/s=1 and 1/t—1/r=1—(m/2)(1/s—1/q),
with the parameters restricted by

(1.9) 1/2-1/m<1/g<1/2<1/s<1/2+1/m

in either case. (Note that these results do not depend on a. This is
obvious since they were deduced from the Sobolev inequalities using
only absolute value estimates for the Green function of U(%).)

We shall extend these results to wider ranges of the parameters.

Geometric notation. In order to describe various estimates in con-
cise form, we find it convenient to use the geometric notation intro-
duced in [7]. Slightly deviating from [7], we denote by O the closed unit
square in R?, defined by 0 < z,y < 1. Then we set L(P) = L7 if
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P = (1/q,1/r) € O, and write 1/q = z(P), 1/r = y(P); y(P) is some-
times called the height of P. The norm in L(P) is denoted by ||| : L(P)||
or, more briefly, by || : P||. (If y(P) = 0, it is often convenient to
replace L(P) = L%* by BC(L?), where BC is the class of bounded and
continuous functions. For simplicity, we do not use this modification in
the present paper.)

The segment connecting P,@ € O is denoted by [PQ], [PQ], |PQ)],
or |PQ|, according as it is closed, open, etc. Sometimes we regard each
P € 0O also as a 2-vector (with origin O = (0,0)), so that P+ @Q and kP
(k > 0) make sense as long as they are in [I.

The convenience of such notations will be seen from the following
rules (see [7]).

(1.10a) L(P)*=L(P) if P+P =(1,1), y(P)>0,
(1.10b)
Ifg: P+QU<Iif: Plllg: Q. IF* < kPl =I5 : PIF, k>0,
(1.10c) L(P)NL(Q) C L(R) C L(P)+ L(Q) for R € [PQ].
We introduce some special points in [I:
B=(1/2,0), C=(1/2—-1/m,1/2) (C =(0,1/4) if m=1),
E=(1/2-1/m,1), F=(1/2-1/m,0)
(E=(0,1/2), F =(0,0) if m =1),
B =(1/2,1), C'=(1/2+1/m,1/2) (C'=(1,3/4) if m=1),
E' = (1/2+1/m,0), F' =(1/2+1/m,1)
(E' = (1,1/2), F' = (1,1) if m=1).

We further introduce the triangles T'= A(BEF) and T' = A(B'E'F’);
these are assumed to be open except that B and B’ are included. Note

that [BC|e T, [B'C'le T".

With these notations, the known results (1.6)—(1.9) can be stated
as follows.

(i) T is bounded on L? to L(P) for any P € [BC]|.
(i) G, is bounded on L(P) to L(P) if either

(i) P € [BC|and P € [B'C'], or

(iib) P € T and P € T with

z(P)+x(P) =1, z(P)+2y(P)/m—z(P)-2y(P)/m=2/m.
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§2. The operator G,

In this section we generalize the estimates (ii) for G, given in Section
1, using the geometric notation throughout. It is convenient to introduce
the linear functional

(2.1) m(P)=z+2y/m for P=(z,y) € 0.

Theorem 2.1. G, is bounded on L(P) to L(P) if Pe T, Pe T’
with w(P) — n(P) = 2/m.

Remark. 'Theorem 2.1 can be improved by admitting certain points
P on [BF[ and P on [B’F'[. The improvement requires deeper results,
and will be given in next section.

Theorem 2.1 may be expressed in still another way. The set of
P € R? with w(P) = const is a straight line with slope —m/2; such a
line [or a segment on it] will be called a n-line [or m-segment]. [BC|
and [B'C’[ are m-segments. T is composed of a one-parameter family of
n-segments [ (such as [BC[), and likewise T” by a family of segments [ of
m-segments (such as [B’'C’[). The constant value of 7(P) for P € | will
be denoted by 7(l), and similarly for I. The possible values of 7(I) range
over (1/2 —1/m,1/2 + 1/m) ((0,1) if m = 1), and those of w(I) over
(1/2+1/m,1/2+43/m) ((2,3) if m = 1); these intervals do not overlap.
! will be said to be conjugate to [, and vice versa, if w(I) — 7(l) = 2/m.
For each [, there is a conjugate I, and vice versa. In particular, [BC|
and [B’C'[ are conjugate. It is easy to see that a conjugate pair [, [ have
equal length, while the upper end of [ and the lower end of [ have equal
height.

Theorem 2.1 is equivalent to saying that given any conjugate pair [,
I, G, is bounded on L(P) to L(P) for any P € | and any P € l.

It is obvious how Theorem 2.1 generalizes the known results (iia) and
(iib) (see Section 1). In (iia), P and P were restricted on a particular
conjugate pair [BC|, [B'C’'[. In (iib), P may be on any [ and P on any
l if I, | are conjugate, but they had to correspond to each other one to
one due to the condition z(P) + z(P) = 1. Theorem 2.1 unites these
two cases by eliminating the restrictions.

Theorem 2.1 will be proved by interpolating between these special
cases using the following lemma.

Interpolation Lemma. Assume that none of P, P, Q, Q has
height zero. If a linear operator maps L(P) into L(P) and L(Q) into
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L(Q) (continuously), then it maps L((1—0)P+6Q) into L((1—0)P+6Q),
where 0 < 6 < 1.

This lemma follows directly from Bergh-Lofstrom [1;Theorem 5.1.2],
which shows that (L(P), L(Q))g = L((1 — 0)P + 6Q) with equal norm.

To prove Theorem 2.1, we may assume that y(P),y(P) > 0, since
the only case to the contrary is P = B, P € [B’C'[, for which the result is
known by (iia). We begin the proof by invoking the map P — P involved
in (iib); it is defined by z(P) + z(P) = 1 and n(P) — n(P) = 2/m, and
can be extended to an affine map A of cl(T”) onto cl(T) (cl denotes
the closure). A sends B’ into B, E’ into F, and F’ into E. The known
special case (iib) shows that G, is bounded on L(P) to L(P) if P = A(P),
provided that P€ T, P € T'.

Now take any pair P € T, P € T with n(P) — w(P) = 2/m. We
have to show that G, maps L(P) to L(P). First take the case that P is
above [B'C’[, which implies that P is above [BC|[. Take a point Q € T’
sufficiently close to F” that the prolongation of [QP] meets [B'C’[, say
at R. Let Q be the image of Q under A, so that Q is close to E. Prolong
[QP] until it meets [BC|, say at R (this is possible if Q is sufficiently
close to E, which is guaranteed if Q is close enough to F).

G, maps L(Q) to L(Q) by (iib), because Q = A(Q). G, maps L(R)
into L(R) by (iia), because R € [BC[ and R € [B'C’[. According to
Interpolation Lemma, therefore, the theorem will follow if we show that
P divides [QR] at the same ratio as P does [QR].

This is a simple geometric problem. Indeed, let 8 be such that
P = (1-60)Q+6R. Since 7 is linear, we have w(P) = (1-6)7(Q)+0r(R).
On the other hand, n(R) = n(R) + 2/m, 7(Q) = =(Q) + 2/m, and
n(P) = w(P) + 2/m, by conjugacy. Hence n(P) = 7((1 — 0)Q + 6R).
But 7 is injective on [QR], which has slope different from —m/2. It
follows that P = (1 — 6)Q + OR, as required.

The case that P is below [B’C’[ follows from this by duality, or one
may repeat the above arguments with Q close to E’. This completes the
proof of Theorem 2.1.

§3. The operators I' and I'™*

According to the known result (i) (see Section 1), I' is bounded
on L? to L(P) if P € [BC|. In this section, we generalize this result
to some other domain spaces, and deduce corresponding results for the
dual operator I'*. We begin by noting that certain L(P)’s are never
realized by I'.
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Lemma 3.1. If P € O, P # B, is on or to the right of [BE]
(i.e. z(P)+ y(P)/m > 1/2), there is no nontrivial ¢ € S’ such that
I'¢ € L(P). (Note that [BE] has slope —m, twice the slope of w-lines.)

This is an immediate consequence of the following lemma (due to
Strauss [10] for ¢ > 2), which limits the decay rate of a free wave.

Decay Lemma. For any nontrivial ¢ € S’ and 1 < ¢ < oo, one
has

(U@l > K™D, teR, ()= (1+)1,
where K > 0 is a constant depending on ¢. (Set ||9|lq = +oo if ¥ ¢ LI.)

Proof. Let u =T¢, v =T, with 0 # ¢ € S’, v € S. Then
(u(t), v(t)) = (#,9) = K, bence [K| < [u(®)llglo(®)]¢ If we choose a
special function ¥(z) = exp[—(z — a)?/4s], s > 0, a direct computation
gives [v(®)]ly = c()™V/7 =YD, Hence [[u(t)], > clK|({t)m/a-1/2).
This proves the required result if we can show that K # 0 for some choice
of a and s. But K =0 for all a and s would imply that e 5®¢ = 0 for
s > 0, as is seen from Green’s formula. On passing to the limit s — 0,
this gives ¢ = 0, a contradiction.

We now prove that I maps certain LP’s into certain L(P)’s. To this
end we introduce further special points

D = ((m —2)/2(m — 1),m/2(m — 1)) € [BE],
(D=E=(0,1/2) if m=1),

D' = (m/2(m — 1), (m — 2)/2(m — 1)) € [B'E/|
(D' =E' =(1,1/2) if m=1).

(Note that O, C, D are colinear.) We set T' = A(BCD) C T, which
is supposed to include the side |C D[ (except for m = 2) but no other

boundary points. Similarly we define 7 = A(B'C'D’ ycoT'.

Theorem 3.2. Let1/2 < 1/p < m/2(m—-1) (1/2 < 1/p <1
if m = 1). Then I' is bounded on LP to L(P) for any P € T with
7(P) = 1/p. T* is bounded on L(P) to L?" for any P € T' with n(P) =
1/p" +2/m.

Corollary 3.3. If(2m+2)/(m+2) <p <2, I" is bounded on LP
to LI(R x R™) for ¢ = (m + 2)p/m.

Remark. Corollary 3.3 generalizes the well known result of
Strichartz [12]. The restriction on p comes from the fact that the line
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m(z,y) = 1/p must meet the diagonal x = y inside T. The lower limit
of the possible values of q is 2 + 2/m, and corresponds to the maximal
decay.

Proof of Theorem 3.2. The following is an adaptation of a method
used by Giga [4] for the heat operator e~ 2. First fix ¢ such that

(3.1) 1/2—1/m<1/g<1/2 (0<1/qg<1/2 if m=1).

Let Q € [BC[ with z(Q) = 1/q, so that 7(Q) = 1/2. The special case
(i) (Section 1) shows that I' maps L? (continuously) into L(Q). On the
other hand, ¢ € LY implies that |U(t)#||, < c|t|"™1/2-1/D)||$||,,. Thus
I maps L? into L.(R), where R = (1/q,m(1/2 — 1/q)) € [BE], hence
m(R) = 1/¢', and where L, denotes the weak L-space with respect to

the time variable. Since @ and R are on the same vertical line z = 1/gq,
it follows from Marcinkiewitz’s interpolation theorem that if

(3.2) 1/2<1/p<1/g,

then I' maps L? into L(P) with

(3.3) z(P)=1/q and =(P)=1/p,
provided that

(3.4) y(P) < 1/p.

We now change the viewpoint and vary ¢, with p < 2 fixed. Then
(3.3) shows that P moves on a m-segment with z(P) = 1/¢, restricted
by 1/2 —1/m < z(P) < 1/p’, due to (3.1) and (3.2). This proves the
theorem for m < 2, since (3.4) is automatically satisfied. If m > 3,
(3.4) introduces a new restriction; combined with (3.3), it requires that
y(P) < w(P) = z(P) + 2y(P)/m, hence z(P)/y(P) = (m — 2)/m. This
means that P must be below the ray extending [OD]. Thus P must
belong to T. Summing up, we have proved Theorem 3.2.

If p > 2, Theorem 3.2 is not true. However, there is an analogous
result with L? replaced by a certain subspace. As is well known, the

Fourier transform F on R™ maps LP into LP. We shall denote its
image by LP, and make it into a normed space with the norm lolly =
|F~1¢||,r. Obviously LP is a Banach space, isometrically isomorphic
with L?'.
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Theorem 3.4. Let 2 < p < co. The map I is bounded on LP to
L(P) if P is in the triangle A(OBC) with w(P) = 1/p. The triangle is

assumed to ezclude |OC|[ but otherwise closed.

Corollary 3.5. If2 < p < oo, I is bounded on LP to LR xR™)
for g = (m+2)p/m.

Proof of Theorem 3.4. In view of the definition of LP, Theorem
3.4 is equivalent to saying that I' o F maps LP into L(P) if P is as
stated in the theorem. This is true for p’ = 2 = p by (i). Moreover,
['oF maps L! into BC(L*). Indeed, ¢ € L' implies U (t)Fy = Fuw(t),
where w(t)(€) = exp(—ité?)(£), so that w € BC(L!), hence I'Fop =
Fw € BC(L*®). The assertion then follows by another application of
the interpolation theorem [1;Theorem 5.1.2] to the pair BC(L*) C L(O)
and L(P), with P varying on [BC].

Unfortunately, the range of the P’s in Theorems 3.2, 3.4 does not
cover the basic triangle 7. But this does not mean that the region left
out cannot be realized. In fact it is easy to see that I'¢ € L(P) for all
P € O to the left of [BE]|, if ¢ is a sufficiently nice function. Actually we
are not so much interested in P outside the triangle T = A(BEF'). Thus
the following theorem gives a convenient criterion; here ¥ denotes the
Ginibre-Velo class H! N L3, where L? is the weighted L2-space (z)1L?,
(@) = (1 +|z[*)/2.

Theorem 3.6. Forany P € TU[BF|, I is bounded on ¥ to L(P).
For any P € T' U [B'F'[, T'* is bounded on L(P) to ©*.

Proof. ¢ € ¥ implies that ¢ € L9 for 1/2 < 1/¢ < 1/2+1/m
and that ¢ € H'. Hence ||U(t)¢|l, < K(t)~™(1/2-1/9) (maximal decay)
for 1/2 —1/m < q < 1/2, which implies that T'¢ € L% for 0 < 1/r <
m(1/2—1/q). Thus I'¢ € L(P) for any P € T U[BF|[. The second part
of the theorem follows by duality.

Finally we prove the promised improvement of Theorem 2.1. For
this we need another set of special points. Let

H=((m-2)/2(m-1),0), H' = (m/2(m-1),1)

(H =(0,0), H = (1,1) if m=1).
Theorem 2.1 (improved). Let P € TU[BH| and P € T'U[B'H'|
with m(P) — n(P) = 2/m. Then G, is bounded on L(P) to L(P). (H

and H' are introduced to avoid empty statement.)
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Proof. It suffices to consider the case P € [BH|or P € [B'H'[. In
the first case, let P = (1/q,0) € [BH[and set g = G.f, f € L(P). Then

g(t) = /a(t, s)U(t —s)f(s)ds

(3.5)

= /a(t, s+t)U(—s)f(s+t)ds =T"(arfr),
where
(3.6) ai(s) =a(t,s +1t), fi(s)=f(s+1).

But I'* is bounded on L(P) to L? by Theorem 3.2, since m(P)—-1/q=
2/m. Hence lg(®)ly < cllacs : PlI < ellf : Pll = cllf : Pll. This shows
that G, is bounded on L(P) to L% = L(P). The case P € [B'H'[ then
follows by duality.

§4. Further estimates

1. Free waves. By a free wave in general we mean a solution u €
S’'(R x R™) of the free Schrodinger equation Oyu — iAu = 0. Such u may
be identified with a function u € C*®(R;S’), where &' = S'(R™) (see
Schwartz [8]). Equivalently, we may write u = I'¢, where ¢ = u(0) € S'.
In fact {U(t)} forms a C*°-group on &’. Thus I'¢ is a general form of the
free wave if we allow all ¢ € §’. It is also well known that U(t) forms a
strongly continuous group on ¥ (for ¥ see Section 3). Since ¥ is a Hilbert
space, it follows by duality that U(t) also forms a strongly continuous
group on %*. However, these groups are not uniformly bounded.

2. Free waves in L(P). We denote by L(P) the set of free waves
belonging to L(P). It is easy to see that L(P) is a closed linear manifold
in L(P). Lemma 3.1 shows that L(P) = {0} if P is on or to the right of
[BE]; otherwise L(P) is a rather large space, as is seen from Theorem
3.6.

Lemma 4.1. Let P € T. If u € L(P), then u € C(R;X*). (C
denotes the class of continuous functions that tend to zero ast — £o0.)

Proof. w € L(P) implies that u(s) € L7 for almost all s, where
1/q = (P). But LY C ©*, since & C L by 1/2 —1/m < 1/q < 1/2.
Since u(t) = U(t — s)u(s), it follows that u € C(R; X*).

To analyze the behavior of u(t) for large ¢, let ¥ € ¥ and v(t) =
U(t)y € . We shall estimate (u(t), ).

[{u(®), ¥)| = [(u(t + s),v(s))] < [Jult + s)llqllvs)llq-
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But |||y < [{@)w|l2]|{(x) || for any w € LY, where 1/0 = 1/¢'—1/2 =
1/2 — 1/q < 1/m (see above) so that ||{x) ||, = ¢ < co. Thus

lo(s)llg < ell(z)v(s)llz = cll{@)U(s)pll2 = cl|U(s)(z + 2is8)¥ |l
=c|[{z + 2is0)9||2 < c(s)[¥|=.

(Here we have used the operator calculus involving z- and U(s) (see e.g.
Ginibre-Velo [5]).) Thus we obtain

[{u(®), )] < e{s)fult + s)llqllYll=-

We integrate this inequality in s, after multiplying with a weight function
k(s) > 0 with L'-norm one, with a bounded support including s = 0.
Since ||u(-)||q has finite L™-norm ||u : P||, where 1/r = y(P), it follows
that [(u(t),¥)| < c||kus : Pl|l|¢]|s, where ut(s) = u(t + s). Since this is
true for any ¢ € X, we conclude that

u(t) € ¥* with ||u(t)||s < ||kus : P||.

Since ||u : P||| is finite, the right member tends to zero as t — +oo if
y(P) > 0.

This argument does not work if y(P) = 0. But y(P) = 0 occurs only
if P = B, in which case u(t) € L? for almost all ¢, hence u € L(Q) for
every @ € [BC| by (i) (Section 1). Choosing any such @ with y(Q) > 0,
we see that the required result holds also for P = B.

Remark. Given u € L(P) with P € T, how can one characterize
¢ = u(0), or u(t) in general? Unfortunately we have no answer to this
question, beyond the fact that u(t) € ¥*.

3. The range of G,. In Section 2 we proved that G, is bounded on
L(P) to L(P) for certain P and P. Since G, is an integral operator, it
is expected that the functions produced by G, are continuous in some
sense or other, unless the function a is ill-behaved.

Lemma 4.2. Suppose that a has the property that for each t € R,
t, — t implies a(t,,s +t,) — a(t,s +t) for almost every s € R. (This
condition is satisfied for G, = G, G1.) If f € L(P) with P € T', then
Gof € C(R; T*).

Proof. Let g = Gof where f € L(P), P € T'. Then we have
the relations (3.5-6). Since I'* maps L(P) continuously into ©* (see
Theorem 3.6), we have g(t) € ©*, with ||g(t)||s- < c||f : P|.
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Next we prove that g(t) € £* is continuous in ¢. To this end we
compute

9(r) = g(t) =T"(ar fr — asfe) = Tar(fr = fr) + (ar — ar) fi]-

It suffices to show that the expression in [ ] tends to zero in L(P) as
T — t along any sequence t,,. This is true of a.(f;— f;), since translation
is continuous on L(P). The same is true of (a, — a;)f; by dominated
convergence, since by hypothesis a(t,,s+t,) — a(t,s+t) as t, — t, for
almost all s. This proves the continuity of g(t).

It remains to show that g(t) — 0 in ¥* as t — oo. To this end we
take any € > 0 and write f = f' + f”, where f’ is supported on (—oo, 7)
and f” on (r,00), with 7 sufficiently large that ||f” : P|| < e. Set
g =G.f', ¢ = G.f". It follows from the preceding results that both
g'(t) and ¢”(t) are continuous and bounded in £*, with ||g"” (¢t)||s~ < ce.
On the other hand ¢'(t) coincides with a free wave for ¢ > 7. Thus
Lemma 4.1 shows that ¢’(¢) tends in ¥* to zero as t — co. Since € may
be arbitrarily small, we have shown that g(t) — 0 as ¢ — co. Similarly
we can prove the same result for ¢t — —oo.

Lemma 4.3. Suppose that for each t € R, t, — t implies a(t,, s)
— a(t,s) for almost all s. (This condition is met for G, = G, G+.)
Let h(t) = U(=t)(Gof)(t), where f € L(P) with P € T'. Then h €
BC(R;X*). If, in particular, G, = G4 [G_], then h(t) — 0 in ¥* as
t — 0o [—o0].

Proof. We have

h(t) = / a(t,s)U(—s)f(s)ds =T"q, qi(s) = a(t,s)f(s).
Since ||g; : PJ| < || : PJ||, the result follows as in the proof of Lemma
4.2, except that h need not tend to zero as t — too. (In fact h is
constant if a = 1.)

If G, = G, then a(t,s) = 0 for s < t, so that ¢ — 0 in L(P) as
t — oo. Hence h(t) — 0in X* as t — co. G_ can be handled in the
same way.

§5. A miniature scattering theory for NLS

In this section we shall construct a scattering theory for small solu-
tions of (NLS), assuming, for simplicity, that

(5.1) |F'(Q)| < M'[¢|*, F(0) =0, where k > 1 is a constant.
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This implies that |F(¢)| < M|¢|* with some M; we may set M’ = M.
Our solution u will belong to L(P), where P € T is a k-point, by
which we mean that P and kP form a conjugate pair (see Section 2).
Obviously y(P) > 0 for a k-point P.
If P is a k-point, then kP € T' and (k — 1)7(P) = w(kP) — n(P) =
2/m, hence

(5.2) 7(P) = 2/(k — 1)m.

Thus 7(P) is determined by k only and decreases with increasing k.
Moreover, since P € T implies 1/2 —1/m < 7(P) < 1/2 4+ 1/m, it
follows from (5.2) that 1 +4/(m +2) <k <144/(m — 2). But this is
not sufficient; we have

Lemma 5.1. In order that there exist a k-point, it is necessary
and sufficient that

(5.3) [m+ 2+ (m? +12m +4)Y%]/2m < k < 1+ 4/(m — 2).
The right member should read oo if m < 2.

Remark. Lemma 5.1 wil be proved below. (5.3) is a familiar con-
dition that recurs in various situations for NLS, see e.g. [2,3,11,13]. It
is of some interest that it occurs here as a simple geometric condition.
Under condition (5.3), a typical k-point is given by

(5.4) P=(1/(k+1),1/(k — 1) — m/2(k + 1)).

Of course any points sufficiently close to P on the 7-line through P are
k-points.

In what follows we have to do with free waves that are asymptotic
to solutions v of (NLS). In general we say that two functions u,v €
C(R; 8’) are asymptotic to each other at co, and write “u ~ v at 00”, if
U(—t)(u(t) —v(t)) — 0 as t — oco. Similarly we define “u ~ v at —o0”.
Obviously the relation u ~ v is invariant under simultaneous translation
of u,v in £. We also note that given u, there is at most one free wave v
such that u ~ v at oo, and similarly at —oco. This follows from the fact

that U(—t)v(t) = v(0) for a free wave v.

Theorem 5.2. Let P be a k-point, and u € L(P) a solution of
(NLS). Then there are unique free waves ux € L(P) that are asymptotic
to u at £oo. The maps u — us are continuous and injective from L(P)
to L(P), and in fact uniformly continuous on bounded sets in L(P).

Proof. Uniqueness of u4 is obvious from the remark above. We
shall construct u4 (u— can be similarly handled). Set w = —iGL F(u) €
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L(P), which exists because F'(u) € L(kP) (by (1.10b)) and P, kP are
conjugate. Then (0; — iA)w = —iF'(u). Since (0; — iA)u = —iF (u), we
have (0; —iA)(u—w) = 0, so that u; = u—w € L(P), and we can write
u = uy —iG4F(u). That u ~ uy at oo follows from Lemma 4.3. The
map u +— u4 is uniformly continuous on bounded sets since u — F'(u)
from L(P) to L(kP) and F(u) — w = G F(u) from L(kP) to L(P)
have the same property (see Theorem 2.1).

The proof that u — w4 is injective is more complicated. Suppose
that there is another solution v € L(P) of (NLS). Then we have as
above v = vy —iG F(v), where vy € L(P) and v ~ v4 at co. we claim
that if vy = uy then v = u. Indeed vy = u, implies

(5.5) u—v=—1Gy(F(u) — F(v))

on subtraction. We divide (—o0, 00) into a finite number of subintervals
Io = (—OO,Tl), Il = (Tl,Tz), ey In = (Tn,OO), and set u; = Xju,
vj = X,;v, where x; is the characteristic function of I;. Since ||u : P||
and [|v : P|| are finite, for any € > 0 we can choose n and the I; so that
lluj = PII*=" + [llv; : PI*! <e.

Let us compute u; —v; by multiplying (5.5) with x;. Since G is of
Volterra type, with integration on (¢, 00), there is no contribution from
the parts u;, v; with ¢ < j. Since G is bounded on L(kP) to L(P) and
since

|F(u;) — F(v5)] < eMus — vl (Jua|F~1 + o7,

we obtain (cf. [7] for this computation)
Il —v; = Pl < e YN E(us) — F(wi) : kP
i=j

(5.6) <eM ) lui —vi: Pll(ui : PI*" + Jos = PYI*)

1=j

< CMGZ llu; — v, : P
i=j

Now assume that € is chosen so small that cMe < 1. If we set
j = nin (5.6), we obtain ||u, — v, : P|| < cMé€||u, — vy, : P||, hence
Up = VUp. On setting j = n — 1, then, we have ||up—1 — vp—1 : P||| <
cMe||up—1 —vn—1 : P||, hence u,,_1 = v,_1. Proceding in the same way,
we obtain u; = v; for j =0,1,...,n, hence u = v.

We now construct a scattering theory for small solutions in L(P).



236 T. Kato

Theorem 5.3. Let P be a k-point. Then there exist balls By in
L(P) and a ball B in L(P), with center O and positive radii, with the
following properties.

(a) Ifu_ € B_, (NLS) has a unique global solution u € B such that
u~u_ at —oo.

(b) There is a unique free wave uy € L(P) such that u ~ uy at oo.

(c) The scattering operator S : uy = Su_ is well defined and is

continuous and injective on B_ to L(P).
(d) The range of S covers By.

(e) All u and uy belong to C(R; X*).

Remark. Our scattering operator S acts on space-time functions,
and differs from the conventional ones, which act on space functions.
Our viewpoint is in conformity with the idea of Segal (see e.g.[9]).

Proof. To construct the solution u, we solve the integral equation
u=®_(u) =u_ —iG_F(u) by a routine method (such as was used in
[6,7]; see Section 1 for G4). Indeed, given v € L(P), we have F(v) €
L(kP), with ||F(v) : kP|| < M||v: P||*. Since P and kP are conjugate,
we obtain ||®_(v) : P|| < ||u : P|| +cM]|||lv : P||* by Theorem 2.1. It
follows that ®_ sends a certain ball B of L(P) into itself if ||u_ : P|| is
sufficiently small. An analogous estimate using the Lipschitz continuity
of F' shows that ®_ is a contraction on B. Thus ®_ has a unique fixed
point u in B, which is a (weak) solution of (NLS). Lemma 4.3 then
shows that u ~ u_ at —oo.

Since we are using the contraction theorem, the uniqueness of u in B
is obvious. Moreover, the continuity of the map u_ + u follows easily.

The existence of v, hence of S too, follows from Theorem 5.2. Since
the map u — w4 is injective and uniformly continuous on bounded sets,
the same is true of S. Property (e) follows from Lemmas 4.1-2.

Finally we note that the role of u_ and u; may be reversed to
construct the inverse operator S=! : u_ = S~lu, for sufficiently small
uy € L(P). Since ||u— : P|| < const||uy : P|| for sufficiently small |||u, :
P|| (due to the uniform continuity proved above), we have S™!B, C B_
if B is sufficiently small. This shows that the range of S covers B,.

Proof of Lemma 5.1. 'We recall some properties of the generic con-
jugate pair I, I. | and [ are parallel and have the same length; the upper
end Q of | is on the vertical side |EF[ of T, the lower end Q of [ is on
the vertical side |E'F'[ of T, and @, Q have the same height, which we
denote by h. Let R denote the lower end of I, and R the upper end of [.

Obviously a k-point P € [ exists with some k > 1 if and only if
there is a ray OX from the origin O that meets both { and I; in this case
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k = m(l)/=(l), since | and [ are parallel, so that k does not depend on
the exact position of the ray.

If h < 1/2 so that [ is on or below [BC|[, R is on the bottom side
[BF[ of T. Thus the ray OP meets [ if P € [ is sufficiently low, hence
k-points exist on [ for some k. If we let h — 0, so that [ shrinks to
the point F' = (1/2 — 1/m,0), and [ to E’ = (1/2 + 1/m,0), the ratio
k = m(l)/m(l) approaches (1/2+1/m)/(1/2 — 1/m) = (m +2)/(m — 2).
If h=1/2,then !l = [BC[,l=[B'C’[,and k =1+ 4/m.

The case that [ is above [BC]| is more complicated. In this case R
is on the hypotenuse BE of T' and R is on the upper side [B’'F'[ of T".
If h is not too large, the ray OR is still below the ray OR, so that there
is a ray OX that meets both [ and I. If h is increased, this ceases to
be the case eventually. The critical value of A can be determined by
the condition that the two rays OR and OR coincide. An elementary
algebra gives the value of h, then of k, which turns out to be the value
on the left side of (5.3). Since k decreases with increasing h, we have
proved the lamma.

Acknowledgement. The writer is indebted to A. Jensen,
G. Ponce, and W. Strauss for various critical and informative comments.
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Helmholtz-Type Equation
on Non-compact Two-Dimensional
Riemannian Manifolds

Reiji Konno

81. Introduction

We shall consider the existence, or rather non-existence of square
integrable solutions of the equation —Af = Af on a non-compact Rie-
mannian manifold which is homeomorphic to R™ minus a ball, where A
is the Laplace-Beltrami operator and A is an arbitrary positive constant.
The source of this problem is the study of the non-existence of positive
eigenvalues of the Schrédinger operator —A + ¢ in a region of R", and
the method used there was found to be applicable to problems of the
above type.

There may be séveral ways of physical interpretation of the equation
—Af = Af on manifolds. But probably the most essential one is as
follows: Let a Riemannian manifold M represent a non-Euclidean space
which is filled up with a medium whose displacement on some quantity,
e.g. pressure, electric field etc., obeys Hooke’s law isotropically and
homogeneously in each small portion of the medium. We suppose further
that the displacement is transferred entirely to the neighboring portions
without influence of the curvature. (This situation occurs, for example,
if M is a surface and the medium is distributed on and moving along
M without friction or obstruction.) Then, the displacement D should
enjoy the “wave equation” Dy; = AD (by taking an appropriate scale),
therefore —Af = Af describes the standing wave D = etV f(z).

We notice that the total energy / (|IDs|* + |VD|*)dM is finite if
M

and only if / |f|2dM is finite. Therefore, what we are asking is the

M
conditions for M not to admit a standing wave of finite energy.
Before describing the general statement, let us see examples of M
which have L2-solutions.

Received December 7, 1992.
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Examples. (a) M is the semi-infinite cylinder whose metric ds? =
dr? 4 p¢d6?, v € (ro,00), 6 € S', where po is a positive constant. Since
A = 8%/0r% +p;29% /962, the function f = e~ *+27 s an [2-solution
for A = —a? + 472n?/p3 if the constant a and the integer n satisfy
0 < a< 2mn/py. (b) Let ds® = dr? + €%%"dh?, r € (ro,00), 6 € S'.
If a and b are constants such that 0 < b < a < 2b, then f = e * is a
solution for A = b(a — b) which is square integrable since dM = e*"drd#.

The above examples suggest that, in so far as 2-dimensional rota-
tionally symmetric manifolds are concerned, the following theorem is in
some sense a satisfactory one.

Theorem 1 ([2],[4]). If M is a two-dimensional manifold whose
metric has the form

ds? = dr? + p(r)2d6?, r € (rg,00), 8 € S*

where p(r) is a positive absolutely continuous nondecreasing function of

> d
r which enjoys (i) p(r) — oo (r — o00) and (ii) / r:) = oo, then for
To

any constant A > 0 and any nontrivial locally square integrable solution
of —Af = Af, there exist constants C > 0 and r1 > rg such that

dr

0 R
/TO<T<R’f ["aM ZC/m oy (=T

holds where dM = p(r)drdf. (Therefore f ¢ L?(M) unless f =0.)
The previous example (a) does not satisfy (i), while (b) breaks (ii).

Corollary. Let M be a surface of revolution in R® obtained by
rotating the graph of an arbitrary absolutely continuous function z =
z(p), po < p < o0, around the z-azis. Then M has the same property
with respect to the natural metric. In particular, any non-vanishing
solution of —Af = Af, A >0 can not be square integrable.

As to the higher dimensional cases, we have the following theorem.

Theorem 2 ([3],[4]). Let M = {(rnw) | 1o < 7 < o0, w €
S"~11 (n > 2) with the metric ds*> = dr? + p(r)2ds? where p is a
positive function and d3 is the line element of the (n — 1)-sphere S™7*.
Suppose that

() peC(ro,0), F(r)>0 and p(r)— oo (r— o)

(i) p'(r)/p(r) =0 (r — oo).



Helmholtz Equation on Non-compact Manifolds 241

(i) /()/6/(r) — 0 (r — o).
(iv) There exists a number a > 0 such that

/°° dr
=00
ro P(T)

Then for any A > 0 and any non-zero solution of —Af = Af and for
an arbitrary € > 0, we can take C > 0 and ry > rg so that

B dr
[ pamze [ S mzw).
ro<r<R

To

We see that Theorem 2 assumes weaker growth of p(r) than Theorem
1. Moreover, the obtained estimate is better. But it requires higher
smoothness of p and restricts the magnitude of p” in return.

§2. Not symmetric manifolds

T. Tayoshi’s work [6] treated the case in which the metric itself is
not rotationally symmetric but approaches such one asymptotically. His
theorem is a generalization of Theorem 2 above, though not completely.
Here we want to have an extension of Theorem 1.

Let M be a two-dimensional manifold whose metric has the form

ds® = a(r,0)dr? + 2b(r, 8) p(r)drdf + c(r,0)p(r)*dé?,

where a, b, c and p are real-valued functions. To describe the conditions
altogether, let us begin with definitions.

Definition 1. (i) t(r) = exp(— /T ;%)

(ii) For each number m > 0, the quantity h(r;m) is the one that

satisfies
r+h(r;m) ds
/ —— = mt(r).
r p(s)
im) = essinf $)2p'(s).
() plmm)=__ essinf | p(s)°p'(s)
Assumption on p.
(i) p(r) is positive, nondecreasing and absolutely continuous with
p'(r) >0 ae.
(i) p(r) = o0 (n— o0).
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(iii) /T:o % = 00.

(iv) t(r)/p'(r) =0 (r — o0).

< p(rym) —
) ~/'r p(r+h(r;m))dr— '

Remark. If p(r)t(r) is bounded and p'(r) < 1, and moreover

p(r)%p'(r) is nondecreasing or nonincreasing, then the condition (v) is
fulfilled.

Definition 2. g=+ac—-b?, A=a/g, B=b/g, C=c/g.

Definition 3. A function f(t, ) is said to satisfy the condition of
Definition 3 if it enjoys the inequality

| f(point 1) — f(point 2)| < ¢(distance)

where () is a positive continuous nondecreasing function of z > 0

which fulfills / {¥(x)/z}dx < co. By the way, if the two points are
——40

(t1,601) and (t2,02) then the distance is \/t3 + t2 — 2t,¢5 cos(6; — 05).

Remark. This condition is a generalization of the uniform Holder
continuity, the latter corresponding to ¥ (z) = Kz®.

Assumptions on a, b, c.

(i) a, b, c € CY((ro,00) x S), a >0, a/c — 1, and b — 0 as
r — 0o and there exist numbers k, land r; (kK >0, 0<1<2, r1 > rg)
such that

92>k g:/9>—lp'/p (r=r1,0€8")
(i)  geb/(9%) =0 (r— o0),
get/(g°p') = 0 (r — o).
(iii) As functions of ¢ and 6,
pt YA, pt71B,, pt72C,., t 1Ay, t72By, t71C

have the limits at ¢t = 0 (i.e., 7 = o0), and satisfy the condition of
Definition 3 near ¢t = 0.

Our main theorem is as follows:
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Theorem 3. Under the above assumptions, the equation —Af =
Af on M has no non-trivial solution of integrable square, provided
A>0.

It should be noted that the conditions do not make reference to the
second order derivatives of the metric.
This theorem is proved by combining the following two lemmas.

Lemma 1 (Estimate by isothermal coordinates).

Let the two-dimensional Riemannian manifold M admit a global
system of coordinates u, v, ug < u < 0o, v € S' so that they are
isothermal, that is, the metric has the form

ds® = 7(u,v) (du2 + dvz)

by a positive function T(u,v). We suppose that T is absolutely continuous

with respect to u for a.e.v € St and of class C' with respect to v for
a.e.u. Moreover let

o(u) = efesérllf—u'r(u,v)

satisfy

/uoo o(u)du = oo.

0

Then for every non-trivial solution of —Af = Af on M (A > 0), we
can find numbers C > 0 and uy > ug such that

/ |fPdu>CU (U > u,)
ug<u<U

holds (dM = Tdudv).

Lemma 2 (Existence of suitable isothermal coordinates).

If a two-dimensional Riemannian manifold satisfies the assumptions
of Theorem 3, there exist a number ry and C'-functions u(r,0) and
v(r,0) defined for r > vy, 8 € S, which satisfy

vr = Bu, — Ap-lu@a

vg = Cpu, — Bug.

Here (i) for each 6, u(r,8) is strictly increasing with r, u,(r,80) is abso-
lutely continuous and u(r,0) — oo asr — oo. On the other hand vg > 0
and the value of v(r, ) is determined up to the difference of 2kn (k€ Z).
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(ii) In terms of u and v, the metric is expressed as
ds® = 7(u,v)(du® + dv?),

_ g
~ Cu? —2Bp~luyug + Ap~2u2’

T

(iii) o(u) =ess érllf O1/8u enjoys
ve

/:o o(u)du = oo.

0

Lemma 1 together with Lemma 2 claims that if the solution f is
square integrable over M then f(r, ) = 0 for sufficiently large r, say, r >
r1. But, in our situation, we can easily verify the unique continuation
property so that f = 0 holds throughout M. (So far as the unique
continuation applies, M itself need not be of the shape described before.
If only a part of M has that shape, we must have the same conclusion
again.)

§3. Sketch of the proof of Lemma 2

The proof of Lemma 1 can be got by a standard argument. Therefore
we will leave it to the full paper [5].

The main point of the proof of Lemma 2 is to obtain the solution
of Au = 0 which has the asymptotic form u ~ [dr/p. To this end we
change the variables from r, 6 to t, 8 and look for the solution of Au =0
having the form u = —logt + £(¢,0), £ € C? in the neighborhood of
t = 0. In fact, &£ enjoys the equation

(é&r + Bgy)w + (Bgm + Afy)y = t_lct + t*ZBG

where © = tcosf, y = tsinf and A, B, and C are quadratic forms of
cos 0 and sin # whose coefficients are linear combinations of A, B and C.
Thus we can apply the classical theory of Korn and Lichtenstein or its
extended version by Hartman and Wintner. We cite here a part of their
theorem.

Theorem (Hartman & Wintner [1]). Suppose A:(z,y), Bi(z,y),
Ba(z,y) and Cy(z,y) are C*-functions whose first order derivatives sat-
isfy the condition of Definition 3. We assume A;Cy — (B1+B2)%/4 > 0.
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Moreover, let D(z,y) and E(z,y) are functions which satisfy the condi-
tion of Definition 3. Then the equation

(C1&e + B1&y)e + (B2be + A1y)y + DE=FE

has a C?-solution in some neighborhood of x = y = 0.

From the assumed regularity of A, B and C, it is easy to see that
the conditions of this theorem are fulfilled by putting A; = A, By =
Bs = B, C; = C. Thus we obtain the desired £. Set

(t,0)
v(t,0) = / (But + At~ ug)dt — (Ctuy + Bug)d.
fixed point

Then a straightforward calculation shows that the pair of u = — logt+¢
and v form a set of isothermal coordinates. The estimates for their
derivatives up to second order are derived from the C? property of ¢
with respect to £ and 6.

What is left is to show [ p(u)du = 0o, ¢(u) being essinf, 7/0u.
This calculation is somewhat involved, but eventually we are led to the
conclusion that there exist constants K > 0 and r; > r¢ for which

Tu > Kp?p' (r2>11)

holds and that the contour {u = const.} lies between the circles of radii
r and r + h(r;m), m being some constant not depending on r. We
know that ¢(u) is the infimum of 7, on the contour {u = const.} while
©(r;m) is the infimum of 7, in the region between those circles. This
fact establishes the lemma.

Example. Consider p(r) which has the form p(r) = po(r)—pj(r) (1—
k(r)) sinr where po(r) is a positive function having absolutely continu-
ous derivative and k(r) is an absolutely continuous function. We assume
(i) po(r) — oo (i) 0 < p'(r) <1 (i) 0 < k(r) <1 (iv) k(r)~'&'(r) — 0
(v) po(r)k(r) is nonincreasing (vi) p()(r)k('r)exp(f?; [po(s) + 1] 1ds) —
oo (vii) [ po(r)pp(r)k(r)dr = oo (viii) p'(r)~"pg (r)k(r)™" — 0. Then
we can show that p(r) satisfies all the conditions. If we choose pg(r) =
r* (0 < a < 1) or po(r) = logr then it fulfills (i)(ii)(iii). It also satis-
fies (vi)(vii) and (viii) if we choose a nondecreasing k(r). In particular,
by setting k(r) = 1, p(r) = r* and p(r) = logr themselves meet the
conditions.

Example. The following example shows how fast A, B, C should
tend to their limits. Let p(r) =r and puta = 1—7r"%cosf, b = r~“sin6
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and ¢ = 1+r~*cosf wherea > 2. Thent = r~! and g = v/1 — r—22. The
crucial terms are t73C, and t~2Bg. But they are close to —at® 2 cos 6
and —t*~2 cos 6 respectively. Therefore they fit the conditions.

[1]

[2]

[3]

[4]

(5]
[6]
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On a Backward Estimate for Solutions
of Parabolic Differential Equations
and its Application to Unique Continuation

Kazuhiro Kurata

Abstract.

We proye a new backward estimate and a new strong unique
continuation property for solutions u € C = C°((0,T); H*(R™;
e~lel® dz)) NnC*((0,T); L*(R™; eelel® dz)) of parabolic differential

du

equations 3¢ = Au + V(z,t)u under certain conditions on V', where

a > 0 is a fixed number.

§1. Main results
We consider the following parabolic differential equation:

(1.1) %%L =Au+V(z,t)u in R" x(0,T),
where V is real-valued, T > 0, and n > 3. Let a > 0 be a fixed num-
ber and let w(z) = e~*=*. We denote by L2(R™;w(z)dz) the closure
of C°(R™) under the norm ||uflz2(w) = (Jgn lu(@)Pw(z)dr)l/2. We
also denote by H?(R™; w(x)dz) the closure of CS°(R™) under the norm
1/2

lull 2wy = (Zog[mgz HDﬁ“”%z(w)) , where DP = 851 9P, 8 =
ge:s 181 = 271 Bj for 8= (B1,--+,Bs). Put C = C°((0,T); H*(R™;
w(z)dz)) N CL((0,T); L*(R™;w(z)dz)). We say u € C is a solution of
(1.1) if u satisfies (1.1) in L?*(R™; w(z)dz) for each t € (0,T).

For a point 2, = (z,,t,) € R™ x (0,T) and 0 < R < +/t,, we set
Sr(to) = {z = (z,t) e R" x (0,T) | t = t,— R?}. By using the backward

1 ‘w — 330'2 o
(47r(to _ t))n/2 eXP(—m) which is defined

heat kernel G,_(z) =

Received January 5, 1993.
This work is supported by Grant-in-Aid for Encouragement of Young
Scientists (No. 04740096), The Ministry of Education, Science and Culture.
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for t < t,, we define the weighted L? norm H, (R;u) and the weighted
energy I, (R;u) over Sg(t,) as follows:

1
H, (Ryu) = —/ u?G,, dx,
o 2 SR(to) o

I, (Ryu) = —1—R2/ (|Vu? = Vu?)G,, dz.
2 Sr(to)

Under certain assumptions on V we shall study the behaviour of
H, (R;u) and I, (R;u) as R — 0 and prove a ‘monotonicity formula’
for the weighted energy I, (R;u) (Lemma 3.1) and a doubling property
for H, (R;u) (Theorem 1.3).

To state our assumptions on V', we first recall the definitions of the
Fefferman-Phong class F; and the Kato class K,,. V € LL (R") is said
to be of the Kato class K,, if

V)l
- (x) |x_yln—2 ’
where B.(z) = {y € R*||lx —y| < r} for r > 0. For 1 <t < n/2,

V e Lt _(R™) is said to be of the Fefferman and Phong class F; if
1

WVig = sup (s V|t dy)/* < +oo.
e "B @ e

lim n® (r; V) =0, 7™(r;V)= Sup/

We note that F,,/, = L"?(R*") C F; C Fyfor1 < s <t < n/2 and
weak-L"/2(R™) C F; for every t € [1,n/2); V € K,, implies V € Fy; but
L™/?(R™) and K, are incomparable for n > 3.

For 1 < t < n/2, we define the function space @Q; by @; = {V =
Vi+Ve; Vi €K,, Vo € F;} and for V € Q; set

1.2 Ve, = [V|B = inf K(R,:V; V-
(1.2) Vg, = IVIg: v:vfi‘vzth{" (Ro; V1) + |V2l| R, }

for R, > 0. Throughout this paper we fix R, > 0.

Definition 1.1. For 1 <t <n/2,p > 1, we say V belongs to the
class Q¢ (0,T), if V satisfies
(1) for each t, € (0,T), there exist positive functions W,U > 0 and a
compact set K C R" such that

(1.3) \V(z,to —s)| < W(z,s)+U(s), supp,W(,s)CK

for every s € (0,t,),
(2) |W (-, s)|P € Q; for every s € (0,t,).

Now we state our assumptions for V.
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Assumption (A). V satisfies the following conditions for 1 < ¢t <
n/2,p > 2.
() V € Qi p(0,T) and V = 2V +(z—12,) Vo V+2(t—1,)0,V € Q:,(0,T);
(i) for the expression |V| < Wy + U; and |V| < Wy + Us, put f;t")(s)
= s274/p |||Wj(s2)|p||gtp +52U;(s?),j = 1,2. Then there exists s; > 0
such that

s1 (to)(s)

(14) 1) =0 —0), [ 2=

ds < 400

for every ¢, € (0,T).

Example 1.2. (1)IfV € CI(R™ x (0,T)) and V, (1 + |z|)|VV],
|8,V | € L>*°(R™ x (0,T)) and have compact support for each t € (0,7,
then V satisfies Assumption (A).

(2) Let V(z,t) = V(z) be independent of time variable. If |V|P and
|1~/|p, V= 2V+(z—x,)-V,V, belong to the class @, for some 1 <t < n/2
and p > 2 and have compact support, then V satisfies Assumption (A).

We state our main results.

Theorem 1.3 (Backward Estimate).  Suppose Assumption (A).
Let u € C be a solution of (1.1). Then for z, = (z,,t,) € R™ x (0,7,
there exist constants R* and C, > 0 such that

(1.5) / uszo dzx < CO/ u2Gzo dx
Sar(to) Sr(to)

for every 0 < R < R*(< +/t,). Here C, is a constant independent of R.
Theorem 1.3 implies

Theorem 1.4 (Unique Continuation).  Suppose Assumption (A).
Let u € C be a solution of (1.1) and let 0 < v < 1. If u satisfies, for
some 2z, = (Zo,t,) € R™ x (0,T) and for arbitraly N > 0,

(1.6) u’G,, de = O(RN) as R—0,

/.S'R(to)m{|au—mo|<R‘f}

then u(x,t) =0 on R™ X (t, — (R*)?,t,), where R* > 0 is the number
given in Theorem 1.3.

As a corollary of the proof of Theorem 1.3, we obtain backward
uniqueness, if we assume
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Assumption (A’). In addition to Assumption (A), V satisfies
that the compact set K (associated with the definition V € Q, ,(0,T))

can be taken uniformly in ¢, € (0,T) and Fi(s) = sup, ¢ (o, 1) fl(t")(s) —
0 as s — 0, where fl(t")(s) is the function defined in Assumption (A)
(ii).

Corollary 1.5 (Backward Uniqueness). Suppose Assumption (A’).

If the solution u € C of (1.1) satisfies u(-,t,) = 0 for some t, € (0,T),
then u(-,t) =0 for every t € (0,t,).

We note that if the assumption (A’) is satisfied, then we can take
R* = min(1/ V38a, Vto, Ri), R, is independent of ¢,. By this observation
Corollary 1.5 follows easily (cf. [GL], [Ku]). As a direct consequence of
Theorem 1.4 we have

Corollary 1.6 (Weak UCP).  Suppose the Assumption (A). If the
solution u € C of (1.1) vanishes in some open set w C R™ x (0.T"), then
u vanishes in the horizontal component of w in R™ x (0.T).

There are several results on backward uniqueness and unique con-
tinuation theorems (see e.g., [L], [M], [So], [SS], [LP]), but Theorem 1.3
is new even in the case V = 0, and Theorem 1.4 yields the different type
of strong unique continuation property for solutions of (1.1). Moreover,
the method of this paper is different from the previous works. This work
is a parabolic version of [Ku].

If @ c R™ is bounded, smooth, and convex, we can show the same
results for solutions u of
(1.7) %% =Au+V(z,t)u in Qx(0,T7), u=0 on Nx(0,T).
Recently we also proved similar results for weak solutions. However, we
do not know whether the backward estimate of type (1.5) also holds or
not for u satisfying (1.7) locally (that is, without boundary condition).

§2. Preliminaries

In this section we show an inequality which controls singularities of
V in the proof of Theorems. Let z, = (z,,t,) € R™ x (0,T) and put

1 I, (R;u)
o, (R;u) = =R? Vul?G, N, (Rju) = 21~
o(R? 'LL) 2 ,/SR({;O) | Ul o dx’ o(R u) Hzo(R; u)

Then we _have
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Lemma 2.1. Suppose V € Q:,(0,T) with 1 <t < n/2,p > 1.
Then there exists a constant C > 0 such that

(2.1) / |V|u?G,, de < U(R*)H,,(R;u)
Sr(to)
+ CR™Y7|||W (R?)P|| g7 (®., (R; w) + H., (R;u))

for every \/t, > R > 0 and u € C°((0,T); C>*(R"™)), where U and W
are functions associated with V by Definition 1.1.

As an easy consequence of Lemma 2.1 we have

Lemma 2.2. Suppose that V € Q;,(0,T) with1 <t <n/2,p > 2
and that f(to)(s) = s2U(s?) + 52—4/p|||W(s2)|”||é,/tp — 0 as s — 0. Then
there exist C' > 0 and sufficiently small R, such that

(2.2) C™'®, (R:u)<I,(R:u) <C®, (R;u)
for every 0 < R < R, satisfying N, (R;u) > 1.

To prove Lemma 2.1, first we note that if V € K,,,

/ lVlung(n)nK(r;V)(/ |Vul2dx—|—i2/ u® dz)
R™ R~ ™ JRrn

for every 7 > 0 and u € CS°(R™), and that if V € F, with 1 <t <n/2,

[ Vi <omVie [ Vuldo
n R‘n.

for every u € C°(R") (see e.g. [F], [Si]). Hence if V € Q; with 1 < ¢ <
n/2, we have

(2.3) / V|u? < C(n,t,Ro)||V||Qt(/Rn |Vu|2dac+/ u? dz)

for every u € C3°(R™), where R, > 0 is a fixed constant.

Proof of Lemma 2.1. Let t, € (0,7). We use the notaion Sg =
Sr(to) and G = G, for the sake of simplicity. Since V' € Q: ,(0,T), by
the definition there exist W, U > 0 and a compact set K C R” such that
|V(z,t, — R?)| < W(x, R?) + U(R?) with supp,W (-, R?) C K for every
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0 < R? <t,. Letn€ C®(R") satisfy n(z) =1 on K, 0 < n(z) <1, and
|Vn(z)| < C. By Holder’s inequality, we have

/ W (2, B2)[u2G dx
Sr

< (/ |W(:c,R2)|pu2Gda:)l/p(/ W2G dz)V/1
S Sr

— CHRw)([ Wi, B)PwiG o)

Sr

where 1/p+ 1/q = 1. The inequality (2.3) yields

/ WIPu2G da

Sr

(2.4) S/ |WIP(nu)?G dzx
Sr

<COOIWPla( [ VimG )P ds+ [ 126 ds).

Sgr SR

Since |V (nuG'/?)|? < C(n)(u? + |Vu|?>)G + C(n, K)ﬁ—iG, we obtain

/ |W|Pu?G dz
Sr
(2.5)
1
< Ot ) WPlla, (1 + g H(Riw + [ [Vul*Gda),
R

Hence it follows that
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(2.6)

/ [V |u2G dx
Sr

g/ lW|u2de+U(R2)/ u?Gdzx
Sr S

R

< 2U(R*)H(R;u)

H(R;u) ®(R;u)\"”
+C(n,t,p)IIIWIPIIQQ/t”H(R;u)l/q( (R4 ) (R2 ))

< 2U(R*)H(R;u)
+C(n,t, p)R™4/P|||W PP (H(R; ) + ®(R; u)).
Q.E.D.

Proof of Lemma 2.2. Note that I(R;u) = ®(R;u) — V(R;u) and
that N(R;u)>1 implies H(R;u) < I(R;u) by definition. By Lemma 2.1
we have, for R > 0 satisfying N(R;u) > 1,

(2.7) ¥ (R;u)| < CFC)(R)®(R; w).

Hence, by the assumption f(*-)(s) — 0 as s — 0, there exists R, > 0

such that Cf()(R) < 1/2 for every 0 < R < R,. Hence we obtain the
desired estimate. Q.E.D.

§3. Proof of theorems

In this section we prove theorems. Suppose that V satisfies As-
sumption (A) and u € C is a solution of (1.1) throughout this section.
Without loss of generality, we may assume z, = (O,0) and consider
(1.1) for t < 0. We write Sg = Sg(0) = {(z,t)|t = —R?}, G, = G(0,0),
H(R) = H(,0)(R;u), I(R) = I(0,0)(R;u) and N(R) = No,0)(R;u),
and use the notation P(u) = x - Vu + 2t8;u. Let R* = min(1/v/8a, R,),
where R, is the number determined by Lemma, 2.2 with respect to ¢, = 0.
Then we have

Lemma 3.1. For0 < R < R*, I(R) is differentiable and satisfies

I'(R) = -2-% P(u)*G, dzx
(3.1) Sr

- g 2V +z-VV + 2t8tV)u2Go dz.
Sr
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If u(x,t) Z 0 on R™ x (—(R*)2,0), then it follows that H(R) > 0 for
every 0 < R < R*. We note that this fact can be proved by the similar
argument as in [GL;p264] ( see also the proof of Theorem 1.5 in [Ku]).
Therefore we may assume that H(R) > 0 for every 0 < R < R*, and
hence N(R) is also differentiable on (0, R*). Let V = 2V 4+-VV +2t8,V
have the expression |V| < W, + U, by the assumption V € Q:,p(0,T).
Then by Lemma 3.1 we obtain the following differential inequality for
N(R).

Lemma 3.2. There exists C > 0 such that

(3.2)
N'(R) R2U5(R?) + R*7|||[Wo(ROPIGP . f9(R)
N(R) 2 -C( R #)=-C R

for 0 < R < R* satisfying N(R) > 1.

Proof of Lemma 3.1. 'We follow the computation of Struwe [St].
Let ur(z,t) = u(Rx, R*t). Then we have ®(R;u) = ®(1,ugr). If u

0 o
is a solution of 6—1: = Au + V(z,t)u, then ug is a solution of il

ot
Aug + Vr(z,t)ur, where Vg(z,t) = R?V(Rx, R*t). By noting VG, =
—(z/2R?)G, on Sg, we obtain

. dq)(l; ’LLR)

/ .
¥ (Rsu) = =

dug
== s, VUR . V(FE)GO dzx

duR

(33) = — /Sl (AURGO + Vug - VGO)E dx

_ /SR @(@ + R?Vu)G, dz

- L [ PwG,dz+R / P(w)VuG, d.
2R Sk Sk

On the other hand, since ¥(R;u) = % st VulG,dx = % fSl Vrui G, dz,
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we have

1 dv, dup

V(Riw) = 3 / b Goda + VRE%URG do

R

(34) = 5 (2V +x-VV + 2t8tV)u2Go dx
Sr
+R | Pu)VuG,dx.
Sr

Combining (3.3) with (3.4) we complete the proof. Q.E.D.

Proof of Lemma 3.2. Since H(R;u) = H(1;ugr), we have

(3.5) H'(R)= H'(R;u) = / uRduRG dr = ~ uP(u)G, dz.
S dR R Js,.

On the other hand, multiplying uG, to (1.1) and integrating over Sg,
we obtain

/ uOuG,dxr = —/ |Vu|2God:c—/ uVu-VGodx—}-/ Vu?G, dz.
Sk Sk Sr

Sr

Since VG, = 3;G, on Sg, this implies
(3.6) I(R) = —1-/ P(u)uG, dzx.
4 Js,

Hence we obtain H'(R) = 4I(R). Therefore, for 0 < R < R*, (3.1) and
(3.7) yield

N'(R) _I'(R) H'(R)

N(R) I(R) H(R)

(3.7) _ Jsa P(w)°Godz  4I(R)
ZRI(R) " RH(R)
R
- —— 2V . 2 .
ST(R) R( +x-VV 4+ 2t0;V)u“G, dz

By Schwarz’s inequality,

Js, P(w)?*Godz  4I(R)
2RI(R) " RH(R)
Js, PW)?Godz 5 P(u)uGodx S 0.

T Ej PluuGeds B st w2Godr

(3.8)
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Thus we arrive at
/
N'(R) S R

B9 N ZTA® s,

2V +z - VV + 2t8,V)u?G, dx

for 0 < R < R*. By Lemmas 2.1 and 2.2 we can conclude the desired
esimate. Q.E.D.

Proof of Theorem 1.3. Note that the set {0 < R < R*: N(R) > 1}
is open, because N(R) is continuous. Hence there exist countable open
disjoint intervals (R, Rj+1) such that {0 < R < R* : N(R) > 1} =
U22;(Rj, Rjy1). By Assumption (A) and Lemma 3.2, we have

N( J+1 fz

for each j = 1,2,---. This implies

a fis) ds)(= N,)

(310)  N(R) < max(1, N(R*)) exp(—C /0

for 0 < R < R*. Since H'(R) = (4/R)I(R), we obtain
(3.11) H(2R) < H(R) exp(4N,log2), 0 < R < R*.
This complete the proof of Theorem 1.3. Q.E.D.

Proof of Theorem 1.4. It is well-known that when the doubling
estimate (1.5) in Theorem 1.3 holds, the condition that H(R) = O(RY)
for every N > 0 as R — 0 implies H(R) = 0 for every R € (0, R*) (see
e.g.,[GL]). Hence it suffices to show H(R) = O(RY) for every N > 0.
Let 0 << 1 and put

g(R) = u?’G,, dz.
Sr(to)n{z;lz—z0|>R7}
Then it is easy to see that there exists a constant M such that

M 1
g(R) _RTL' exp( 8R2(1_7) )

Actually we can take

|“’ Eo|2
M= sup / u?(z,t)e” 8®H? dx < +o0,
t€(to—(R*)2,t0] n
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since R* < 1/v/8a. Hence g(R) = O(RY) for every N > 0. By the
assumption f(R) = [g . \n(zioz,|<rr) WGz dT = O(RY), we can
conclude that H(R) = O(R") for every N > 0. Thus we complete the
proof. Q.E.D.
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Large Atoms in the Magnetic Field
of a Neutron Star
Elliott H. Lieb
Abstract.

The asymptotics of the ground state energy of large atoms as
Z — oo is given exactly by Thomas-Fermi theory. The introduction
of a large magnetic field, B, changes the situation. If we set B = cZ?
then, as Z — oo, there are 5 regions: p < 4/3, p=4/3,4/3<p < 3,
p =3, p > 3. The first three are described exactly by a modified TF
theory. The fifth is describable exactly by a one-dimensional Hartree
like theory. The fourth is describable exactly by a novel density
matrix theory. A surprising conclusion is that although the magnetic
field has a profound effect on the atomic energy in regions 2,3,4 and
5, the atom remains spherical (to leading order) in regions 2 and 3.

§1. Introduction

In this talk I shall discuss the effect on matter, specifically the
ground state of atoms, of a very strong magnetic field. Results ob-
tained in collaboration with J.P. Solovej and J. Yngvason will be summa-
rized and details will appear elsewhere [LSY]. The physical motivation
for studying extremely strong magnetic fields of the order of 10'2-10'3
Gauss is that they are supposed to exist on the surface of neutron stars.
This study was essentially begun in the early 70’s with the work of
Kadomtsev [K], Ruderman [R| and Mueller, Rau and Spruch [MRS]; see
[FGP] and [FGPY] for further references. The argument given to explain
these strong fields is that in the collapse, resulting in the neutron star,
the magnetic field lines are trapped and thus become very dense. The
structure of matter in strong magnetic fields is, therefore, a question of
considerable interest in astrophysics. Mathematically, the problem turns
out to involve an interesting exercise in semiclassical analysis.

Received September 7, 1992.
(©1992 in image and content by the author. Reproduction of this article
in its entirety by any means is permitted.
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We use units in whiche=h=2m, =1landc=che?2 =a !~
137. The natural unit of length is A%/2m.e?, i.e., half the Bohr ra-

dius. The natural unit of magnetic field strength that we shall use is
(2me)2e3¢c/h® = 9.4 x 10° Gauss. This is the field for which the mag-

netic length (/ch/eB equals half the Bohr radius. Thus, in our units,
B ~ 10%? — 102 for some neutron stars.

The atomic nucleus of principal interest on the surface of a neutron
star is presumably iron with Z = 26. This number is large and hence it is
sensible to ask (rigorously) about the limit of the ground state energy of
an atom as Z — oo. We shall calculate this limit exactly; its application
to Z = 26 instead of Z = oo will entail some errors — for which we can
give bounds.

§2. Main results

To give the quantum mechanical energy of a charged spm—— particle
in a magnetic field B, we have to make a choice of vector potential
A (z), satisfying B = V x A. The energy is then given by the Pauli
Hamiltonian

(2.1) Ha = ((p- A(2)0)”.

Here p = —iV and o = (07,09,03), are the Pauli matrices. We can
also write Ho = (p — A)2 — B - 0. We shall here concentrate on the
case where B is constant, say B = (0,0, B), with B > 0. We choose
A= 1B X .

The Hamiltonian describing an atom with N electrons and nuclear
charge Z (with fixed nucleus) in a constant magnetic field B is

N

(2.2) Hy =Y (HY - Zlo ™+ Y oi—a™".

i=1 1<i<j<N

N
Hp acts on the Hilbert space Hy = A L?(R2; C?) of antisymmetric (i.e.,
fermionic) spinor-valued functions. We are interested in E(N, B, Z) =
inf specy,, Hy, the ground state energy of Hy.

We want to let B and Z go to infinity. It is surprising, but true, that
there are five different regimes in B and Z, depending on the relative
magnitudes of B and Z. In the followmg p(x) is the electron density in
the ground state 1:

(2.3) o(z) = N / (2, T2, ..., 2n) |22 ... Py,
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The five regions are the following.
1) B < Z*3, Z large:

The effect of the magnetic field is negligible. Standard Thomas-Fermi
(TF) theory is exact as Z — oo, and therefore the electron density is
spherical to leading order.

2) B~ Z%/3, Z large:

The magnetic field becomes important but the density is still almost
spherical and stable atoms are almost neutral (see [Y]). A modified TF

theory (depending on the constant B/Z*/3), in which the energy, as in
standard TF theory, is approximated by a functional of the density p
alone, is exact as Z — oo. We call this functional the Magnetic Thomas-
Fermi (MTF) functional (see Sect. IV below).

3) Z*3 <« B« Z%, Z large:

The magnetic field is increasingly important. To leading order all elec-
trons will be confined to the lowest Landau band. The modified TF
theory is still exact as Z — oo. In fact, the modified TF theory simpli-
fies somewhat in this region compared to the MTF functional from the
previous region. we call the new functional the Strong Thomas-Fermi
(STF) functional. The only difference between STF and standard TF

theory is that the usual p®/3 is replaced by p®/B?, while in the MTF
theory from the previous region the function that replaces p®/2 is more
complicated (see (4.1) below). The density is almost spherical and sta-
ble atoms are almost neutral. Furthermore, the atom is getting smaller.
The atomic radius behaves like Z'/®B~2%/5 = Z=1/3(B/Z*4/3)=2/5_ The

energy behaves like Z%/5B2%/5 = Z7/3(B/Z4/3)2/5,
4) B~ Z3, Z large:

The modified TF theories are no longer applicable. Indeed, we shall
in general not approximate the energy by functionals of the density p
alone. The energy is approximated by a more complicated functional
to be described below in Sect. IV depending on a one particle density
matrix. We call this functional the Density Matrix (DM) functional.
When B/Z3 is large enough this functional again reduces to a density
functional . For the first time the atom is no longer spherical to leading
order. The length scale of the atom behaves like Z~! and the energy
like Z3.
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5 B> Z3, Z large:

In this hyper-strong case the atom is essentially one-dimensional. We
can find a new functional, the Hyper-Strong (HS) functional depend-
ing only on the one-dimensional density p obtained from p by integrat-
ing p over the directions perpendicular to the field B, i.e., p(z3) =
[ [ p(z1, 22, z3)dz1dzs. The energy behaves like Z3[In(B/Z3)]? and the
length scale along the magnetic field is Z~![In(B/Z3)]~!, while the ra-
dius perpendicular to the field is Z~1(B/Z3)~1/2.

The mathematically more precise statements of these results involve
two energy functions Eyrr(N, B, Z) and Epm(N, B,Z). The energy
Eyrr(N, B, Z) is obtained as the minimum of the magnetic Thomas-
Fermi functional mentioned under 2) above, and Epm(N, B, Z) is the
minimum of the density matrix functional mentioned under 4). The
exact definitions of these functionals are given in Sect. IV below.

The energies Eyrr and Epy correspond to unique minimizers for
the respective functionals. We denote the densities for these minimizers
by pmTr and ppy respectively.

In the case when B = 0 the energy FEyrr(N,0,7Z) is the energy of
standard TF theory. It is known [LS] (see also [L]) that TF theory is
asymptotically ezact as Z — oo with N/Z fixed, i.e.,

Extr(N,0,2)/E(N,0,Z) -1 as Z — oo.

Is the same true when B # 07 The answer, surprisingly, depends on
the relative magnitudes of B and Z, according to the 5 regions outlined
above.

Theorem 1. Let N/Z be fized and suppose B/Z3 — 0 as Z — oo.
Then
Evrr(N,B,Z)/E(N,B,Z) —1  as Z — oo.

This theorem covers the regions 1-3 above. For the regions 4 and 5
we have

Theorem 2. Let N/Z be fized and suppose B/Z*/® — oo as Z —
oo. Then

Epm(N,B,Z)/E(N,B,Z) — 1 as Z — oo.

Notice that there is an overlap of the regions of validity of the two
theorems. In fact, both theorems cover region 3 above.
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The energy functions satisfy the scalings
Entr(N, B, Z) = Z"3 Exrr(N/Z, B/Z*/3,1)

and
Epm(N,B,Z) = Z°Epm(N/Z,B/Z3,1).

In region 2 there is a non-trivial parameter B /Z4/ 3. Likewise in
region 4 there is B/Z3. In the other three regions these parameters
enter in trivial way since they are tending either to 0 or oo.

Region 1 corresponds to B /Z4/ 3 — 0 and B/Z3 — 0 in which case
EMTF(N/Z, B/Z4/3, 1) — EMTF(N/Z, 0, 1),

which is the energy of standard TF theory.

Region 3 corresponds to B/Z*/3 — oo, in which case we have the
asymptotic expansion

Bwmrr(N/Z,B/Z*?,1) ~ (B/2*/*)*/® Estr(N/Z) as B/Z*/* — oo,

where FsTr is an energy function obtained from the simplified TF theory
described under 3) above.

The overlap of the regions of validity of Theorems 1 and 2 implies
that

Epm(N/Z,B/Z3,1) ~ (B/Z%)?/°Egrp(N/Z) as B/Z3 — 0 .'

Finally, region 5 corresponds to B/Z3 — oo, where the following asymp-
totic formula holds

Epm(N/Z,B/Z3,1) ~ In(B/Z%)|*Ens(N/Z) as B/Z3® — oo,

where Fys is an energy function obtained from the one-dimensional
functional mentioned in 5) above.

The energies Eyvirr, Epm, Estr and Fyg correspond to unique min-
imizers for the respective functionals. We denote the densities for these
minimizers by pmTrE, PDM, psTr and pyg respectively. We can prove
that these densities approximate the quantum density p. However, to
state these approximations we have to introduce different scalings in the
different regions. In fact, the above approximating densities satisfy the
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following scaling relations

N B
pMTF(.’II;N,B, Z) = ZszTF (ZI/B‘T ) —Ea Z4/3’1)

B\*”® _ . N
/3.
<Z4/3) Z :1:,Z,1,1

N B
. _ 74 .
pDM(x7N7BaZ) =7 PDM (Zwaiaggal)

B /5
pstr(z; N, B, Z) = Z* (m) PSTF

N

B\ _ B N
Pus(z3;N,B,Z) = Z?In (—Z—3> PHS (Zln ﬁ) T3; 7,1,1) .

Theorem 3 (Convergence of the density). In the ﬁ’be different
regions the following relations hold as Z — oo. These limits are all in

1.
weak Li_ . :

(1-2) If B/Z*/3 — B3, where 0 < B < 0o and if N/Z = X is fived then
Z72p(Z7z) — puTr(z; A, B,1) -

(3) If B/Z*® — 0o and N/Z = X is fized then

,( B ~6/5 a( B —2/5
z- (?4‘75) p Z_/ (Z4/3) T _ApSTF(CL‘;)‘,lvl)'

(4) If B/Z® —n, where 0 <n < oo and N/Z = X is fized then

Z *pom(Z " z) — ppm(z; A, m, 1)
(5) If B/Z® — oo and N/Z = X is fized then

1 _ x3 _
Z21n(B/23) "’ <Zln(B/Z3)) — Pus(@3i A 1,1)

§3. The one-body Hamiltonian

The spectrum of the one-body Hamiltonian Ha is described by the
Landau bands ¢, = 2Bv + p?, where p is the momentum along the
field and v = 0,1,2,... is the index of the band. Owing to the spin
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degeneracy, the higher bands, v > 1, are twice as degenerate as the
lowest band v = 0.

To calculate the energy of a large, complex atom one must first study
the one-body Hamiltonian H = Hp + V(z), where V is an external
potential. As usual, to calculate the ground state energy of a fermionic
system we need to know the sum of the negative eigenvalues of the
operator H (with V' < 0 for simplicity).

In order to estimate accurately the sum of the negative eigenvalues
of Ha + V(z) we need two things: (i) a lower bound for this quantity
and (il) an asymptotic (or semiclassical) limit formula for the quantity.
These are provided by Theorems 4 and 5 below. The bound (i) is needed
to control errors between the true answer and the semiclassical approxi-
mation. The semiclassical limit turns out to be relevant here (after some
suitable scaling) because it is equivalent to the limit Z — oo.

There is an important difference between Ha and the operator (p —
A)? which has no spin dependence. While the spectrum of (p — A)? is
(B, o) the spectrum of Ha is (0,00). Indeed, one can bound the sum
of the negative eigenvalues of (p — A)? — V(z) by —L [ |V (z)|?/?dx,
(where L is some fixed constant) according to the standard Lieb-Thirring
inequality (even with a magnetic field the proof of this inequality given
in [LT] is still correct if one appeals to the diamagnetic inequality).
However, in the case of Ha + V' the question is somewhat more subtle.
In fact, if [|V[*/? < oo, the operator (p — A)? + V has a finite number
of negative eigenvalues, while the operator Ha + V can have infinitely
many negative eigenvalues (compare [I]). We can, however, prove [LSY]
the following bound which is important in our proofs.

Theorem 1. There exist universal constants L, Lo > 0 such that
if welete;j(B,V), j =1,2,... denote the negative eigenvalues of Hxo+V
with V < 0 then

(3.1) Z|ej(B, V)| < LlB/[V(a:)|3/2d3:c+L2/|V(a;)[5/2 &3z .

We can choose Ly as close to 2/3m as we please, compensating with Lo
large.

The first term on the right side is a contribution from the lowest
band, v = 0. For large B this is the leading term.

We now ask the question of a semiclassical analog of (3.1). Thus,
consider the operator

(32) [(hp —ba(2)) - 0]” + v(a) ,



266 E.H. Lieb

where a(z) = 22 X z, £=(0,0,1) and v < 0.

If one computes the leading term in A~! of the sum of the negative
eigenvalues of (3.2) for fixed b one finds as in [HR] that there is no b
dependence. In our case, however, we shall not assume b fixed, or more
precisely not assume that b is small compared with A~!. The reason for
this is that in the application to neutron stars it is not true, as we shall
discuss below, that b < h~ 1.

The interesting fact is, however, that we can prove ([LSY]) a semi-
classical formula for the sum of the negative eigenvalues of the operator
(3.2), which holds uniformly in b (even for large b).

Theorem 5. Lete;(h,b,v), j =1,2,..., denote the negative eigen-
values of the operator (3.2), with v < 0. Then

}13)(2 e;(hyb,v)/Esa(h,b,v)) = 1,

J

uniformly in b, where Fq is the semiclassical approximation defined by

Escl(ha ba ’l))

- E)’%h“zb / (Jo(@)P2 + 23 [lo(e)] — 2vbh]?) d*x .

v=1

(3.3)

Here [t]4 =t if t > 0, zero otherwise.

The formula (3.3) was already implicitly noted in [Y]. The integrand
in (3.3) looks peculiar, but it has the following simple physical interpre-
tation. Take a cubic box of volume L? in IR® and let the number p > 0
be some fixed Fermi level (or chemical potential). Then add together all
the negative eigenvalues of Hao — u. In the thermodynamic limit (large
L) we can do this addition simply by using the known Landau levels,
and the total energy per unit volume is the integrand in (3.3) in which
|v(z)| is set equal to p.

For bh < 1, the right side of (3.3) reduces to the standard semiclas-
sical formula from [HR],

2

_ -3 5/2 53
(3.4) 157r2h /lv(x)l &’z .

(Recall that we are counting the spin which accounts for the 2 in front
of the sum in (3.3).) For bh >> 1, the sum in (3.3) is negligible, and we
are left with the first term.
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Formula (3.3) (with h replaced by 1) can be compared with the
Lieb-Thirring inequality (3.1), which holds even outside the semiclassical
regime. The two terms in (3.1) correspond to respectively the b — oo
(first term) and b — O (last term) asymptotics of (3.3).

As we know from elementary thermodynamics, the energy per unit
volume as a function of the particle density (p(z) in our case) is the
Legendre transform of the pressure as a function of the chemical poten-
tial (Jv(z)|). Thus, corresponding to —(2/1572)|v(x)|?/2 in (3.4), there
is the energy (3/5)(3w2)%/3p(x)%/3, which is the usual kinetic energy ex-
pression in TF theory. Likewise, corresponding to (3.3) there is a kinetic
energy which we call wg(p()). It is no longer proportional to p(x)%/3
but it is still a convex function of p(z). It is proportional to p(z)3/B?
for small p, while it is asymptotically equal to (3/5)(372)2/3p(x)%/3 as
p(z) — oo.

§4. The many-electron atom

The essential ingredient in the study of the many-electron Hamil-
tonian Hy is to reduce it to a one-electron problem Ha + Veg(x) with
an effective mean field potential Veg(z) = —Z/|z| + [ |z — y| ™ p(y)d>y.
This reduction involves approximating the repulsive energy

/||1/)(:E1,...,a:N)||2 Y i — x| ey . dPoy

1<i<j<N

in the ground state 1 by

//p(w)p(y)lﬂf —y| drd’y .

In standard TF theory the justification of this approximation is
done by using the correlation inequality of Lieb and Oxford (see [L] and
[LO]J). This very same argument (and inequality) work in the presence of
a magnetic field. If B is not too large compared with Z it continues to be
effective. However, in the hyper-strong case B > Z3 the argument is no
longer effective, the reason being that the correlation estimate is three
dimensional in nature, while the atom is now effectively one-dimensional.
The proof of a correlation estimate applicable in the hyper-strong case
is difficult and will appear elsewhere ([LSY]).

The density p appearing in the mean field potential Vg will not
be taken to be the exact (unknown) density of the ground state, but
rather an approximation to the exact density obtained from the density
functionals that we shall now define.
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Armed with the foregoing, we introduce a (magnetic field dependent,)
TF theory by means of the following functional of the unknown electron
density p(z):

ure(p) = [wn(ple)d’s — [ Zlal o)

(4.1)
+3 [ [p@le— v otw)dady.
2 p Yyl Py Yy
It differs from the usual TF functional only in the replacement of
(const.)p(z)®/® by wg(p(x)). We call this functional the Magnetic
Thomas-Fermi Functional. It is studied in detail in [LSY]. The pa-
per [TY] seems to be the earliest reference that uses a Thomas-Fermi
theory that takes all Landau levels into account. This theory was also
studied in [FGPY] and put on a rigorous basis in [Y] for the regime
B~ Z4/3,
We now choose our density p to be the unique minimizer for &yrp
constrained to the set [p < N. We define the energy function that
appears in Theorem 1 to be the infimum

EMTF(N,B,Z) = inf gMTF(p)-
fpSN

Theorems 4 and 5 play an essential role in the proof of Theorem
1. What makes the proof work when B <« Z3 is the fact that in the
analysis of the mean-field, one-particle Hamiltonian, Ha + Veg(z), with
Vegt(z) = —Z/|z| + [ |z — y|~'p(y)d®y, and with p being the density
that minimizes the TF energy, we are in the semiclassical regime. The
potential Vog(z) has the following behavior in Z and B

Veg(z) = Z¥30(Z2Y3%2) if B < Z*/3

4.2
42 Veg(z) = ZY°B*5y(Z27Y5B2/5)  if B 2 Z%/3,

where v is a function that does not depend significantly on B and Z.

Concentrating on the case B 2 Z%/3 we see, by a simple rescaling,
that the Hamiltonian H 4 + Veg () is unitarily equivalent to the operator

(43) Z*5B*5(((hp — ba(x)) - 0)* + v(z)],
where

(4.4) h=(B/Z>Y® and b= (B%*/2)'/°,
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In the opposite case, when B < Z%/3, we get Z4/3 in place of Z%/5B2/5
in (4.3) and

(4.5) h=2Z7% and b=B/Z

When h is small we can study (4.3) by semiclassical methods.

If B > Z*/3 we can replace wg(p) by its asymptotic form and we
define the Strong Thomas-Fermi functional

ore(p) = 4772 [ ple)ds — [ Zlel pla)as

+3 [ [o@le -yl ot)aedy.

The analysis of Eypyrr and EgTr, which is a separate story in itself, leads
to the conclusions stated in 1), 2) and 3) of Section II. Conclusions 1)
and 2) were proved by Yngvason [Y]; 3) is new. Since the TF energy
functional has a unique minimizing p(z) (because EyTr is strictly convex
in p) this p must be spherically symmetric. Thus we are led to the
following remarkable conclusion:

If B/Z3 — 0 as Z — oo, the atom is always spherical (to leading
order) despite the fact that B has a leading order effect on the ground
state energy.

In case 2, B ~ Z*/3 we cannot say that all the electrons are in
the lowest Landau band, but if B > Z%/3, they are — as the following
theorem states precisely.

Theorem 6. IfIIY is the projection in the physical Hilbert space
onto the subspace where all electrons are in the lowest Landau band, we
can define the confined energy

(4.6) Econt(N,B,Z) = ground state energy of II HNIIY .
Then, if N < AZ for some fized A > 0, we have that

Econt(N,B,Z)/E(N,B,Z) — 1

4.7
(4.7) if B— oo andif Z4/3/B—>0.

What happens if B ~ Z3? Semiclassical analysis breaks down (in
the sense of being no longer asymptotically exact as Z — co). The atom
is no longer spherical. However, the atom is so non-semiclassical (one
person called it post-modern) that another analysis becomes possible.
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This analysis, which we discuss next, is reminiscent of Hartree theory
for bosons — even though it is relevant for fermionic electrons!

It is only the motion parallel to the magnetic field which can no
longer be described semiclassically. The motion perpendicular to the
field is still well approximated classically. To be more precise, the atom
consists of a bundle of one dimensional quantum systems indexed by
the position z; = (z1,z2) perpendicular to the field B. The state of
one of these one-dimensional systems is described by a finite family of
orthogonal functions egﬁ, j =1,2...in L?(R) which are not normal-
ized but satisfy ||e(m]3 || < B/2m. This condition follows from the Pauli
principle and the fact that the two-dimensional density of states in the
lowest Landau band is exactly B/2m.

We can combine the functions egf, j=1,2,...into a density matrix

Yzl e, (23,55) = 3 ) (x3)ed) (s) -
J
Then v satisfies

(a) 0 <~;, < (B/2n)I as an operator on L%(R)
(b) Jgz Trrzm) (e, Jd*z1 = N = the total number of electrons.

We can now approximate the energy by the functional

Eo(n) = [ Trial(~0% = Zlel e, )i

+%//pw(x)pw(y)lw—y|_1d3wd3y,

where p.,(z) = vz, (%3, 3).
We denote

Epm(N, B, Z) = inf{&(7) : 7 satisfies (a) and (b) above}.

This is the function appearing in Theorem 2. The Pauli principle comes
into play in this theory only in condition (a). The proof of Theorem 2
is straightforward as soon as one has made the reduction to a one body
problem and realized that condition (a) follows from the confinement to
the lowest Landau band.

The Euler-Lagrange equation for the £pyy minimization problem

implies that the functions e;(BJE are eigenfunctions of the one-dimensional

di% — Ve (z) where, as before, the effective

potential is Vg (z) = —Z/|z| + [ |z — y| 'p,(y)d®y with p, being the
density corresponding to the minimizer v for £Epym

Schrodinger operator hy |, = —
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§5. The super strong case B > 73

We shall present here the correct energy functional of the density
when B > Z3, and very briefly indicate what is involved in proving the
correctness of the approximation.

The first step is to show that when B/Z3 is larger than some critical
value then the minimizing v for £py is rank one for every . Since the
eigenfunction of v,, must be the ground state of h,, we can conclude
that it is a positive function. In this case we can write v, (z3,y3) =

Vo(z1,23)y/p(z1,y3) where p(z) = py(z).
The functional Epy; thus becomes a density functional when B/Z3
is large enough.

0

(5.1) SMW”Z&“MZ/(Ea“aayf”‘/éfum%

1 _
+5 [ p@le = sl pw)ady,

with the condition that
B
(5.2) /p(xl,mg,xg,)dxg < o for all (z1,z2).

Then
Epm(N,B,Z) = Ess(N, B, Z))

(5.3) — inf {Sss(p) : /p < N, p satisfies (5.2)} .

We can now ask for the limit of &g if B/Z3 — oo, Z — oo and
N/Z is fixed. With some effort one can prove that £sg then simplifies
to another functional, which we call the hyper-strong functional of a
one-dimensional density p1(z),z € IR. That is, the atom is now so thin
compared to its length that only the average density and its variation
along the direction parallel to B matter.

It is convenient, in defining this average density, to rescale the vari-
ables. Thus, setting n = B/(2rZ3), and taking (Zlnn)~! as the unit of
length, we define
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which has the normalization [ p;(z)dz = N/Z. The hyper-strong func-
tional is

d

(55)  Eus(pr) = ]o (d—\/m) dr — p(0) + 5 7p1<z>2d:c.

— 00 — 00

In other words, apart from some scalings, the Coulomb potential is re-
placed by a Dirac delta function! Using (5.5) we define a rescaled energy

(56) EHs(N/Z) = inf SHs(pl)
fp1=N/z

We assert that under the conditions stated above, Z3(Inn)?Eus(N/Z)
/E(N,B,Z) —1as Z — 00,B/Z® — oo and N/Z is fixed.

A remarkable fact is that the minimizing p; can be evaluated exactly.
The Euler-Lagrange equation is (with 1? = p, and Lagrange multiplier
1)

(5.7) —(z) — $(0)é(z) + ¢*(z) = —pp(a).

With A = N/Z, there are solutions only for A < 2 (not A <1 as in TF
theory):

_ vEe-w)
¥le) = 2sinh[L(2 — A)|z| + ] for A <2
(5.8)
V() = v2(2 + |z|)? for A\ = 2,
with tanh ¢ = (2 — )\)/2. The energy is
_ - Lyl 1ys
(5.9) Ens(A) = &us(¥”) = It T w/h
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Sufficient Condition for Non-uniqueness
of the Positive Cauchy Problem
for Parabolic Equations

Minoru Murata

Dedicated to Professor ShigeToshi Kuroda
on the occasion of his 60th birthday

§1. Introduction

The purpose of this paper is to give a sufficient condition for non-
uniqueness of non-negative solutions of the Cauchy problem

(1) 0y — A+ V(x))u(z,t) =0 in R" x (0,00),
(2) u(z,0) =0 on R",

where V' is a real-valued function in Ly joc(R"), p > n/2 for n > 2 and
p =1 for n = 1. We mean by a solution of (1)—(2) a function which
belongs to

CO(R™ x [0,00)) N Lz,10¢([0, 00); Hioe(R7))

and satisfies (1) and (2) in the weak sense and continuously, respectively
(cf. [A]). We assume that

(3) V@) -W(z))| <C  on R

for some constant C' > 0 and a measurable function W on [0, 0co0) with
inf,>o W(r) > 0. Our main result is the following

Theorem. Suppose that

(4) /1 B W (r)"Y2dr < co.

Received December 28, 1992.
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Then there exists a solution u of (1)—(2) such that

(5) u(z,t) >0 in  R™ x (0,00).

The proof of this theorem is given in Section 2.
In [M1], among other things, we have shown that:

Under some additional conditions on W, nonnegative solutions of
(1)~(2) are not unique if and only if (4) holds.

The aim of this paper is to establish a half of this result without the
additional conditions on W.

§2. Proof

In this section we prove the Theorem. A main idea of the proof
is to exploit a relative version (see Lemmas 3 ~ 6 below) of methods
developed in connection with non-conservation of probability (cf. [D]
and [Kh]). The proof is divided into several lemmas.

First, without loss of generality, we may and will assume that W > 1.

Consider the initial value problem

6) —g"—[(n=-1)/rld +W(r)g=0 in (0, 00),
M g(r) =1+ o(r%) as r—0,

where o = 1 forn =1 and a = 0 for n > 1. A solution of (6)—(7) means
a function g in  C°([0,00)) N C1((0,00)) such that its derivative g’
is absolutely continuous on any compact subinterval of (0,00), and g
satisfies (6) and (7). Let us see that (6)—(7) has a unique solution when
n > 2. (When n = 2, it can be shown similarly; and it is clear if n = 1.)
Since W € Ly 1oc(R™), p > n/2, we have by Holder’s inequality

T r 1i/p
(8) 'rz_"/ s"TIW (s)ds < Crz_"/p(/ W(s)Ps""lds) < oo
0 0
for any r > 0, where C is a positive constant independent of r. Thus a

solution g of (6)—(7) satisfies

(9) lim rg'(r) = 0,

r—0

(10) g(r)= /OT (s/r)n_1W(s)g(s)ds, r > 0.
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Putting
(11) K(r,s) =[(s*" = r*"")/(n - 2)]W(s)s" ",
we have

/0 "t /0 (/)" "YW (s)ds = /0 " K(r,s)ds
(12)

T 1/p
< Crz""'/p(/ W(s)Ps" lds) < oo
0

for any r > 0, where C is a positive constant independent of . Thus g
satisfies the integral equation

(13) g(ry=1+ /OT K(r,s)g(s)ds

on [0, c0). Conversely, a solution of (13) in C°([0, 00)) is also a solution
of the initial value problem (6)—(7). Now, in view of (12), the iteration
method shows that (13) has a unique solution on [0, §] for a sufficiently
small positive number §. The obtained solution is also a unique solution
of (6)—(7) with (0,00) replaced by (0,6). By extending it, we get a
unique solution g of (6)—(7). Furthermore, we see that g > 0 and ¢’ > 0
in (0, 00).

With f(r) = r(®=1D/2g(r) and w(r) = W(r) + (n — 1)(n — 3) /472,

we have

(14) "=w(r)f in (0, 00),
(15) F(r) = r=D2[1 4 o(r®)] as 1 —0.

The following Lemmas 1 and 2 play a technically main part in removing
the additional conditions on W mentioned in the Introduction.

Lemma 1. f,f ' >0in (0,00), inf.>q f'(r)/f(r)>0, and

(16) /loo(f/f')d'r < oo.

Proof. We have only to show the second and third assertions. With
F = f'/f, we have from (14)

(17) CF 4+ F2=w
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Let a(r) be the solution of the initial value problem
@ = (/e i (Loo), a(l)=f(1), @(1)= ().
With A =d'/a,
(F—A) + (F+A)(F
(F—A4)1

Thus F' > A,andso inf,5; F(r) > 0. We next show (16) simplifying
an argument in [KN, 4.2 and 4.3]. We claim that

—w—1/4>0 in (1,00),

A)
) =

(18) 1/F +(1/2)(1/F?) < 2/w'/?
in (1,00). By (17),
(1/w)(F'/F?) 4+ 1/w = 1/F2,
If F/ > 0, then F < w'/?; and so
1/F = F[1/w + (1/w)(F'/F?)] < 1/w'/? + F'|F3.
If F <0, then 1/F < 1/w'/? and
(1/2)(1/F?) = —F'/F3 =1/F —w/F3 < 1/w'/?.

Thus we get (18). Hence
/ F~ldr + E[F(R)‘z —-F(1)7 Y < / 2w 2dr < / AW 124y,
1 1 1
This together with (4) implies (16). Q.E.D.

Let fi1 be the solution of (14)—(15) with w replaced by w+ 1. Then
we have

Lemma 2. The function f1/f is increasing and 0 < lim (f1/f)(r)
T—00
< oQ.

Proof. With v = f1/f, we have

(19) P fY = in (0,00),
(20) v(r) =1+ o(r%) as r—0.
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From (19)—(20) we get along the line in deriving (13) the equation

(21) o) =1+ [ 1 (H0)/50) dtlu(e)as.

This implies that v is strictly increasing. Next, let us show the second
assertion along the line given in [KN, 2.5]. With u = log(f1/f) and
F = f'/f, we have

(22) v + 2F)u + (v)? =1,

This implies that 2u’ < 1/F — «”/F. Thus, for any R > 1,

2/Ru'dr§/R(1/F)dr
—u/(R)/F(R) +4/(1) /F / (—F'/F?)d'dr.

Since —F'/F? =1—w/F? <1 and v’ > 0, we then have

Q/R u'dr < /R(l/F)dT +u/(1)/F(1) + /Ru'dr.
Hence A
u(R) < /1 (1/F)dr +4/(1)/F(1) + u(1).

This together with (16) implies that lim,_, o f1(r)/f(r) < oo
Q.E.D.

Now put
(23) H(z) = h(je|) = (f1/f)(}2])[ i (f1/£)(s)] "
(24) g(l=]) j{: (8/0x;)(g(|=|)*0/0a;),

where g is the solution of (6)—(7). Then we can easily obtain the following

lemma.

Lemma 3. H is a solution of the equation

(25) (L+1)H=0  in R"
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such that 0 < H <1 and  limj;_o H(z) = 1.

Let G(z,y) be the minimal Green function for (L+1, R™) (cf. [M3]).
Then we have

Lemma 4. 0< [p.G(z,y)dy<1—-H(z) on R"

Proof. Recall that G = limg_,, Gr, where Gg is the Green func-
tion for (L + 1, Bg) with Bg = {z € R™;|z| < R). Put Ug(z) =
fIy|<R Gr(z,y)dy. Then

(L+1)UR=1 in Bpg, Ur=0 on OBg.
On the other hand,

(L+1)(1-H)=1 in Bpg, 1-H>0 on OBg.

Thus the maximum principle shows that Ugr <1-— H in Bg. But
lim Ugr(z) = G(z,y)dy.
R—oo Rn

This proves the lemma. Q.E.D.

Since Lemma 4 implies that [(L +1)""1](z) < 1, we can now apply
a criterion for non-conservation of probability (cf. [D, Lemma 2.1]),
which goes back to Khas’'minskii [Kh]. Let K(z,y,t) be the smallest
fundamental solution for (8; + L, R™ X (0,00)) (cf. [M1, M2]), and put

(26) v(z,t) = | K(z,y,t)dy.
Rn
Then we have
Lemma 5. v(z,0) =1, and

(27) (O +L)v=0 and O0<v<l1 in  R™ x (0,00).

Proof. For self-containedness, we briefly show that 0 < v < 1. The
maximum principle for a parabolic equation on a cylinder together with
the semigroup property of the smallest fundamental solution implies that
either v =10r 0 < v < 1in R™ X (0,00). On the other hand, by Lemma
4,

/ e—tv(a:,t)dtzf G(z,y)dy<1l on R"
0 n

Hence 0 < v < 1. Q.E.D.
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The final step of the proof is the following

Lemma 6. There exists a solution u having the desired properties
of the Theorem.

Proof. With v being the function given by (26), put
(28) w(z,t) = g(x)(1 - v(z, t)).
Then we see that w(z,0) =0, and

(29) G—A+W)w=0 and 0<w(z,t)<g(z)
in R"x(0,00).

For R > 0, let ur be the solution of the mixed problem
(i —A+V)ur=0 in Bgr x (0,00), up =w on 9(Bgr X (0,00))

(cf. [A]). Since W —C <V < W + C by (3), the comparison theorem
shows that

e~ < wup(z,t)/w(z,t) < et in Bpg % (0,00).

We see that for some sequence R; — oo, ug; converges uniformly on
each compact subset of R™ X [0,00) to a solution u of (1) satisfying

(30) e Ot < u(z,t)/w(z,t) < e in R"x (0,00).

This proves the lemma. Q.E.D.

Remark. We can also prove the Theorem by using Theorem 5.5 of
[M1] after establishing Lemma 2; because Lemma 2 and (21) imply that

Aw ds /oo (S/t)n-l(g(s)/g(t))zdt < oo,

But the proof given in this paper is more direct than the one based on
Theorem 5.5 of [M1].
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Trudinger’s Inequality and Related Nonlinear
Elliptic Equations in Two-Dimension

Takayoshi Ogawa and Takashi Suzuki

§1. Introduction and results

We are concerned with the following nonlinear elliptic equations:

(1) { —Au = )\ueuz, x € B,

u =0, x € 09,

where B = B;(0) C R? is a unit disk in R? and ) is a positive parameter.
We consider a family of solutions of (1) satisfying

(2) |lul|pee — 00 as A — 0.

The nonlinearity of the equation (1) is the Sobolev critical exponent
in two-dimension. For any domain Q € R2, It is well known that the
Sobolev space H} () is continuously imbedded in LP(Q2) for any p < oo
but is false in the case p = oco. Trudinger [18] showed that for any
u € H} () with ||Vu||z = 1, there are two constants & > 0 and C > 0
such that

3) /Qexp{au2}dx < ClQ|.

Later, Moser [7] simplified the proof and improved that (3) is also valid
for a < 4. Here 47 is the constant of the isoperimetric inequality. The
inequality (3) is also valid for any unbounded domain (Ogawa [9]). That
is when 2 is any domain in R?, we have for all u € H} (),

(4) /Q {exp(u?) — 1}de < Cllul?, [ Vulls = 1.

(See also Ogawa-Ozawa [10] and Ozawa [12] for further extensions).

Received December 28, 1992.
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These inequalities (3)—(4) indicates that the order of local singular-
ities of H! functions are allowed as far as exp(u?) is integrable. In other
words e¥’ is the critical order of integrability for H!-functions.

Concerning our problem (1), there are two different approaches. One

is the variational method. When we consider the maximizing problem
of the functional

(5) /Qexp{au2}da: foru € Hy(Q), |Vulz=1

on a bounded domain. Then the extremal function (if it is achieved)
becomes a solution of (1). Shaw [14] showed the existence of a positive
solution of (1) for each parameter A > 0 (see also Adimurti [1]). When
the domain is a ball in R™, the maximum can be attained by some
function even when n = 2 and a = 4w (Carleson-Chang [4]).

When the domain is a unit disk, all the positive smooth solution
must be radially symmetric by Gidas-Ni-Nirenberg’s result [5]. There-
fore the Dirichlet problem may be written as the nonlinear ordinary
differential equation:

1
©) = Uy = Uy = )\ueuz, z € [0,1),
u(1) =0, 4'(0)=0.

By solving (6), we can obtain the details of the properties of the positive
solution of (1), which is the second method. Atkinson-Peletier [2], [3]
applied the shooting method to (6) and proved that the existence of
radially symmetric solution of (1) satisfying

|lul|pe — 00 as A — 0.

Our aim of this paper is to specify more precise behavior of the
family of solutions {(u,A)} as A — 0. We have two results. First one
states a global behavior of the solutions.

Theorem A. Let u be a positive solution of (1) with the blow up
condition (2). That is

|lul| Loo(By = u(0) — 00 as A — 0.

Then we have
u(z) >0 as A —0
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for all z € B\ {0}. Moreover we have

(7) lim A [ ue* dz =0,

(8) lim A / (e —1)dz =0,
A—0 B

(9) lim | |Vu|?dz > 4.
A—0JB

This theorem says that the solution satisfying (2) must blow-up only
at the origin. The inequality (9) shows the solution concentrates to the
origin with its energy density |Vu|2. The lower bound in (9) arise from
the sharp exponent of the Trudinger inequality (3).

The second result is a microscopic behavior near the origin. When
we rescale the solution by some sequence, then the solution has a limit
function.

Theorem B. There is a subsequence {(um,A\m)} of a family of
solutions of (1) with (2) and a scaling sequance {ym,m} such that v, — 0
as Am — 0 which satisfy

(10) w? (V) — u?(m) — 2log( ) asAp —0

1+ |z
locally uniformly on B\ {0}.

The limit function of (10) is an exact solution of —Av = 2e”. Re-
mark that since the nonlinearity of our problem is nonhomogeneous, the
usual scaling v — v#u(yz) does not work well. (For other nonlinearity
or the higher dimensional case, see Nagasaki-Suzuki [8] and Itoh [6].)

The property (10) was firstly observed by Carleson-Chang in an
implicit way. Later Struwe [15] obtained the similar result for the non-
compact maximizing sequence for the variational problem (5) for the
case a = 4m. Our result Theorem B is, however, different from theirs,
because in our case, the each factor of the sequence {u,, Ay, )} satisfies
the equation (1). Moreover even the energy integral might blow up as
A — 0 and therefore we can not obtain a priori estimate of {u,,} from
the Dirichlet integral. This is the crucial difference from the variational
setting.

§2. Proof of Theorem A

We begin with the following lemma.
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Lemma 1. Let u be a positive, radially symmetric smooth solution
of (1). We put r = |z|. Then we have

(11) r2u,(r)? + 2)\7'2(6“2(’") —-1)= i/ (6“2 —1)dz
2T B,
(12) ru,(r) = ———/ ue® dz,

where B, = {y € R?|y| < r}.

The first relation (11) is nothing else but the Pohozaev identity ([13])
associated to the equation (1).

Proof. Let u be a radially symmetric smooth solution of (1). Then
u satisfies (6). Mutiplying (6) by ru,(r) and integrating on B,,, we have

To To To 2
—/ Uty dr — / rufd’r = )\/ ue® r2u,dr.
0 0 0

Integrating by parts, we obtain

which implies (11). The second relation (12) is a direct consequence of
integration of the equation (6) on B,. Q.E.D.

Proof of Theorem A. Combining (11) and (12) in Lemma 1 with
choosing r = 1, we get

(13) E(A/ua dz) —)\/(e —

For any k£ > 0, we put

2
1—e™
Cr = max
u>k u

Then we see Cy, < 1/k — 0 as k — oco. From (13)

i()\/ ue“zd:c)2 = /\/ (e“ 1)dz + A/ (e —1)dz
4 B u>k

< )\Ck/ ue® dz + )\|B|{e’€2 —1}.
B
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Accordingly we have

m()\/ ue“zdx) < 4nCy.
A—0 B

Since k is arbitrary, we can take k so large to obtain

(14) lim ()\/ ue“zda:) =0,
A—0 B

which shows (7) and therefore (8) by (13). Using (12) again, we have
(15) rur =0 as A — 0 uniformly on B.

This proves that u vanishes except the origin, since
1
u(z) = — / updr
||

<

M| =

1
/ ru.(r)dr — 0.

Finally, if

lim [ |Vu|?dz < 4,
A—0JB

then there is a subsequence {(um,Am)} such that lim, o ||[Vun|3 =
47 — 6 for some 6 > 0. By virtue of the sharp version of Trudinger’s
inequality (3), we see

/ exp{au?, }dz < C|Q).
Q

with a = 1+¢. Since u € LP(B) for any 2 < p < 00, we have )\mume“iﬂ €
L'+¢/2_ By the standard elliptic regularity theorem, ||Aum||pi+e/2 < C
and

|um|lL(py < C (independent of m),

which contradicts our assumption (2). Therefore we obtain (9). Q.E.D.
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§3. Proof of Theorem B

By the transform 7 = e~*/2 and u(r) = w(t), we rewrite the equation
(6) into the following;:

—w'(t) = %w(t)ew(t)z—t on [0, c0),
(16) w(0) = 0,
w'(t)et’? -0  (t— 0).

For some scaling parameter 7 such that 7 — oo, we define the rescaling
function v(t) as

v(t) = w?(t + 1) — w?(7).
Putting w,(t) = w(t + 7), we see that v satisfies

(17.a) —v'(t) = k(w'r(t))ev(t)~t - p(w-),
(17.b) v(0) = 0,
¢ im —___U,(t)e(t+T)/2 -

where we have put

k‘(wT) — ng(t)Zew(-r)?_'r,
p(wr(t)) = 2w (t)*.
We first show that;

Lemma 2. Let 7 > 0 satisfies w(t +7) > 1 as A — 0 for all
t € [-6,00) where 0 < 6§ < 7. Then we have

(18) p(w,(t)) — 0 uniformly on [—T, 00),
(19) TfuT(S't)); — 1 locally uniformly on [—6,00)

as A — 0.

Proof. Since from (15), we have for v = e~7/2,

(20) p(wr(1)) = 20, (1) = & (vr)ur ()2 = 0

uniformly for r € [0,1/+] and therefore ¢t € [T, 00). This shows (18).
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To show (19), we use

wo(t)? = w(r)? + 2/0 wr(s)w.(s)ds.

We only show the case when t > 0. The other case is similar. Since
w,(t) is increasing in ¢,

wr () _ 2z tw s)w’ (s)ds
1< 20— 14 =2 [ unouio)d

 w, (s)2 wh(s)
< 1+2/0 w(r)? 'wT(s)ds'

By (20), we can choose A small so that |w/ (s)| < €. Then since w,(s) >
L

1< X(¢)

wr (t)? ¢
w(r)? <1 +2s/0 X(s)ds.

This yields
1< X(t) <e* for ¢t € [0, 00).

In particular,
X(t) — 1 uniformly fort € [0,7] asA—0
for some fixed T Q.E.D.
Proof of Theorem B. In the following, we shall omit the subscrip-

tions for each subsequences.
We split the proof into two cases.

Case 1.

1{1>agc /\w(t)Qe“’(t)z't — 00 (A — 0).

Since w(0) = 0, we can choose the scaling sequence {7} as
(21) )\w(T)2ew(T)2—T =1
for the family of solutions {(u,\)}. It is easy to see

T — 00,

w(t) > o0 as A —0.
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Therefore we may assume w,(t) > w(7) > 1 for t > —6 and from Lemma
2,

(22) wr(t)? — 0 uniformly on [—7, 00),
2
(23) Z)T('(rt))2 — 1 locally uniformly on [—§, c0).

Next we claim that for any fixed T' > 0,
[vllzeeo,r) £ C
and there is a limit function vo(t) such that
v(t) — vo(t) locally uniformly on [0, o).

For that purpose, we set q(r) = v(t) with r = e~*/2

(17) can be written as follows:

. Then the equation

0 —Aq = k(u(yr))et™ = Fu(yr))r~? on By,
q=0on 9B,

where B, = {y € R?, |y| < a} and

~ A
B(u(yr)) = Z7*u(yr)?e 0,
p(u(yr)) = 29°r?u(yr)?.

Since from (21), (22) and (23), we have for 7 € [¢,1 + §],

2

(25) puyr?| < 025 =0
and

1. _ i 2 w(T)2—T _ wT(t)2 1
(26) k(u(yr) = 2w.,-(t) e = Su(r)? -3

as A — 0. Therefore by the standard elliptic estimate, we have for fixed
e >0,

(27) la-(1)| < C,
(28) gl L (B,,5\B) < C.
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According to (24), (25) and (27),
(29)

1B el 2 s15,) = / (u)etdz
B\B,

:/ —Aqd:c-i—/ p(u)r—2dz
B\B. B\B.

1 1
- / —(rgen + g,)dr + 4 / (yr)2u2(yr)r=Ldr

< —2mq.(1) + Cn? /1 r~ldr
< C —Cn?loge < (;
Hence by (24), (25), (26) with (29), g satisfies
~Aq = 4k(u)e? — pr=2 < 3ed

with
I3e?|| 1 (B\B.) < C  independent of A.

Then the nonlinear Harnack principle (Suzuki [16], [17]) implies the
blow-up points of ¢ in B\ B, is finite. However g is radially symmetric,
the blow-up points of ¢ must be empty set. That is

lim oo .
Lim [lgllze(\B.) < 00

This proves
|vllLe o) < C  for small A.

By this a priori estimate with the equation (17) and Lemma 2, we obtain
by Ascori-Arzela theorem, that there is a smooth function vg such that

v(t) = vo(t) locally uniformly on [0, 00)
with
(30) —oll(t) = zevo®t,

We may solve (30) and conclude that

).

olt) = u(r0)? — u2)? = wo(t) = 21oB(;emr) = 21oB({ o

This proves the theorem in the case 1.
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Case 2.

(31) max /\w(t)zew(t)z_t < 0 (A —0).

This case is rather simple. We choose {7} as

(32) lim w(t)? — w(7)? = 2log 2.

t—o00
This choice of T assures us that

T — 00,

w(T)? = 00
and a priori estimate
(33) 0 <w(t) <2log2.
By the assumption (31), we can choose a subsequence such that
(34) )\w(T)zew(T)z_T —2u asA—0
for some constant 4 > 0. Lemma 2 with (33) and (34) implies that
v(t) = vo(t) locally uniformly on [0, c0)

with
—ug (1) = Le®,

Vo (0) = 0.
In fact, by the boundary condition at ¢t — oo, we find that 4 = 1 and

2
vo(t) = 2log(77—)-

This proves our conclusion of Theorem B. Q.E.D
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Asymptotic Behavior of Solutions
for the Coupled Klein-Gordon-Schrodinger Equations

Tohru Ozawa and Yoshio Tsutsumi

Dedicated to Professor S.T. Kuroda on his 60th birthday

§1. Introduction and theorem

In the present paper we consider the asymptotic behavior in time of
solutions for the coupled Klein-Gordon-Schrodinger equations:

(1.1) i%zﬁ + %A@b =¢, teR, zeRV,

82
at2

(1.3)  ¥(0,z) =vo(z), ¢(0,2) = do(x), %(ﬁ(o,x) = ¢1(x).

(12) +56-Ad+¢=—|y?, teR, zcRY,

Equations (1.1)—(1.2) describe a classical model of Yukawa’s interaction
of conserved complex nucleon field with neutral real meson field and
the associated mass has been normalized as unity. Here v is a complex
scalar nucleon field, and ¢ is a real scalar meson field. (1.1)—(1.2) are
a semi-relativistic version of the coupled Klein-Gordon-Dirac equations
(see, e.g., [2]).

Since the interaction above is only quadratic, the problems concern-
ing asymptotic behavior of solutions are harder than the cases of higher
interactions, especially in lower space dimensions. In order to examine
the basic structure of nonlinearities of (1.1)—(1.2), it would be instructive
to look at the decoupled case with self-interaction.

There are a large amount of papers concerning the asymptotic be-
havior in time of solutions for the nonlinear Schrodinger equation

0 1
(1.4) zéiu + §Au = |ulP"u, ,t€R, z RV,

Received December 8, 1992.
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and the nonlinear Klein-Gordon equation

2

(1.5) gt_2u —Au+tu=—|uflu, teR, z€RVN

(for the nonlinear Schrédinger equation, see [3], [6], [11]-[13], [16], [17],
[19], [21], [23], [27]-[31] and for the nonlinear Klein-Gordon equation,
see [4], [5], [14], [18], [20], [22], [24], [26]-[29]). When we consider the
asymptotic behavior of solutions for (1.4) or (1.5), it is natural and
important to investigate whether the wave operators W, exist or not.
For (1.4), we define the wave operator W as follows. Let u (t) be the
solution of the free Schrodinger equation

0 1
. —u+ —Au = RN
(1.6) zatu+2 u=0, ,teR, zc¢€ ,
with u4(0) = ¢4. If one can look for the solution u(t) of (1.4) with
u(0) = 1o such that u(t) exists globally in time and

(1.7) lut(8) — w2 — 0 (¢t — +o0),

then the wave operator W, can be defined by a mapping from u4 (0) =
¥4 to u(0) = g. Here ¥, and 1y are called a scattered state and
an interacting state, respectively. For the case of ¢t — —oo, the wave
operator W_ is defined in the same way. We can also consider the wave
operators Wy for (1.5). In [6], [26] and [31] it is proved that when
N = 3 and the nonlinear term is quadratic, that is, p = 2, both in the
cases (1.4) and (1.5) the wave operators W can be defined for some
data. On the other hand, in [3], [10], [14], [17] and [20] it is proved that
when N = 1,2 and p = 2, there exist no nontrivial asymptotically free
solutions for (1.4) and (1.5), that is, the wave operators W, can not
be defined for any nonzero data. This is because the time decay rate
of solutions of (1.4) and (1.5) for N = 2 is worse than that for N = 3.
Therefore, we have to consider the modified wave operators for (1.4) and
(1.5) with N =2 and p = 2 (see, e.g., [23]).

The unique global existence of solutions for (1.1)—(1.3) are already
established (see [1], [2], [8] and [15]). Fukuda and M. Tsutsumi [9] and
Strauss [29] studied the asymptotic behavior as ¢t — +o0o of solutions
for the coupled Klein-Gordon-Schrodinger equations with interactions
higher than the quadratic order of (1.1)—(1.2). The results in [9] and
[29] are similar to the results obtained for the decoupled nonlinear Klein-
Gordon and Schrédinger equations.

If there is a complete analogy between the full system (1.1)—(1.2)
and the decoupled system (1.4) and (1.5), it is natural to conjecture that
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when N = 2, the wave operators W could not be defined for (1.1)—(1.2).
But this conjecture is not true. The purpose in the present paper is to
show that when N = 2, the wave operators Wy for (1.1)—(1.2) can be
defined for certain scattered data.

This is a sharp contrast to the decoupled case and gives a reason
that the coupled Klein-Gordon-Schrodinger equations are not a simple
superposition of the nonlinear Klein-Gordon and Schrédinger equations.

Before we state the theorem, we define several notations. Let w =

V=AF1 and let U(t) = e2*® be the evolution operator of the free

Schroédinger equation. We denote by f the Fourier transform of f. For
nonnegative integers m and s, we define H™ and H™*° as follows:

H™ = {v € SR (1 - A)Fvllz2 < +00},
™ = {v € SRV |1+ o) (1= &) Fullps < +oo}

with the norms

ol =11 — &) Folle,
[ollzms = 11+ |2[%)% (1 = A) F o]z,

respectively. For a multi-index o = (a1, ---ay) with nonnegative integers
aj, we put

lo| =a; +- -+ an,
0 0

(% ¢ = (3—361)0“ "'(ﬁ)w-

For p > 1 and a nonnegative integer k, we let

WEP = fu € LP(RY); (5)%u € LP(RY), o] <k}

oz
with the norm

8 (84
[ullwr.r = Z ||(5;) ul| e

la|<k
We now state the theorem.

Theorem 1.1. Let N =2 and e > 0.

(i) Assume that ¥y € H?*, (1+ |z|?)7(Z)*y; € L*(R?) for j +
lo| < 2 and suppihy C {&€] > 1+ e} We put uy(t) = edt®yy.
Assume that ¢1o € H*?, ¢1 € H>?, for |a| <4 (£)*¢40 € L' (R?),
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and for |a| < 3 (£)%4+1 € L'Y(R?). We put vi(t) = (coswt)gio +
(w™lsinwt)p,i. Then, there exists n > 0 such that if

(18) woyllmza + D 1+ |2]) ( =) ||

JtHlalL2
+ l[¢+oll a2 + l1ollwar + [|@41llmsz + |42 llwsr <m,

(1.1)~(1.2) have the unique solutions (v, ¢) satisfying

(1.9)  ¢e () Ci([0,00); H>%),

=0

(1.10) o€ ﬂ C ([0, 00); H27Y),
(111)  [l9(8) — us Ol + 16(E) — o+ (Ollm= + Il 5 ¢(t) av+(t)||H1

=0(t™) (t— 4o0),

+oo
(112) / () — 1 ()[4 sads) V4 = O(™Y) (¢ — +00),

where n depends only on €.

(i) Assume that ¥_ € H>*, (1+ |z|?)?(Z)*%_ € L*(R?) for j +
la|] < 2 and suppy— C {&¢] > 1 +e}. We put u_(t) = e5thyh_.
Assume that ¢_o € H*2, ¢_, € H>?2, for |o| < 4 ( ~)*¢_o € L'(R?),
and for |a| < 3 (£)*¢_1 € L*(R?). We put v_(t) = (coswt)p_o +
(w™lsinwt)gp_1. Then, there exists n > 0 such that if

(113)  fo_flmaa+ D 1+ 2]y Y (52 )w (b2

jtlal<2
+[[6—ollge2 + lo-ollwer + lo-1llms2 + llo-1llwsr <m,

(1.1)~(1.2) have the unique solutions (v, ¢) satisfying

(1.14) 9 € () C9([0,00); H>=),
J; | |
(1.15) ¢ € () CU([0,00); H*Y),

Jj=0
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(116)  (2) ~ w-(B)llms + 16(0) — v (W)l + | o-(8) — v (D)
= O(t_l) (t - _00)7

+o0
(1.17) ([ l46(s) — u_ ()| 2ads)* = O(™Y) (¢ — —o0),

where n depends only on €.

Remark. The unique global existence theorem for the Cauchy
problem of (1.1)—(1.3) is already established (see [1], [2], [8] and [15]).
In [1], [2], [8] and [15] only the case of N = 3 is treated, but the proof
of the unique global solutions for N = 2 is easier than that for N = 3.
Therefore, the solutions of (1)—(2) given by (i) and (ii) of Theorem 1.1
can be extended to the whole time interval (—oo, +00).

The following corollary is an immediate consequence of Theorem
1.1.

Corollary 1.2. Assume N = 2. Lete > 0.

(i) By Dy we denote the set of all scattered states (Y4, 40, P+1)
such that suppdy C {& €| > 1+ ¢} and (1.8) holds. Then, for (1.1)-
(1.2) the wave operator Wy : (4, ¢40,¢+1) — (1(0), #(0), Z¢(0)) ds
well defined on Dy .

(ii) By D_ we denote the set of all scattered states (Y—_,d_o,P—_1)
such that supp¥_ C {& €] > 1+ ¢} and (1.13) holds. Then, for (1.1)-

(1.2) the wave operator W_ : (¥_,¢_q,¢_1) — (1(0), #(0), 2 ¢(0)) s
well defined on D_.

The proofs in the previous papers [9] and [29] are the same as those
used for (1.4) and (1.5) and do not have anything to do with the specific
feature of quadratic nonlinearities. Our proof of Theorem 1.1 is based
on the special property of the Yukawa interaction and on the improved
decay estimates of the interaction term which take account of the dif-
ference between the propagation properties of the Schrodinger wave and
the Klein-Gordon wave.

§2. Sketch of Proof of Theorem 1.1

We first summarize several lemmas needed for the proof of Theorem
1.1 without proofs.

Lemma 2.1. Let N > 1.
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(i) Let p and g be two positive constants such that1/p+1/q=1 and
2<p< +c0. Then,

21) U@, < @alt) V2N Plolly, ve LY, t#0.

(ii) Let k be a monnegative integer. Suppose that for j + |a| < k
(1+|m|)7+2( 2)%¢ € L? and (1+]x|)7*2(2)%p € L*. We putuo(t,z) =
eilel*/(2) (j1)~ N/2(2). Then, for some K >0,

02) Y ) ()UE — w()

2j+|al<k
SKET Y 0+l ()l 12 1,
j+lal<k
0.\ a,0 ,
23) Y IGn) (U — w®) o
2j+|a|<k

<KAo +Iw|)’+2( =) Yll, 21,

Jitlal<k
where K depends only on k and N.
For the proof of Lemma 2.1, see, e.g., [33, Lemmma 2.1].

Lemma 2.2. Assume N = 2. Let k be a nonnegative integer.
Then, for some K > 0,

24 3 H(%)a(%)j(coswt)vlloo

itlal<k
<K@ +[) 7 (Iollwasen + ollgz+x), tER,

25) > ||(%)°‘(%)j(w*lsinwt)v||oo

jtlal<k
< K1+ ) 7 (lollwsses + [0l giex), t€R,

where K depends only on k.

For the proof of Lemma 2.2, see, e.g., [5], [13] and [22].
We next state the decay estimate of solution for the Klein-Gordon
equation outside of the light cone.
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Lemma 2.3. Assume N > 1. Lete > 0 and let k be a nonnegative
integer. Then, for some L > 0,

8 o 3 j
(2.6) | Z ||(5;) (é_t.)J(COSwt)v||L°°(|a;|>(1+e)|t|)
Jtlel<k

< L(l + |t|)_2”’U”Hk+[N/2]+1,2, teR,

a o 8 1 _ .
(2.7) Z ||(5;) (a)g(w bsin wt)v|| Leo (o> (146) t))
itHa|<k

< L(l + Itl)—zll’U”HkHN/z],z, te R,

where [N/2] is the largest integer that does not exceed N/2, and L de-
pends only on g, k and N.

The proof of Lemma 2.3 is based on the finite speed propagation of
the Klein-Gordon wave. For the details, see, e.g., [25, Theorem XI. 17]
and [33, Lemma 2.3].

We next consider the following problem: Given h(t), find u(t) such
that

82

(2.8) wu——Au+u=h(t), t>0, zecRY,
29  Iou®llE + [Va) 3+ [u®IE — 0 (¢ — +o),

or

82
(2.10) @U—Au—l—u:h(t), t<0, zeRVN,

(2.11) II%u(t)H%wLIIVU(t)H§+HU(t)H§ — 0 (t = —o0).

We assume that for some M > 0,

(2.12)

sup (14O +A+07 Y (50)° (3)hO)la] < M,
t€[0,00) 1<jtlal<s 00

(2.13)

sup (1= DIR@l+ (112 Y 12 (k)] < M.

t€(~00,0] 1<j+]e|<3
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We have the following lemma concerning the existence of solution
for (2.8)—(2.9) and (2.10)—(2.11).

Lemma 2.4. Let N > 1.
(i) Assume that h € N3_,C7([0,00); H*~7) and that h(t) satisfies
(2.12). Then, there ezists a unique solution u(t) of (2.8)—(2.9) such that

(214)  we () CU([0,00); HY),

§=0
0 \a,0\;j
(2.15) tes[ggo)(Ht) > Il(g) (5) u(t)|l2 < CoM,

Jtlal<4

where M is defined (2.12) and Cj is independent of h and u.

(i) Assume that h € N3_4CI((—oo0,0]; H*77) and that h(t) satisfies
(2.13). Then, there exists a unique solution u(t) of (2.10)—(2.11) such
that

(2.16) we mC’ —00,0]; H*9),

@11 s (1-1) Y 1) (2 ubls < CoM,

#e(=oo 0] jtlal<a

where M is defined (2.13) and Cy is independent of h and u.

For the proof of Lemma 2.4, see [33, Lemma 2.4].

Now we describe a sketch of proof of Theorem 1.1. We consider only
the case of ¢ — 400, because the proof for the case of t — —oo is quite
similar to that for the case of t — 4-o0.

We seek the solutions to the final value problem for (1.1)—(1.2)
around almost free solutions. We choose a function z € C*([0,00))
such that z(¢) =1 for ¢t > 2 and 2(t) =0 for 0 < ¢t < 1. We put

(218)  w(t) = 2(Buo(t) = 2()e PV (at) M (3),

where ug(t,x) is defined in Lemma 2.1 (ii). Let vg(¢,z) be a solution
of (2.8)-(2.9) given by Lemma 2.4 (i) with A = |u;|?. We introduce the
following almost free solutions.

(2.19) u(t) =U(t)Yy, v(t) = (coswt)pyo+ (wtsinwt)pis + vo(t).
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We note that u(t) = uy(¢t). Furthermore, we put

(2.20) $(t) = F(£) + u(t),
(2.21) #(t) = N(t) + v(t).
We rewrite (1.1)—(1.2) as the following system of F' and N:
.0 1
(2.22) zaF—i— EAF:NF—i—N(u—ul)—}-Nul

+vF+ f(t), t>0, z€R?

2

d
(2.23) sV —AN+N = |F|?> + 2R(F (@ — @,))

+2R(Fa1) +g(t), t>0, z€R?

(2.24) IF(E)ll2 =0 (t— o0),

(2.25) H%N(t)llg +[VN@®)3 +IN@®IZ =0 (¢t — oo),
where

(2.26) ft) =v(u —uy) + vuq,

If we have the solutions (F, N) of (2.22)—(2.25), then we obtain Theo-
rem 1.1 (i) by (2.20)—(2.21). Lemmas 2.1-2.4 and the support condition
of the Fourier image of 1, show that f(t) and g(t) decay in L? fast
enough as t — oco. Therefore, we can obtain the desired solutions (F, N)
for (2.22)—(2.25). The details of the proof will be published elsewhere
(see [33]).
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Inverse Iteration Method
with a Complex Parameter 11

Toshio Suzuki

§1. Introduction

Let A be a symmetric (n,n) matrix and let A\g,¢r, k = 1,...,n be
pairs of eigenvalues and the corresponding eigenvectors of A. The inverse
iterarion process for the eigenvector ¢; is to solve the following linear

equations with initial data z(%) under the conditions |A; — A| << ¢ <
Ak = Al (k # ):

(1.1) (A= AD2mHD = (M) ;= 0,1,2,...

In the paper [1] we proposed the inverse iteration method with a complex
parameter and showed some numerical results of our method. There we
replaced X in (1.1) by a complex parameter A + v/—17 and managed
to derive the utilities of the complex parameter with |7| < € under the
following Assumption H.

Assumption H. Eigenvalues A\, k = 1,2,...,n of A are known
with the following accuracy: There are three numerical constants c,e
and A such that infy; |A; — Ag| > 2cand |A\; —A| <eand 0 <2 <c.

In the spectral theory, it is well known that the projection operator
P; to the eigenspace correspondong to the eigenvalue A; is represented
as follows

1
2m+/—1

It can be considered that to solve the linear equation (1.1) is to execute
the numerical integral of (1.2) with one point value. Since the result of
our method is understood to be that with two point values, it will be
taken for granted that our method is more effective than the standard
traditional one.

(1.2) Pjv= 7{ (A —¢I)vdC.

Received December 16, 1992.
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In this paper we show supplementary propositions to [1] and propose
the more powerful version of our method in practical computations.
§2. Propositions and the iteration process

In the paper [1], we did not give the proofs of the propositions.
The most important one of them can be improved as the following two

propositions.
Consider the following equation with ||z|| = 1:
(2.1) (A=A —v—-11Hw = =.

Let z =Y ._, axdk, then we have

ll

Z/\k /\ W akPr

k=1
(2.2)
n A _
Z k)\)2+ 5 kP +V/— Z O _/\ zakqbk-
k:l
Ak — A T
Put =z = O _k/\)z g ardr and yi = O = 02 +T2ak¢k. Let x =

S rkand y =Y p_; Yk

Proposition 2.1. Let x,y be the real and imaginary part of the so-
lution of the equation (2.1) with |A\; —\| < |7| < € under the Assumption
H in which the inequality |X;—A| < |e| is assumed. Put A= (Ay,v)/ |yl
If 3llyll > 2||z|l, then |A; — A| <|7].

Proof. Put ay = [(Axk —A)?+ 72"t and T = > 7_, a2a?. Since
4e < 2¢ < infix; |A; — Ag| by the assumption H. We have the following
inequalities:

Z Ak — M2aia; > 352 Ak — AoZal
kAj k]

Z |Ae — APaZa? > 92 Zaiai.
k#j k#j
Then from the assumption 3||y|| > 2||z||, we have

and

92T > 4 Z A — A\2aiaZ > 4- 362 | Ak — A|azag,
k=1 kj
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that is,

(2.3)

(2.4) ~-—T > ) azaf.

On the other hand, we have following estimates:
As = Al = 1A — (4y,9)/llyl1?|

= |Aj — Z)\kT akak/ZT azai)

<IN = Aelofad/T
k#j

< >IN = Alagad/T + ) |A = Axlagai/T.

Py Py
So we have the following results from (2.3) and (2.4):

2 37.2
A=<=+ >— < |7|.
M-Sl <l S+ <l

309

Q.E.D.

The following proposition is easily derived by a similar argument

used in the proof of the Proposition 2.1.

Proposition 2.2. Under the same assumption of Proposition 2.1,

. g TZ
if llyll = ll|| then |A; — A < %

These propositions bring the following more powerful version of the
iteration process of our method in [1], where the step (2.7) and (2.8) are

varied.

Let ¢ be an initial vector and let 7(%) be a real number whose absolute
value is smaller than €. Our iteration process consists of the following

four steps (2.5)—(2.8), where u(™ and v(™) are real vectors.

(2.5) (A= X1 — /ZArMmDw™ = 2™ where 2(® = £, A0 = )
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fu(m)

2.6 (m+1) —
26) = ]

where w(m) = u(m) + \/___—1,0(m)

(2 7) )\(m+1) (Az(m—}-l)’ z(m+1)) if 3“U(m) ” > 2“u(m) “
| A otherwise.
(m)y2
28) et = TF i ) > ut)

C

Remark 2.3. The process (2.8) may be passed if [7(™)] is small
enough.

§3. Applications

Propositions 2.1 and 2.2 show that even if we do not have a so ac-
curate value of € or even if the initial vector is not so well, A(™) in the
iteration process converges to the aimed eigenvalue efficiently by using
better parameters in each iteration. So we can have an application of
our method to get a rapid tool for computing eigen-pairs combining the
bisection method. Its idea is such that: get rough estimates of eigenval-
ues by the bisection method, first, then, apply our iteration process. The
computing time to improve the accuracy of an eigenvalue by 5 decimal
digits with the aid of the bisection method is comparable to that of two
times iterations of our method. So, for example, if, starting from the
initial approximating value with the accuracy about 10~%, we could have
the eigenvalue with the accuracy 107!% after two times iterations, this
method is an improvement of the procedure done by only the bisection
method. The test computations of this example and of the others of
this kinds have shown satisfactory results. We do not have the optimal
result as yet but the above example is at least one of the application of
our method to get eigen-pairs more rapidly.

References

[1] Suzuki, T., Inverse iteration method with a complex parameter, Proc.
Japan Acad. Ser. A, 68 No.3 (1992), 68-73.

Department of Mathematics
Yamanashi University
4-4-37 Takeda, Kofu 400
Japan



Advanced Studies in Pure Mathematics 23, 1994
Spectral and Scattering Theory and Applications
pp. 311-322

Asymptotics for the Number of Negative Eigenvalues
of Three-Body Schrodinger Operators
with Efimov Effect

Hideo Tamura

Introduction

The Efimov effect is one of the most interesting results in the spec-
tral analysis for three-body Schrodinger operators. Roughly speaking,
it can be explained as follows: If all three two—body subsystems have
no negative eigenvalues and if at least two of these subsystems have a
resonance state at zero energy, then the three-body system under con-
sideration has an infinite number of negative eigenvalues accumulating at
zero. This remarkable spectral property was first discovered by Efimov
[1] and the mathematically rigorous proof has been given by the works
[4, 8, 10]. In the present note, we study the asymptotic distribution of
these negative eigenvalues below the bottom zero of essential spectrum
which is a three—cluster threshold energy. Let N(E), E > 0, be the
number of negative eigenvalues less than —FE with repetition accord-
ing to their multiplicities. Then the result obtained here is, somewhat
loosely stating, that N(E) behaves like |log E| as E — 0.

We first formulate precisely the main theorem and then make a
brief comment on the recent related result obtained by Sobolev [7]. We
consider a system of three particles with masses m; > 0, 1 < j < 3,
which move in the three-dimensional space R3 and interact with each
other through a pair potential Vji(r; —ri), 1 < j < k < 3, where
r; € R® denotes the position vector of the j—th particle. For such a
system, the energy Hamiltonian H (three-body Schrédinger operator)
takes the form

(0.1) H=Hy+YV, = > Viklrj =),

1<5<k<3

in the center—of-mass frame, where Hy denotes the free Hamiltonian.
Both the operators Hy and H act on the space L%(R®) and are repre-

Received January 7, 1993.
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sented in various forms according to the choice of the Jacobi coordinates.
The pair potential Vj; is assumed to satisfy the following condition:

(V), Vjk(z), z € R, is real-valued and has the decay property
Vik(z)] K C(1+|z|)™? for some p > 2.

By this assumption, the Hamiltonian H formally defined above admits
a unique self-adjoint realization in L?(R%). We denote by the same
notation H this self-adjoint realization.

We use the letters a, 8 and 7 to denote one of three pairs (4, k) with
1 <j <k <3. For a pair a = (j, k), we define the reduced mass m,,
through the relation 1/mq = 1/m; +1/m, and the two-body subsystem
Hamiltonian H* as

H® = —A/2my + Vo, Vo(z) = Vjr(z), on L*(R3).

We further assume that these subsystem Hamiltonians H* have the fol-
lowing spectral properties:

(H.1) H* has no negative bound state energies for all pairs a.
(H.2) H* has a resonance state at zero energy for all pairs a.

Roughly speaking, the second assumption (H.2) means that the equa-
tion H*p = 0 has a solution ¢(z), z € R>, behaving like p(z) ~ |z|™*
at infinity. Such a solution is called a resonance state at zero energy. It
should be noted that ¢ is not an eigenstate of H* at zero energy. By
the HV Z theorem ([5]), it follows from (H.1) that H has essential spec-
trum beginning at zero and negative discrete spectrum. If, in addition,
(H.2) is satisfied, then H has an infinite number of negative eigenvalues
accumulating at zero. In assumption (H.1), we have assumed that any
pair of two particles does not have bound states at negative energies.
Nevertheless the three-body system has an infinite number of bound
states at negative energies. As stated above, this spectral property is
called the Efimov effect.

With the above notations and assumptions, we are now in a position
to formulate the first theorem.

Theorem 1. Assume that (V),, (H.1) and (H.2) are fulfilled. Let
N(E), E > 0, be the number of negative eigenvalues less than —E of H
with repetition according to their multiplicities. Then N(E) obeys the
following asymptotic formula:

N(E) = Co|log E|(1+0(1), E—0,
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for some Cy > 0.

Remark 1. We should make some comments on the leading coeffi-
cient Cy in the asymptotic formula. This constant Cy does not depend
on the pair potentials V;; and is given as a positive function of only the
ratios m;/my, between the masses. The constant is determined from an
eigenvalue asymptotics for a certain compact integral operator and is in
general difficult to write down in an explicit form. In the special case
with identical masses, Cy is determined as Cy = s/27 with the unique
positive root s > 0 of the equation

s =2%.3"12(sinh s 7/6)/(cosh s /2).

Remark 2. (1) The following result can be also obtained in the
course of proof: If at most one of two—body subsystem Hamiltonians
H% has a resonance state at zero energy, then H has only a finite num-
ber of negative eigenvalues; N(E) = O(1), E — 0. This result asserts
the finiteness of discrete spectrum below the bottom of essential spec-
trum, even if the bottom coincides with a three—cluster threshold energy.
(2) As previously stated, H has in general an infinite number of nega-
tive eigenvalues accumulating at zero except for a certain special case, if
only two subsystem Hamiltonians have a resonance state at zero energy.
Even in such a case, a similar asymptotic formula with another leading
coefficient Cy > 0 can be obtained.

The asymptotic formula for N(E) has been first established by
Sobolev [7] under the main assumption that pair potentials are non-
positive Vjr < 0 and have the decay property (V), with p > 3. The
above properties of the leading coefficient C has been also investigated
in detail there. Theorem 1 is only a supplement of the interesting result
obtained by Sobolev [7] and the proof is also based on the idea developed
there. But the arguments undergo slight changes in many aspects, if the
non—positivity assumption of pair potentials is not necessarily assumed.

The method here applies also to the problem on the eigenvalue
asymptotics in the coupling limit. We consider the three-body Hamil-
tonian

(0.2) HAN=H-AV=Hy+(1-X2V  on L*R®

with a coupling constant A, 0 < A < 1, small enough, where H is defined
by (0.1) and is assumed to satisfy all the assumptions in Theorem 1. Let
No()A) be the number of negative eigenvalues of H(A). For A > 0, H(})
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has only a finite number of negative eigenvalues but Ny(A\) — oo as A
tends to the critical value 0. The theorem below gives the asymptotic
formula as A — 0 for Ny(}).

Theorem 2. Let the notations be as above. Suppose that the
three-body Hamiltonian H = H(0) fulfills the assumptions (V'),, (H.1)
and (H.2). Then Ng()) behaves like

No(\) =2Co|log A (1 +0(1)),  A—0,

with the same positive constant Cy as in Theorem 1.

§1. Low energy analysis for two—body resolvents

The proof of the theorems above is based on the behavior at low
energies of two—body resolvents with resonance at zero energy. We here
make a brief review on this result. For details, see [2, 3].

Throughout the section, we work in the space L2 = L?(R2) and
denote by ( , ) the L? scalar product. We begin by defining precisely
the resonance state at zero energy. Let T' = —A + V; be the two—body
Schrédinger operator acting on L2. We assume that the potential Vo ()
has the decay property (V'), and that the operator T" has the spectral
properties (H.1) and (H.2). We now consider the equation T'¢ = 0.
This equation can be put into the integral equation

(L1) p(o) = ~(1/47) [ o =y Volw)e(w) dy

where the integration with no domain attached is taken over the whole
space. Equation (1.1) is considered in the weighted L? space L2, =
L?(R3; (x)~?% dx) with weight (z)™° = (1 + |z|?)*/2, s > 1/2 being
taken close enough to 1/2. If ¢ € L2 solves the equation (1.1), then it
is easily seen that ¢ behaves like

p(z) = —(1/4m)(Vo, )|z " + O(|z|~*1),
(8/8lz])p(z) = (1/4m)(Vo, )| ~* + O(|z[~*)

as |x| — oco. We say that ¢ is a resonance state of T at zero energy,
if (Vo,p) # 0 is satisfied. Thus the resonance state ¢ behaves like
@(z) ~ |z|~! as |z| — oo and hence ¢ ¢ L? is not a bound state at zero
energy. On the other hand, if (V, ) = 0 is satisfied, then we obtain
from (1.1) that ¢(x) = O(|z|~2), so that ¢ belongs to L? and becomes a
bound state of T' at zero energy. Conversely, if ¢ is a bound state at zero
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energy, then we can easily see that ¢ satisfies the relation (Vp, ) = 0.
This implies that a resonance state at zero energy is non—degenerate.
Under assumptions (V),, (H.1) and (H.2), it also follows from Theorem
A.3.1 of [6] that T cannot have a bound state at zero energy (bottom of
its spectrum) and hence T has only a resonance state.

Assumption (V), enables us to choose a non-negative potential
Up > 0 satisfying (V), so that

(1.2) Wo(z) = Up(x) — Vo(z) > Up(z)/2 > 0.
We define the Schrodinger operator S with potential Uy by
(1.3) S=-A+Us on L?(R3)

and denote the resolvent of S as R(d?;S) = (S +d?)~! for d > 0. Since
Uy is non—negative, R(0;S) can be also defined as a bounded operator
from L2 into L2 for any s > 1 and the generalized eigenfunction 6 (z)
of S at zero energy is obtained as a unique solution to the Lippmann-—
Schwinger equation. Let A(d) : L? — L? be the operator defined by

(1.4) A(d) = Id -WL2R(d%; S)WE/?, d >0,

Id being the identity operator. It should be noted that this operator can
be defined even for d = 0. Let ¥; be the kernel of A(0). The kernel ¥,
can be shown to be a one-dimensional space. Denote by ; € L? the
normalized function spanning ¥,. Then we can show that v (z) falls off

with order O(|z|~1~#/2) and satisfies (6, Wa’ %41 # 0. We decompose
the space L? = L?(R2) into the orthogonal sum L? = ¥; @ £ and we
denote by P;, 1 < j < 2, the orthogonal projections onto ;.

We study the behavior as d — 0 of A(d) defined above. To do this,
we here introduce new notations. A bounded operator T'(d), 0 < d < 1,
acting on L? is said to be of class Op(d¥), if its operator norm obeys the
bound ||T(d)|| = O(d”) as d — 0. When the difference T3 (d) — T»(d) is
of class Op(d”), we denote this relation as T (d) = Tz(d) + Op(d”).

Lemma 1.1. Let the notations be as above. Suppose that T ful-
fills (V),, (H.1) and (H.2). Then the operator A(d) has the following
properties.

(i) Lete, 0 < € < 1, be fized arbitrarily. Then there exist positive
constants c. and c. such that

ce Id < A(d) < . 1d, d > e,
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in the form sense.
ii) Define Ajr(d), 1 <7, k<2, as Ajx(d) = P;A(d)Py. Then:
J J J

(1) Az2(d) € Op(d°) and A2z(d) > co P2 for some cz > 0.
(2) Aj2(d) € Op(d¥) for some v > 1/2.
(3) A11(d) = 01d Py 4+ Op(d¥) for some v > 1, where

g1 = |<00,W01/2’¢1>|2/47f > 0.

Remark 1.2. A similar argument applies to the Schrodinger oper-
ator T'= —A/2m + V with reduced mass m. For such an operator, the
constant oy in the lemma is given as

op = 271207 1m3/2 |(f,, Wol/2¢1>|2,

where 6 is the generalized eigenfunction at zero energy of S = —A/2m+
Up, Uy being chosen to satisfy (1.2), and 9; € L? is the normalized
function constructed for the operator S.

§2. Sketch of proof of Theorem 1

We here give a sketch for the proof of Theorem 1 only. See [9] for
the detailed proof, including the proof of Theorem 2.

(0) We begin by introducing several basic notations used in the
spectral analysis for three-body Schrédinger operators.

Let o = (j, k) be given pair and let [, [ # j, k, be the index by which
the third particle is labelled. Then the Jacobi coordinates associated
with a are defined as

(2.1) To =Tj —Tky Ya =11 — (Myr; +merg)/(m; +my).

We denote by (pa,qo) € R3*? the coordinates dual to (z4,¥y,). In
this coordinate system, the symbol Hg(pa,qs) of the three-body free
Hamiltonian Hg is described as

HO(paa Qa) = |pa|2/2ma + |qa|2/2na,

where m,, again denotes the reduced mass associated with a and n, is
defined through the relation 1/n, = 1/m;+1/(m; +my). Let 8 # « be
another pair. Then a simple calculation yields

(2.2) Pa = K%%Ga + k*Pqs, pp = kP + KPPqp,
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where the coefficients k%%, k%, K and kPP are explicitly expresssed
in terms of the masses m;, 1 < j < 3, and, in particular, kB and kP
satisfy |k”%| = |k*P| = 1. We also denote by Hy(qa,qs) the symbol
representation for Hp in the coordinate system (ga,gs). We further
define the cluster Hamiltonian H, as

H,=Hy+V,, V,=Vj on L*R®.
The base space L?(R®) is decomposed as the tensor product
L*(R%) = L*(R% dzo) ® L*(R®; dya)
and hence the Hamiltonian H,, is represented as
H,=H*®Id+1d®T, on L?*(R3 dzy)® L*(R3; dy.),

where H® again denotes the two—body subsystem Hamiltonian associ-
ated with a and T, is given as

(2.3) To = —A/2n, on L*(R?;dy,).

We now choose a non—negative potential U, = U, (z4) > 0 to satisfy
the property (1.2)

Wao(za) = Us(zo) — Va(za) > Un(za)/2 >0
and define the Hamiltonians K% and K, as

K*=-A/2mq +U, on L*(R? dz,),

(24) 2 3 2 3
Ko=K*®Id+1d®T, on L2(R%dzs)® L2(R%;dya).

We also define A(d; K¢) : L?(R3;dx,) — L%(R3;dz,,) as
(2.5) A(d; K*) =1d-WY2(K* + d%)~'w}/2, d>o,

in a way similar to (1.4) and denote by P, 1 < j <2, the orthogonal
projections associated with A(0; K®), which are constructed in the same
way as P; in section 1. We further denote by 6§ = 6§ (z,) the general-
ized eigenfunction of K¢ at zero energy and by 9§ € L?(R3;dz,) the
normalized function spanning the range of Py*, the range being a one-
dimensional space. The operator A(d; K*) defined above preserves the
same properties as in Lemma 1.1 (see also Remark 1.2) and, in particu-
lar, we have

P A(d; K*)P® = 04 d P® + Op(d”), d— 0,
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for some v > 1, where g, > 0 is given as

(2-6) 0o =272t mi/? (65, Wo Py .

(1) We consider only F, 0 < E < 1, small enough. For given
self-adjoint operator A, we denote by n(u; A) the number of eigenvalues
greater than p of A. Let U = ) U, and W = Y W,, where the
summation )_  is taken over all three pairs a. Define the Hamiltonian
K by K = Hy+U = H+W and the bounded operator M(E) : L?(R®) —
L*(R®) by

M(E)= (K + E)"Y?W(K + E)™/? = ZM (E)*M,(E)

with M, (E) = 2 (K + E)~'/2. Then the quantity N(E) in question
coincides with n(l M(E)) by the Birman—Schwinger principle. The next
lemma is due to Sobolev [7].

Lemma 2.1. Let L2 =) @®L?(R"), three summands. Define the
operator M(E) : L? — L? as

Mo(E)Mo(E)*  Mo(E)Mp(E)” Mo(E)M,(E)*
M(E) = | Mp(E)Ma(E)" Ms(E)Mg(E)" Mp(E)M,(E)" |,
M,(E)Ma(E)*  M,(E)Mp(E)* M, (E)M,(E)*

where a, B and v denote different three pairs. Then one has

N(E) = n(1; M(E)).

(2) We denote by Dia{B,, Bs, By} the 3 x 3 diagonal matrix with
operators B,, Bg and B, as diagonal entries. Let M(E) be as in Lemma
2.1. The off-diagonal entries of M(E) are all compact operators on
L?(R®) but the diagonal ones are not necessarily compact operators.
Thus we look more carefully at the operator

Mo (E)Mo(E)* = WX (K + E)~'W,/

in the diagonal entries of M(E).
Let K, be defined by (2.4). We decompose the above operator
into the sum My (E)My(E)* = Moa(E) + Lo(E), where My, (E) =

o/ (Ko+ E)"'W&/? and

Lo(E) = W2 (K + E)™' — (Ka + B) YWo/%,
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so that M(FE) is represented as M(E) = My(E) + M1(E) with
Mo(E) = Dia{ Moo (E), Mog(E), Mo (E)}.

We note that M;(E) : £2 — L? is a compact operator.
We now introduce a positive smooth function w(s), s > 0, such that

w(s)=s for 0<s<1, w(s)=2 for s> 2.
Let T, be defined by (2.3) as an operator on L?(R3;dy,). We define
wa(E) = w((Ta + E)'/?),

which is considered as an operator acting on L2(R®) as well as on
L?(R3;dy,). We further define A, (E) : L?(R®) — L?(R®) as

Ao(E) =1d —Moo(E) = Id WY (K, + E)"'W}/2,

By Lemma 1.1 (see also Remark 1.2), we can find strictly positive smooth
bounded functions f*(s), 0 < ¢ < f*(s) < f(s), behaving like

fE(s)=140(s"), s—0,
for some v > 0 such that

(2.7) Aa(B) > fF(B)wa(B)P +ci P,
(2.8) Aa(B) < 7 (E)wa( B)P? + c_P§

for some positive constants c+, 0 < ¢y < c_, where
fE(B) = 0o f*((Ta+ E)'/?)

with o4 > 0 given by (2.6), and the inequality relations are understood
in the form sense. Denote by F(E) and F (E) the operators on the
right side of (2.7) and (2.8), respectively, and define

Fi(E) = Dia{ FE(E), F5 (E), F¥(E)}.
Then it follows from (2.7) and (2.8) that
Fo (B) <1d—Mo(E) < T (E)
and hence we obtain from Lemma 2.1 that

(2.9) n(1; Q7 (E)) < N(E) < n(1; Q" (E)),
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where
Q*(E) = F (B)/* My (E)FE(E) /2.

(3) We study the behavior as E — 0 of Hilbert—-Schmidt norm of
the entry operators Qaiﬁ (E) in Q*(E). To do this, we here introduce
new notations. Let B(E), 0 < E < 1, be a compact operator on L?(R®).
We say that B(FE) is of class (HS)e, if for any € > 0 small enough, B(E)
has a decomposition B(E) = Bi(E;e€) + Ba(E;€) such that: (i) the
Hilbert—Schmidt norm of B;(FE;€) obeys the bound ||B;(E;¢€)|gs < Ce
for some C. independent of E; (ii) the operator norm of By(FE;e€) obeys
the bound || B2(Ej;€)|| < e. If the difference between two operators B; (E)
and By (FE) is of class (HS)e, we denote this relation as By (E) ~ By(E).

Lemma 2.2. QI (E)~O0.

We analyse the operators Qfﬁ (E), a # 3, in the off-diagonal entries

of Q*(E). Recall that ¢ € L?(R3;dx,) is the normalized function
spanning the range of P{* (one-dimensional space). Let x(z), z € R3,
be the characteristic function of the unit ball B; in R3. We set

Ca(4a; B) = x(da) (1gal* /2na + E) /4

and denote by I,s(E) : L?(R%;dzs dgg) — L*(R%;dxs dga), a # B3, the
integral operator with the kernel w?(aca)Jag(qa,qg;E)@bf (z), where
Jop(qa, qs; F) is defined by

(2.10) Jag(qa, q93; E) = TapB Ca(QCx; E)(HO(QOL’ qﬂ) + E)—lc,@(qﬁ; E)

with

TaB = 275/2 =2 (mamg)_3/4.

Let ¥, : L?(R3dy,) — L?(R%;dgs) be the Fourier transformation
in yo. We further define Sog(E) : L2(R®) — L?(RS) by Sus(E) =
U I,p(E)¥s, o # B.

Lemma 2.3. QL4(E) ~ Sap(E), a#p.

Let S(E) : £? — L2, L? being as in Lemma 2.1, be the self-adjoint
compact operator defined by

0 Sap(E)  Say(E)
S(E) = | SpalE) 0 Sgy(E) |, SpalE) = Sap(E)*.
Sya(E)  Syp(E) 0
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Then Lemmas 2.2 and 2.3, together with (2.9), yield that
n((1+¢€);S(E)) —Ce < N(E) <n((1—¢€);S(E))+ C.

for any € > 0 small enough, where C. > 0 is independent of E. This
relation can be easily obtained by use of the Weyl inequality

(A1 + A2; A1 + Az) <n(A; A1) +n(Ag; Ag)
for the sum of compact operators A; and As.

(4) The proof of the theorem is completed in this step. Let

L3(B) = Z ®L*(B;;dq,), three summands.
61

We denote by J,5(F) : L?(B1;dqg) — L?(Bi;dg,) the integral operator
with the kernel J,3(gq, gs; E) defined by (2.10), and define the operator
Jo(E) : L2(By) — L2(By) as
0 Jug(E) Jar(E)
Jo(E) = | Jpa(E) 0 Jgy(E)
FalB) Jyp(E) 0

Then it is easily seen that n(u; S(E)) = n(p; Jo(E)) for S(E) defined
above and hence we have

211)  n((1+€);To(E)) — C. < N(E) < n((1 — €); To(E)) + C..

The eigenvalue asymptotics for the integral operator Jp(E) has been
in detail studied in Sobolev [7] by employing an argument used in the
calculation of the canonical distribution of Toeplitz operators. We here
summarize the results obtained there.

Lemma 2.4. Let n(p; Jo(E)) be as above. Then:

(1) There exists a limit
Oo(w) = lim n(y; Jo(E))/|log E|

as a continuous function of u > 0.
(2) The constant Cy = O(1) depends only on the ratios between the
masses of three particles under consideration and obeys the lower bound

Co > log2/2m% > 0.

This lemma, together with relation (2.11), completes the proof of
the theorem.
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