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Polyhedral Algebras, Arrangements of Toric
Varieties, and their Groups

Winfried Bruns and Joseph Gubeladze

§1. Introduction

In our previous paper [BG] we generalized standard properties of
the group GL, (k) of graded automorphisms of the polynomial ring
k[zy,...,z,] over a field k to the group gr.aut(k[Sp|) of graded auto-
morphisms of a polytopal k-algebra k[Sp] associated with a lattice poly-
tope P. The generators of the k-algebra k[Sp] correspond bijectively to
the lattice points in P, and their relations are the binomials represent-
ing the affine dependencies of the lattice points. (See Bruns, Gubeladze,
and Trung [BGT] for polytopal algebras.) Thus k[zi,...,z,] can be
viewed as the polytopal algebra k[Sa,_,]| for the unit (n — 1)-simplex
A,—1, and the fact that every invertible matrix can be reduced to a
diagonal one by elementary row transformations is then a special case of
our theorem [BG, Theorem 3.2] that every element of gr.aut(k[Sp]) is
a composition of elementary automorphisms, toric automorphisms, and
affine symmetries of the polytope. (The symmetries are only needed if
gr. aut(k[Sp]) is not connected.) Polytopal algebras and their normaliza-
tions are special instances of affine semigroup algebras; more generally,
we have described the group of graded automorphisms of an arbitrary
normal affine semigroup algebra [BG, Remark 3.3(c)].

In [BG] an application to toric geometry is a description of the auto-
morphism group of a projective toric variety over an algebraically closed
field of arbitrary characteristic. Our approach avoids the theory of linear
algebraic groups, and for projective toric varieties we have strengthened
the classical theorem of Demazure [De] and its recent generalizations by
Cox [Co| and Biihler [Bu].

The main issue of this paper is a generalization from the case of
a single polytope to algebras k[Il] corresponding to lattice polyhedral
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complezxes II of type as general as possible; these algebras will be called
polyhedral algebras. Thus we are concerned with the graded automor-
phisms of fiber products of polytopal algebras, labeled naturally by lat-
tice polyhedral complexes. In plain terms, the set of monomials of k[II]
is the union of the set of monomials of the algebras k[Sp| where P runs
through the facets of Il, and the product of two monomials is their prod-
uct in k[Sp] if there exists P with both monomials belonging to k[Sp],
and zero otherwise. The simplest representatives of such algebras are
Stanley-Reisner rings of simplicial complexes, whose graded automor-
phisms have recently been considered by Miiller [Mu]. Combinatorial
aspects of algebras defined by polyhedral complexes have been discussed
by Stanley [Stal.
There is a natural hierarchy of lattice polyhedral complexes

{abstract simplicial complezes} C
{boundary lattice polyhedral complexes} C
{Euclidean lattice polyhedral complezes} C
{ quasi-Fuclidean lattice polyhedral complexes} C
{oriented lattice polyhedral complexes} C
{general lattice polyhedral complezes},

which appears in the subsequent sections; each of these classes consti-
tutes just a small subclass in the next class, as illustrated by examples.

Boundary lattice complexes are obtained as subcomplexes of the
set of faces of a single lattice polytope, whereas Euclidean complexes
are formed by a collection of lattice polytopes in a Euclidean space R™
whose lattice structures are induced from the lattice Z™. For a quasi-
Euclidean complex II we relax the last requirement: the lattice providing
the semigroup associated with each face of Il may vary among the facets
of the complex. The definition of an oriented lattice polyhedral complex
is more technical; roughly speaking, it permits us to define elementary
automorphisms in terms of so-called column structures.

The group gr. aut(k[II]) is a linear algebraic group in a natural way.
We will show that the elementary automorphisms together with the toric
automorphisms generate its unity component if II is oriented; if Il is even
quasi-Euclidean, then the whole group is generated by elementary auto-
morphisms, diagonal automorphisms and symmetries of the underlying
complex. Here an automorphism « is called diagonal if each monomial
is an eigenvector for a, and the toric automorphisms are the members
of the unity component of the group of diagonal automorphisms (in the
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case of a single polytope this group is always connected). Moreover, un-
der a certain combinatorial condition on the complex, one can provide
a normal form for the representation of a general automorphism. This
is the first main result of the paper (Theorem 5.2).

The combinatorial treatment that was successful in the case of a
single polytope [BG] becomes exceedingly complicated for polyhedral
complexes. Instead we will invoke Borel’s theorem on maximal algebraic
tori and other algebro-geometric arguments.

Polytopal algebras are related to graded normal affine semigroup
algebras in the same way as polyhedral algebras are related to graded
algebras defined by rational polyhedral complexes (Section 2). Analo-
gously to the situation of a single polytope, our arguments apply to
this class of algebras as well, yielding a description of their graded au-
tomorphism groups. An even more general class is constituted by the
algebras described in terms of weak fans (Section 2). They are analogues
of general, non-graded normal affine semigroup rings and are useful in
the description of affine charts for arrangements of projective toric va-
rieties; see Section 6. The analogy is limited, though: neither is the
normalization of a polyhedral algebra combinatorially well-behaved in
general, nor do all algebras given by weak fans come from rational poly-
hedral complexes (i.e. carry a graded structure such that monomials are
homogeneous and of positive degree).

The second main result (Theorem 9.1) concerns the automorphism
group of an arrangement of projective toric varieties, i.e. the Proj of a
polyhedral algebra. Here the situation is more complicated than it was
for projective toric varieties themselves: no longer can one give a nat-
ural one-to-one ‘polyhedral interpretation’ of very ample line bundles,
which exists for single polytopes (Teissier [Te]). However, using once
again Borel’s theorem on maximal tori, we show that there are still rea-
sonable polyhedral ‘images’ of the spaces of global sections for certain
very ample line bundles. This suffices for the computation of the unity
component of the automorphism group of an arrangement defined by
a quasi-Euclidean complex and of the whole group for an arrangement
defined by a projectively quasi-FEuclidean complex II; such a complex is
distinguished by the fact that every complex projectively equivalent to
IT is also quasi-Euclidean. Not all quasi-Euclidean complexes are pro-
jectively quasi-Euclidean, but in Section 8 we describe two natural big
classes of such complexes; one of them includes the simplicial complexes.

In conjunction with [BG]| this paper establishes a polyhedral gen-
eralization of classical K-theoretical objects — the general linear group
GL, (k) and its elementary subgroup E,(k). Naturally there arises a
question: is there a further analogy with K-theory that might lead to a
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polyhedral K-theory? Already for low dimensional K-groups this ques-
tion suggests challenging open problems.

Acknowledgement. The second author was supported by the Alexan-
der von Humboldt Foundation, the MR Project (Contract Offer ERB
FMRX CT-97-0107) and by INTAS (93-2618-Ext). Their generous grants
are gratefully acknowledged.

62. Polyhedral complexes and polyhedral algebras

A polytope in a real vector space R™ is the convex hull of finitely
many points. The vertices of a lattice polytope belong to the integral
lattice Z™ C R™.

We recall that for a lattice polytope P C R™ the sub-semigroup
Sp C Z™*! is by definition generated by {(z,1)| z € Z" N P} c Z"*.
For a field k the semigroup algebra k[Sp] is called the polytopal algebra
of P over k ([BGT], [BG]).

Definition 2.1. A lattice polyhedral complez 11 consists of

(a) an abstract (finite) polyhedral complez I1x, that is a finite set X
of vertices and a system Il x of subsets of X such that PNQ € Ilx
whenever P,Q € Ilx,

(b) an embedding P — R™? for each P € IIx such that the image of
P constitutes the vertex set of an n p-dimensional lattice polytope
P* C R’RP,

(c) an embedding tpg : P* — Q* for each inclusion P C Q, P,Q €
IIx such that tpg is an isomorphism of P* with a face of Q* as
lattice polytopes.

Furthermore we require the following compatibility conditions:

(i) LQR O LPQ = LPR for PLQ,Rellx, PCQ CR,
(ii) for every element Q € IIx and each face F' of the polytope Q*
there is an element P € IIx such that P C Q and tpg(P*) = F.

(The condition dim(P*) = np is useful for convenience of notation when
we define projectively equivalent polyhedral complexes in Section 7.)

Let II be a lattice polyhedral complex. For P € Ilx the set of
lattice points of P* will be denoted by L(P*). We want to identify
lattice points z € L(P*) and y € L(Q*) if tpg(x) = y. More precisely,
we introduce the equivalence relation ~ on the disjoint union of the sets
of lattice points L(P*), P € Ilx, that is spanned by the relations z ~ y
for all z,y such that there exist P,Q € [Ix with x € L(P*), y € L(Q*),
P C @, and tpg(xz) = y. The set of equivalence classes with respect
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to ~ is denoted by L(IT) and they are called lattice points of II. For
simplicity of notation we will identify L(P*) with its image in L(II).
Let k be a field and II a lattice polyhedral complex. Then it is
easy to show that there exists a unique k-algebra k[Il], satisfying the
following conditions:
(1) k[I] is generated by L(II);
(2) for any element P € Ilx the subalgebra of k[II] generated by
L(P*) is naturally isomorphic to the polytopal algebra k[Sp«];
(3) if there exists no Q € IIx such that z,... ,zs € L(II) all belong
to L(Q*), then z1 -- -z, = 0.
The algebra k[IT] will be called the polyhedral algebra of II. Condition
(2) just means that for each P € Ilx the elements of L(P) C L(II)
satisfy the binomial relations corresponding to their affine relations as
lattice points in P*. Furthermore these binomial relations together with
the monomial relations in (3) define K|[II].

Convention: The polytopes P* will simply be denoted by P and they
will be called faces of II. We will write P < II. Moreover, for P,Q € II,
P C @, we indicate by P < @ that P is considered as a face of ) via
LpQ-

The elements of the semigroups Sp, P < II, will be called monomi-
als; elements of the form ax, a € k*, © € Sp are called terms.

Let ITfa® be the poset (with respect to <) of the faces of IT, and TIfacet
the subset consisting of all faces that can be written as an intersection
of facets, i.e. maximal faces, of II. Our conditions imply that we have a
contravariant functor to (commutative) k-algebras:

algia,ce . Hface N k'—alg

for which o
algi’**(P) = k[S]

and  algl*°(P < Q) = (the ‘face projection’ k[Q] — k[P]).
(‘Face projection’ here means the unique k-algebra homomorphism un-
der which L(Q) \ L(P) is mapped to 0 € k and each z € L(P) to itself.)

The restriction of algt®® to T2t will be denote by algi*.
The following is the universal characterization of k[Il]:

k[H] — @algzace — li{_nalgfcacet.
Definition 2.2. (a) A polyhedral subcomplex of the complex

of all faces of some lattice polytope is called a boundary polyhedral
lattice complezx.
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(b) A lattice polyhedral complex that can be realized as a polyhedral
complex of lattice polytopes (with respect to Z™) in some real
vector space R" is called Fuclidean.

(c) A lattice polyhedral complex II, realizable as a polyhedral com-

plex of rational polytopes in some real vector space, is called
quasi-Fuclidean.

Proposition 2.3. (a) IfII is the lattice polyhedral complex of
all faces of some lattice polytope P(including P itself), then k[I1] =
k[Sp].

(b) If1II is a lattice simplicial complex consisting of unit lattice sim-
plices, then k[II] is exactly the Stanley-Reisner ring of llx. Any
Stanley-Reisner ring can be realized in this way.

(c) The inclusions {abstract simplicia compleres} C {boundary lat-
tice complezes} C {Euclidean compleres} C {quasi-Euclidean
complezes} are strict.

(See Bruns and Herzog [BH, Ch.5] for Stanley-Reisner rings.)

Proof. The claims (a) and (b) are obvious, as is the first inclusion
in (c). It is evidently strict. So we only need to construct a Euclidean,
but not boundary, lattice polyhedral complex and a quasi-Euclidean,
but not Euclidean, one.

Consider the polyhedral complexes in Figure 1 where II; consists

FIGURE 1.

of the 6 two-dimensional facets forming the surface of the lattice unit
cube and one more facet given by a space diagonal, and II; has 6 two-
dimensional facets of which 5 are lattice unit squares and the 6th has
an additional lattice point in its barycenter.

We claim that II; is not a boundary complex. In fact, assume to the
contrary that there exists a lattice polytope P in R™ whose boundary
complex contains II;. Then there is a linear mapping from R™ to R that
is positive on II; outside the 1-dimensional facet and is 0 on it. Now
observe that the affine hull of II; in R™ is 3-dimensional and that the
2-dimensional facets of II; must form the boundary of a 3-dimensional
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parallelepiped = in R™ — this is an obvious rigidity property of the
boundary complex of the unit 3-cube. The space diagonal, except its
end-points, consists of interior points of =Z. Hence any linear form posi-
tive on the boundary of = (except the endpoints of the space diagonal)
must also be positive in the interior of this diagonal — a contradiction.
It is easy to check that, like in the previous case, a Euclidean real-
ization of Il must form the boundary of some lattice parallelepiped. In
particular, the lattice structures of each of the opposite pairs of facets
must be naturally isomorphic. But this is not the case for II; and, hence,

there is no Euclidean realization of II5. (That II; is quasi-Euclidean is
obvious.) Q.E.D.

To a lattice polyhedral complex II one can also associate a semigroup
(commutative, with unity) Sr, which is generated by L(II) and one extra
element oo in such a way that

(1) Sp is a sub-semigroup of Sy for every face P € II,
(2) z-00o=00-00=o00 and z; ---xs = 0o whenever z; ---z;, = 0 in
k[I1]. ‘
Of course, this definition is independent of the field k. The kernel of the
natural surjection k[Sp| — k[II] is the ideal (00) (dimg(o0) = 1). More-
over, St is mapped isomorphically to the multiplicative sub-semigroup
of k[II] generated by L(II) and 0.
Observe that k[I1] is equipped with a natural grading:

kM =k® A @Ay -, A =kL(II).

The group of graded k-automorphisms of k[I1], denoted by I'y(II) later
on, is called the polyhedral linear group associated with II. Clearly, If 11
is a lattice polyhedral complex determined by a lattice polytope P, then
[+ (IT) is the polytopal linear group I'y(P) of [BG]. As for polytopal
groups, one observes easily that polyhedral linear groups are affine k-
groups: I'y(II) is a closed subgroup of GLy(k), N = #L(II), whose
defining equations are derived from the relations between the degree 1
monomials of k[IT] by use of an obvious, simple algorithm.

The group of semigroup automorphisms of S will be denoted by
Y(IT). It is a finite group embedded into I'x(II) in a natural way, and
we will identify 3(II) with its image.

Next we introduce the notion of a rational polyhedral complex. The
corresponding graded algebras are related to polyhedral algebras in the
same way as graded normal affine semigroup rings are related to poly-
topal algebras.

Definition 2.4. A rational polyhedral complex I, consists of the
following data:
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(a) an abstract polyhedral complex Ty,

(b) an embedding P — R™? for each P € IIx such that the image is
the vertex set of a rational polytope P* (with respect to Q™? C
R™P) whose faces correspond to the sets {R € IIx| R C P} so
that if P C @ are two elements of Il x, then the polytope P* and
the face P’ of Q* corresponding to P are naturally isomorphic as
rational polytopes.

Furthermore we require that the isomorphism of P* and P’ induces a
bijection between the sets of lattice points of cP* N Z"P and cP’' N Z"e
for each ¢ € N. (Here cP* and cP’ denote the c-th homothetic images.)

It may happen that the faces of a finite rational polyhedral complex
II,,; are actually lattice polytopes, but the subscript —.,; emphasizes
that we are considering the rational structure.

For a face P € I,y we let C(P) denote the finite rational convex
cones in R"P*1 with apex 0 that is spanned by {(x, 1)| z € P}; moreover,
we let Sp denote the sub-semigroup Z"?*1 N C(P) c Z"Ptl. The
algebra k[Il;a¢] is defined as the unique algebra satisfying the following
conditions:

(1) k[Sp] is a subalgebra of k[II.] for every face P € Il and if
P < Q, then k[Sp] C k[Sg] in a natural way,
(2) 1+ -zs = 0 whenever z; € S’pi for some faces P; € Il;a, @ €

[1,s], and there is no face R € Il such that zy,...,zs € Sg,
(3) E[Lat) = Y_p k[Sp| as k-spaces, where P runs through the faces
of Hrat-

Here we adopt a convention on terminology and notation similar to that
we have introduced for lattice polyhedral complexes. In particular, we
can speak of a monomial in k[IT,].

Proposition 2.5. (a) The class of affine normal semigroup k-
algebras coincides with the class of algebras of type k[Il;ay] where
I1,.¢ is the rational complex (of all faces) of a rational polytope.

(b) For a rational polyhedral complex I,y and a field k the algebra
k[Il,at) carries a graded structure where all monomials are ho-
mogeneous of positive degree given by the last component of (the
exponent vector of ) x in Z"P*! forx € Sp. The group T (I;at)
of graded automorphisms of k[Il,.] is an affine k-group.

(¢) In general a lattice polyhedral complex I1 does not define a ra-
tional polyhedral complex in a natural way, i.e. if we pass to the
normalizations {y € gp(Sp) | y™ € Sp for some m € N} of the
Sp where P runs through the faces of Il, then the new system of
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semigroups may not satisfy the compatibility condition required
i 2.4.

Proof. (a) just says that all affine normal semigroup k-algebras
can be equipped with a graded structure such that monomials become
homogeneous elements of positive degree (see [BH, Ch. 6]). (b) is an
obvious analogue of the corresponding observations for lattice polyhedral
complexes.

For (c) consider a 4-dimensional lattice polytope P C R* such that

(1) its lattice points span Z* (as an additive group),

(2) one of its facets is a 3-simplex 6 C P whose vertices are the only
lattice points in §, but do not span the whole 3-dimensional affine
sublattice Aff(6) N Z* C Z*.

(Aff(6) is the affine hull of § in R*.) The existence of such P is clear:
just take a non-unimodular lattice 3-simplex é in R® whose vertices are
the only lattice points in 6, and then complete it to a sufficiently big 4-
polytope in the upper halfspace (with respect to an embedding R — R*
as a coordinate hyperplane).

Now consider the lattice polyhedral complex having just two facets:
P and a unit 4-simplex A (in its own ambient Euclidean space) which
meet along §. Then the normalizations of Sp and that of Sao do not agree
along the cone spanned by 6. (The complex just considered is quasi-
Euclidean, but not Euclidean. In fact, a Euclidean complex defines a
rational polyhedral complex, since the semigroups of its faces are derived
from the same lattice; the corresponding algebras have been considered

by Stanley [Sta].) Q.E.D.

In our general setting the role of all normal affine semigroup rings
is played by the algebras determined by weak fans. These algebras are
useful in the description of the affine chart of Proj(k[II]) (see Section 6).

Definition 2.6. A weak fan W consists of the following data:

(a) an abstract polyhedral complex IIx,

(b) for each P € IIx a rational strictly convex polyhedral cone Cp C
R™P whose extremal rays are labeled by the elements of P in such
a way that the faces of Cp correspond to the faces of P.

Furthermore we require that this correspondence induces an isomor-
phism of the lattice structures of Cp (with respect to Z™?) and that
of the corresponding face of Cg (with respect to Z"<) if P,Q € Ilx,
P cCqQ.

Observe that a rational polyhedral complex Il;,; defines in a natural
way a weak fan W (Il,.;): one just considers the cones Cp C R™PT1,
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P € 11,,;. Likewise, any (finite) fan @ in the sense of toric geometry (for
example, see Fulton [Ful) gives rise to a weak fan WF(®).

To a field k and a weak fan WF one associates a k-algebra k[WF]
by patching the semigroup algebras k[Z"F N Cp| along the facets of the
cones Cp. Again, one has the equalities (in self-explanatory notation):

kWF] = lim alg™® = lim alg,**".

As mentioned already, any normal affine semigroup ring (without
non-trivial units) can be equipped with a graded structure so that its
monomials become homogeneous and of positive degree. However, not
all algebras of type k[WZF]| carry a graded structure.

Example 2.7. There exists a complete fan ® in R3 such that
WF(®) is not of type WF(Il,,¢) for some rational polyhedral complex
I1,4t, i.e. there is no graded structure on kKWF(®)] (k a field) such that

its monomials are homogeneous of positive degree.

First observe that a weak fan W is of type WF (Il,,¢) if and only
if k[WXF] carries a graded structure k(WF| = k@ A; ® Ay @ --- such
that all monomials are homogeneous of positive degree.

Choose 6 rational non-coplanar points in R® as shown in Figure 2

FIGURE 2.

where the top and bottom triangles are in parallel planes and the ‘hid-
den’ quadrangles are flat polygons whereas the frontal quadrangle is not
a flat figure. Suppose that 0 € R3 lies in the interior of the convex hull of
these 6 points; then the cones with common apex 0 that are spanned by
the 2 triangles and the 3 quadrangles form a complete fan ® of rational
cones in R®. We claim that WF(®) is not of type WF (Il at).

In fact, this could only be the case if all 3 quadrangles were flat.
We leave the proof of this general statement to the reader and content
ourselves with a concrete example. Choose the 6 points as follows:

u:(lvlal)a w:(—l,l,l), y=(0,—1,1),
v:(l,l,O), :E———(—l,l,()), 22(1,—3,0).
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Then we have the binomial relations

in kWZF(®)]. It is easy to show by hand that one cannot assign positive
degrees to the 6 elements such that these relations become homogeneous.

§3. Diagonal and toric automorphisms

Let II be a lattice polyhedral complex. The role of the embedded
torus of an affine toric variety is played by the subgroup of I'y(II) whose
elements multiply the monomials x € L(II) by scalars from k*. This
subgroup is denoted by Dy (II) and its elements are called diagonal au-
tomorphisms. It becomes a diagonal subgroup of GLy(k), N = #L(II),
in the natural realization of I'y(II) as an affine subgroup of GL (k).

One can give a more explicit description of Dg(IT). Consider the
finitely generated Abelian group

A(IT) = 2™ /(1)

where ZMD) js the free Abelian group generated by the lattice points
in IT and U(II) represents the affine relations between the elements of
L(II), i.e. U(II) is generated by all linear combinations

Z Az€s, a; € 7, Z azr =0,

z€L(P) z€L(P)

where P runs through the facets of Il and e, represents the base ele-
ment corresponding to z. (Here z € L(P) is to be considered as an
element of R™P*! with last coordinate 1 so that Z:CEL( p) @z = 0 im-
plies ZmeL(P) a; =0.)

Let v € Dg(II) and set A, = y(z)/z for all x € L(II). Then it is
clear that ZmeL( p) Gz =0 implies HmEL( pyAg® = 1, and, conversely,
every choice of A\, € k*, z € L(II), satisfying these relations induces a
diagonal automorphism of k[I1]. Therefore one has

Lemma 3.1. For every lattice polyhedral complex 11 and any field

Dk(H) = HomZ(A(H), k‘*)

Clearly, Dg(IT) contains a distinguished copy of k* — the automor-
phisms which multiply the elements of L(II) by a fixed scalar. When k*
is considered as a subgroup of 'y (IT), we always mean the subgroup just
specified.
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In general A(II) is not torsionfree, not even if II is Euclidean. Con-
sider for example the complex IT below. It is easy to see that A(II) ~
73 ® (Z/(2)). Therefore Dy(IT) is not connected (if char k # 2).

JAN

It is well known that the connected component of the diagonalizable
group Dy (IT) is a torus. We denote it by Ty (II) and call its elements
toric automorphisms. Moreover we set A(II) = A(II)/(torsion). Then it
is easy to show

Lemma 3.2. Ty (IT) = Homz(A(IT), k*) ~ Homz(A(II),Z) ® k*.

Remark 3.3. (a) Let II be a quasi-Euclidean complex, II C R™,
and L(IT) € Z™. Then the elements z € L(II) C Z™ satisfy all the affine
relations that define A(II). Consequently one has an induced Z-linear
map A(IT) — Z". It is clear that the residue classes é,, € L(II), span a
quasi-Euclidean complex isomorphic to IT (in the vector space A(II) ®R).
This realization is the mazimal embedding of II; every other embedding
into a vector space factors through it.

(b) While A(II) may have torsion if II is quasi-Euclidean, the sub-
group generated by the elements é,, © € L(P), is torsionfree for every
face P < II. In fact, the map described in part (a) sends this subgroup
isomorphically onto the group A(P).

For an arbitrary complex this does not necessarily hold; for example,
it fails for the ‘Mobius strip’ I1; below (see Example 4.1).

The next lemma describes the subgroup of those elements of 'y (II)
that map monomials to terms.

Lemma 3.4. (a) If~ € I'y(II) maps monomials to terms, then
v=06o00 for some § € Di(Il) and o € X(II).
(b) For 6 € Di(Il) and o € L(I) one has 0> 0o § o o € Dy(I0);
moreover, the subgroup of T'y(II) generated by Dy (II) and %(II)
18 their semi-direct product.

Proof. (a) is checked as easily as in the case of a single polytope
treated in [BG, Section 4|, and (b) is obvious. Q.E.D.

The next lemma provides a crucial argument.

Lemma 3.5. Suppose Il is quasi-Fuclidean and k is an infinite
field.
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(a) For any pair of different monomials x1,zo € k[II] there exists
7 € Tk(II) such that 7(z1) = a1x1 and 7(x2) = agzs for some
distinct elements ay,ay € k*.

(b) Tx(I1) is a mazimal torus of T'k(IT).

Proof. We may assume that Il consists of rational polytopes in R™.
By homothetic blowing up we can further assume that all the lattice
points of IT have integral coordinates in R”. Clearly, we have a natural
action of the torus Z"™ ® k* = (k*)™ on k[II] — the restriction of the
action on k[Z"] to the monomials of k[II]. This gives rise to an algebraic
homomorphism ¢ : (k*)™® — Dg(II). By reasons of connectivity, ¢((k*)™)
is contained in Ty (II). Now (a) becomes obvious.

Assume there is a torus T' C ['y(II) that contains Ty (II). Then
a"loBoa(z) = B(z) for all a € Ti(II), B8 € T and x € k[II]. By running
a through Ty (IT) and = through the monomials of k[II], and using (a),
we conclude that 3 must map monomials to terms, i.e. 8 € Dy (I1) x (1)
by 3.4. But, since k is infinite, there is no torus in Dy (IT) x X(II) strictly
containing the unity component T (II). Hence T' = T(II). Q.E.D.

§84. Column structures and elementary automorphisms

We recall from [BG| that a non-zero element v € Z" is called a
column vector for a lattice polytope P C R™ if there exists a facet F' < P
such that z + v € P for every lattice point z € P\ F [BG|]. The pair
(P,v) is a column structure and the facet F' its base facet. We use the
notation P, for F'. Figure 3 illustrates this notion.

I,

FIGURE 3.

Let (P, v) be a column structure. Then for any « € Sp there is a uniquely
determined non-negative integer ht,(x) such that z 4+ ht,(x)v € Sp and
z + (hty(z) + 1)v ¢ Sp [BG, Lemma 2.2]. Clearly, if C(P) denotes the
cone in R"™! spanned by Sp and C(P,) is its facet corresponding to the
facet P, < P then x + ht,(z)v € C(P,).
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Let k be a field. The element v € Z™ can be thought of as an element
of the quotient field Q. F.(k[Sp]) after the identification of Z™ with Z" &0
(C Z™*1). Choose A € k. Then the semigroup homomorphism

Sp — Q.F.(k[Sp]), x> (1+ )@y,

gives rise to a k-algebra homomorphism k[Sp] — Q.F.(k[Sp]). This
homomorphism is actually a graded automorphism of k[Sp| [BG, Section
3]. We denote it by e} and call it an elementary automorphism of k[Sp).
If P is a unimodular lattice n-simplex, then 'y (P) is just GL,+1(k) and
the e} are exactly the standard elementary matrices [BG, Section 3];
this explains our terminology.

Now we extend these notions to lattice polyhedral complexes II. For
z € L(IT) we let Supp(z) denote the set off all facets of II that contain
x — the set of supporting facets.

Consider the set of all column structures (P,v), P < II, satisfying
the condition

(#1) Supp(x + v) C Supp(x)

for every lattice point z € P \ P,. Here the sum z + v is understood
‘locally’, i.e. with respect to the column structure (P, v).

We have the following relation on this set of column structures:
(P,v) ~ (Q,w) if @ < P and w = v on . Consider the equivalence
relation spanned by ~. Among the corresponding equivalence classes
[P, v] there are distinguished ones, namely those satisfying the condition:

(#2) If (Q,w) € [P,v] and R < Il is a face such that (Q,w) restricts
to a column structure on @ N R, then there is a column struc-
ture (R,u) satisfying (#;) and restricting to the same column
structure on Q N R.

Observe that (#2) is equivalent to the condition:

(#5%) [P,v] induces (i.e. contains) a column structure on at least one
facet and if (Q,w) € [P,v] is a column structure for some facet
Q@ < IT and R < II is another facet such that (Q,w) restricts to a
column structure on QN R then there is a column structure (R, u)
satisfying (#1) and restricting to the same column structure on
QNR.

A column vector for Il is defined as such a distinguished equivalence
class. For a column vector V the pair (I, V') will be called a column
structure (on II).

We let Col(1I) denote the set of column structures on II.

Example 4.1. The Figures 4 and 5 show several polyhedral com-
plexes and their column structures.
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I, 113 14 L 1
/
FIGURE 4.
IIs Il I,
X
FIGURE 5.

e II; and II3 have two 2-dimensional facets, #Col(Il;) = 4 and
#Col(Ils) = 3,

e I1, is the boundary of the unit lattice cube, #Col(Il4) = 0,

e II;5 has five 2-dimensional facets four of which are unit squares and
the fifth is a lattice square with a lattice point in its barycenter,

#Col(Il5) = 0,
e Il has five unit squares as facets, as shown in the picture,
#Col(Ilg) = 1,

e II; is a MGbius strip consisting of 3 unit squares, #Col(Il7) = 1,
and the only column structure on II; includes 2 ‘opposite’ column
structures on 3 edges.

Next we introduce the notion of an oriented polyhedral complex. This
includes the class of quasi-Euclidean polyhedral complexes.

Definition 4.2. A lattice polyhedral complex II is called oriented

if (P,v) € V and (P,w) € V imply v = w for any column structure
(IL V).

Lemma 4.3. Fvery quasi-FEuclidean lattice polyhedral complex is
oriented, but not conversely.
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Proof. Assume II is a quasi-Euclidean complex realized by a poly-
hedral complex of rational polytopes in R™, n € N. Let (II,V) be a
column structure and (P, v), (P,w) € V. Then there is a finite sequence
of column structures

(P,v) = (Po,vo), (P1,v1),--.,(Ps,vs) = (P,w),

where the P; are faces of II such that for each i € [1,s — 1] either P, is
a face of P41 and v; = v;41 on P; or P,y is a face of P; and v; = v;11
on P;,;. In particular, the v; define the same vector in R™. Hence all
quasi-Euclidean lattice polyhedral complexes are oriented.

An example of an oriented, but not quasi-Euclidean lattice polyhe-
dral complex is provided by Il; above. In fact, easy geometric argu-
ments show that if it were quasi-Euclidean, then the two adjacent edges
of the square with barycenter would have to coincide. (One just uses
that any affine realization of a unit lattice square must be a parallelo-
gram.) Q.E.D.

Let k be a field, IT an oriented lattice polyhedral complex and V its
column vector. For any element A € k we define the map

ey : L(IT) — k(]

as follows. For z € L(II) there are two possibilities: either there is a
column structure (P, v) such that z € L(P), P < II and V = [P,v], or
such a column structure does not exist. In the first case we put

ev(z) = e (2),

where e is the corresponding elementary automorphism of k[Sp] (C

k[I1]), and in the second case x is mapped to itself. It follows from the
definitions of a column vector and an oriented complex that this map
is well defined. We claim that it gives rise to a (uniquely determined)
graded k-algebra homomorphism of k[IT]. One only needs to check the
following implication

Vzy,...,zs € L(IT) 331---335=0———>e€‘/(3:1)---e€‘/(:1:s)=Q;

in fact, ey (A) respects the binomial relations since it restricts to an
automorphism on k[Sp] for each P < II. Straightforward arguments
show that condition (#1) together with

M Supp(es) = 0
1
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implies that none of the monomials in the canonical k-linear expansion

of 3, (z;) shares a supporting facet with those in the k-linear expansion

of e} (z;) for i # j. This means that e3 (z1) - - - e (z5) = 0, as claimed.
Next we define a pairing

Dy (I1) x Col(Il) — k*, (8,V) > 6(V),

for an oriented polyhedral complex II. Choose § € D (II), V = [P,v] €
Col(IT), and a face P < II. Then 6 restricts to a toric automorphism
of k[Sp|. The latter extends to a toric automorphism of k[gp(Sp)]. In
particular, the image of v € gp(Sp) under this automorphism equals a,v
for some a, € k*. We set 6(V) = a,. It is easily checked that this is a
well defined mapping. Moreover, we have the equality (a-6)(v) = a(é(v))
for 6 and v as above and a € k* (C Dy (II)).

Lemma 4.4. Let (II,V) be a column structure, where 11 is an
oriented lattice polyhedral complexr. Then

(a) ey € Tk(Il), and the assignment A — e}, defines an embedding
of algebraic groups Ap — Tk (II);
(b) the equation

Soep 06t = ef/(v))‘

holds for all & € Dg(I) and all elementary automorphism e%‘, of
Ek[I1].

Proof. (a) follows from the analogous fact for a single polytope
[BG, Lemma 3.1] and (b) is immediate from direct calculation. Q.E.D.

Let E,(IT) denote the subgroup of 'y (II), generated by the elemen-
tary automorphisms. By Lemma 4.4(a) Eg(II) is a connected subgroup
of I'(IT) (see Borel [Bo, Proposition 2.2]). Therefore, we arrive at the
following

Lemma 4.5. [E(II) is a connected affine k-subgroup of the con-
nected component of unity Ty (I1)° C T'x(II).

Remark 4.6. One can define the notion of a column structure
for a rational polyhedral complex II,,; and the appropriate notion of
an elementary automorphism for algebras of type k[Il..;] in a natural
way (along the lines of the definition for a single polytope [BG, Remark
3.3(c)]). One just has to work with monomials of arbitrary degrees.
Then all the facts we have observed for lattice polyhedral complexes
remain true in this situation as well. The details are left to the reader.

Remark 4.7. One could introduce the notion of commutative lat-
tice polyhedral complexes which are more general than the oriented ones
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and for which one can still define the notion of an elementary automor-
phism so that the exact analogue of Lemma 4.4(a) is valid. (But we
are not able to prove the analogue of Theorem 5.2 below for them.)
Namely, a lattice polyhedral complex II is called k-commutative (k a
field) if for every column structure (II, V) and every face P < II the
following implication holds:

Y\ uck ((Pw),(P,w)€V)= (e and e’ commute).

If II is k-commutative for all fields, then it is called commutative.

We do not know whether k-commutative complexes are always com-
mutative.

Observe that the complex Ilg of Example 4.1 is commutative (easy)
and its only column structure includes 2 column structures on one of the
facets. In particular, Il is not oriented. On the other hand the complex
117, Example 4.1, is apparently not a k-commutative lattice polyhedral
complex for any field k: looking at the edges on which the only global
column structure on II; induces two ‘opposite’ column structures we
get non-commutativity since e},e3; # e3;€i,, where e}, and el; are the
standard elementary matrices in GLy(k).

§5. The main result: affine case

Before we state the first main result let us single out the following
class of polytopes.

Definition 5.1. A polytope P is facet-separated if for every facet
F < P there is a facet G < P such that F NG = 0.

Typical representatives of non-facet-separated polytopes are pyra-
mids — the polytopes whose vertices all but one live in some affine proper
subspace of the ambient Fuclidean space. However, starting from dimen-
sion 4, facet-separated polytopes and pyramids do not exhaust the class
of all polytopes.

Theorem 5.2. Let k be a field and I be a lattice polyhedral com-
plez.

(a) If II is oriented and char(k) = 0, then the unity component
' (I)° C Tk (II) consists precisely of those elements v € T'y(I1)
which admit a representation of type v = eot for some ¢ € Eg(1I)
and 7 € Ty (II); we have dim I'y (IT) = #Col(IT) + rank(A(II)).

(b) IfII is quasi-Fuclidean and char(k) = 0, then every element v €
[y (I) admits a representation of type v = € o 6 o o for some
e € EII), 6 € Dp(II) and o € X(II); furthermore Tx(II) is a
mazimal torus of Ty (II).
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(c) If all facets of I1 are facet-separated polytopes then the ezact
analogues of (a) and (b) hold for any infinite field k; moreover,
for any enumeration Col(Il) = {V4,...,Vs} and every element
v € Tx(I1)° (under the hypothesis of (a)) and v € T'k(II) (under
the hypothesis of (b)) there is a representation

As
fy—_—ei‘fion-oevsoéoa,

where A1,...,As € k, 6 € Di(II) and o € L(1I).

Remark 5.3. The proof we present below yields the same result
for algebras of type k[Il,,¢] where II,,; is a rational polyhedral complex
of the appropriate type (see Remark 4.6).

We need some preparation. Throughout this section k& is a field and
II is an oriented lattice polyhedral complex.

A convention: for an element z € k[II] let Supp(z) denote the set of
the facets P < II such that Sp contains a monomial appearing in the
canonical k-linear expansion of z. (This notation is compatible with the
previous one for lattice points).

For any face P € II the canonical split epimorphism

k[I] - k[Sp], =z 0 for z € L(IT) \ L(P),

will be denoted by 7p. Thus 7p is split by the inclusion ¢p : k[Sp| —
k[II]. Note that

() Supp(z) = {P | mp(z) # 0}.

Lemma 5.4. {Ker(np) | P < II a facet} is the set of minimal
prime ideals of k[II).

The proof is straightforward.

Lemma 5.5. Let v € T'y(II). Then there is a permutation of the
set of facets P € 11, say p,, such that y(Ker(wp)) = Ker(m,_(py) for all
facets P of I1. The assignment v — p~ defines a group homomorphism
from T (IT) to the permutation group of the set of facets of I1. Its kernel
is a closed subgroup of T'y(I1) containing 'y (I1)°.

Proof. The first and second assertion follow immediately from
Lemma 5.4, and that the kernel of the assignment v — p, is a closed
subgroup eventually boils down to the statement that the stabilizer of a
vector subspace is a closed subgroup of a linear algebraic group acting
algebraically on a finite-dimensional vector space. Q.E.D.
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Since v maps Ker(7p) onto Ker(r., (py), it induces a (unique) iso-
morphism vp fitting into the commutative diagram

kM —X— k[

TI"PJ/ lﬁﬂw(P)

k[Sp] — K[S,,(p)]-
yP
One obviously has yp = 7,_(pyovotp.
More generally, let P;,...,P; <1I be facets and Q@ = P, N --- N Pk.
We set

py(Q) = py(P1) N -+ 0 py(Ps).

As above, 7 induces an isomorphism ~q fitting into the same commu-
tative diagram as above where we only replace P by @Q; furthermore

YQ =TQOYOLy.

Lemma 5.6. Suppose yp maps monomaials to terms for every facet
P < 1II. Then ~ does so as well.

Proof. Let z be a monomial, Supp(z) = {Py,...,Ps}, and Q =
Py N---NPs. Then z € k[Sg], and therefore 7g(z) # 0. It follows that
7,.(Q)(7(2)) # 0 as well. Therefore the canonical k-linear expansion of
v(z) must contain a monomial « with Supp(z) = {p,(P1),...,p+(Ps)}.

By equation (}) above we likewise have Supp(v(2)) = {py(P1),. -,
p~(Ps)}. Now the hypothesis implies that z is the only monomial ap-
pearing in the k-linear expansion of v(z). Q.E.D.

We also need several facts from [BG, Lemma 4.1, 4.2, 4.3 and Theo-
rem 3.2(b)]. For the reader’s convenience we collect them in the following
proposition.

Let P be a lattice polytope. As usual, Sp stands for the normaliza-
tion of the semigroup Sp, i.e. Sp = {x € gp(Sp) | cx € Sp for some c €
N}. Then k[Sp] is a Noetherian normal domain. For any facet F' < P
one has the monomial height 1 prime ideal

Div(F) C k[Sp]

generated by the monomials of k[Sp| that do not belong to the facet of
the cone C(Sp) corresponding to F.

One more observation: since any graded automorphism of k[Sp]
extends to a unique graded automorphism and k[Sp] and k[Sp] coincide
in degree 1, the two rings k[Sp] and k[Sp] have the same group 'y (P)
of graded automorphisms.
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Proposition 5.7. (a) An automorphism v € T'y(P) inducing
a permutation of the set {Div(F) | F < P a facet} maps mono-
maals to terms.

(b) Letwvy,...,vs be column vectors of P with the common base facet
F=P,,\,..., s €k, and G # F another facet. Then

eyt 0+ 0el (Div(F)) = (14 Atvr + -+ + Asvs)Div(F),
eMo...0o ef}\: (Div(G)) = Div(G).

vy

(c) Let F < P be a facet, \1,... ,As € k\ {0} and vy,...,vs €
gp(Sp) (C Q.F.(k[Sp])) be pairwise different nonconstant Lau-
rent monomials of degree 0. Suppose (Ajv1+- -+ Asvs)Div(F) C
k[Sp|. Then vy,...,vs are column vectors for P with the com-
mon base facet F'.

(d) The connected component of unity I'x(P)® C Tk(P) consists of
those graded automorphisms of k[Sp| which induce (by extension
to k[Sp]) the identity map on the divisor class group Cl(k[Sp]).

We will also need the following facts.

Lemma 5.8. Let M C Z™ be a finite system of Laurent mono-
mials of k[Z™] (k is a field and m € N) and f,g € k[Z™]. Assume the
k-subspaces of k[Z™] generated by {zf | x € M} and {zg | z € M}
coincide. Then f = ag for some a € k*.

Proof. The case #(M) = 1 is trivial, and for the general case we
use induction as follows. There is a Z-linear form ¢ such that ¢ attains
its maximal value on each of the following polytopes in a single point:
the Newton polytopes N(f), N(g) and the convex hull P(M) of M; in
P(M) let ¢(z) be the maximum. Then z is a vertex of P(M), hence
z € M, and we can pass to M \ {z}. Q.E.D.

Lemma 5.9. Let G be an algebraic C-group and X C G be a
Zariski closed subset with dim X < dimG. Then there is an element
g € G such that none of the powers of g is in X.

Proof. Passing to G° we may assume that G is connected and
therefore irreducible. For any natural number ¢ the algebraic mapping
pow, : G — G, g — ¢, is not globally degenerate since it is not de-
generate in a small neighborhood of 1 € G (the differential at 1 is the
multiplication by c on the tangent space). In particular, pow;(X) C G
is a Zariski closed subset of dimension strictly less then dim G. (Oth-
erwise we would have pow!(X) = G, and pow,. would be degenerate
everywhere.) Therefore, | J;° pow.!(X) C G is a proper subset. Q.E.D.
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Proof of Theorem 5.2(a). Choose y € T'y(II)°. By Lemma 5.5 p., =
Ltacet- As seen above, v induces a graded k-automorphisms vp : k[Sp] —
k[Sp] for each facet P < II. More generally, for a finite system of facets
Py,...,Ps < 1I there is a graded automorphism vq : k[Sg] — k[Sq],
Q = PiN---NP, induced by v. We let 75 denote the unique automorphic
extension of vg to k[Sg]. Clearly, the assignment v — ¢ defines an
algebraic group homomorphism I'y(II) — I'k(Q). In particular, if v €
Iy (IT)° then, by Proposition 5.7(d), the automorphism ¢ induces the
identity map on Cl(k[Sg])-

For a pair of faces P, < P, <11

Tp,p, : klSp,] — k[Sp,], L(P2)\L(P) — 0, z+> x for z € L(P;)

will denote the “face’ projection. Further, we let Sp,p, denote the sub-
semigroup of 51:2 that corresponds to the face P, < P, and let 7p,p,
denote the corresponding face projection from k[Sp,] to k[Sp,p,]. In
particular, mp,p, and 7p,p, coincide on L(P,). By Proposition 2.5(c)
the inclusion Sp, C Sp,p, may be strict.

Step 1. Let P be a face of Il, F facet of P and v € I'x(II)°. By Lemma,
5.7(d) 4p leaves the class of Div(F) C k[Sp] invariant, i.e.

(1) 3p(Div(F)) = d Div(F)

for some d € Q.F.(k[Sp]). Since ¥p is a graded automorphism, d must
be a homogeneous element of degree 0. Moreover, since Div(F') is a
monomial ideal, d is a sum of degree 0 Laurent terms of Q.F.(k[Sp]).
Say d = a1 + -+ - + asps, where ay,...,as € k* and pq,...,us are
pairwise different degree 0 Laurent monomials of gp(Sp). Assume that
p; # 1. Then by Proposition 5.7(c) (P, ;) is a column structure.

We claim that (P, u;) gives rise to a column vector for II.

First we must show that if p; is a column vector for some face Q < P
and there is a face R < 1I containing @, then there is a column structure
on R restricting to the same column structure on Q. By enlarging @ to
the intersection P N R we may assume without loss of generality that
Q=PnNR.

We have a column structure (Q, i;) with the base facet Q,,, (of Q).
There clearly exists a facet G < R such that GNQ = Q,,. Fix any such
a facet G (below it will become clear that G is unique) and consider the
height 1 prime ideal Div(G) C k[Sg]. (Figure 6 illustrates the relation
between P, Q, Q,,, R, F, and G.) By the same reasons as for P one
has

(2) ¥r(Div(G)) = (bivy + - - - + by ) Div(G)
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FIGURE 6.

for uniquely determined pairwise different degree 0 Laurent monomials
Vi,...,n € gp(Sg) and by,...,b € k*. We have the following set-
theoretical inclusions:

Div(Q,,;) C Tpo(Div(F)) and Div(Q,,) C Tro(Div(G)),

where Div(Q,,) is the corresponding height 1 prime ideal of k[Sg)].
We also know that there is a representation

(3) ﬁQ(DiV(QM)) = (Cl K1+ -+ CTK’"’)DiV(QNi)a

where k1, ... , K, are pairwise different degree 0 Laurent monomials from
gp(Sg) and c1,... ,c € k*.
By the construction of yg and yp we have

TpQOoYp =79 and TRQOYR = YR

It is clear that Sp coincides with Sp in degree 1, and similarly this holds
for Sg and Sg. Hence the equalities (1), (2) and (3) imply

7pq o Yp(Div(F)1) = (3_;ai, i, )TrQ(Div(F)1)

= (c161 + -+ + k) DIV(Qp 1
ﬁRQ o ﬁ/R(DlV(G)l) = (Elbkll/kl)"rRQ(Div(G)l)

= (le'i'/l + -+ Crnr)DiV QM-)I:

3

where Div(—); refers to the corresponding degree 1 homogeneous com-
ponent, and the summations are considered for

pi; € gp(SQ) N{p1, ... ust and vk, € gp(Sq) N{r1,... ,u};

of course, the first intersection is taken in gp(Sp) (D gp(Sg)) and the
second one in gp(Sg) (D gp(Sg)). By Lemma 5.8 we see that in the
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representation 7o (Div(G)) = (byvy + - - - + by )Div(G) one of the vy, is

fhi-
Next we show that each u; satisfies the condition

Supp(zus:) C Supp(z)

for every x € L(P) \ L(F). Assume to the contrary that there are a
point € L(P) \ L(F) and a facet T' < II such that pu;x € T and = ¢ T.
We have «

z=uz(aips + -+ asps) € yp(Div(F)).

Since k[Sp] and k[Sp] have the same degree 1 components, z € Div(F)N
k[Sp|; by assumption T" € Supp(vy(z)). Let I be the annihilator of
Ker(7r); then [ is spanned by the monomials p € St that do not belong
to Sg for any other facet R < II. We have (z) - I # 0. On the other
hand, z-I = 0. Thus we get the desired contradiction, because v(I) = I,
as follows from ~(Ker(nr)) = Ker(mr).

Finally, assume (P, ;) restricts to a column structure on P N R for
some R < II. Then we know already that there is a column structure
(R, v) restricting to the same column structure on P N R. But what we
have shown is more. Namely,

(4) the column vector v for the face R < II is derived from + exactly
in the same way as u; for P.

Thus the above arguments apply to the column structure (R, v) as well,
yielding condition (#;) for it.

Step 2. We fix an enumeration of the facets of II, say P, P,,.... For
each facet P, < II we also fix an enumeration of the facets of P,, say
Fp1, Fpa2, . ... Consider a total ordering of the pairs (p, q). Then for each
(p,q) the subgroup

Fpg = {y € Tx(Il) | 7p, (Div(Frs)) = Div(Fy) for all (r,s) < (p,q)}
C I'g (H)
s (Zariski) closed. In fact, it is the intersection of the stabilizers of

finitely many vector subspaces. By Lemma 5.6 and Proposition 5.7(a)
we have the equality

Dk (H) = FPQmax

where (P, ¢)max i the maximal pair. Now we enlarge the set of pairs
(p, q) by one element (0,0), declare it as the smallest element of the new
system and set I'gp = I'x(II). We then have the sequence of affine groups

() Dp(Il) =Tpg.. C...CTpgC...CTps C... CTgo=T%(I)
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for (p,q) > (r, s).
Claim. If (p,q) > (r,s) are consecutive pairs and v € I',.5, then
E o~° € T'pq for some natural number ¢ and some element E € E(II).

Without loss of generality we can assume (by passing to some power)
that v € I'y(I1)°.

Recall that we have identified I'y(P) with the corresponding closed
subgroup of GLy(k), N = #L(P) —1 (see Section 1). There is a finitely
generated subring A C k such that 7,7~ € GLy(A). Let kg denote any
residue field of A. Thus kg is a finite field. Let ~y denote the reduction
of v in GLy(ko), a finite group. So there exists a natural number ¢
such that (7)€ is the identity map of kg[II], i.e. the identity matrix of
GLy (ko). We will show that ¢ is the desired number.

First we want to show that if P < II is any facet and F' < P is a
facet of P, then

(7p)¢(Div(F)) = (1 + aymy + - -+ + apmy, )Div(F)

for some degree zero non-constant monomials my,... ,m, € gp(Sp) and
ai,...,an € k*. (We do not exclude the case n = 0.)
All we need for this assertion is that ((7o)p)¢ is the identity map of
ko[P] and '
(7p)(Div(F)) = (p1 + -+ - + pn ) Div(F)
for some degree zero Laurent terms p1,...,un € Q.F.(k[Sp]) (see the
previous step). Now assume to the contrary that none of the p; is an

element of k*. Looking at the homogeneous degree 1 component (as we
did in Step 1) we get

(vp)*(Div(F)1) = (p1 + - + pn ) Div(F)1.

By Proposition 5.7(c) each of the p; # 1 is a column vector for P
with base facet F'. The corresponding semigroup homomorphisms ht,,; :
Sp — Z are all the same. Let z € L(P) be any point with the maximal
possible value of ht,, (z). Clearly, z € Div(F'). By our assumption none
of the elements of (p1 +- - -+ pn, )Div(F'); may involve the monomial z in
its canonical k-linear expansion. But this contradicts the condition that
Div(F); and (u1 + - - - + ppn)Div(F'); have the same images in ko[Sp].
In particular we have

(e,) (Div(Fpq)) = (14 a1my + -+ + anmy ) Div(Fpg)

for aq,...,a, and mq,... ,m, as above. By Step 1 each of the mono-
mials m; defines a column structure on II. Consider the automorphism

E=ejlo---oeyr € Eg(ID),
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where Vi = [P,m4],...,V,, = [P, m,]. By Proposition 5.7(b) we get
(E=1 o y¢)p, (Div(Fpq)) = Div(Fpq).

Clearly, (7¢)p,(Div(Fi,)) = Div(Fy,) for (t,u) < (p,q). Therefore, by
(4) in Step 1 and 5.7(b) (E—! oy¢)p, also leaves Div(F};) untouched for
any pair (r,s) < (p,q). The claim has been proved.
We record a property of the column structures V; that will be im-
portant below:
(5) (p,q) is the smallest (with respect to <) among all pairs (¢, u)
such that V; contains (P;,v) with base facet Fj,.

This follows from the construction of V; in Step 1: if v(Div(Fy,)) =
Div(F;,), then V; cannot contain a column vector with base facet Fy,.

Step 3. For two subsets A, B C G of a group G we let A - B denote the
subset {ab|a € A,b € B} C G and (AB) the subgroup of G generated
by A and B.

Consider the special case k = C. Assume (p,q) > (r, s) are consec-
utive pairs. We will show the equality of the two connected groups

(%) (Ex(IDL7,) = (Ex(I)T,,),

where —0 refers to the corresponding unity component. That these
groups are in fact connected follows from Lemma 4.5 and [Bo, Proposi-
tion 2.2].

Consider the partition into right cosets

Tpg=T0.g1 U UTO. g0 g1,...,9: € Tpg.

We have
Ey(II) - T'py CYg1 U---UYg,

where Y = (Ex(II)I, ). By Step 2 there is a natural number c for any
v € 1'%, such that

,yc € (ng N Ygl) U---u (F?"s n Ygt)

Omitting some g; if necessary we get a disjoint union Yg; U---UY g, =
YUYg,UYg,U--- of right cosets of Y. By Lemma 5.11

dim ng = dim (Pgs n Y) U (Pgs n Yglz) U (ng N Ygls) Tt

Hence, by the irreducibility of %, and the fact that I'9,NY # 0, we arrive
at the inclusion I, C Y. Therefore, (Ex(II)I'?,) C Y. The opposite
inclusion is obvious, hence the equality (#x).
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The equality (xx) and the sequence (x) in Step 2 imply
Iy (ID)° = (Ex(I1) Tk (I1)).

Now the same equality holds for an arbitrary subfield £k C C because
of the following general observations. Since I'c(II) is defined over k, so is
its unity component I'c(I1)° [Bo, Proposition 1.2]. By the Lemmas 3.2
and 4.4(b) the connected subgroup ((Ec(II)T¢(II)) C Te(I1) is likewise
defined over k. If the two irreducible affine k-varieties were different,
then they would remain so after the scalar extension k£ — C, which is
not the case.

Consider the case of an arbitrary field k£ of characteristic 0. If
~v € T'x(II), then ~ is defined over a finitely generated subfield ko C k.
Choosing any embedding ky — C we fall in the previous case.

Finally, by Lemma 4.4(b) we have the equality (E;(IT)T;(IT)) =
Ex(II) - Tx(I).

Step 4. We have to compute the dimension. As in Step 3 we may as-
sume k = C. For each facet P < II fix an interior monomial z € int(Sp),
i.e. a monomial corresponding to an interior point of the cone Cp. Let
(P,v) be a column structure defining a column vector V; for II. Assume
Col(IT) = {V1, Va,... ,Vi}. Then for arbitrary elements A1, A2, ..., As €
k* the set of monomials appearing in the canonical k-linear expansion
of ei}i (z) is not covered by those appearing in the k-linear expansions

of e?,z (z), e%‘,ﬁ (z) and so on (just look at the projection of z through v
into the base facet P,). This shows that we have #Col(II) linearly in-
dependent tangent vectors at 1 € I'x(II). Since the tangent vectors cor-
responding to the elements of T (II) clearly belong to a complementary
dimension and [k (I1)° is a smooth variety, by Lemma 3.2 we conclude

dim T (I1)° > #Col(II) + rank(A(II)).

The opposite inequality is derived as follows. For any pair (r,s) we
let E,s denote the subgroup of Ef(IT) generated by elementary automor-
phisms of type e}, where V = [P,,v] and such that (r,s) is the smallest
(with respect to <) pair for which F,.; appears as a base facet of V' (in
particular (P,.), = F,s). Let {Vi,...,V,,} denote the set of column
vectors for II that contribute to E,;. Essentially the same arguments as
in the proof of Lemma 3.1 in [BG] show that the assignment

Am

Um

M, ., Am) — e o---0e
( ) V1

establishes the isomorphism of the abelian affine groups A7* and E,;.
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We claim that for all consecutive pairs (r,s) < (p,q) there is an
element gpq € I'k(IT) such that the subset

(Epq - ng)gpq C I'k(ID)

contains a Zariski open subset of I',. In fact, by the property (5) of the
automorphism F in Step 2, Lemma 5.9 and the irreducibility of ng we
have
R
I C qu “L'pg,

where the bar on the right hand side means the Zariski closure (in
'k (IT)). Now the claim follows from the facts that I'y, decomposes into
finite number of right cosets of ng and that for each of these cosets,
say I g, the subset (Epq -, )g C T'x(II) is constructible (and, hence,
contains a Zariski open set of its closure). In particular we have the
equality dim(E,, - I' gq) > dim[,5. In view of the sequence (x) of the
groups ['y,, we get

dim 'y (IT) < dim T(II) 4 X g)5(0,0) dim Epq = rank(A(IT)) 4 #Col(II).
Q.ED.

Proof of Theorem 5.2(b). Suppose II is a quasi-Euclidean lattice
polyhedral complex, char(k) = 0 and v € T'x(IT). By Lemma 3.5(b)
Ty (IT) is a maximal torus of I'y(II). By Theorem 5.2(a) and Lemma
3.4(a) it suffices to show that there is an element o € T'x(I1)° such that
« 0 v maps monomials to terms.

Consider the closed subgroup

D = 4Dy (I1)y ™ C Tk (I).

Its unity component is D° = yTx(II)y~!. In particular, D° is a maximal
torus of I'g(IT). By [Bo, Corollary 11.3(1)] there is an element a €
I'x(I1)° such that o 1Ty (I)a = D°. We get

(1) (a o) TR (I) (a0 ) = Tx(10).

We claim that « is the desired element.

Assume to the contrary that there is a monomial z € k[II] such that
in the canonical k-linear expansion of « o y(z) there occur two distinct
monomials y1,y2 € k[I].

By Lemma 3.5(a) there exist 7 € Ty (II) and two distinct elements
ay,az € k* such that 7(y1) = a1y1 and 7(y2) = azy2. Therefore, there
does not exist a € k* for which Toaovy(z) = a-(aoy(z)), or equivalently,
there does not exist a € k* such that (aov)~!o7o0(ao~)(z) = ar and
this contradicts (1). Q.E.D.
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Proof of Theorem 5.2(c). Let P be a facet-separated lattice poly-
tope and F' < P be one of its facets. Suppose m1,...,ms € gp(Sp) are
pair-wise different Laurent monomials of degree 0 and aq,... ,as € k*
such that (aymy + - -+ + agms)Div(F) is a height 1 prime ideal of k[Sp]
(notation as in Step 1); we claim that either one of the m; is 1 € k or

(azmy + - -+ + asms)Div(F) = Div(G)

for some facet G < P.

Indeed, if none of the m; is 1 € k then (aym; +---+asmg)Div(F) C
Div(G) for any facet G < P such that FF N G = 0, which exists by
assumption. We get an inclusion of two height 1 prime ideals. Hence
the desired equality.

Note that the lower dimensional faces of a facet-separated polytopes
need not be facet-separated again. Therefore one has to modify Step 1
slightly by working only with the facets of II and condition (#5). The
fact just proved implies that in Step 2 above one can then take ¢ = 1.
Thus the restriction to fields of characteristic 0, which entered the proof
only via Lemma 5.9, becomes superfluous, and all the arguments go
through for an arbitrary field. We only need k to be infinite in order to
be able to apply Lemma 3.5.

The existence of the normal forms, claimed in Theorem 5.2(c), fol-
lows immediately since we deal just once with each column vector during
the whole process and since the process can be carried out in an arbitrary
order of the column vectors. Q.E.D.

§6. Arrangements of projective toric varieties

In this section we develop some notions similar to those in [BG,
Section 5], generalized from single polytopes to the new situation of
polyhedral complexes. (For standard facts on toric varieties we refer to
Danilov [Da], Fulton [Fu], Oda [Oda].)

Throughout this section k denotes an algebraically closed field.

A lattice polytope P C R" is called very ample if for every vertex
v € P the affine semigroup in Z", defined by the dim(P)-dimensional
cone spanned by P at its corner v and then shifted by —uv, is generated
by the set

{zx—v|zeZ"nP}.
All normal lattice polytopes (i.e. those for which k[Sp| is normal) are
very ample, but not conversely [BG, Example 5.5].
A lattice polyhedral complex is called very ample if all its faces are

very ample. Observe that it would suffice to require very ampleness only
for the facets: the property is inherited by the lower-dimensional faces.
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Suppose II is a very ample lattice polyhedral complex and z € II
is a vertex. Then we define the associated weak fan T1(z) as follows.
Consider the faces P < II containing z. For any such face we have the
rational polyhedral cone C(P,z) C R™P spanned by P at its vertex z
and shifted (in R™?) by —z. Due to the very ampleness of II the system
of these cones forms a weak fan in a natural way which we denote by
I1(z). Therefore, the cones of II(z) are naturally labeled by the faces

P <11 such that z € P. We will denote them by Wl(f) correspondingly.

Now assume we are given a finite system of vertices 2y, ...,z < 1L
For each face P < II we define the convex (but not necessarily strictly
convex) rational cone C(P, z1,...,2s) C R™P as follows. If {z1,...,2s}
is not a subset of P, then we put C(P,z1,...,2z,) = {0} C R*?. If
{z1,...,2s} C P then there are two possibilities — either there is a
supporting halfspace for P (in R™?) that contains {z1,...,2s} in its
boundary, or such does not exist. In the first case we let C(P, 2y, ... , 25)
be the intersection (in R™?) of all these supporting halfspaces for P,
shifted after that by one of the —z; (all these parallel translates coincide).

In the second case we put C(P, zy,... ,z,) = R"P.

Observe that if P < @, then C(P, z1, ... , z;) is a face (in the obvious
sense) of C(Q, z1,...,2s). In particular, we can patch the semigroup
algebras

k[C(P,z1,...,2s) NZ"?], P <1TI,

using these ‘face identifications’ for all pairs P < @ as we did for
weak fans in Section 2. The resulting k-algebra will be denoted by
k[I(z1,. .. ,2,)]. It is a common localization of the k[II(z;)].

In the following we will use the notations Zr = Proj(k[Il]) and
Zp = Proj(k[Sp]) for P < II. Thus Zp is a normal projective toric
variety (the normality follows from the very ampleness of P), and all
normal projective toric varieties arise in this way. For each face P < II
we have fixed an embedded torus of Zp — namely, the one that respects
the monomial structure of Sp. Let T(Zp) denote this torus. Thus
T(Zp) = Tr(P)/k*. If P < Q < II then we have the closed embeddings
Zp C Zg C Zn given by the ‘face’ projections of the corresponding
homogeneous rings. We get a diagram of toric varieties and a corre-
sponding diagram of their embedded tori,

Dn={2p C2g | P=<Q<1I}

and Dr = {T(Zg) =5 T(Zp) | P < Q < IT}

where ‘rest’ denotes the restriction map. We set

D(Zn) =limDr and T(Zp) = D(Zn)°.
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In general, D(Z2y) # T(Zn), as can be seen as follows: if I’ is the cone
over II (adding exactly one more lattice point corresponding to a new
variable), then D(Z/) = Dg(II), and in Section 3 we have given an
complex IT with Dy (II) # T (II).

One has the following easily verified description of Zp (see also [BG,
Section 5]).

Proposition 6.1. Let Il be a very ample lattice polyhedral com-
plezx.
(a) The projective variety Zg C PN, N = #L(IT) — 1, is obtained
by patching the affine schemes Spec(k[II(2)]) along their open
subschemes

Spec(k[Il(z, 21, . - . ,2s)]) C Spec(k[IL(z)]),

where z,z1,... ,zs are vertices of I1.

(b) The irreducible components of Zn are precisely the normal projec-
tive toric varieties Zp = Proj(k[Sp]) C PVP, Np = #L(P) — 1,
where P runs through the facets of II. Moreover,

Zn = li_II)l’DH.

(c) D(Zn) is a diagonalizable group and, hence, T(Zp) is a torus;
they act algebraically on Zp so that for each face P < 11 the
action restricts to the original one of T(Zp) on Zp.

D(Z21) is diagonalizable since it is a subgroup of the product of the
T(Zp), P < II.

Projective varieties of type Zp with Il very ample are called ar-
rangements of projective toric varieties and the affine charts, described
in Proposition 6.1(a), will be called II-affine charts.

One easily observes the exact sequence of algebraic groups

0 — (k%)™ () 25 Auty(Z2n),

where prpj is the canonical anti-homomorphism and 7o (II) refers to the
(number of) connected components of II (viewed as a CW-complex in a
natural way).

It is clear that Dy (II) is mapped to D(Zm) by prp. However,
pr (D (I1)) is in general smaller than D(Z); likewise pr (T (I1)) need
not exhaust Autg(Z).

Example 6.2. Let II be the complex of three unit segments form-
ing the boundary of a triangle. Then Zp is an arrangement of three
copies of the projective line P; meeting each other pairwise in three
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different points. It follows from Theorem 5.2 and easy observations
that T'x(I1) = Tk(I)° = Tk(I). But one has Ty (IT)/k* = (k*)? and
D(Zn) = (k*)3.

Next we introduce the notion of projectively equivalent lattice poly-
hedral complexes. Recall that the normal fan N(P) of a polytope P C
R™ is defined as the complete fan in the dual space (R™)* = Hom(R", R)
given by the system of cones

({¢ € (R™)* | Maxp(¢) = F}, F a face of P).

Two polytopes P,Q C R™ are called projectively equivalent if N'(P) =
N(Q). In other words, P and @Q are projectively equivalent if and only
if they have the same dimension, the same combinatorial type, and the
faces of P are parallel translates of the corresponding ones of ().

Lattice polyhedral complexes IT and II’ are called projectively equiv-
alent if the following conditions are satisfied:

(a) there is an isomorphism between the underlying abstract polyhe-
dral complexes ¢ : Il x — Ilx/, i.e. there is a bijection 1) between
the vertex sets X and X’ inducing a bijection of the polyhedral
complexes,

(b) np = nyp),

(c) the lattice polytopes P* and (y(P))* C R™F, are projectively
equivalent for all P C IIx so that if FF C P* and G C (¢(P))*
correspond each other under this projective equivalence, then

F =Q* and G = (¢(Q))* for some Q C ITx.

(Here we use the same notation as in the definition of a lattice polyhedral
complex in Section 2.) The isomorphism % : IIx — Iy is called a
projective equivalence.

The next lemma explains the name ‘projectively equivalent’.

Lemma 6.3. Let IT and II' be projectively equivalent very ample
lattice polyhedral complezes. Then there is a natural isomorphism Zp =~
Zm transforming the [1-affine chart into the Il -affine chart; furthermore
the sets Col(IT) and Col(Il") of column vectors are in natural one-to-one
correspondence.

Proof. The isomorphism Z1; =~ Zp» exists due to the tautological
identification of the two affine charts. The claim on column vectors
follows easily from the analogous fact for single polytopes [BG, Section
2. Q.E.D.

We will need the following standard
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Lemma 6.4. Let V be a k-variety and G a connected k-group
acting algebraically on V. Then G leaves the irreducible components of
V invariant.

Let II be an oriented lattice polyhedral complex. An automorphism
of Zy1 is called elementary if it is of type pry(ef,) for some elementary
automorphism e3, € T'4(II) (A € k). For a column vector V' € Col(II)
the assignment

e{‘, — prn(ei‘/), A€k,

defines an algebraic homomorphism A; — Aut(Zp). It follows from the
exact sequence above that this is an injective mapping. The subgroup of
Auty(Zn) generated by the elementary automorphisms will be denoted
by E(Zn). Thus E(Zp) = pry(Ex(I1)) is a connected group, spanned by
one-parameter unipotent subgroups forming affine lines in E(Zy).

Lemma 6.5. Let II and II' be two projectively equivalent, ori-
ented, and very ample polyhedral complexes. Then
(a) E(Zn) = E(Zw);
(b) §oe06™ ! is an elementary automorphism for any § € D(Zq) and
any elementary automorphism € of 2.

(Here E(Zr) and E(Zr) are regarded as subgroups of the same
group Auty(Zy) by virtue of Lemma 6.3.)

Proof. (a) It is enough to show that if V' € Col(II) and V'’ € Col(IT")
are corresponding column vectors (in the sense of Lemma 6.3) and
A € k then e, € Tx(II) and e3, € Tx(II') define the same elements
in Autg(Zq). In fact, we get two elements from the unity component
Autp(Zr)° and, hence, by Lemma 6.4 they both leave the irreducible
components of Zy invariant. Therefore, by Proposition 6.1(b) the prob-
lem reduces to the special case of single polytopes and here [BG, Lemma
5.1] applies.

(b) follows from the case of a single polytope, which is covered by
4.4(b), and patching arguments. Q.E.D.

Next we define the finite subgroup X(Il)p;o; C Auty(Z2n) for a very
ample lattice polyhedral complex, which generalizes the symmetry group
of the normal fan N (P) of a polytope P [BG, Section 5].

For each vertex z < Il and each face P < II we have introduced the
corresponding weak fan II(z) and normal fan N(P) (the latter defined
in the dual space (R™?)*). The cone of N(P), corresponding to a face

F < P, will be denoted by N'&.
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For a face P < II and a vertex z < P we have
NP = W),

where the star on the right hand side denotes the dual cone in (R™7)*.
It follows that if Wl(f) e II(z), Wézy) € I(y) (y,z < II vertices,
z<P<II,y<Q@ <1II) and

o Z"F ﬂW](gz) — 7" OWSJ)

is a semigroup homomorphism, then one has the corresponding naturally
defined semigroup homomorphism

ot (Zm) NN — (2P NP,

and vice versa. Moreover, a** = o and (a0 8)* = f* oa*. In particular,
isomorphisms are mapped to isomorphisms.

We recall that an isomorphism of complete fans in FEuclidean spaces
means a integral linear isomorphism of the ambient spaces transforming
one fan into the other.

We shall say that two weak fans are isomorphic if their underlying
abstract polyhedral complexes are isomorphic and the corresponding
affine semigroups are isomorphic in such a way that the involved iso-
morphisms agree on common ‘face’ sub-semigroups.

Now an element of 3(II)p,o; by definition is a triple (p, A, B), where

(1) p is an automorphism of the abstract polyhedral complex Xj,

(2) Ais a set of isomorphisms agf) : Z™P N W}(f) — Z"e(P) N Wﬁ?;,z))),
where z runs through the vertices and P through the faces of 11
with z < P,

(3) B is a set of isomorphisms B (Zepy ) ANPED _, (Z™®)*n

r(z)
N 2 and P as above,

so that the following conditions are satisfied:

(4) for each vertex z < II the subset {agf) | z < P <II} C A estab-
lishes an isomorphism between the weak fans II(z) and II(p(z)),

(5) for each face P < II the subset {BEP) | 2z < P avertex} C B
establishes an isomorphism between the normal fans N (p(P))
and N (P),
(6) B={a"| a € A}.
The group structure of X(II)p,; is defined by taking the appropri-
ate compositions. It follows readily from Proposition 6.1(a) that we
can consider the finite group X(II)p,o; as a subgroup of Auty(Zy) in a
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natural way, provided II is very ample — the elements of ¥(II)p,o; can
naturally be thought of as automorphisms of the II-affine chart on Zy.
Now a straightforward verification shows the following

Lemma 6.6. Let II be a very ample lattice polyhedral complex.
(a) IfIT" is a very ample lattice polyhedral complex, projectively equiv-
alent to 11, then X(I1)pro; and X(I1')pro; coincide (in the sense of
Lemma 6.3);
(b) Let 6§ € D(Zy), 0 € E()proj, and € € E(Zn); then o™t ofoo €
D(Zn) and 0~ oc oo € E(Zn);
(c) prp embeds X(II) into L(II)pro;.

§7. Very ample line bundles on arrangements

In this section we first give an overview of known results ([Oda,
Ch. 2], Teissier [Te]) on very ample line bundles on projective toric
varieties. The generalization to arrangements of toric varieties, discussed
later on, will be needed in the proof of Theorem 9.1.

Let n be a natural number and P C R™ be a very ample lattice
n-polytope. We let P denote the set of lattice polytopes @ C R™, which
are very ample and projectively equivalent to P. Then P carries the
following semigroup structure (without unity):

Q+R={q+r|qeQ,r€ R}, Q,ReP.

Thus Q + R is the Minkowski sum of ) and R (very ampleness is pre-
served by Minkowski sums). Any element Q € P defines a normal
projective toric variety Zo = Proj(k[Sg]) (Proposition 6.1(b)) and the
very ample line bundle Lg, the preimage of the structural line bundle
O(1) under the natural closed embedding

Zo —PY, N =+#L(Q) - 1.

We shall identify all the Zgo for @) € P via the natural isomorphism
mentioned in Lemma 6.3.

The torus (k*)™ = Hom(Z™, k*) operates on all the algebras K[Sg];
furthermore it can be identified with the embedded torus T(Zp) of Zp.
Thus the line bundle £y carries an T(Zp)-equivariant structure, i.e.
an action of the embedded torus T(Zp) which is compatible with the
structural projection £ — Zp and is fiber-wise linear. (This action is
obtained as the restriction of the action of T(Zp) C (k*)¥ on O(1).) Of
course, any such action can be modified by a character x of T(Zp), i.c.
one replaces the linear map 7, : Lo — L (5) by Xx(7)7%-
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Furthermore, any equivariant T(Zp)-structure on Lg induces a cor-
responding action of T(Zp) on the canonical algebra

O(Lg) = P H(2p, £E),

i>0

given by 7(f) = 77 lofor for 7 € T(Zp) and a global section f : Zp —
ng (i € N). With respect to this action H°(Zp, ng) decomposes into
a direct sum of one-dimensional representations of T(Zp).

Lemma 7.1. (a) With respect to the equivariant structure in-
duced by the action of (k*)™ on k[Sg], the characters of (k*)" =
T(Zp) corresponding to the one-dimensional representations of
T(Zp) in H(Zp, E%i) are pairwise different; under the identifi-
cation Hom((k*)", k) = Z™ they are the lattice points of the i-th
homothetic blow up 1Q of Q.

(b) Any two equivariant structures on Lqg differ by a character of
T(Zp). Thus the decomposition of HO(Zp,ESi) is independent
of the equivariant structure, and if one multiplies the equivariant
structure in (a) by x, than Q has to be replaced by Q — x.

By letting k* act trivially on Zp we can extend the action of T(Zp)
to an action of k"t! = Ty (P) = T(Zp) x k* on Zp. Moreover, any
T(Zp)-equivariant structure on Lo can be extended to an action of
Tk (P) if we let k* act on Lo by fiber-wise multiplication. This gives
rise to an action of Ty (P) on the canonical algebra of Lg; of course,
Tx(P) also acts naturally on k[Sg].

Lemma 7.2. For the equivariant structure on Lo induced by the
action of (k*)™ on k[Sq| we have a graded k-algebra isomorphism O(Lq)
~ k[Sq] that respects the two Ty (P)-actions.

The assignment ) — Lg induces a mapping P — Pic(Zp) which
obviously factors through the quotient P/~ where Q ~ R if and only
if R is a parallel translate of (). This equivalence relation defines a
congruence on the semigroup P.

Lemma 7.3. Let VALB(Zp) (EVALB(Zp)) denote the sets of
isomorphism classes of (equivariant) very ample line bundles on Zp.
One has a commutative diagram

P — EVALB(Zp)

l l

P/~ — VALB(Zp)
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where the horizontal maps are semigroup isomorphisms and the right
vertical map ‘forgets’ the equivariant structure.

We can summarize this discussion as follows. For an ample line
bundle £ and a T(Zp)-equivariant structure on £, the decomposition of
the canonical algebra of £ into one-dimensional representations depends
only on £. Furthermore the representations appearing in H°(Zp, L)
can naturally be labeled by the lattice points of () where Q € P is
chosen such that £ ~ Lg. We denote them by V. ,, x € L(Q). These
observations will be used in the next definition.

In what follows, the subalgebra of the canonical algebra of a line
bundle £ generated by its global sections will be called the subcanonical
algebra of £ and it will be denoted by Alg(L).

Definition 7.4. Let £ be a very ample line bundle on Zp, £ ~
Lg. A system of global sections (fz)zer(@) C H°(Zp, L) is called poly-
topal if f, € V. , for all z and there is a k-algebra isomorphism between
Alg(L) and k[Sg), mapping f., z € L(Q), to = € k[Sg)].

Roughly speaking, the next lemma says that two polytopal systems
of sections in a line bundle only differ by a toric automorphism of Zp.

Lemma 7.5. Let L and L' be very ample line bundles on Zp,
L=~ L = Lg for some Q € P. Suppose (fz)zecr(q) and (f;)zer(q) are
polytopal systems of global sections. Then there is a unique commutative
diagram with vertical structural projections

o T . r

| l

Zp—-%Zp
T

such that T is an algebraic fiber-wise linear map, T € T(Zp) and T~ o
feoT = fL for all x € L(Q).

Proof. Fix T(Zp)-equivariant structures on £ and £’. Observe
that for any commutative diagram of the type considered the mapping
T is automatically equivariant. It follows that T' is Tk (P)-equivariant
for the induced T (P)-structures on £ and £’ as well. It is also clear,
that such a mapping T induces a graded k-algebra isomorphism between
the canonical algebras O(L) and O(L’) which respects the Ty (P) actions
— the diagram above is a pull-back diagram with equivariant horizontal
isomorphisms.
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Conversely, if we are given a graded Ty (P)-equivariant isomorphism
between the two canonical algebras, then this isomorphism gives rise (by
projectivization) to a commutative diagram of the type considered.

Therefore, in view of Lemma 7.2, Lemma 7.5 is equivalent to the
following obvious claim, which finishes the proof: for a lattice polytope
@ and two systems of degree 1 terms a,x and Bz, az,B8; € k*, ¢ €
L(Q), satisfying the same relations in k[Sg] as the z € L(Q), there is a
unique toric automorphism 7 € Tx(Q) transforming one system into the
other. ' Q.E.D.

For a very ample polyhedral complex II we let [II] denote the class
of such lattice polyhedral complexes I’ that there exists a projective
equivalence 9 : IIx — IIx/ (see above) and a system of semigroup
isomorphisms ¢p : Sp — Syp), P < II, compatible on ‘face’ sub-
semigroups.

Let 1I be a very ample polyhedral complex. The set

{{I'] | II" a very ample lattice polyhedral complex,
projectively equivalent to H}

carries a natural semigroup structure (without unity). Assume [II;] and
[II2] belong to it. Then a face of II; and the corresponding face of 11,
can be realized as projectively equivalent very ample lattice polytopes
in the same Euclidean space. The pairwise Minkowski sums naturally
form a very ample lattice polyhedral complex II3 which is projectively
equivalent to II (one uses fixed projective equivalences Iy —> II X1

My =10 X, and systems of the corresponding semigroup isomorphisms).
It is clear that the class [II3] is well defined. We put [II;] 4 [II5] = [I13].
Assume L is a very ample line bundle on Zp;. For each face P < 11
the restricted line bundle L|z, is very ample on Zp, and we pick a
lattice polytope Q(L, P) such that £|z, =~ Lo p). It is clear from the
discussion preceding Lemma 7.5 and the obvious isomorphisms

‘CIZP ~ (‘Clzp/)!zP

for any faces P < P’ < II, that the polytopes Q(L, P) naturally form a
very ample lattice polyhedral complex, which is projectively equivalent
to II. The class of this complex will be denoted by II(L£). (Different
choices of the polytopes Q(L, P) give rise to the same class.) If £’ is
another very ample line bundle on Zyy, then II(L) + II(£L") = II(L ® L)
(this reduces to the case of single polytopes; see 7.3).

Observe that for any very ample lattice polyhedral complex IT',
which is projectively equivalent to II, there is a very ample line bun-
dle £ on Zy such that [IT'] = II(£). In fact, the desired line bundle is
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provided by the restriction of O(1) under the canonical closed embedding
Zn = Zn — PN, N =#LI') - 1.

Definition 7.6. Let Il and £ be as above. A system f = {fi,...,
fs} of global sections of L is called polyhedral if it satisfies the following
conditions:

(i) f; # 0 for all ¢, and for each face P < II the set of restrictions

{filzo | fi € f and fi|z, # 0}

is a polytopal system of global sections of the line bundle L]z,
on Zp;

(ii) if filzp, # 0 and fi|z, # O for faces P and @ of II, then
filzpnzg # 0 (in particular Zp N Zq # 0).

Caution. In general a very ample line bundle on Zp does not have
a polyhedral system of global sections; see Example 9.3(a) below.

Lemma 7.7. Let Il be a very ample compler and L be a very
ample line bundle on Z1 possessing a polyhedral system of global sections
f.

(a) f is a basis of the k-vector space H°(Zp, L).

(b) Let I' € TI(L). Then there is a k-algebra isomorphism © :
Alg(L) — k[I'] mapping the elements of f to elements of L(I').
Moreover, for every face Q@ < II' there is a commutative diagram

Alg(L) —2— k[T

restg J{ lﬂ'Q

Alg(L|z,) — k[Sq],

where Zg denotes the projective toric subvariety of Zn = Zmnv
naturally associated to @), restg is the restriction map and, as
usual, mgy s the corresponding face-projection.

(¢c) If another very ample line bundle L' on Zp also has a polyhedral
system of global sections, then so does L Q L'.

Proof. We may assume II = II’. The essential point is that the
elements of f correspond uniquely to the lattice points z € L(II): if
filzp corresponds to z € L(P), P a face of II, then fi|z, corresponds
to the same lattice point z for all faces @ with =z € L(Q), as follows
from condition (i) in the definition above. Condition (ii) implies that
filzo = 0if z ¢ L(Q).

Now (a) is easily verified, and (b) and (c) follow from the analogous
observations for single polytopes. It is important for (¢) that in the case
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of a single polytope P the family (f;® f;) formed from polytopal systems
of global sections (f;) and (f]) for £ and £’ has a unique extension to
a polytopal system of global sections for £ ® £’. Therefore a patching
argument yields (c) for polyhedral complexes as well. Q.E.D.

The next lemma extends 7.5 to polyhedral complexes.

Lemma 7.8. Let L and L' be very ample line bundles on Zp,
where 11 is a very ample lattice polyhedral complex. Assume that II(L) =
II(L") and that L and L' both have polyhedral systems of global sections.
Then there is an element 6 € D(Z25) such that L' = §*(L).

Remark 7.9. It is in general not true that £ ~ £’ under the
assumptions of Lemma 7.8. Moreover, the failure of the analogue of
Lemma 7.3 for line bundles with polyhedral systems of global sections
is measured precisely by the difference between D(Z) and the image of
Dk (II) in it. Consider, for instance, the lattice polyhedral complex IT of
Example 6.2. Let £ be the very ample line bundle on Zp obtained by
the restriction of O(1) under the standard embedding Z — P3. Now
choose some 6§ € D(Z2p) and set £’ = §*(L). It is clear that II(L) =
[I(£") = II. Moreover, L has a polyhedral system of global sections and,
hence, so does £'. But £ and £’ cannot be isomorphic line bundles for
any 6, for otherwise any element of D(Zp) would be liftable (via prp)
to an element of I'x(II), which is not the case according to Example 6.2.
Indeed, for a k-variety Z and a very ample line bundle £ on it the group
of automorphisms a € Auti(Z), that are liftable to gr.aut,(Alg(L)),
coincides with the group of automorphisms 8 € Auty(Z) preserving £
[Ha, IL.6].

Proof of Lemma 7.8. Let f = {fi, f2,...} and § = {g1,92,...} be
polyhedral systems of global sections of £ and £’. Then for any face
P < II the restrictions of the f; and g; form polytopal systems of global
sections of L|z, and L'|z,. By Lemma 7.3 we have L|z, ~ L'|z,.
Therefore, by Lemma 7.5 for each P < II there is a unique commutative
diagram

T
‘C|ZP — E’,IZP

| l

Zp —— Zp,
Tp

where 7p € T(Zp) and Tp is an algebraic fiber-wise linear map. The
uniqueness of these squares guarantees that we can patch them to a
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commutative square

r P op

! !

ZH 6 va
é

where 6 € D(2p) and D is an algebraic fiber-wise linear map. Hence
the claim. Q.E.D.

68. Projectively quasi-Euclidean complexes

The following class of lattice polyhedral complexes is relevant in the
description of Autg(Zy).

Definition 8.1. A lattice polyhedral complex II is projectively
quasi-Euclidean if it is quasi-Euclidean and every lattice polyhedral com-
plex projectively equivalent to II is quasi-Euclidean as well.

Below we describe two big classes of projectively quasi-Euclidean
complexes. However the following example shows that not all quasi-
Euclidean complexes are projectively quasi-Euclidean, not even bound-
ary ones.

Example 8.2. Consider the boundary lattice polyhedral complex
in R as shown in the figure. It has three trapezoid facets with vertex
sets

{(1,0,0),(2,0,0),(0,1,0),(0,2,0)},
{(0,1,0),(0,2,0),(0,0,1),(0,0,2)},
{(0,0,1),(0,0,2),(1,0,0),(2,0,0)}.

Now we change the last facet with the trapezoid spanned by {(0,0,2),(0,
0,3),(2,0,0),(3,0,0)} and leave the first two trapezoids untouched. It is
clear that the new system of trapezoids again defines a lattice polyhedral
complex, which is projectively equivalent to the original one. But the
latter complex is not quasi-Euclidean. In fact, if it were so then any
(rational) Euclidean realization would fit into R® and the two triangles,
spanned respectively by the short and long edges of the trapezoids, would
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be homothetic. This would imply that the ratios of lengths of the two
parallel edges in our trapezoids are all the same. This, of course, is not
12

the case: we have the ratios %, 55 5

Let P C R™ (n € N) be a (not necessarily lattice) polytope. We shall
say that P is affine-normal if for any polytope Q C R™ that is projec-
tively equivalent to P there exists an affine automorphism v : R* — R"
such that 1 transforms P into @ and respects faces corresponding to each
other under normal equivalence. Clearly, such an affine automorphism
is uniquely determined if dim(P) = n, and a face of an affine-normal
polytope is affine-normal as well.

Recall that a polytope P C R™F is called a join of two polytopes
@ C R"? and R C R™% if there are affine embeddings ¢g : R"@ — R"?
and ¢g : R"®R — R"™P such that:

(1) Im(¢g) NIm(ér) =0,

(2) the affine hull of Im(¢g)UIm(ér) is an (ng+npr-+1)-dimensional
affine subspace of R"?,

(3) P is the convex hull of ¢g(Q) U ¢r(R).

In particular, a join of a polytope P and a point is a pyramid of dimen-
sion dim(P) + 1 with base P. A join of @ and R is denoted by J(Q, R).
It is easily observed that a join is unique up to a non-degenerate affine
transformation.

Lemma 8.3. If P C R"? and Q C R"? are affine-normal poly-
topes, then so are their product P x Q C R"?t"e and any join J(P, Q).

Proof. Suppose R C R™P*" is projectively equivalent to P x Q.
Without loss of generality we can assume that R is obtained from P x Q
by a parallel translatation of one of the facets — the general case is
obtained by induction over the set of facets. The facets of P x Q) are
of type either F' x @ or P x G for some facets ' < P and G < Q.
Consider the case F x Q. Then R must have the type P’ x Q for
some P’ projectively equivalent to P. Let 1 : R™® — R™? be the affine
automorphism transforming P into P’. Then ¢ x1 : R®"Pt"Q — R"PT"Q
is the desired affine automorphism.

As for joins, it just suffices to observe that if R is projectively equiv-
alent to J(P,Q) then R = J(P',Q’) for some P’ C R™? and Q' C R"?,
projectively equivalent to P and ) respectively. Q.E.D.

In particular we see that all simplices, cubes, their joins, or more
generally, joins of products of simplices etc., are affine-normal polytopes.
The incidence graph of a lattice polyhedral complex II is defined as
the graph, whose vertices are labeled by facets of II and in which two
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vertices are connected by an edge if and only if the corresponding facets
share a face.

Proposition 8.4. A quasi-Fuclidean lattice polyhedral complex is
projectively quasi-Fuclidean in either of the cases:

(a) the facets of I are affine-normal polytopes,
(b) the incidence graph of 11 is a tree.

Proof. (a) Let II be realized as a complex of rational polytopes in
R™ for some n € N. Assume II’ is a lattice polyhedral complex projec-
tively equivalent II. Then each face P < II is projectively equivalent to
the corresponding face P’ < I’ (they both are polytopes in R"7). Let

{¢Yp:R"™ - R"" | P <1II a face}

be the corresponding system of affine automorphisms transforming faces
of IT" into those of II. Since these maps are unique (as pointed out above),
they are compatible on common faces. Therefore we can patch them to
get a global bijective transformation

U Il —1Ir

as CW-complexes, which is face-wise affine. Observe that we are done
once we know that W~!(L(II")) consists of rational points of R™. But
this follows readily from the facts that the vertices of II are rational and
that the 1 p preserve barycentric coordinates.

For (b) one has an even stronger result — all lattice polyhedral com-
plexes whose incidence graphs are trees are Euclidean. In fact, we can
construct the Euclidean realization adding facets step by step and, at
each step, sufficiently many new dimensions. Q.E.D.

In particular all simplicial complexes are projectively quasi-Euclidean.

§9. The main result: projective case

Theorem 9.1. Let k be an algebraically closed field and 11 be a
very ample lattice polyhedral complez.
(a) If char(k) = 0 and 11 is quasi-Fuclidean, then the unity compo-
nent Auty(Z2n)° C Auty(Zn) consists precisely of those elements
a € Autg(Z2n)° that admit a representation a = € o T for some
e € E(Zn) and T € T(Zn). '
(b) If char(k) = 0 and II is projectively quasi-Euclidean, then every

element a € Auty(Zr) admits a representation eo doo for some
e € E(Zn), 6 € D(Zn) and o € L(I1)pyro;-
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(c) If all facets of I1 are facet-separated polytopes, then the exact ana-
logues of (a) and (b) hold in arbitrary characteristic; moreover,
the elements of Auty(Zr) have a normal form analogous to that
in Theorem 5.2(c).

Before setting out for the proof we formulate one more auxiliary
result.

Lemma 9.2. Let P C R"™ be a very ample lattice polytope and L
be a very ample line bundle on Zp. Then o*(L) = L for every element
o c Autk(Zp)O.

Proof. 1t follows from Lemma 5.2 and Theorem 5.3 of [BG] that
the natural antihomomorphism gr. aut, (Alg(£))? — Aut,(Zp)° is sur-

jective. But an automorphism liftable to gr.aut,(Alg(L)) preserves L
as an element of Pic(Zp). Q.E.D.

Proof of Theorem 9.1. (a) Let £ be the very ample line bundle on
Zn obtained by the restriction of O(1) under the canonical embedding

Zq — PV, N =#L(II) — 1.

Let a € Auty(Z2)°. By Proposition 6.1(b) and Lemma 6.4 « restricts
to an element of Auty(Zp) for each facet P < II. It is clear that «a|z, €
Aut,(Zp)°. By Lemma 9.2 we have an isomorphism

(1) ‘C|ZP ~ a*(£)|ZP

of very ample line bundles on Zp. By Lemma 7.3, II(£) = II(a*(L)).
Assume we have shown that a*(£) has a polyhedral system of global
sections. Then Lemma 7.8 yields § € D(Zq) with o*(£) = §*(£). In
particular, the element o 0 §71 € Autg(Zn) leaves the line bundle £
invariant. But then (as mentioned in Remark 7.9) the image of the
canonical anti-homomorphism

I'w(I1) = gr. aut(Alg(£)) 2% Auty(Zp)

contains a0 d~1; in fact Alg(L) = k[II] by definition. So Theorem 5.2(b)
applies:
a=c06o0ec0b

for some &' € D(Zn), € € E(Zn) and o € E(I1)pro; (of course, we use
that D (IT) maps to D(Zq) and 3(II) to X(I1)pro;). Next, Lemma 6.5(b)

wplies 0 B(zn) - D(2n) = (E(2n)D(2n))
and E(Zn) - T(2n) = (E(Zn)T(2n))-
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(See Step 3 in the proof of Theorem 5.2 for this notation.) Using that
Autg(Zn)° has finite index in Autg(Zn) and (E(Zn)T(2n)) has finite
index in (E(Z)D(Zn)), we easily conclude that the connected subgroup
(E(Z0)T(Zn)) C Auty(Zn)° has finite index and, hence, coincides with
Autg(Zn)°. Using the equality E(Zn) - T(Zn) = (E(Zn)T(Zn)) once
more, we are done. ,

So everything amounts to showing that a*(£) has a polyhedral sys-
tem of global sections. (Observe that so far we did not use the quasi-
Euclideaness of I1.) We solve this problem by first fixing polytopal global
sections of a*(L)|z, for each facet P of II, and then correcting these
systems so that they agree on the intersections ZpNZq. It is here where
we need the quasi-Euclideaness of I — we will make use of Borel’s the-
orem on maximal tori in the very same way as in the proof of Theorem
5.2(b).

For the facets P < Il we let fp be arbitrary polytopal systems
of global sections of a*(L)|z,. Fix a disjoint system of lattice poly-
topes P isomorphic to the P. By (1) we can think of the elements
of fp as lattice points of the polytopes P. Let P,Q < II be facets
and {z1,...,zs} = L(P) N L(Q). Suppose {zpi,...,zps} C fp and
{zg1,-.. ,Tgs} C fo are the corresponding elements. By Lemma 7.7(b)
(applied to the special case of a single polytope) these two systems re-
strict to polytopal systems of the same line bundle o*(£)|z,., on Zpng-
We will denote them by {zpg1,...,zpQs} and {zgp1,... ,zgops}. In
particular, there is a unique toric automorphism 7pg € Ty (PNQ) trans-
forming {zpo1,...,xpgs} into {zgp1,...,zgors} (by the natural ac-
tion).

By the same token we get a system of elements 7pg € T (P N Q)
for all facets P, Q < II, satisfying the conditions

~1
TpQ =Tgp and Tpg =TpROTRQ

on PNQ and PN QN R respectively. The system 7pg will be called the
twisted structure corresponding to the family fp, and it will be denoted
by 7.

For any system of toric automorphisms {7p € Ty(P) | P < II
a facet} we get a new family of polytopal global sections of the a*(£)| z,
— we just apply these toric automorphisms to the fp correspondingly.
Therefore, we obtain a new twisted structure. Our goal is to show that
there is such a family {7p € Ty(P)| P < II a facet} that the resulting
twisted structure totally consists of the identity automorphisms. To
this end we consider the subcanonical algebra Alg(a*(L)). First of all
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we have the k-algebra isomorphism

) BT = Alg(€) =5 Alg(a” (£).

Consider a point z € L(II) and the corresponding set of lattice points
{zp € L(P)| P € Supp(z)}.

(‘Supp’ has the same meaning as in Section 4.) By Lemma 7.7(b) (ap-
plied to the special situation of a single polytope) each of the xp restricts
to the zero global section of £| z,.., whenever R ¢ Supp(x). On the other
hand it follows from the observations above that for P,Q € Supp(z)
there is a uniquely determined element Cg 1)3 € k* such that cgc 1)333@ p =
rpg, where xpg denotes the restriction of xp to Zpng and similarly
for xgp. Therefore, we can patch the sections cg}w@, P,Q € Supp(x),
which are defined on Z¢, and extend them by 0 on Zg for R ¢ Supp(x)
to obtain a global section of a*(L).

It follows that the quotient algebra
KL T] = K[Sp,] xi -+ % kSp, ]/ ({egpzq — op | P,Q € Supp(2)})

maps naturally to Alg(a*(L)) as a graded algebra, where {P,..., P}
is the set off all facets of II (and the xp are identified with the corre-
sponding elements in the fiber product over k). The isomorphism (2)
and Hilbert function arguments show that this mapping is actually a
graded k-algebra isomorphism. The twisted structure {7pg | P,Q <

IT facets, PN Q # (0} is, of course, encoded in the scalars 081)3 — one has

7pg = 1 if and only if cp = 1 for all z € L(P) N L(Q). We will in the
following identify Alg(a*(L£)) with k[II, 7].

The algebra k[I1, 7] can be thought of as a ‘twisted’ polyhedral alge-
bra built up of the same polytopal ‘facet’ algebras as k[II], but the iden-
tifications along common faces are carried out according to the twisted
structure 7. The residue class in k[II, 7] of a term of k[Sp |, i € [1,7],
will be called a twisted term. (There is no appropriate notion of a twisted
monomial.)

Let S7 denote the multiplicative semigroup consisting of the twisted
terms and 0, and S the corresponding one formed by ordinary terms and
0 (the latter live in k[IT]). One observes easily that there is a natural
isomorphism

U:Sr/k* = S/k* ~ Sh.
Now we define the action of Tg(II) on k[I1, 7] by first setting

T(2) = T(jl)z, z€ 8, 2 €8, V(2] =[],
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and then extending it to the whole algebra k[II, 7] by k-linearity. The
crucial point is that this action is well-defined. Since Il is quasi-Euclidean,
by Lemma 3.5(a) we get an (evidently algebraic) embedding of affine
groups

Tk (II) — gr. aut, (k[IL, 7).

Let T; denote the image of T (II). But we have yet another embedding
of the same torus into gr. aut, (k[Il, 7]), namely

Te(I) — gr.aut, (k[I[,7]), 7+ a*oTo(a*)"t

Let Ty be the image of the second embedding. By Lemma 3.5(b) we
know that Ty is a maximal torus. Hence T; is maximal as well, and
the two tori are conjugate in gr. aut, (k[II, 7]) ([Bo, Corollary 11.3(1)]).
Suppose that 37! o Ty o 8 = Tz for some 3 € gr.aut, (k[II,7]). Then

(Boa*) T (Boa*) = Tk(II).

Using Lemma 3.5(a) and the very same arguments as in the proof of
Theorem 5.2(b), one concludes that the isomorphism

Boa*: k[l = kI, T]

maps terms to terms. In particular, for each facet P < II we get two
polytopal systems of global sections of the line bundle a*(£)| z, , namely
B oa*(L(P)) and fp. Then there must exist an element 7p € Tk(P)
transforming fp into Boa*(L(P)). A straightforward verification shows
that this is the desired family of toric automorphisms.

(b) Let II and k be as in the theorem. We again start with the very
ample line bundle £ on Zp obtained by restriction of O(1) under the
closed embedding Z — Py, N = #L(II) — 1. Choose a € Auty(Zn).
Since II is a projectively quasi-Euclidean complex and any representa-
tive of II(a*(L)) is projectively equivalent to II we see that II(a*(L))
consists of quasi-Euclidean lattice polyhedral complexes. Now the same
arguments as in the proof of (a) show that the very ample line bundle
a*(L) has a polyhedral system of global sections (though we may have
H(a*(L£)) # (L) now). Consider II; € II(a*(£)). Then Lemma 7.8
shows that there is an element 6; € D(Zp) with

67(£1) = & (£)

for the line bundle £ on Zy obtained by the restriction of O(1) under
the closed embedding

Zn = 2y, — P, Ny = #L(IT,) — 1.



48 W. Bruns and J. Gubeladze

(We identify Zp and Zp, via Lemma 6.3.) By Lemma 7.3 we have
II(£1) = II(a*(£)). Now we carry out the same process for II; and £
as we did for II and £, and so on. We will get a sequence of projectively
equivalent very ample lattice polyhedral complexes 1y = II, 11y, Ilo, ...
such that the very ample line bundles £; on Zp, obtained by restrictions
of the O(1) under the closed embeddings Zn = Z, — ]P’kNi, N, =
#L(IL;) — 1, satisfy the following conditions for 7 > 0:

(1) a*(L;) has a polyhedral system of global sections,

(2) T, € (L),

(3) T(Lis1) = T(a* (£1)),

(4) #L(IL,;) = #L(II), i > 0,
Equation (4) holds because

#L(IL;41) = dimg H%( 21, Liga)
= dimy H°(Zn, o (£;)) = dimy, H(Zn, £;) = #L(I1;).
Easy inductive arguments guarantee that the number of the classes [IT']
such that II' is projectively equivalent to II and #L(IT') = #L(II) is

finite. Therefore, by the conditions (2), (3), and (4) there exist natural
numbers p and ¢ such that

I(Litqs) = TI(Ls)

for all 7« > p and all 7 > 0. Consider the very ample line bundle

~

L=Ly® @ Lyrg-1,

which has a polyhedral system of global sections by Lemma 7.7(c). We
fix a complex II € TI(L).
By Lemma 7.7(c) and condition (1) above the line bundle

a*(£) = a*(£,) ® - ® 0 (Lyrqr)

has a polyhedral system of global sections as well, and we have the
equalities

A

(a*(£)) = T(Lp) + -+ + (Lpsg1) = T(L).

So by Lemma 7.8 there exists 6 € ID(Zp) such that (oo §)*(£) = L. In
this situation the automorphism a0é € Auty(Zy) is in the image of the
canonical anti-homomorphism

T (I1) = gr. aut(Alg(£)) 25 Auty(Zg).
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Since 1II is a projectively quasi-Euclidean complex and I is projectively
equivalent to II, we can apply Theorem 5.2(b) to obtain the equality

aob=c0b oe

for some o € pr(Z(I)) € Z(M)proj = Z(IM)proj (Lemma 6.6(a),(c)),

6" € pr(Dp(Il)) C D(2n), € € E(Z2y) = E(Zn) (Lemma 6.5(a)). Now
the Lemmas 6.5(b) and 6.6(b) complete the proof.

(c) It is clear that the arguments presented above apply to part (c)
as well, once one has observed that a polytope projectively equivalent
to a facet-separated polytope is itself facet separated. Q.E.D.

Example 9.3. In the previous proof a ‘twisted’ structure was de-
rived from o*(L£), and then ‘untwisted’ to a polyhedral system of global
sections of a*(L). In general a twisted structure cannot be untwisted:
(a) it may happen that a line bundle £ on Zy; does not have a poly-
hedral system of global sections; at least in the quasi-Euclidean case
Alg(L) and k[I1] are then not isomorphic as graded algebras, as can be
shown by arguments similar to those in the proof of 5.2(b); (b) if we
define a ‘twisted polyhedral algebra’ abstractly for a given polyhedral
complex II, it may even happen that Proj(k[Il]) is not isomorphic to
Proj(k[IL, T]):

(a) The polyhedral complex I; in Figure 7 consists of 4 polygons: a
2 x 1 rectangle as the bottom and three trapezoids. (The two triangles
are open.) Let 7 denote the ‘abstract’ twisted structure indicated in

-1

11

FIGURE 7.

the figure. Then it is easy to see that the second Veronese algebras of
k[IT] and k[II, 7] coincide. Therefore they define the same projective
varieties, namely Z1;. However, the very ample line bundle coming from
k[IL, 7] does not have a polyhedral system of sections.
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(b) The polyhedral complex II5 consists of 3 unit squares forming
a triangular box without bottom and lid. In this case k[II] and k[II, 7|
even define different projective varieties.
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Algebraic Shifting and Spectral Sequences

Art M. Duval

Abstract.

There is a canonical spectral sequence associated to any filtration
of simplicial complexes. Algebraically shifting a finite filtration of
simplicial complexes produces a new filtration of shifted complexes.

We prove that certain sums of the dimensions of the limit terms
of the spectral sequence of a filtration weakly decrease by algebraically
shifting the filtration. A key step is the combinatorial interpretation
of the dimensions of the limit terms of the spectral sequence of a
filtration consisting of near-cones.

§1. Introduction

The key step of Bjorner and Kalai’s characterization [BK] of f-
vectors and Betti numbers of simplicial complexes was that algebraically
shifting a simplicial complex K produces a new complex A(K) whose
homology Betti numbers are the same as those of K, i.e.,

(1) B9(K) = BUA(K)).

But the Betti numbers of A(K) are much easier to compute, because
A(K) is shifted and hence a near-cone.

Relative homology is a little less straightforward. First note that
if L C K are a pair of simplicial complexes, then A(L) C A(K) [Ka2,
Theorem 2.2]. The equality (1) above becomes merely an inequality for
relative homology,

BUK, L) < BI(A(K), A(L));

in other words, relative Betti numbers (weakly) increase in each dimen-
sion [Du2] (see also [R3], where a more general result, on generic initial

Received May 29, 2000.
2000 AMS Subject Classification: Primary 55T05; Secondary 05A20,
05E99, 52B05, 55N99.
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ideals and Grobner bases, was subsequently proved). As with the Betti
numbers of a single near-cone, the relative Betti numbers of a pair of
near-cones are easy to compute.

We now examine what happens when a finite filtration

(2) Kid=KoCKiC---CK,,=K

of a simplicial complex K is algebraically shifted, i.e., when each sub-
complex in the filtration is algebraically shifted, giving a new filtration

A(K): 0 = A(Ko) C A(K1) € - C A(Kn) = A(K).

In particular, we will be concerned with a cohomology spectral sequence
of this filtration whose limit terms EL ... ET filter the cohomology
H*(K,k) of K over a field k. That is, dimEL + --- + dim E™ =
B*(K) = H*(K,k); we can think of E5, as providing the contribu-
tion of K\K,_1 to the cohomology of K. Our main result (Theorem
6.1) is that the quantity dim E% +---+dim EP_ (weakly) decreases, and
hence dim EPI! + --- + dim E7 (weakly) increases, by applying alge-
braic shifting. In some sense then, algebraic shifting moves more of the
cohomology to later in the filtration of K. Relative homology is just the
n=2,p=1case, as F2 = ﬁ*(KQ,Kl) for the filtration ® C K; C Ko.

As with Betti numbers and relative Betti numbers, the quantity
dim E!_ + --- + dim E%_ is easy to compute for near-cones, and this is
an important step of the proof.

Section 2 reviews the necessary background for simplicial complexes,
including the exterior face ring, in which all our subsequent calcula-
tions take place. In Section 3, we first construct the spectral sequence
corresponding to K, and then use elementary manipulations to replace
dim El, + ...+ dim E?, by an expression not using spectral sequences.
Then in Section 4 we interpret this expression combinatorially for near-
cones; this combinatorial interpretation resembles and complements the
combinatorial interpretations of the Betti numbers of a near-cone and
the relative Betti numbers of a pair of near-cones. In Section 5, we
briefly review algebraic shifting, and then modify arguments from [Du2]
to prove the key inequality. Section 6 proves Theorem 6.1, which merely
consists of tying together the results of the previous three sections.

§2. Simplicial complexes

For any subset S of a simplicial complex K, let S, denote the set of ¢-
dimensional faces of S. In particular, K, is the set of g-dimensional faces
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of K itself; context should distinguish between K|, for the g-dimensional
faces of K, and K, for a member of the filtration (2).

Let k be a field, fixed throughout the paper. The qth Betti number
of a simplicial complex K is 37 = §9(K) = dimg PNIQ(K), where H4 (K)is
the gth reduced cohomology group of K (with respect to k). Recall that
over a field k, dimy I:jq(K; k) = dimg ﬁq(K; k), so that Betti numbers
measure reduced homology as well as reduced cohomology.

Definition. Let K be a (d— 1)-dimensional simplicial complex on
vertex set [n] .= {1,...,n}. Let V= {e1,...,en}, and let A(kV') denote
the exterior algebra of the vector space kV; it has a k-vector space basis
consisting of all the monomials es := e;, A--- Ae;, where S = {ig <
-+ <144} € [n] (and ey = 1). Note that A(kV) = @Z:_ilAqul(kV) is a
graded k-algebra, and that A9T1(kV) has basis {es: |S| = ¢+ 1}. Let
(Ix), be the subspace of A7"1(kV) generated by the basis {es: |S| =
q+1, S ¢ K}. Then Ix = 693;1_1(&()(1 is the homogeneous graded ideal
of A(kV) generated by {es: S & K}. Let AI[K] := AN (kV)/(IKk),-
Then the graded quotient algebra A[K] := @g;l_l./\q [K] = A(KV)/Ik is
called the exterior face ring of K (over k).

The exterior face ring is the exterior algebra analogue to the Stanley-

Reisner face ring of a simplicial complex [St]. For z € kV, let T denote
the image of z in A[K]. For S C K, let

o~

S = span{ep: F € S}.

As with I = Ix above, I; will denote the g-dimensional part of any
homogeneous graded subspace I contained in A[K].

It is not hard to verify (or see equation (3) below) that the usual
coboundary operator §: A?[K] — A9 [K] used to compute cohomology
may be given by 6: 7 — f~/\§5, where f = e;+---+e,. However, it will be
necessary (see Section 5) to use a more “generic” coboundary operator,
which will not change cohomology. Let k= k(air,aia,... ,any,) be the
field extension over k by n? transcendentals, {c;;}1<i j<n, algebraically
independent over k. We will consider A[K] as being over k instead of k
from now on. We are, in effect, simply adjoining these «;;’s to our field
of coeflicients.

For now, we will only need the first n transcendentals, ai1, ..., Q1,.
Let fi = ajieq1 + -+ 4+ aine,. Then define the weighted coboundary
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operator §: A[K] — A[K] by 6: % — f1 AZ, so

(3) 5(55) = fl A gs = Z(legj N gg = Z :i:alj'evsu{j}
J=1 JES
Su{jleK

(hence the name weighted coboundary operator). Betti numbers may be
computed using this §, i.e., f9(K) = dimg(ker §),/(im 6)4 [BK, pp. 289-
290].

83. Spectral sequences

The filtration (2) in Section 1 naturally gives rise to a filtration of
ideals in A[K], as follows. For 0 < s < m, define

Qs = K\Ks
so the ideals @s form a filtration
(4) AK]=Q°2---2Qm™=0=Ig.

By e.g. [Sp, p. 493], there is a convergent spectral sequence E, corre-
sponding to this filtration. By this we mean that there is a sequence of
pairs {(Ey,d;)}r>1, where: E, is a bigraded vector space over a field k;
d, is a differential on E, of bidegree (r,1—7) (so d,: E$t — Estnt=r+l),
H(E,) := (kerd,/imd,) & Epy1; ES' = HPYK\K,_1); and Eo is
associated to a filtration on H*(K), in that ES! & ker(HSTH(K) —
H5Y (Ksy1))/ ker(H5TH(K) — H*TY(K,)). For every E*' expression in
this section, the “total degree” s+t is fixed, at say q, so we will suppress
the “complementary degree” t, and write E? to mean E;97° (s is called
the “filtered degree”). Similarly, every subspace of A[K] is understood
to be just the g-dimensional component, and so we will write I to mean
I,. For further details on spectral sequences of filtrations, see, e.g., [Sp,
Section 9.1].
It is straightforward to verify that

e LTzt
TZ 2T S+ Q

and d, = 6 form a spectral sequence corresponding to the filtration (4)
as described above, where

7 ={ce Q% bcec QY.
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(The verification is analagous to that for the homology spectral sequence
of a filtration [Sp, pp. 469-470].) Then, letting r — oo,

Zs——l
E: = =
Z5, + (iméNQs—1)
Z5 + Q¢
(5) == ST
(iméNQ*s—1)+ Qs

where

7% ={ce Q% 6c =0} = Q° Nkers.

Lemma 3.1. For the spectral sequence defined above,

NP
dim EL9~1 4 .. 1 dim B2 = dim S0 T @)a
(imé + QP),

Proof. Recall that the total degree s +t of every E3? is fixed at g,
as is the dimension of every subspace of A[K], and so we suppress the

q’s in the proof.
By equation (5),

_ (kerén Q1) + Q¢

C (im&NQs1) + Qs

(6) _ (kers+ C?S) N C?s_l .
(imé + Q%) NQs1

B

The result now follows by an easy induction on p. For p = 1, by equation

(6),

P (ker§ + Q1) NQ°  kerd+ Q!
* (imé+ Q) NQ° imé—+ Q!
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If p > 1, then

dim EX + - +dim E?, =Y (dim EL_ + --- 4+ dim E?1) 4 dim EP,
ker § + QP!
im 6 + @P—l
(ker 6 + @p) N @p—l
(im & +QP) N QP!
) iy (X6 Q) + Q"
(im 6+ Qr) + Qr~1
m (ker 6 + ?7’) N ?p_l
(imé +QP) N QP!
ker § + QP
imé + ép .

=2 dim

+ dim

= dim

Equality =) above is by induction and equation (6), equality =(3) fol-
lows from QP C QP~!, and equality =% is a routine exercise in linear
algebra (or see [Du2, Lemma 5.1]). Q.E.D.

§4. Near-cones

Let v be a vertex of a simplicial complex K. Let
delgv=delv:={F e K:vUF g K}
be the deletion of v (in K), let
kxv=lkv:={FeK:v¢gF, vUF € K}
be the link of v (in K), and let the star of v (in K) be
vxlkv={FeK:vUF e K}
the cone over lkv. Then K may be partitioned
K = (vxlkv) Udelw.

The link and star of v are subcomplexes of K.

We will say K is a near-cone with apex v if every face F' in delg v
has its entire boundary {F\w: w € F'} contained in v * lkx v. In this
case, every face of delk v is a facet (i.e., is maximal in K), since vxlkv is
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a subcomplex. If we contract the subcomplex v *xlk v to v, what remains
is a sphere for every face in del v; therefore

(7) BUK) = #{F € delg v: dim F = q}

when K is a near-cone with apex v [BK, Theorem 4.3].

Lemma 4.1. If K is a near-cone with apex v, then 6(lkv) =
{6€r: F € lkv} is a basis for imé.

Proof. 'The members of §(lk v) are linearly independent because if
F € lkv then der has nontrivial support on €,,r, but if G € lkv and
G # F, then deg has no support on €, 7. Thus for each member of
6(lkv) there is a face on which it alone has nontrivial support; linear
independence follows immediately.

On the other hand, we will show that if G & lkv, then e is in the
span of §(lkv). If G € delv, then fég = 0, since G is a facet. The only
possibility remaining is that G = v U F for F' € lkv. In that case

ber = taj.eq + E ialwgpow
wHv

FUweK
SO
0= 62gF - ia1v6€G + Z :talw(ngUw7
wHv
FUOweK
and so
~ A .
beg = .
ea= Y * (aw ) §(F Uw)
WV
FuweK

Now, if v U (F Uw) € K, then FUw € delv, so FUw is a facet and so
8€rw = 0. But if vU(FUw) € K, then FUw € lkv, so 6€pyy,, € 6(lkv).
Thus éeg is in the span of §(1kv). Q.E.D.

Lemma 4.2. If K is a near-cone with apex v, then
ker§ = D + im o,

where D = delg v.

_ Proof. Since every face in D = delk v is a facet, D C ker 6, so
D +imé C keré.
By equation (7),

dim(ker §) — dim(im §) = 8*(K) = |delv| = dim D.
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Thus
dim(D + im ) = dim D + dim(im §) — dim(D N im §)
= dim(ker §) — dim(D N im §).
So now it only remains to show that
(8) DNimé = 0.

To this end, recall from the proof of Lemma 4.1 that each der in
6(lk v) is the unique element of §(lk v) with nonzero support on €,;z,
but now note further that v UF ¢ delv. Thus any nonzero element

of imé§ = §(lkv) has nontrivial support outside del v, which establishes
equation (8), and hence the lemma. Q.E.D.

Lemma 4.3. If K = LUQ is a partition of the faces of a near-
cone K into two disjoint subsets, then

(ker 6 + @)q
(im 6 + @)q

Proof. Again let D = delx v. Then

dim =#{FelLpv¢gF, vlF¢K}.

ker6+© B B-I-imé-}-@

— = by Lemma 4.2
imé+ Q imé + Q
N D
- DN (imé+Q)
D
= == by equation (8)
Dn@Q
D
DNQ
Thus,
. (keré+Q
aim &L D _ (D),
(imdé+ Q)q
= |delg v N Lg|

=#{FeLyv¢gF, vUF ¢ K}.
Q.E.D.
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§5. Algebraic shifting

Algebraic shifting transforms a simplicial complex into a shifted sim-
plicial complex with many of the same algebraic properties of the orig-
inal complex. Algebraic shifting was introduced by Kalai in [Kal]; our
exposition is summarized from [BK] and included for completeness.

Definition. If R = {rog < --- <rg}and § = {sg < -+ < 54} are
(g + 1)-subsets of [n] = {1,...,n}, then:
e R <p S under the standard partial order if r; < s; for all 7; and
e R <p S under the lexicographic order if there is a j such that
r; <sjandr; =s; fori<j.

Lexicographic order is a total order which refines the partial order.

Definition. A collection C of (¢ + 1)-subsets of [n] is shifted if
R <p S and S € C together imply that R € C. A simplicial complex A
is shifted if the set of g-dimensional faces of A is shifted for every q.

It is not hard to see that shifted simplicial complexes are near-cones
with apex 1.

Recall (see Section 2) that {a;;}1<i j<n are n® transcendentals ad-
joined to our field of coefficients.

Definition (Kalai). For 1 <i<n, let
fi=2 e,
j=1

so {f1,..., fn} forms a “generic” basis of kV. (Note this is consistent
with our definition of f, in Section 2.) Define fg := fi, A--- A f;, for
S ={ip <---<iq} (and set fp =1). Let

A(K, k) :={S C [n]: fs & span{fr: R <1, S}}

be the algebraically shifted complex obtained from K; we will write A(K)
instead of A(K, k) when the field is understood to be k. In other words,
the (g+1)-subsets of A(K) can be chosen by listing all the (¢+1)-subsets
of [n] in lexicographic order and omitting those that are in the span of
earlier subsets on the list, modulo Ik and with respect to the f-basis.

The algebraically shifted complex A(K) is (as its name suggests)
shifted, and is independent of the numbering of the vertices of K [BK,
Theorem 3.1].

Recall from Section 1 that if L C K is a pair of simplicial com-
plexes, then A(L) C A(K). Thus for @ = K\L, we may define A(Q) =
AKNA(L).
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Lemma 5.1. Let L C K be a pair of simplicial complexes and

Q = K\L. Then

(ker § + Q),
(im ¢ + é)q
Proof. This is implicit in the proof of [Du2, Theorem 5.2]. As it is

not stated there explicitly, we reproduce here some of the details. From
[Du2, Lemma 4.4]

dim

>#{FeAl);:1¢F, 1UF ¢ A(K)}.

dim(iméN Q)41 < #{F e A(K):1¢F, 1UF € A(Q)},
and from [Du2, Lemma 4.5]
dim(6Q) 41 > #{F € AQ): 1 ¢ F, 1TUF € A(Q)}.

Then, since L = K\Q,

dim (im6£‘\ @)q+1
(6Q)q+1

By equations (1) and (7), respectively,

<H#{FeAl);:1¢F 1UF € AQ)}.

BUL) =pU(AL) =#{F € A(L)g: L ¢ F, LUF ¢ A(L)}.

But, with the notation §71Q := {Z € A[K]: 6% € Q}, we also have

. (5_1é)q
B4(L) im (mé+0), y [Dul, Lemma 3.3]
im0, Rerd +Q)
(ker 6 + Q), (imé + Q)q
= dim (im6D Qa1 + dim M by [Dul, Lemma 3.6],
(‘5Q)q+l (im 6 + Q)q
and Sgim (ker § + é)v)q — 3%(L) — dim (im 59 @)q+1
(im 6 + Q)q (6Q)g+1

>#{F e A(L);:1¢F, 1TUF ¢ A(L)}
—#{FeA(L);:1¢F, 1UF € A(Q)}
=#{FecA(L);:1¢F, 1UF ¢ A(K)}.
Q.E.D.
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§6. Proof of Main Theorem

Given a filtration K of a simplicial complex K, let E%? refer to the
terms of the corresponding spectral sequence given in Section 3, and let

eS*(K) = dim EF(K).
Theorem 6.1. For all p,q,
eHITH ) 4 -+ + ePITP(K) > eMITHA(K)) 4 - - 4 ePITP(A(K)).
Proof. For 0 < s <m,let £* = A(K)\A(K), so
A[AK)] =228 2 D™ = Iz

is the filtration of ideals of A[A(K)] corresponding to the filtration A(KC).
By Lemmas 3.1 and 5.1,

(ker 6 + Qp)

(1m5K+Qp)
> #{F € A(K,)y 1€ F, 10F ¢ A(K)}.

eI HK) + -+ 4 €PI7P(K) = dim

On the other hand, because A(K) is shifted and hence a near-cone,
Lemmas 3.1 and 4.3 give

(ker(SA(K) + ?p)q
(P e AKy)y 1¢F, 10F ¢ AK)}.

eMTTHAK)) + -+ ePTP(A(K)) = dim

Q.E.D.

Note that el471(K) + --- + ™4 ™(K) = B9(K), which, by equation
(1) is unchanged under algebraic shifting. Thus, Theorem 6.1 says that
algebraic shifting puts less of the fixed sum of the e*97*%’s into the ear-
lier part of the filtration, and hence puts more into the later part. In
particular,

ePTHIPTL(C) 4 - ™97 T(K)
< ePTLITPTIA(K)) + - + €™ (A(K)).

Acknowledgements. Eric Babson initially suggested this prob-
lem to me, and helped me immeasurably with spectral sequences. Tim
Chow’s informal lecture notes “You could have invented spectral se-
quences” were also invaluable.
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Coordinate Subspace Arrangements and Monomial
Ideals

Vesselin Gasharov, Irena Peeva and Volkmar Welker

Abstract.

We relate the (co)homological properties of real coordinate sub-
space arrangements and of monomial ideals.

§1. Introduction

In [PRW] we describe the cohomological properties of a real diag-
onal subspace arrangement via a minimal free resolution over a certain
quotient of a polynomial ring by a monomial ideal. Here we relate the
(co)homological properties of two objects: square-free monomial ideals
and real coordinate subspace arrangements. The interest in studying
such arrangements comes from the facts that they provide examples
of arbitrary torsion in the cohomology of the complement of the ar-
rangement [Bj] and the complements provide examples of manifolds with
properties similar to toric varieties [DJ], and toric varieties as quotients
(see for example [BCo]). A comparison of our formula [GPW, The-
orem 2.1] for monomial ideals with the Goresky-MacPherson Formula
[GM, III.1.5. Theorem A] for the cohomology of the complement of a
subspace arrangement leads to Theorem 3.1. This result states that the
t-dimensional cohomology of the complement of a real coordinate sub-
space arrangement is computed by the Betti numbers in the i-strand in
the minimal free resolution of a certain square-free monomial ideal. In
Corollaries 3.3 and 3.4 we show how this reveals an equivalence of re-
sults, which on the one hand were proved for subspace arrangements by
Bjorner [Bj] and on the other hand were recently proved for monomial
ideals by Eagon-Reiner and Terai [ER, Te]: Very recently Terai obtained

Received September 1, 2000.
2000 AMS Subject Classification: 13D02.
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a formula which expresses the regularity of a square-free monomial ideal
in terms of the projective dimension of another monomial ideal and
which immediately implies that the regularity of a monomial ideal is
bounded by its arithmetic degree; Corollary 3.3 shows that Terai’s for-
mula is equivalent to Bjorner’s result [Bj, Theorem 11.2.1(ii)].

Motivated by our work Babson-Chan [BCh] proved that the coho-
mology algebra of the complement of the complexification of a coordinate
subspace arrangement is isomorphic to the Tor-algebra of a monomial
ideal, see Theorem 3.6.

Acknowledgments. Many thanks go to Vic Reiner for the dis-
cussions. Irena Peeva was partially supported by NSF, and Volkmar
Welker was supported by Deutsche Forschungsgemeinschaft (DFG).

§2. Multigraded Betti numbers

In this section we recall how to obtain the multigraded Betti num-
bers of a monomial ideal using the lcm-lattice. Consider the polynomial
ring S = k[z1,... ,z,] over a field k as N"-graded by letting deg(x;) be
the i** standard basis vector in R™. Let I be a monomial ideal minimally
generated by monomials my,... ,mg. The ideal I and the minimal free
resolution of S/I over S are N™-graded. Therefore we have N™-graded
Betti numbers

b xa (S/I) = dimg Tor?,(S/I,k)

fori >0, a=(a1,... ,a,) € N® and x* = 27" - - - 2%~. The lem-lattice
L of I is the partially ordered set on the set of least common multiples
lem(B) of all subsets B C {my,...,m,} ordered by divisibility. Clearly,
Ly is a lattice (i.e., infima and suprema exist) with 1 = lem(0) as its
minimal element and lem(myq, ... ,m,) as its maximal element. Taylor’s
resolution (cf. [Ei, p. 439]) shows that b; ,,(S/I) =0if m ¢ Lj.

Let L be a lattice with minimal element 0 and p € L. We write
(0, p), for the open interval {g € L | 0 < ¢ < p} in L. In particular, for
m € Ly we denote by (0,m)r, the open lower interval in L; below m.

Theorem 2.1([GPW, Theorem 2.1]). Fori > 1 and m € L; we
have

bl,m(S/I) = dimﬁi_g(((),m)L,; k:) .
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We present a short application of the above result. We apply The-
orem 2.1 to a class of specific monomial ideals similar to those studied
in [BH, Section 6]. If I is square-free, then L; can be identified with
a join-sublattice of the Boolean lattice on an n-element set generated
by the supports of the monomials generating I. Let M, , be the mono-
mial ideal generated by the monomials with support [i,i + £ — 1] for
t =1,...,n — £+ 1. Then Ly, , is isomorphic to the interval gen-
erated sublattice of the Boolean lattice generated by [i,i + ¢ — 1] for
i=1,...,n— £+ 1. By Bjorner-Wachs [BW, Corollary 8.4] we get

S2n/(+1)=2 if n=0 (mod £+ 1)
A(L?\/In,g) ~ { SAAL/(EH)=3 iy = 1 (mod £+ 1)
pt., otherwise.

If m € Ly, ,, then the support set of m is the disjoint union of
intervals A; = [j;,l;],i=1,... ,rwithl; +2 < §;41. Forn; =1; —j; +1
we then have (0, m)LMn , = (Lm,g X oee X an’g)o. Set

p=2+ >  (2n/(t+1)-2)

n;=0 modf+1

+ ). @+ D/E+1)—2) 20— 1).

n;=—1 mod{+1

We conclude that b; ,,(S/M, ¢) = 0 if and only if there exists a j such
that n; # 0,—1 (mod £+ 1) or i # p; otherwise b; ,, = 1.

Proposition 2.2. Let m = z]* - 22~ be a monomsal in Ly. For
m! = g ... 2B strictly dividing m we define s(m') = {i | a; = B} C
[n]. Let T(m) be the poset of subsets of [n] obtained from (0,m)r, by
applying the map s. Then
(a) (0,m)r, and T(m) are homotopy equivalent.
(b) H;((0,m),;k) =0 fori>n—2.
(c) Suppose that there ezists a minimal monomial generator g of I such
that for each 1 < i < n we have that =¥ divides g implies that z¥ +1

divides m. Then H;((0,m)r,;k) =0 fori > 0.

In view of Theorem 2.1, we see that Proposition 2.2(b) gives a com-
binatorial proof of Hilbert’s Syzygy Theorem for monomial ideals (cf.
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[Ei, Corollary 19.7]), and Proposition 2.2(c) is an analogue to [BPS,
Theorem 3.2].

Proof. Let A € T(m) be a set. Then the lower fiber s™}({B €
T(m) | B C A}) has the lem of all minimal generators m’ of I with
s(m’) C A as its maximal element. In particular, the lower fiber is
contractible. Applying Quillen’s Fiber Lemma [Bj, Theorem 10.5] we
conclude that (0,m)r, and T(m) are homotopy equivalent. This proves
(a).

The claim (b) holds since the order complex A(T(m)) has dimension
< n — 2. Finally, note that under the assumption of (c), T(m) has the
empty set ) = s(g) as its least element and therefore is contractible. [

§3. (Co)homology of real coordinate subspace arrangements
and square-free monomial ideals

In this section we relate the (co)homological properties of real coor-
dinate subspace arrangements and of square-free monomial ideals.

Let A be a simplicial complex on the vertex set [n] and F/(A) the set
of facets (i.e., maximal faces) of A. Fix an orthonormal basis ey, ... ,e,
of R™. The real coordinate subspace arrangement defined by A is

Ka = {span(ej|j€0o)|o€ F(A)}.

The union VA = U span(e;|j € o) is a real algebraic variety. We
occF(A)
denote by VA the one-point compactification of YV inside the unit n-
sphere (which is the one-point compactification of R™) and by Ma =
R™\ KA the set-theoretic complement of the arrangement in R™. Fur-
thermore, we denote by L the intersection lattice of the arrangement
Kaj; it consists of all intersections {(y,cg V | B € Ka } ordered by
reversed inclusion. In particular, the intersection corresponding to B =
KA serves as the maximal element and the intersection corresponding
to B = is regarded as R™ and serves as the minimal element in L.
On the other hand consider the polynomial ring S = k[z1,... ,z,]
over a field k. Let I be a monomial ideal minimally generated by mono-
mials mq,...,mg. The role of the intersection lattice is played by the
lcm-lattice Ly with elements the least common multiples of mq,... ,my
ordered by divisibility. We define the total degree of z; by tdeg(z;) =1
for 1 < ¢ < n. The N-graded Betti numbers lead to bigraded Betti
numbers b; ;(S/I) = dimy, Tor} ;(S/I,k) = > sasetmi=s bi,m(S/T) . The
m I
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total Betti numbers are defined by b;(S/I) = 3.5 b; ;(S/I) for i > 0.
The complexity of the resolution is measured by its length pd(S/I) =
max{i| b;(S/I) # 0} and also by the invariant reg(S/I) = max {j —
i|b;;(S/I) # 0}, called the regularity.

Let AV ={A | [n]\ A ¢ A} be the Alexander dual complex of A.
The Stanley-Reisner ideal of AV is

Inv = ({ﬁl_‘%q{jl,...,jp}ezx})

Tjy -

= ({monomial ¢|ged(t,t') # 1 for each monomial t' € Ia }) .
Note that we have

Inv = ({zj, - zj, |:1:j1 = --- =g; =0 defines a subspace in Ka}).

Theorem 3.1. Let A be a simplicial complex on the vertex set
[n], Ka the real coordinate subspace arrangement defined by A, and Iav
the Stanley-Reisner monomial ideal associated to AV. We have

dimH,_1—;(Vask) = dimH (Mask) = bji4;(S/Iav)  for i >0,

Jj=0

max{j| B/ (Ma;k) # 0} = reg(S/Iav).

Thus dim ﬁi(MA; k) picks up the cohomology of the i-strand in
the minimal free resolution of S/Iav. Therefore, the dimensions of the
cohomology groups can be computed in concrete examples by the com-
puter algebra system Macaulay 2 [GS] by computing the bigraded Betti
numbers of S/Iav and then applying Theorem 3.1. Also, Theorem 3.1
yields dim ﬁ*(M A; k) for some special types of arrangements when ex-
plicit formulas for the Betti numbers of the corresponding monomial
ideals are known; for example, a result of Bayer-Peeva-Sturmfels gives
the Betti numbers for polarizations of generic monomial ideals and a
result of Aramova-Herzog-Hibi provides the Betti numbers for weakly
stable arrangements.

Proof of Theorem 3.1. For a lattice L with minimal element 0
we write L5 for the poset obtained from L by removing the minimal
element 0. _ _

The equalities dim Hn_l_i(]/}A; k) = dim H*(Mx; k) are well known
and are proved by Alexander duality. Applying a formula of Goresky-
MacPherson [GM, III.1.5. Theorem A] to the intersection lattice La of
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Ka we get

dim ﬁz (MA; k) = Z dim ﬁcodim(m)—2—’i((ﬁ7 m)ﬁA; k) :
me(La)sp

Note that La is the lattice of all non-empty intersections of facets of
A ordered by reversed inclusion and enlarged by an additional minimal
element 0 and maximal element 1. By Proposition 2.3, the facets of
A correspond bijectively to the minimal monomial generators of Iav.
Furthermore, if 01,... , 0, are facets of A, then we identify

(3.2) ﬂ o; € LA — lcm(
1<i<r

mbt'x .
BB <igr) el
Xo,

Thus LA coincides with the lem-lattice Ly, of the monomial ideal Iav.
Also, (3.2) yields that

codim ( ﬂ ICUi)zn—l ﬂ o;

1<i<r 1<i<r
Ty Ty .
supp(lcm(— l 1< < r) ) .
Xo,

Therefore, dim Hcodim(m)—2—i ((07 m)ﬁA ) k) = theg(m)—2—i ((67 m)LIAv ;
k), where m is considered as an element in (La),q on the left-hand
side of the formula and m is considered as an element in (Lj,,).5 on
the right-hand side of the formula. By Theorem 2.1 there are equalities
dim H; _5((0, m)r,; k) = bjm(S/Iav) for j > 1; also note that by, =
0 for m € (Ljs,,)sp- Combining this with the Goresky-MacPherson
formula above we obtain the equalities

dim ﬁi(MA; k) = Z btdeg(m)—i,m(S/IAv)

mE(LIAV )>6

for 4 > 0. Taylor’s (possibly non-minimal) resolution of S/Iav (cf. [Ej,
p. 439]) implies that b; ,(S/Iav) =0if m ¢ L;,, . Therefore,

Z btdeg(m)—i,m(S/IAv) = Zb',’H—j(S/IAV)‘

mE(LIAV)>() j=>0

Thus dim H(Ma;k) = >_i>004,i+5(S/Iav) as desired. The statement
about the regularity of S/Iav follows immediately. O

The proof of Theorem 3.1 is based on an identification of the in-
tersection lattice of an arrangement with the lcm-lattice of a mono-
mial ideal, and then comparison of Theorem 2.1 with the Goresky-
MacPherson Formula. The important point is that the codimension
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of an element in the intersection lattice equals the total degree of this
element in the lem-lattice. Such a construction can be also built for
arrangements other than the real coordinate subspace arrangements.

Corollal;y 3.3. The following two properties are equivalent:
(a) min{7 | H;(Va;k) #0} = depth(S/Ia);
(b) pd(S/Ia) — 1 = reg(S/Iav).

Property (a) is proved to hold by Bjorner [Bj, Theorem 11.2.1(ii)].
Property (b) is proved by Terai [Te].

Proof. On the one hand we have the following equalities:
reg(S/Iav) = max{i|H(Ma;k)#0}
= max{1| ﬁn_l_i(@;; k) #0}
= - 1-min{j | B;(Va;k) £0}.
On the other hand, the Auslander-Buchsbaum equality implies that
pd(S/Iav) —1 = n— 1 —depth(S/Ia).
Therefore, (a) and (b) are equivalent. O

A particular case of Corollary 3.3 says that the following two prop-
erties are equivalent: _
(a) A is Cohen-Macaulay if and only if dimH;(Va;k) = 0 for all i <
dim(A);
(b) A is Cohen-Macaulay if and only if the minimal free resolution of
Iav is linear.

Property (a) is proved to hold by Bjoérner [Bj, Theorem 11.2.2].
Property (b) is proved to hold by Eagon and Reiner [ER]; it provides a
topological characterization of the linearity of a monomial resolution.

Corollary 3.4. The following two properties are equivalent:
(a) max {i | Hi(Va; k) #0} = dim(S/IA);
(b) min{¢ | b, j4+; # 0 for some j } is the minimal degree of a minimal
monomial generator of Inv minus one.

Property (a) holds by Bjorner [Bj, Theorem 11.2.1(i)]. It is easy to
check that Property (b) holds.

Proof. On the one hand, we have the following equalities:
min {4|b; j4; # 0 for some j} = min{i|H(Ma;k)#0}
= min{i|Hp_1_:i(Vask)#£0}
= n—1-max{j|H;(Va;k)#0}.
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On the other hand we have that

min { degree of a minimal monomial generator of Iav } —1
= n—max{|o||o is afacet of A} —1
= n—1-dim(S/Ix).
Therefore, (a) and (b) are equivalent. O

Remark 3.5 (Complexification). Fix a standard basis fi,... , f,
of C™. The complexification of K is the complex coordinate subspace
arrangement

Ka®C = {span(f; |j € o) |o € F(A)}.

Denote M ® C = C™\ (Ka ® C). The algebraic analogue of this

complexification is the ring S*? = k[zy,... ,Tn,¥1,... ,Yn] and the ideal
I = (xi, -+ 2i,Yi, "+ ¥i, | i, - - i, is a minimal monomial generator

of Inv ) Theorem 3.1 shows that

H' (Ma ® C;k) 2 P Tor;, ;(S*2/12% k).

320

The ideal I8% can be depolarized by setting z; = y; for 1 < ¢ < n; in
this way, one obtains a version of the above formula over the ring S.
Motivated by our work, Babson and Chan proved the following result:

Theorem 3.6 ([BCh]). The rings H (Ma ® C;k) and
Torf’.*2 (S°2/I%2 k) are isomorphic if the characteristic of k is not 2.

This theorem shows that in the case of a complex coordinate sub-
space arrangement, the Koszul complex computing Torf’*(S /1,k) pro-
vides a much simpler model for the cohomology ring than the models in
[DP] and [Yu].

An analogue of Theorem 3.6 is not valid for the structure of the
cohomology algebra of the complement of a real coordinate subspace

s

arrangement. Despite the isomorphism of vector spaces ﬁz(/\/l ak) =
®j>o0 Torf’i+j(S/IAv, k) given by Theorem 3.1, in general the algebras
H*(Ma; k) and Torf,*(S /Iav, k) are not isomorphic. This is easily seen
when Iav = (x1,...,2,); in this case Torf,*(S/IAv,k) is an exterior
algebra, while H*(Ma; k) is an algebra generated by commuting idem-
potents.
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Corollary 3.7. Suppose that A has d facets. Then

> dimH (Mask) =) bi(S/Iav) <Y ei(n,d),

i>0 i>0 i>0

where c;(n,d) is the mazimum number of i-dimensional faces of an n-
dimensional polytope having d vertices.

There are explicit formulas for ¢;(n,d) (see e.g. [Zi, Corollary 8.28))
and the cyclic n-polytope C(n,d) with d vertices achieves the numbers
ci(n,d).

Proof. Theorem 3.1 implies that the equality in Corollary 3.7 holds.
The inequality follows from [BPS, Theorem 6.3]. O
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Generic Initial Ideals and Graded Betti Numbers

Jirgen Herzog

§ Introduction

The purpose of this article is to give the algebraic background of the
shifting theory developed by Kalai [26], [27]. The reader who is inter-
ested in the combinatorial aspects of the theory should consult Kalai’s
survey paper [26] and his article in this volume.

In the present article we are mainly interested in the behaviour of
graded Betti numbers under the operation of algebraic shifting. Alge-
braic shifting is intimately related to the theory of generic initial ideals.
In Section 1 we recall some of the basic facts of this theory. The next
section is devoted to the study of stable and strongly stable ideals since
generic initial ideals are of this kind, provided the base field is of char-
acteristic 0. In Section 3 we describe the Betti numbers of stable and
squarefree stable ideals, and in Section 4 the Cartan complex which pro-
vides the graded minimal free resolution of the residue class field of the
exterior algebra. For the theory of squarefree monomial ideals, which is
significant for combinatorial applications, it is necessary to study graded
ideals, graded modules and their resolutions over the exterior algebra.
In Section 5 we explain how the graded Betti numbers of squarefree
monomial ideals over the exterior and symmetric algebra are related.
The following two sections are devoted to the proof of a theorem on ex-
tremal Betti numbers by Bayer, Charalambous and S. Popescu [12], as
well as to the corresponding theorem in the squarefree case by Aramova
and the author [4]. In Section 8 we describe various shifting operators
and apply the homological theory of the previous sections. Symmetric
algebraic shifting and a theorem of Bjorner and Kalai [15] are applied
in Section 9 in order to deduce a theorem on superextremal Betti num-

bers. In the final section extremality properties of lexsegment ideals are
briefly sketched.

Received May 15, 2000.
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Not all proofs could be included. But in most cases an outline of
the proofs or precise references to the original papers are given.

Several unsolved problems and conjectures are included. The author
hopes that this survey inspires the readers to study and solve some of
the open problems.

§1. Generic initial ideals

Most of the content of this section can be found in the book of
Eisenbud [16] or the lecture notes by M. Green [20]. We will therefore
omit almost all of the proofs.

Let K be an infinite field, and S = KJzy,...,z,] the polynomial
ring over K. The set of monomials of degree d in S will be denoted by
Mg.

We will fix a term order < satisfying xy >z > ... >xz,. Let I C S
be an ideal. Then we denote by in<(I) (or simply by in(I)) the initial
ideal of I, that is, the ideal which is generated by all initial terms of I.

Let GL(n) denote the general linear group with coefficients in K.
Any ¢ = (a;;) € GL(n) induces an automorphism of the graded K-
algebra S, again denoted by ¢, namely

So(f(xh 7$n)) :f(za'ilxia--' azainaji) for all fe S.
i=1 i=1

One basic fact in the theory of generic initial ideals is the following

Theorem 1.1 (Galligo, Bayer and Stillman). Let I C S be a
graded ideal. Then there is a nonempty Zariski open set U C GL(n)
such that in(p(I)) does not depend on ¢ € U. Moreover, U meets non
trivially the Borel subgroup of GL(n) consisting of all upper triangular
tnvertible matrices.

For ¢ € U the monomial ideal in(p(I)) is called the generic initial
ideal of I, and will be denoted Gin(I).

For the details of the proof of Theorem 1.1 we refer to [16, Theo-
rem 15.18]. Each homogeneous component Gin(I)4 of Gin(I) may be
computed as follows: consider a transcendental field extension L/K,

where L has the transcendental basis {a;;: 4,7 =1,... ,n, @< j}. Let
S" = Llz1,... ,zs), I' = o(I)S" where p(z;) = >7_, a;jz; for j,... ,n.
Choose an L-basis fi,... , fm of 1. Each of the f; is a linear combination

of monomials u € M, whose coefficients are (homogeneous) polynomials
in Kfa;j: 4,5 =1,... ,n] (of degree d), say, fi = D¢y, Ciutt. Now form
the m x | My|-matrix C' = (¢;,, ) where the columns are ordered according
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to the given term order, and view C as a matrix with coefficients in L.
Notice that C has rank m since the polynomials fi,... , fn, are linearly
independent over L. For i = 1,... ,m, let u; be the largest monomial
such that c¢;,,, # 0; then u; = in(f;).

After elementary row operations (which amounts to choose another
L-basis of I}), we may assume that u; > uz > ... > up,. Then Gin([)q =
Kui+ ...+ Ku,,.

We order the m-tuples (vy, ... ,v,,) of monomials of M lexicograph-
ically. This means that (vq,...,v,) > (wi,...,wy,) if for some i one
has v; = w; for j < ¢, and v; > w;. Then our discussion shows that
Gin([I), is the span of largest m-tupel (uy,... ,u,) of monomials such
that det(c;y, )i=1,...,m # 0.

Another basic result on generic ideals is

Theorem 1.2 (Galligo, Bayer-Stillman). Let I C S be a graded
ideal. Then Gin(I) is Borel fized, that is, p(Gin([)) = Gin(I) for all ¢
which belong to the Borel group of invertible upper triangular matrices.

Generic initial ideals behave especially well when one uses the re-
verse lexicographic order. We will discuss this in Section 4. Let u,v €
Mg, u=x%-.2% and v = 28 - .- zP». Then u > v in reverse lexico-
graphic order, if degu > degv or degu = degv and for some 7 one has
a;j = b; for 5 >4, and a; < b;.

The following example demonstrates the difference between the lex-
icographic and the reverse lexicographic order. We order the monomials
in three variables of degree 2 first lexicographically, and then reverse
lexicographically:

(1) 22 > z120 > 1123 > 22 > To73 > T2
(2) 22 > 2120 > 73 > 2173 > ToT3 > T3

The nice behaviour of the reverse lexicographic order is a conse-

quence of the easy to prove

Property 1.3. Let < be the reverse lexicographic order. If f € S
is a homogeneous polynomial with in(f) € (z;,... ,xy,) for some i, then
fe (CL’Z, ,:L‘n).

This property immediately implies (cf. [16, Proposition 15.12])

Proposition 1.4. Let I C S be a graded ideal. Then with respect
to the reverse lexicographic order one has
(a) in(I) + z,S =in(I + z,9);
(b) in(1) : zp, =in({ : ).

A monomial u € S, u =z z5% - - - 2% is called squarefree, if a; <1
’ 1 2 n ) 7

for : = 1,... ,n, and a monomial ideal in S is called squarefree if it is
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generated by squarefree monomials. In combinatorial contexts, square-
free monomial ideals are interesting since they appear as the defining
ideals of Stanley-Reisner rings. Unfortunately Gin(I) of a squarefree
monomial ideal I is never squarefree, unless I is generated by a subset
of the variables. Thus for combinatorial applications one has to find an
analogue of the operation Gin which yields a squarefree monomial ideal.
The most natural way to define such an operation, is to work in the
exterior algebra instead of the symmetric algebra.

Let V be an n-dimensional K-vector space with basis e; ...e,. The
exterior algebra E = /\"(V) is a finite dimensional graded K-algebra.
The ith graded component A*(V) has the K-basis

ej, Nej, N+ Nej, with 71 < g2 <...<Ji.

Let [n] = {1,...,n}; for a subset ¢ C [n], 0 = {j1 < j2 < ... <
Ji}, we set e, = €5, Aej, A--- ANej,. The elements e, are called the
monomials of . Term orders, initial terms and initial ideals are defined
as in the polynomial ring. For example, the lexicographic or the reverse
lexicographic order is defined by restriction to squarefree monomials.

In the following example we list all monomials in 4 variables of degree
2 in the exterior algebra in lexicographic and reverse lexicographic order:

(1) es Nex >eg Nez >ep Aeg>eaNeg >eaAeg > esAey.
(2) epNex>eNe3>exNes>ep Neg>eq Neyg > ez N ey.

In the exterior algebra the generic initial ideal Gin(I) of a graded
ideal I C FE is defined similarly as in the case of the polynomial ring.
In other words, Gin(I) = in(¢(I)) where ¢ is a linear automorphism of
E. Of course, Gin(I) is a monomial ideal in F (which is automatically
squarefree). The analogues of the theorems of Galligo, Bayer and Still-
man, as well as Proposition 1.4, hold and are proved similarly in the
exterior case. We refer the reader to [6] about some general facts on
Grobner basis theory in exterior algebras.

§2. Special monomial ideals

Let p be a prime number, and k£ and [ be non-negative integers with
p-adic expansion k = Y, k;p* and | = 3>, I;p*. We set k <, lif k; <
for all <. In order to have a consistent notation, we also set k <g [ if
k < (in the usual sense).

Definition 2.1. Let p be a prime number, or p = 0. A monomial
ideal I C S is p-Borel, if the following condition holds: for each monomial
ue I, u=][],zt, one has (z;/z;)u € I for all4,j with 1 <i< j<n
and all v <, u;.
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The significance of p-Borel ideals follows from

Proposition 2.2. Suppose char K = p > 0, and let I C S be a
monomaial ideal. Then I is Borel-fixed if and only if I is p-Borel.

For the proof of Proposition 2.2 we refer to [16, Theorem 15.23].
For p > 0, the p-Borel ideals have a rather complicated combinato-
rial structure. The reader who is interested in more details about such
ideals may consult [31], [3] and [23]. In these notes we will concentrate
on 0-Borel ideals, which henceforth will be called strongly stable ideals.
For a monomial u € S we set m(u) = max{i: z; divides u}.

Definition 2.3. A subset B C S of monomials is called strongly
stable, if z;(u/z;) € B for all u € B, all z; that divides u, and all 7 < j.
The set B is called stable, if z;(u/Tm(,)) € B for all u € B, and all
i < m(u).

It follows from Definition 2.1 that a strongly stable ideal is a mono-
mial ideal I for which the set of monomials in I is a strongly stable
monomial set. If the set of monomials in [ is a stable set, then I is
called a stable monomial ideal. Stable monomial ideals were introduced
by Eliahou and Kervaire [17].

Examples 2.4. (a) Let uj,...,u, be monomials. There is a
unique smallest strongly stable ideal I with u; € I for 5 = 1,...,m.
The monomials u1, ... ,u,, are called Borel generators of I, and we write
I ={(uy,...,um). Iis called principal Borel if I = (u) for some mono-
mial u. For example the ideal

(2 2
I= (501,331332,9313337301564,532,352953,302584)

is principal Borel with Borel generator zox4.

(b) A set L of monomials is called a lezsegment, if for all u € L and
all v >, u with degv = degu, it follows that v € L. An monomial ideal
I C S is called a lexsegment ideal if the set monomials in I a lexsegment.
It is obvious that lexsegment ideals are strongly stable.

(c) Replacing in (b) everywhere the word ‘lex’ by ’revlex’, one ob-
tains the definition of a revlexsegment and a revlexsegment ideal. It is
obvious that revlexsegment ideals are strongly stable.

Remark 2.5. (a) Let I be a monomial ideal. We denote by G(I)
the unique minimal set of monomial generators of I. It is easily seen
that I is strongly stable, if for all monomial generators u of I one has
(x;/xj)u € I for all z; that divide u, and all ¢ < j.

Let N C My. The set {z;u:u € N,i=1,... ,n} C My is called the
shadow of N, and is denoted Shad(/N). The simple proof of the following
lemma is left to the reader.
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Lemma 2.6. Let N C My. If N is a (strongly) stable set (resp. a
lezsegment), then Shad(N) is a (strongly) stable set (resp. a lexsegment).

Notice that the shadow of a revlexsegment is in general not a
revlexsegment. For example consider the revlexsegment {z?} in K|z, z2,
x3]. Then z?z3 is in the shadow of this set, but z3 is not.

Let N C My. Then there is a unique lexsegment, denoted N'¢* such
that |N'e®| = |N|. The following important result holds

Theorem 2.7. For any subset N C My one has | Shad(N'e®)| <
| Shad(N)|. In other words, lexsegments have the smallest possible shad-
ow.

Before we indicate the proof of Theorem 2.7 we note the following
consequence

Corollary 2.8. Let I C S be graded ideal. Then there exists a
unique lexsegment ideal, denoted I'*® C S, such that S/I and S/I'*®
have the same Hilbert function.

Proof. Since S/I and S/in(I) have the same Hilbert function, we
may replace [ by in(/), and hence may assume that I is a mono-
mial ideal. Let I; be spanned by the set of monomials Ny, and I®
the subspace of S; spanned by Nclie‘”. We set Jle* = D0 Iallex, and

only need to show that I'®® is an ideal. In other words, we have to

show that {zi,... ,xn}Iffm - I&‘fl for all d. By Theorem 2.7 we have
| Shad(N}#®)| < |Shad(Ng)| < [Nag1| = |NE%|. Since Shad(NL®) and

Néfl are both lexsegments, this inequality implies Shad (/N ff’”) CN fffl,

as desired. Q.E.D.

For the proof of Theorem 2.7 we have to introduce some notation:
let B C Mg be a set of monomials. We let m;(B) be the number of

u € B with m(u) =1, and set m<;(B) = }_._, m;(B).
Lemma 2.9. Let B C My be a stable set of monomials. Then
(2) mi(Shad(B)) = m<(B);
(b) [Shad(B)| =3I, m<i(B).
Proof. (b) is of course a consequence of (a). For the proof of (a)
we note that the map

¢: {u € B: m(u) <i} — {u € Shad(B): m(u) =i}, u+— ux;

is a bijection. In fact, ¢ is clearly injective. To see that ¢ is surjective,
we let v € Shad(B) with m(v) = i. Since v € Shad(B), there exists
w € B with v = z;w for some j <. It follows that m(w) <. If j =1,
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then we are done. Otherwise, j < i and m(w) = i. Hence, since B is

stable it follows that u = (z;/z;)w € B. The assertion follows, since
U = Uux;. Q.E.D.

Now Theorem 2.7 follows immediately from Lemma 2.9 and the next
theorem which is due to Bayer [10]. We will give below the proof of the
similar theorem in the squarefree case.

Theorem 2.10. Let L C My be a lexsegment, and B C My be a
stable set of monomials with |L| < |B|. Then m<;(L) < m<;(B) for
1=1,...,n.

The length of the shadow of a lexsegment can be computed. Let i
be a positive integer. Then a € N has a unique expansion

= (1) () ()

with a; > a;—1 > -+ > a; > j > 1; see [14] or [21].
We define

: i+ 1 i—1+1 1
o = (ST H) (G T L (W)
1+1 7 J+1
a(’i):(_ai >+(ai__1>,+...+<.aj )
1+ 1 1 Jg+1

Lemma 2.11. Let L C My be a lexsegment with a = |My \ L|.
Then

and

|May1 \ Shad(L)| = a!?.

For the proof of this lemma we refer the reader to [14, Prop.4.2.8].
As a consequence of Corollary 2.8 and Lemma 2.11 we now obtain

Theorem 2.12 (Macaulay). Let h: N — N be a numerical func-
tion. The following conditions are equivalent:

(a) h is the Hilbert function of a standard graded K -algebra;
(b) h(0) =1, and h(d+ 1) < h(d)‘? for alld > 0.

We close this section with a discussion of the analogue theorems in
the squarefree case. Let B C E be a set of monomials in the exterior
algebra. Then B is called (strongly) stable if B satisfies conditions ana-
logue to those of Definition 2.3. Thus, for example, B is stable, if for all
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monomials u € B, u=e;, Ne, A...Ney, with i; <ig <...4; it follows
that e; Ae;; A...Ae;;_, € Bforalli<i; andi¢g {i1,... ,3}

Let u = z; x;, ... z;; € S be a squarefree monomial. Then we call
€i, N €, N\ ... A e;; the monomial in F corresponding to u. Let I C S
be squarefree monomial ideal, B C [ the set of squarefree monomials
in I, and B’ be the corresponding set of monomials in E. Notice that
the K-subspace J of E spanned by B’ is an ideal in E. We call it the
monomial ideal in E corresponding to I, and [ is called a squarefree
(strongly) stable monomial ideal, resp. a squarefree lexsegment ideal, if
J is a (strongly) stable resp. lexsegment ideal in E.

Corresponding to Proposition 2.2 one has

Proposition 2.13. A Borel-fized ideal J C E 1is strongly stable.
In particular, the generic initial ideal of any graded ideal in E is strongly
stable.

For the shadow of a stable set of monomials in £ one has

Lemma 2.14. Let B C E, be a strongly stable set of monomials.
Then Shad(B) is again stable and | Shad(B)| = Z?;ll m<qi(B).

We leave the proof of Lemma 2.14 to the reader.
We now prove the squarefree version of Bayer’s Theorem 2.10.

Theorem 2.15. Let L C E4 be a lexsegment of monomials, and
B C E4 a stable set of monomials with |L| < |B|. Then m<;(L) <
m<i(B) fori=1,... ,n.

For the proof of the theorem we need some preparation. Let d < n
and write Ny for the set of all (squarefree) monomials of degree d in
E. If N C¢ N4 we denote by min(/N) the smallest monomial u € N
(with respect to the lexicographic order). Furthermore we define a map
a: Ny — Ny by setting a(u) = u, if n & supp(u), and a(u) = (e; Au)/en
if n € supp(u), where j is the largest integer < n which does not belong
to supp(u). Here supp(u) is the set of elements 7 € [n]| such that e;|u.

Lemma 2.16. With the notation introduced we have:
(a) The map a: Ny — Ny is order preserving, that is, for u,u’ € Ny,
U <jeg U, one has a(u) <jer a(u').
(b) Let B = B’ + B” A e, be a strongly stable set of monomials of
degree d, where B’ and B" are sets of monomials in the elements
€1,€2,...,en—1. Then a(min(B)) = min(G(B’)).

Proof. (a) Let u and u’ be two monomials of degree d with u <;e, v’
and m(u) = m(u') = n, say u = e;, A--- Aej,_, Aen, and v’ = ey A
o Aey  Nep with 1 <dp <idpg <+ <ig_y <mnand 1< i < ih <
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--+ < i}_; < n. Then there exists an integer t with 1 <t < d — 1 such
that 41 = ¢},... ,%t-1 = 7,_; and %; > 7;. Let j be the largest integer
< d which is not in supp(u), and define j’ similarly for v'. Since i; > i},
there is at least one ‘gap’ in the sequence 4j,...,i, ;,n. Thus j' > ;.
Hence if j > 4;, then the first indices of the factors of a(u) and a(u’)
in which they differ are again ¢; and ¢;, and the inequality is preserved.
On the other hand, if j < ¢;, then we must have

U = €4, FANCIRIEIVAN €i_ 1 AN €n—d+t A Cn—d+t+1 N Nep_1 N €epn,

and j =i —1=n—d+t—1since i4_1 = i;_; < i; < iz. That is, the
factors ‘after’ e;, , have the highest possible indices. It is then obvious
that a(u) <jez a(u’) as desired. By the similar way one treats the case
m(u') < m(u) = n, while if m(u) < m(u’) = n one has a(u) = v <jep
u <lex a(u/)-

(b) It follows from the above result (a) that a(min(B)) <;e; a(min
(B’)) = min(B’) since min(B) <, min(B’). On the other hand, since
B is strongly stable, a(min(B)) € B’, which implies the reverse inequal-
ity. Q.E.D.

Proof of Theorem 2.15. We proceed by induction on n, the number
of variables. The inequality m<n,(L) < m<n(B) is just our hypothesis.
In order to prove it for ¢ < n, we write L = L' + L" Ae, and B =
B'+B" ne,, with L', L", B’ and B” sets of monomials in e1,eg,... ,e,_1.
It is clear that L' is lexsegment, and that B’ is strongly stable. Hence if
we show that |L’| < |B’|, we may apply our induction hypothesis, and
the assertion follows immediately.

It may be assumed that B’ and B” are lexsegments. In fact, let B*
(resp. B**) be the lexsegments in ey, e, . .. , e,_1 of degree d (resp. d—1)
such that |B*| = |B’| (resp. |B**| = |B”|) and set B = B* + B** A ey,.
Then it is not hard to see that B is again strongly stable.

Now we are in the following situation: L = L'+ L" Ae,, is lexsegment,
and B = B’'+ B’ Ae, strongly stable as before, but in addition B’ and B”
are lexsegments. Assuming |L| < |B|, we want to show that |L'| < |B’|.
Thanks to Lemma 2.16 we have

min(B’) = a(min(B)) <jez a(min(L)) = min(L').
Since L’ and B’ are lexsegments, the required inequality follows. Q.E.D.

As a consequence one obtains similarly as in Corollary 2.8 that for
any graded ideal J C E there exists a unique lexsegment ideal J'** C E

such that E/J and E/J'* have the same Hilbert function. Detailed
proofs of these statements can be found in [6].
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Corollary 2.17. Let I C S be a squarefree monomial ideal. Then

there exists a unique squarefree lexsegment ideal, denoted I°9'°* such that
S/I and S/I1°%°* have the same Hilbert function.

Proof. Let J be the corresponding ideal of I in FE, B’ the set of
monomials of J***, and B the set of squarefree monomials in S corre-
sponding to B’. The ideal L C S spanned by B is clearly a squarefree
lexsegment ideal. It follows from the next lemma that S/I and S/L have
the same Hilbert function. Q.E.D.

Lemma 2.18. Let I C S be a squarefree monomial ideal, and
J C E the corresponding monomial ideal in E. Let Hg);(t) = Y7 ait’
be the Hilbert function of E/J. Then the Hilbert function of S/I is given

by

n

HS/I(t) == Zai (1 _ t)i.

=0

This lemma implies in particular that the Hilbert function of E/J
and that of S/I determine each other. A proof of this simple result can
be found for example in [14, Theorem 5.1.7].

The exterior version of Lemma 2.11 is the following (cf. [6, Theorem
4.2))

Lemma 2.19. Let L C EMy be a lexsegment of monomaials, where

EM, denotes the set of monomials of degree d in E. Suppose that a =
|EMg\ L|. Then

|EMy \ Shad(L)| = ¥,

As in the case of the polynomial rings one now deduces (cf. [6,
Theorem 4.1})

Theorem 2.20 (Kruskal-Katona). Let (hy,...,hy) be a sequence
of integers. Then the following conditions are equivalent:

(a) 1+ .0_, hat? is the Hilbert series of a graded K -algebra E/J;
(b) 0 < hgyr < B for all i with 0 < d < n.

§3. Graded Betti numbers of initial ideals

Let M be a finitely generated graded S-module. Then M has a
graded free S-resolution of the form

o @ S = = @, S(—)P — B, S(—)P — M — 0,
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The numbers 3;; are called the graded Betti numbers of M. Note that the
Tor-groups Tor; (K, M) are finitely generated, graded K-vector spaces,
and that

Bi; (M) = dimg Tor; (K, M); forall i,j.
The following basic result holds:

Theorem 3.1. Let I C S be a graded ideal. Then for any term
order < one has

Bi; (S/1) < Bi;(S/inc (1)) for all 1i,j.

Proof. Let S be the K[t]-algebra S[t], where ¢ is an indeterminate
of degree 0. By [16, Theorem 15.17] there exists a graded ideal I C S
such that the K[t]-algebra S/I is free K[t]-module (and thus flat over
K|t]), and such that

(1) (S/1)/4(S/1) = 5/ in(I),

(2) (8/1)c = (/1) ®x K[t,t™"],

as graded K-algebras.

Let F, be the minimal graded free S-resolution of S/I. Then (1)
implies that F,/tF, is a graded minimal free S-resolution of S/I, so
that 8;;(S/I) = B8;;(S/in(I)) for all 4 and j, and (2) implies that (F,);
is a graded (not necessarily minimal) free S ® ¢ K[t,t!] resolution of
(S/D@x Kt, t=]. Thus, fi;(S/T) = iy (/D@ x K[t,t=1) < i3 (3/D),
as desired. Q.E.D.

Let M be a finitely generated graded S-module. The regularity of
M is defined to be the number reg(M) = max{j — i: §;;(M) # 0}. As

an immediate consequence of Theorem 3.1 we have-

Corollary 3.2. Let I C S be a graded ideal. Then for any term
order < one has:
(a) projdim S/I < projdim S/in<(I).
(b) depth S/I > depth S/in.(I).
(c) If S/inc(I) is Cohen-Macaulay (Gorenstein), then so is S/I.
(d) regS/I <regS/in(I).

We shall see in the next section that all inequalities of Corollary
3.2 become equalities, if in<([) is replaced by Gin(I) with respect to
the reverse lexicographic order. Since by Proposition 2.2, at least in



86 J. Herzog

characteristic 0, the generic initial ideal is strongly stable, it is of interest
to compute the graded Betti numbers of stable ideals. Eliahou and
Kervaire described explicitly the resolution of such ideals. Here we are
only interested in its graded Betti numbers, so that we only need to
compute the graded K-vector spaces Tor;(K,S/I).

Let K,(z;S/I) be the Koszul complex of S/I with respect to z1, ...,
Z,. We denote by H, (z;S/I) the Koszul homology. Since there is a
graded isomorphism Tor, (K, S/I) = H, (x;S/I), we may as well com-
pute H (z;S/I) in order to determine the graded Betti numbers. Re-
call that K;(z1,...,zn) = K. (z;S/I) is a free S/I- module with ba-
sis es, 0 C {1,...,n}, |o| = ¢, where e, = ej, Nej, A... Nej, for
o={j1,...,4i}, j1 < j2 < ... < ji. The differential O of K, is given by
Oes) =3 1co (1) zse,\ 4. Here afo,t) = |{r € o: 7 < t}].

For a monomial ideal I we denote by G(I) the unique set of mono-
mial generators of I. We let €: S — S/I be the canonical epimorphism,
and set u' = u/Tp(y) for all u € G(I).

Theorem 3.3. Let I C S be a stable ideal. For all j =1,...,n

and 1 > 0, the Koszul homology H;(zj,... ,zyn) is annihilated by m =
(z1,...,%n). In other words, all these homology modules are K -vector
spaces. A basis of Hi(xj,... ,xy) is given by the homology classes of the
cycles

e(u')es A ey, u € G(I),|o| =i—1,j < min(o), max(o) < m(u).

Proof. We proceed by induction on n — j. For 7 = n, we only
have to consider H;(z,) which is obviously minimally generated by the
homology classes of the elements e(u')e,, with u € G(I) such that m(u) =
n. Since by the definition of stable ideals z;u’ € I for all 7, we see that
Hi(z,) is a k-vector space.

Now assume that j < n, and that the assertion is proved for 7 +
1. Then z;H;(zj41,...,2,) = 0 for all i > 0, so that the long exact
sequence (cf. [14, Cor.1.6.13])

z.
L Hi($j+1,.. . ,:L‘n) E— Hi(xj,. .. ,:En) — z'——1(~'13j+1,-- . ,:cn)

s

— 1—1($j+1,--- ,iﬂn) —_ i—l(ﬂfj,--- ,ivn) —

splits into the exact sequences

(3) 0— Hl(xj+1,... ,xn) —_— Hl(a:j... ,SL‘n) — Sj/Ij *m—Jﬁ Sj/Ij

and

(4) 0 — Hi(xjy1,.,Tn) — Hi(zj, ..., Tn)

— z'—l(CUj—H,---,xn) — 0.
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for i > 0. Here S; is the polynomial ring K{zi,...,z;|, I; the ideal in
S; generated by the monomials v € G(I) which are not divisible by any
x; with ¢ > j, in other words, I; = I N S;.

In sequence (3), Kerz; is minimally generated by the residues of
the monomials v’ with v € G(I) and m(u) = j. Note that the sets
{ue G(I): m(u) = j} and {u € G(I;): m(u) = j} are equal, and that
I; is a stable ideal in S;. Therefore Ker z; is a K-vector space.

We now consider the short exact sequence

5) 0— Hi(zjg1,...,T,) — Hi(xj,...,z,) — Kerz; — 0.
i+ J J

It is clear that the elements e(u')e;, u' € G(I), m(u) = j are cycles
in Ky(zj,...,z,) such that 6(fe(u')e;]) = u' + I;. Therefore, by (5)
and our induction hypothesis, it follows that the set S = {[e(u')e;]: u €
G(I),m(u) =i > j} generates Hy(xj,... ,&y). Since I is a stable ideal
we see that z;[e(u’)e;] = 0 for all j = 1,... ,n and all [e(u')e;] € S.
In other words, Hi(zj,... ,z,) is a K-vector space. Finally, since the
number of elements of S equals dimy Hy(z;41,... ,2,) +dimKerz;, we
conclude that S is a basis of Hy(zj,... ,Zn).

In order to prove our assertion for ¢ > 1 we consider the exact se-
quences (4). By induction hypothesis the homology module H;_;(z;41,
...y &) is a K-vector space with basis

[e(w)es A emy),u € G(I),|o| =i —2,j+ 1 < min(o), max(c) < m(u).

Given such a homology class, consider the element e(u')e; A es A €m(u).-
It is clear that this element is a cycle in K;(z;,... ,%,), and that

8([e(u)es A e A emu)] = £[e(u)eq A emu)]-

Thus from the exact sequence (4) and our induction hypothesis it fol-
lows that the homology classes of the cycles described in the theorem
generate H;(z;,...,z,). Again the stability of the ideal I implies that
m annihilates all these homology classes, so that H;(z;,... ,z,) is a K-
vector space. Finally, just as for ¢ = 1, a dimension argument shows
that these homology classes form a basis of H;(z;,... ,z,). Q.E.D.

Let I be a monomial ideal. We denote by G(I); the set of monomial
generators of degree j. The following result of Eliahou and Kervaire [17]
follows immediately from Theorem 3.3.

Corollary 3.4. Let I C S be a stable ideal. Then
(8) Biri(D) = Seam, (")

(b) projdim S/I = max{m(u): u € G(I)};
(c) reg(I) = max{deg(u): v € G(I)}.
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With similar methods one can compute the graded Betti numbers
of a squarefree stable ideal. For a monomial u € S we let supp(u) =
{i: z; divides u}.

Theorem 3.5. Let I C S be a squarefree stable ideal. Then for
every i > 0, a basis of the homology classes of H;(x1, o, ... ,Ty) is given
by the homology classes of the cycles

U'es A emu),u € G(I),|o] =i —1,max(c) < m(u), o Nsupp(u) = 0.

Proof. A minimal free S-resolution of S/I is multigraded; in other
words, the differentials are homogeneous homomorphisms and, for each
i, we have F; = €P; S(—a;;) with a;; € Z". Moreover, by virtue of [24,
Theorem (5.1)], all shifts a;; are squarefree, i.e., a;; € Z™ is of the form
Y tcr €t, Where T is a subset of {1,2,... ,n}, and where e1,¢€2,... ,¢5
is the canonical basis of Z™. Thus it follows that H;(z1,z2,...,2z,) is
multigraded K-vector space with H;(z1,22,...,Zn)e = 0, if a € Z"
is not squarefree. Hence, if we want to compute the homology mod-
ule H;(x1,z2,... ,%n), it suffices to consider its squarefree multigraded
components.

For each 0 < j < n, there is an exact sequence whose graded part
for each a € Z™ yields the long exact sequence of vector spaces

: i’ Hi(xj—i—lv .. 1$n)a . Hi(xja "'73371)(1. E— i—l(xj—}—l, "'axn)a—aj
T
— i—l(mj+17-'- axn)a — i—1(50j,--- >$n)a —

We now show the following more precise result: For all 7 > 0, all
0 < j < n and all squarefree a € Z", H;(zj,... ,Tn)q is generated by
the homology classes of the cycles

U'eg Nem),---u €G(I),...lo|=i—1
with
J < min(o), max(c) < m(u),o Nsupp(u) = 0 and o U supp(u) = a.

The proof is achieved by induction on n — 5. The assertion is obvious
for j = n. We now suppose that 7 < n. For such j, but ¢ = 1, the
assertion is again obvious. Hence we assume in addition that ¢ > 1. We
first claim that

.
Hi—1($j+1, <. ,xn)a-sj — i—1($j+1, cee ,»”Cn)a

is the zero map. Since a € Z" is squarefree, the components of a are
either 0 or 1. If the j-th component of a is 0, then a — ¢; has a negative
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component; hence H;_1(Zj41,...,Zn)a—e; = 0. Thus we may assume
the j-th component of a is 1. Then a —¢; is squarefree and, by induction
hypothesis, H;_1(%j11,... ,Zn)a—e, is generated by the homology classes
of cycles of the form u'e; A ey (y) With j & supp(u). Such an element is
mapped to the homology class of u'zjes Aem(y) in Hi—1(Tj41,- - ,%n)a-
However, since I is stable, we have u'z; = 0 as desired.

From these observations we deduce that we have short exact se-
quences

0—>Hi(a:j+1, ... ,JUn)a —_— Hi(acj, Ce ,ZEn)a
— i—l(xj+17~- ,iﬁn)a—aj — 0
for all ¢ > 1. The first map Hiy(zj41,.--,Zn)a — Hi(zj,... ,Tn)q

of the above exact sequence is simply induced by the natural inclu-
sion map of the corresponding Koszul complexes, while the second map
Hi(zj,...,2n)a — Hi—1(%j41,-.. ,Zn)a—e, is a connecting homomor-
phism. Given the homology class of a cycle z = u’'egAep,(y) in Hi_1 ()41,
-yTn)a—e;, it is easy to see that, up to a sign, the homology class of
the cycle u'ej A eq A ey in Hi(zj,... ,2n), is mapped to [z]. This
guarantees all of our assertions as required. Q.E.D.

Corollary 3.6. Let I C S be a squarefree stable ideal. Then
@) Biri(I) = Tueam, ("% 7);
(b) projdim S/I = max{m(u) — deg(u) +1: u € G(I)};

(c) reg(I) = max{deg(u): v € G(I)}.

Remark 3.7. It follows immediately from Corollary 3.4(a) and
Corollary 3.6(a) that a (squarefree) stable ideal which is generated in
one degree, has a linear resolution. Very recently Romer has shown
(unpublished) that among all (squarefree) ideals with linear resolution
the ideals generated by (squarefree) revlexsegments have minimal Betti
numbers.

§4. The Cartan complex

Let M, (resp. M,.) denote the category of finitely generated graded
left (right) E-modules, and M the category of finitely generated graded
left and right F-modules, satisfying axz = (—1)9¢829e8=2q for all homo-
geneous elements a € E and x € M. For example, any graded ideal
I C E belongs to M.

A module M € M, has a minimal, graded free E-resolution (as a
left F-module), which is always infinite, unless M is free. The ijth Betti
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number §;;(M) is the K-dimension of Tor; (K, M);. These dimensions
may be computed by using the graded free E-resolution of the residue
class field K. This resolution is called the Cartan complex. We will
briefly describe this complex.

Let v =19y, , v, be a sequence of elements of degree 1 in F. The
Cartan complex C,(v; E) of the sequence v with values in FE is defined
as the complex whose i-chains C;(v; E) are the elements of degree i of
the free divided power algebra C,(v;F) = E{(z1,... ,zm). Recall that
C.(v; E) is the polynomial ring over F in the set of variables

29 i=1,...m, j=12...

modulo the relations

. ) |
@D 0 _ UHE)! Gk

1 2 ]!k! x’l,

We set xgo) =1 and xf;l) =z; for i = 1,... ,m. The algebra C,(v; E)
is a free F-module with basis (@ = z{®z{*) _ z{®") 4 e N™. We
say that z(*) has degree i if |a| = i where |a| = a1 + ... + am. Thus
Ci(v; E) = B)q)=s Ex(@),

The E-linear differential on C,(v; F) is defined as follows: for (%) =

x§‘“) oozl e set

m
a; >0

It is easily verified that 0 0 @ = 0, so that (C,(v; E),d) is indeed a
complex. Moreover, 0 is an E-derivation, that is, 3 is E-linear and

9(g9192) = 910(g2) + 9(91)92

for any two homogeneous elements g, and g2 in C,(v; E).

These rules imply that the cycles Z, (v; E) of C,(v; E) form a di-
vided power algebra, and that the boundaries B, (v; E) form an ideal in
Z.(v; E), so that the homology H,(v; E) of C,(v; E) inherits a natural
structure of a divided power algebra. Let M be left E-module; then
C.(v;M) = C.(v;E) ® M is called the Cartan complex of M with
respect to the sequence v. The homology of C,(v; M) will be denoted
by H,(v;M). Note that H (v; M) has a natural left H,(v; E)-module
structure.

For each 7 = 1,... ,m—1 there exists an exact sequence of complexes

0— C.(v1,...,v55M) — C.(v,...,vj41; M)
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SN C.(v1,...,v541; M)(—1) — 0,
where ¢ is a natural inclusion map, and where 7 is given by

k k—1
7(go + g1%j41 + -+ 9k$§'4_)1) =g1+ geTjp1 + -0+ gk$§+1 ),

with g; € Cy_i(v1,... ,v5; M).
From this exact sequence one obtains immediately the following long
exact sequences for the Cartan homology.

Proposition 4.1. Let M € My; then for all 3 = 1,... ,m—1
there exists a long exact sequence of graded left E-modules

T Hi('vla -y U535 M) 2 Hi(’Ul, sy Vi1 M)

; 6;_
L i—1(U1,-~-,’Uj+1;M)(—1)'—1> z‘—l(”l»---,UﬁM)

—_ i_l(vl,...,vj+1;M)—>--- .

Here «; is induced by the inclusion map ¢, B; by 7, and 6,1 is the
connecting homomorphism, which acts as follows: if z = go + g12j41 +

5-3__11) S a cycle mn Ci—l(l1,-~- ,lj+1;M), then 61_1([2]) =

ot g
[govj+1]-

Let eq,... ,e, be a K-basis of E;. Using Proposition 4.1 it follows

easily by induction on i that C, (e,... ,e;; F) is acyclicfori=1,... ,n.
In particular, C,(es,... ,e,; E) is a minimal, graded free E-resolution
of K.

Corollary 4.2. Let M € M;. Then

(a) for alli > 0 there are graded isomorphisms ToriE(K, M) = H;(eq,
sen; M) of K-vector spaces;

(b) for alli > 0 one has Bi;(K) = ("—Z.I'H) and B;;(K) =0 for j # i;

(c) reg(M) < max{j: M; # 0}.

Proof. The statements (a) and (b) are clear by the discussions pre-
ceding this corollary. Since Cj(ey,...,en; E) = @ E(—1), it follows
from (a) that Tor” (K, M) is a subquotient of @ M(—4). This implies
(c). Q.E.D.

For any finitely generated left F-module M, the Cartan cohomology
with respect to the sequence v = vy, ... , vy, is defined to be the homol-
ogy of the cocomplex C*(v; M) = Homg(C,(v; E), M). Explicitly, we
have

c(v;M): 0L coy 2L v M) — ..
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where the cochains C*(v; M) and the cochain maps 9° can be described
as follows: the elements of C*(v; M) may be identified with all homoge-
neous polynomials ) | m,y® of degree 4 in the variables y1,... ,y, with
coefficients m, € M, and where as usual for a € N?, y® denotes the
monomial yitys?...y%". The element m,y® € C*(v; M) is defined by
the mapping property

a mg, for b=a,
May (x(b)) - {0 for b #a.

After this identification the cochain maps are simply multiplication by
the element y, = Y., v;y;. In other words, we have

9': CH(v; M) — C*H(v;i M), fr yuf.
In particular we see that C*(v; E') may be identified with the polynomial
ring Ely1,... ,Ym], and that C*(v; M) is a finitely generated C*(v; F)-
module. It is obvious that cocycles and coboundaries of C*(v; M) are
Ely1,... ,ym]-submodules of C*(v;M). As Elyi,...,Ym| is Noether-
ian, it follows that the Cartan cohomology H"(v; M) of M is a finitely
generated (graded) Elyi, ... ,ym|-module.

We set M* = Hompg(M, E). Cartan homology and cohomology are
related as follows:

Proposition 4.3. Let M € M. Then
H;(v; M)* = H'(v;M*) forall i.

*

Proof. Since F is injective, the functor (—)* commutes with ho-

mology and we obtain

H;(viM)* = H'(Hompg(C;(v;M),E))
= H'(Hompg(C;(v; E), M*) = H'(v;M*). Q.E.D.

Proposition 4.4. Let M € M;. Then for all j =1,... m—1
there exists a long exact sequence of graded left E-modules
co— H v, v M) — H Yoy, .. 055 M)
— H" vy, ,v541; M)(-1) Y Hi(vy,...,v41; M)
— H*(v1,...,v;; M) — ---

Proof. It is immediate that such a sequence exists. We only show
that the map

H vy, vj41 M) (1) — HY (v, .. ,vj41; M)
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is indeed multiplication by y; 1. We show this on the level of cochains.
In order to simplify notation we set C; = Cj(v1,... ,vj41; FE) for all ¢,
and let

v: Homg(C;—1, M) — Hompg(C;, M)

be the map induced by 7: C; — C;_1, where

b, bjy1—1 .
T(x(b)) _ LES ). ZL’;_*_T ) if bj+1 > 0,
0 otherwise.

Our assertion is that v is multiplication by y;41.
For all z(?) € C; we have v(my®)(z®) = my?(r(z®)). This implies
that

a m if b,...,b'l :(al,...,a- 1+1),
’Y(my )(x(b)) — ( 1. 7+ ) 7+
0 otherwise.

Hence we see that y(my®) = my®y;+1, as desired. Q.E.D.

§5. Simplicial cohomology

Besides Cartan cohomology, there is another natural cohomology
attached to any graded E-module: let v € E be a homogeneous element
of degree 1, and let M € M;. Since v? = 0, we obtain a finite complex
of finitely generated K-vector spaces

(M,v): ---—HMi_lﬁ%Mil_v)MiH_)_”

where [,, denotes left multiplication by v. We denote the :th cohomology
of this complex by H*(M,v). Notice that H*(M,v) = @, H*(M,v) is
again an object in M,. Indeed,

O:pp v
oM '’

H'(M,v) =

where 0 :py v = {a € M : va = 0}.
It is clear that a short exact sequence

0—U—M— N—0,

of finitely generated graded E-modules induces the long exact cohomol-
ogy sequence

. = H{(U,v) - H'(M,v) — H'(N,v) —» H* (U, 0) — --- .
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Definition 5.1. Let M € M;. An element v € FE; is called
generic for M if dimg H'(M,v) < dimg H*(M,u) for all i and all
U e El.

The property of being generic for M is an open condition, that is,
there exists a non-empty Zariski open subset G C Ej, such that v € F;
is generic if and only if v € G.

Let A be simplicial complex on the vertex set [n] = {1,...,n}.
One denotes by In C S the squarefree monomial ideal generated by all
monomials z;, - - - z;, such that {i1,... ,ix} € A. The K-algebra K[A] =
S/ is called the Stanley-Reisner ring of A. Detailed information about
this well studied ring can be found in [33], [14] and [21].

We denote by Ja the monomial ideal in E corresponding to Ia. The
K-algebra K{A} = E/Ja is called the exterior face ring of A. This
algebra was first studied in a systematic way by Kalai [26] in connection
with algebraic shifting. Notice that the Hilbert series of K{A} is given
by

Hyiay(t) = Z fimat?,

i>0
where f; is the number of i-dimensional faces of A.

Lemma 5.2. Let A be a stimplicial complex, and v € E; a generic
element for K{A}. Then for all i we have

HY(K{A},v) = H (A K).

Proof. Let e = ) [e;. It follows immediately from the defini-
tion of simplicial cohomology that H*~1(A; K) = H*(K{A},e). Thus
it remains to be shown that e is generic for K{A}. Let K be an al-
gebraic closure of K. Then H'(K{A},v) ®x K = H!(K{A}), and
H"Y(A;K) @k K = H"'(A;K). Thus we may as well assume that
K is algebraically closed. The set L of elements v = Z? ae; € Fq
with [[7a; # 0 is open. Moreover, the complexes (K{A},v) and
(K{A},e) are isomorphic for all v € L. In fact, the isomorphism of
complexes is induced by the algebra automorphism ¢: K{A} — K{A}
with p(e;) = a;e; fori =1,... ,n. Let G C E; be the subset of generic
elements for K{A}. Since K is algebraically closed and since L and G
are non-empty open subsets of the irreducible space FE;, their intersec-
tion is non-empty. Let v be an element of this intersection. Then v
is general, and dimg H*(K{A},v) = dimg H*(K{A},e) for all i. This
proves the assertion. Q.E.D.
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For the rest of the section we discuss the following question: Let I C
S be a squarefree monomial ideal, J C E the corresponding monomial
ideal in the exterior algebra. Is there a relation between the S-resolution
of I and the E-resolution of J? We will show that this is indeed the
case. In order to describe this relation it is convenient to consider the
attached simplicial complexes.

Both algebras, K[A] as well as K{A}, are Z™-graded, and hence
have Z"-graded resolutions. A formula for the Z™-graded Betti num-
bers ;. (K[A]) is given by Hochster [24] in terms of reduced simplicial
homology.

Let a € Z". We set supp(a) = {7 € [n]: a; # 0} and |a] = ), a;.
The element a € Z" is called squarefree, if a; € {0,1} fori =1,... ,n.

Let 0 C [n]. The restriction of A to o is the simplicial complex
A, ={r€A:7Co}.

Theorem 5.3. Let A be a simplicial complex with vertex set [n],
and a € N*. Then for all i > 0, we have

(a) B2 (K[A]) =0, ifa is not squarefree;

ta

(b) i(K[A]) = dimg H|a|_i_1(Asupp(a); K), if a is squarefree.

For the proof we refer to Hochster’s original paper [24], or to [14].
There is a similar kind of formula for the Z™-graded Betti numbers
of K{A} given in [6].

Theorem 5.4. Let A be a simplicial complex with vertez set [n],
and a € Z™. Then for all i > 0, we have

zEt:z(K{A}) = dim ﬁlal_i_l(Asupp(a); K)

Proof. Set a = supp(a), and let C(A,) be the augmented oriented
chain complex of A,. The module C; of i-chains of C(A,) is the free
Z-module with basis 0 € Aq, |o| = i+ 1. Thus the module of i-cochains
CY(K) is a K-vector space with basis 0*, ¢ € A,, |0| = i + 1 where
o*: C; — K is the Z-linear map with o*(7) = 0 for 7 # 0 and o*(7) = 1
for 7 = 0.

On the other hand, Tor®(K{A}, K), may be identified with the
homology of the ath graded piece C(e1,... ,e,; K{A}), of the Cartan
complex. In degree ¢ this complex has the following K-basis

eox(aa)’ - Aa, Ia0.| = ’L'_

_ / / I . ; ! — g, —
Here a, = (aj,...,a;) where a’ = a; for j € 0 and a} = a; — 1 for

; J
JeEo.
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We define a K-linear map
@i Ciler, ... en; K{A})y — C¥H(K)

by setting ¢;(e,z(*)) = o*. One easily checks that ¢ is an isomorphism

of complexes. Q.E.D.

A comparison of the formulas in Theorem 5.3 and Theorem 5.4 leads
to

Corollary 5.5. Let A be a simplicial complex with vertex set [n].
Then

, tis®
Bla(K{At's® = (K [A]) :
; aEZN" ; aEZN” HJESUPP ‘1(1 - tsj)

There is actually an explicit construction for the F-resolution of
K{A} in terms of the S-resolution of K[A]. This construction is de-
scribed in [9].

§6. Regularity and extremal Betti numbers

In this section we present the theorem of Bayer, Charalambous and
S. Popescu [12] which asserts that the extremal Betti numbers of a
graded ideal and its generic ideal coincide.

Throughout this section we assume that the base field K is infinite.
Let M be a finitely generated graded S-module. A Betti number of M
is called extremal if B;;4+; = 0 for all (3,7) # (k,m) with ¢ > k and
j = m. The corollary of the next theorem provides a characterization
of extremal Betti numbers in terms of annihilators of almost regular
sequences.

An element z € S; is called almost M -reqular, if the colon module
0:p = {c € M: zc =0} is of finite length. The set of almost M-
regular elements is a nonempty open subset of S;. Indeed, M/H2 (M)
is a module of positive depth, so that the Zariski open set S C S; of
regular elements of M/HQY (M) in S; is not empty. For any element
x € § we have that 0 :p; x is a finite length module.

Let 1 = l4,...,l,, be a sequence of linear forms in S. In order to
simplify notation we set M (j) = M/(ly,... ,l;)M, and for i > 1 we let
H;(j) be the ith Koszul homology H;(l,... ,l;; M) of M with respect
to the sequence [y,...,l;. We further set H;(0) = 0 for ¢« > 0 and for
j > 1 we let Hy(j — 1) be the colon ideal 0 iM;_,, lj- Observe that, in
our notation, Hy(7) is not the Oth Koszul homology.
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The sequence 1 =14,...,1l,, is called an almost reqular M -sequence
if for all j = 1,... ,m, the linear form /; is almost M;_;)-regular. If all
permutations of the sequence 1 are almost M-regular, then we call 1 an
unconditioned almost reqular M -sequence .

Suppose 1 = 11,... ,l,, is almost M-regular, then all H;(j) are mod-
ules of finite length and since M is a graded S-module, all H;(j) are
naturally graded. Now suppose in addition that 1 is a basis of S;. Then
there are graded isomorphisms H;(n); = Tor;(K, M), for all ¢ and j.
In particular, the graded ¢jth Betti numbers (3;; of M coincide with
dim K H. 1(n) j-

Let N be an Artinian graded module. We set s(IN) = max{s: Ny #
0} if N # 0 and s(0) = —oo. Now we introduce the following numbers
attached to M and the basis1=1;,...,[,,. We set

r; = max{s(H;(j)) —i:9>1} and s; = s(Ho(j — 1)) for j =1,... ,n,

and put 7o = 0. We observe that reg(M) = max{r,, s(M/mM)}.

Theorem 6.1. Suppose that the basis 1 = ly,... ,l,, of S1 is an
almost regular M -sequence. Then
(a) rj = max{si,...,s;} for j=1,... ,n. In particular, ri < re <
R
(b) Let T = {j1,.--,41}, 1 < j1 < jo < ... < ji < n, be the set of
elements j € [n] such that r; —rj_1 # 0. Then for all t with
1 <t<1 and all j with j; < 7 we have
(i) Hi(§)ixs =0 for s >rj, , andi>j—ji+1;
(i) Hj—jo+1(d)j—jet14r;, = Ho(je — Dr,,;
(ii1) Hj—j,+1(J)j—jot+1+s is isomorphic to a submodule of Ho(j:—
1) for all s > rj,_,;
(iv) Ho(j —1i)r,, is isomorphic to a factor module of H(j)itr,,
for all i with i > j — ji41 + 1.

For the proof of this theorem we refer to [4].

Corollary 6.2. Let the numbers j; be defined as in Theorem 6.1,
and set ky =n — j: +1 and my =r;,. Then

(a) the Betti number Bi;y; of M is extremal if and only if

(i,5) € {(keyme): t =1,...,1}.

Moreover, By, ky+m, = dimg (0 : 15,)s, fort=1,...,1,
(b) forallt=1,...,1 we have
(1) Br,kpts < dimg(0:15,)s for all s > my_q,
(2) ﬂi,i—(»mt > dimg (0 : ln—i—}—l)mt for all v > kt+1.
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Now we are ready to prove the main theorem of this section.

Theorem 6.3 (Bayer-Charalambous-S. Popescu). Let I C S be a
graded ideal, and let Gin(I) be the generic initial ideal of I with respect
to the reverse lexicographic order. Then for any two integers i,5 € N
one has

(a) the ijth Betti number of S/I is extremal if and only if the ijth
Betti number of S/ Gin(I) is extremal,

(b) the corresponding extremal Betti numbers of S/I and S/ Gin(I)
are equal.

Proof. After a generic choice of coordinates we may assume that
Gin(I) = in(I), and since the condition of being an almost regular se-
quence is an open condition, we may as well assume that z,,...,x;
is an almost regular S/I-sequence. Since Gin([/) is Borel fixed it fol-
lows for example from [16, Corollary 15.25] that z,, ... ,z; is an almost
regular S/ Gin([)-sequence, too. Set R(j) = (S/I)/(xn,...,z;)(S/I)
and R(j) = (S/Gin(I))/(zn,...,z;)(S/Gin(I)), then it follows that
0 :R(n—it+1) Tn—; as well as 0 'R(n—i+1) Tn—i have finite length for all
t. Now since the chosen term order is reverse lexicographic it follows
from Proposition 1.4 that 0 :r(n—it+1) Tn—i and 0 15, 41y Tn—; have
the same Hilbert function. In particular,

8(0 :R(n—it1) Tn—i) = 8(0 :g(n_sy1) Tn-s) forall .

Thus Corollary 6.2(a) concludes the proof. Q.E.D.

Corollary 6.4. Let I C S be a graded ideal, Gin(I) the generic
initial tdeal of I with respect to the reverse lexicographic order. Then
(a) (Bayer-Stillman) reg(I) = reg(Gin(I));
(b) projdim S/I = projdim S/ Gin(I);
(c) S/I is Cohen-Macaulay, if and only if S/ Gin(I) is Cohen-
Macaulay.

§7. Extremal Betti numbers for squarefree monomial ideals

Let A be a simplicial complex, and Jo C FE the Stanley-Reisner
ideal of A in the exterior algebra. The exterior algebraic shifted complex
of A is the simplicial complex A€ with

Jae = Gin(Ja).

We will study algebraic shifting more systematically in the next section.
Here we are interested in the comparison of the graded Betti numbers
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of In C S with those of Iae. Though it is not yet known whether or
not the graded Betti numbers increase when passing from Ia to Iae, it
can be shown (see [4]) that In and Ine have the same extremal Betti
numbers. In fact one has

Theorem 7.1. Let A be a simplicial complex. Then for any two
integers 1,57 € N one has

(a) the ijth Betti number of S/Ia is extremal if and only if the ijth
Betti number of S/Iae is extremal;

(b) the corresponding extremal Betti numbers of S/In and S/Ixe are
equal.

We will describe the main steps of the proof. For simplicity we set
J = Ja I =1Ia. Set Pi(t) = > ,5085,,;(E/J)t, then Corollary 5.5
yields B

P = Y0 (11 7)) At

i>0 k=0

Setting k(j) = max{k: Bg,, ;(S/I) # 0}, we see that

e Bt ; (S/DF(L = t)*D =k 4 R(t)(1 — t)k0)+

P;(t) (1 — ¢)k0)+i ’

with a certain polynomial R(t).

We set d;(E/J) = k(j)+j and e;(E/J) = ﬁ,f(j)’k(j)H(S/I).
Corollary 7.2. The following conditions are equivalent:
(a) B54;(S/T) is an extremal Betti number of S/I;
(b) ¢ =k(j), and dj(E/J) —d;(E/J) < j' —j for all 7 > j.
For the further discussion we need (see [4, Corollary 4.6]) a different
interpretation of the numbers d; and e;.

Proposition 7.3. Let M € M, and let vy,... ,v, be a generic
basis of E1. Then the natural maps
Bi
Hi(’Ul,. .. ,Uj+1;M) a— Hi(vl,... ,’Uj+1;M)
of Cartan homology attached with the sequence vi,... ,v, (cf. Proposi-
tion 4.1) are surjective for all j =0,... ,n —1 and all j > 0.

We now fix M € M and a sequence v = vq,...,v, in E;. Sim-
ilarly as in Section 1 we set M(j —1) = M/(v1,...,vj;—1)M and put
Hz(]) = Hi(vl,. .. ,’l)j;M) for ¢ > 0 and Ho(]) = H.(M<_] — ].>,’Uj) for
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j=1,...,n. Furthermore we set H;(0) = 0 for all . Notice that Hy(j)
is not the Oth Cartan homology of M with respect to vy,...,v;, but is
the cohomology of M(j — 1) with respect to v; as defined in Section 5.
From Proposition 4.1 we obtain immediately the following long exact
sequence of graded E-modules

(6) H2(j) — Hi(5)(—1) — Ha(j — 1) — Hi(j) — Ho(j)(—1) — 0
= Hi(j—1) = Hi(§) = Hiea(5) (1) = Hima(G—1) — - - -

We fix an integer j. By Proposition 7.3 there exists an integer g
such that for all 72 > i and all kK =1,... ,n the sequences

(7)) 0 — Hipa(k = D)t1)+; — Hiv1(k) 1)+ — Hi(k)ix; — 0
are exact.

Set k¥ = dimg H;(k)i+;, and ¢ = h¥ for k =1,... ,n. The exact
sequences (7) yield the equations

(8) h§+1 = hi‘aﬁl + hi’c

for all ¢ > 49, and k =1,... ,n. It follows from (8) that

n 1+n—2 7 i ‘
hio+i:( o 1 )cl+ (n_3)02+--~+ (1>cn_1+cnfor allz > 0.

Since G7, ;(M) = h} for all i, we see that

Z (M) =ttt Z u_;ﬁ + Q(1),
=1

i>0
where Q(t) is a polynomial. Thus we obtain:

Proposition 7.4. Let d; and e; be defined as above. Then
d;(E/J) =n+1-min{i: ¢; #0} and e;j(E/J)=cn_g;+1-

In order to relate the invariants d; and e; to the generalized simpli-
cial homology modules Hy(k) we need the following

Lemma 7.5. Let1 <[ < n and j be integers. The following
conditions are equivalent:

(a) (1) Ho(k:)a =0 fork <1, and Ho(l)] 7& 0
(2) Ho(k)j» =0 for all j' > j and allk <1+j—j'.

(b) For alli > 0 we have
(1) Hz(k‘)H.] =0 _fO'I‘ k< l, and Hz(l)z_}.] 7é 0
(2) Hi(k)itj» =0 forallj’ > j and all k <1+ 35—

(c) Condition (b) is satisfied for some i.



Generic Initial Ideals and Graded Betti Numbers 101

Moreover, if the equivalent conditions hold, then H;(l);+; = Ho(l); for
all t > 0.

Proof. In our proof we will use the following exact sequence

(9) Hi(k = Vg = Hi(k)ivgr = Hi1(k)i-1)45

— Hi1(k = 1)-1)+(+1)

(a) = (b): We prove (b) by induction on i. For ¢ = 0, there is nothing
to show. So now let ¢ > 0 and assume that (1) and (2) hold for ¢ — 1.
By (9) we have the exact sequence

Hi(l)iyj — Hi—1(D—1)4; — Hi-1(l = 1) i—1)+(+1)-

Since | —1 <1435 — (j+ 1), we have H;_1(l — 1)(;—1)4(j+1) = O by
induction hypothesis. Also by induction hypothesis, H;_1(1)i—1)+; # 0;
therefore, H;(l);4; # 0.

Now let k < I. Then (9) yields the exact sequence

Hi(k = 1)ivj — Hi(k)it; — Hi—1(k)@-1)+5-

By induction hypothesis we have H;_1(k)(;—1)+; = 0. Now by induction
on k we may assume that H;(k —1);4; = 0. Therefore, H;(k);+; = 0,
and this shows (1).

In order to prove (b)(2), we let 5 > j and k < 1+ (j — j'), and
consider the exact sequence

Hi(k = 1)itjr — Hi(k)ivy — Hioa(k = 1)G-1)4,

from which the assertion follows by induction on i and k.
(c) = (a): We show that if the conditions (1) and (2) hold for i > 0,
then they also hold for ¢ — 1. Therefore backwards induction yields the
desired conclusion.

We begin with the proof of (2) for ¢ — 1 by induction on k. For
k = 0, there is nothing to show. Now let j' > j,and 0 < k <[+ (5 —7'),
and consider the exact sequence

Hi(k)iyj — Hi_1(k)—1)+5 — Hi—1(k — 1)—1)+(r+1)-

Since £k —1 <1+ j — (3/ +1) it follows by our induction hypothesis that
H;_1(k—1)i-1)+(j+1) = 0. On the other hand, by assumption we have
Hi(k)i+j’ - 0, and hence Hi—l(k)(i—1)+j’ =0.

In order to prove (1) for ¢ — 1 we consider the exact sequence

Hi(l = Diyj — Hi(Dir; — Hima(D—1)+5 — Hic1 (= L)1)+ G+1)-
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Since I —1 <14 j—(j+1), we know from (2) (which we have already
shown for i —1) that H;_y(l — 1)(i—1)4(j+1) = 0. By our assumption we
have H;(l — 1)i3; = 0, and hence

Hi1(D—1y+; & Hi(D)ir; # 0.

That H;_1(k)i-1)4+; = 0 for k < I is proved similarly. This concludes
the proof of the implication (c) = (a).

In the proof of this implication we have just seen that H;(l);4; =
Hi_1()i—1)+j- By induction hypothesis we may assume that
H;_1()(i—1)+; = Ho(l);, and hence H;(l);1; = Ho(l);, as desired.

Q.E.D.

A pair of numbers (I, j) satisfying the equivalent conditions of Lemma
7.5 will be a called a distinguished pair (for M).

Now we may characterize the extremal Betti numbers of S/I as
follows:

Corollary 7.6. The Betti number Bi;4;(S/I) is extremal if and
only if (n+1—i—3,7) is a distinguished pair. Moreover, if the equivalent
conditions of Lemma 7.5 hold, then B;i1+;(S/I) = dimg Ho(n+1—i—j);.

Proof. We know from Corollary 7.2 that §;;1;(S/I) is an extremal
Betti number if and only if d;.(E/J) — d;(E/J) < j' — j for all j' > j.
By Proposition 7.4 this condition is equivalent to

min{k: Hi,(k)ig+j # 0} > 1+ (5 — '),
where | = min{k: H;,(k)i,+; 7 0}. This in turn is equivalent to
Hiy(k)ig+j =0 for k<1+(j—7'),

which means that (I, j) is a distinguished pair.
From Corollary 7.2 and Proposition 7.4 it follows that | = n+1—i—j.
Finally, Corollary 7.2, Proposition 7.4 and Lemma 7.5 imply that

,BiH_j(S/I) = ej(S/I) =C = dimK Ho(l)j.
Q.E.D.

We we are ready for

Proof of Theorem 7.1. After a generic change of bases we may as-
sume, that in(J) = Gin(J), and that e,,...,e; is a generic basis for
E/J, and since in(J) is Borel fixed it follows easily that e,,...,e; is
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a generic basis for E/in(J), too. We let Ho(k) = H((E/J)/(en,-.-,
en—k+1,€n—k)(E/J),en—k). The corresponding homology modules for
E/in(J) will be denoted by H§(k). It follows from the exterior ana-
logue of Proposition 1.4 that for all £ = 1,... ,n the homology modules
Hy(k) and H§(k) have the same Hilbert function. Since the Hilbert
functions of these modules determine uniquely the distinguished pairs
(1,7), all assertions of the theorem follow from Corollary 7.6. Q.E.D.

§8. Shifting operations

In this section we study shifting operations. They assign to each
simplicial complex a shifted simplicial complex which shares basic prop-
erties with the original simplicial complex but is combinatorially simpler.

Let A be a simplicial complex on the vertex set [n].

Definition 8.1. The simplicial complex A is shifted, if I is strong-
ly stable. In other words, A is shifted if it satisfies the following property:
ifoe A, i€oandj>i,then (o\{i})U{j} € A.

Following Kalai [27] we define a shifting operation by list of proper-
ties.

Definition 8.2. A map which assigns to each simplicial complex
A on the vertex set [n] a simplicial complex Shift(A) on the same vertex
set [n] is called a shifting operation, if it satisfies the following conditions:
(S1) Shift(A) is shifted;
(S3) Shift(A) = A, if A itself is shifted;
(S3) the simplicial complexes A and Shift(A) have the same f-vector;
(S4) if T is a subcomplex of A, then Shift(I') C Shift(A).

Shifting operations were first considered by Erdos, Ko, and Rado
(see [1]), while algebraic shifting was introduced by Kalai [26], [27]. In
this section we will present and compare the most important shifting
operations.

Let us begin with

Combinatorial shifting: In the combinatorics of finite sets one consid-
ers the following operation (cf. [1]): Let A be a collection of subsets of
[n]. For given integers 1 < i < j <n, and for all o € A one defines:

Sij(g):{w\{j})u{i}, if jeo, igo, (\{FPU{i} €4

o, otherwise.

For1 <i < j <nanda € K we define an elementary automorphism
QOng V — V as fOHOWSZ go%(ek.) = €e 1f k ;éj, a,nd @Z(e]) = ae; + ej-
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The following fact is easily checked

Lemma 8.3. Let J C E be a monomial ideal, and let a € K,
a # 0. Then in(p§;(J)) has the K-basis {es,;(s): 0 € A}, where A =
{o C[n]: e, € J}.

It follows in particular that the ideal in(p;(J)) does not depend
on the choice of a. If A is a simplicial complex then Shift;;(A) is the
simplicial complex defined by

Jsnitt,; (a) = In(pf;(Ja))-

Lemma 8.4. The operator Shift;; satisfies the conditions (Ss),
(53) and (54)

Proof. Suppose A is shifted, then I squarefree strongly stable,
and so Jao C F is strongly stable. By Lemma 8.3, in(¢f;(Ja)) has
the K-basis {eg, ,(s): 0 € A}. As Ja is strongly stable it follows that
es,, (o) € Ja for all e, € Ja. This proves (S).

For the proof of (S3) we note that JA and in(¢§;(Ja)) have the same
Hilbert function. Condition (Sy) follows from Lemma 8.3. Q.E.D.

Simple examples show that (S7) is in general not satisfied for Shift;;.
We will see however that a suitable sequence of these operators yield a
shifted simplicial complex.

For a monomial u € E of degree d, u = e;, A --- A ej,, we set

1
cq(u) = ZZ:1 jk. Moreover, if J C E is a monomial ideal, we set
ca(J) =Y cq(u) where the sum is taken over all monomials of degree d
in J.

The following result was shown in [5]

Proposition 8.5. Let A be a simplicial complex. Then
(a) ca(Jsniei;(a)) < ca(Ja) for all d;
(b) if A is not shifted, then there exist i and j with i < j such that
cd(Jsnifs;;(a)) < ca(Ja) for some d.

Proof.  Assertion (a) follows from the fact that cq(es,; (o)) < ca(es)
for all monomials of degree d.

Suppose now that Ja is not strongly stable. Then there exists a
squarefree monomial e, € Ja (of degree d) and integers ¢ and j with
i < j such that eg, () & Ja. Since cy(es,; (»)) < ci(es), it follows that
cd(Jsnift;;(a)) < ca(Ja), as desired. Q.E.D.

Corollary 8.6. Let A be a simplicial complex. Then there exists
a sequence of pairs of integers (i1,71),--. , (ir,Jr) with iy < ji for k =
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1,...,r such that
Shift; ; (Shift;_,; (... (Shifts,;, (A)...)))
1s shifted.

Any simplicial complex which is obtained from A by a sequence
of operations as described in Corollary 8.6 will be denoted by A°. It
follows from our discussions that A — A€ is a shifting operator. We call
this operator combinatorial shifting. Combinatorial shifting is not very
natural. In fact, A is not even uniquely defined. The only advantage of
this operator is that it is easily computable.

Conjecture 8.7. For all simplicial complexes A on the vertex set
[n] and all integer k and | with 1 < k < | < n one has B;;(Ia) <
Bij (Ishiet, (a)) for all i and j. In particular, Bi(Ia) < Bij(Iac) for alli
and j.

It is only known that Bo;(Ia) < Boj(Ishitt, (a)) for all j.

Ezxterior algebraic shifting: Let A be simpicial complex, Jo C F its
Stanley-Reisner ideal in the exterior algebra. Recall from Section 7 that
the exterior algebraic shifted complex A® of A is defined by the equation
Jae = Gin(Ja).

Proposition 8.8. FExterior algebraic shifting is in fact a shifting
operator, that is, it satisfies the conditions (S1) - (S4).

Proof. Condition (S7) follows from Proposition 2.13, and (S3) and
(S4) follow as for combinatorial shifting. In order to prove (S2) we no-
tice that for any strongly stable ideal J C E and any invertible upper
triangular matrix ¢ one has ¢(J) = J. The assertion is clear for el-
ementary upper triangular matrices, as well as for invertible diagonal
matrices. Since these matrices generate all invertible upper triangular

matrices, we get the desired conclusion. Therefore, if J C E is strongly
stable, then Gin(J) = in(p(J)) = in(J) = J. Q.E.D.

Conjecture 8.9. Let A be simplicial complex. Then

Bii(Ia) < Bij({ae).

Note that a result similar to Theorem 3.1 holds for ideals in the
exterior algebra, so that in particular one has 8;;(J) < B, (Gin®(J)) for
all 4 and j. Unfortunately this does not imply the conjecture, even if
one uses Corollary 5.5.

As a consequence of the fact that Ia and Iae have the same extremal
Betti numbers we now derive further properties of exterior algebraic
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shifting which were discovered first (with different methods) by Kalai
[26].

Proposition 8.10 (Kalai). For all i one has
HY(A; K) = HY(A®% K).
Proof. Hochster’s formulas (cf. Theorem 5.3) imply that
(10) Bin(K[A]) = dimg H,_;_1(A; K) for all i,

and G;;(K[A]) =0 for all 7 and all j > n. In particular we see that the
Betti numbers B, (K[A]) are extremal. Thus 8, (K[A]) = Bin(K[A?]),

by Theorem 7.1. Since K is a field it follows that H,, ; 1(A;K) =
H™*1(A; K) for all i, and the assertion follows. Q.E.D.

Remark 8.11. Let J C E be a graded ideal. Using the exte-
rior version of Proposition 1.4 one easily shows that dimyg H*(E/J) =
dimyg H*(E/Gin(J)) for all i, where Gin(J) is the generic initial ideal
of J with respect to the reverse lexicographic order, and where H' (M)
denotes generalized cohomology of a graded E-module, as defined in Sec-
tion 5. Note that this observation yields another proof of Proposition
8.10.

The Alezander dual of the simplicial complex A (on the vertex set
[n]) is the simplicial complex

A* ={o C[n]: [n]\ o & A}.
We shall need the following result ([18])

Theorem 8.12 (Eagon-Reiner). Let A be a simplicial complex.
Then the following conditions are equivalent:

(a) Ia has a linear resolution,;
(b) the dual simplicial complex A* is Cohen-Macaulay over K.

Theorem 8.13 (Kalai). The following conditions are equivalent:

(a) A is Cohen-Macaulay over K;
(b) A€ is Cohen-Macaulay over K;
(c) A€ is pure.

Proof. We observe the simple fact (see for example [22, Lemma
1.1]) that (A*)¢ = (A®°)*.

(a) <= (b): By Theorem 8.12, A is Cohen-Macaulay over K if and
only if Ia~ has linear resolution. Since, by Theorem 7.1, the regularity
of K[A*] and K[(A*)¢] is the same, it follows that K[A*] has a linear
resolution if and only if K[(A*)¢] = K[(A®)*] has a linear resolution.
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This in turn, again by Theorem 8.12, is the case if and only if A® is
Cohen-Macaulay over K.

The implication (b) = (c) is true for any simplicial complex.

(c¢) = (b): Since the maximal faces of A® correspond to the minimal
non-faces of (A¢)*, the purity of A® implies that the minimal generators
of the defining ideal of (A®)* all have the same degree. As (A°)* =
(A*)e, we see that (A®)* is shifted, and hence its defining ideal is strongly
stable. The resolution of a strongly stable ideal which is generated in
one degree is linear, as follows from Corollary 3.4. This concludes the
proof. Q.E.D.

Theorem 7.1 which says that extremal Betti numbers are preserved
under exterior algebraic shifting can be translated into a theorem about
the behaviour of links under shifting. Recall that the link of a face 0 € A
is the simplicial complex

ka(o)={r€eA:7No=0 and 7TUo € A}
For the translation one needs the formula (see [18])
H;_2(lk A*(0); K) = HTI"Y(Ap; K) for all i and 0 € A*,

where T' = [n]\ 0. This is a slight generalization of the so-called Alexan-
der duality formula:

H;, o(A*;K)= H" ""Y(A;K) for all i.

The numbers 3;(I") = dimg H;(T; K) are called the reduced Betti num-
bers (with values in K) of the simplicial complex I". Now we get

Theorem 8.14. Let i and j be non-negative integers. Suppose
Bi(lka(c)) = O for all faces o with |o| < j, and all | with i < <i+1t,
where t = j —|o|. Then 3.\, \_; Bi(Ika o) is preserved under exterior
algebraic shifting.

Symmetric algebraic shifting: Let I C S = K|[z1,... ,x,] be a squarefree
ideal, where K is field of characteristic 0. We let Gin(I) be the generic
initial ideal of I with respect to the reverse lexicographic term order.
We know from Proposition 2.2 that Gin(J) is a strongly stable ideal in
S. But of course it is no longer squarefree.

We will transform Gin(/) into a squarefree monomial ideal by ap-
plying a certain operator: for a monomial u € S, u = x;, s, - - Ty, - Ty,
with 4 <ip <--- < g <+ < ig, We set

U’ = T Tip1 Tij+(j-1) " Tig+(d—1)-
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It then follows immediately

(11) m(u?) — degu? = m(u) — 1.
If L is a monomial ideal with G(L) = {u1, ... ,us}, then we write L?
for the squarefree monomial ideal generated by u{,... ,u? in K[zy,...,

Zm|, where m = max{m(u) + degu — 1: u € G(L)}.

Let A be a simplicial complex on the vertex set [n]. The symmetric
algebraic shifted complex of A is defined to be the simplicial complex A®
with

Ine = (Gin(In))°.

The definition of symmetric algebraic shifting presented here is formally
different from that of Kalai [27]. However it is an easy exercise to see
that both notions coincide.

A priori it is not clear from the definition of symmetric algebraic
shifting that A® has the same vertex set [n]. The next lemma shows
that this indeed is the case.

Lemma 8.15. IfI is a squarefree monomial ideal of S = K|z, ...
, Zn|, then m(u) +degu < n+1 for all u € G(Gin(1)).

Proof. Recall from Examples 2.4 that the graded Betti numbers of
a strongly stable ideal I are given by Eliahou-Kervaire :

(12) Biivi(D) = Cueawm, (M)

for all 7 and j.

Since Gin(I) is strongly stable, formula (12) implies that max{m (u)+
degu—1: u € G(Gin(I))} is the highest shift in the resolution of Gin([I).
The monomial ideal I being squarefree, Hochster’s formula (see Theo-
rem 5.3) guarantees that the highest shift in the resolution of I is less
than or equal to n. Since the Betti numbers with highest shift in the
resolution of I are extremal it follows from Theorem 6.3 that the highest
shift in the resolution of I and that of Gin(I) coincide (see also [22]).
This yields the desired inequalities. Q.E.D.

We want to point out that we defined symmetric algebraic shifting
only in a polynomial rings whose base field is of characteristic 0, because
otherwise we do not know if Gin(I) is strongly stable. It may be possible
that symmetric algebraic shifting can be defined in any characteristic,
provided the following question can be answered affirmatively.

Problem 8.16. LetI C S = K]Jzi,...,zy] be asquarefree mono-
mial ideal. Is it true that Gin(I) is strongly stable in any characteristic?
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More generally one may even ask whether Gin(I) of a monomial ideal is
strongly stable, if the characteristic of the field is larger than all expo-
nents appearing in the monomial generators of 1.

On the other hand, if I is squarefree and char K > n, then Gin([)
is strongly stable. In fact, the highest degree of a generator of Gin([) is
less than or equal to reg(Gin([/)), and reg Gin(/) = reg by Corollary
6.4. Since reg(I) < n by Theorem 5.3, we conclude that the highest
degree of a generator of Gin(I) is < n. Hence the assertion follows from
Proposition 2.2.

Note that condition (S;) is satisfied since we have

Lemma 8.17. Let I be a strongly stable ideal with G(I) = {u,, ...
,Us}. Then the squarefree monomial ideal I° is squarefree strongly stable
with G(I9) = {ug,... ,u?}.

Proof. Suppose that, for some u € G(I), we have u” ¢ G(I7). Let
u = x; - -x;, with ¢34 < ... <44 Then, for some proper subset N of
{1,2,...,d} and for some 1 < g < s, we have uJ = HjEN Ti 4 (j-1)-
Hence u, =[] jeN Tiz+h;, Where hy; is the number of integers 1 < k < j
with k£ ¢ N. Since [ is strongly stable, [[; y z;; must belong to I. This
contradicts u € G(I). Thus we have G(I?) = {u{,... ,u?}.

Next, to see why I is squarefree strongly stable, let u = z;, ---x;, €
G(I) and consider the monomial (zyu”)/x;,+(e—1) With b & supp(u?)
and b <ig+(a—1). Let i, + (p—1) < b < iptq + p for some p < a and
set

p a—1 d
’U:(Hmij)xb—l’( H :Eij_l)( H wlg)

j=p+1 j=a+1

Then, since b—p < ip41 < i and since [ is strongly stable, the monomial
v belongs to I. Note that v7 = (zpu?)/T; 4 (a—1). SaY, v = Te, -~ Ty,
with ¢; < .-+ < £4. Again, since [ is strongly stable, it follows that
w = xy¢, ---xp, € G(I) for some ¢ < d. Since w’ divides v7, we have
(zpu?) /i 4+ (a—1) € 17, as desired. Q.E.D.

The operator I — [? behaves well with respect to graded Betti
numbers.

Lemma 8.18. If I is a strongly stable monomial ideal, then
,Bm—i—](l) = ﬁii_i_j(la) fO’I“ all © and j

Proof. The result follows from (11), Corollary 3.4(a) and Corollary
3.6(a). Q.E.D.
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Next we indicate the proof of condition (S;) for symmetric algebraic
shifting.

Theorem 8.19. Let I C S be a squarefree strongly stable ideal of
S. Then I° =1.

For the proof we introduce the operation 7 which is inverse to o:
For a squarefree monomial u = x;, z;, - - - T;, - -~ T3, With 43 <idp <--- <
1 <o <14, We set

u’l’ — wilxiz—l “ e x’LJ—(J—l) v xld—(d—l)‘
If I C S is a squarefree monomial ideal with G(I) = {u1,... ,us}, then

we write I” for the monomial ideal generated by ui,... ,u] in S.
Similarly to Lemma 8.17, we show:

Lemma 8.20. Let I be a squarefree strongly stable ideal with G(I)
= {uy,...,us}. Then the ideal I™ is strongly stable with G(I") =

{ul,... ,ul}.

Proof. Assume that for some u € G(I), we have v ¢ G(I7).
Let w = z;, ---z;, with ¢; < --- < 4. Then for some proper subset
{j1,--. gt} of {1,2,...,d}, where j; < --- < j;, and for some 1 < g < s,
we have u; = ch:l Tij, —(jx—1)- Hence ug = szl Ti;, —(ju—k)- Since
ix <ij, — (jk — k) for 1 <k <t and I is squarefree strongly stable, we
get x;, - - - x;, € I which contradicts u € G(I).

Now, we show that I7 is strongly stable. Let u = z;, ---z;, € G(I)
with 4; < --- < i4, and consider the monomial v = (zpu”)/z;, —(k—1)
with b < i, — (k—1). Let i, — (p — 1) < b < ipy; — p for some p < k.

Then
p k—1 d
Uo:(Hxij)xb-i—P( 1__[ mij-l-l)( H ml;)
j=1

j=p+1 j=k+1

Since b+p < tpp1 and 35 +1 <2549 forp+1 <5 < k—1, and since [ is
squarefree strongly stable, we obtain that v7 € I. Say, v7 =z, -+ -z,
with ¢ < --- < £4. Again, since [ is squarefree strongly stable, it follows
that w = xzy, ---zp, € G(I) for some ¢ < d. Since w™ divides (v7)" = v,
we have v € I". Q.E.D.

The proof of Theorem 8.19 is based on the following lemma. We
refer the reader to the original paper [7] for the somewhat tedious proof
of the lemma.

Lemma 8.21. Let I C S be a squarefree strongly stable ideal gen-
erated in degree d. Let G(I) = {uq,... ,us} where uy > ug > ... > u,.
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Let g = (aij)1<i,j<n be a generic upper triangular matriz acting on S by
g(z;) = Z;Zl aj;x; for 1 <i < n. Let cx; denote the coefficient of uj
in the polynomial g(uy) for 1 < k,j < s. Then the determinant of the
matriz (ckj)i<k,j<s 15 different from zero.

Proof of Theorem 8.19. Since the ideal [ is squarefree strongly sta-
ble, I is componentwise linear [5]. Therefore by [8, Theorem 1.1], for the
graded Betti numbers of I and Gin([) it holds: 8;;4,(1) = Bii+; (Gin(I))
for all 7 and 7. On the other hand, the ideal Gin(/) being strongly sta-
ble, it follows from Lemma 8.18 that f;;+;(Gin(I)) = B+, ((Gin(I))?)
Thus, we obtain the equalities

(13) Bii+s(I) = Bi,iv;((Gin(1))?) for all 4,3,

which imply that I and (Gin(I))“ have the same Hilbert function. Hence
it is enough to prove that I C (Gin(/))?. By Lemma 8.17 and Lemma
8.20 this inclusion is equivalent to I7 C Gin(/). So, we will show that
u” € Gin(I) for every u € G(I).

We denote by (u) the smallest squarefree strongly stable ideal con-
taining u. Since I = 37  5;)(u), and Gin((u)) C Gin(I) for every
u € G(I), it is enough to show that the claim is true for squarefree Borel
principal ideals. So, we may assume that [ = (u). Set d = degu.

Let G(I) = {u1,...,us} where u; > ug > --- > us. Then u; =
u. We may assume that the claim is true for all ug, 1 < k < s — 1.
Then (u],ul,...,ul_;) C Gin(I), and since I” and Gin(I) have the
same number of minimal monomial generators, one has G(Gin(I)) =
{ul,ul,... ,ul_,,v}, where v is a monomial of degree d. We have to
prove that v = u”.

Assume v > u”. We will see that this is impossible. First, we show
that m(v) = m(u”). It follows from formula Corollary 3.6(a) that

Biira((Gin(D)7) = Z (m(“{} - d) n (m("’? - ");

Bii+a(I) = § (m(uji) - d) + (m(uz - d)-

J=1

Therefore, according to (13), we obtain (™(*})"%) = (™*~%) which
implies m(v?) = m(u), so that m(v) = m(u").

We fix the following notation: u = zs, - - -z, where 51 < -+ < sgq,
and v = x;, ---x;, where j; < --- < jg. Since v > u7, there exits a k
such that j;, =s; — (i — 1) for k+ 1 <i<dand jp < s —(k—1). As
ja=m{w) =m(u”) =s4—(d—1),one has k <d. If j; + (i — 1) < s;
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for 1 <1 <k, then I = (u) being squarefree strongly stable, one obtains
that v € I which implies v = u; for some 1 < ¢t < s — 1 and the
contradiction v = uj. Thus, there exits an ¢, 1 < ¢ < k, such that
Jje+ (@ —1) > sg. Then jp < ji <sp—(k—1) <sq—(d—1) =m(v),
therefore z;,v/x,(,) € Gin(I), because Gin([) is strongly stable. Since
L,V Tr(v) > VU, We get T;,U/Tm ) = u] for some 1 <t < s — 1. Say
Ut = Ty, -+ Ty, where t; < -+ < tq. As I = (u) is a squarefree Borel
principal ideal, we have t; < s; for 1 < i < d, therefore t; — (i — 1) <
si — (i —1) for 1 <14 < d. This contradicts j, > sy — (£ — 1).

Hence, v < 47. Now, we apply Lemma 8.21 using same notation.
We have Gin(I) = in(g(I)) and u] € Gin(I) for 1 < j < s—1. Since the
rank of the matrix (ij)lgk,jgs is maximal, it follows that v > u”, and

sov=u’". Q.E.D.

For symmetric algebraic shifting we can prove the inequality of
graded Betti numbers which we conjecture for exterior algebraic shifting.

Theorem 8.22. Let A be a simplicial complex. Then
Bii+i(Ia) < Biiy;(Ias) forall i and j.

Proof. The desired inequalities follow from Theorem 3.1 and Lemma

8.18. Q.E.D.
Theorem 8.22 leads us to conjecture the following inequalities:

Conjecture 8.23. Let A be a simplicial complex. Then for all i
and j one has

Biiri(Uns) < Biivj(Une) < Biir;(Lac).

In virtue of Theorem 8.22 the conjecture implies the yet open in-
equalities

Biiti(Ia) < Biivj(Iae)

for all ¢ and j. One should expect that there is direct proof of this
inequality, avoiding a comparison with the symmmetric shifted ideal.
The next result shows that the extremal Betti numbers of the symmetric
algebraic shifted ideals behave as expected.

Theorem 8.24. Let A be a simplicial complex. Then for all i and

(a) the following conditions are equivalent:
(i) the ijth Betti number of Ia is extremal,
(ii) the ijth Betti number of Ins is extremal.
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(b) the corresponding extremal Betti numbers of In and In= are equal.

Proof. The corresponding statements for I and GinS(I ) are proved
in Theorem 6.3. Hence, since §;;(Gin®(Ia)) = B;;(Ias) by Lemma 8.18,
we obtain the assertions for Io and Ias, too. Q.E.D.

The invariance of the extremal Betti numbers for combinatorial
shifting is unknown. To prove it, it would suffice to show that In and
Ishite;;(a) have the same extremal Betti numbers.

As in the case of exterior algebraic shifting we get from Theorem
8.24

Corollary 8.25. Let K be a field of characteristic 0. Then
Hi(AK) = Hi(A%; K)  for all .

The usefulness of Proposition 8.10 and Corollary 8.25 is partially
explained by the fact that H,(A®; K) and H,(A®; K) can be computed
combinatorially in a simple way. In fact, as noted in [27] (in a different
terminology), one has

Lemma 8.26. Let A be a simplicial complex on the vertez set [n]
such that Ia is squarefree strongly stable. Then

dimg H;(A; K) = |{u€ GIa)ira: m(u) = n}|
= |{oeA:dimo=1i, oU{n}¢&A}.

Proof. The first equation follows from (10) and Corollary 3.6, while
the second equation follows trivially from the definitions. Q.E.D.

§9. Superextremal Betti numbers

As an application of Theorem 8.24 we prove a non-squarefree version
of a theorem of Bjorner and Kalai [15]. We first give a more algebraic
proof of their theorem, which applies to any graded ideal in the exterior
algebra, and not just to monomial ideals, but nevertheless follows closely
the arguments of the original proof of Bjorner and Kalai.

So let J C E be a graded ideal. We set f;_; = dimg(E/J); for
all ¢ > 0, and call f = (fo, f1,...) the f-vector of E/J. As in Section
we denote by H*(E/J) the generalized simplicial cohomology of E/J.
We let 8;_1 = dimg H*((E/J)), and call 8 = (B8_1, 80,01 - .- ) the Betti
sequence of E/J. Jn case J = Jp for some simplicial complex A, the j;
are the ordinary Betti numbers of A.

A pair of sequences (f,3) € Ng° is called compatible if there exists
a graded K-algebra E/J such that f is the f-sequence and (3 the Betti
sequence of E/J.
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Theorem 9.1 (Bjorner and Kalai). Let K be a field. The follow-
ing conditions are equivalent:
(a) The pair of sequences (f, ) is compatible.
(b) Set x; = (—1)¢ Z;:_l(—l)j(fj — B;) for alli. Then
(i) x_1 =1 and x; > 0 for all 1,
(ii) B < ngz_)l — x; for all .

Proof. (a) = (b): The f-vectors of E/J and E/Gin(J) coincide,
since they have the same Hilbert function. By Remark 8.11 we have
HY(E/J) & HY(E/Gin(J)) for all i. Hence also the Betti sequences of
E/J and E/Gin(J) coincide. Thus we may replace J by Gin(J), and
hence may as well assume that J is strongly stable.

Let J’ be the ideal generated by all u € G(J) with m(u) < n and
all monomials u € E such that uAe, € G(J). Then J’ is again strongly
stable and F;J’ C J. By Lemma 8.26, the last property implies that

dimg (J'/T)i = [{u € G(J)is1: m(u) = n}| = Bi1(E/J).

It follows that dimg(E/J'); = fi_1 — Bi—1 for all . Now we notice that
en is regular on E/J’, in the sense that the complex

E|J 2 ElJ 2 BT

is exact. Therefore, for each ¢ we obtain an exact sequence of K-vector
spaces

(14) = (E/J)ica = (E/J")i = (E/J)ix1 = (B/(J' + enE))iy1 — 0,
and hence x; = dimg (E/(J + enE))iy1.
Next we observe that J'/J = (J' + e, E)/(J + e, E) and E{(J' +

enE) C J+enE, so that together with the Kruskal-Katona theorem (cf.
Section 10) we obtain

Xi+0; = dimg F;yq — dimK(J + enE)H_l
< dlmK Ei+1 - dlmK El(-], + enE)z _<_ X(z)

= i—1)

as required.

(b) = (a): The hypotheses imply that y; < ng'_)l and x; + 3; <
(Xi—1 + Bi—1)®. Thus the Kruskal-Katona theorem yields an inte-
ger m, and lexsegment ideals L. C N in the exterior algebra E' =
K(ei,...,em—1) such that dimg (F/N);y1 = x; and dimg (E/L)i41 =
X; + B; that for all i.

Now let J C E = K{ej,...,en) be the ideal generated by the
elements in G(L) and all elements u A e,, with u € G(IN). Moreover we
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set J/= NE. Then J'/J = N/L, and so

(15) dlmK(E/J)H_l = dlmK(N/L)H_l +d1mK(E/J')Z+1
= ,Bi+dimK(E/J')i+1.

On the other hand, e,, is regular on E/J’  and so (14) yields
(16)  dimg(E/(J' + emE))is1 = (—1)1 Y ((—1) dimg (E/J');
for all . Thus, since E/(J' + e, F) = E’/N, it follows from (16) that

dimK(E/J/)i_H = dimK(E//N)i_H + dimK(E’/N)i = X; + Xi—1
= fi — B

This together with (15) implies that dimg (E/J);i+1 = fi-

Finally it is clear from the construction of J that |[{u € G(J);42:
m(u) = m}| equals dimg (N/L); 1 which is 5;. Thus, by Lemma 8.26,
the assertion follows. Q.E.D.

The Bjorner-Kalai Theorem can be translated into a theorem on
super extremal Betti numbers. Let I C S be a graded ideal. We let m
be the maximal integer j such that 3;;(S/I) # 0 for some i. In other
words, m is the largest shift in the graded minimal free S-resolution
of S/I. 1t is clear that (;,,(S/I) is an extremal Betti number for all
with G;n(S/I) # 0, and that there is at least one such 7. These Betti
numbers are distinguished by the fact that they are positioned on the
diagonal {(¢,m —i): i = 0,...,m} on the Betti diagram, and that all
Betti numbers on the right lower side of the diagonal are zero. The
ring S/I may of course have other extremal Betti numbers, not sitting
on this diagonal. We call the Betti numbers (§;,,, ¢ = 0,... ,m, super
extremal, regardless whether they are zero or not, and ask the question
which sequences of numbers (bg, b1, . . . , by, ) appear as sequences of super
extremal Betti numbers for graded rings with given Hilbert function.

Before answering the question we have to encode the Hilbert func-
tion Hg/;(t) of S/I in a suitable way. Using the additivity of the Hilbert
function, the graded minimal free resolution of S/I yields the following
formula:

ag + art + agt® + - -+ + apt™

HS/I(t) = (1 _ t)n

with a; € Z; see for example [14]. It follows that

ap + art + agt? + - - + @ t™

(1 - t)n—mHs/I(t) = (1 _ t)m
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Notice that n — m may take positive or negative values. At any
rate, the rational function (1—¢)"~™Hg/;(t) has degree < 0. One easily
verifies that there is a unique expansion

ti
1—1)

(1—-¢)" ™Hgy1(t) = Z fiza
i=0

with f; € Z. It is clear that f_; = 1, and we shall see later that all
fi > 0. Wecall f=(f-1,fo, f1,---,fm—1) the f-vector of S/I. Given
the highest shift in the resolution, the f-vector of S/I determines the
Hilbert function of S/I, and vice versa.

We set b; = Bm—i—1,m and call b = (b_1,... ,bp_1) the super ex-
tremal sequence of S/I. Finally we set x; = (—1)* >_5__;(=1)/(f; — bj)
for i = —1,0.... ,m — 1. The Bjorner-Kalai theorem has the following
counterpart.

Theorem 9.2. Let K be a field of characteristic 0. Let f =
(f-1,foy--- s fm—1) and b = (b_1,bg,... ,b;n—1) be sequences of non-
negative integers. The following conditions are equivalent:

(a) there exists a homogeneous K-algebra S/I such that f is the f-
vector, and b the super extremal sequence of S/I,;
(b) (i) x-1=1 and x; > 0 for all i,
(il) b; < ng'_)l — x; for all i.

Proof. (a) = (b) Since the extremal Betti numbers are preserved
when we pass from I to Gin®(I), it follows that I and Gin®(I) have
the same highest shift m, and hence the same b-vector. Since S/I and
S/ Gin®(I) have the same Hilbert function, it also follows that the f-
vectors of S/I and S/ Gin®(I) coincide. Thus, since char(K) = 0, we
may assume that I is a strongly stable monomial ideal.

The ideal I is defined in S = Klz1,...,%y] and B ;(I) =
Bii+;(17) by 8.18. This implies that

Hgiypa(t) = (1 —1)"" ™ Hg/1(t).

Hence, if we let A be the simplicial complex with I = I¢, then A and
S/I have the same f-vector, and one has b; = dimg H;(A; K); see (5.3).
Therefore, the conclusion follows from Bjorner-Kalai Theorem.

(b) = (a): Given an f- and b-sequence satisfying conditions (b),
there exists by 9.1 an integer m and a simplicial complex A on the
vertex set [m| whose f-vector is f and whose (-sequence is b. Then
K(zy,... ,xm]/Ia is a homogeneous K-algebra satisfying (a). Q.E.D.



Generic Initial Ideals and Graded Betti Numbers 117

§10. Extremality properties of Lexsegment ideals

Let I C S be a graded ideal. Then §;;(I) < B;;(Gin(l)) for all
i and j, by Theorem 3.1. Moreover it follows from Theorem 2.7 that
Bo; (Gin(I)) < Bo;(Gin(I)*®) for all 5. Since I'*® = Gin(/)'*® we con-
clude that

Boi(I) < Bo, (I'*®)  for all j.
Similar reasonings show that for all graded ideals J C E one has
Bo; (J) < Boj(J*=)  for all j.

The question is whether such inequalities are valid also for the higher
graded Betti numbers. In case of the polynomial ring this is known.

Theorem 10.1 (Bigatti, Hulett, Pardue). Let I C S be a graded
1deal. Then

Bi;(I) < ,Bij(Ilem) for all i and j.

Bigatti [13] and Hulett [25] proved this theorem independently for
base fields of characteristic 0. A proof in arbitrary characteristic was
later given by Pardue [31] using some polarization trick.

In the exterior case we have (cf. [6, Theorem 4.4|)

Theorem 10.2. Let J C E be a graded ideal. Then
Bij(J) < /Bij(e]lex) for all i and j.

Conjecture 10.3. Let I C S be a squarefree monomial ideal.
Then

Bi;(I) < Bi; (I°9¢®)  for all i and j.
Theorem 10.4. Conjecture 10.3 s true if char K = 0.

Proof. By Theorem 8.22 we have 3;;(I) < 8;;(Gin(I)?). Now we
use the result (see [5, Theorem 4.4]) that for any squarefree strongly
stable ideal L one has 8;;(L) < B;;(L'*®). Applying this result to L =
Gin(I)? and observing that I'*® = (Gin(I))?)"*, we get the desired
inequalities. Q.E.D.

Theorem 10.4 was used by E. Sbarra to prove in his thesis [32] part
(a) of the following theorem, while for part (b) he uses the polarization
argument of Pardue. Let M be a graded S-module, and m the graded
maximal ideal of S. Then H,, (M) denotes the local cohomology of M.
Recall that H (M) is naturally graded.
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Theorem 10.5. Let S = Klzy,... ,Ty]-
(a) If I C S is a squarefree monomial ideal, and char K = 0, then

dimg H: (S/I); < dimg H:(S/I°%°);  for alli and j.
(b) If I C S is a graded ideal, then
dimg H}, (S/I); < dimg HL (S/I'"); for all i and j.

J

i any characteristic.
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Certain Moduli of Algebraic G-vector Bundles over
Affine G-varieties

Kayo Masuda

Abstract.

Let G be a reductive complex algebraic group and P a complex
G-module with algebraic quotient of dimension > 1. We construct a
map from a certain moduli space of algebraic G-vector bundles over P
to a C-module possibly of infinite dimension, which is an isomorphism
under some conditions. We also show non-triviality of moduli of
algebraic G-vector bundles over a G-stable affine hypersurface of some
type. In particular, we show that the moduli space of algebraic G-
vector bundles over a G-stable affine quadric with fixpoints and one-
dimensional quotient contains CP.

§ Introduction and results

Let G be a reductive algebraic group defined over the ground field C
of complex numbers. One of the most important problems in the theory
of algebraic group action is to understand algebraic G-actions on affine
space A". The following problem is fundamental;

Linearization Problem
Is every action of G on A" linearizable, i.e., conjugate to a linear
action under polynomial automorphisms of A™?

In 1989, Schwarz [23] presented the first examples of non-linearizable
actions on affine space. In fact, he first showed that there exist non-
trivial algebraic G-vector bundles over G-modules, and the non-lineari
zable actions appear on the total spaces of non-trivial algebraic G-vector
bundles he found. An algebraic G-vector bundle E over an affine G-
variety X is an algebraic vector bundle p : E — X together with a
G-action on E such that p is G-equivariant and the action on the fibers
is linear. By definition, every fiber over the fixpoint locus X% is a G-
module. An algebraic G-vector bundle is called trivial if it is isomorphic

Received November 1, 2000.
2000 AMS Subject Classification: 14R20, 14D20.
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to a G-vector bundle of the form X x Q — X for a G-module Q. When
the base space is a G-module, if forgetting the G-action, the total space
E is an affine space by the affirmative solution to the Serre Conjecture
by Quillen [22] and Suslin [25]. So, the G-action on the total space
of a non-trivial G-vector bundle over a G-module is a candidate for a
non-linearizable action on affine space. In fact, there are some criteria
for the G-action on E being non-linearizable ([1], [7], [18]). So far, all
known examples of non-linearizable action are obtained from non-trivial
algebraic G-vector bundles. For an abelian GG, at this point, there are no
counterexamples to the Linearization Problem; for, by Masuda-Moser-
Petrie [19], every G-vector bundle over a G-module is trivial when G
is abelian. The key point of their proof is to show that one can reduce
triviality of a G-vector bundle over a G-module P to triviality of a vector
bundle over the algebraic quotient space P//G (=the spectrum of the
ring of G-invariant polynomials on P). Since G is abelian, P//G is a
normal affine toric variety, and triviality of a vector bundle over a normal
affine toric variety was obtained by Gubeladze [5]. We refer to Kraft [10]
for recent topics in affine algebraic geometry and algebraic group action
related to the Linearization Problem.

In this article, we study algebraic G-vector bundles over affine G-
varieties X, especially in the case that X is a G-module. Throughout
this article, we assume that X is irreducible and smooth and that X
is non-empty. We denote by VECq(X, Q) the set of equivariant iso-
morphism classes of algebraic G-vector bundles over X such that ev-
ery fiber over X© is isomorphic to a G-module Q. The isomorphism
class of a G-vector bundle £ — X is denoted by [F]. Suppose that
the base space is a G-module P. In this case, we have some infor-
mation on VECqs(P,Q) ([1], [2], [23], [11], [6], [18], [20]). By Bass-
Haboush [1], every G-vector bundle over P is stably trivial, i.e., there
exists a G-module S such that a Whitney sum E & (P x S) is trivial.
For an abelian G, VECg(P, Q) is trivial, i.e., a trivial set consisting
of the trivial class [P x Q] by Masuda-Moser-Petrie [19]. For a non-
abelian G, if the dimension of P//G is at most one, VECg(P, Q) is
well-understood. When dim P//G = 0, VECg (P, Q) is trivial ([2], [12]).
When dim P//G = 1, however, VEC¢ (P, Q) can be non-trivial. Schwarz
([23], cf. Kraft-Schwarz [11]) showed that VECg (P, Q) is isomorphic to
an additive group C? for a nonnegative integer p, and the non-trivial
G-vector bundles found by Schwarz led to the first examples of non-
linearizable actions on affine space, as is already mensioned above. The
result of Schwarz extends to the case where the base space is a (not neces-
sarily irreducible) G-stable affine cone X with one-dimensional quotient,
namely, it holds that VECg (X, Q) = CP for some p ([21], [15]). However,
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when dim P//G > 2, VEC¢(P, Q) is not finite-dimensional any more. In
fact, VECg(P®C™, Q) for a G-module P with one-dimensional quotient
and a trivial G-module C™ is isomorphic to the p times direct product
of a polynomial ring Clyy, - - - , Y] where p is a nonnegative integer such
that VECg (P, Q) = CP [16]. Furthermore, Mederer [21] presented exam-
ples of VECg (P, Q) which contains an uncountably-infinite dimensional
space for a finite group G. Using Mederer’s result, it is shown that
VECg(P, Q) can contain an uncountably-infinite dimensional space also
for a connected group G [17]. However, VEC¢ (X, Q) is not yet classified
even when X is a G-module P with dim P//G > 2 except some special
cases ([6], cf. [20]) and the cases mensioned above.

We denote by O(X) the C-algebra of regular functions on X and by
O(X)€ the subalgebra of G-invariants of O(X). By the finiteness theo-
rem of Hilbert, O(X)¢ is finitely generated and the algebraic quotient
space X//G is defined to be Spec O(X)%. Let mx : X — X//G be the
algebraic quotient map, that is, the morphism induced by the inclusion
O(X)¢ — O(X). Since X is irreducible, X//G is an irreducible affine
variety (cf. [8]). By Luna’s slice theorem [12], there is a finite strat-
ification of X//G = U;V; into locally closed subvarieties V; such that
7TX|7T)——(1(Vi) : %' (Vi) — V; is a G-fiber bundle (in the étale topology)

and the isotropy groups of closed orbits in ’ﬂ';(l(‘/i) are all conjugate to a
fixed reductive subgroup H;. The unique open dense stratum of X//G,
which we denote by U, is called the principal stratum and the corre-
sponding isotropy group, which we denote by H, is called a principal
isotropy group. The principal isotropy group H is the minimal group
among H; up to conjugation. Suppose that dim X//G > 1. We denote by
VECg (X, Q)o the subset of VECg (X, Q) consisting of elements which
are trivial over 7' (U) and 7' (V) with fiber Q where V := X//G —U.
Though we do not know how to compute VEC (X, @), it is not difficult
to analyse VECg(X, Q)o since every [E] € VECg(X, Q) is determined
by a transition function with respect to two trivializations of E. In the
case that X is a (not necessarily irreducible) G-stable affine cone with
dim X //G = 1, in particular, a G-module with one-dimensional quotient,
VECg(X x A™, @) and VECg(X x A™ Q) coincide and we can com-
pute VECg (X x A™,@)o by analysing transition functions ([11], [16]).
We assume that the ideal of V is principal; for, if [E] € VECg (X, Q) is
trivial over 75" (U) such that 7' (V) is of codimension > 2, then F is
trivial. Our first result is a classification of VEC (P, Q)¢ for a G-module
P with dim P//G > 2.

Theorem 1. Let P be a G-module such that dim P//G > 2 and
the ideal of the complement of the principal stratum in P//G is principal.
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Let @ be a G-module. Then there exists a map
lI/p,Q . VECG(P, Q)O — CP(Q)

Here Cp(Q) is a C-module possibly of infinite dimension (cf. Lemma
2.3). If Q is multiplicity free with respect to a principal isotropy group of
P and if P has generically closed orbits, then ¥p g is an isomorphism.

Here, a G-module Q is called “multiplicity free with respect to a re-
ductive subgroup H” if every irreducible H-module appears in @, viewed
as an H-module, with multiplicity at most one, and we say “P has
generically closed orbits” if every fiber of the quotient map mp over the
principal stratum consists of a closed orbit.

For any G-module P with one-dimensional quotient and any @,
VU pgcm @ in Theorem 1 is an isomorphism onto Cpgem (@) = (Clyy, - - -,
Ym])P, which coincides with the isomorphism obtained in [16].

Next, we investigate VECg(X,Q)o for an affine quadric X. An
affine quadric of dimension N is an affine hypersurface X := {(zq,-- -,
ry) € ANTL| Zi\[:o x? = 1}. We suppose that G is connected and acts
on an affine quadric X in such a way that the kernel of the action is
finite. Suppose also that X is not empty and dim X//G = 1. Then
by Doebeli ([3], [4]), X is G-isomorphic to an affine quadric Xp :=
{(z,v) € P® C | u(z) + v2 = 1}, where P is an orthogonal G-module
with P//G = A' and u(z) € O(P)C is an invariant quadratic form
generating O(P)%. The G-action on Xp is the one induced by the linear
action on P. This time, however, the situation is rather different from
that in the case of G-modules. The fixpoint locus X§ consists of two
points {(O, £1)} where O is the origin of P, whereas the fixpoint locus
of a G-module is an affine space, hence connected. Though Xp//G
is isomorphic to A' = Spec C[v], V of Xp//G consists of two points
{v = £1}, hence V of Xp//G is disconnected. For a G-module, V
is connected since V is defined by invariant homogeneous polynomials.
Thus we cannot apply methods in case of G-modules directly to a case
of an affine quadric. While, note that X is viewed as a G x (Z/2Z)-
variety, where Z /27 acts on X =2 Xp C P @ C via a (non-trivial) linear
action on C. Then X/(Z/2Z) = P as a G-variety. It is easy to see
that the quotient map nz, : X — X/(Z/2Z) = P induces an injection
7z, VECg(P,Q) — VECg(X, Q) (cf. [9]). Since VECg(P,Q) = CP
by the result of Schwarz, VECg (X, @) contains a space isomorphic to
CP. We generalize this and obtain the following result.

Theorem 2. Let P be a G-module with dim P//G > 1. For f €
O(P)Y and an integer d > 2, let Xp(f,d) be a G-stable hypersur-
face {(z,v) € P® C | f(z) + v® = 1}. Then, the quotient map
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7z, : Xp(f,d) = Xp(f,d)/(Z/dZ) = P induces an injection for any
G-module Q)

7z, : VECq(P, Q) — VECg(Xp(f,d), Q).

Hence, if Up g in Theorem 1 is a surjection onto a non-trivial Cp(Q),

then VECq(Xp(f,d), Q) is non-trivial, too.

This article consists of three parts. In section 1, we investigate
VECq (X, Q)o for an irreducible smooth affine G-variety X by analysing
transition functions of G-vector bundles. We have in mind as an X a G-
module. Our technique is based on the one established by Kraft-Schwarz
[11]. Using the results obtained in section 1, we prove Theorem 1 in sec-
tion 2. We compute VECg (P, Q)o explicitly in examples. In section 3,
we ingestigate VECg (X, Q) in the case where V is not connected, in
particular, in the case where X is a G-stable affine hypersurface repre-
sented by an affine quadric with fixpoints and one-dimensional quotient.

The author expresses her gratitude to Professor M. Brion for sug-
gesting to observe algebraic G-vector bundles over affine quadrics. She
thanks also M. Miyanishi for his encouragement.

§1. General results

Let G be a reductive algebraic group and X an irreducible smooth
affine G-variety. We assume that the dimension of Y := X//G is greater
than 0 and the ideal of V =Y — U is principal, where U is the principal
stratum of Y. Let f € O(Y) = O(X)® be a generator of the ideal of V.
We assume also that X is non-empty, connected and X is irreducible
where H is a principal isotropy group of X. The object we have in
mind as an X is a G-module. We will investigate VECg (X, @), for a
G-module Q.

Lemma 1.1. Let [E] € VECg(X,Q)o. Then E is trivial over
Xn == {z € X | h(z) # 0} where h is an element of O(Y') such that
h — 1 is contained in the ideal (f).

Proof. Since E Iﬂ_;—(l V) is, by the assumption, isomorphic to a trivial
bundle, it follows from the Equivariant Nakayama Lemma [2] that the
trivialization Elﬂ';(l(V) — 7% (V) x Q extends to a trivialization over a
G-stable open neighborhood U of 73" (V). Let V be the complement of
U in X. Since V is a G-stable closed set, mx (V) is closed in Y [8]. Note
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that V N7x (V) = 0 since 73 (V) NV = 0. Let 3 C O(Y) be the ideal
which defines wx (V). Then (f) +J 3 1 since V N 7x(V) = 0. Hence
there exists an h € J such that h—1 € (f). Since Y;, C Y —nx(V), Xj, =
% (Ya) C 7 (Y — 7nx(V)) C U. Thus E is trivial over X;. Q.E.D.

We define an affine scheme Y = Spec A by

A= {hy/hs|h1,hy € O(Y),hy —1 € (f)}.

Set f"f =Y Xy Y, X :=Y xy X and Xf = f/f Xy X. The group
of morphisms from X to M := GL(Q) is denoted by Mor (X, M) or
M(X). The group G acts on M by conjugation via the represen-
tation p : G — GL(Q). The action of G on M(X) is defined by
(9-1)(z) = p(g)u(g™'z)p(g)~ " for g € G, z € X, p € M(X). We
denote the group of G-invariants of M (X) by Mor (X, M)% or M(X)€.
Let [E] € VECg(X,Q)o. Then by the definition of VECg(X,Q)o, F
has a trivialization over 73 (U) = X, and by Lemma 1.1 E has a triv-
ialization also over an open neighborhood of 7r)_(1 (V), i.e., Xy, for some
h € O(Y) such that h — 1 € (f). Hence, assigning to [F] the transi-
tion function with respect to the trivializations E|x, = X; x Q and
E|x, & X x @, we have a bijection to a double coset (cf. [15, 3.4])

VECa(X, Q) = M(X,)S\M(X ;)% /M(X)S.

Since X*# is irreducible, the inclusion X < X induces an isomor-
phism X //N(H) = X//G where N(H) is the normalizer of H in G
[14]. Set W := N(H)/H. When we consider X as a W-variety, we de-
note it by B. Note that the principal isotropy group of B is trivial. Let
B: M(X)¢ — L(B)" be the restriction map where L := GL(Q). We
say X has generically closed orbits if 7r)_(1 (&) for any £ € Yy consists of a
closed orbit, i.e. 73'(£) = G/H. When X has generically closed orbits,
GX;I = Xy. Hence M (X;)¢ = Mor(GXf, GL(Q))¢ =~ L(BH)W ,ie., B
is an isomorphsim over Y;. The group homomorphism 3 induces a map

VECa(X,Q)o = M(X;)\M(X5)°/M(X)
(1) —  L(Bp)"\L(Bs)W /B(M (X)),

which is an isomorphism when X has generically closed orbits.
We decompose @ as an H-module

Q= ®g=1 n; Qi

where @); are pairwise non-isomorphic irreducible H-modules and n; is
the multiplicity of Q;. We call Q multiplicity free with respect to H if
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n; = 1 for all 7. It follows from Schur’s lemma that
q
L=GL(@Q)" =[] GLn..
i=1

Let T be the center of L. Then T is W-stable and 7" = (C*)?. When
(Q is multiplicity free with respect to H, L = T. Look at the action
of W on T. Note that g € N(H) permutes the H-isotypic components
niQ; (1t = 1,---,q). Since w € W acts on L by conjugation by p(g)
where g € N(H) is a representative of w, W acts on T" = (C*)? by
permuting C*s. Hence W acts on T as a subgroup of the symmetric
group S, via a continuous homomorphism from W to S,;,. Thus the
connected component Wy of W containing the identity acts trivially
on T and the action of W on T reduces to the action of W/Wj. The
determinant map on each factor GL,, of L induces a homomorphism of
groups; 7 : L(B)W — T(B)". The homomorphism 7 induces a map

(2) L(Bp)"\L(Bs)" /B(M(X)P) = T(B)" [(T(Bs)" (1oB) M (X)%).

By (1) and (2), we have

Lemma 1.2. There exists a map
¥x,q : VECG(X,Q)o — T(By)" /(T(Bs)" (7 0 B)M(X)%).

If Q is multiplicity free with respect to H and X has generically closed
orbits, then V¥ x ¢ 1s an isomorphism.

Remarks. 1. For t € O(Y), let VECg(X,Q;t) be the subset
of VECg(X, Q) consisting of elements [E] such that F is trivial over
75" (Y;) and its complement. Then one obtains, in a similar way to the
above, a map from VECg(X, Q;t) to a quotient group.

2. When H is trivial, M = L and the target residue group in
Lemma 1.2 is O(Y})*/O(Ys)*r(M (X)), where O(Y})* (resp. O(Y5)*)
denotes the group of invertible elements in O(Yy) (resp. O(Yy)). If
Q contains a trivial G-module, then 7 = det : M(X)® — O(Y)*
is surjective. Furthermore, if Pic Y = (0), then the residue group
O(Y;)*/O(Y;)*r(M(X)C) becomes trivial (cf. proof of Lemma 1.3).
Thus when H is trivial and PicY = (0) (e.g. X is a G-module with a
trivial principal isotropy group), ¥ x ¢ becomes trivial if Q contains a
trivial G-module.

We will analyse the target residue group in Lemma 1.2. We pose
the following conditions:
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(I) V is connected and O(n5'(V))* = C*.

(II) The restriction O(r5"(V))* — O(X)* is an isomorphism.
It follows from the conditions (I) and (II) that the restriction of 75" (V')
onto X ¢ induces an isomorphism T(r5' (V)W = TW (X)) = TW. Set

T(B), = {peT(B)] N|ﬂ§1(V) =1}
T(B)Y = T(BpnT(B)"

where I is the constant map to the identity element of T'. Note that
T(B) = T(B)T(ng (V) = T(B)T.

Lemma 1.3. Suppose that the conditions (1) and (I1) are satisfied.
If Pic B = (0) and O(B)* = C*, then

T(By)" = T(B)WT(B)Y.

Proof.  We first claim that T(Bf) = T(B;)T(B);. Since T(B) =
T(B):\T, it suffices to prove T(Bf) = T(Bf)T(B). Note that every
element of T'(B ) is considered as a transition function of a Whitney
sum of line bundles over B with respect to trivializations over By and
an open neighborhood of 75" (V). Since Pic B = (0), every line bundle
over B is trivial. This implies that T(B;) = T(B;)T(B). Let pu €
T(Bf)W. Write u = aji with i € T(By) and i € T(B);. Note that
T(Bf) N T(B); = T(B); = {I} since O(B)* = C*. Since u is W-
invariant, we have 4~ (w - ) = fi(w - 3)~' € T(Bf) NT(B), = {I} for
every w € W. Hence i1 and i are W-invariant, and the assertion is thus

verified. Q.E.D.

Set
M(X)f = {pe M(X)? | plxe = I}.

Note that (7o 3)(M(X)$) ¢ T(B)Y under the conditions (I) and (II).

Lemma 1.4. Suppose that the assumptions in Lemma 1.3 are sat-
isfied. If there exrists a G-equivariant morphism r : X — X such that
roi = id where i : X < X is the inclusion, then there exists an
1somorphism

T(Bs)"™ /(T(By)" (ro B)M (X)) = T(B)Y /(7 o B)(M(X)T).

Proof.  We claim that (7 o 3)M(X)% C (70 ) (M(X)$)TW. In
fact, let 4 € M(X)% and po := p|yec € MG(XC). Then (70 B)u €
TW(XC) =2 TW. Let p: M9(X%) — M(X)® be the group homomor-
phism induced by r. Then fi := p(uo) € M(X)C satisfies ji|xc = po.
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Since O(B)* = C*, (toB)i € TW. The claim follows from that p = pji
where 1 = pji~! € M(X)$. Since (1of)M(X)% C (ro8)(M(X)§)TW
and T(Bs)Y N T(B)Y = T(B) = {I}, we obtain by Lemma 1.3 the
desired isomorphism. Q.E.D.

We proceed to analyse the residue group T(B)gv/('r o f) (M(X)S).

Let Y be the completion of ¥ along V and let B = Y Xy B and
X = Y xy X. Note that an element of M(X)% (resp. T(B)V) is
considered as an invertible matrix (resp. an invertible diagonal matrix)
with entries in O(X) (resp. O(B)) invariant under the G-action (resp.
the W-action). For r > 1, we define

TB)Y = {neT(B)" |p=1 modb"O(B)}

M(X)® = {peME)®|u=1 modaOX)},
where a C O(X) denotes the ideal of X¢ C X and b C O(B) denotes
the ideal of 751 (V), i.e. b = /(f). We define L(B)Y, similarly. Then

there exists a canonical map

T(B)Y /(ro B)(M(X)F) — T(B){" /(1 0 B)(M(X)T).

We will show that this canonical map is a surjection when X has gener-
ically closed orbits. First, we prove

Lemma 1.5. For everyr > 1,
T(B)Y =T(B);'T(B),

Proof. It is clear that T(B)Y > T(B)WT(é)W We show the
opposite inclusion. Let p = (u1(z),..., ue(x)) € T(B) where p;(z) €
O(B) and p; = 1 mod bO(B). Recall that W acts on T = (C*)? by
permuting C*s. Since the identity component Wy acts trivially on T,
i (z) € O(B)Wo for 1 < i < q. Let fis(z) € O(B)™° be a function such
that u;(z) = fis(z) mod b"O(B). Since u; = 1 mod bO(B), fi; = 1
mod b. Define i := (fi1(z), ..., fq(x)) and i = [[,cw/w, w - A Then
i€ T(B)W and i~'p e T(B)V QED.

Let m, [ and t be the Lie algebras of M, L and T, respectively. Then
m = End Q, | = End (Q)¥ = ®!_,M,, and t = C? where M,,, denotes
an (n; X n;)-matrix. Let 3, : m(X)¢ — [(B)" be the homomorphism
of O(Y)-modules induced by the restriction of X onto B. Similarly, let
7 : (B)W — ¢(B)Y be the homomorphism induced by the trace map
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on each M,,, of | 2 @] | M,,,. Note that

t{(B)Y = (0O(B) @c )", (B)Y = (O(B) ®c )W
and m(X)¢ = (O(X) @cm)%,

which are all finitely generated modules over O(Y') (cf. [8, II, 3.2]). For
a positive integer r, we define

t(B)) = (b"®ct)",
(B)Y = (b"®c)V,
m(X)¢ :=(a" ®c m)C,

which are also finitely generated modules over O(Y). We define t(B)Y,
(B)Y and m(X)¢, similarly. The exponentials exp : [ — L and exp :
m — M induce isomorphisms (with inverse log) [(B)Y = L(B)W and
m(X)¢ 5 M(X)C (Here, the latter exponential series converges in the
a-adic topology).

Lemma 1.6. Suppose that X has generically closed orbits; Then
there exists an integer ro such that B.m(X)§ D (B)Y and B(M(X)F) D
L(B)Y for allT > 9.

Proof. Let {C;} and {A;} be generating systems of [(B)} and
m(X)§ over O(Y), respectively. Since X has generically closed orbits,
B. : m(Xs)¢ — (By)" is an isomorphism. Thus C; is written as
Ci = Bu(D_; cijAj) where ¢;; € O(Y)y. Let e;; > 0 be the minimal
integer such that f¢ic;; € O(Y) and d be the minimal integer such
that b4 C (f). Put e := max; j{e;;} and 7o := de + 1. Then for
r > 10, any element of [(B)Y is of the form f¢C where C € ((B)YV.
Since C = ), ¢;C; for ¢; € O(Y) and fec;; € O(Y) for every 1, j, so
feCc € B.m(X)¥. Hence B.m(X)¥ D [(B)Y. The second inclusion
follows from B,m(X)¢ D I(B)Y via the exponential maps. Q.E.D.

Remark. 1In order to prove Lemma, 1.6, it is sufficient to hold that
B i m(X5)¢ — (By)Y is surjective.

Since 7, : [(B)W — ¢(B)W is the trace map, 7, is surjective. Hence,
via the exponential maps, T(B)Y = r(L(B)¥). Under the assumption
in Lemma 1.6, T(B)Y = 7(L(B)Y) C (70 8)(M(X)$) for a sufficiently
large r. By this together with Lemma 1.5, we obtain

Lemma 1.7. Suppose that X has generically closed orbits. Then
the canonical map

T(B)Y" /(1o B)(M(X)Y) — T(B)Y /(0 B)(M(X)T)
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is a surjection. Furthermore, if Q is multiplicity free with respect to H,
then L(B)W /B(M (X)) — L(B)Y /3(M(X)§) is an isomorphism.

Proof. The first assertion is clear from the above statement. As
for the second assertion, it suffices to show that the canonical map is

injective. We will show that 8(M (X)G)NL(B)W c B(M(X)%). Let D €
M(X)€ and (D) € (M (X)F)NL(B)Y. We regard D as an element of
m(X)C and show that D € m(X)C. Since (D) € L(B)Y is translated
as B.(D) € (B)Y, it follows from Lemma 1.6 that f76,(D) = 8.(D)
for a sufficiently large r and D € m(X )&. Since X has generically closed
orbits, B : m(X)¢ — (Bf)"Y is an isomorphism, so, 8, : m(X)¢ —
[((B)Y is an injection. Hence 8, : m(X)¢ — [(B)W is also an injection.
Thus f*D = D. This implies that D € m(X)¢. Hence D € M(X)¢ and
the assertion follows. Q.E.D.

The logarithmic map induces an isomorphism
T(B)Y /(10 B)(M(X)F) = t(B){" /rfem(X)Y.
We set ) X
Cx(Q) = YB){" /mBm(X)T.

When Q is multiplicity free with respect to H, Cx (Q) = [(B)Y /8. m(X)¢.
By the results obtained so far, we have

Theorem 1.8. There exists a map
T(B){" /(o BY(M(X)T) — t(B) /mm(X)f = Cx(Q),

which is an isomorphism when Q s multiplicity free with respect to H
and X has generically closed orbits.

§2. G-vector bundles over G-modules

In this section, we consider the case where the base space X is a
G-module P and give a proof of Theorem 1 in the introduction. Let P
be a G-module such that Y = P//G is of dimension > 1 and the ideal
of V =Y — U is principal. Note that the ideal of V is generated by an
invariant homogeneous polynomial f € O(P)% and that V is connected.
Let H be a principal isotropy group of P and let B = P,

Lemma 2.1. (1) Pic B = (0) and O(B)* = O(P®)* = C*.
(2) 5" (V) is a connected affine cone and O(wg' (V))* = C*.
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Proof. (1) The assertion follows from the fact that B and P are
affine spaces.

(2) One easily sees that 75" (V) is a connected affine cone. Indeed,
75" (V) is a union of irreducible reduced affine cones U;Spec R\Y) passing
through the origin. Each affine cone Spec RY) has a positively graded
integral domain RV = @kzoRg ) as the coordinate ring such that R(()j ) =

C. Since (RU))* = C* for each j, the standard argument in commutative
algebras shows that O(rg'(V))* = C*. Q.E.D.

The projection p : P — P@ is G-equivariant and has the property
poi = id for the inclusion i : P — P. By this fact and the results
obtained so far, we obtain a map ¥p o for a G-module Q;

VECe(P,Q)o “2° T(By)W /(T(Bf)W(T o /) M(P)Y) (Lemma 1.2)
~ TB)Y/(roB)(M(P)) (Lemmas1.4,2.1)
— BV /r.6m(P)§ = Cp(Q) (Theorem 1.8).

Hence we have

Theorem 2.2. Let P be a G-module as above and let QQ be a G-
module. There is a map

Upg: VECG(P,Q)o — Cp(Q)

which is an isomorphism when Q) is multiplicity free with respect to H
and P has generically closed orbits.

Remarks. 1. Let P be any G-module and let ¢ be a G-invariant
homogeneous polynomial on P. We use the notation in the remark of
Lemma 1.2. By the construction similar to the above, one obtains a map

Upo(t): VECa(P,Q;t) — t(B)W /7. 8.m(P)¢ =: Cp.(Q)

where the completion is (t)-adic completion. One can show that ¥p g (t)
is surjective for any G-module Q if one takes t € O(Y) so that Y; is
contained in the principal stratum of GPH (cf. [15, 1.1], [2, 6.5]).

2. When H is trivial and @ contains a trivial G-module, 9p g is
trivial (remark of Lemma 1.2), hence ¥p ¢ is also trivial.

This completes the proof of Theorem 1 in the introduction except
the statement on Cp(Q). Note that Theorem 1 holds also in the case
dim P//G = 1. When dim P//G = 1, it is known that P//G = A!
and VECg(P @ C™,Q) = VECg(P & C™,Q)o for m > 0 ([11], [16]).
Suppose that dim P//G = 1. Then Cp(Q) is a finite C-module by the
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formula (3) below (cf. Lemma 2.3) and Cpgem(Q) = (Clyy, -+, ym])?
by easy calculation. By comparing ¥pgcm g with the isomorphism
VECg(P ®C™,Q) = (Cly1,- - ,Ym])P given in [16] (cf. [11]), one sees
that ¥pgcm,g for m > 0 is an isomorphism for any P and Q.

Now, we look at Cp(Q) more closely. A G-module P is called cofree
if O(P) is a free module over O(P)€. It is known that cofree modules are
coregular, i.e., P//G is isomorphic to affine space (cf. [24]). Furthermore,
if PH is a cofree N(H)-module, then P is a cofree G-module [24]. We
suppose that B is a cofree W-module and make some obeservation on
Cp(Q). Then, O(Y) is isomorphic to a polynomial ring and m(P)“ and
t(B)" are finite free modules over O(Y). Since b is principal, t(B)} is
also a finite free module over O(Y). The rank of t(B)! is the same as the
rank of t(B)"W, which is equal to ¢ = dim t [24]. Note that O(Y), m(P)¢
and t(B)"W inherit a grading on O(P). Since a and b are homogeneous
ideals, m(P){ and t(B)Y are also graded. Let {A;;1 < i < £} be a
homogeneous generating system of m(P)¢ over O(Y) and let {C;;1 <
i < q} be a homogeneous basis of t(B)Y over O(Y). Then

q
T*ﬁ*Ai = ZaijC’j for a;; € O(Y)
j=1

Noting that (B)}Y = t(B)} ®o(y) O(Y) and m(P)§ = m(P)§ @o(y)
oY),

(3) Cp(Q) = al_,0(Y)/d;

where @ = a;0(Y) and q; is the ideal in O(Y) generated by {a;;;1 <
i < ¢}. Let e; = deg C; and a; = deg A;. Since 7, and [, preserve the
grading, dega;; = a; — e; if a;; # 0. The following is easily proved.

Lemma 2.3. Suppose that B s cofree. If there is some j such that
a; > e; for any i, then Cp(Q) is non-trivial. If there exists some j such
that ht a; < dimY, then Cp(Q) is an infinite dimensional C-module.

Remark. The module Cp(Q) can be of infinite dimension, but of
countably-infinite dimension.

This completes the proof of Theorem 1. By Theorem 2.2 and Lemma
2.3, we have

Corollary 2.4. Suppose that Yp g in Theorem 2.2 is surjective
and B is cofree. If a; > e; for some j and any i, then VECg(P,Q)o
is non-trivial. If there exists some j such that ht a; < dimY, then
VECG(P,Q)o contains an infinite dimensional space.
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We give a couple of examples.

Example 2.1. Let G = SL, (n > 2) and let P be the Lie algebra
sl, with adjoint action. We denote a maximal torus of G by T,, and
its Lie algebra by t,. Then the principal isotropy group of sl, is T,
and B = (sl,)» = t,. W = N(T,,)/T, is the Weyl group which is
isomorphic to S,. The algebraic quotient space Y is sl,,//G = t,,//W =
A™ ! and V is of codimension one. Hence the ideal of V is generated
by a single homogeneous polynomial f € O(Y) = C[ty,--- ,tn_1]. Since
the general fiber of the quotient map of sl,, is isomorphic to G/T,,, sl,
has generically closed orbits. Let ¢; be the standard representation
space of G and 7" (m > 1) be the symmetric tensor product S™ (7).
Let Q@ = ¢7*. Then @Q is multiplicity free with respect to 7;,. Hence

L=T=(C*)forqg=dim@ = ntm-l .
m

Consider the case n = 2. Then G = SL, and the quotient map
is given by the determinant map ¢ : P = sly — sly//G = Al. Hence
O(Y) = CJt] and t is, as an element of O(B)W, written as t = x? with
a coordinate z on B = t; = C. Note that T, = C* and W = Z/27Z. The
stratification of sl//G = A' consists of two strata, {0} and A! — {0}.
Hence V = {0} and f =t. Let R,, be the SLs-module of binary forms
of degree m. Then P = sly 2 Ry and Q = R,,,. As a Ty = C*-module,
Q = B2 yQm—21 Wwhere Qy,—9; is an irreducible Tp-module with weight
m—2l. As a G-module, m = End R, = (R,)* ® Ry, = ]2, R21. Hence,

m(slz)Y = @ (O(Rs) ® Ry)® = @2y M,

and

()" =2 @0 (O(t2) ® Ra2)Y = &% N,

where M; := (O(Rz) ® Rg)€ and N; := (O(tz) ® R12)W. The modules
M; and N are free over O(Y) = C[t] of rank one. In fact, since M; =
Mor (Rz, Ry;)€, the homogeneous generator A; of M; is given by the I-th
power map and the homogeneous generator C; of N; = (Clz] ® Rgf)w
is given by 1 ® ¢; for | even, z ® e; for | odd, where ¢; is a base of
RI? =~ C. Hence m(sly)¢ and [(tz)"V are free modules over C[t] of rank
m + 1. Note that deg A; = [ and degC) is 0 for [ even, 1 for [ odd.
Since C[t] is a principal ideal domain, m(sl3)§ is also free over C[t]. A
homogeneous basis of m(slz)$ over C[t] is {tAg, A;;1 = 1,2, --- ,m} since
sl,% = {0}. Since b = /(t) = (z), a homogeneous basis of [(t;)V over
C[t] is {tCo,tCq;,Ca—1;1 = 1,--- ,m/2} for m even, {tCq, Co1y1;l =
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0,1,---,[m/2]} for m odd. Here, [a] denotes the largest integer not-
exceeding a. Since G, (4;) = tl/21Cy,

Cot(1") = U(t2))" /Bum(slz)T = C

where p = > [(1—1)/2] = [(m—1)%/4]. Since it follows from sly //G =
Al that VECg(slz, ¢T') = VECg(slz, ), we have by Theorem 2.2

Proposition 2.5 ([23]). Let G = SLy. Then

VECq(sla, ") =2 CP for p=[(m—1)%/4].

Next, consider the case that n > 3. As a G-module,
m = End ¢f* & (o) ® ¢f" = S]sl,

where sl is the irreducible component of the highest weight in S*(sl,).
Hence

m(sl,)® 2 B2 (O(sln) @ s11,)¢ = B M,
where M; := (O(sl,) ® sl )¢. Similarly,

[(tn)" 2= BLo(O(t) ® (1)) = B2, N,

where N} := (O(t,) ® (s1,)™)W. It is known that t, is cofree (cf. [24]).
Thus M; and N;, hence m(sl,, )¢ and [(tn)W, are finite free modules over
O(Y). Since O(sl,) = @a>05%(sln), M) = Bg>0(S%(sl,) @ slL)C. Hence
every homogeneous generator of M; has degree > [. The homomorphism
By : m(sl,)¢ — 1(t,)" maps M; to N;. Set M(1); := (a ® sl)% and
N(1); == (b ® (st£)T)". Then m(sl,)§ = @7, M(1); and I(t,)} =
@ oN(1);. The homomorphism £, maps M(1); to N(1);. Let {A;} be
a homogeneous generating system of M(1),, over O(Y) and {C;} be a
homogenous basis of N(1)n, over O(Y). Then B.(4;) = }_; a;;C; for
a;; € O(Y). Since deg A; > m for all ¢ and deg C; < |W/| +deg f [8, 11,
3.6], dega;; > 0 if m is sufficiently large. Hence N(1),,/B:(M (1)) is
non-trivial for m > 0. We have by Theorem 2.2;

Proposition 2.6 (cf. [6]). Letn >3 and G = SL,. Form > 1,
VEC¢(sln, 7)o =2 Csr, (¢7"). In particular, VECg(sl,, ©T")o is non-
trivial for a sufficiently large m.

Remark. In order to show that Cj,( (¢7]*) contains an infinite
dimensional module for n > 3, we need to prove that the height of the
ideal a; generated by a;; € O(Y) (cf. Lemma 2.3) is smaller than n — 1.
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However, to calculate generators of N(1); and M (1); by hand is a hard
job.

Next is a new example of VECg (P, @)o containg an infinite dimen-
sional space.

Example 2.2. Let P = P, & P, and G = G; X GG where P,
is a G;-module with one-dimensional quotient for ¢ = 1,2. Then P is
a G-module with trivial G;-actions on P; for ¢ # j and P//G = A2
A principal isotropy group H of P is Hy x Hy where H; is a princi-
pal isotropy group of P;,. The complement of the principal stratum
in P//G = A? is a union of two lines. Let Q; (i = 1,2) be a G;-
module. By the statement below Theorem 2.2, there are isomorphisms
VECGZ(P,,,QI) = CPZ(Qz) ~ CPi for 1 = 1,2. Let Q = Ql D Qz. Then
Q is multiplicity free with respect to H when Q); is multiplicity free
with respect to H; for : = 1,2 and dim(Q{{1 <) Qf[?) < 1. In this case,
Cp(Q) is easily computed and isomorphic to Clu;]P? & Cluy]P* where
O(P,)¢ = Clu;] and O(P;)%? = Clug). By Theorem 2.2, we have with
the above notation

Theorem 2.7. Suppose that Q; is multiplicity free with respect to
H; fori=1,2 and dim(Q{"™ ® Q?) < 1. Then there is a map

VECg(P, @ P2,Q1 D Q2)0 — Clus]”? @ Clug)™,

which 1s an isomorphism when P; has generically closed orbits for i =
1,2.

Remark. One can show that the map in Theorem 2.7 is surjective
for any @ and any P; by using the fact that Z; = GPJ;H for Z := GPH
when O(P)¢ = C[f] (cf. [15, 1.1], the remark of Theorem 2.2).

Apply Theorem 2.7 to the case where G = SLy X SLy, P = sly Psly,
and QQ = " @ ¢T. Since sly has generically closed orbits and ¢7* is
multiplicity free with respect to a principal isotropy group of sl, for
m > 1, we have

Theorem 2.8. Let G = SLy x SLy. Then
VECG(5[2 @5[2, <P71n &5, CP;L)O = C[ullp(n) &) C[uz]p(m).

Here p(n) = [(n — 1)2/4] and either m or n is odd.
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§3. G-vector bundles over G x (Z/dZ)-varieties

In this section, we consider in the case that V is not connected.
Such a case occurs when X is a G-stable affine quadric with fixpoints
and one-dimensional quotient. As is remarked in the introduction, when
G is connected, such an affine quadric X is G-isomorphic to an affine
quadric

| Xp={(z,v) e POC|u(z)+v° =1}

where P is an orthogonal G-module with P//G = A! and u(z) is an
invariant quadratic form on P such that O(P)¢ = C[u]. Recall that Xp
is viewed as a G x (Z/2Z)-variety. We generalize this situation. Let P
be anew a G-module as in section 2, i.e., P is a G-module such that
dim P//G > 1 and the ideal of the complement of the principal stratum
in P//G is generated by a homogeneous polynomial f € O(P)%. For
d > 2, define a G-stable hypersurface Xp(d) as follows;

Xp(d) = {(z,v) e P& C| f(z) +v? = 1}.

Then the fixpoint locus Xp(d)® consists of d connected components.
The complement V of the principal stratum in Xp(d)//G has d con-
nected components and each connected component of 71')_(13 ( (V) con-
tains one connected component of Xp(d)®. A principal isotropy group
H of Xp(d) is a principal isotropy group of P. As in the case of
affine quadrics, Xp(d) has a Z/dZ-action induced by a (non-trivial)
linear action of Z/dZ on C. Hence Xp(d) is viewed as a G x (Z/dZ)-
variety. Then Xp(d)/(Z/dZ) is G-isomorphic to P. Let 7z, : Xp(d) —
Xp(d)/(Z/dZ) = P be the quotient by Z/dZ. Let [E] € VECg (P, Q) for
a G-module Q. Then 77 E is a G x (Z/dZ)-vector bundle over Xp(d).
Viewing 77 FE as a G-vector bundle, we obtain a map

7z, : VECg(P,Q) — VECg(Xp(d), Q).
Since £ = m; E/(Z/dZ) [9], we have
Lemma 3.1. The map 7z, is injective.

Note that m; maps VECg(P, @)o to VECg(Xp(d), Q). By Lemma
3.1 and Theorem 2.2, we obtain

Theorem 3.2.  The map 77, induces an injection

VECg (P, Q)o — VECa(Xp(d), Q)o.

Hence, if Up g in Theorem 2.2 is a surjection onto a non-trivial Cp(Q),
then VECq(Xp(d),Q)o is non-trivial.
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If we take as an f in the definition of Xp(d) any G-invariant poly-
nomial on P, then we obtain Theorem 2 in the introduction.

Remark. Theorem 3.2 is generalized as follows. Let P; (i = 1,2
) be a G;-module such that dim P; /Gy > 1 and dim P //Gy = 1. Let
t be a homogeneous generator of O(P;)%2. For f € O(P;)%", define a
G1 X Ga-stable hypersurface X (f) as follows:

X(f)={(z1,22) € AL ® P2 | f(z1) +t(x2) = 1}.

Then the quotient map ng, : X(f) — X(f)//G2 = P; induces an
injection for a G;-module )

Waz : VECG1(P1’Q) - VECG1 (X(f)a Q)

Recall that VECg(P,Q)o = VECg(P,Q) = CP when P has one-

dimensional quotient. Hence we have by Theorem 3.2

Corollary 3.3. Suppose that Xp is a G-stable affine quadric de-
fined as above. Then VECqg(Xp,Q)o contains a space isomorphic to CP
where p is a nonnegative integer such that VECg (P, Q) = CP.

We give a couple of examples.

Example 3.1. Let G = SL;. We use the same notation as in
Example 2.1. Let P = sl and Q = 7" for m > 1. Then O(sl,)¢ = C[t]
with an invariant polynomial ¢ of degree 2 and VECg (sl2, ¢T*) = CP for

2
p = [(i}i] Let X be a G-stable affine quadric {(z,v) € sl ® C |
t +v2 = 1}. Then by Corollary 3.3,

Proposition 3.4. With the above notation, VECg (X, ¢T")g con-

tains CP for p = [(Lnil—)z]

Remark. It is known that VECg(sly ® C, ©T)o = C[v]P by [16].

Example 3.2. Let G=G1xGo, P=P,® Py, and Q = Q; ® Qs
as in Example 2.2. Let O(P;)%! = Cluy] and O(P)%? = Clusz] where u;
is a G;-invariant homogeneous polynomial on P;. Then P//G = A? =

Spec Cluy, u2] and the complement of the principal stratum is defined
by uius = 0. We define for d > 2

X = {(z1,22,v) € P, ® P2 ®C | ui(z1)ua(z2) + v? = 1}.

Then by the remark of Theorem 2.7 and Theorem 3.2,
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Proposition 3.5. Under the notation and the assumptions in The-
orem 2.7, VECq(Xq4,Q1 ® Q2)0 contains an infinite dimensional space
if p1+ p2 > 0.

Example 3.3. Let G = SL3 and P = sl; with adjoint action.
Then P//G = A? and the complement of the principal stratum in P//G
is defined by an invariant homogeneous polynomial f of degree 6. For
d > 2, define

Xg={(z,v) €slz®C| f+v¢=1}.

It is known that VECg(sl3,sl3)o contains a space isomorphic to Qf
which is the module of Kéahler differentials of C over Q [17]. Hence we
have by Theorem 3.2

Proposition 3.6. VECg(Xy,sl3)o contains an uncountably-infi-
nite dimensional space.

References

[1] H. Bass and S. Haboush, Some equivariant K-theory of affine algebraic
group actions, Comm. in Algebra, 15 (1987), 181-217.

[2] H. Bass and S. Haboush, Linearizing certain reductive group actions,
Trans. Amer. Math. Soc., 292 (1985), 463-482.

[ 3] M. Doebeli, Linear models for reductive group actions on affine quardrics,
Bull. Soc. France, 122 (1994), 505-531.

[4] M. Doebeli, Reductive group actions on affine quardrics with 1-
dimensional quotient: linearization when a linear model exits, Trans.
Groups, 1 (1996), 187-214.

[5] J. Gubeladze, Anderson’s conjecture and the maximal monoid class over
which projective modules are free, Math. U.S.S.R. Sbornik, 63 (1988),
165-180.

[6] F. Knop, Nichitlinearisierbare Operationen halbeinfacher Gruppen auf
affinen Raumen, Invent. Math., 105 (1991), 217-220.

[ 7] H. Kraft, G-vector bundles and the linearization problem in “Group ac-
tions and invariant theory” CMS Conference Proceedings, 10 (1989)
111-123.

[8] H. Kraft, Geometrische Methoden in der Invariantentheorie, Aspecte der
Mathematik D1, Vieweg Verlag, Braunschweig (1984).

[9] H. Kraft, Algebraic automorphisms of affine space in “Topological
methods in algebraic transformation groups” Progress in Math., 80,
Birkh&user, (1989).

[10] H. Kraft, Challenging problems on affine n-space, Séminaire Bourbaki,
Vol. 1994/95, Asterisque No. 237 (1996) Exp. no. 802, 5, 295-317.



184 K. Masuda

[11] H. Kraft and G. Schwarz, Reductive group actions with one-dimensional
quotient, I.H.E.S Publ. Math., 76 (1992), 1-97.

[12] D. Luna, Slice etales, Bull. Soc. Math. France, Memoire, 33 (1973), 81—
105.

(13] D. Luna, Adhérences d’orbite et invariants, Invent. Math., 29 (1975),
231-238.

[14] D. Luna and R. Richardson, A generalization of the Chevalley restriction
theorem, Duke. Math. J., 46 (1979), 487-496.

[15] K. Masuda, Moduli of equivariant algebraic vector bundles over affine
cones with one-dimensional quotient, Osaka J. Math., 32 (1995), 1065—
1085.

[16] K. Masuda, Moduli of equivariant algebraic vector bundles over a product
of affine varieties, Duke Math. J., 88 (1997), 181-199.

[17] K. Masuda, Moduli of algebraic SLs-vector bundles over adjoint repre-
sentation, Osaka J. Math., 38 (2001), 501-506.

[18] M. Masuda and T. Petrie, Stably trivial equivariant algebraic vector bun-
dles, J. Amer. Math. Soc., 8 (1995), 687-714.

[19] M. Masuda, L. Moser-Jauslin and T. Petrie, The equivariant Serre prob-
lem for abelian groups, Topology, 35 (1996), 329-334.

[20] M. Masuda, L. Moser-Jauslin and T. Petrie, Invariants of equivariant al-
gebraic vector bundles and inequalities for dominant weights, Topology,
37 (1998), 161-177.

[21] K. Mederer, Moduli of G-equivariant vector bundles, Ph.D thesis, Bran-
deis University, 1995.

[22] D. Quillen, Projective modules over polynomial rings, Invent. Math., 36
(1976), 167-171.

[23] G. Schwarz, Exotic algebraic group actions, C. R. Acad. Sci. Paris, 33
(1989), 89-94.

[24] G. W. Schwarz, Representaions of simple Lie groups with a free module
of covariants, Invent. Math., 50 (1978), 1-12.

[25] A. Suslin, Projective modules over a polynomial ring, Dokl. Akad. Nauk
SSSR, 26 (1976) (=Soviet Math. Doklady, 17 (1976), 1160-1164).

Department of Mathematics
Himeji Institute of Technology
2167 Shosha, Himeji 671-2201, Japan

E-mail address: kayo@sci.himeji-tech.ac.jp



Advanced Studies in Pure Mathematics 33, 2002
Computational Commutative Algebra and Combinatorics
pp- 185-201

Completely Parametrized A}k-ﬁbrations on the Affine
Plane

Masayoshi Miyanishi

§0. Introduction

Let k be an algebraically closed field of characteristic zero, which we
fix as the ground field. In the present article we consider Al-fibrations
on the affine plane A?, where Al denotes the affine line A' with one
point deleted. Let X be a smooth affine surface with Pic (X) = (0)
and I'(X,Ox)* = k*. Let p: X — B be an Al-fibration, where B is
a smooth algebraic curve. Then p is untwisted because Pic (X) = (0)
and B is isomorphic to Al or P! because I'(X,Ox)* = k*. We call
p a completely (resp. incompletely) parametrized Al-fibration if B is
isomorphic to P! (resp. A!). See [6], [8] for the definitions and relevant
results. If X is the affine plane and p is incompletely parametrized,
then there exists an irreducible polynomial f € I'(X, Ox) such that the
fibration p is given as {F\}rek, where F) is a curve defined by f = A.
Hence f is a generically rational polynomial with two places at infinity,
and such polynomials are classified by H. Saito [10] (see [7]). On the
other hand, there exist no references where the completely parametrized
Al fibrations on A? are explicitly classified. The fibers of the given Al-
fibration form a pencil of affine plane curves parametrized by P!. So,
the classification is made by giving the defining equation of a general
member of the pencil.

For this purpose, we make use of a description of A? as a homology
plane with Al-fibration over P! as given in [6], [8]. Our results show
that the pencil is given in the form

A= {(yaf+1 —p(x))" + Azt = 0;) € Pl},

where p(z) € k[z],degp(z) < r and p(0) # 0.

Received February 7, 2000.
2000 AMS Subject Classification: Primary 14R25, 14D06, Secondary

14R10.
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§1. Al-fibrations

Let X be a Q-homology plane with an untwisted Al-fibration p :
X — B, where B is isomorphic to P!. Then every fiber but one is
isomorphic to Al if taken with the reduced structure and the excepted
fiber is isomorphic to A!. There exists a smooth projective surface V
with a Pl-fibration p : V — B such that X is a Zariski open set of
V', the boundary divisor D := V — X is a divisor with simple normal
crossings and p gives rise to the Al-fibration if restricted onto X. Since
p is untwisted, there exist two cross-sections H; and Hs of p, which are
the loci of two points of the general fibers of p lying at infinity. Since the
boundary divisor D has a tree as the dual graph, H; and H, meet each
other at most in one point. If H; and Hs meet each other, we blow up
the point of intersection and its infinitely near points so that the proper
transforms of H; and Hs get separated from each other. Furthermore,
if we assume that the embedding X <— V is minimal in the sense that
D contains no (—1) curves which are the fiber components of the P-
fibration p and that any contraction of such a (—1) curve makes the
images of H; and Hy meet each other, then it is known (cf. [6], [8]) that
p: X — B is obtained in the following fashion.

There exists a Hirzebruch surface F, with a minimal section M;
and a section My with (M; - M) = 0, and there exists a sequence of
blowing-ups o : V — F, such that H; and H2 are the proper transforms
of My and My, respectively, and that (H;?) = (M;?) = —a. Hence the
blowing-ups ¢ starts with the blowing-ups of the points lying on M
and no points of M; are blown-up. The fibration p : V. — B is obtained
from the P!-fibration on F,. Let uA be a fiber of p with A = Al and
possibly x> 1 and let A be the closure of A in V. Then the fiber of p
containing A has a linear chain as the dual graph:

On the other hand, iipA is a fiber of p with A = A!, the dual graph of
the fiber containing A, H; and Hs looks like
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H,
O
\ G i
/—1 2 2 1
@) N ~ _
H, ;

Let pA be a singular fiber of p, i.e., either ¢ > 1 or A = Al. Let
A be the closure of A in V. Then y is the multiplicity of A in the fiber
p~1(p(A)). Let & be the contribution of A in the total transform o* (M>).
It is known (cf. [6], [8]) that 0 < § < p and § > 0 if A= Al. We begin
with recalling the following structure theorem (cf. [6], [8]).

Lemma 1.1. Let X be a Q-homology plane with an Al-fibration
p: X — B. Suppose B = P! and p is untwisted. Let poAo, ..., inAn be
all singular fibers with respective multiplicities pig, ..., ftn,, where Ag = Al
and A; =2 Al for 1 <i<n. Then we have the following assertions:

(1) B(X) =1,0 or —oo if and only if

1
(n—1)— Z — >0,=0 or <0, respectively.

i=1

2) Hi(X;Z) is a torsion group of order equal to
g
‘NO"’Hna—ZMO”'[[i'“Mnéi :
—

(3) There are no homology planes X with ®(X) = 0 and an untwisted
Al-fibration p: X — B = P!,

When X is isomorphic to A? in Lemma 1.1, we can specify the data
more precisely.

Lemma 1.2. With the notations of Lemma 1.1, the following as-
sertions hold:

(1) A smooth affine surface X is isomorphic to A? if and only if
R(X) = —o0,Pic (X) = (0) and I'(X,0x) = k*. In particular, a
Q-homology plane X is isomorphic to A? if and only if K(X) =
—o0 and H1(X;Z) = (0).

(2) n=0 or1.
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(3) If n =0 then eithera=1,uo =686 + 1 ora=20,60 = 1.
(4) If n =1 then either
a=1, pop1 — p1bo — by = £1
or
a=0, pup=6=1, b6 =0.

(5) Ifa =n =1 and pop1 — p160 — pody = £1, the pair (6g,61) is
uniquely determined by the pair (o, p1). Furthermore, if popr —
p16o — poby =1, then the pair (6),61) with 8, = p; — 6; (1 =0,1)
satisfies pop1 — p16y — nody = —1, and vice versa.

Proof. (1) We refer to [6].
(2) Note that po > 1 and p; > 2 for 1 < i < n. Since R(X) = —o0,
it follows that

n—1-—

S
IN
B

|
Naw”
|
|~
A
o

Hence n =0 or 1.
(3) Since H1(X;Z) =0, we have

|H1(X;Z)|: MO"'MRG_ZHOH'[L:'°'/1‘716'L. = 1.
1=0

If n = 0 then this formula reads pga — 69 = 1, where pg > dg. Suppose
a > 2. Then we have

(@ —2)po + (o — o) + po # £1.

Hence a =0or 1. If a =1 then pug = 6o + 1. If a = 0 then 6 = 1.
(4) If n =1 then

apopy — 160 — poby = £1.
Suppose a > 2. Then we have
(@ —2)pop1 + p1(po — 60) + po(p1 — 61) # £1.
Hence a =0 or 1. If a = 1 then we have
Hopt1 — p160 — podr = 1.

If a = 0 then p160 + pobéy = 1. Since p; > 2, it follows that 6o = 0.
Then Ho = 61 =1.
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(5) Suppose that pgpy — 160 —pods = 1 and pops —p1vo — o1 = 1
for the pairs (v0,7v1) and (6o, 81) with p; > i, i > 6; (1 =0,1). Then

p1(vo0 — bo) = po(61 — 1)

Since ged(pg, 1) = 1, it follows that vo = §p + mue and 81 = y1 + mpue
for some integer m. If m > 0, then v9 > po, which is a contradiction. If
m < 0 we obtain a contradiction in a similar fashion. So, m = 0. The
rest is straightforward. Q.E.D.

Given a pair (u, 6) of positive integers p, 6 with u > 6 and ged(u, 6) =
1, we define integers a;, as,... ,as by expanding u/é in a form of con-
tinued fraction

=y —

SRS

a1 —
a3 —

1

s

where a; > 2 for 1 < i < s. We denote this fractional expansion by
p/b=lai,...,asl.

Given such a pair (u, 6), the geometric meaning of fractional expan-
sion of p/6 in the setting leading to Lemma 1.1 is given in th following
Lemma 1.3 which is well-known (cf. [9] and [4, pp. 75-78]).

Lemma 1.3. Let (u,8) be a pair of positive integers such that
p > 6 and ged(u,8) = 1. Let pA be a multiple fiber of p : X — B
with the contribution § of A in o*(My). Let u/6 = [oq,...,as and
p/(p—06) = [of,...,al] be the fractional expansions. Then the fiber
p*(p(A)) has the following dual graph:

-1 - o, -1 —a —a; -1
O———— O eun Ie S o U o V. —_—O——0
H, Aj A, A A, Ay H,

where (H?) = (Hy?) = -1 ifn=a=1.
The next result will clarify the geometric meaning of the condition
pop1 — p16o — pody = 1.

Lemma 1.4. Let (po,8) and (p1,61) be pairs as in Lemma 1.2
satisfying the condition popy — p16o — pod1 = 1. Suppose that g > 0
and & > 0. Let py /61 = [aa,... ,as] and po/bo = [B1,- .- ,Bt] be the
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fractional expansions. Let E be a union of smooth rational curves with
simple normal crossings on a smooth projective surface whose dual graph
s given as below:

—pt —B2 =P -1 —a - —0

B, By B, H, Ay Ag As

Then the following assertions hold.

(1) Suppose pop1 — p16o — pody = 1. Then E is contractible to a
smooth point.

(2) Suppose pop1 —p160—pody = —1. Then E contracts to a union of
two smooth rational curves with one of the following dual graphes:

0 = -6 0

o o o - (1), or o— 0 o -+ (2)
G’ G’

where G’ denotes the proper transform of the component G in the
fiber p*(p(po o)) and (G'?) = 6 — 1 (resp. (G'%) = —1) in the
case (1) (resp. (2)).

Proof.  First of all, we shall show that either a; = 2 or 1 = 2.
Write the condition pou; — p16p — poby = +1 as

Ho 151 1
) (A1) =1+ —.
(50 )(51 > 6061

Suppose a; > 3 and B > 3. Write p3 = a16; — &} and po = G160 — &
with 0 < 6] < 6; and 0 < §) < é9. Then we have

Mo 231 . _ ~% _ __i
(=) () = (rr-f) (a0-2)

vV
N
jum—t
+

=

o

N——

N
Pt
+

| =

N———
\

7N
[y
_+_
4

o

O

—

N——

which is a contradiction.
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(1) We shall prove the first assertion. Suppose f; = 2. Write
o = 260 — 6y with 0 < §) < 9. Suppose further that t = 1, i.e.,
o = 2,60 = 1,6, =0. Then u; = 261 + 1 and the dual graph becomes

-2 -1 -3 -2 —2
O— O— O— O————— v enn 'e)
B H, Ay Az As 1

Hence it contracts to a smooth point. Suppose that ¢ > 2. Let pj =
80, 1y = p1 — 61 and 6] = 8;. Then the pairs (ug, 6;) and (u], 67) satisfy
poKy — p18g — poby = 1.

If a; = 2 we can argue in a similar fashion. Hence we are done by
induction. The first assertion is verified.

(2) Next we shall verify the second assertion. Suppose 1 = 2 and
t = 1. Then p; = 26; — 1 and p1/61 = [2,61]. Hence E contracts to a
union of smooth rational curves with the dual graph:

0 —61

O O -0
G

where 6; > 2. Note that §; # 1. If ; = 2 and s = 1, we have a
similar conclusion as above with the second dual graph in the statement.
Suppose that oy = 37 = 2,s > 2 and t > 2. We shall show that this case
does not occur. Write p; = 26; — 8} with ¢, > 1 for ¢ = 0,1. Then the
condition pouy — w160 — od1 = —1 reads as 616+ 8p67 = 6,61 + 1. This
is a contradiction since §p > &) and 61 > 6]. So, a1 > 3 if 1 =2, > 2
and t > 2. As in the proof of the assertion (1), let py = o, ) = 1 — 63
and 8] = ;. Then the pairs (g, 6,) and (p}, 67) satisfy

pos — p18p — ppby = —1.

Hence we are done by induction.

In the graph, call the component with self-intersection number 0
(resp. —6) L (resp. S). In view of Lemma 1.2, if E' contracts to a union of
two rational curves L+S, the linear chain E’ contracts to a smooth point,
where E’ has the following dual graph with po/(uo — o) = [81, - - - , 8]

/

and pi/(p1 —61) = [, ... ,d].
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/ / / / / /
Py — Py _,81 -1 —Q —0y —
O————— s een OoO—- O— O— O e e o)
/ / / / / /
Bt’ Bz Bl H2 Al A2 s’

Let W be the surface obtained from V by the contractions of E and
E’ as described above. Then W has a Pl-fibration p’ : W — P! given
by the pencil |L| and S is a cross-section of p’. In the first case, the count
of the Picard number of W shows that G’ is a cross-section of p’ with
(G"*) = §—1. In the second case, the count of the Picard number shows
again that (G’ 2) = —1 and p’ has a unique singular fiber which contains
G’ and A as the terminal (—1) components and the (—2) components in
between (see the dual graph of the fiber p~(p(uoAo)))- Q.E.D.

Consider the case where pug = 1 and ég = 0.

Lemma 1.5. Suppose po =1 and 6o =0. Then 6 =1 ifa =0
and p1 = 61+ 1 ifa =1. Let u1/61 = [eu,... ,as] be the fractional
expansion. Let E be a union of smooth rational curves on a smooth
projective surface V with the dual graph:

-1 - —Qi —Q
O— O- — O e
H, Ay A As

Then either E contracts to a smooth point (case a =1) or E is a union
of two smooth rational curves with the dual graph (case a = 0) :

Proof. If a =0 then (H,?>) =0,s =1and (4,%) = —p1. Ifa = 1,
then [ay,...,05] =[2,...,2]. It is clear that E contracts to a smooth
point. Q.E.D.
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§2. Explicit equations

First of all, consider the case n = 1. We only consider the case
a =1 and 6y # 0. The case a = 0 and 6y = 0 can be treated in a
similar fashion. Furthermore, we assume that puous — 169 — po6y = —1.
The P!-fibration p : V — P!, which extends the given Al-fibration
p: X — P! has two degenerate fibers Sy and S; and two sections H
and Hy. We assume that Sg N X = pgA and S; N X = u; B, where
A= Al and B2 Al. Let E (resp. E’) be the connected component of

D — G U {the side linear chain between G and A}

which contains H; (resp. Hj) (see the notations at the beginning of
the section 1). By Lemma 1.4, E (resp. E’) contracts to a union of two
curves of the form (1) or (2) (resp. a smooth point). Suppose first that E
contracts to a union of two curves of the form (1). By the contaction of
E and E’, we obtain a smooth projective surface W with the boundary
divisor A such that W — A is isomorphic to X and A has the following
configuration (Figure 1):

B
-2 /
_2 . . . _2 : . . .
/ 1
§—1 i -5
G G’
L
0
(Figure 1.)

where A (resp. B) denotes, by abuse of notations, the image of A (resp.
B) under the contraction.
We blow up the intersection point GNL and its infinitely near points

to produce a configuration with the following dual graph (Figure 2):
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. .O. .

B
~1 _.-‘—'é -2 -1 —6
a O——O— v — O % o'

—————’
Loo
..... e U ¢ W o WIS SE—
—(r+2) -1 -2 —2 -3 -2 —2 -1
S— S———r
r 6—2
(Figure 2.)

In the configuration, all curves but A, B and L., are contracted to
two points, say P and @, on the image of L., (which we denote by the
same symbol L,). In fact, the obtained surface is the projective plane
P2 and P2 — L, is isomorphic to X. The image B of B is a curve of
degree r + 2 having a cuspidal singularity at P of multiplicity » + 1 and
passing through ) smoothly, and the image A of 4 is a line meeting B
at P with order of contact r + 2.

Choose a system of homogeneous coordinates (X,Y,Z) on P? so

that L., and A are defined by Z =0 and X = 0, respectively. Then B
is defined by an equation

YX™! — P(X,Z) =0,
where
P(X,Z)=a1 X" Z +a; X" 2%+ + a, 102" H?

with a,42 # 0. We may assume a; = 0 by replacing ¥ by Y — a,Z.
Let A be the pencil on P? consisting of the closures of fibers of the
given Al-fibration p : X — P!. Since u; B is a multiple fiber, we have

A= {(YXr-H ~P(X,Z))m L AX Ko Zri(r+H)Fui—po — 0; e Pl} - (1)

where we consider

(YX™H — P(X, Z))*r Z#o~ i (TH2) L xXHo =
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instead of the given equation if py > p1(r + 2).

Suppose next that E contracts to a union of two curves of the form
(2). Then, with the above notation, A has the following configuration
(Figure 3):

S |
-1 -9 / -1 |
_2 . e -—2 “'.. I
e \ I
G b |
| B
|
y o 1
\ T
l
(Figure 3.)

We consider two cases according as =6 +r+1>0o0or —0+7r+1 < 0.
Suppose first —6 + 7+ 1 > 0. Then we obtain the following dual graph
after a suitable blowing-up of the above configuration (Figure 4):

ey
5
—1 —2 -2 -1
O—— - e O R O
N, e’ A
G - T
Lo
O— O ...... O O
—(r+2) —1 —2 -2 —1
—§4r+1
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Again, all curves but A, B and L., are contracted to two points, say P
and @, on the image of L,,. The surface obtained by this contraction
is P2 and L is the line at infinity, i.e., P2 — Lo, & X. The image B
of B is a curve of degree r + 2 having a cuspidal singurarity at P of
multiplicity 7 + 1 and passing through @Q, and the image Aof Ais a
line meeting B at P with order of contact 7 + 2. Then we reach to the
expression (1) of the pencil A. Consider next the case —§ +r + 1 < 0.
Then we blow up the intersection point LN B and its (§ —r —2) infinitely
near points lying on the curve B (Figure 4):

o
5
1 ) B
O— - _O ..... o
| —
G v i
Lo
O O ...... O ')
-0 -1 -2 —2 -1
5—r—2
(Figure 5.)

Then all curves but A, B and L., are contracted to two points on the
image of L., and the surface obtained by this contraction is P? with
L., as a line at infinity. The same argument as in the previous cases
gives the expression (1) of the pencil A.

Consider the case yg = 1 and 6y = 0. Turning the configuration
upside down if necessary, we have only to consider the case a = 0, yug =
61 = 1 and 69 = 0. Then one can easily show that we have the same
configuration as in Figure 1 with 6 = u; after a suitable contraction of
the components of D. So, we have the same expression of A as given in
(1).

Consider finally the case n = 0. The case a = 1 and pg = 6o + 1
is obtained from the case a = 0 and § = 1 by turning the graph upside
down, i.e., changing the roles of H; and H;. So, we treat only the case
a =0 and §p = 1. Then we have the form (2) in the case n = 1. So, the
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argument is a complete repetition in the case n = 1 with the form (2).
We have thus the same expression as (1) with y; = 1.
Hence we obtain the following result.

‘Theorem 2.1. Let p: X — P! be an Al-fibration parametrized
by P'. Then, with the above notations, the pencil associated to p is given
as follows:

A= {(y:z;’”rl —p(m))“1 +Azt=0; A€ Pl} ,

where p(z) € k[z],degp(z) < r and p(0) # 0. Furthermore, we under-
stand that py, = 1 when there is no multiple fiber whose reduced form is
isomorphic to Al.

§3. Complements to the previous results

(I) Let C be an irreducible curve of A? and let X be anew the com-
plement A2 — C. In Aoki [1], it is observed whether or not X has an
étale non-finite endomorphism which is not an automorphism. In the
case where X has an Al-fibration p : X — B and p extends to an Al-
fibration p : A? — é, i.e., a general fiber of p is closed in A2, the case
B~Plis missing in the observation. We shall consider here this case
by applying Theorem 2.1. Note then that C is a fiber of p taken with
the reduced structure. We consider the following three cases separately:

(1) C is a multiple fiber pgAg, where Ag = A’

(2) C is a multiple fiber p; A1, where 4; = Al

(3) C is a general fiber of p.
In the case (1), X has logarithmic Kodaira dimension £(X) = —oo and
this case is treated in [1]. In the case (2), it follows from Theorem 2.1 and
the arguments leading to its proof that C' is defined by an equation of
the form yz™+! —p(x) = 0, where p(z) € k[z], degp(z) < r and p(0) # 0.
The polynomial yz"t! — p(z) is then a generically rational polynomial,
and this case is also treated in [1]. So, consider the case (3). By the
arguments in [6] to prove the first assertion of Lemma 1.1, we know that

n

1
®(X)=1 (resp. 0) if and only if n — E — >0 (resp. =0),
i=1 "

where n = 0,1. If n = 1 (resp. 0) then R(X) = 1 (resp. 0). If
n = 0 (hence p; = 1) then the general fiber C is defined by f = 0 with
f=yz ! — p(z) + z#°, and f is a generically rational polynomial. So
we may assume that n = 1. Hence ®(X) = 1.
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Let a: X; — X5 be an étale endomorphism, where we denote the
source (resp. target) X by X; (resp. Xz). Accordingly, we denote
by p; : X; — B; (i = 1,2) the same Al-fibration p : X — B, where
By & By, = A'. By [1, Lemma 3.2|, there exists an endomorphism
B : By — Bs such that ps - a = (- po.

We shall show that 3 is the identity automorphism. In fact, g
extends to an endomorphism B : El — Ez, where éz >~ P! and f?z =
B; U{P} for i = 1,2 with P := 5(C). It is clear that 3~1(P) = P. Let
P; := p(A;) for i = 0,1. By [3, Lemma 3.1], it follows that 3(P,) = P,
for i = 0,1 because ged(po, 1) = 1. Note that 3 is unramified at P,
and P;. By the same lemma, it follows that if 3(Q) = P, (i = 0,1)
for Q # P;, then the ramification index of ,5 at @ equals to ;. Let
d := deg B Suppose that r (resp. s) points of El other than P; (resp.
Py) are mapped to P; (resp. Pp) under B By the Riemann-Hurwitz
theorem, we have

-2 = —-2d+(d—-1)+7(p1 —1)+s(po—1)
= d—-r—s5—-3

where d = p7 + 1 = pos + 1. Hence we obtain
d=r+s+1=pir+1=pos+ 1. (1)

If d # 1 then r > 0 and s > 0. It is then easy to derive a contradiction
from (1) because ged(po, p1) = 1. Hence d = 1. Since (3 is an automor-
phism of P! fixing three points P, Py, P;, it follows that 3 is the identity
automorphism.

Since « satisfies now p-a = p, the étale endomorphism « induces an
endomorphism ag : X g — X g of the generic fiber X of p, where
K is the function field of B. Since p is an untwisted Al-fibration, we
know that Xy = SpecK [u,u™!]. Hence aj(u) = au®™ with a € K* and
n = deg a. Let G be the group of the n-th roots of unity in k. Then G
acts on X7 i and X3 g is the quotient curve X; g /G. Hence the function
field k(X1) is a Galois extension of k(X5) with Galois group G. Let X
(resp. W) be the normalization of X, (resp. A?) in k(X;), where X, is
the open set A2 —C of A2, and let v : X5 — Xo (resp. U: W — AZ2) be
the normalization morphism. By [5, Lemma 5], v : X 2 — X9 is an étale
Galois covering with group G with X, containing X; as an open set, the
composite pg - v : )2'2 — B is an Al-fibration such that ps - v|x, = p1,
and (ps - v) "} (Py) with Py = p(4p) is a disjoint union of n copies of
the affine lines 94y (g € G) so that X, — Xy = ]_[gec’g7é1 9Ay, where
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Ap =2 Al. The surface W is a normal affine surface with a G-action, and
A? is the quotient surface W/G. Furthermore, 5(:2 is a Zariski open set
of W. Note that 5-7: W — B is an Al-fibration. Let Z = (p- )~ 1(P),
where P = p(C). Then v induces a finite morphism 7 : Z — C. Since
the Al-fibration -7 : W — B is extended to a P!-fibration with two
cross-sections at infinity and since every irreducible component of Z has
at least two places at infinity (for otherwise it cannot dominate C' which
is isomorphic to Al), it follows that

(1) Z is irreducible,

(2) W has no singular points along Z,

(3) Z is isomorphic to Al.
In fact, let V' be a completion of W such that V' is smooth along V — W
the complement V' — W supports a divisor with simple normal crossings
and the Al-fibration p - U extends to a Pl-fibration q : V — B. If
Z is reducible, the fiber ¢~ '(P) must contain a loop of the irreducible
components because each irreducible component of Z has at least two
places at infinity. So, Z is irreducible. We may assume that ¢~!(P)
contains no (—1) curves lying in V — W. If W has singular points on Z,
the proper transform Zof Z by a minimal resolution of singularities of
W is a unique (—1) curve in the fiber meeting three or more components
of the fiber. This is a contradiction. So, W is smooth along W. Now it
is clear that Z is isomorphic to Al. This implies that 7 : W — AZ? is an
~étale finite Galois covering. Hence U is an isomorphism. In particular,
a : X7 — X5 is an automorphism. Thus we obtain the following:

Theorem 3.1. Let C be an irreducible curve in A? := Speck|z, y|
defined by

(yz™ — p(z))" + Azt =0,

where o > 1,1 > 1 and X # 0 and let X := A2 —C. Thenk(X) =1
and every étale endomorphism of X is an automorphism.

(IT) In [2], we considered an automorphism of infinite order of A? which
stabilizes an irreducible curve C. In [2, Lemma 1.4], the case where the
curve C has a defining equation

f=(yz"t" —p(x))" + Azhe =0,

is missing. We shall complete the result by treating here the missing
case. If u; =1, i.e.,, n = 0, then f is a generically rational polynomial,
and this case is treated in [2]. So, we assume that p; > 1. Asin the proof
of Theorem 3.1, §(X) = 1 and any automorphism « of X preserves the
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Al fibration p, i.e., p-a = p. Then a™}(Ag) = Ap and a1 (A;) = A;.
Namely, we have a(z) = cz and a(yz™* + p(z)) = d (yz"+* + p(z))
with ¢,d € k*. Here note that Ay (resp. A;) is defined by z = 0 (resp.
yz™t! + p(z) = 0). Since p(0) # 0, it follows that d = 1. Then we have

_ c—(’r+1)y n p(z) — p(ex)

a(y) JRa g

Hence p(z) = p(cz), and ¢ is an m-th root of unity for some m with
0 < m < r+ 1 because degp(z) < r. So, we obtain the following:

Theorem 3.2. Let C be an irreducible curve in A? := Speck|z, y|
defined by

(s — p(2))" + Ao =0,

where g > 1,p1 > 1 and X\ # 0 and let X := A? — C. Then every
automorphism of A? which stabilizes the curve C is of finite order.
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The Zarankiewicz Problem via Chow Forms

Marko Petkovsek, James Pommersheim and Irena Swanson

The well-known Zarankiewicz problem [Za] is to determine the least
positive integer Z(m,n,r, s) such that each m x n 0-1 matrix containing
Z(m,n,r,s) ones has an r X s submatrix consisting entirely of ones. In
graph-theoretic language, this is equivalent to finding the least positive
integer Z(m,n,r, s) such that each bipartite graph on m black vertices
and n white vertices with Z(m,n,r,s) edges has a complete bipartite
subgraph on r black vertices and s white vertices.

A complete solution of the Zarankiewicz problem has not been given.
While exact values of Z(m,n,r, s) are known for certain infinite subsets
of m,n,r and s, only asymptotic bounds are known in the general case;
for example, see Culik [C], Fiiredi [F], Guy [G], Hartmann, Mycielski
and Ryll-Nardzewski [HMR], Hyltén-Cavallius [HC], Irving [I], K&vari,
S6s and Turdn [KST], Mérs [M], Reiman [Re], Roman [Ro], Znam [Zn)].
Even the case r = s = 2 has not been answered in general. Here we
quote some known facts about this case: Hartmann, Mycielski and Ryll-
Nardzewski [HMR] proved the asymptotic bounds

en?? < Z(n,n,2,2) < con®/?

for some constants ¢; & 2 and ¢, = 2. Kévéri, Sés and Turén [KST]

4
proved that

Z(n,n,2,2) < 2n+n%? lim n=%2%Z(m,n,2,2) = 1.

n—o0

Moreover, when p is a prime integer, [KST] proved that Z(p?+p, p?, 2, 2)
= p?(p+ 1) + 1. Hyltén-Cavallius [HC] proved that Z(m,n,2,2) < 2+

\/;m(m — 1)+ % + L. Culik [C] proved that for n > (),

m

Z(m,n,2,2) = (2

)+n+1.
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Reiman [Re] showed the same equality for infinitely many other m and
n, and he also established a connection between finding Z(m,n,2,2)
and the existence of projective planes of given orders. This last existence
question is still wide open, and hence Reiman’s work provides convincing
evidence that finding Z(m,n, 2,2) for all m and n is a highly non-trivial
problem. Guy [G] calculated Z(m,n,2,2) for many small values of m
and n. Further asymptotic and exact values were established in [Ro],
This paper is an analysis of the r = s = 2 case of Zarankiewicz
problem from the point of view of commutative algebra. Our motiva-
tion came from the complexity theory of permanental ideals of generic
matrices. This brought forth a new connection between combinatorics,
computational algebra, commutative algebra, and algebraic geometry
involving not only permanental ideals, but also complexity of parame-
ters and Chow forms. We describe these connections in the first two
sections of this paper. In the final section, we also exhibit a connection
with hypergraphs and three dimensional matrices. However, with these
new connections we have not been able to shed any new light on the
Zarankiewicz problem; we have simply found several reformulations.

§1. Permanental ideals and balanced matrices

We begin by introducing permanental ideals, parameters, and com-
plexity of parameters via Chow forms. We present the Chow form for the
permanental ideals, and rephrase the question of computing Z(m,n, 2, 2)
in terms of the complexity of parameter ideals and their Chow forms.

Let F' be a field, and let X;; be indeterminates over F', where i =
1l,...,mand j =1,...,n, with m,n > 2. Let X be the m X n matrix
whose ¢j-th entry is X;;. The matrix X is the so-called generic m x n
matrix. Let P be the ideal in the polynomial ring F[X;|i, j| generated
by all 2 x 2 subpermanents of X. Specifically,

P= (X Xy + Xpj X |i <i' <m,j <j <n).

Note that the permanent is like the determinant but with all minus signs
replaced by plus signs. The ideal P is called the 2 X 2 permanental ideal
of X.

Permanental ideals have not been studied a great deal. This is
partly because that they do not seem to describe geometric properties,
and partly because permanents are very difficult to compute. One can
calculate the determinant of an n X n matrix in O(n3) steps, but for
a permanent, many more steps are needed. Calculating the permanent
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is in fact a #P-complete problem (see for example [V, Valiant]|, [B,
Biirgisser]).

One measure of the complexity of an ideal is the sparsity or non-
sparsity of a system of parameters modulo it. Not surprisingly, the
parameters modulo the 2 x 2 permanental ideal are not sparse. The goal
is to determine this complexity more precisely.

Definition 1. For an element Zij cij Xij to be a parameter mod-
ulo an ideal I, it is necessary and sufficient that it avoids all the minimal
primes of I. A system of parameters modulo I is a sequence of elements
ai,...,aq, where d is the dimension of the ring modulo I, such that for
allt=1,...,d, a; is a parameter modulo the ideal I + (ay,... ,a;_1).

A parameter is said to be sparse if most of the c;; are zero. The
complexity of a parameter is defined to be the number of nonzero c;;.
The complexity of I is then defined to be the smallest possible sum of
all the complexities of the parameters in a system of parameters, as we
vary the systems.

When m = n = 2, the permanental 2 x 2 ideal P is a prime ideal, so
that any one of the four X;; variables is a parameter. In this case the
complexity of a single parameter is 1.

When 2 = m < n, Laubenbacher and Swanson [LS] showed that
an element Zz j c;jXij is a parameter modulo the permanental ideal P
exactly when for each row i, at least one c;; is nonzero, and for each
2 x 2 submatrix of X, at least one of the corresponding c;; is nonzero.
Thus, one can see easily that the complexity of a parameter modulo the
2 x 2 permanental ideal of a 2 X n generic matrix is exactly n — 1.

Furthermore, when m,n > 3, again according to [LS], for } ij Cij Xij
to be a parameter modulo the permanental ideal P, it is necessary that
for each ¢, some c;; is nonzero, similarly that for each j, some c;; is
nonzero, and lastly that for all i < ¢/ < m, j < j/ < n, at least one of
Cij, Cig7y Citg, Cir g 1S nonzero.

We say that a 0-1 matrix is balanced if every 2 x 2 submatrix (not
necessarily contiguous) contains at least one unit element, and we let
f(m,n) be the minimal number of ones in a balanced m x n matrix.
Note that

f(m,n) =mn—Z(m,n,2,2)+1

where Z(m,n,r, s) is the Zarankiewicz number.

It turns out that f(m,n) equals the smallest possible complexity of
a single parameter, as we prove below. It is clear from above that in the
case 2 = m < n, both of these numbers are n — 1, and similarly when
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2 = n < m, both of these numbers are m — 1. In the sequel, we will
assume (without loss of generality) that 3 < m,n.
We first need a lemma:

Lemma 1. Let m,n > 3, and let A be a balanced m X n matriz
with fao ones. Then there exists a balanced m X n matrix B with exactly
fa ones such that every row and every column of B contains at least
one nonzero entry.

Proof. Suppose that one of the rows or columns of A is zero.
Without loss of generality we may assume that the first row of A is zero.
As A is balanced, each of the rows 2,3,... ,m must have at least n — 1
ones. Thus after possibly permuting the rows and columns of A, the
first three rows are of the form

0 0 0 0
o1 --- 1 1
* 1 1 xx

Here, *, x* are either 1 or 0, but they are not both 0 since A is balanced.
Let B be obtained from A by switching the (1,1) and (2,2) entries.
Then B is still balanced with f4 ones, and every row, every column of
B has at least one 1. Q.E.D.

Now we can show the connection between the complexity of param-
eters and f(m,n):

Proposition 1. Whenever 2 < m,n, f(m,n) equals the minimal
possible complexity of a parameter modulo P.

Proof. By the earlier discussion, we may take 3 < m < n without
loss of generality. For each parameter ), ; CijXij, we form the balanced
matrix A whose (7, ) entry equals 0 if ¢;; = 0 and equals 1 otherwise.
Notice that the balanced matrix A constructed in this way has the addi-
tional property that every row and every column of A contains a nonzero
entry. Conversely, given a balanced matrix A, we first use Lemma 1 to
convert it (non-uniquely) into a balanced matrix B such that every row
and every column of B contains a nonzero entry, we then construct a pa-
rameter ) ¢;; X;; modulo the 2 x 2 permanental ideal by setting c;; to be
the 5 entry of B. This element is indeed a parameter by [LS]. Q.E.D.

Thus finding f(m,n), the minimal number of ones in A, is the
same as finding the sparsest possible parameter for the polynomial ring
modulo the permanental ideal. Hence all the values and bounds on
Z(m,n,2,2) listed at the beginning of the paper apply also for mn + 1
minus the smallest possible complexity of a parameter. Clearly, no pa-
rameter is sparse.
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§2. Chow forms

There is another way to analyze the complexity of ideals, due to
Eisenbud and Sturmfels [ES]:

Theorem 1 ([ES, Theorem 2.7]). The complexity of an ideal
I equals the least number of variables appearing in any initial monomaeal
of the Chow form of the ring modulo I (under any monomial ordering).

Some helpful references for Chow forms are [Sh], [ES], [GS].

Of course, calculating the complexity of an ideal is much more than
calculating the complexity of a single parameter. However, the com-
plexity of the ideal divided by the number of parameters gives an upper
bound on the complexity of a parameter, and so by the previous section
this is a step towards computing Z(m,n,2,2). Thus, the problem is first
to calculate the Chow form of the ring modulo P, and secondly, to find
a monomial ordering on the variables under which the initial monomial
of the Chow form involves the fewest number of variables.

In general, the computation of Chow forms is difficult, in techni-
cal terms even NP-hard (see [ES| for discussion). Even in the case of
determinantal ideals, which tend to be much better behaved than per-
manental ideals, the Chow forms are difficult to compute. Glassbrenner
and Smith [GS] analyzed the complexity of determinantal ideals by us-
ing the theorem of Eisenbud and Sturmfels quoted above. For the ideal
of 2 x 2 minors of a generic m x n matrix, Glassbrenner and Smith
[GS] determined that the parameter complexity is exactly mn. As the
number of parameters in a parameter system for this ideal is m+n — 1,
this implies that we can choose the first parameter with at most mfrz‘_l
non-zero coefficients c;;. However, as the determinantal ideal is prime,
we may choose the first parameter to be any one of the variables, and
hence the smallest possible complexity of a parameter is exactly 1. In
contrast, the results on the Zarankiewicz problem quoted earlier show
that for the 2 x 2 permanental ideal the complexity of a parameter is
much larger.

Even though the complexity of the permanental Chow form and
the complexity of permanental parameters are much larger than the
corresponding complexities for determinants, here is at least one algebro-
geometric problem that turns out to be easier for permanents than for
determinants: namely, the computation of Chow forms.

The Chow form of an ideal is the product of the Chow forms of its
minimal primes. In addition, the Chow form of the ideal I plus an ideal
generated by variables is simply the Chow form of I. Putting these facts
together, we get:
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Proposition 2 (see [Sh]). The Chow form of the permanental
tdeal P 1is the product of the Chow forms of all the ideals Jyyj;0, with
1< i S m,j < j, S n, where Jii’jj’ = (Xinz"j’ + Xi’inj’) (genemted
by a 2 x 2 permanent of X).

The calculation of the Chow form of a principal ideal is straightfor-
ward (see for example [Sh]). In particular, to define the Chow form of
Xij Xirjr + X35 X550, we first introduce 12 new variables Ciyp, I varying
from 1 to the dimension of the polynomial ring in the four given variables
modulo the quadric (which is 3), and kp varying over the subscripts of
the variables X above. Let My ;; be the 3 x 4 generic matrix with
indeterminates Cjy, each of whose rows contains the variables with the
same first subscript and whose columns have the matching rest of the
subscripts. Explicitly,

Cii; Crij Chrijyr Cryye
Mii’jj’ = CZ'LJ C2i’j Cgij/ CQi’j’
C3i5 Czi5 Cajr Caprjr

The Chow form of X;; X;j» + XX, is given by
Riirgjr = Bijlirye + DirgDagr,

where Ay, is the determinant of the submatrix of M;; ;- after removing
the column corresponding to kp. We thus have:

Theorem 2. The Chow form of P is [] Riirjjr-

1,4/ ,7,3’

One can verify that each R;; ;5 is a linear combination of 66 distinct
monomials of degree 6. Hence the Chow form is the product of (%) (%)
factors, each of which is a linear combination of 66 monomials of degree
6. Thus while the Chow form is relatively easy to get at, its expansion
is far from computationally trivial.

By the Eisenbud-Sturmfels result (Theorem 1), we now have:

Theorem 3. The parameter complexity of the ideal P equals the
minimal number of distinct variables Ciip, appearing in any monomial
in the expansion of the Chow form of P.

This new formulation raises more questions than answers:

Question 1. What monomials appear in the expansion of the Chou
form of P? Is there a combinatorial representation of these monomials?
P

Question 2. What is the smallest possible number of distinct vari-
ables Cyyp such that a monomial appearing in the Chow form of P is a
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power product of exactly these variables? Also, what is the smallest possi-
ble number of distinct variables C1p such that a monomial appearing in

the Chow form of P is a power product of these variables and variables
C2klpl ) C3k:’p'?

By Theorem 3) the answer to the first part of Question 2 is exactly
the complexity of the ideal P. Furthermore, this number divided by 3
is an upper bound on the complexity of one parameter modulo P, and
hence also an upper bound on f(m,n).

A further question is then:

Question 3. Does this upper bound on mn + 1 — f(m,n) give a
new lower bound on the Zarankiewicz number Z(m,n,2,2)?

§3. Zarankiewicz problem in three dimensions and hyper-
graphs

It turns out that the monomials appearing in the Chow form of P
are related to a certain three-dimensional Zarankiewicz problem. We
now discuss this connection.

We will call a 3 x m x n 0-1 matrix balanced if (a) it contains no zero
submatrix of size 2 x 2 x 1,2 x1x 2, 0r 1 X2 x 2, and (b) none of the
mn columns {A,;;, A2, j,As ;} consists entirely of zeros. We define
g(m,n) to be the minimum number of ones in any balanced matrix of
size 3 X m X n.

Just as the (2-dimensional) Zarankiewicz problem can be phrased in
the language of graph theory, so the above condition (a) can be expressed
in terms of hypergraphs. Here we are looking for the minimum number
of edges in the complete tripartite 3-graph K3 ,,, , with the property that
the complement does not contain the tripartite 3-graph K2 1. Condi-
tion (b) seems perhaps a little less natural. It is interesting to note,
however, that condition (b) is similar to the extra condition that arose
in our combinatorial interpretation of the (2-dimensional) Zarankiewicz
problem: namely, that each column of the matrix should contain at least
one 1. Lemma 1 showed that this extra condition was, in fact, redun-
dant. However, this does not appear to follow easily in the 3-dimensional
case.

For any monomial v in the variables Cj, (I =1...3, k=1...m,
p=1...n), we can form a 3 x m x n 0-1 matrix, where a 1 in position
(I, k,p) indicates that « is divisible by Cj;,. We then have the following:

Theorem 4. Any monomial that appears in the expansion of the
Chow form of P determines a balanced 3 x m x n submatrixz. Hence, the
parameter complezity of the ideal P is greater than or equal to g(m,n).
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Manifestly, a 3 xm xn matrix is balanced if and only if every 3 x2x 2
submatrix of it is balanced. Thus, to prove the theorem, it is enough to
prove the following lemma.

Lemma 2. Any monomial appearing in the expansion of R0 =
AijAijr + AyjAyy determines a 3 X 2 X 2 balanced submatriz of the
matriz (Clip)-

Proof.  For condition (a), there are three things to check. First
consider the case of a 1 x 2 x 2 submatrix. Without loss of generality,
such a matrix corresponds to the four monomials Ci;;, C1475, Crijr, Crirjr.
Clearly, each of the four determinants A above will involve one of these
monomials. Now consider a 2 X 1 X 2 submatrix. Without loss of gener-
ality, such a matrix corresponds to the four monomials Cj;j, Ca;;, Ciijr,
Caij7. Any term in Ay ;s or in Ay ; contains one of these four monomials.
Thus any term of R;;;;» will contain one of these four, as well. The case
of 2 x 2 x 1 submatrices is similar.

To verify condition (b), we consider the monomials Cy;;, Ca;j, Cs;;-
Clearly, any term in A;;, A, or Ay contains one of these three
monomials. Thus any term of R;; ;- will also contain at least one of the
three monomials above. Hence, condition (b) is satisfied. Q.E.D.

Given the inequality of Theorem 4, one might wonder if the com-
plexity of ideal P is actually equal to g(m,n). Indeed, the following
converse of Lemma 2 is true. Given any 3 x 2 x 2 balanced matrix M,
there is a monomial occurring in the expansion of A;; Ay + Ay Ay e all
of whose variables correspond to 1’s in M. (One can check this, for ex-
ample, by a tedious examination of cases.) Suppose that A is a balanced
3 xm xn matrix. It would follow from the converse of Lemma 2 that one
of the 66(3)(3) terms in the expansion of the Chow form of P consists
entirely of variables corresponding to 1’s in A. Thus if no monomial in
this expansion cancels out entirely, then the parameter complexity of P
is exactly g(m,n). Unfortunately, it is not clear to us whether or not
such cancelation can occur.

In any case, each of the three 1 x m x n submatrices of the 3 x m xn
balanced matrix is a balanced m x n matrix. Thus g(m,n) > 3f(m,n).
This finally expands on the last question:

Question 4. Is mn + 1 — 1g(m,n) a new lower bound on the
Zarankiewicz number Z(m,n,2,2)?
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Notes on the Topology of Hyperplane Arrangements
and Braid Groups

Claudio Procesi

Introduction.

We will be concerned with the following problem. Let V be an
n—dimensional vector space over R. Denote its complexification Vg =
V4V,

Consider furthermore a finite family H := H; := {H;};cs of real
hyperplanes in V' which for simplicity we assume all passing through the
origin. The set of given hyperplanes and all their intersections form a
finite set of subspaces of V' partially ordered by inclusion.

We shall restrict to the case in which N; H; = 0 (such an arrangement
is called essential) in fact this is not a serious restriction.

We shall denote by
L(H) = {mieTHilT C I}

this finite set of subspaces (closed under intersection), which will be
referred to as the real arrangement.

The complexification of all these subspaces is the corresponding
complex arrangement in V. Our main concern will be the study of
the topology of the complement in V¢ of the union U;er(H;)c.-

Let us denote by A := Vo — U;er(H;)c this open set.

Of particular interest is the case in which V' is a Euclidean space and
the H; are the reflection hyperplanes of a finite reflection group [Bou].

These groups have been classified by Coxeter, the finite reflection
group W acts freely on A and we can form the covering

A= AJW.

Received July 3, 2000.
Partially supported by M. U. R. S. T. 40%.
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Among these reflection groups there is the type A,, wich is the group
Syn+1 of permutations of the coordinates of R®*1 (the reflection hyper-
planes are the ones of equations x; — z; = 0). In this case \A/S,, 11 can
be identified to the space of monic polinomials of degree n with dis-
tinct roots. The homotopy groups of A, A/W have been determined
by Brieskorn [Br] and in the case A, we have the classical Artin braid
group B,. Moreover it has been proved by Deligne [De] that A, A/W
are both K (7, 1) spaces.

Salvetti [S1] has described a very explicit finite CW complex homo-
topically equivalent to A resp. A/W and, with the use of this complex
many cohomology computations for these groups can be performed (cf.
also [B-Z]).

De Concini and Salvetti have used these methods also to compute
the cohomology of finite reflection groups. In these notes we explain
some of these topics.

These notes are a first draft of a project which may never see the
light and I make them available in the hope that they may be useful.
Nothing new is here just maybe some improvements in the notations
and presentation.

A the moment, even if the Salvetti complex is very explicit there is
no real simplification available in the proof of Deligne and this topic is
not included. The main open problems are related to the genus of the
fibration given by the action of the reflection group on the regular part
and we refer to [DS2] for details.

Note added in proof. The following paper in fact is very relevant:
C. C. Squier, The homological algebra of Artin groups, Math. Scand.,
75 (1995), 5-43.

§1. Real arrangements

We start our analysis from real arrangements, we give some basic
definitions.

With the notations of the introduction we fix a finite family H :=
Hy := {H;}icr of real hyperplanes in V and denote by L(H) := {N;c7 H;|
T C I} the associated real arrangement (i.e. the set of all possible
intersections of the H;).

Definition. The connected components of V — U; H; are called
chambers of the arrangement.

Clearly the chambers are connected convex open sets of V.
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Given any subspace W € L(H) of the arrangement the set of hyper-
planes in the arrangement which do not contain W cuts on W a family
H|w of hyperplanes and the induced arrangent in W is a subset of L(H).
The chambers of all the induced arrangements in all the subspaces in
L(H) are called faces, ! the set of all faces will be denoted by F(H).

Lemma 1.1. The faces form a partition of V.

The proof is by easy induction.

Let us choose for each i € I an explicit linear equation «; = 0 for
the hyperplane H;.

Given a chamber F, by connectedness each «; has a definite sign (4
or —) on the points of F' and conversely if on 2 points p,qin A =V —-U,; H;
the funcions a; have the same sign then this happens on the entire
segment tp + (1 — t)g, 0 <t <1 which connects p, q in A.

Thus a chamber determines and is determined by a sequence of signs
(of course not all sequences occur).

For a face in general some of the «; are also 0 and thus we see that
more generally a face determines and it is determined by a sequence of
signs +, —, 0 indexed by I.

This remark has an immediate implication. If we consider the ar-
rangement L(H ;) associated to a subset J C I of the given set of hy-
perplanes we have:

Proposition 1.2. Fach face of the arrangement L(H j) is a union
of faces of the arrangement L(H).

Lemma 1.3. The closure of a face F' is a union of faces.

Proof. We prove this statement by induction on the dimension of
the face and thus we may assume that the face is a chamber.

If p € F is a point then a;(p) is either 0 or it has the same sign of
a;(q) for g € F.

In particular we see that the half closed segment tp + (1 — t)g, 0 <
t < 1 is entirely contained in the chamber F'.

Let F; be the face in which p is contained and r € F) since the
sequence of signs for r coincides with that of p we see that also the half
closed segment tr + (1 — t)q, 0 < t < 1 is entirely contained in the
chamber F' and thus r € F. O

'In the french literature one distinguishes between faces as the codimen-
sion 1 faces and facettes for the others.
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We have thus defined a partial order on the set of faces and we shall
denote by F the partially ordered set of faces, the usual convention is
F, < F5, if and only if F5 C Fy. Thus the chambers are the minimal
faces.

§2. Fans

The fundamental combinatorial object is the nerve of the poset F
i.e. the simplicial complex whose vertices are in 1-1 correspondence with
the faces and whose simplices correspond to totally ordered subsets of
faces.

Let us axiomatize this construction. Let us call a cone any subset
ACVsuchthatve A, a >0, = av € A.

Definition. A polyhedral fan? F := {F}};c; is a finite family of
convex cones, called the strata such that:

1) 0 is a stratum.

2) The closure of a stratum is a union of strata.

3) V = U;er F; is a decomposition (i.e. disjoint union) of V.

By definition then the set of strata is a poset by setting Fy < F if
and only if Fy» C F'y (F3 is contained in the closure F'; of F7.)

Thus the set of faces of a hyperplane arrangement is a polyhedral
fan, we will see another important example when we treat complex ar-
rangements. Let us fix a polyhedral fan, before proceding let us remark
some simple facts.

a) If we intersect a line [ with the strata of a fan, it becomes de-
composed as disjoint union of convex strata, such that the closure of
a stratum is a union of strata. Then these strata are open segments
(possibly infinite) and their extremal points.

b) If W C V is a subspace the family W N F; of non empty intersec-
tions is a polyhedral fan in W.

c) A polyhedral fan in the line R is necessarily the decomposition
R-, O,R™.

d) A polyhedral fan in R? is given by a finite set of half lines r;
and the connected components of their complement. Notice that such

components are convex if and only if the angle between two successive
lines il < 7.

2the definition we use is slightly more general that the one usually intro-
duced in the theory of torus embeddings.
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Part d) needs a proof. Consider a stratum S which is not a half
line. S is a convex cone containing two linearly independent vectors a, b.
Consider the intersection of S with the line through a,b it is a convex
set A in this line which by the previous codiscussion is open, then it is
easy to conclude the proof.

The main construction is a geometric realization of this poset in V'
but in fact this is a consequence of the construction of a simplicial fan,
which is a pseudobaricentric subdivision of the given fan.

For this let us select in each stratum F, different from the stratum
reduced to 0, a vector vp.

There is a totally elementary but essential Lemma associated to this
construction.

Lemma 2.1. Given a vector v € F in a stratum F' there exists,
a unique vector w € OF in the boundary of F, and a unique positive
numeber a > 0 such that:

v = avFr + w.

Proof. If v is a multiple avp of vp then a > 0 and w = 0.
Otherwise we work in the 2-dimensional plane 7 spanned by v,vp in
which the intersection F'N 7 appears as an open conver angle limited by
two half lines which are in dF', then in this 2 dimensional picture the
statement is clear. Ol

Theorem 2.2. 1) Given a simplez S:=F; < Fh<--- < F, <0
the vectors vy := vp,,V2 := UR,,...Vk := VR, are linearly independent.

2) Let Cs = {>_a;v;, a; > 0} the corresponding open stmplicial
cone. Then V — 0 is the disjoint union on the cones Cg.

3) Each stratum F is the union of the cones Cg where the first
element of S is F'.

proof. We claim that all these statements are immediatete conse-
quences of the previous Lemma. In fact let us take a vector v € V —0
then v € F| where F} is a non 0 stratum uniquely determined.

By the previous Lemma v = a1vp, +w;. If w; = 0 we stop otherwise
wy € Fy # 0, wy = avp, + wa, ag > 0 with F} < F,. Continuing in
this way we see that each point has a unque expression of the form

U:Zaivﬂ-: a; >0, Fi<Fy<..-<F, <O.
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Let us now consider, for each combinatorial simplex S := F| < Fy <
.-+ < F} the geometrical simplex

|S| := vp, ¥ VR, ¥ - xVp,

convex envelope (or join) of the (independent?®) vertices vp, (we now
allow also the stratum 0).

Corollary 2.3.  The simpleces |S| form a simplicial subdivision
on a combinatorial ball Bxr with boundary II the union of simpleces
|S|, S:=F1 < F» <--- < Fy, <0 not containing the vertez 0.

The map j: RT xII - V =0, j(a,v) := av is a homeomorphism.

Proof. 'We have seen that the cones C's decompose V' — 0 on the
other hand clearly the closure C'g of the cone Cg is the union:

Cs =UpcsCr

this implies that the simplices of Il form a simplicial complex.

For the second part it is clearly enough to show that j is bijective,
for this we construct the inverse. Given a point v € V' — 0 we have that
v is uniquely of the form:

v = {Zaivi, a; >0} € Cg

we set a = >, a; and w:= 2 then w € Il and j7*(v) = (a, w). O

§3. Subspace arrangements

Let us consider again a polyhedral fan F = {F;};c; and consider
a closed subset X C V with X = U;c;F; a union of strata. Let A :=
V — X = Ujg s F; also a union of strata.

Denote ass before by II the simplicial realization of the complex of
non O strata in F and let Iy, II% be the two full subcomplexes of II
with the vertices in X and in A respectively.

From the last corollary it follows that the homeomorphism j?! :
V-0 — R* xII maps X —0, A respectively to RT xIIx, R x (II-TIx).

By standard facts I3 is a deformation retract of IT — ITx and thus
we obtain:

Theorem 3.1. The open set A=V — X has the same homotopy
type as I1%.

3in the sense of affine geometry
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Let us see the implication of this discussion to the topology of
subspace arrangements. If we consider an arrangement of subspaces
W := {W;} contained in L(H) we have that:

(1) The union Viy := UW; of the subspaces W, is a union of faces.

(2) The intersection of Vi with II is the full subcomplex Iy with
vertices the vertices vp, F C Viy or vp € Viy.

(3) Under the homeomorohism j the open set V — Vi corresponds
to

R* x (I — IIw).
Thus consider the orthogonal subcomplex to Iy i.e. the full sub-
complex I3, having the vertices vp ¢ Viy.
We obtain:

Corollary 3.2. The open set V — Vi has the same homotopy type
as H‘%V.

Since we will need it in a moment let us see what happens for non
essential arrangements. Assume thus that the intersection NH; = A is
a linear subspace of codimension m.

Fix a linear complement B to A so that V = A & B then the hyper-
planes H; intersect B in an essential arrangement Lg(H). The faces of
L(H) can be identified with A x G with G face of Lg(H).

Then the open set V —U; H; is homeomorphic to A x (B—U;(BNH;).

Thus again V —U,; H; has the same homotopy type as the polyhedron
II associated to the induced arrangement on B.

Proposition 3.3. If A = N;H; s a subspace of codimension m
the geometric realization of the poset of faces of the arrangement is a
combinatorial m—ball.

Before passing to complex arrangements it is useful to analyze a
cellular structure of the polyhedrons IT, Ty, I3},

For this we need a little more notations. Given a face F' let us define
by (F) the linear span of F' (we know that (F') € L(H) and that F is a
chamber of (F)).

Consider furthermore the set of indeces Jp : {i € I|F C H;}.
HJF = {Hle C Hz}

This is typically a non essential arrangement and (F') = N;cy, H;.
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We have seen that II is a combinatorial sphere and its join with 0,
By =11%0 a ball. More generally if F' is a face consider the poset Lp
of all faces G such that F' > G i.e. such that F' C G.

We claim that:

Lemma 3.4. As a poset Lr is isomorphic to the poset of faces of
the configuration Hj, of hyperplanes containing F'.

Proof. Take a face G € L, from Proposition 1 we know that it is
contained in a unique face of the subarrangement L(H ;).

Conversely take one such face G which we know (always by the same
proposition) is a union of faces in F(H).

These faces differ only for the signs of the equations «; which do
not vanish on F. Since F C G we must have that F' C F’ where F/ C G
is a face in F'(H). This face is unique since on this face the signs of the
equations a; which do not vanish on F' must have the same sign as on

F. O

From the previous proposition we get:

Corollary 3.5. The nerve of the poset Lr s a triangulation of a
combinatorial ball Br of dimension the codimension of F.

This fact has an important implication:

Theorem 3.6. The boundary of Bp is the union of the Bg with
G < F. ,
O0Br = Ug<rBg.

The balls Br as F varies on all faces of the hyperplane arrangement
give a cellular decomposition of the ball Byy.

For any given subspace arrangement W (of the hyperplane arrange-
ment) the polyhedron H‘%V s a sub cell complex given by the balls Br as
F varies on the faces F' of the arrangement which are not contained in
the union of the subspaces.

We will refer to Br as the cell dual to F.

Product of arrangements. Before we pass to complex arrange-
ments let us treat briefly a simple general construction. Civen two vector
spaces V1, V, and in each an arrangement of hyperplanes H!, H? we can
define the product arrangement H! x H? in V; x V3 in the obvious way.

H x H2 :={H x Vo, Vi x K|H € Hy, K € Hy}.
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One easily sees that the faces of this arrangemens are just products:
F(H! x H?) = {F} x F3|Fy, € F(H'), F», € F(H?)}

as poset we have that F/(H! x H?) is the product F(H?!), x F(H?) of the
two posets with the product order (a,b) < (¢,d) ifand only ifa < ¢, b <
d.

4. Complex arrangements

It is now the time to look at complex arrangements, i.e. arrange-
ments of hyperplanes given by real equations in complex space, or the
complexification of a real arrangement H in V.

Of course the idea is to treat such arrangements as subspace ar-
rangements in a real space. More precisely in Vg =V +1V =V x V the
complex hyperplane of equation ay(v + iw) = 0 is the real codimension
2 subspace Hy, := Hy, + iH), (where Hy, = {v € Vl]ax(v) = 0}).

Therefore the subspaces Hy, are part of the hyperplane arrangement
associated to the real hyperplanes Hy +:V, V +iH;, in the notations of
the previous paragraph this is in fact H x H. One can therefore apply
the previous theory to this hyperplane arrangement. There is on the
other hand a much more efficient way to procede due to Salvetti and we
describe this.

Given a face A of the hyperplane arrangement H consider the hy-
perplane arrangement H 4 generated by the hyperplanes containing A
we consider the set

CF(H):={(A,B)| A€ F(H), B F(Ha)}

of pairs (A, B) where A is a face in the original hyperplane arrangement
‘H while B is a face of the subarrangement H 4.

Proposition 4.1. 1) The sets Ax B=A+1iB, (A,B) € CF(H)
decompose Vo =V + iV.

2) The closure A+ iB is a union of strata Ay + iBy, (Ag,Bg) €
CF(H).

Proof. 1) We have a decomposition V +iV = Ugcp)A +iV and
then a decomposition A + iV = Upcpn,)A +1iB.

2) We have for the closure A +iB = A+iB = Ax B and A = UA
is a union of faces in F(H) while B = UBj, is a union of faces in F(H.a).

Thus Ax B = Uk, n Ak X By, now the decomposition of V' into faces for
F(H.a,) is a refinement of the decomposition of V into faces for F(H4),
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since Ay is in the closure of A and so the set of hyperplanes containing
Ay contains the set of hyperplanes containing A. L]

Therefore in a natural way the set of pairs CF(H) is also a par-
tially ordered set and we are going (as in §1) to represent its nerve as a
simplicial complex.

Remark that also the strata A x B, (A,B) € CF(H) are convex
cones (open in their closure). Thus

Theorem 4.2. The set of strata A x B, (A,B) € CF(H) is a
polyhedral fan.

We have to understand now how the open set A complement of the
complex hyperplane arrangement, appears in this picture.

Proposition 4.3. A is the union of the faces A+ iB, (A,B) €
CF(H) with B open.

Proof. A vector a 4 b is in A if and only if b is not contained
in any of the hyperplanes of H in which a is contained. This describes
exactly the union of the strata in CF(H) described by the proposition.

O

Let us thus set
Fc:={A+iB| (A,B)€ CF(H) with B open}.

This is a poset and, if we fix a vertex in each stratum of F¢ and

construct the corresponding simplicial complex IIc we have, by Theorem
3.1.

Theorem 4.4. The complement A of the complex hyperplane ar-
rangement has the same homotopy type as that of the simplicial complex
IIc geometric realization of F¢.

We want to describe now the natural cellular structure of the poset
Fc.

Fix a face (A, B) € Fc. We want to consider the poset of all faces
(C,D) < (A, B).

By definition (C, D) < (A, B) means A C C, B C D. Since B, D
are open sets this condition is in fact equivalent to:

AcC,BcD
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thus D is the unique chamber of the configuration of hyperplanes through
C which contains B. In other words, given (A, B) € Fc, the subposet

F(A,B) :={(C,D) € Fc|(C,D) < (4, B)}

of F¢ formed by all faces (C, D) < (A, B) is isomorphic to the poset L4
of all faces C of the hyperplane arrangement with C < A. By Corollary

3.2 the nerve of the poset F(A, B) is a triangulation of a combinatorial
disk A(A, B) of dimension the codimension of A.

By construction the boundary of this ball is also a union of balls
relative to pairs (C, D) < (A, B) and thus:

Corollary 4.5. We have a cell complex structure on the polyhedron
IT in which the cells A(A, B) of dimension k are indexed by elements
(A, B) € Fc with A of codimension k.

The boundary of A(A, B) is

O(A(A,B)) = Uar,py<(a,p)A(A", BY).

§5. Reflection arrangements

We consider now an n—dimensional Euclidean space V' and the ar-
rangement of reflection hyperplanes of a finite Coxeter group W. By
this we mean that W is a finite group generated bty reflections with
respect to some hyperplanes H; and the arrangement is formed by these
H; and also all their transforms under the group W.

We plan to describe the various polyhedra considered, for real and
complex arrangements, in this case and in a W equivariant way.

We start from the real polyhedron.
We assume that the only fixed vector is 0.

Fix for every H; in the arrangement an orthogonal vector a; so that
H; :={veV|(a;,v) =0}.

The elements +a; play the same role as the roots of a root system.
Fixing a vector v outside all hyperplanes H; determines positive roots
and a fundamental chamber.

From the theory of these groups one can choose n—independent
reflection hyperplanes H;,7 = 1,...,n which are the walls of a chamber
C which conventionally we will call the fundamental chamber.

H; := {v € V|(aj,v) = 0} the elements «; correspond for root
systemes to simple roots.
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Thus the chamber C is a simplicial cone
C:= {Z aiuilai > 0}
i=1

(Ozi, ’LLj) = 61]
The wall H; is spanned by the u;, j # 7, the group W is generated
by the reflections s; relative to the walls H;.

The closure C := {>°% | a;uila; > 0} of C is a fundamental domain
for the action of W.

The stabilizer of a face F' of C acts trivially on the face and it
is generated by the simple reflections s; relative to the walls H; with
F C H;.

F is determined by a subset J C I := {1,...,n} we will denote it
by F; and we denote by W; the subgroup generated by the s;, i € J.
Wy is also a reflection group which may also be realized as a reflection
group on the subspace (F)* orthogonal to the span of the face F. The
fixed vectors of W form the span (F) of the face F.

Consider now a vector vg € C in the open chamber. By what we
have said the orbit Wuq gives rise to a point in each chambers and it is
in 1-1 correspondence with W.

Denote by v, := wvg, w € W. Let A be the convex hull of the
points v,,. Then it is also true that the v, span V and hence A is a
convex polyhedral ball of dimension n. Clearly A is stable under W and
since its extremal points are among the points Wuy it follows that all
these points are extremal.

For any face Fy of C let us set

1
vy = ’W I Z WY
J weWy

the baricenter of the orbit of vg under W.

Lemma 5.1. We have that vy € F and vy is the orthogonal
projection of vy to the span (F') of the face F'.

Proof. vy is fixed by Wy hence it is in (F), if we decompose
vo=u+2z, u€(F), z€ (F)- we have that > wew, wz = 0 and hence
the claim u = vy.

We still have to prove that v; € F. By induction it is enough to do
it when F' is a codimension 1 face of C. If H; is the wall through F' and
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s; the corresponding simple reflection vy = 1/2(v + s;v9) and H; is the
only wall separating the two chambers C, s;(C) thus the signs (a;,w)
for j # ¢ do not change crossing this wall and we see that (a;,vp) > 0
for 7 #1¢ and so vp € F. O

Every other face F' is uniquely W equivalent to a face F; and if
F' = wF; the element w lies in a coset wW and so

VEr = Wug

is well defined.

We have thus defined, for all faces F' of the refection arrangement a
vector vg characterized by the following properties:

1) If F = wG then vp = wog.

2) If F C G then vp is the orthogonal projection of vg to (F).

We can now consider the simplicial complex II associated to the

vertices vy and simpleces induced from the poset structure of the faces.
We have that:

Theorem 5.2. II is a triangulation of the ball A convex hull of
the points v.,.

Proof. By construction all the vertices of this polyhedron are
contained in A and so II triangulates some polyhedron contained in A
but now the faces of A are balls of the same type for smaller reflection
systems for which the coincidence is by induction and this proves the
claim. U

Remark 5.3. With the notations of §3 notice that, the cell dual
to a face F' is the convex envelope of the orbit under the reflection group
generated by the hyperplanes through F' of a point v,, in a chamber of
which F' is a face. Let us pass now to the complexified picture and to
the open set A.

From §4 we know that this is stratified by the set
Fc:={A+iB| (A,B) € CF(H) with B open}.

Here A is a face of the reflection arrangement while B by the descrip-
tion of §4 is a chamber of the reflection arrangement generated by the
hyperplanes containg A.

Proposition 5.4. There exists a unique J C I and a unique
w € W such that

w(A4, B) := (wA,wB) = (F;,wB), C C wB.
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Proof. Since C is a fundamental domain there exists a J C I and a
w € W such that w(A) = Fy, the set of elements {w' € W|w'(A) = F,}
is the coset W w.

The chamber wB is one of the chambers of the reflection arrange-
ment generated by the hyperplanes containg F; and W; acts simply
transitively on these chambers, of which one and only one contains C
the statement follows. O

We have now to choose judiciously the points v 4 gy, (A,B) €
CF(H) so that the resulting polyhedron is W stable. Since there is
a unique w € W with wA = F;, wB D C we define

v(a,B) = w(vy +ivg).
We obtain that:

Theorem 5.5. The simplicial complex llc with vertices v 4, By :=
w(vy + ivg) and simplices induced by the poset structure of CF(H) is
W stable moreover the homotopy equivalence between A and llg is W
equivariant.

Proof. The homeomorphism j is clearly W equivariant, but if we
have a polyhedro II a full subpolyhedron IIx and its orthogonal II%
the deformation from II — [Ix to II% is canonical along the rays joining
a point in IIx and in Hﬂ‘( so if we have a simplicial action of a group
preserving these two polyhedra also the deformation is equivariant. [J

We can finally use all this to analyze the homotopy type of A/W.
From what we have seen this is homotopically equivalent to IIc/W.

We have seen (last corollary of §4) that I1¢ has a cellular structure in
which the cells A(A, B) of dimension k are indexed by elements (A, B) €
Fc with A of codimension k.

Given a set J C I with k elements we have in particular the &k cell
Cy: A(FJ,B), C CB.

By the previous Proposition each cell is W equivalent to one and only one
of the cells C;. Therefore we deduce that the space IIc/W is obtained
in some way attaching these cells.

The simplest way to describe these attachments is the following.

Consider the n cell A(0,C) which is the simplicial complex with
vertices vp + ivg as F' runs through the faces of the real arrangement
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and is isomorphic (also as simplicial complex) to the ball A of the real
picture by projection to the real part. The cells C; are contained in
A(0,C) and thus under projection

m:A0,C) - /W

is surjective. A face A(F, D), C C D is identifyed to a unique face C;
by the element w € W with wF = Fj, C CwD.

Dj := wD is the unique face of the arrangement generated by F;

and containg C. Since we have already that C C D we must have also
wC C D J-

Lemma 5.6. The unique element wg € W such that woF' =
Fj, woD = Dj where D 1is the unique face of the arrangement generated
by F' and containg C is the shortest element in the coset Wy w.

Proof. The set of elements w|wF = Fj is the coset Wjywy. We
claim that the shortest element on the coset is characterized by the fact
that I(s;wo) = l(wg) + 1 for all ¢ € J and this in turn is equivalent to
wy *(a;) > 0 for all the roots ; associated to the hyprplanes H;, i € J.
Now C = {v|(ai,v) = a;(v) > 0, Vi € I} while D; := {v|ay(v) >
0, Vi € J} and thus since woC C Dy we have for ¢ € J that:

vEC, (wytas,v) = (a;,wev) > 0.

O
So we have the

Theorem 5.7.  The space llc/W which is of homotopy type of
A/W is obtained brom the ball A identifying each face F' with the face
Cy in its W orbit, using the shortest element w in the coset Wyw for
which WJ wk = CJ.

Let us draw some interesting consequence of this.

First of all we deduce immediately Brieskorn presentation by gener-
ators and relations of the generalized braid group.

The homotopy group of Ilc/W is computed by just considering the
1 and 2 cells. the 1 cells give a bouquet of circles, corresponding to the 1
faces joining vy to s;vg, we denote by T; the corresponding loop oriented
from vg to s;vg. Thus the T; are generators for the homotopy group.
The 2 cells give the relations. Given 2 nodes %, j of the Dynkin diagram
we deduce a relation between T;,T; and it easily seen to be:

;T =1T;T;, TIT;,T; = T; 175, TiT; 1T = 15T,
T.T,TTyTT; = T, LT TI, T,
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according if the two nodes are joined by 0, 1,2, 3 edges.

First of all let us look at the 1-dimensional cells which are of the
ones of vertices ws;vg, wvg. If [(ws;) = [(w)+ 1 then w™! is the element
of shortest length identifying the 1-cell with s;vp,v9. The generator T;
is by definition the loop associated to the oriented edge vg, s;v9. Thus
the lift of T; from the point wwvg goes to the point ws;vg along this edge.

Next consider the universal covering space 7 : Y . II/W of
IIc/W and of II. Lifting the cellular structure of Il we have a paving of
I by cells which are permuted by the group of deck transformations.

We fix a cell C of amaximal dimension mapping to A(0,C) and
a base point pg in C mapping to vg. Thus we identify the group of
deck transformations with the generalized braid group B using this base
point.

Under the homeomorphism of C to A(0, C) the vertices wvg are in
the orbit of py under the group of deck transformations

wvg = 7(Twpo)

and this defines a canonical lift T, of w.

If w= sy 8i,...5; is a reduced expression the we claim that

T, =TT, ...T;.
In fact there is a path from vy to wvy given by the edges [s;, vo,vol,
[8iy8iy -« - Sip V0, Siy - - - Sip Vo] Which maps in II/W to a path giving the
element T;, T;, ... T;, of the homotopy group.

Next we identify in C' the copies of the C; which we denote by the
same symbols.

We have to fix an orientation for the cells C; this can be done by
ordering the vertices and then orienting the cells C; so that if K C
J, |K| = k — 1 is obtained removing the h** element of J the oriented
cell Cx appears in the boundary of C; with the sign ex j := (—1)".

We have thus:

Theorem 5.8. 1) The cells in I are sitmply transitive orbits of
the cells Cj.

2) Denoting by Ci(II) the group of k—dimensional cells, under the
action of B this is a free Z|B] module with basis the cells Cy, |J| = k.

3) The boundary of the cell Cj is the sum

Z GK’J( Z (—1)l(w)Tw)CK.

KcJ, |[K|=k-1 weW; /Wi
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Where T,, denotes the canonical lift of the element of shortest length w
i the coset.

Proof.  The statements 1), 2) follow from the construction as for
0) and 3) we have to note that each cell F which in A(0,C) is in the
orbit of C; under W in I is exactly F = T,,C; (under the group of
deck transformations) this is easily verified by considering the minimal
path from wvg to vy followed by the two segments joining wvg, vg to
the centers of the respective cells. The sign (—1)!(*) depends of the fact
that the reflections s; reverse the orientation of the fundamental cell. (J

§6. Reflection groups

In [DS2] the authors generalize the previous analysis as follows.
Start from the real reflection representation V and consider instead of
the complexification, the space V™ for all m. On V™ the reflection
group W acts and it acts freely on the open subspace U™ obtained by
removing the subspaces H™ for each reflection hyperplane.

One has naturally a set of inclusions U™ C U™*! ... and a space
U which by a simple dimension argument is contractible and hence
Byw = U>/W is a classifying space for W.

The same method used for the complexification allows to stratify
in a W equivariant way the space V™ by products F} X Fp X --- X F,,
where inductively:

Fy is a face of the reflection arrangement and Fi + 1 is a face of the
subarrangement generated by the hyperplanes which contain F;. In this
way one has a fan and U™ is a union of the strata Fy X Fy X --- X Fy,
with F,,, open. Then a similar analysis gives a cellular structure on By .
We refer to the original paper for details.
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Some Geometric Methods in Commutative Algebra

Vasudevan Srinivas

In this series of lectures, I will discuss three examples of techniques
of algebraic geometry which have applications to commutative algebra.
The examples chosen are those which pertain most closely to my own
research interests.

§1. Hilbert functions, regularity and Uniform Artin-Rees

In this Section we describe results giving explicit, effective bounds
for the Hilbert functions and postulation number of a Cohen-Macaulay
module M of given dimension d and multiplicity e over a Noetherian
local ring (A, m), with respect to a given m-primary ideal I. We also
discuss related results bounding the Castelnuovo-Mumford regularity of
the associated graded module of M with respect to I in terms of Hilbert
coefficients, assuming only that M has positive depth; this leads to a new
proof of the Uniform Artin-Rees theorem of Duncan and O’Carroll, and
other results. The geometric technique used here is the cohomological
study of the blow up of the ideal I, using in particular Grothendieck’s
formal function theorem.

1.1. The finiteness theorem for Hilbert functions
Recall that if (A, m) is a Noetherian local ring, M a finite A-module
and I C m an ideal of A such that M/IM has finite length, the Hilbert

function (or more properly, the Hilbert-Samuel function) of M with
respect to I is the numerical function

Hy(M)(n) = £(M/I"M), ¥ n >0,

where we use the symbol £ to denote the length of a module (which has
a finite composition series). Then there exists a corresponding Hilbert
polynomial
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2000 AMS Subject Classification: Primary 13-02; Secondary 13D40,
13F15, 14C15, 14C17, 14C30, 14M05, 14R10.



232 V. Srinivas

Pr(M)(z) = eo(I, M)(*T57") +ex(I, M) ("L277) + - + ea(I, M),

where eg(I, M) > 0 is the multiplicity of M with respect to I, e;(I, M) €
Z for all 0 < i < d = dim M, and such that for some non-negative integer

TL()(I, M),
H[(M)(’I’L) = PI(M)(TL) Vn Z no(], M)

The integers e; (I, M) are called the Hilbert coefficients, and no(I, M) is
called a postulation number, of M with respect to I.

The first result we state is the following Finiteness Theorem, taken
from the paper [44] of V. Trivedi. The special case when M = A is a
Cohen-Macaulay local ring, and I = m is the maximal ideal, was treated
earlier in a paper of Trivedi and myself [39].

Theorem 1.1 (Finiteness Theorem). Let (A,m), I, M be as above,
where M is a Cohen-Macaulay module. Let € = eo(I, M). Then

(i) lej(I, M) < (9€®)7" for j > 1, and
(ii) no(I, M) = 3%-1e3@~1'"1 s g postulation number for M with
respect to I.

Corollary 1.2. For fixed positive integers d, e there are only
finitely many numerical functions which can arise as the Hilbert func-
tion Hy(M)(n) of a Cohen-Macaulay module M of dimension d over
a Noetherian local ring, which has multiplicity e with respect to some
appropriate ideal I of that local Ting. In particular, only finitely many
numerical functions H : Z>o — Z>o can arise as the Hilbert function of
a Cohen-Macaulay local ring of a given dimension and multiplicity.

Remark 1.3. [44] contains some references to the earlier results
in the direction of Theorem 1.1, which essentially pertain to very special
situations, or to the coefficients ey (I, M) and ez(I, M). See [45] for an
extension of Theorem 1.1 to the case of generalized Cohen-Macaulay
modules.

Remark 1.4. Kleiman has shown (see [11, Exp.XIII]) that only
finitely many polynomials can occur as the Hilbert polynomial of an
integral projective scheme, of a given dimension, embedding dimension
and degree, over a field. He gives an example to show that this is false
for Cohen-Macaulay schemes. On the other hand, in [41], examples are
given of infinitely many polynomials which occur as Hilbert polynomials
of complete, local integral domains, of a fixed dimension and multiplicity,
which are quotients of a fixed regular local ring. The examples given are
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of quotients of dimension 2 and multiplicity 4 of a power series ring in
6 variables over a field.

We now outline a proof of the Finiteness Theorem in the special case
M = A, I = m, which contains most of the features of the general case.
To simplify notation, we write e;(M), no(M), etc. to mean e;(m, M),
no(m, M), etc., for any finite A-module M.

One input is a cohomological formula for the difference between
the Hilbert function and Hilbert polynomial, obtained by Johnston and
Verma (see [17], and [44], Theorem 1), generalizing “classical” results of
Serre. This can be expressed in two equivalent ways, involving graded
local cohomology of the Rees algebra, or coherent sheaf cohomology on
a blow-up. We state their result in the latter form, since that is what is
useful for us later.

Theorem 1.5. Let (A, m) be Noetherian local of dimension d and
depth > 0, and let

R=@m", Ry=FPm"

n>0 n>0

be the m-adic (graded) Rees algebra of A and its irrelevant graded ideal,

respectively. Let m : X = Proj R — Spec A be the blow-up of the mazximal
ideal of A.

(a) Ifd > 2 and depth A > 2, then

d—1
Pn(A)(n) — Hn(A)(n) = Z(—l)i_le(Hi(Xa Ox (n))).
In particular, taking n =0, we get

d—1
(1.1) ea(A) =) (-1)""(H'(X,0x)).

1=1

(b) (Northcott) Ifd =1, then

)= -o (o050

Remark 1.6. Note that if 7 : X — SpecA is the blow-up of
the maximal ideal, then 7 induces an isomorphism X — 7~ 1(m) —
Spec A — {m}. Hence for any coherent sheaf 7 on X and any 5 > 0,
the cohomology A-module H7(X,F), which is a finite A-module, has
support contained in {m}; in particular, it has finite length. Hence the
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formulas in (a) of the above Theorem are meaningful. A similar com-
ment applies to (b).

Remark 1.7. [17] contains a somewhat more general result, valid
for any m-primary ideal, formulated in terms of graded local cohomol-
ogy of the Rees algebra R(I) = ®,>0l™ with respect to its irrelevant
graded ideal R, (I), where the depth hypotheses on A are not needed.
The above formulation results from the standard relation between sheaf
cohomology on X and graded local cohomology of the Rees algebra.
This is further generalized in [44] to the case of Hilbert functions of A-
modules, and is also expressed cohomologically as above on the blow-up
X = Proj R(I). The formula in [17] has a sign error, corrected in [44].

Next, we recall the notion of Castelnuovo-Mumford regularity of a
coherent sheaf F on the projective space PY over a Noetherian ring
A: we say that F is m-regular if H'(PY,F(m —i)) = 0 for all i > 0.
This is closely related to the notion of Castelnuovo-Mumford regular-
ity, in the sense of commutative algebra (see [7]), for the graded module
®nezHO(PY, F(n)) over the polynomial algebra A[Xj, ... , Xn] (the ho-
mogeneous coordinate ring of PY). We now recall some of the standard
properties of regularity (see [27]).

Proposition 1.8. (i) Let A be a Noetherian ring, and let F be an
m-regular coherent sheaf on P = Proj A[Xy,...,Xn]. Then:
(a) the graded A[Xo,... ,Xn]-module

I.(F) =P H(PY, F(n))

nez

15 generated by its homogeneous elements of degrees < m, and the
sheaf F(n) is generated (as an Opx -module) by its global sections,
for alln > m,
(b) H{(PY,F(5)) =0 foralli >0 and i+ j > m.
(ii) If0 - F' — F — F” — 0 is an exact sequence of coherent sheaves
on ]P’X, for a Noetherian ring A, then:
(a) of F' and F" are m-regular, then F is m-regular,
(b) of F and F’ are m-regular, then F' is also m-regular precisely
when HO(PY, F(m — 1)) — HO(PY, F"(m — 1)) is surjective.

We also need a technical lemma of Mumford (see [27]). Recall that

X(F) =) (~1)U(H (X, F))

i>0
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denotes the Euler characteristic of a coherent sheaf F on a Noetherian
scheme X, such that all the cohomology modules of F have finite length,
and only finitely many are non-zero (for example, this holds for any
coherent F if X is proper over an Artinian ring). Recall also that if
0—-F — F— F"” — 0is an exact sequence of such coherent sheaves,
then the long exact sequence of cohomology implies easily that x(F) =
X(F') + x(F"). Hence, if F has a finite filtration {F*F} by coherent
subsheaves, then

X(F) = x(grpF) = Zx(FiF/Fi“f)

Lemma 1.9 (Mumford). Let k be a field, and let E C PY be a
closed subscheme of dimension > 0, with Hilbert polynomial Pg (thus
Pg(n) = x(Og(n)) for alln € Z). Let F = E N H be the intersection
with a hyperplane H C PY such that the associated complex of sheaves

0— Og(-1) > 0O >0 —0

is exact (i.e., the linear polynomial defining H is a non zero-divisor on
OE). Suppose that the ideal sheaf Ip of F in H = IP’kN_l is m'-reqular,
where m' > 1. Then the following properties hold:
(i) Pg(m’' —1) = x(Og(m’—1)) > 0,
(ii) the ideal sheaf g of E in PY is m-regular, with m = m' +
PE (m’ — 1),
(iii)) Og is (m' — 1)-regular.

Now suppose (A, m) is a Cohen-Macaulay local ring of dimension
d > 1, with infinite residue field k& (which we may assume without loss of
generality). We outline the procedure which leads to an inductive proof
of the Finitness Theorem.

Let

X = Proj R = Proj @m”

n>0

be the blow-up of the maximal ideal, and

the exceptional divisor. If £(m/m?) = N + 1, then we can realize
the Rees A-algebra R as a graded quotient of a polynomial algebra
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A[Xo, ... ,XnN]. Hence X is realized as a closed subscheme of P, such
that we have a commutative diagram of closed immersions of A-schemes

X — P

T T
XNPY=E — PV

(here PY is regarded as the fibre over the maximal ideal of 7 : PY —
Spec A). The tautological line bundle (invertible sheaf) Opy (1) restricts

on X to Ox(1), which is naturally identified with the ideal sheaf Zg x
of Fin X:

Opg(l) R0O0x = 0_)((1) =mOx :IE,X cC Ox.

The Rees ring R = ®&m” is identified with the homogeneous coordinate
ring of X C PY, and the natural restriction map H(P¥, Opn (n)) —
H%(X,0x(n)) induces an inclusion m™ <« H?(X,Ox(n)) for all n > 0,
which is an isomorphism provided H!(PY,Zx(n)) = 0, where Zx is the
ideal sheaf of X in P¥.

Let m = m(Zg) be the smallest integer > 1 such that the ideal sheaf
1p C Opy of E'in PY is m-regular. Our next goal will be to bound (in
terms of eg(A) and d) the following quantities:

(i) lej(A) for1 <j<d-—1,

(iii) dimy H’(Og(r)) for j > 1,r >0,
(the bound sought is to be independent of r),
(iv) dimy H®(Og(r)) for r > 0,
(with a bound allowed to depend on ),
(v) lea(A)].
We have written these expressions in the above order because the proof
of each bound will use the existence of the preceeding bounds. The
bounds in (i) and (v) combine to give the finiteness theorem for Hilbert
polynomials. We will later show (lemma 1.12 below) how the bound in
(ii) yields a bound for the postulation number as well.

First consider the case d = 1. The bound (i) is vacuous. For (ii),
one proves directly that m < e — 1, with e = eg(A). This is just the
statement (applied to the scheme E C PY) that the ideal sheaf of a set
of e points (or more generally, of a 0-dimensional subscheme of length
e) in projective space over a field is e-regular. By Proposition 1.8(ii)(b),
this is equivalent to the assertion that the natural restriction map

f:H(PY,Opn(e—1)) = H°(E,Op(e — 1))
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is surjective, which can be easily proved. Since dim F = 0, the bound
(iii) is also vacuous. For (iv), note that dim H°(E, Og(r)) = e = eo(A)
for all r € Z, again since F is 0-dimensional. For (v), the above surjectiv-
ity of f, together with Nakayama’s lemma, implies that there is a surjec-
tion (and hence an isomorphism) of A-modules m¢~! — H%(X, Ox(e —
1)) = m*1H%X,0x). This bounds the length of the quotient A-
module H°(X, Ox)/A, which bounds |e; (A)| by Theorem 1.5(b) (North-
cott’s formula). Note that, for the case d = 1, we have simultaneously
bounded the postulation number by e — 1.

Henceforth we assume d = dim A > 1, and establish bounds (i)-(v)
by induction on d.

Choose a “general” element z € m — m2. Then z is a non zero-
divisor on A, and its image € m/m? is a homogeneous superficial
element in the graded ring @,>om™/m"*! (i.e., T is a non zero-divisor
in high enough degrees). Let A = A/zA, m = mA, so that A is a
Cohen-Macaulay local ring of dimension d — 1. Let Y = Proj R with
R = @m" the corresponding blow up, and with exceptional divisor F' C
Y. Then F C E is a hyperplane intersection of E C PY defined by the
homogenous linear equation Z = 0.

One has the following easy lemma, proved via Artin-Rees, using that
x is a non zero-divisor on A as well as a superficial element.

Lemma 1.10. The Hilbert polynomial of A is Px(t) = Pa(t) —

P4(t —1). In particular, ej(A) = e;(A) for j < d.

By induction on d = dim A, we may thus assume given bounds (in
terms of e = eg(A) and d) on the following quantities: |e;(A)],...,
lea—1(A)|, m" = m(Zp) (the smallest integer m’ > 1 such that Zr is
m/-regular on H = PY 1), dimy H/(Op(r)) for j > 0, » > 0 (bound
independent of r), and dimy H°(Op(r)) for »r > 0 (bound depending on
r). In particular, we are already given the desired bound (i) for the ring
A.

We next observe that the Hilbert polynomial of O satisfies

d—1 .
Pe(n) = x(O5(0) = Pala+ 1)~ Paln) = S es()(" 5 77T,

since we have the corresponding formula for the underlying Hilbert func-
tions, at least for all sufficiently large n (the homogeneous coordinate
ring of £ C Pi\’ coincides, in large enough degrees, with the graded ring
@p>om™/m"T1). Now Mumford’s lemma (lemma 1.9), combined with
the known bound (i) above, and the bound (ii) for the ring A, implies
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that Zg is m-regular for some quantity m > 1 bounded in terms of ep(A)
and d. This gives the desired bound (ii) for the ring A.
The exact sequences of sheaves for all » > 0

(1.2) 0— Og(r) = Og(r+1) - Op(r+1) —0

yield exact sequences of finte dimensional k-vector spaces

oo = H7YF,Op(r+1)) = H (E,0g(r)) — H(E,Og(r+1)) — - --
which imply, for j > 1, » > 0,

dimy H’(E, Og(r))
< dimy H'=Y(F,0p(1)) + - - + dimy HI(F,Op(m’ — j — 1))

since O is m’ — 1-regular, by lemma 1.9(iii) (as Zp is m/-regular), and
since H/(E,Og(r)) = 0 for all j > 0 for sufficiently large r, by Serre
vanishing (see [13], III Thm. 5.2). This gives the desired bound (iii) for
the ring A.

For the bound (iv), first note that by the definition of Euler charac-
teristic of a sheaf, we have

dimk HO(E, OE) < X(OE)+ Z dlmk H2j+1(E, OE)
0<5<(d—2)/2

But x(Og) = P4(1) — P4(0) = eg(A) + - - - + eq—1(A), so the bound
(iv) for 7 = 0 (i.e., for dimy H(E, Og)) is deduced from the bound (iii)
already obtained. For r > 1, we use the exact sequences (obtained from
the sheaf exact sequence (1.2))

0— H%(E,Op(r — 1)) = H*(E,Op(r)) — H(F,0p(r)) — -+
which implies the inequality

dim; H°(E, Op(r)) < dimi H(E,Op) + Y _ dimg H°(F, Or(j)).
i=1
The right side is bounded, by the bound (iv) for the ring A, and the
bound for r = 0 already obtained.
Finally, we are left with the bound (v), for the absolute value of the

constant term eyz(A) of the Hilbert polynomial. This is really the heart
of the matter, in a way. The following lemma gives the desired bound.

Lemma 1.11. We have inequalities

m’ -3 m' -3

— 3" X(0()) < ea(4) < Y [dim H(E, 05(5) — x(Or())] -
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Proof. From Theorem 1.5(a), we have the formula (1.1)

d—1
ea(A) = (—1)H(HY(X,0x)).

=1

From the Formal Function Theorem (see [13], III, §11), we have isomor-
phisms for ¢ > 0, and any r € Z,

(1.3) HY(X,0x(r)) 2 lim H(X™, Oxm (1)),
where X(™ < X is the closed subscheme with ideal sheaf m"Oy =
Ox(n) (in particular, X(!) = E). We have exact sheaf sequences
0 — Opg(n) = Oxm+ny — Oxm — 0
which, since O is m’ — 1-regular (by lemma 1.9), imply that
HY(Oxm+n) 2 H (Oxm) ¥Yn>m' —i—1.

Hence, taking » = 0 in the formula (1.3), we deduce from the formula
(1.1) that

e =Yoo (1)U (H(X™, Oxem)) Yn>m' -2
= E(HO(X(n), OX("))) - X(Ox(n)).

But Oy (n) is filtered by the sheaves Og(j), 0 < j <n—1, and so

n—1
X(Oxm) = _ x(0r()),
j=0
and
n—1
0 < UH(X™, 0xm)) <Y dimy H(E, Op(5)).
Jj=0
This implies the inequalities stated in the lemma. Q.E.D.

We now discuss the bound on the postulation number.

Lemma 1.12. With the above notation, if m > 1 is an inleger
such that Ig C Opy is m-regular and Op is (m — 1)-regular on Py,
then m — 1 is a postulation number for the Hilbert function of A.
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Proof. Since Of is (m — 1)-regular on P¥, the Formal Function
Theorem (formula (1.3)) implies that Ox is (m — 1)-regular on P} .
Hence the graded R-module ®,,>0H°(X,Ox(n)) is generated by its ho-
mogeneous elements of degrees < m — 1. Thus H*(X,0Ox(n + 1)) =
mH°(X,Ox(n)) if n > m — 1. From the exact sheaf sequence

0—0x(n+1) — Ox(n) — Og(n) — 0,
we get an exact sequence (defining the map v,,)
0 — HO(X,Ox(n+1)) — H(X, Ox(n)) 5 HO(E, Op(n))
so that
(1.4) imagey, = H(X,0x(n)) ® A/m Vn>m—1.
Now in the diagram (defining maps a,, By, pn)

HO(PY,Opy(n)) 2 HO(X,0x(n))
Pn | ™
HO(PY,Opn(n)) 2% HO(E,Op(n))

we have that p, is surjective for all n > 0, while (3, is surjective for
n>m—1, since Ig C OPL\I is m-regular. Hence -, is surjective, and
so by the formula (1.4) and Nakayama’s lemma, «, is surjective for
n > m — 1. But the image of a,, is m™ C H°(X,Ox(n)). Hence m — 1
is a postulation number for the local ring A. Q.E.D.

1.2. The Regularity Number and applications

Next, we discuss the regularity number of a module M over (A, m)
with respect to an ideal I such that M/IM has finite length. Let d =
dim M, and let e;(I, M), 0 < j < d denote the Hilbert coefficients of M
with respect to I. Inductively define

mi = € (], M) - .
m; = mi_1+eo(l,m) (™) + e (I M) (M) 4+
+e;_1(I, M), for 2 <7 <d.

Note that mg is a polynomial with rational coefficients in e;(I, M), 0 <
j < d—1. In particular, it is independent of eqs(I, M), the constant
coeflicient of the Hilbert polynomial of M (this is a crucial point in the
inductive proof of Theorem 1.1). The integer m(I, M) = mq(I, M) is
called the regularity number of M with respect to I.
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This terminology is introduced in [44], because of its relation to
Castelnuovo-Mumford regularity of a certain sheaf; we comment more
on this later. Its relevance to us is due to the following result (see [44],
Theorem 2 and Corollary 2).

Theorem 1.13. (a) Let M be a finite module over a Noetherian
local ring (A, m), with depth (M) > 0, and let I C m be an ideal in A
such that M/IM has finite length. Then m(I, M) — 1 is a postulation
number for M with repect to I, i.e., we have an equality between values
of the Hilbert function and Hilbert polynomial

Hi(M)(n) = Pr(M)(n)

for allm > m(I, M) — 1.

(b) Let (A,m) be a Noetherian local ring of dimension d and depth
> 0. Let I C m be an m-primary ideal, and J C I a reduction ideal of
I. Then the reduction number rj(I) is at most the regularity number
m(I, A), i.e., we have the reduction formula

JrI™ = [PTm oy > Q)

where m = m([, A).

Remark 1.14. We comment further on the regularity number
m(I,M). Let X = ProjR(I) be the blow-up of the ideal I. Then
the graded “Rees module” M(I) = ®p>0I™M yields a coherent sheaf F
on X, and hence (by choosing a set of N +1 generators of I, and thus an
embedding X — P¥) also on PY. This sheaf is generated by its global
sections, since M (I) is generated by its homogeneous elements of degree
0; hence we can find an exact sequence of coherent OPX -modules

O—>IC—>(9§,C—>.7:—>O.
A

It is shown in [44] that K is m(I, M) regular on P¥; this in turn con-
trols the regularity of various other related sheaves. Note that this first
syzygy sheaf K is the analogue for A-modules M of the ideal sheaf of
the projective scheme X.

Remark 1.15. The fact that there is a connection between regu-
larity and the reduction number was noted earlier by Trung [46]. That
this implies a connection also with Hilbert coefficients seems to be the
new observation in [44].

The last related result we discuss in this Section is the following
“explicit” form of the Artin-Rees lemma, due to Trivedi, taken from
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[44]. If N C M are finitely generated modules over a Noetherian ring
R, and I any ideal of R, an Artin-Rees number of (M, N) with respect
to I is a positive integer ng such that we have the Artin-Rees formula

"M AN =I"(I"MNN) ¥Yn>0

(the choice of the terminology “Artin-Rees number”, introduced in [44],
is self-explanatory).

Proposition 1.16. Let (A, m) be Noetherian local, N C M finite
A-modules such that M /N has positive depth and dimension d. Then the
reqularity number m(m, M /N) is also an Artin-Rees number for (M, N)
with respect to the maximal ideal m.

Remark 1.17. We do not discuss the proof here; however, one of
the points made by the latter part of [44] is that there is a relationship
between the Artin-Rees number and Castelnuovo-Mumford regularity.
The “standard” proof of the Artin-Rees lemma reduces to the state-
ment that ng is an Artin-Rees number if a certain graded module is
generated by its elements of degrees < ng. On the other hand, Propo-
sition 1.8 yields a statement that a certain graded module is generated
by its homogeneous elements of bounded degree. In a sense, this is the
explanation for the above mentioned relationship.

Using Proposition 1.16, and the technique of normally flat stratifi-
cations, a new proof (see [44], Theorem 4) is obtained of the following
Uniform Artin-Rees Theorem of Duncan and O’Carroll (see [6] for the
original proof).

Theorem 1.18 (Uniform Artin-Rees). Let A be an excellent (or
even J2) ring, and N C M finitely generated A-modules. Then there is
an ng > 0 such that for any maximal ideal m C A, we have

m"t"M NN =m"(m™MNN) Vn > 0.

The idea of the new proof is the following: results from the the-
ory of normal flatness imply that, since A is a J2 ring, there are only
finitely many numerical functions occuring as Hilbert functions of lo-
calizations (M/N), with respect to prime ideals p of A. Hence there
is a uniform bound on all the Hilbert coefficients of these localizations
(M/N),, and hence also of the corresponding regularity numbers. Now
Proposition 1.16 implies that there is a uniform bound on Artin-Rees
numbers for the localizations (M,,, N,,) with respect to the correspond-
ing maximal ideals pA,. For maximal ideals m, an Artin-Rees number
for (M, Nn) with respect to mA,, is automatically also an Artin-Rees
number for (M, N) with respect to m.
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If M/N is Cohen-Macaulay, then combining the Finiteness Theo-
rem 1.1 with Proposition 1.16 yields the following result.

Corollary 1.19. Let A be Noetherian, N C M finitely generated
modules such that (M/N)y is Cohen-Macaulay for each mazimal ideal
m C A. Then

sup{3d!_1e(m, (M/N)m)B(d—l)!—l}

is an Artin-Rees number for (M, N) with respect to all mazimal ideals
m.

This has the following application to graded rings (see [44], Corol-
lary 5):

Corollary 1.20. Let (A,m) be a Cohen-Macaulay local ring of
dimension d and I C A an ideal generated by an A-sequence fy,..., fr
of length r. Let e = eg(m, A/I) be the m-adic multiplicity of A/I, and
set

N = max{?)(d_’")!e?’(d_r‘l)!_l, (d—r)le+2}.

Let J be the ideal generated by f1 + g1,..., fr + g, where g1,... ,9, €
m” are arbitrarily chosen elements. Then the m-adic associated graded
rings (and hence the Hilbert functions) of A/I and A/J are canonically
isomorphic.

§2. Chern Classes and Zero Cycles

In this Section, we discuss how the theory of Chern classes with
values in the Chow ring, combined with results on O-cycles, yields sev-
eral counterexamples which are of interest in algebra. For simplicity,
we will work only with varieties over an algebraically closed field k, and
eventually restrict to the case k = C, the complex number field. How-
ever, unlike the convention in [13], we will use the term “variety” even
when referring to unions of irreducible varieties, and explicitly mention
irreducibility when needed.

2.1. The Chow ring and Chern classes

First, we recall the definition of the graded Chow ring CH*(X) =
@p>0 CHP(X) of a non-singular variety X over an algebraically closed
field k (see Fulton’s book [8] for more details; see also Bloch [1]). The
graded components CHP(X) generalize the more familiar notion of the
divisor class group, which is just the group CH!(X).
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If Z C X is irreducible, let Oz x be the local ring of Z on X
(i.e., the local ring of the generic point of Z, in the terminology of
Hartshorne’s book [13]). The codimension of Z in X, denoted codimx Z,
is the dimension of the local ring Oz x. Now let

ZP(X) = Free abelian group on irreducible subvarieties of X of codi-
mension p
= Group of algebraic cycles on X of codimension p.

For an irreducible subvariety Z C X, let [Z] denote its class in ZP(X)
(where p = codimx 7).

Let Y C X be irreducible of codimension p—1, and let k(Y)* denote
the multiplicative group of non-zero rational functions on Y (k(Y'), which
is the field of rational functions on Y, is the residue field of Oy x).

For each irreducible divisor Z C Y, we have a homomorphism ordy :
k(Y)* — Z, given by

Ordz(f) = e(OZ’y/aOZ,y) — E(OZ,Y/bOZ,Y)a

for any expression of f as a ratio f = a/b with a,b € Oz y \ {0}. Here
¢(M) denotes the length of an Artinian module M.
For f € k(Y)*, let (f)y denote the divisor of f on Y, defined by

Ny = 3 ord 2() - 12,

ZCY

where Z runs over all irreducible divisors in Y; the sum has only finitely
many non-zero terms, and is hence well-defined. Clearly we may also
view (f)y as an element of ZP(X).
Let RP(X) C ZP(X) be the subgroup generated by cycles (f)y as
(Y, f) ranges over all irreducible subvarieties Y of X of codimension p—1,
and all f € k(Y)*. We refer to elements of RP(X) as cycles rationally
equivalent to 0 on X. The p-th Chow group of X is defined to be
canx) - 210
RP(X)
= group of rational equivalence classes of codimension p-cycles on X.

We will abuse notation and also use [Z] to denote the class of an irre-
ducible subvariety Z in CHP(X).
The graded abelian group

CH*X)= @ CH(X)

0<p<dim X
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can be given the structure of a commutative (graded) ring via the inter-
section product. This product is characterized by the following property
— if Y ¢ X, Z C X are irreducible of codimensions p, q respectively,
and Y N Z = U;W;, where each W; C X is irreducible of codimension
p+q (we then say Y and Z intersect properly in X), then the intersection
product of the classes [Y] and [Z] is

Y1 12]= 31, 2, W) Wi

where I(Y, Z; W;) is the intersection multiplicity of Y and Z along W,
defined by Serre’s formula

I(Y,Z;W;) = Y (~1)7 (Tor *(Ow, .y, Ow, Z))

j=>0

One of the important results proved in the book [8] is that the above
procedure does give rise to a well-defined ring structure on CH*(X).
The Chow ring is an algebraic analogue for the even cohomology
ring
n

P H*(x,2)

1=0

defined in algebraic topology. To illustrate this, we note the following
‘cohomology-like’ properties, proved in Fulton’s book [8]. Here, we fol-
low the convention of [13], and use the term “vector bundle on X” to
mean “(coherent) locally free sheaf of Ox-modules”, and use the term
“geometric vector bundle on X7, as in [13] II Ex. 5.18, to mean a
Zariski locally trivial algebraic fiber bundle V. — X whose fibres are
affine spaces, with linear transition functions. With this convention, we
can also identify vector bundles on an affine variety X = Spec A with
finitely generated projective A-modules; as in [13], we use the notation

M to denote the coherent sheaf corresponding to a finitely generated
A-module M.
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Theorem 2.1 (Properties of the Chow ring and Chern classes).

(1)

()

(6)

X — P, CHP(X) is a contravariant functor from the category of
smooth varieties over k to graded rings. If X =[], X;, where X;
are the irreducible (= connected) components, then CH*(X) =
[, CH*(X;). If X is irreducible, then CH®(X) = Z generated
by the class [X].

If X is irreducible and projective (or more generally, proper) over
k and d = dim X, there is a well defined degree homomorphism
deg : CHY(X) — Z given by deg(3_, ni[z;]) = 3, n;. This allows
one to define intersection numbers of cycles of complementary di-
mension, in a purely algebraic way, which agree with those defined
via topology when k = C (see (7) below).

If f: X =Y is a proper morphism of smooth varieties, there are
“Gysin” (or “push-forward”) maps f. : CHP(X) — CHP*"(Y)
for all p, where r = dimY —dim X; here if p+r < 0, we define fi
to be 0; the induced map CH*(X) — CH*(Y) is CH*(Y)-linear
(projection formula), where CH*(X) is regarded as a CH*(Y)-
module via the (contravariant) ring homomorphism f* : CH*(Y')
— CH*(X). If f : X — Y is the inclusion of a closed subvariety,
then f. is induced by the natural inclusions ZP(X) «— ZPT"(Y).

f*: CH*(X) = CH*(V) for any geometric vector bundle f :
V — X (homotopy invariance). In particular, CH*(X x A™) =
CH*(X), and CH*(A") = Z.
If V is a vector bundle (i.e., locally free sheaf) of rank r on X,
then there are Chern classes ¢, (V) € CHP(X), such that

(a) co(V) =1,

(b) ¢p(V) =0 forp>r, and

(c) for any exact sequence of vector bundles

0—>V1—>V2—>VE),->O

we have c(V2) = c(V1)c(Vs), where c(V;) = 3 ¢, (V;) are
the corresponding total Chern classes,
(d) cp(VV) = (=1)Pcyp(V), where V'V is the dual vector bundle.
Moreover, we also have the following properties.
If f : P(V) = ProjS(V) — X 1is the projective bundle associ-
ated to a vector bundle of rank r (where S(V') is the symmetric
algebra of the sheaf V over Ox), then CH*(P(V)) is a CH*(X)-
algebra generated by £ = c1(Opvy(1)), the first Chern class of
the tautological line bundle, which is subject to the relation

& —a(V)E ™+ +(-1)ca(V) = 0;
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in particular, CH*(P(V)) is a free CH*(X)-module with basis
1’§’£27"’ 767‘——1'

(7) If k = C, there are cycle class homomorphisms CHP(X) —
H??(X,7) such that the intersection product corresponds to the
cup product in cohomology, and for a vector bundle E, the cycle
class of cp(E) is the topological p-th Chern class of E.

(8) The first Chern class determines an tsomorphism ¢y : PicX —
CH(X) from the Picard group of line bundles on X to the
first Chow group (i.e., the divisor class group) of X, such that
c1(Ox (D)) = [D] € CHY(X) for any divisor D on X. For an
arbitrary vector bundle V', of rank n, we have ¢1(V) = ¢;(det V),
where detV = \" V.

(9) If f : X — Y is a morphism between non-singular varieties, V
a vector bundle on Y, then the Chern classes of the pull-back
vector bundle f*V on X are given by c(f*V) = f*c(V), where
on the right, f* is the ring homomorphism CH*(Y) — CH*(X)
(functoriality of Chern classes). In particular, taking Y = point,
we see that ¢(Ox) =1 € CH*(X).

(10) Ifi:Y <— X is the inclusion of an irreducible smooth subvariety
of codimension r in a smooth variety, with normal bundle N =
(Zy /Z%)Y (where Ty C Ox is the ideal sheaf of Y in X), then
N is a vector bundle on'Y of rank r with top Chern class

er(N) = i* 04, [Y],

where [Y] € CHO(Y) = Z is the generator (self-intersection for-
mula).

Remark 2.2. If X = Spec A is affine, we will also sometimes write
CH*(A) in place of CH*(X); similarly, by the Chern classes ¢;(P) of
a finitely generated projective A-module P, we mean c,(ﬁ) where P is
the associated vector bundle on X.

We remark that the total Chern class of a vector bundle on a
smooth variety X is a unit in the Chow ring CH*(X), since it is of
the form 1 + (nilpotent element). Thus the assignment V +— ¢(V)
gives a homomorphism of groups from the Grothendieck group Ko(X)
of vector bundles (locally free sheaves) on X to the multiplicative group
of those units in the graded ring CH*(X), which are expressible as
1 + (higher degree terms).

On a non-singular variety X, every coherent sheaf has a resolution by
locally free sheaves (vector bundles) of finite rank, and the Grothendieck
group Ky(X) of vector bundles coincides with the Grothendieck group of
coherent sheaves. There is a finite decreasing filtration {FPK(X)}p>0
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on Ky(X), where FPKy(X) is the subgroup generated by classes of
sheaves supported in codimension > p. Further, FPKo(X)/FPT1 Ko (X)
is generated, as an abelian group, by the classes Oz for irreducible sub-
varieties Z C X of codimension p — for example, if X = Spec A is affine,
we can see this using the fact that any finitely generated A-module M
has a finite filtration whose quotients are of the form A/p for prime
ideals g, such that the minimal primes in supp (M) all occur, and their
multiplicities in the filtration are independent of the choice of filtration.
Thus, we have a natural surjection ZP(X) — FPKy(X)/FPT Ky(X).
Now we can state the following result, sometimes called the Riemann-
Roch theorem without denominators (see the book [8] for a proof).

Theorem 2.3. Let X be a non-singular variety.

(a) If z € FPKo(X), then c;(x) =0 for i <p, and ¢, : FPKo(X) —
CHP(X) is a group homomorphism.

Lete, : FPKo(X)/FPT1 Ko(X) — CHP(X) be the induced homo-
morphism. '

(b) The natural surjection ZP(X) —» FPKo(X)/FP 1 Ko(X) factors
through rational equivalence, yielding a map ¢, : CHP(X) —»
FPEy(X)/FPH Ky (X).

(c) The compositions T, o, and 1, 0T, both equal multiplication by
the integer (—1)P~1(p — 1)!. In particular, both ¢, and v, are
isomorphisms Q.

In particular, if Z C X is an irreducible subvariety of codimension p,
then ¢;([Oz]) = 0 for i < p, and c,([0Oz]) = (=1)P"1(p — DI[Z] €
CHP?(X).

Remark 2.4. If X = Spec A is affine, any element a € Ky(X) can
be expressed as a difference o = [P] — [A®™] for some finitely generated
projective A-module P and some positive integer m. Hence the total
Chern class ¢(a) coincides with ¢(P). The above theorem now implies
that for any element a € C HP(X), there is a finitely generated projective
A module P with ¢,(P) = (p—1)!a. By the Bass stability theorem, which
implies that any projective A-module of rank > d = dim A has a free
direct summand of positive rank, we can find a projective A-module P
with rank P < d and ¢,(P) = (p — 1)la.

Incidentally, this statement cannot be improved, in general: for any
p > 2, there are examples of affine non-singular varieties X and ele-
ments a € CHP(X) such that ma € imagec, for some integer m <=
(p — 1)!|m. For examples of Mohan Kumar and Nori, see [42], §17.



Geometric Methods in Commutative Algebra 249

2.2. An example of a graded ring

We now discuss our first application of these constructions to com-
mutative algebra, due to N. Mohan Kumar (unpublished). Let k = k.
We give an example of a 3-dimensional graded integral domain A =
D,,~o Arn, with the following properties:

1. A is generated by A; as an Ag-algebra, where Ag is a regular
affine k-algebra of dimension 1,

2. the “irrelevant graded prime ideal” P =
of an ideal generated by 2 elements,

3. P cannot be expressed as the radical of an ideal generated by 2
homogeneous elements.

n>0 An is the radical

For the example, take Ay to be affine coordinate ring of a non-
singular curve C C A3 such that the canonical module wa, = Q Ao/k 18
a non-torsion element of the divisor class group of Ay (this implies & is
not the algebraic closure of a finite field). In fact, if we choose Ag to
be a non-singular affine k-algebra of dimension 1 such that w4, is non-
torsion in the class group, then C' = Spec Ag can be realized as a curve
embedded in A}, by more or less standard arguments (see [13], IV, or
[36], for example).

Let R = k[z, y, z] denote the polynomial algebra, and let ¢ : R — Ap
be the surjection corresponding to C' < A3. Let I = ker ¢ be the ideal
of C. Then I/I? is a projective Ap-module of rank 2; we let

A=S(I/?) =P s/1%
n>0

be its symmetric algebra over Ag. We claim this graded ring A has the
properties stated above.
Consider the exact sequence of projective Ag-modules

(2.1) 0—I/T? % Qpu® Ap S way — 0

with ¥ induced by ¢, and v by the derivation d : R — Qp/,. Let h :
Qpr/®Ag — I/1 2 be a splitting of 1. Use h to define a homomorphism
of k-algebras

®:R— A,
by setting
D(t) = ¢(t) + h(dt) € Ag® A; = Ao D I/I?

for t = x,y, z; this uniquely specifies a k-algebra homomorphism ® de-
fined on the polynomial algebra R.
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Clearly ®(I) C P = @, An, the irrelevant graded ideal, and one
verifies that ® induces isomorphisms R/I — A/P and I/I? — P/P?,
and in fact an isomorphism between the I-adic completion of R and the
P-adic completion of A.

Since C' C Ai is a non-singular curve, it is a set-theoretic complete
intersection, from a result of Ferrand and Szpiro (see [43], for example).
Ifa,b € I with /(a,b) = I, then clearly we have 1/(®(a), ®(b)) = PNQ,
for some (radical) ideal @ with P + @ = A. We can correspondingly
write (®(a), ®(b)) = JNJ' with v/J = P, v/J' = Q. Then J/J? =
(A/J)®2. This implies (by an old argument of Serre) that Ext % (J, A)
Ext?(A/J, A) = A/J is free of rank 1, and any generator determines an
extension

IR

0-A—-V ->J—-0

where V is a projective A-module of rank 2, and such that the induced
surjection V@ A/J — J/J? = (A/J)®? is an isomorphism.

We claim the projective module V is necessarily of the form V =
Vo ®a, A; this implies Vo =V ®4 A/P = J/PJ = (A/P)%? is free, so
that V is a free A-module, and J is generated by 2 elements. To prove
the claim, note that I/I? is a direct summand of a free A/I = Ap-module
of finite rank; hence there is an affine A-algebra A’ & Ag[zy,...,zn],
which is a polynomial algebra over Ag, such that A is an algebra retract
of A’. Now it suffices to observe that any finitely generated projective
A’-module is of the form M ® 4, A’, for some projective Ag-module M,
this is the main result of [19] (see also [20]).

On the other hand, we claim that it is impossible to find two homo-
geneous elements z,y € P with \/(z,y) = P. Indeed, let X = Proj A,
and 7 : X — C = Spec Ap be the natural morphism. Then X = P(V)

is the P!-bundle over C associated to the locally free sheaf V = I/I?
(the sheaf determined by the projective Ap-module I/I?). Let £ =
c1(Ox (1)) € CH*(X) be the 1st Chern class of the tautological line
bundle Ox(1). Then by Theorem 2.1 and (2.1) above, CH*(X) is a free
CH*(C)-module with basis 1, £, and ¢ satisfies the monic relation

& —aV)E+e(V)=0
Since dim C = 1, CH*(C) = 0 for 7 > 1, and so this relation reduces to
& =a(V)e |
From the exact sequence (2.1), we have a relation in CH*(C)

1= 6(00)3 = 0(023) = C(QAs/k ® Oc) = C(V) . C(u)c).
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Hence ¢;(V) = —e¢1(we), which by the choice of C' is a non-torsion
element of CH'(C) (which is the divisor class group of Ag). Thus £2? €
CH?(X) is a non-torsion element of C H%(X).

If homogeneous elements x,y € P exist, say of degrees r and s
respectively, such that /(z,y) = P, then we may regard z, y as de-
termining global sections of the sheaves Ox(r) and Ox(s) respectively,
which have no common zeroes on X. Let D, C X, Dy, C X be the
divisors of zeroes of x € I'(X, Ox(r)) and y € I'(X, Ox(s)) respectively.
Then we have equations in CH!(X)

(D] = 1(Ox(r)) = e (Ox (1)) = €,
[Dy] = c1(Ox(s)) = sc1(Ox (1)) = s¢.
(

But D, N D, = 0. Hence in CH?(X), we have a relation
0 = [D,] - [Dy] = rs&?,
contradicting that ¢€2 € CH?(X) is a non-torsion element.

Remark 2.5. The construction of the homomorphism from the
polynomial ring R to the graded ring A is an algebraic analogue of
the exponential map in Riemannian geometry, which identifies a tubular
neighbourhood of a smooth submanifold of a Riemannian manifold with
the normal bundle of the submanifold (see [24, Theorem 11.1], for ex-
ample). The exponential map is usually constructed using geodesics on
the ambient manifold; here we use the global structure of affine space,
where “geodesics” are lines, to make a similar construction algebraically.
This idea appears in a paper[3] of Boratynski, who uses it to argue that
a smooth subvariety of A" is a set-theoretic complete intersection if and
only if the zero section of its normal bundle is a set-theoretic complete
intersection in the total space of the normal bundle.

2.3. Zero cycles on non-singular proper and affine varieties

In this section, we discuss results of Mumford and Roitman, which
give criteria for the non-triviality of CH%(X) where X is a non-singular
variety over C of dimension d > 2, which is either proper, or affine.

If X is non-singular and irreducible, and dim X = d, then Z¢(X)
is just the free abelian group on the (closed) points of X. Elements of
Z4(X) are called zero cycles on X (since they are linear combinations of
irreducible subvarieties of dimension 0). In the presentation CH?%(X) =
Z%X)/R4(X), the group R%(X) of relations is generated by divisors of
rational functions on irreducible curves in X.

The main non-triviality result for zero cycles is the following result,
called the infinite dimensionality theorem for 0-cycles. It was originally
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proved (without ®Q) by Mumford [26], for surfaces, and extended to

higher dimensions by Roitman [32]; the statement with ®Q follows from
[33].

Theorem 2.6 (Mumford, Roitman). Let X be an irreducible,
proper, non-singular variety of dimension d over C. Suppose X sup-
ports a non-zero reqular q-form (i.e., I'(X, ng/(c) # 0), for some q > 0.

Then for any closed algebraic subvariety Y C X with dimY < ¢, we
have CHH(X \Y)®Q # 0.

Corollary 2.7. Let X be an irreducible, proper, non-singular va-
riety of dimension d over C, such that I'(X,wx) # 0. Then for any
affine open subset V C X, we have CH(V) ® Q # 0.

The corollary results from the identification of wx with the sheaf
Q§< /C of d-forms.

Bloch [1] gave another proof of the above result, using the action of
algebraic correspondences on the étale cohomology, and generalized the
result to arbitrary characteristics. In [37] and [38], Bloch’s argument
(for the case of characteristic 0) is recast in the language of differentials,
extending it as well to certain singular varieties. One way of stating the
infinite dimensionality results of [37] and [38], in the smooth case, is the
following. The statement is technical, but it will be needed below when
discussing M. Nori’s construction of indecomposable projective modules.

We recall the notion of a k-generic point of an irreducible variety; we
do this in a generality sufficient for our purposes. If Xj is an irreducible
k-variety, where k C C is a countable algebraically closed subfield, a
point x € X = (Xp)¢ determines an irreducible subvariety Z C X,
called the k-closure of X, which is the smallest subvariety of X which is
defined over k (i.e., of the form (Z)¢ for some subvariety Zo C Xp) and
contains the chosen point x. We call x a k-generic point if its k-closure
is X itself.

In the case Xy (and thus also X) is affine, say Xy = Spec A, and
X = Spec Ac with Ac = A ®; C, then a point £ € X corresponds
to a maximal ideal m, C A¢. Let p, = AN m,, which is a prime
ideal of A, not necessarily maximal. Then, in the earlier notation, g,
determines an irreducible subvariety Zy C Xy. The k-closure Z C X
of z is the subvariety determined by the prime ideal p,Ac (since k is
algebraically closed, p,Ac is a prime ideal). In particular, z is a k-
generic point <= p, = 0. In this case, x determines an inclusion
A — Ac/m, = C(z) = C. This in turn gives an inclusion i, : K — C
of the quotient field K of A (i.e., of the function field k£(Xy)) into the
complex numbers.
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In general, even if X is not affine, if we are given a k-generic point
x € X, we can replace X by any affine open subset defined over k, which
will (because z is k-generic) automatically contain z; one verifies easily
that the corresponding inclusion K < C does not depend on the choice
of this open subset. Thus we obtain an inclusion i, : K — C of the
function field K = k(X)) into C, associated to any k-generic point of X.

It is easy to see that the procedure is reversible: any inclusion of
k-algebras i : K <— C determines a unique k-generic point of X. Indeed,
choose an affine open subset Spec A = Uy C Xg, so that K is the
quotient field of A. The induced inclusion A <— C induces a surjection
of C-algebras Ac — C, whose kernel is a maximal ideal, giving the
desired k-generic point.

Suppose now that X is proper over k, and so X is proper over C
(e.g., X is projective). Let dim Xo = dim X = d. Then by the Serre
duality theorem, the sheaf cohomology group H%(X,Ox) is the dual
C-vector space to

I'(X,9%,c) =(X,wx) = ['(Xo,wx,) ® C.
Hence we may identify H%(X, Ox) ®c Q& /x With

Hom (I'(X, wx ), Q¢ ) = Homg (I'(Xo, wx, ), 2 /1,).

Note that a k-generic point x determines, via the inclusion i, : K — C,
a k-linear inclusion % K Qg Ik and hence, via the obvious inclusion

P(X07WX0) = I'(Xo, Q&O/k) - QTIL(/k:v
a canonical element
diz € Homy(T'(Xo,wx,), 2E/x) = HY(X, Ox) ®c QO .-

Theorem 2.8. Let k C C be a countable algebraically closed sub-
field, and Xo an irreducible non-singular proper k-variety of dimension
d, with I'(Xo,wx,) # 0. Let Uy C Xo be any Zariski open subset. Let
X = (Xo)c, U = (Uy)c be the corresponding complex varieties. Then
there is a homomorphism of graded rings

CH*(U) — @ H?(X,0x) @c O,
p>0

with the following properties.

(i) If z € U is a point, which is not k-generic, then the image in
HYX,0x)® Qfé/k of [z] € CHY(U) is zero.
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(ii) If x € U is a k-generic point, then the image in H4(X,0x) ®
Qg/k of [x] € CH(U) is (up to sign) the canonical element diy
described above.

As stated earlier, the above more explicit form of the infinite dimen-
sionality theorem follows from results proved in [37] and [38].

2.4. Some computations with Chern classes

We now study the following two problems, which turn out to have
some similarities. We will show how, in each case, the problem reduces to
finding an example for which the Chern classes of the cotangent bundle
(i.e., the sheaf of Kéhler differentials) have appropriate properties. We
will then see, in Example 2.12, how to construct examples with these
properties. The discussion is based on the article [2] of Bloch, Murthy
and Szpiro.

Problem 2.9. Find examples of n-dimensional, non-singular affine
algebras A over (say) the complex number field C, for each n > 1, such
that A cannot be generated by 2n elements as a C-algebra, or such that
the module of Kahler differentials cannot be generated by 2n — 1 ele-
ments day, ... ,daz,—1 (in contrast, it is a “classical” result that such an
algebra A can always be generated by 2n+1 elements, and its Kéhler dif-
ferentials can always be generated by 2n exact 1-forms; see, for example,
36]).

Problem 2.10. Find examples of prime ideals I of height < N
in a polynomial ring C[zy,... ,zn]| such that Clzy,... ,zyN]/I is regu-
lar, but I cannot be generated by N — 1 elements (the Eisenbud-Evans
conjectures, proved by Sathaye [34] and Mohan Kumar [25], imply that
such an ideal I can always be generated by N elements).

First we discuss Problem 2.9. Suppose A is an affine smooth C-
algebra which is an integral domain of dimension n. Assume X = Spec A
can be generated by 2n elements, i.e., that there is a surjection f :
Clz1,-.. ,x2n] — A from a polynomial ring. Let I = ker f. If i : X —
AZ™ is the embedding corresponding to the surjection f, then the normal
bundle to 7 is the sheaf V'V, where V = [/I2.

From the self-intersection formula, and the formula for the Chern
class of the dual of a vector bundle, we see that

(2.2) (=1)"cn(V) = cn(VY) = i*i,[X] = 0,

since CH™(AZ") = 0.
On the other hand, suppose j : X — Y is any embedding as a
closed subvariety of a non-singular affine variety Y whose cotangent
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bundle (i.e., sheaf of Kahler differentials) {2y /¢ is a trivial bundle. For

example, we could take Y = A(%”, and j = i, but below we will consider
a different example as well.

Let W be the conormal bundle of X in Y (if Y = Spec B, and

J=kerj*: B—» A then W = j/\ﬁ) We then have an exact sequence
of vector bundles on X

0— W — j*Qyyc — Qx/c — 0.
Since Qly ¢ is a trivial vector bundle, we get that
(2.3) (W) = c(Qx/c) " € CH*(X).

Note that this expression for ¢(W), and hence the resulting formula
for ¢,(W) as a polynomial in the Chern classes of 2x/c, is in fact in-
dependent of the embedding j. In particular, from (2.2), we see that
cn(W) = 0 for any such embedding j: X — Y.

Remark 2.11. In fact, the stability and cancellation theorems of
Bass imply that in the above situation, the vector bundle W itself is, up
to isomorphism, independent of j, and is thus an invariant of the variety
X. We call it the stable normal bundle of X; this is similar to the case
of embeddings of smooth manifolds into Euclidean spaces. We will not
need this fact in our computations below.

Returning to our discussion, we see that to find a C-algebra A with
dim A = n, and which cannot be generated by 2n elements as a C-
algebra, it suffices to produce an embedding j : X < Y of X = Spec A
into a smooth variety Y of dimension 2n, such that

(i) Qy/c is a trivial bundle, and

(ii) if W is the conormal bundle of j, then ¢,(W) # 0; in fact
it suffices to produce such an embedding such that j.c,(W) €
CH?*"(Y) is non-zero.

We see easily that the same example X = Spec A will have the
property that Q4 ¢ is not generated by 2n — 1 elements; in fact if P =

ker(f : A®?"~1 — Q4 ) for some surjection f, then P is a vector bundle

of rank n — 1, so that ¢,(P) = 0, while on the other hand, the exact
sequence

O—>P'—>A€B2n_1 —f>QA/(C — 0
implies that

e(P) = e(Qx/c) 7,
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so that we would have

~

0= cn(B) = cn(W) #0,

a contradiction.

Next we discuss the Problem 2.10 of finding an example of a “non-
trivial” prime ideal I C C[zi1,...,zn] in a polynomial ring such that
the quotient ring A = C[zy,...,zN]/I is smooth of dimension > 0,
while I cannot be generated by N — 1 elements (by the Eisenbud-Evans
conjectures, proved by Sathaye and Mohan Kumar, I can always be
generated by N elements).

Suppose I can be generated by N — 1 elements, and dim A/ =n >
0. Then I/I? ® Q@ = AN~! for some projective A-module @ of rank
n — 1; hence

I/FPoQaA) AN 2 (I/P&Qu/c).

Hence we have an equality between total Chern classes

c(Qx/c) = ¢(Q),

and in particular, c,(Qx/c) = 0.

So if X = Spec A is such that c,(Q2x/c) € CH"(X) is non-zero, then
for any embedding X < AY, the corresponding prime ideal I cannot
be generated by N — 1 elements.

Example 2.12. We now show how to construct an example of an
n-dimensional affine variety X = Spec A over C, for any n > 1, such
that, for some embedding X — Y = Spec B with dimY = 2n, and ideal
I C B, the projective module P = I/I? has the following properties:

(i) ca(P) #0 in CH"(X) 8 Q,

(i) if ¢(P) € CH*(X) is the total Chern class, then ¢(P)~! has a
non-torsion component in CH"(X) ® Q.
Then, by the discussion earlier, the affine ring A will have the properties
that

(a) A cannot be generated by 2n elements as a C-algebra,

(b) 24/ is not generated by 2n — 1 elements,

(c) for any way of writing A = Clzq,...,zn]/J as a quotient of a
polynomial ring (with N necessarily at least 2n + 1), the ideal J
requires N generators (use the formula (2.3)).

The technique is that given in [2]. Let E be an elliptic curve (i.e.,
a non-singular, projective plane cubic curve over C), for example,

E = ProjClz,y, 2]/ (z® + y* + 2°).
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Let E®® = E x --- x E, the product of 2n copies of E. Let Y =
Spec B C E?" be any affine open subset. By the Mumford-Roitman
infinite dimensionality theorem (Theorem 2.6 above), CH?"*(Y)®Q # 0.
Also, since Y C E?", clearly the 2n-fold intersection product

CHY(Y)®?" — CH*"(Y)

is surjective. Hence we can find an element o € CH!(Y') with o®™ # 0 in
CH?*"(Y)®Q. Let P be the projective B-module of rank 1 corresponding
to a. Since Y is affine, by Bertini’s theorem, we can find elements
ai,...,an € P such that the corresponding divisors H; = {a; =0} C Y
are non-singular, and intersect transversally; take X = H, N ---N H,.
Then X = Spec A is non-singular of dimension n, and the ideal I C B
of X CY issuch that I/I? = (P ®p A)®". Thus, if j : X — Y is the
inclusion, then we have a formula between total Chern classes

o(I/12) = §7e(P)" = (1+ j*e1(P))" = (1 + j*a)™.
Hence
cn(I/T%) = §* ()",
and so by the projection formula,
Jeen(I/1%) = ju()a™ = ™",
since
3«(1) = [V] = [H] - [H] -+ -~ [Hn] = o™ € CH™(Y),

as X is the complete intersection of divisors H;, each corresponding to

the class o € CHY(Y). By construction, j.c,(I/I?) # 0in CH?>"(Y) ®

Q, and so we have that c,(I/1?) # 0 in CH™(X) ® Q, as desired.
Similarly

cI/IH =1+ j%)™"

has a non-zero component of degree n, which is a non-zero integral mul-
tiple of j*a™.

Remark 2.13. The existence of n-dimensional non-singular affine
varieties X which do not admit closed embeddings into affine 2n-space
is in contrast to the situation of differentiable manifolds — the “hard
embedding theorem” of Whitney states that any smooth n-manifold has
a smooth embedding in the Euclidean space R?".
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2.5. Indecomposable projective modules

Now we discuss M. Nori’s (unpublished) construction of indecom-
posable projective modules of rank d over any affine C-algebra Ac of
dimension d, such that U = Spec Ac is an open subset of a non-singular
projective (or proper) C-variety X with Ho(X,wx) = HO(X, Q‘)i(/(c) # 0.

The idea is as follows. Fix a countable, algebraically closed subfield
k C C such that X and U are defined over k; in particular, we are given
an affine k-subalgebra A C Ac such that Ac = A ®; C. We also have a
k-variety Xo containing Uy = Spec A as an affine open subset, such that
X = (Xo)c-

Let K, be the function field of X§ = X X - - - X Xo (equivalently,
K, is the quotient field of A®" = A ®y, --- ® A). We have n induced
embeddings ¢; : K — K,, where K = K, is the quotient field of A,
given by p;(a) =1®---®1®a®1®---®1 with a in the i-th position.

Choose an embedding K,, — C as a k-subalgebra. The inclusions
; then determine n inclusions K — C, or equivalently, k-generic points
Z1,...,%, € X (in algebraic geometry, these are called “n independent
generic points of X”). Let m; be the maximal ideal of A¢ determined
by z;, and let I = N7 ;m;. Clearly I is a local complete intersection
ideal of height d in the d-dimensional regular ring Ac. Thus we can find
a projective resolution of

0O—-P—-oFy1—>---—F —>1-0,

where F; are free. By construction, ¢(P) = c(A/I)(_l)d. By theorem 2.3,
we have

c(A)T) =1+ (-1)%1(d - 1)!(2[%]) € CH*(X).

Hence ¢;(P) = 0 for i < d, while ¢4(P) is a non-zero integral multiple
of the class Y, [z;] € CHY(U). This class is non-zero, from theorem 2.8
(we will get a stronger conclusion below). Hence rank P > d.

By Bass’ stability theorem, if rank P = d + r, we may write P =
Q @ A®", where Q is projective of rank d. Then P and @ have the same
Chern classes. So we can find a projective module @ of rank d with
Q) =1+m(_;[z;]) € CH*(U), for some non-zero integer m.

Suppose ) = Q1 & Q2 with rank )y = p, rank Qs = d — p, and
1 <p < d(thusd > 1). Then in CH*(U) ® Q, the class ) _.[z;] is

expressible as

Y [z]=aB, a € CH(U)®Q, S € CHP(U)®Q.

K3
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Using the homomorphism of graded rings of Theorem 2.8,
CH*(U) ® Q — D HY (X, Ox) ®c U 4,
jz0

we see that the element

£=> diy, € HY(X,0x) @ Q¢

i=1

is expressible as a product

§=Y1 diz, =a-f, a€HP(X,0x)®c %,
B € HI"P(X,0x) @c Qg F.

Let L be the algebraic closure of K, in C. The graded ring

d d
@Hj(xa OX) Ac Q‘(%:/k; = @Hj(XmOXo) Ok Qéj/k

Jj=0 Jj=0
has a graded subring

d
@HJ(XO,OXO) Rk Qi/k

=0

which contains the above element £. We claim that £ is then expressible
as a product « - § of homogeneous elements of degrees p,d — p with
a, B lying in this subring. Indeed, since C is the direct limit of its
subrings B which are finitely generated L-subalgebras, we can find such

subrlng B, and homogeneous elements B of degrees p, d — p in
@ o H (X0, 0x,) @1 O Bk such that £ = & - 8. Choosing a maximal

1deal in B, we can find an L-algebra homomorphism B — L, giving rise
to a graded ring homomorphism

d d
f+ €D HY (X0, Ox,) @k ¥, — €D HI (X0, Ox,) @k Q.-
§=0 §=0
Then £ = f(&) - f(3) holds in GB o H(Xo,0x,) ®% QL/k itself.

Now
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where the j-th summand corresponds to the j-th inclusion K — K.
We may write this as

QlL/k = Q}(/k Ok W,
where W =2 L®" is an n-dimensional L-vector space with a distinguished

basis. Then there are natural surjections

r

Qe = N\ Qi ® W) - Qi )y, @k ST(W),
L

where S”(W) is the r-th symmetric power of W as an L-vector space.
In particular, since Q‘;( Ik is 1-dimensional over K, we get a surjection

Q4 e S 4(W). This determines the component of degree d of a graded
ring homomorphism

d d

(O @Hj(XO,OXO) Sk QJL/k - @Hj(XO,OXo) Xk QJK/k: QK SJ(W)
j=0 j=0

As in the discussion preceeding Theorem 2.8, by Serre duality on Xy,
the natural inclusion H°(X,, Q4 %o /k) — Q‘}{ /k determines a canonical
element 0 € H%(X,,Ox,) Qk Q4 % /K- Identifying the symmetric algebra

S*(W) = S*(L®") with the polynomial algebra L[t;,... ,t,], we have
that ®(£) =0 - (t¢ + - -+ +t2). Hence, in the graded ring

d
P H7 (X0, 0x,) ®k X ), ©x S (W),

=0

the element 6 - (t¢ + - - - +t2) is expressible as a product of homogeneous
elements a, B of degrees p and d — p. Hence, by expressing

a € HP(XO,OXO) Rk Qp K/k QKK SP (W)
B € H¥P(Xy,Ox,) Q4 QK/k ®K ST P(W)

in terms of K-bases of HP(Xy,Ox,) ®k Qﬁ(/k and H?P(Xy,Ox,) ®%
Qf(/k, we deduce that in the polynomial ring S®*(W) = Ll[ti,... ,t,], the

“Fermat polynomial” t¢ + --- 4+t is expressible as a sum of pairwise
products of homogeneous polynomials

td 4. 4t = Zam 1o s tn)bm(te, - o tn)
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d d . i -
N = (p) (d _ p) (dlln;C Hp(Xo, OXO))(dlmk Hd p(X(), OXO))-
If n > 2N, the system of homogeneous polynomial equations a; = b; =
---=an = by = 0 defines a non-empty subset of the projective variety
td4.-- 4+t =0in lP"LL_l, along which this Fermat hypersurface is clearly
singular — and this is a contradiction!

§3. Variants of the Noether-Lefschetz Theorem

We discuss techniques from topology and Hodge theory, namely the
monodromy theory of Lefschetz pencils, and Deligne’s mixed Hodge
structures, which lead to the construction of unique factorization do-
mains, and to the construction of algebraic local rings over C of dimen-
sion 2 with a prescribed normal singularity, and minimal divisor class
group (a cyclic group, generated by the class of the canonical module).
As an example, we mention the following result: any ring of the form
Clz,y, 2]/(2®> + zy + f(=z,y, z)), with f a “general” polynomial of degree
> 5 and vanishing at (0,0,0) to order 4, is a UFD.

3.1. Background and results

If A is a (Noetherian) normal local ring, A its completion, then the

.

map on divisor class groups C£(A) — C¢(A) is injective. This leads to
a natural question.

Question 3.1. Given A\, what are the possibilities for the subgroup
Cl(A) — CL(A)?

We will restrict attention here to the case when A has the coefficient
field C, the complex numbers; we will assume henceforth that all local
rings under consideration have coefficient field C, unless explicitly noted
otherwise.

'Ihere is one case when tl/l\e question is trivially answered: when

Cl(A) = 0, or equivalently, A is a UFD. We recall some “classical”
results along these lines (see [4], [22], [10], [14]).

Theorem 3.2 (Brieskorn, Lipman).  Let A be a complete
non-reqular UFD with dim A = 2. Then A = Cl[z,y, 2]]/(z? + v® + 2°).

Theorem 3.3 (Grothendieck). Let A = R/(z1,...,zn) where R
is a power series ring over C, such that (i) dim A > 4, (ii) z1,...,2Z,
is a regular sequence in R, (iii) A\p 1s a UFD for all primes g ofle\ of
height < 3. Then A is a UFD.
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Theorem 3.4 (Hartshorne, Ogus). Let (A, m) be a complete local
ring with dim A = d > 3, such that (i) A has an isolated singularity, (ii)
dime m/m? < 2d — 3, (iii) depth A > 3. Then A is a UFD.

In a related vein, one can ask the following.

Question 3.5. Given A\, when does there exist a Noetherian local
ring A with completion A, such that A is a UFD?

One has the following result in this direction [15] (see also [16]).

Theorem 3.6 (R. C. Heitmann). Let R be a complete local ring
over C of depth > 2. Then there exists a local UFD A with completion
A =R.

However, the UFD constructed by Heitmann is very far from being
“geometric”. For example, suppose dim R = 2, and R is normal but
not Gorenstein. Then the corresponding ring A cannot have a dualizing
module, from an old result of Murthy [28], which states that a Cohen-
Macaulay UFD with a dualizing module is Gorenstein. Thus Heitmann’s
ring A is not a quotient of a regular local ring, for example.

So we will restrict attention, in Question 3.1, to local rings A which
are essentially of finite type over C (i.e., are localizations of finitely
generated C-algebras). We will refer to such local rings A as geometric.
By Murthy’s theorem [28] mentioned above, Question 3.5 can have a

positive answer for geometric A, in dimension 2, only if A is Gorenstein.
So we are finally led to the following modification of Question 3.5.

Question 3.7. Let R be a normal local ring. Does there exist a
geometric local ring A with completion A = R, such that Cl(A) is the
cyclic group generated by w7

Remark 3.8. Here wy is the dualizing module for A in the sense
of [13], IIL,§7 — if X is any irreducible projective variety with a point
x € X such that A = Ox ,, then wy is the stalk at x of the dualizing
sheaf wx, as defined in [13]; wy4 is in fact independent of the choice of
X. As in the definition of wx in [13], one can characterize wa by a
suitable dualizing property (phrased in terms of local cohomology), or
as a suitable cohomology module of a dualizing complex for A.

The discussion above has been centered around making the divisor
class group as small as possible. We give an example addressing the
question as to how large the class group can be. This suggests that
Question 3.7 is probably the only reasonable “general” question one can
ask in the direction of Question 3.1.
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Example 3.9. If A = Cl[z,y,2]]/(z% + y® + 27), then image
(CL(A) — CL(A)) is always a finitely generated subgroup, while CZ (A)
= C. Without going into details, the reason for this is as follows. The
local Picard variety of the singularity defined by Speclzl\ (i.e., the Picard
variety of a minimal resolution of singularities of Spec A\) has connected
component of the identity equal to the additive group C (= G,), which
is affine; on the other hand, if A = Ox . is the local ring of a point z € X
on a projective complex algebraic variety X, and if Y — X is a resolution
of singularities, then C¢(A) can be realized as a quotient of the Picard
group Pic(Y) of Y. The subgroup Pic’(Y) C Pic(Y) is an abelian va-
riety, with finitely generated quotient group NS(Y) = Pic(Y)/Pic®(Y)
(the Neron-Severi group of the projective non-singular surface Y). Now
we note that any homomorphism from an abelian variety to G, is zero.
Presumably the finitely generated subgroup C¢(A) C C/ (A\) can be
of arbitrary rank, as we vary the geometric subrings A. Incidentally,

Clz,vy, 2]/(x? + y3 + 27) is a UFD, from results of Samuel.

We now state two results in the direction of Question 3.7 which are
the main focus of our discussion. These are taken from the papers [29]
and [30], respectively.

Theorem 3.10 (Parameswaran + Srinivas). Question 3.5 (and
hence also Quesion 3.7) has a positive answer for isolated complete in-
tersection singularities.

Theorem 3.11 (Parameswaran + van Straten). Question 3.7 has
a positive answer for an arbitrary normal surface singularity.

The proofs of Theorems 3.10 (in [29]) and 3.11 (in [30]) are motivated
by the “classical” proof, essentially due to Lefschetz, of the Noether-
Lefschetz Theorem. We next recall this statement, in two equivalent

forms.
Theorem 3.12 (Noether-Lefschetz Theorem).

(a) (Algebraic Version): Let F(z,y,z,w) € Clz,y,z,w| be a “gen-
eral” homogeneous polynomial of degree > 4. Then
Clz,y, z,w]/(F) is a UFD.

(b) (Geometric Version): Let F(z,y,z,w) € C[z,y, z,w] be a “gen-
eral” homogeneous polynomial of degree > 4, and let X C IP’%
be the corresponding surface. Then Pic(X) = Z generated by
the class of the tautological line bundle Ox(1). Equivalently, the
restriction map Pic(P) — Pic(X) is an isomorphism.

The equivalence of the two versions follows from the projective nor-
mality of X, and the formula for the divisor class group of the affine
cone over a projectively normal variety (see [13] IT Ex. 6.3).
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3.2. Outline of the proof of the Noether-Lefschetz Theo-
rem

The idea of the proof of the Noether-Lefschetz Theorem is to view
the surface X as a general member in a 1-parameter family of such
hypersurfaces in P%. Now one uses the monodromy theory of Lefschetz
pencils to show that Pic(P2) — Pic(X) is an isomorphism, when d =
deg X > 4.

We outline this below, suppressing many technical details, but trying
to indicate the main points of the argument (see [18], [21] and [12] for
more details).

Remark 3.13. Later, we will comment on how this proof can be
modified to prove Theorem 3.10 for hypersurface singularities of dimen-
sion 2. The proof of the general case of Theorem 3.10 is similar in
dimension 2, but with some additional technical difficulties in dealing
with complete intersections instead of hypersurfaces; the higher dimen-
sional case of Theorem 3.10 in fact turns out to be simpler than the
2-dimensional case (for example, in dimensions > 4, it follows at once
from Theorem 3.3). The proof of Theorem 3.11 has the ingredients of
the proof for hypersurface case, together with additional inputs from sin-
gularity theory, like a finite determinacy theorem of Pellikaan [31] and
classification results of Siersma [35] on “line singularities” (singularities
with 1-dimensional singular locus).

First, since the polynomial F'is “general”, Bertini’s theorem implies
that X C P is a non-singular hypersurface. From the exact sequence
of cohomology associated to the exact sheaf sequence

0 — Ops(—d) L Ops — Ox — 0.

we get H*(X,0Ox) =0 and (since d > 4) H?(X,0x) # 0.

Now on an arbitrary proper C-variety T, with associated analytic
space Ty, (which is a compact complex analytic space), the exponential
sheaf sequence (with exp(f) = e?"#/)

ex
0— Zr, — Or,. R A O}m —0

gives an exact sequence in cohomology

Hl (Tan7 OTan )

00—
HY(T,n,7Z)

— Pic(Tyn) — H?(Ton,Z) — H*(T,n,Or,.)

where Pic(T,y,) is the group of isomorphism classes of analytic line bun-
dles on Ty,. By Serre’s GAGA, the canonical map Pic(T) — Pic(T,n),
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obtained by regarding algebraic line bundles as analytic ones, is an iso-
morphism. GAGA also implies that for any coherent algebraic sheaf F
on T, with associated analytic sheaf F,,,, the canonical maps H* (T, F) —
H*(Tyn, Fan) are isomorphisms of C-vector spaces. Hence, if H!(T, Or)
= 0, we get an induced exact sequence

0 — Pic(T) — H*(Tan,Z) — H*(T,Or).

This sequence is clearly also functorial in 7.

Applying these remarks to the inclusion 7 : X — ]P’?:, since H* (]P%,
OP%) =0, i = 1,2 we obtain a commutative diagram with exact bottom
row

Pic(P) =  H*((P%)an, 2)
! |
0 — Pic(X) -  H?*(Xun,Z) — H?*(X,0x).

So we are reduced to proving that
H*((Pg)an, Z) — H*(Xan,Z) — H*(X,Ox)

is exact.

Since X is non-singular, Hodge Theory (in fact, the Hodge decom-
position H?(X,4,,C) = H?° @ HY! @ H%?) implies that the natural
map

H*(X4n,Z) ® C = H*(X4n,C) = H*(Xan,0x,,) = H*(X, Ox)
is surjective (it is the projection onto the summand H%?2). Hence
Pic(X) = ker (H*(Xan,Z) — H*(X, Ox))

is a proper subgroup of H?(Xg,,Z), with torsion-free quotient.

To simplify notation, we now omit the subscript an. We can con-
sider a general 1-parameter family of such hypersurfaces {Xt}te]p(l: , cor-
responding to a 2-dimensional C-vector subspace V{y of the vector space
V4 of homogeneous polynomials of degree d. Let B C P2 be the non-
singular complete intersection curve defined by F; = F, = 0, for any
basis {F1, F2} of V; (by Bertini’s theorem, B is a non-singular complete
intersection, since Vp C Vj is general). (The family of hypersurfaces

{Xt}iepy is usually called a pencil, and B = N X is called the base
teP¢

locus).
One shows that, since the subspace Vi C V; is general, {Xt}telpal:
forms a Lefschetz pencil, which means the following.
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(a) f P = {(z,t) € P2 x PL | © € X;}, then P — P2 is a bi-
rational proper morphism between non-singular projective vari-
eties, which is the blow-up of PZ along the base locus (the smooth
curve B).

(b) Let f : P — PL be induced by the projection P& x PL — PL.
Then all fibers of f are irreducible, and for a finite set of (closed)
points A C ]P’}C, we have that

(i) X is non-singular for ¢t ¢ A, and

(ii) for any t € A, there is a unique singular point z; € Xy, at
which X; has an ordinary double point singularity (i.e., the
complete local ring Oy, 4, is isomorphic to C[[z, y, 2]] /(22—

zy))-

Remark 3.14. A Lefschetz pencil is the complex algebraic ana-

logue of a Morse function in the theory of compact differentiable mani-
folds.

Now f: P\ f~1(A) — P¢ \ A is a smooth proper morphism. This
implies the underlying map of C'*° manifolds is a locally trivial C*° fiber
bundle (Ehresmann fibration theorem; see, for example, [18] for further
discussion of this point). This fiber bundle structure implies that all
fibers of f over P¢ \ A are diffeomorphic, and have isomorphic singular
cohomology groups. In fact, if ¢1, t are any two points of P \ A, the
choice of a path (continuous image of the unit interval [0,1] C R) joining
t; and ty determines an isomorphism H*(Xy,,Z) — H*(X4,,Z) between
singular cohomologies; further, this isomorphism in fact depends only
on the homotopy class of this path (keeping the end points fixed). In
particular, taking to = ¢; = to, for a chosen base point ¢ty € Pg \ A, we
obtain the monodromy representation

p:m (Pt \ A, ty) — Aut (H*(X,,,Z))

of the fundamental group of P%\ A (based at to) into the group of graded
ring automorphisms of the cohomology of the fiber.

The Leray spectral sequence for f : P— P!, together with the fact
that the fibers X; over points ¢ € A have only ordinary double points,
is used to show that

image (Hz(fb,z) - HZ(XtO,Z)) =
{elements of H?(X,,,Z) fixed under the monodromy action}

(this is the “easy” part of what is often called local Lefschetz theory). A
similar spectral sequence argument, applied to cohomology with finite
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coefficients, also implies that coker (H2(P,Z) — H?(X,,,Z)) is torsion-
free — in fact one shows that image H2(P,Z) — H%(X,,,Z)) is a direct
summand of H?(Xy,,Z); but the universal coefficient theorem in topol-
ogy implies that H?(X,,,Z) is a torsion-free abelian group, since Xy, is
a smooth hypersurface in P3. hence simply connected.

On the other hand, one has

Pic(P) 2 Pic(P2) @ Z[E] = H*(P, Z),

where E is the exceptional divisor, and E N X, = B, with Ox(B) =
Ox(d). Hence

image (H2 (P,Z) — Hz(XtO,Z)) = image (H2(P%,Z) — H*(Xy,Z))
= Z[Ox,, (1)],

and we are reduced to proving that

ker (H?(Xy,,Z) — H?*(Xy,,0x,,)) =
{elements of H?(X;,,Z) fixed under the monodromy action}.

Since coker (H2(P,Z) — H?2(X,,,Z)) is torsion-free, we further reduce
to proving that

ker (H*(X4,, Q) — H*(X4,,0x,,)) =
{elements of H?(X;,,Q) fixed under the monodromy action}.

Suppose we allow the base point to € P¢ \ A to vary, and consider
the corresponding variations in H*(X,,C) and H*(Xy,, Ox,_ ). In other
words, we consider the sheaves R?f,Z and R?f, Op restricted to P\ A.
These sheaves are respectively a local system, and a holomorphic vector
bundle. Hence, if we fix an element of H?(X,,,Z), i.e., an element of
the stalk (R?f.Z):,, it determines a well-defined section of R?f.Z in
any open disc D around ¢y in the Riemann surface P¢ \ A; the image
of this section in R?f, Oz |p is a section of a holomorphic vector bundle
on D, i.e., after choosing a local trivialization of this vector bundle, the
section becomes a vector-valued holomorphic function on D. Using the
fact that a holomorphic function on a domain in C has a discrete set of
zeroes, one sees that the kernel of the sheaf map R?f.Z — R?f, Op on
Pg \ A is a local sub-system of R? f.Z [p1\a-

In more concrete language, this means that for a sufficiently general
choice of base point tg, the subspace

ker (HZ(XtO,Q) — Hz(Xto, OXtO))
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is at least a m(P¢ \ A, tg)-submodule (here “general” means “in the
complement of a countable subset”). This submodule clearly contains
the image of H?(P{, Q). Hence it suffices to show that the quotient

Hz(Xto ’ Q)
image H?(P2, Q)

is a stmple 71 (P& \ A, to)-module. This is a purely topological statement,
which is proved by more carefully analyzing the monodromy represen-
tation.

Since (PL)ar is the Riemann sphere S?, it is simply connected. We
may assume after reindexing that A C C = P¢ \ {oo}. The fundamental
group 1 (Pg \ A, to) is then generated by the classes of suitably chosen
loops v; based at tg, indexed by elements ¢t € A, which are pairwise non-
intersecting (except at ty). Here ; is a simple closed loop in C, going
once around t, and with winding number 0 with respect to the other
points of A. To simplify notation, we will henceforth denote m;(Pg \
A, tg) by just 7.

Recall that the topological intersection number (a, b) of two elements
a,b € H?(Xy,,Z) is defined using the non-degenerate, symmetric bilinear
intersection pairing (Poincaré duality pairing)

H*(X;,,7) ® H*(X4,,Z) — H*(X3,,Z) = Z.

We thus have intersection quadratic forms on H?(X;,,Q) and H?(X;,, R).
The Hodge index theorem implies that, since X; is a non-singular projec-
tive surface, the intersection form on H?(X;,,R) has signature (1, -1, -1,
...,—1). This means, for example, that on the orthogonal complement
of R[Ox, (1)] for the intersection product, the intersection form is nega-
tive definite, since [Ox, (1)] has positive self-intersection d (equal to the
degree of X, in P2). In fact the Hodge theoretic proof of the index the-
orem amounts to directly proving this negative definiteness statement
(a particular case of the Hodge-Riemann bilinear relations; see [9)]).

Using the condition that the singular fibers X; of f are irreducible
with 1 ordinary double point, Lefschetz associates to each v; an element
6; € H*(X;,,Z), called a vanishing cycle, and describes the monodromy
action of the corresponding element p(v;) on H%(Xy,, Q) via the Picard-
Lefschetz formula

P(’Yt)(a) =a-+ (a76t)6t Vae Hz(Xth)’

where (a,6;) € Z is the intersection number of a with é; (see [12], [18],
[21] for details). Further, one has a self-intersection formula

(6t, 6t> - —2



Geometric Methods in Commutative Algebra 269

Another step in the proof of the Theorem is a lemma (“conjugacy
of the vanishing cycles”) that all the classes p(y:), t € A, are con-
tained in the same conjugacy class in the monodromy image group
p(m) C Aut(H?(X,,,Z)). This is deduced using standard homotopy
arguments from a “global” geometric fact, that in the (dual) projective
space parametrizing the set of all hypersurfaces of degree d in P2, the
subvariety parametrizing singular hypersurfaces (called the discriminant
locus) is irreducible (see [18] for more details of this argument).

Next, one observes that the subspace of H?(X;,,Q) of elements
invariant under p(71) is the orthogonal complement of the span of the
vanishing cycles é;, for the non-degenerate intersection pairing. This
is clear, because any element of H2(X;,,Q) which is orthogonal to all
the 6; must, by the Picard-Lefschetz formula, be invariant under all the
p(7t), and hence under all of 7.

Note that since [Ox, (1)] € image H?(Pg,Q) is mi-invariant, it is
orthogonal to all §;. Hence the intersection form is negative definite on
the span of the &;. This implies that H%(Xy,, Q) is the orthogonal direct
sum of its 7;-submodules

image H*(P,Q) = H*(Xt,,Q)™

(the subspace of mi-invariants) and

V=> Q¢

teA

(this direct sum decomposition is the only “easy” case of the so-called
“Hard Lefschetz theorem”). Since image H?(P2,Q) # 0 is a proper
subspace of H%(X;,,Q) as noted earlier, V # 0.

In the light of this, the proof has been reduced to the following
assertion. '

Claim 3.15. V C H%(X,,,Q) is a non-trivial simple 7 -submodule
Of Hz(Xt()’Q)'

Indeed, since any two elements p(7t, ), p(7:,) € p(m1) are conjugate,
we deduce (using the Picard-Lefschetz formula) that the corresponding
vanishing cycles 6é;,, 6;, are in the same p(m)-orbit. Hence any ;-
submodule of V containing some ¢; must be all of V. Now if a € V is
a non-zero element, then negative definiteness of the intersection form
yields (a,a) < 0, which implies (a, 8;) # O for some t € A. This in turn
implies a — p(+¢)(a) is a non-zero multiple of &, i.e., the m1-submodule
generated by Qa contains &;.
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3.3. Some elements of the proofs of Theorem 3.10 and
Theorem 3.11

We now discuss how the Lefschetz pencil technique can be used to
obtain Theorem 3.10 (in dimension 2) and 3.11.

Theorem 3.10, in dimension 2, is proved in the following stronger
form (there is a similar strengthening in dimension 3, and in dimensions>
4, it follows from Grothendieck’s Theorem 3.3).

Theorem 3.16. Let fi(z1,... ,z,) € Clzy,... ,2,], 1 <i<n—2
be polynomials vanishing at the origin P = (0,0,... ,0) such that

(C[[a:l) S ’xn]]/(flv R :fn—2)

has an isolated complete intersection singularity. Then there exist inte-
gers dyg > ro > 0 such that if

T 2 To, d Z Sup{d())r + 17degf] V.]}
and
Vi.d = {polynomials of degree < d vanishing to order > r at P},

then for “general” gi,...,gn—2 € V;. 4, we have:
(i) A=Clzy,...,za)/(fi+91,--- s fn—2 + Gn_2) is a UFD, with

A=Cllay, .., zall/(frr- - s fa2),
(ii) if F;, G; are homogenous of degree d in Xy, ..., X, such that
F(l,z1,...,2n) = fi, Gi(1,21,...,2) =¢;, 1<i<n—2,
then
ClXo,.. -, Xn]/(F1 +G1,... ,F_o+ Gpr_o)

18 a 3-dimensional graded UFD,
(iii) with notation as in (ii), the projective variety

X IPI‘Oj(C[Xo,... ,Xn]/(Fl + Gy,... ,Fn_2+Gn_2)

satisfies a Noether-Lefschetz theorem: the natural map C¢ (P¢) —
Cl(X) is an isomorphism.

Remark 3.17. In the above result, “general” means “in the com-
plement of a countable union of hypersurfaces” (in the affine space

(Vea)"2).
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Remark 3.18. To summarize the theorem in a less technical way,
if we perturb the polynomials f; defining an isolated complete intersec-
tion singularity, by adding “general” polynomials g; vanishing to high
enough order (depending on the singularity), then we obtain an algebraic
local UFD from the perturbed equations fi+¢; =+ = fno_2+gn_o =0,
which has the same completion, i.e., has the same singularity.

In order to prove this, one considers S = (V,. 4)" "2 =V, g x - -x V;. 4,
the affine space parametrizing ordered (n— 2)-tuples (g1,... ,gn—2). For
se S, let ’

Xs={F1+G=---=F, 2+G, 2 =0} CP¢

be the corresponding projective subscheme. Let L C S be a “general”
line (i.e., L = A{ is an affine linear 1-dimensional subspace of S), and
set

X ={(z,s) e P¢ x L |z e X;}.

We would like to “do Lefschetz theory” for the “pencil” f: X; — L.

This requires several modifications of the earlier argument. First of
all, the general subscheme X, s € L, will be an irreducible, complete
intersection surface, which has { P} as its singular locus; further, one can
ensure that every X, is irreducible, and has at most one other singular
point which is an ordinary double point. This resembles the conditions
of a Lefschetz pencil, but {P} x L C X is still part of the singular
locus.

Next, we need to construct a “simultaneous resolution of singular-
ities” for the family X; — L along the above curve {P} x L of singu-
larities. Using a Hilbert scheme argument, this is reduced in [29] to the
following problem on Hilbert functions in local algebra:

given a complete intersection quotient A =
Cllz1y--- ,znll/(f1,..- , fn—2) of a power series ring
R = C[[z1, ... ,x,]], with an isolated singularity, and an
m-primary ideal J C m = (z1,...,z,) C R, show that
there exists » > 0 such that is an equality between Hilbert
functions

C(R/I™+ (fry---, fr—2))

=£(R/Jm+(f1+gla'--7fn—2+gn~—2)) VmZO,

for an arbitrary choice of ¢g;,... ,9,—2 € m".
In fact there is a result of Mather [23] which implies that, for some r > 0,
and for each choice of g; € m", 1 < j < n — 2, there is an automorphism
o of the power series ring R such that o = identity (mod J), and there
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is an equality between ideals o(f1,..., fr) = (fi+91,.-. , fr+9g-). This
implies a positve answer to above problem.

Remark 3.19. The above question on Hilbert functions led nat-
urally to the papers [40], [39], and thus ultimately to Theorem 1.1!

Let Y; — X be the resulting “simultaneous resolution of singular-
ities”, so that Yy — L does look more like a Lefschetz pencil (all fibers
are irreducible, all but finitely many non-singular, and singular fibers
have only 1 ordinary double point).

Now much of the argument is similar to the case of the Noether-
Lefschetz theorem. One first uses the fact that if s € L is general, so
that X is a surface with a unique singularity P, then

0t (X,) = Pic(X, \ {P}) = Pic(Y; \ E),

where Yy — X, is the above resolution of singularities (obtained from
Y. — X1), with exceptional set E. Using Mather’s result cited above,
one can arrange that the exceptional set ' C Y is in fact independent
of s € L, in the following sense — Y7, is obtained as a closed subvariety
of P¢ x L for some blow-up P¢ — Pg, such that the exceptional set for

Yr — X has the form E x L for some subvariety £ C Pg.
If Ey,..., E, are the irreducible components of F, then since Y is
a non-singular surface, one computes that

Pic(Y; \ E) = Pic(Y;)/{subgroup generated by the classes [Oy, (E;)]}.

Thus the Theorem is equivalent to that statement that Pic(Yy) is gen-
erated by the classes of Oy, (F;) and the pull-back of Op-(1).

Now suppose, for simplicity, that n = 3, i.e., we are still dealing
with hypersurfaces in P&. One can then realize Y7, as an open subset of
the blow-up Y7, — P2 along the union of a suitable complete intersection
curve B, and a subscheme of finite length supported at P (Y7, itself is
not compact, since it is proper over L = A%:). Hodge theory and the
exponential sheaf sequence reduce one to proving, after some further
analysis of the geometry, that

image (H*(Yz,Q) — H?*(Y,,Q)) = ker (H*(Y,,Q) — H*(Y;,0v,)) .
Using the theory of vanishing cycles, etc. one ends up showing that
image (H*(Yz,Q) — H*(Y;,Q)) = ker (H*(Ys,Q) — H*(Ys,Oy,)) .

To conclude, one appeals to the following result of Deligne, proved in [5]
using his theory of mized Hodge structures.
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Theorem 3.20 (Deligne). Let Z be a non-singular proper C-
variety, Y C Z a non-singular closed subvariety, and U C Z a Zariski
open subset containing Y. Then

image (H*(Z,Q) — H*(¥,Q)) = image (H* (U, Q) — H'(Y,Q)).

Remark 3.21. The application of Deligne’s result, in
“monodromy” situations as above, is usually called the theorem of the
fized part (see [5] for more discussion) — it says that if f : U — L is
a smooth proper morphism between non-singular varieties, Z a non-
singular complete variety containing U as a Zariski open set, and Y a
fiber of f, then the subspace of m;(L)-invariant elements of H*(Y,Q)
is the image of the composite restriction map H*(Z,Q) — H*(U,Q) —
H*(Y,Q). The special case of this result, when Z = U and L are proper,
is due to Griffiths.

We now make some further remarks on the proofs of the general
case of Theorem 3.16, and of Theorem 3.11.

For Theorem 3.16, if n > 4, then in our above set-up, the variety Y7,
which has dimension 3, cannot be realized as an open subset of a blow-up
of the ambient projective space P¢. So, in addition to the “pencil” Yz, —
L, one needs to also consider the “total family” of varieties parametrized
by S itself, and (for example) compare the Leray spectral sequences for
these two, etc. There is a “bad subvariety” A(S) C S, parametrizing
the fibers with additional singularities (apart from the chosen one P),
such that the singular fibers of Y; — L lie over the points of A =
L N A(S). Additional results needed at this stage are that A(S) is an
irreducible divisor, and that (since L C S is general) the natural map
on fundamental groups 73 (L \ A) — 71 (S \ A(S)) is surjective (a result
of Zariski).

Finally, as before, one will end up proving that the subspace of
71 (L \ A)-invariant elements in H?(Y;,Z) coincides with the subgroup
generated by the cohomology classes of the exceptional divisors F;, and
the pull-back of Opr(1). This will give the desired conclusion.

The strategy in proving Theorem 3.11 is a bit different. One first
chooses some algebraic “model” for the surface singularity, i.e., one finds
an irreducible normal projective surface X C P¢ together with a point
xz € X such that Ox , has the given completion, and X \ {x} is non-
singular. Then choose a generic linear projection P \ H — ]P’%, which
restricts to a finite, birational morphism X — Y onto a non-normal
surface Y € P3, with X as its normalization. Finally, one analyzes the
(usually 1-dimensional) singular locus Z = Y4 of Y'; for example, one
shows that at a “general” point of Z, the surface Y has complete local
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rings isomorphic to C|[z,y, z]]/(zy) (i.e., Y has an “ordinary double
curve singularity” at such points).

Applying the singularity theory results of Pellikaan and Siersma
cited earlier, one considers deformations {(Y;, Z:)}+ in P& of the pair
(Y, Z). Taking “simultaneous normalizations” gives rise to correspond-
ing deformations {(X¢,z¢)}+ of (X, ), such that each of the complete
local rings @) X,,z, 18 isomorphic to @) X,z (this is a consequence of the sin-
gularity theory inputs). Again one arrives at a sort of Noether-Lefschetz
situation, with one difference: the inverse image in X; under the normal-
ization map X; — Y; of the singular locus Z; C Y; (which is only a Weil
divisor on Y;) is a “new” divisor class, which does not come from a line
bundle on P3. In fact, adjunction theory (i.e., “Grothendieck duality
for the finite morphism X; — Y;”; see for example [13|III Ex. 6.10 and
Ex. 7.2) implies that this divisor represents the canonical (Weil) divisor
class of X;, upto a twist by some Ox,(n). This gives the generator of
the cyclic class group C¢(Ox, ,) for a sufficiently general choice of the
parameter t.
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