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Levi-Flat Minimal Hypersurfaces
in Two-dimensional Complex Space Forms

Robert L. Bryant

Abstract.

The purpose of this article is to classify the real hypersurfaces
in complex space forms of dimension 2 that are both Levi-flat and

minimal. The main results are as follows:
When the curvature of the complex space form is nonzero, there

is a 1-parameter family of such hypersurfaces. Specifically, for each
one-parameter subgroup of the isometry group of the complex space
form, there is an essentially unique example that is invariant under

this one-parameter subgroup.
On the other hand, when the curvature of the space form is zero,

i.e., when the space form is $\mathbb{C}^{2}$ with its standard metric, there is an
additional ’exceptional’ example that has no continuous symmetries

but is invariant under a lattice of translations. Up to isometry and
homothety, this is the unique example with no continuous symme-
tries.

Introduction

A real hypersurface $\Sigma^{3}\subset \mathbb{C}^{2}$ is Levi-flat [CM] if it is foliated by
complex curves. (If such a foliation exists, it is necessarily unique.)
Thus, a Levi-flat hypersurface in $\mathbb{C}^{2}$ is essentially a 1-parameter family
of complex curves in $\mathbb{C}^{2}$ . If one imposes the further condition that the
hypersurface be minimal, there is, in addition to the obvious example

of a real hyperplane, the deleted cone $C^{*}\subset \mathbb{C}^{2}\backslash \{(0,0)\}$ defined by

$|z_{1}|^{2}-|z_{2}|^{2}=0$ , $|z_{1}|^{2}+|z_{2}|^{2}>0$ .
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This cone is foliated by the (punctured) lines $z_{1}=\lambda z_{2}$ with $|\lambda|=1$ and
hence is Levi-flat. Since $C^{*}$ is the cone on the Clifford torus, it is also
minimal as a submanifold of $\mathbb{C}^{2}$ .

It is not obvious that there are any examples of minimal, Levi-flat
hypersurfaces in $\mathbb{C}^{2}$ that are distinct from these up to rigid motion.
The condition of being either minimal or Levi-flat constitutes a single
non-linear second order PDE for the hypersurface $\Sigma$ . A short calculation
shows that the combined conditions form a second order system that is
not involutive in Cartan’s sense. In fact, by Cartan’s classification [Ca]
of the involutive second order systems for one function of three variables,
there is no second order equation that is in involution with the minimal
hypersurface equation for a hypersurface in a Riemannian 4-manifold.
Thus, describing the solutions of such a system requires analysis that
goes beyond an application of the Cartan-K\"ahler theorem.

In this article, I carry out this analysis, classify the solutions of this
overdetermined system, both locally and globally, and show that there
are many other examples. Since it is no harder to do the analysis for
the general two-dimensional complex space form, I do the computations
in this more general setting. While the calculations were guided by
certain concepts from exterior differential systems, this article has been
written so that no knowledge of this subject is required of the reader
beyond the (elementary) Frobenius theorem on integrable plane fields.
Nevertheless, the reader who wonders how some of the calculations in \S 2
could be motivated might want to consult [BCG, Chapter $VI$]. General
references on calculations via the moving frame could also be helpful, in
which case I recommend [Sp] or [Gr].

The results can be described as follows: Each local solution extends
to a unique maximal solution and the space of maximal solutions is finite
dimensional, breaking up into two or three different families.

The members of the first family are those hypersurfaces $\Sigma$ whose
complex leaves are totally geodesic in the ambient space form. In flat
space, there are only two such examples up to isometry: the hyperplane
and the Clifford cone constructed above. When the space form has pos-
itive sectional curvature and hence is $\mathbb{P}^{2}$ with its standard Fubini-Study
metric up to a constant scale factor, there is only one example up to
rigid motion. Its closure in $\mathbb{P}^{2}$ has one singular point, near which it
resembles the Clifford cone in flat space. When the space form has neg-
ative sectional curvature and hence is the complex hyperbolic 2-ball $B^{2}$

(i.e., the noncompact dual of $\mathbb{P}^{2}$ ) up to a scale factor, there are three
distinct examples up to isometry. The closure of one of these examples
has a singular point, near which it resembles the Clifford cone. The
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other two examples are nonsingular, complete, embedded hypersurfaces.
For details, see 3.1.

The remaining two families are somewhat more difficult to describe
explicitly. The structure equations for the second family show that each
such example $\Sigma^{3}$ is invariant under a one-parameter group of isome-
tries of the ambient space and that this one-parameter group acts on
the hypersurface $\Sigma$ preserving each of its complex leaves. Conversely,
each one-parameter group of isometries of the ambient space preserves
a family of holomorphic curves that foliates the ambient space in the
complement of the fixed point set. Up to ambient isometry, there is a
unique one-parameter family of these curves whose union is a minimal
hypersurface. The minimal Levi-flat hypersurfaces constructed in this
way that do not belong to the first family constitute the members of the
second family. In 3.2, I construct these hypersurfaces explicitly for each
conjugacy class of one-parameter subgroup of the isometry group of the
ambient space form. The examples in this second family often have some
sort of singular locus and can be either real algebraic or transcendental,
see 3.2.

The third family is the most difficult to describe explicitly. It only
exists when the ambient curvature is zero, i.e., in the case of $\mathbb{C}^{2}$ itself. Up
to holomorphic isometry and homothety, there is only one such exam-
ple and it is periodic with respect to a lattice $\Lambda\subset \mathbb{C}^{2}$ of type $F_{4}$ .

The quotient hypersurface $\Sigma^{3}\subset \mathbb{C}^{2}/\Lambda$ has quite interesting properties.
Its complex leaves are compact Riemann surfaces of genus 3 and the
1-parameter family of genus 3 surfaces that makes up this hypersurface
is a nontrivial variation in moduli. The formula that defines the embed-

ding of $\Sigma$ into the abelian variety $\mathbb{C}^{2}/\Lambda$ is essentially a quotient of the
Abel-Jacobi mapping on each complex leaf. There is reason to believe
that this hypersurface is an open dense subset of a ’real algebraic’ hyper-
suface in the algebraic variety $\mathbb{C}^{2}/\Lambda$ , but I have not verified this in detail.
I would like to thank Dave Morrison for a helpful conversation about the
algebraic geometry of this example.

\S 1. Two-Dimensional Complex Space Forms

This section introduces the structure equations for complex space

forms of dimension 2 and establishes the notation that will be used for
the remainder of the article. For further discussion of these models, the
reader might consult [He] or [KN].
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1.1. The group $G_{R}$

Let $R$ be a real number and let $G_{R}\subset SL(3, \mathbb{C})$ be the connected
subgroup whose Lie algebra $g_{R}$ consists of the matrices of the form

$\left(\begin{array}{lll}ir_{1} & -R\overline{x} & -R\overline{y}\\x & ir_{2} & -\overline{z}\\y & & -i(r_{1}+r_{2})\end{array}\right)$

where $r_{1}$ and $r_{2}$ are real and $x$ , $y$ , and $z$ are complex.
When $R\neq 0$ , this is the identity component of the set of unimodular

matrices $g$ that satisfy ${}^{t}\overline{g}H_{R}g=H_{R}$ , where

$H_{R}={}^{t}\overline{H_{R}}=\left(\begin{array}{lll}1 & 0 & 0\\0 & R & 0\\0 & 0 & R\end{array}\right)$ .

In this case, $H_{R}$ defines a nondegenerate Hermitian inner product $\langle, \rangle_{R}$

on $\mathbb{C}^{3}$ . Even the matrix $H_{0}$ defines a (very degenerate) Hermitian inner
product $\langle, \rangle_{0}$ on $\mathbb{C}^{3}$ and $G_{0}$ preserves it.

1.2. The complex space form $\mathbb{P}_{R}^{2}$

The set $\mathbb{P}_{R}^{2}\subset \mathbb{P}^{2}$ consisting of the lines through $0\in \mathbb{C}^{3}$ on which $\langle, \rangle_{R}$

is positive is a homogeneous space of $G_{R}$ . Write the general element
of $G_{R}$ as

$g=$ $(e_{0} e_{1} e_{2})$ ,

where the columns $e_{i}$ of $g$ are to be regarded as $\mathbb{C}^{3}$-valued functions
on $G_{R}$ . The map $\pi:G_{R}\rightarrow \mathbb{P}_{R}^{2}$ defined by $\pi(g)=\mathbb{C}\cdot e_{0}$ is a submersion.
The fibers of $\pi$ are the left cosets of the connected subgroup $K\subset G_{R}$

whose Lie algebra consists of matrices of the form

$\left(\begin{array}{lll}ir_{1} & 0 & 0\\0 & ir_{2} & -\overline{z}\\0 & & -i(r_{1}+r_{2})\end{array}\right)$ .

The group $K$ is compact and isomorphic to the nontrivial double cover
of $U(2)$ . In particular, $\mathbb{P}_{R}^{2}\simeq G_{R}/K$ as a homogeneous space.

1.3. The structure equations

Write the left invariant Maurer-Cartan form on $G_{R}$ in the form

$\gamma=g^{-1}dg=$ $\left(\begin{array}{lll}i\tau & -R\overline{\eta} & -R\overline{\omega}\\\eta & i(\phi+\tau) & -\overline{\sigma}\\\omega & & -i(\phi+2\tau)\end{array}\right)$ ,
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so that the first structure equation becomes

$(de_{0} de_{1} de_{2})=(e_{0} e_{1} e_{2})$ $\left(\begin{array}{lll}i\tau & -R\overline{\eta} & -R\overline{\omega}\\\eta & i(\phi+\tau) & -\overline{\sigma}\\\omega & & -i(\phi+2\tau)\end{array}\right)$ .

There exist on $\mathbb{P}_{R}^{2}$ a unique metric $ds^{2}$ and a $ds^{2}$ -orthogonal complex
structure $J$ with corresponding K\"ahler form $\Omega$ for which

$\pi^{*}(ds^{2})=\eta\circ\overline{\eta}+\omega\circ\overline{\omega}$ and $\pi^{*}(\Omega)=\frac{i}{2}(\eta\wedge\overline{\eta}+\omega\wedge\overline{\omega})$ .

The second structure equation $ d\gamma=-\gamma\wedge\gamma$ shows that this K\"ahler

structure has constant holomorphic sectional curvature $AR$ . (I.e., the
Gauss curvature of any totally geodesic complex curve in $\mathbb{P}_{R}^{2}$ is $AR.$ )

From now on, the fibration $\pi:G_{R}\rightarrow \mathbb{P}_{R}^{2}$ will be taken as the stan-
dard unitary bundle structure for the K\"ahler geometry of $\mathbb{P}_{R}^{2}$ . (Strictly
speaking, of course, this is not quite correct since one should first divide
out by the center of $G_{R}$ , a cyclic subgroup of order 3, but for simplicity,
I will not do this. It should not cause any confusion.)

\S 2. Real Hypersurfaces

Let $\Sigma^{3}$ be a connected, smooth, embedded1 real hypersurface in $\mathbb{P}_{R}^{2}$ .

The preimage $B_{0}=\pi^{-1}(\Sigma)$ is a principal $K$ bundle over $\Sigma$ . From now
on, all the forms on $G_{R}$ are to be understood as pulled back to $B_{0}$ .

2. 1. First invariants

Since $\Sigma$ is a hypersurface, there will be one linear relation among
the real and imaginary parts of the two 1-forms $\eta$ and $\omega$ . Let $B_{1}\subset B_{0}$

be the subset where this relation is $\eta=\overline{\eta}$ . Then $B_{1}$ is a union of left
$K_{1}$ -cosets where $K_{1}\simeq S^{1}$ is the group of matrices of the form

$E_{\theta}=\left(\begin{array}{lll}e^{i\theta} & 0 & 0\\0 & e^{i\theta} & \\0 & 0 & e^{-2i\theta}\end{array}\right)$ .

From now on, all the forms on $B_{0}$ are to be understood as pulled back
to $B_{1}$ . In addition to the relation $\eta=\overline{\eta}$ , there will be relations of the
form

$\phi=H\eta-ia\omega+i\overline{a}\overline{\omega}$

$\sigma=c\eta+iL\omega-2s\overline{\omega}$

:All these calculations will be local, so embeddedness is not a serious
restriction.
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for some functions $a$ , $c$ , $H=\overline{H}$ , $L$ , and $s$ on $B_{1}$ . (The choice of numerical
coefficients is cosmetic.) By the structure equations,

$ d\eta=-i\phi\wedge\eta+\overline{\sigma}\wedge\omega=-(a\omega-\overline{a}\overline{\omega})\wedge\eta+\overline{(c\eta+iL\omega-2s\overline{\omega})}\wedge\omega$ .

Since $\eta$ is real, the imaginary part of the right hand expression must
vanish. I.e.,

$L=\overline{L}$ and $c=-2\overline{a}$ .

Let $R_{\theta}$ : $B_{1}\rightarrow B_{1}$ denote right action by the matrix $E_{\theta}$ . Then $\eta$ ,
$H$ , and $L$ are invariant under $R_{\theta}$ while

$ R_{\theta}^{*}\omega=e^{3i\theta}\omega$ , $R_{\theta}^{*}a=e^{-3i\theta}a$ , $R_{\theta}^{*}s=e^{6i\theta}s$ .

Note that quantities such as $\eta$ , $a\omega,\overline{s}\omega^{2}$ , $L$ , $H$ , $|a|^{2}$ , and $|s|^{2}$ are
$\pi$-semibasic and invariant under $R_{\theta}$ and so can be considered to be
well defined as functions or forms on $\Sigma$ .

2.1.1. Levi-flatness. The equation $\eta=0$ defines the preimage in $B_{1}$

of the bundle of complex tangent spaces to $\Sigma$ . Consequently, $\Sigma$ will be
Levi-flat if and only if $\eta\wedge d\eta=0$ . However, by the structure equations
and the relations just derived,

$\eta\wedge d\eta=iL\eta\wedge\omega\wedge\overline{\omega}$ .

Thus, Levi-flatness is equivalent to the condition $L=0$ . From now on,
I will assume that $\Sigma$ is Levi-flat.

2.1.2. Minimality. The induced metric on $\Sigma$ pulls back to $B_{1}$ to be
the quadratic form $\eta^{2}+\omega o\overline{\omega}$ , while the second fundamental form $II$

satisfies
$\pi^{*}(II)=c_{1}H\eta 2+Re(c_{2}a\omega)\circ\eta+Re(c_{3}\overline{s}\omega^{2})$

for some nonzero constants $c_{1}$ , $c_{2}$ , and $c_{3}$ (the explicit values will not be
important for what follows). In particular, $H$ is the the mean curvature
function of $\Sigma$ (up to some universal constant multiple), i.e., $\Sigma$ is minimal
if and only if $H$ vanishes identically on $B_{1}$ . From now on, I will assume
that $\Sigma$ is minimal (as well as Levi-flat).

2.2. Differential consequences of the structure equations

At this point, the forms on $B_{1}$ satisfy the reality condition $\eta=\overline{\eta}$ ,

the nondegeneracy condition $\eta\wedge\omega\wedge\overline{\omega}\neq 0$ , and the relations

$\phi=-ia\omega+i\overline{a}\overline{\omega}$ ,

$\sigma=-2\overline{a}\eta-2s\overline{\omega}$ .
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Thus, $\gamma$ pulled back to $B_{1}$ has the form

$\gamma=$
$\left(\begin{array}{lll}i\tau & -R\eta & -R\overline{\omega}\\\eta & i\tau+a\omega-\overline{a}\overline{\omega} & 2a\eta+2\overline{s}\omega\\\omega & -2\overline{a}\eta-2s\overline{\omega} & -2i\tau-a\omega+\overline{a}\overline{\omega}\end{array}\right)$ .

The structure equation $ d\gamma=-\gamma\wedge\gamma$ expands to the relations

$d\tau=iR\omega\wedge\overline{\omega}$ ,

$ d\eta=(a\omega+\overline{a}\overline{\omega})\wedge\eta$ ,

$ d\omega=(3i\tau-\overline{a}\overline{\omega})\wedge\omega+2s\overline{\omega}\wedge\eta$ ,

and implies the existence of complex-valued functions $x$ and $y$ on $B_{1}$ so
that

$da=-3ia\tau-6\overline{a}\overline{s}\eta+(x-3a^{2})\omega-(\frac{1}{2}R-|a|^{2}+2|s|^{2})\overline{\omega}$ ,

$ds=$ $6is\tau+\overline{x}\eta+3sa\omega+y\overline{\omega}$ .

Remark 1. These equations imply strong conditions about the van-
ishing locus of $s$ on each complex leaf $ L\subset\Sigma$ . In a small neighborhood $U$

of any point $p\in L$ , one can choose a complex coordinate $z$ so that,
on $B_{L}=\pi^{-1}(L)$ , there is a nonzero function $h$ so that $\omega=h\pi^{*}(dz)$

holds on $B_{L}$ . Correspondingly, there will be a function $f$ on $U$ so that
$\overline{a}\overline{\omega}=\pi^{*}(f_{\overline{z}}d\overline{z})$ and a function $g$ on $U$ so that $\overline{s}\omega^{2}=\pi^{*}(gdz^{2})$ . The
above structure equations then imply that the product $e^{-3f}g$ is holo-
morphic in $z$ . Consequently, the quadratic form $\overline{s}\omega^{2}$ is a nonvanishing
multiple of a holomorphic quadratic form on $L$ and so either vanishes
identically or else only vanishes at discrete points of $L$ and then only to
finite order. Note that $|s|^{2}$ vanishes identically on a complex leaf if and
only if that leaf is totally geodesic in $\mathbb{P}_{R}^{2}$ .

Remark 2. It will be useful to understand the metric $\omega o\overline{\omega}$ induced
on the complex leaves, in particular, the Gauss curvature of this induced
metric. Now, the equation for $ d\omega$ can be written in the form

$ d\omega=-i\rho\wedge\omega+2s\overline{\omega}\wedge\eta$

where $\rho=-3\tau+i(a\omega-\overline{a}\overline{\omega})$ . The equation

$ d\rho\equiv-\frac{i}{2}(4R-8|s|^{2})\omega\wedge\overline{\omega}mod \eta$

then shows that the function $K=4(R-2|s|^{2})$ restricts to each complex
leaf to be its Gauss curvature.
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2.2.1. First case. Using the structure equations to expand the iden-
tity $d(da)=0$ and then reducing the result modulo $\omega$ yields

$sx-\overline{s}\overline{x}=0$ .

There are now two cases to consider. First, suppose that $s$ vanishes
identically. Then so do $x$ and $y$ , and the remaining structure equation
for $a$ is

$da=-3ia\tau-3a^{2}\omega-(\frac{1}{2}R-|a|^{2})\overline{\omega}$ .

Differentiating this equation just yields an identity. Thus, the system

$d\tau=iR\omega\wedge\overline{\omega}$

$ d\eta=(a\omega+\overline{a}\overline{\omega})\wedge\eta$

(1)
$ d\omega=(3i\tau-\overline{a}\overline{\omega})\wedge\omega$

$da=-3ia\tau-3a^{2}\omega-(\frac{1}{2}R-|a|^{2})\overline{\omega}$

is differentially closed2 and describes the class of solutions $\Sigma$ for which
the complex leaves are totally geodesic. This class will be analyzed in
the next section, after all of the integrability conditions have been found
for the remaining cases.

2.2.2. Second and third cases. Suppose now that $s$ does not vanish
identically. Since $\Sigma$ is real analytic and connected and since $|s|^{2}$ is well-
defined on $\Sigma$ , there is a dense open set $\Sigma^{*}\subset\Sigma$ on which $|s|^{2}>0$ . On
the bundle $B_{1}^{*}=\pi^{-1}(\Sigma^{*})\cap B_{1}$ , which is a dense open subset of $B_{1}$ ,

write $x=\overline{s}p$ , where $p$ is real. The structure equations are now

$da=-3ia\tau-6\overline{a}\overline{s}\eta+(\overline{s}p-3a^{2})\omega-(\frac{1}{2}R-|a|^{2}+2|s|^{2})\overline{\omega}$

$ds=$ $6is\tau+sp\eta+3sa\omega+sy\overline{\omega}$

(where, to simplify equations to follow, I have replaced the former $y$

by $sy$ , which is permissible since $s$ is nonzero).
Now, $a$ cannot vanish identically. If it were to do so, then the above

equations would imply $p=0$ and $R=-4|s|^{2}<0$ (since $s$ is nonzero).
The equation for $ds$ would then simplify to $ds=6is\tau+sy\overline{\omega}$ . Differenti-
ating the relation $R+4|s|^{2}=0$ then shows that $y=0$ , in turn implying

I.e., the exterior derivatives of these equations are identities. Of course, it
then follows from Cartan’s generalization of Lie’s Third Fundamental Theorem
that there are solutions to these equations, but the explicit computations in
the next section will make recourse to Cartan’s theorem unnecessary. This
same comment applies to the other two cases that will turn up in the next
subsubsection.
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that $ ds=6is\tau$ , which then implies that $d\tau=0$ , contradicting the struc-
ture equation for $\tau$ since $R\neq 0$ . By the real analyticity and connected-
ness of $\Sigma$ , it follows that $|a|^{2}$ is nonzero on a dense open set $\Sigma^{**}\subset\Sigma^{*}$

and I can restrict attention to the corresponding subbundle $B_{1}^{**}$ , which
I will do from now on. Thus, $a$ is nonzero on $B_{1}^{**}$ .

Now, the structure equations plus the reality of $p$ yield

$0=\frac{d(da)\wedge\overline{\omega}}{\overline{s}}+\frac{d(d\overline{a})\wedge\omega}{s}=6(\overline{a}\overline{y}-ay)\eta\wedge\omega\wedge\overline{\omega}$ .

Thus $ay$ is real, implying that there exists a function $q=\overline{q}$ for which $y=$

$\overline{a}(q+3)$ . (Writing $q+3$ instead of $q$ here simplifies the following formu-
lae.) Expanding the identity $d(da)=0$ and using the reality of $p$ implies
that $p$ satisfies the equation

$ dp=(2R-64|a|^{2}+8|s|^{2}-6|a|^{2}q-p^{2})\eta$

$-(ap+24\overline{a}\overline{s}+2\overline{a}\overline{s}q)\omega-(\overline{a}p+24as+2asq)\overline{\omega}$ .

By this structure equation and the reality of $g$ ,

$0=\frac{d(ds)\wedge a\omega}{s}+\frac{d(d\overline{s})\wedge\overline{a}\overline{\omega}}{\overline{s}}=4q(a^{2}s-\overline{a}^{2}\overline{s})\eta\wedge\omega\wedge\overline{\omega}$ .

Thus, either $q$ or the imaginary part of $a^{2}s$ vanishes identically. These
two cases will be considered separately.

First, suppose that $a^{2}s$ is real and introduce a real-valued func-
tion $t=\overline{t}$ so that $s=\overline{a}^{2}t$ . Using the reality of $t$ and expanding the
identities $0=d(da)=d(ds)=d(dp)$ yields

$q=R+4|a|^{2}+2|a|^{2}pt+|a|^{4}t^{2}$

plus a formula for $dt$ . The result is structure equations of the form

$d\tau=iR\omega\wedge\overline{\omega}$

$ d\eta=(a\omega+\overline{a}\overline{\omega})\wedge\eta$

$ d\omega=(3i\tau-\overline{a}\overline{\omega})\wedge\omega+2\overline{a}^{2}t\overline{\omega}\wedge\eta$

(2) $da=-3ia\tau-6|a|^{2}at\eta+a^{2}(tp-3)\omega-(\frac{1}{2}R-|a|^{2}+2|a|^{4}t^{2})\overline{\omega}$

$ dp=-(4R+16|a|^{2}+16|a|^{4}t^{2}+12|a|^{2}pt+p^{2})\eta$

$-(p+8|a|^{2}t+2t(R+4|a|^{4}t^{2}+2|a|^{2}pt))(a\omega+\overline{a}\overline{\omega})$

$dt$ $=t(p+12|a|^{2}t)\eta+t(1+4|a|^{2}t^{2}+R/|a|^{2})(a\omega+\overline{a}\overline{\omega})$ .

Differentiating these equations yields only identities, so this represents a
set of solutions. These will be analyzed below. This system is compatible
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with the relation $t$ $=0$ , in which case the structure equations specialize
to (1), the first solution found. Thus, the solutions (1) can be regarded
as special cases of (2).

On the other hand, if $q\equiv 0$ , then the structure equations yield
$d(d(s))=6sR\omega\wedge\overline{\omega}$ , so this case can only occur when $R=0$ . Assuming
this, the structure equations found so far are

$d\tau=0$

$ d\eta=(a\omega+\overline{a}\overline{\omega})\wedge\eta$

$ d\omega=(3i\tau-\overline{a}\overline{\omega})\wedge\omega+2s\overline{\omega}\wedge\eta$

(3)
$da=-3ia\tau-6\overline{a}\overline{s}\eta+(\overline{s}p-3a^{2})\omega+(|a|^{2}-2|s|^{2})\overline{\omega}$

$ds=s(6i\tau+p\eta+3a\omega+3\overline{a}\overline{\omega})$

$dp=(8|s|^{2}-64|a|^{2}-p^{2})\eta-(ap+24\overline{a}\overline{s})\omega-(\overline{a}p+24as)\overline{\omega}$ .

Differentiating these equations yield only identities, so this represents
a class of solutions that exist only in the case $R=0$ . These will be
analyzed below. Since $a^{2}s$ is not, in general, real for these solutions,
they are not special cases of (2), although when $s=0$ , these solutions
do specialize to the $t$ $=0$ solutions of (2) in the case $R=0$ . These
special solutions are the only overlap between the two.

\S 3. Existence of Solutions

In this section, I will prove general existence results that assure that
there are solutions to the equations (1), (2) and (3). In each case, this
will be followed by an analysis of the equations that allows a complete
description of the corresponding solutions.

3.1. Solutions of type 1

3.1.1. Existence via the Frobenius theorem. Let $M^{10}=G_{R}\times \mathbb{C}$ and
let $g:M$ $\rightarrow G_{R}$ and a: $M\rightarrow \mathbb{C}$ be the projections onto the factors.
I will regard forms on $G_{R}$ or $\mathbb{C}$ as forms on $M$ via the pullbacks under
these two maps and will not notate the pullback explicitly. Let $I_{1}$ be the
exterior ideal on $M$ generated by the linearly independent real-valued
1-forms $\theta_{1}$ , $\ldots$ , $\theta_{6}$ where

$\theta_{1}=i(\overline{\eta}-\eta)$

$\theta_{2}=\phi+ia\omega-i\overline{a}\overline{\omega}$

$\theta_{3}+i\theta_{4}=\sigma+2\overline{a}\eta$

$\theta_{5}+i\theta_{6}=da+3ia\tau+3a^{2}\omega+(\frac{1}{2}R-|a|^{2})\overline{\omega}$ .
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The structure equations $ d\gamma=-\gamma\wedge\gamma$ imply that $I_{1}$ is differentially closed.
Thus, the Frobenius theorem implies that $M$ is foliated by 4-dimensional
integral manifolds of $I_{1}$ . Each leaf $L\subset M$ is the image of a bundle
$B_{1}\subset G_{R}$ of a minimal Levi-flat hypersurface $\Sigma$ satisfying equations (1)
under the embedding $id\times a:B_{1}\rightarrow G_{R}\times \mathbb{C}$ . This gives an abstract
description of the solutions of type (1).

Since $G_{R}$ acts by left translation on $G_{R}\times \mathbb{C}$ preserving the ideal $I_{1}$ ,

this left action permutes the integral manifolds, and two integral man-
ifolds are equivalent under this action if and only if they correspond
to congruent hypersurfaces in $\mathbb{P}_{R}^{2}$ . In particular, two leaves $L_{1}$ and $L_{2}$

represent equivalent solutions if and only if they satisfy $a(L_{1})=a(L_{2})$ .

Note that this happens if and only if the two images $a(L_{1})$ and $a(L_{2})$

have nonempty intersection.
S.I.2. Explicit description of the solutions. On any connected solu-

tion to (1), the structure equations imply

$4da\wedge d\overline{a}=(R+4|a|^{2})((R-8|a|^{2})\omega\wedge\overline{\omega}+6i\tau\wedge(a\omega+\overline{a}\overline{\omega}))$

$d(R+4|a|^{2})=-2(R+4|a|^{2})(a\omega+\overline{a}\overline{\omega})$ .

It follows that for any leaf $L$ of $I_{1}$ , either the function $R+4|a|^{2}$ vanishes
identically or else a: $L\rightarrow \mathbb{C}$ is an immersion.

Now, when $R>0$ , the only possibility is that a: $L\rightarrow \mathbb{C}$ is an
immersion everywhere. Moreover, using the left action of $G_{R}$ plus the
existence of a leaf through any point of $G_{R}\times \mathbb{C}$ , it follows that a: $L\rightarrow \mathbb{C}$

is a surjective submersion for every leaf. In particular, all of the leaves
are equivalent under the action of $G_{R}$ . Since $|s|^{2}$ vanishes identically
on $L$ , it follows that the complex leaves of $\Sigma$ are totally geodesic in $\mathbb{P}_{R}^{2}$ ,

which is, up to a constant scale factor, isometric to $\mathbb{C}\mathbb{P}^{2}$ endowed with the

Fubini-Study metric. Thus, $\Sigma$ must be a 1-parameter family of complex

lines in $\mathbb{C}\mathbb{P}^{2}$ . In fact, $\Sigma$ must be congruent to the smooth locus $C_{1}^{*}$ of
the ’cone’

$C_{1}=\{\{$

$z$

$w$
$\in \mathbb{C}\mathbb{P}^{2}$

$e^{ir}w$

$r\in \mathbb{R}$ , $[z, w]\in \mathbb{C}\mathbb{P}^{1}\}$ .

It is evident that $C_{1}^{*}$ is both Levi-flat and minimal. Note that $C_{1}$ has
only one singular point (the intersection of the complex lines that foliate
it) and is otherwise smooth.

When $R$ $=0$ , so that $\mathbb{P}_{0}^{2}$ is isometric to $\mathbb{C}^{2}$ with the standard
flat metric, there are two possibilities. The first possibility is that $|a|^{2}$

vanishes identically, in which case the corresponding $\Sigma$ is congruent to
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a real hyperplane:

$H_{0}=\{[$

$1|$

$z$ $\in \mathbb{P}_{0}^{2}$

$r$

$r\in \mathbb{R}$ , $z\in \mathbb{C}\}$ .

The second possibility is that $|a|^{2}$ never vanishes. By the same sort of
argument made for the case of positive holomorphic sectional curvature,
one sees that all of these cases are equivalent to the smooth part of the

$C_{0}=\{[$

1
$z$

$e^{ir}z|$

$\in \mathbb{P}_{0}^{2}$ $r\in \mathbb{R}$ , $z\in \mathbb{C}\}$ .

When $R<0$ , there is no loss of generality in setting $R=-1$ , so I
will do so for this discussion. Then

$\mathbb{P}_{-1}^{2}=\{$ $\left\{\begin{array}{l}1\\z^{1}\\z^{2}\end{array}\right\}$

$\in \mathbb{C}\mathbb{P}^{2}$

$|z^{1}|^{2}+|z^{2}|^{2}<1\}$

is the hyperbolic complex 2-ball and there are three possibilities, depend-
ing on the sign of $R+4|a|^{2}=4|a|^{2}-1$ .

The solutions with $4|a|^{2}-1>0$ are all congruent to the smooth
part of the hyperbolic version of the cone:

$C_{-1}=\{\{$

1
$z$ $\in \mathbb{P}_{-1}^{2}$

$e^{ir}z$

$r\in \mathbb{R}$ , $\sqrt{2}|z|<1\}$ .

This cone has one singular point. The leaves of $dr=0$ are the complex
leaves, each one biholomorphic to a punctured disk.

All solutions with $4|a|^{2}-1=0$ are congruent to the ’horosphere’
solution

$S_{-1}=\{$ $\left\{\begin{array}{ll}1 & \\z & \\ir(1- & z)\end{array}\right\}$ $\in \mathbb{P}_{-1}^{2}$ $r\in \mathbb{R}$ , $|z|^{2}+r^{2}|1-z|^{2}<1\}$ .

The complex leaves in $S_{-1}$ are the leaves of $dr=0$ in the chosen
parametrization. All of these complex leaves intersect at one point on
the boundary of the ball. This solution can be interpreted as a limit
of the cone $C_{-1}$ as one moves the singular point of the cone out to the
boundary of $\mathbb{P}_{R}^{2}$ in $\mathbb{P}^{2}$ .
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All solutions with $4|a|^{2}-1<0$ are congruent to the hyperbolic
version of the hyperplane solution, namely

$H_{-1}=\{$ $\left\{\begin{array}{l}1\\z\\r\end{array}\right\}$ $\in \mathbb{P}_{0}^{2}$ $r\in \mathbb{R}$ , $r^{2}+|z|^{2}<1\}$ .

This completes the list of solutions of the system (1).

3.2. Solutions of type 2

Consider the solutions of the system (2). To avoid repetition, I am
going to consider only solutions for which $t$ is non-zero, since the solu-
tions with $t$ vanishing identically have already been accounted for as
solutions of type (1).

3.2.1. Existence via the Frobenius theorem. Let $ M^{12}=G_{R}\times \mathbb{C}^{*}\times$

$\mathbb{R}\times \mathbb{R}$ , and let $g:M$ $\rightarrow G_{R}$ , a: $M$ $\rightarrow \mathbb{C}^{*}$ , $p:M\rightarrow \mathbb{R}$ , and $t:M\rightarrow \mathbb{R}$

be the projections onto the first through fourth factors, respectively.
Let $I_{2}$ be the exterior ideal on $M$ generated by the linearly independent
real-valued 1-forms $\theta_{1}$ , $\ldots$ , $\theta_{8}$ where

$\theta_{1}=i(\overline{\eta}-\eta)$

$\theta_{2}=\phi+ia\omega-i\overline{a}\overline{\omega}$

$\theta_{3}+i\theta_{4}=\sigma+2\overline{a}\eta+2\overline{a}^{2}t\overline{\omega}$

$\theta_{5}+i\theta_{6}=da+3ia\tau+6|a|^{2}at\eta$

$-a^{2}(tp-3)\omega+(\frac{1}{2}R-|a|^{2}+2|a|^{4}t^{2})\overline{\omega}$

$\theta_{7}=dp+4(R+4|a|^{2}+4|a|^{4}t^{2}+3|a|^{2}pt+p^{2})\eta$

$+(p+2t(R+4|a|^{2}+4|a|^{4}t^{2}+2|a|^{2}pt))(a\omega+\overline{a}\overline{\omega})$

$\theta_{8}=dt-t((p+12|a|^{2}t)\eta+(1+4|a|^{2}t^{2}+R/|a|^{2})(a\omega+\overline{a}\overline{\omega}))$ .

(The reason for the restriction $a\neq 0$ is the division by $|a|^{2}$ in the last
formula.) The structure equations show that the ideal $I_{2}$ is closed under
exterior differentiation, so $M$ is foliated by 4-dimensional integral man-
ifolds of $I_{2}$ .

By construction, each leaf $L\subset M$ is the image of the bundle $ B_{1}^{**}\subset$

$G_{R}$ over the nondegenerate part $\Sigma^{**}$ of a minimal Levi-flat hypersur-
face $\Sigma$ satisfying equations (2) under the embedding

$id\times a\times p\times t:B_{1}\rightarrow G_{R}\times \mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}=M$ .

Since $G_{R}$ acts by left translation on $G_{R}\times \mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}$ preserving the
ideal $I_{2}$ , this left action permutes its integral manifolds, and two integral
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manifolds are equivalent under this action if and only if they correspond
to congruent hypersurfaces in $\mathbb{P}_{R}^{2}$ . In particular, two leaves $L_{1}$ and $L_{2}$

represent equivalent solutions if and only if they satisfy $(a, p, t)(L_{1})=$

$(a, p, t)(L_{2})$ .

In fact, in order for two leaves $L_{1}$ and $L_{2}$ to be equivalent under $G_{R}$ ,

it suffices that the two image sets $(a, p, t)(L_{1})$ and $(a, p, t)(L_{2})$ in $\mathbb{C}^{*}\times$

$\mathbb{R}\times \mathbb{R}$ have a nonempty intersection. To see why this is so, note that
if $L_{i}$ contains $(g_{i}, a,p, t)$ , then the submanifold $L$ described by

$L=\{(g_{2}g_{1}^{-1}g, b, q, u)|(g, b, q, u)\in L_{1}\}$

contains $(g_{2}, a,p, t)\in L_{2}$ , is evidently a maximal integral manifold of $I_{2}$ ,
and so must equal $L_{2}$ . In particular, in order to classify the solutions up
to rigid motion, it would suffice to determine the partition of $\mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}$

into the images $(a, p, t)(L)$ as $L$ ranges over the leaves of $I_{2}$ . Moreover,
this argument shows that the fibers of the map $(a, p, t):L\rightarrow \mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}$

are the orbits of the action on $L$ of the ambient symmetry group of the
corresponding solution $\Sigma^{**}$ .

The structure equations imply that the function $t$ cannot vanish
anywhere on a leaf $L$ unless it vanishes identically on $L$ . As mentioned at
the begining of this subsection, the leaves on which $t$ vanishes identically
are of type (1) and so can be set aside in this discussion. For the rest of
this subsection, the assumption that $t$ is nonvanishing on $L$ will be in
force.

3.2.2. Symmetries of the solutions. One might expect the images
( $a$ ,$ p$ ,$ $t) (L) to have dimension 4, at least at ’generic’ points, since each
leaf $L$ has dimension 4. However, equations (2) imply that daAdaAdpAdt
vanishes identically. Consequently, the rank of $(a, p, t):L\rightarrow \mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}$

is strictly less than 4 at all points, implying that the fibers of this map
(and hence the symmetry group of $L$ ) must have positive dimension.

It is not hard to make these fibers explicit. By the structure equa-
tions (2), the (real) nowhere vanishing vector field $Y$ on $L$ that satisfies

$\tau(Y)=R+2|a|^{2}(pt-4)+4|a|^{4}t^{2}$

$\eta(Y)=0$

$\omega(Y)=6i\overline{a}$

also satisfies da(Y) $=dp(Y)=dt(Y)=0$ . The structure equations also
show that, for the generic value $(a0,p_{0}, t_{0})\in \mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}$ , the leaf $L$ whose
( $a$ ,$ p$ ,$ $t)-image contains $(a_{0},p_{0}, t_{0})$ has the property that (da, $dp$ , $dt$ ) has
rank 3 along the preimage of $(a_{0},p_{0}, t_{0})$ . In particular, $Y$ spans the
tangent to the fiber at such points.
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Given this, it would not be surprising to find that $Y$ can be scaled
so as to become a symmetry vector field. In fact, one finds that the
flow of $X=e^{f}Y$ preserves the coframing $(\tau, \rho, \omega)$ on $L$ if and only if $f$

satisfies the equation

$df=8|a|^{2}t\eta-(pt-2)(a\omega+\overline{a}\overline{\omega})$ .

Now, by the structure equations, the right hand side of this equation is a
closed 1-form on $L$ . This shows that, at least locally (or, more precisely,
on some covering space of $L$ ), a scaling factor $e^{f}$ exists making $X=e^{f}Y$

a symmetry vector field. Moreover, this $f$ is unique up to the addition
of a constant.

This implies that any solution hypersurface $\Sigma\subset \mathbb{P}_{R}^{2}$ whose struc-
ture equations are of the form (2) must actually be invariant under a
one-parameter group of isometries of $\mathbb{P}_{R}^{2}$ , i.e., a one-parameter subgroup
of $G_{R}$ . Moreover, because $\eta(Y)=0$ , this one-parameter subgroup can
be chosen (if it is not actually unique) so that it preserves each complex
leaf in $\Sigma$ .

3.2.3. Explicit solutions invariant under a given 1-parameter

subgroup. A one-parameter subgroup of isometries of $\mathbb{P}_{R}^{2}isz$ of the form
$\{e^{tz}|t\in \mathbb{R}\}$ for some $z\neq 0$ in $g_{R}$ . There is a unique holomorphic vector
field $Z$ on $\mathbb{P}_{R}^{2}$ whose real part is the infinitesimal generator of the action
of the subgroup $\{e^{tz}|t\in \mathbb{R}\}$ . If $U_{z}\subset \mathbb{P}_{R}^{2}$ denotes the open set that
is the complement of the fixed locus of the flow $e^{tz}$ , then $U_{z}$ is foliated
by complex curves that are the ’integral curves’ of the holomorphic flow
generated by $Z$ . By the above discussion, the nondegenerate part $\Sigma^{**}$

of any solution $\Sigma$ of type (2) will be swept out by a (real) one-parameter
family of integral curves of $Z$ for some isometric flow $e^{tz}$ . Since, by
construction, the complex leaves of a solution of type (2) are not totally
geodesic, this shows that $z\in \mathfrak{g}_{R}$ must be chosen so that the $Z$-integral
curves in $U_{z}$ are not totally geodesic. I will refer to a $z\in g_{R}$ with this
property as nondegenerate.

Conversely, starting with any one-parameter subgroup $e^{tz}$ of isome-
tries of $\mathbb{P}_{R}^{2}$ and considering the corresponding holomorphic foliation
of $U_{z}\subset \mathbb{P}_{R}^{2}$ by complex curves, one can construct $e^{tz}$ -invariant Levi-flat
hypersurfaces in $U_{z}$ by taking the union of any (real) one-parameter
family of complex leaves of this foliation. It now suffices to show that
one can choose this one-parameter family in such a way that the resulting
hypersurface will be minimal. I am going to show that this can always
be done, essentially in only one way up to isometry, and that, when $z$ is
nondegenerate in the sense of the previous paragraph, this always yields
a solution $\Sigma$ of type (2). Thus, the solutions of type (2) correspond



16 R. L. Bryant

to the conjugacy classes of nondegenerate one-parameter subgroups of
isometries of $\mathbb{P}_{R}^{2}$ .

First, consider the case where $R>0$ . Without essential loss of
generality, I can assume that $R=1$ , so that $G_{R}=G_{1}=SU(3)$ . Every
one-parameter subgroup of $SU(3)$ is semi-simple and hence conjugate to
a diagonal subgroup generated by a nonzero element

$z=\left(\begin{array}{lll}i\lambda_{0} & 0 & 0\\0 & i\lambda_{1} & 0\\0 & 0 & i\lambda_{2}\end{array}\right)$ where $\lambda_{0}+\lambda_{1}+\lambda_{2}=0$ .

The corresponding vector field on $\mathbb{C}^{3}$ (which is also well-defined on $\mathbb{P}_{R}^{2}\simeq$

$\mathbb{P}^{2})$ can be written in terms of unitary holomorphic coordinates $z=(z^{a})$

as the real part of the holomorphic vector field

$Z=i\lambda_{0}z^{0}\frac{\partial}{\partial z^{0}}+i\lambda_{1}z^{1}\frac{\partial}{\partial z^{1}}+i\lambda_{2}z^{2}\frac{\partial}{\partial z^{2}}$ .

The holomorphic integral curve of $Z$ through $c=[c^{a}]\in \mathbb{P}_{R}^{2}$ is of the
form

$\{$ $\left\{\begin{array}{l}c^{0}e^{?\lambda_{O}w}\\c^{1}e^{i\lambda_{1}w}\\c^{2}e^{i\lambda_{2}w}\end{array}\right\}$ $|w\in \mathbb{C}\}$ .

This will be a point or a line for all such $c$ if and only if two of the $\lambda_{i}$ are
equal. In such a case, the integral curves of $Z$ are open subsets of lines
through a fixed point in $\mathbb{P}^{2}$ . Thus any minimal Levi-flat hypersurface
whose complex leaves are integral curves of $Z$ will be of type (1). Set this
case aside and, from now on, assume that $z$ is nondegenerate, i.e., that
the $\lambda_{i}$ are mutually distinct.

Since radial dilation has no effect on the projective space, the flow
the vector field $Z$ induces on $\mathbb{P}^{2}$ is the same as that of the vector field

$Z’=i(\lambda_{1}-\lambda_{0})z^{1}\frac{\partial}{\partial z^{1}}+i(\lambda_{2}-\lambda_{0})z^{2}\frac{\partial}{\partial z^{2}}$

and this, in turn, will have the same holomorphic integral curves in $\mathbb{P}^{2}$

as

$Z’’=z^{1}\frac{\partial}{\partial z^{1}}+\lambda z^{2}\frac{\partial}{\partial z^{2}}$ where $\lambda=\frac{(\lambda_{2}-\lambda_{0})}{(\lambda_{1}-\lambda_{0})}\neq 0,1$ .

The nonlinear integral curves of this vector field are of the form

$\{$ $\left\{\begin{array}{l}1\\ce^{w}\\e^{\lambda w}\end{array}\right\}$ $w\in \mathbb{C}\}$ ,
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where $c$ is any nonzero complex constant. Thus, a Levi-flat hypersurface
whose complex leaves are integral curves of this vector field can be locally
parametrized in the form

$\Sigma=\{$ $\left\{\begin{array}{l}1\\e^{w+x(r)+iy(r)}\\e^{\lambda w}\end{array}\right\}$ $w\in \mathbb{C}$ , $r\in I\}$ ,

where $x+iy:I$ $\rightarrow \mathbb{C}$ is some smooth immersion of an interval $I$ $\subset \mathbb{R}$ .

Brute force calculation then yields that such a hypersurface is minimal
if and only if $y$ is a constant function. Thus, up to a holomorphic
isometry, such a minimal Levi-flat hypersurface is an open subset of the
$hyp$ersurface

$\Sigma_{\lambda}=\{$ $\left\{\begin{array}{l}1\\e^{w+r}\\e^{\lambda w}\end{array}\right\}$ $|w\in \mathbb{C}$ , $r\in \mathbb{R}\}$ .

Note that $\Sigma_{\lambda}$ is congruent to $\Sigma_{1/\lambda}$ but that, otherwise, the $\Sigma_{\lambda}$ are mutu-

ally noncongruent. When $\lambda$ is irrational, this hypersurface is dense in $\mathbb{P}^{2}$ ,

but when $\lambda=p/q$ where $p(\neq 0, q)$ and $q>0$ are integers without
common factors, this hypersurface is dense in an algebraically defined
hypersurface that is singular at the point $z^{1}=z^{2}=0$ but can also be
singular along the entire lines $z^{1}=0$ and $z^{2}=0$ , depending on the
values of $p$ and $q$ . A typical such hypersurface is defined by an equation
of the form $Im((\overline{z}^{0})^{p+q}(z^{1})^{p}(z^{2})^{q})=0$ .

Next, consider the case where $R=0$ , i.e., when $\mathbb{P}_{R}^{2}=\mathbb{P}_{0}^{2}$ is isometric
to $\mathbb{C}^{2}$ with its standard flat metric. Let $(z^{1}, z^{2})$ be unitary holomorphic
linear coordinates on $\mathbb{C}^{2}$ . A nonzero vector field whose flow is a holomor-
phic isometry on $\mathbb{C}^{2}$ is then conjugate via an action of $G_{0}$ to a constant
multiple of the real part of either

$Z=iz^{1}\frac{\partial}{\partial z^{1}}+i\lambda z^{2}\frac{\partial}{\partial z^{2}}$ or $Z=i\frac{\partial}{\partial z^{1}}+i\lambda z^{2}\frac{\partial}{\partial z^{2}}$

for some real number $\lambda$ . In the first case, the holomorphic integral curves
of $Z$ will be lines in $\mathbb{C}^{2}$ if and only if $\lambda=0$ or 1 while, in the second
case, the holomorphic integral curves of $Z$ will be lines in $\mathbb{C}^{2}$ if and only
if $\lambda=0$ . These are the degenerate values that will be set aside, as these
degenerate cases lead to the hyperplane or Clifford cone solutions that
have already been discussed in the previous subsection.

Consider the first type of vector field with $\lambda\neq 0$ or 1. Any holo-
morphic integral curve of $Z$ that is not contained in a line in $\mathbb{C}^{2}$ is of
the form

$\{$ $\left(\begin{array}{l}ce^{w}\\e^{\lambda w}\end{array}\right)$ $|w\in \mathbb{C}\}$ ,
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where $c\in \mathbb{C}$ is a nonzero constant. A smooth Levi-flat hypersurface
$\Sigma^{3}\subset \mathbb{C}^{2}$ whose complex leaves consist of such integral curves can be
locally parametrized in the form

$\Sigma^{3}=\{$ $\left(\begin{array}{l}e^{w+x(r)+iy(r)}\\e^{\lambda w}\end{array}\right)$ $|w\in \mathbb{C}$ , $r\in I\}$ ,

where $x+iy:I$ $\rightarrow \mathbb{C}$ is some smooth immersion of an interval $I$ $\subset \mathbb{R}$ .

Brute force calculation then yields that such a hypersurface is minimal
if and only if $y$ is a constant function. Consequently, it follows that, up
to a holomorphic isometry, the connected solutions of this kind are all
equivalent to open subsets of the immersed hypersurface

$\Sigma_{\lambda}=\{$ $\left(\begin{array}{l}e^{w+r}\\e^{\lambda w}\end{array}\right)$ $|w\in \mathbb{C}$ , $r\in \mathbb{R}\}$ .

If $\lambda$ is irrational, then $\Sigma_{\lambda}$ is dense in $\mathbb{C}^{2}$ and the (implicitly described)
immersion given above is an embedding. On the other hand, if $\lambda=p/q$

where $p\neq 0$ and $q>0$ are distinct integers without common factors,
then this immersion is not an embedding. Moreover, $\Sigma_{p/q}$ is dense in an
algebraic real hypersurface, namely

$(z^{1})^{p}(\overline{z}^{2})^{q}-(\overline{z}^{1})^{p}(z^{2})^{q}=0$ when $p>0$ ,

$(\overline{z}^{1})^{-p}(\overline{z}^{2})^{q}-(z^{1})^{-p}(z^{2})^{q}=0$ when $p<0$ .

Note that these hypersurfaces are cones that are singular at the origin
and along the axes except when $p$ or $q$ equals 1.

Consider the second type of vector field with $\lambda\neq 0$ . Any holomor-
phic integral curve of $Z$ that is not contained in a line in $\mathbb{C}^{2}$ is of the
form

$\{$ $\left(\begin{array}{l}w+c\\e^{\lambda w}\end{array}\right)$ $|w\in \mathbb{C}\}$ ,

where $c\in \mathbb{C}$ is a nonzero constant. A smooth Levi-flat hypersurface
$\Sigma^{3}\subset \mathbb{C}^{2}$ whose complex leaves consist of such integral curves can be
locally parametrized in the form

$\Sigma^{3}=\{(^{w}+x(r)+e^{\lambda w}iy(r))|w\in \mathbb{C}$ , $r\in I\}$ ,

where $x+iy:I$ $\rightarrow \mathbb{C}$ is some smooth immersion of an interval $I$ $\subset \mathbb{R}$ .

Brute force calculation then yields that such a hypersurface is minimal if
and only if $y$ is a constant function. Consequently, up to a holomorphic
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isometry followed by a homothety, the connected solutions of this kind
are open subsets of the closed embedded hypersurface

$\Sigma=\{$ $\left(\begin{array}{l}w\\re^{w}\end{array}\right)$ $|w\in \mathbb{C}$ , $r\in \mathbb{R}\}$ .

(In this parametrization, the complex leaf given by $r=0$ does not belong
to $\Sigma^{*}$ , as defined in 2.2.2.) This hypersurface can be defined implicitly
by the equation

$Im(z^{2}e^{-z^{1}})=0$

and is evidently transcendental.
Finally, consider the case $R<0$ , where, without essential loss of

generality, it suffices to consider only the case $R=-1$ . The equivalence

classes of one-dimensional subspaces of $\epsilon\iota\iota(2,1)=9-1$ under the adjoint
action are more complicated in this case. The elements $z$ that have an
eigenvector that is $\langle, \rangle_{-1}$ -positive (and whose associated flow, therefore,
has a fixed point in $\mathbb{P}_{-1}^{2}$ ) can be diagonalized in the form

$z=\left(\begin{array}{lll}i\lambda_{0} & 0 & 0\\0 & i\lambda_{1} & 0\\0 & 0 & i\lambda_{2}\end{array}\right)$ where $\lambda_{0}+\lambda_{1}+\lambda_{2}=0$ .

If $z$ has no $\langle, \rangle_{-1}$ -positive eigenvector, then it must have a null eigenvec-
tor. In this case, the most generic possibility is for $z$ to have three dis-
tinct eigenvalues, in which case two of the eigenvalues cannot be purely
imaginary and their corresponding eigenvectors must be $\langle, \rangle_{-1}$ null Con-
sequently, one can normalize these eigenvectors and show that, up to a
(real) multiple, $z$ is conjugate to an element of the form

$z=\left(\begin{array}{lll}i\lambda & 1 & 0\\1 & i\lambda & 0\\0 & 0 & -2i\lambda\end{array}\right)$ where $\lambda\in \mathbb{R}$ .

If $z$ has a double eigenvalue with a unique $\langle, \rangle_{-1}$ -null corresponding eigen-
vector and a $\langle, \rangle_{-1}$ -negative eigenvector, then, up to a (real) multiple,
$z$ is conjugate to an element of the form

$z=\{$

$i(\lambda+1)$ $-i$

$0i$ $i(\lambda 01)$

$-2i\lambda 00)$ where $0\neq\lambda\in \mathbb{R}$ .
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If $z$ has a triple eigenvalue, i.e., is nilpotent, then either $z^{2}\neq 0$ , in which
case it is conjugate to an element of the form

$z=$ $\left(\begin{array}{lll}0 & 0 & 1\\0 & 0 & 1\\1 & -1 & 0\end{array}\right)$ ,

or else $z^{2}=0$ (the most degenerate case), in which case it is conjugate
to an element of the form

$z=$ $\left(\begin{array}{lll}i & -i & 0\\i & -i & 0\\0 & 0 & 0\end{array}\right)$ .

Among these five cases, the holomorphic flow on $\mathbb{P}_{-1}^{2}$ corresponding
to $e^{tz}$ will have all integral curves be totally geodesic in two cases. In
the case where $z$ is diagonalizable, this happens when $\{\lambda_{0}, \lambda_{1}, \lambda_{2}\}$ are
not distinct. Among the nondiagonalizable cases, this happens only for
the last case, i.e., when $z^{2}=0$ . These cases will be set aside, as they
have already been treated in the discussion of type (1) solutions.

Now, in the diagonalizable case, the analysis proceeds exactly along
the lines of the elliptic case and there is no need to give details. The end
result is that a connected Levi-flat minimal hypersurface whose com-
plex leaves are invariant under a nondegenerate diagonalizable flow is
congruent to an open subset of the hypersurface

$\Sigma_{\lambda}=\{[$

1
$e^{w+r}$

$e^{\lambda w}$

$|w\in \mathbb{C}$ , $r\in \mathbb{R}$ , $|e^{w+r}|^{2}+|e^{\lambda w}|^{2}<1\}\subset \mathbb{P}_{-1}^{2}$ ,

where $\lambda$ is a real constant not equal to 0 or 1. This hypersurface has an
algebraic defining equation if and only if $\lambda$ is rational.

The next case, where $z$ has two distinct $\langle, \rangle_{-1}$ -null eigenvectors,
can be analyzed in a similar manner and one finds that a connected
Levi-flat minimal hypersurface whose complex leaves are invariant under
the associated holomorphic flow is congruent to an open subset of the
hypersurface

$\Sigma_{\lambda}’=\{$ $\left\{\begin{array}{ll}e^{(1+i\lambda)(w+r)}+ & e^{(-1+i\lambda)w}\\e^{(1+i\lambda)(w+r)}- & e^{(-1+\dot{\iota}\lambda)w}\\1 & \end{array}\right\}$ $w\in \mathbb{C}$ , $r\in \mathbb{R}\}\subset \mathbb{P}_{-1}^{2}$ ,

where $\lambda$ is a real constant. When $\lambda=0$ , this is a real curve in the pencil
of conies that pass through two points on the boundary of $\mathbb{P}_{-1}^{2}$ and have
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given tangents there. When $\lambda$ is nonzero, the curves $r=r_{0}$ are not
algebraic. (Of course, $w$ and $r$ must satisfy an inequality in order that
the formula given in this description represent at point in $\mathbb{P}_{-1}^{2}$ , but it is

not useful to make this inequality explicit for the purposes at hand.)
In the case where $z$ has a double eigenvalue (and not a triple one), a

similar analysis shows that a connected Levi-flat minimal hypersurface
whose complex leaves are invariant under the associated holomorphic
flow is congruent to an open subset of the hypersurface

$\Sigma_{\mu}^{JJ}=\{$ $\left\{\begin{array}{l}w+r+1\\w+r-1\\e^{\mu w}\end{array}\right\}$ $w\in \mathbb{C}$ , $r\in \mathbb{R}$ , $4r>e^{\mu(w+\overline{w})}-2(w+\overline{w})\}\subset \mathbb{P}_{-1}^{2}$ ,

where $\mu$ is a nonzero real constant.
In the final nondegenerate case, where the symmetry generator $ z\in$

$9-1$ satisfies $z^{2}\neq 0$ but $z^{3}=0$ , the nonlinear integral curves of the asso-
ciated holomorphic flow are conies (i.e., rational curves of degree 2) in $\mathbb{P}^{2}$ ,

all tangent at a point on the boundary of $\mathbb{P}_{-1}^{2}\subset \mathbb{P}^{2}$ . Brute force cal-
culation shows that any Levi-flat minimal hypersurface whose complex
leaves are invariant under such a flow is congruent to the hypersurface

$\Sigma=\{$ $\left\{\begin{array}{ll}w^{2}+r & +1\\w^{2}+r & -1\\2w & \end{array}\right\}$ $|w\in \mathbb{C}$ , $r\in \mathbb{R}$ , $4(Imw)^{2}<r\}\subset \mathbb{P}_{-1}^{2}$ .

Details will be left to the reader.

3.3. Solutions of type 3

Finally, consider the solutions of the system (3). To avoid repetition,
I will set aside the cases where the solution reduces to one of type (1).
This means that the solution has $s\neq 0$ , which, by the structure equa-
tions (3), implies that $s$ is nowhere vanishing.

3.3.1. Existence via the Frobenius theorem. Let $ M^{13}=G_{0}\times \mathbb{C}\times$

$\mathbb{C}\times \mathbb{R}$ , and let $g:M\rightarrow G_{0}$ , a: $M\rightarrow \mathbb{C}$ , $s:M\rightarrow \mathbb{C}$ , and $p:M\rightarrow \mathbb{R}$

be the projections onto the first through fourth factors, respectively.
Let $I_{3}$ be the exterior ideal on $M$ generated by the linearly independent
real-valued 1-forms $\theta_{1}$ , $\ldots$ , $\theta_{9}$ where

$\theta_{1}=i(\overline{\eta}-\eta)$

$\theta_{2}=\phi+ia\omega-i\overline{a}\overline{\omega}$

$\theta_{3}+i\theta_{4}=\sigma+2\overline{a}\eta+2s\overline{\omega}$

$\theta_{5}+i\theta_{6}=da+3ia\tau+6\overline{a}\overline{s}\eta-(\overline{s}p-3a^{2})\omega-(|a|^{2}-2|s|^{2})\overline{\omega}$

$\theta_{7}+i\theta_{8}=ds-s(6i\tau+p\eta+a\omega+\overline{a}\overline{\omega})$
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$\theta_{9}=dp-(8|s|^{2}-64|a|^{2}-p^{2})\eta$

$+(ap+24\overline{a}\overline{s})\omega+(\overline{a}p+24as)\overline{\omega}$ .

By the structure equations, the ideal $I_{3}$ is closed under exterior differ-
entiation, so $M$ is foliated by 4-dimensional integral manifolds of $I_{3}$ .

By construction, each leaf $L\subset M$ is the image of the bundle $ B_{1}^{**}\subset$

$G_{0}$ over the nondegenerate part $\Sigma^{**}$ of a minimal Levi-flat hypersur-
face $\Sigma$ satisfying equations (3) under the embedding

$id\times a\times s\times p:B_{1}^{**}\rightarrow G_{0}\times \mathbb{C}\times \mathbb{C}\times \mathbb{R}=M$ .

Since $G_{0}$ acts by left translation on $G_{0}\times \mathbb{C}^{*}\times \mathbb{R}\times \mathbb{R}$ preserving
the ideal $I_{3}$ , this left action permutes its integral manifolds, and two
integral manifolds are equivalent under this action if and only if they
correspond to congruent hypersurfaces in $\mathbb{P}_{0}^{2}\simeq \mathbb{C}^{2}$ . In particular, two
leaves $L_{1}$ and $L_{2}$ represent equivalent solutions if and only if they sat-
isfy $(a, s, p)(L_{1})=(a, s, p)(L_{2})$ .

In fact, in order for two leaves $L_{1}$ and $L_{2}$ to be equivalent under $G_{0}$ ,
it suffices that the two image sets $(a, s, p)(L_{1})$ and $(a, s, p)(L_{2})$ in $\mathbb{C}\times$

$\mathbb{C}\times \mathbb{R}$ have a nonempty intersection. To see why this is so, note that
if $L_{i}$ contains $(g_{i}, a, s,p)$ , then the submanifold $L$ described by

$L=\{(g_{2}g_{1}^{-1}g, b, q, u)|(g, b, q, u)\in L_{1}\}$

contains $(g_{2}, a, s,p)\in L_{2}$ , is evidently a maximal integral manifold of $I_{3}$ ,
and so must equal $L_{2}$ . In particular, in order to classify the solutions up
to rigid motion, it would suffice to determine the partition of $\mathbb{C}\times \mathbb{C}\times \mathbb{R}$

into the images $(a, s, p)(L)$ as $L$ ranges over the leaves of $I_{3}$ .

3.3.2. First integrals and the symmetry of solutions. Now, it would
be reasonable to expect the images $(a, s, p)(L)$ to have dimension 4, at
least at ’generic’ points, since each leaf $L$ has dimension 4. In fact, by
the argument in the previous paragraph, it is evident that the fibers of
the map $(a, s, p):L\rightarrow \mathbb{C}\times \mathbb{C}\times \mathbb{R}$ are the orbits of the action on $L$ of
the ambient symmetry group of the corresponding solution $\Sigma^{**}$ .

Consider the quantities3

$A=\frac{1}{9}|s|^{2/3}(48|a|^{2}+12|s|^{2}+p^{2})$ ,

$B=\frac{1}{27}|s|(216a^{2}s+216\overline{a}^{2}\overline{s}+72|a|^{2}p-36|s|^{2}p+p^{3})$ .

The structure equations show that the 1-form $d(A^{3}-B^{2})$ lies in $I_{3}$ ,
which implies that the image $(a, s, p)(L)$ of any $I_{3}$ leaf $L$ lies in a level

$3The$ significance of these quantities will become clear in the analysis to
be carried out below.
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set of $F=A^{3}-B^{2}$ , a homogeneous polynomial of degree 8 in the
variables $a,$

$a$ , $s,\overline{s}$ , and $p$ .

Calculation shows that $F\geq 0$ , with equality exactly along the
3-dimensional cone $C_{0}\subset \mathbb{C}\times \mathbb{C}\times \mathbb{R}$ defined by the equations

$0=a^{2}s-\overline{a}^{2}\overline{s}=8|a|^{2}|s|^{2}-4|s|^{4}-2a^{2}sp-2\overline{a}^{2}\overline{s}p+p^{2}|s|^{2}$ .

In particular, the $I_{3}$ -leaves that lie in $G_{0}\times C_{0}$ represent either solutions
of type (1) or of type (2), and have already been analysed in the previous
subsections. Moreover, 0 is the only critical value of $F$ on $\mathbb{C}\times \mathbb{C}\times \mathbb{R}\simeq \mathbb{R}^{5}$ .

The remaining level sets of $F$ are smooth, connected hypersurfaces. In
fact, because $F$ is a homogeneous polynomial of degree 8, it follows that
all of the positive level sets are diffeomorphic by homothety.

A rather laborious calculation using the structure equations above
shows that for any $I_{3}$ leaf $L$ on which $F=c^{2}>0$ , the rank of the
map $(a, s, p):L\rightarrow \mathbb{C}\times \mathbb{C}\times \mathbb{R}$ is 4, i.e., that $(a, s, p):L\rightarrow F^{-1}(c^{2})$

is a local diffeomorphism. The existence theorem proved above via the
Frobenius theorem coupled with the $G_{0}$-invariance of $I_{3}$ shows that this
map must actually be a (surjective) covering map. Thus, there is a
1-parameter family of noncongruent solutions of type (3), one for each
positive level set of F.

3.3.3. The effect of homothety. While the members of this l-para-
meter family are mutually incongruent by isometries, it turns out that
they are congruent via homothety. To see this, note that if $X$ is a vector
field on $\mathbb{C}^{2}\simeq \mathbb{P}_{0}^{2}$ that generates dilation about a fixed point, then $X$ lifts
to a vector field $Y$ on $G_{0}$ that satisfies

$L_{Y}\tau=r_{\lrcorner}Y\phi=L_{Y}\sigma=0$ , $ c_{\lrcorner Y\eta}=c\eta$ , $ L_{Y}\omega=c\omega$

for some nonzero (real) constant $c$ . The vector field $Y$ can then be lifted
to a vector field $Z$ on $G_{0}\times \mathbb{C}\times \mathbb{C}\times \mathbb{R}$ so that it satisfies the same
equations above as $Y$ does but also satisfies

$L_{Z}a=-ca$ , $L_{Z}s=-cs$ , $L_{Z}p=-cp$ .

It then follows from the formulae for the generators of $I_{3}$ that the flow
of $Z$ leaves $I_{3}$ invariant and therefore permutes the leaves of $I_{3}$ . Since $F$

is homogeneous of degree 8 in $(a, s, p)$ , it follows that $L_{Z}F=-8cF$ . In
particular, the flow of $Z$ acts as homothety on the level sets of F. Thus,
any two solutions on which $F$ is positive are congruent via homothety
in $\mathbb{C}^{2}\simeq \mathbb{P}_{0}^{2}$ .

In this situation, it is therefore reasonable to restrict attention to
the leaves that lie in the level set $F=1$ . It is the solution corresponding
to such a leaf that I am now going to describe. Note that the isometry
group preserving such a solution is necessarily discrete.
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3.3.4. Local integration of the equations. Suppose that one has a
minimal Levi-flat hypersurface $\Sigma\subset \mathbb{C}^{2}$ for which the bundle $B_{1}^{**}$ satisfies
equations (3). Since $s$ is nonzero on $B_{1}^{**}$ , the structure equations show
that there is a submanifold $B_{2}\subset B_{1}^{**}$ defined as the set on which $s$ is
real and positive and that $B_{2}$ is a 6-fold cover of $\Sigma^{**}$ . From now on, all
functions and forms are to be regarded as pulled back to $B_{2}$ .

The reality of $s$ and the structure equation

$s^{-1}ds=6i\tau+p\eta+3a\omega+3\overline{a}\overline{\omega}$

imply that $\tau=0$ . Combining this with the structure equation $d\eta=$

$(a\omega+\overline{a}\overline{\omega})\wedge\eta$ yields
$d(s^{-1/3}\eta)=0$ .

The structure equations also imply that the quantities

$A=\frac{1}{9}s^{2/3}(48|a|^{2}+12s^{2}+p^{2})$ ,

$B=\frac{1}{27}s(216a^{2}s+216\overline{a}^{2}s+72|a|^{2}p-36s^{2}p+p^{3})$

introduced earlier satisfy equations of the form

$ dA=-4Bs^{-1/3}\eta$

$dB=-6A^{2}s^{-1/3}$
$\eta$ .

The assumption that the hypersurface $\Sigma$ correspond to an $I_{3}$-leaf on
which $F$ is identically equal to 1 is equivalent to the equation $A^{3}-B^{2}=1$ ,

so there is a unique function $\theta$ on $B_{2}$ with values in the open inter-
val $(-\pi/2, \pi/2)$ for which

$A=\sec^{2/3}\theta>0$ and $ B=-\tan\theta$ .

The above differential equations for $A$ and $B$ now imply that

$ s^{-1/3}\eta=\frac{1}{6}\sec^{2/3}\theta d\theta$ .

In particular, $ d\theta$ never vanishes on $B_{2}$ and is a nonzero multiple of $\eta$ .

The structure equations now imply that

$ d(s^{1/3}\omega)=(2s^{5/3}\overline{\omega}-\frac{1}{3}ps^{2/3}\omega)\wedge\frac{1}{6}\sec^{2/3}\theta d\theta$ .

It follows that any point $q\in B_{2}$ has a neighborhood $U_{0}$ on which there
exists a complex valued function $z$ , uniquely defined up to the addition
of a (complex) function of $t$ , and a complex function $L$ , uniquely defined
once $z$ is chosen, so that

$ s^{1/3}\omega=dz+\frac{1}{6}L\sec^{2/3}\theta d\theta$ .
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(Introducing such a coefficient in the $ Ld\theta$ term simplifies later cal-
culations.) Because $dz\wedge d\overline{z}\wedge d\theta=s^{2/3}\omega\wedge\overline{\omega}\wedge d\theta\neq 0$ , it follows
that $(z, \theta):U_{0}\rightarrow \mathbb{C}\times \mathbb{R}$ is a local diffeomorphism. By restricting to an
appropriate neighborhood $U_{1}\subset U_{0}$ of $g$ , I can assume that $(z, \theta):U_{1}\rightarrow$

$\mathbb{R}\times \mathbb{C}$ defines a rectangular coordinate system (not necessarily centered
on $q$). Write $z=x+iy$ where $x$ and $y$ are real-valued. Given the
ambiguities in the choice of the coordinate system, partial differentia-
tion with respect to $z$ (or $x$ or $y$ ) is coordinate independent although
partial differentiation with respect to $\theta$ is not.

In these coordinates, the above structure equation for $d(s^{1/3}\omega)$ now
becomes

$ dL\wedge\sec^{2/3}\theta d\theta=(2s^{4/3}d\overline{z}-\frac{1}{3}ps^{1/3}dz)\wedge\sec^{2/3}\theta d\theta$ ,

so
$L_{z}=-\frac{1}{3}ps^{1/3}$ and $L_{\overline{z}}=2s^{4/3}$ .

Set $u=s^{1/3}$ . Then

$u^{-1}du=\frac{1}{3}s^{-1}ds\equiv a\omega+\overline{a}\overline{\omega}\equiv u^{-1}$ (a $dz+\overline{a}$ $d\overline{z}$ ) $mod d\theta$ ,

so $a=u_{z}$ . The structure equation for da now gives

$ da\equiv(u^{3}p-3a^{2})u^{-1}dz+(|a|^{2}-2u^{6})u^{-1}d\overline{z}mod d\theta$ ,

so it follows that $u_{zz}=a_{z}=(u^{3}p-3u_{z}^{2})u^{-1}$ , which can be written in
the form

$(u^{4})_{zz}=4u^{5}p$ .

Since $p$ is real and since $v_{zz}=\frac{1}{4}(v_{xx}-v_{yy})+\frac{i}{2}v_{xy}$ for any function $v$

on $U_{1}$ , it follows that $(u^{4})_{xy}=0$ . Consequently, there exist functions $f$

and $g$ defined on the rectangles $(x, \theta)(U_{1})$ and $(y, \theta)(U_{1})$ in $\mathbb{R}^{2}$ so that

$u^{4}=f(x, \theta)-g(y, \theta)>0$ .

These functions are unique up to the addition of a function of $\theta$ , i.e., one
could replace $(f(x, \theta)$ , $g(y, \theta))$ by $(f(x, \theta)+h(\theta),$ $g(y, \theta)+h(\theta))$ for some $h$

defined on the interval $\theta(U_{1})$ , but this is the only ambiguity in the choice
of these two functions.

Now, the equation for da also implies the equation $u_{z\overline{z}}=a_{\overline{z}}=$

$(|u_{z}|^{2}-2u^{6})u^{-1}$ , which can be written in the form

$(u^{4})_{z\overline{z}}=u^{-4}|(u^{4})_{z}|^{2}-8(u^{4})^{2}$ .
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Using the expression already found for $u^{4}$ plus the formulae $v_{z\overline{z}}=$

$\frac{1}{4}(v_{xx}+v_{yy})$ and $|v_{z}|^{2}=\frac{1}{4}(v_{x^{2}}+v_{y}^{2})$ , this equation can be written
in the form

$f_{xx}(x, \theta)-g_{yy}(y, \theta)=\frac{f_{x}(x,\theta)^{2}+g_{y}(y,\theta)^{2}}{f(x,\theta)-g(y,\theta)}-32(f(x, \theta)-g(y, \theta))^{2}$

Now, setting $v=f-g$ , this can be written in the form

$v_{xx}+v_{yy}=\frac{v_{x}^{2}+v_{y}^{2}}{v}-32v^{2}$

and rearranged to give

$(\frac{v_{x}}{v})_{x}=\frac{v_{y^{2}}}{v^{2}}+\frac{v_{yy}}{v}-32v$ .

Since $v_{xy}=0$ , both $v_{y}$ and $v_{yy}$ are constant in $x$ . Thus, multiplying this
equation by $2v_{x}/v$ and integrating with respect to $x$ yields

$(\frac{v_{x}}{v})^{2}=C(y, \theta)-\frac{v_{y}^{2}}{v^{2}}-\frac{2v_{yy}}{v}-64v$ .

for some function $C$ on $(y, \theta)(U_{1})$ . Now, multiplying by $v^{2}$ and substi-
tuting $v$ $=f-g$ , this can be written in the form

$f_{x}(x, \theta)^{2}=2a_{0}(y, \theta)+12a_{1}(y, \theta)f(x, \theta)+48a_{2}(y, \theta)f(x, \theta)^{2}-64f(x, \theta)^{3}$

for some functions $a_{0}$ , $a_{1}$ , and $a_{2}$ on $(y, \theta)(U_{1})$ . (The choice of numerical
coefficients is cosmetic.)

Now, if the functions $a_{i}$ really did depend on $y$ , differentiating
this equation with respect to $y$ would then force $f(x, \theta)$ to be con-
stant in $x$ , making $f_{x}$ vanish identically. This would, in turn, imply
that $a=u_{z}=-\frac{1}{2}iu_{y}$ is purely imaginary, so that the quantity $a^{2}s$

would be real. However, going back to the analysis in 2.2.2, this can
only happen for solutions of type (2). Since the goal of this section is
analyse the solutions of type (3) that have not already been accounted
for by those of type (1) or (2), this case can therefore be set aside.

Thus, $f$ satisfies an equation of the form

$f_{x}(x, \theta)^{2}=2a_{0}(\theta)+12a_{1}(\theta)f(x, \theta)+48a_{2}(\theta)f(x, \theta)^{2}-64f(x, \theta)^{3}$

for some functions $a_{0}$ , $a_{1}$ , and $a_{2}$ on $\theta(U_{1})$ . A similar analysis shows
that there are functions $b_{0}$ , $b_{1}$ , and $b_{2}$ on $\theta(U_{1})$ for which

$g_{y}(y, \theta)^{2}=-2b_{0}(\theta)-12b_{1}(\theta)g(y, \theta)-48b_{2}(\theta)g(y, \theta)^{2}+64g(y, \theta)^{3}$
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Moreover, substituting these relations and their derivatives back into
the original equation for $v$ , it follows that $b_{0}=a_{0}$ , $b_{1}=a_{1}$ , and $b_{2}=a_{2}$ .

Thus,

$f_{x}(x, \theta)^{2}=$ $2a_{0}(\theta)+12a_{1}(\theta)f(x, \theta)+48a_{2}(\theta)f(x, \theta)^{2}-64f(x, \theta)^{3}$ ,

$g_{y}(y, \theta)^{2}=-2a_{0}(\theta)-12a_{1}(\theta)g(y, \theta)-48a_{2}(\theta)g(y, \theta)^{2}+64g(y, \theta)^{3}$

By replacing $(f(x, \theta)$ , $g(y, \theta))$ with $(f(x, \theta)-\frac{1}{4}a_{2}(\theta),$ $g(y, \theta)-\frac{1}{4}a_{2}(\theta))$ , it
can be arranged that $a_{2}\equiv 0$ . This removes the ambiguity in the choice
of $f$ and $g$ .

At this point, $f$ and $g$ satisfy the equations

$f_{x}(x, \theta)^{2}=$ $2a_{0}(\theta)+12a_{1}(\theta)f(x, \theta)-64f(x, \theta)^{3}$

$g_{y}(y, \theta)^{2}=-2a_{0}(\theta)-12a_{1}(\theta)g(y, \theta)+64g(y, \theta)^{3}$

as well as equations

$f_{xx}(x, \theta)=$ $6a_{1}(\theta)-96f(x, \theta)^{2}$ ,

$g_{yy}(y, \theta)=-6a_{1}(\theta)+96g(y, \theta)^{2}$

This information can now be substituted back into the previous formu-
lae, yielding

$s=(f(x, \theta)-g(y, \theta))^{3/4}$

$a=\frac{1}{8}(f(x, \theta)-g(y, \theta))^{-3/4}(f_{x}(x, \theta)+ig_{y}(y, \theta))$

$p=-6(f(x, \theta)-g(y, \theta))^{-1/4}(f(x, \theta)+g(y, \theta))$ .

Using these formulae, the definitions of $A$ and $B$ , and the equations
satisfied by $f$ and $g$ , it now follows that

$ a_{1}(\theta)=A=\sec^{2/3}\theta$ and $ a_{0}(\theta)=B=-\tan\theta$ .

The previous formula for $dL$ now simplifies to

$ dL\equiv 4f(x, \theta)dx+4g(y, \theta)dymod d\theta$ ,

so that $L=F(x, \theta)+iG(y, \theta)$ for functions $F$ and $G$ satisfying $F_{x}=4f$

and $G_{y}=4g$ . All this information combines to yield the formulae

$\tau=0$

$\eta=\frac{1}{6}(f(x, \theta)-g(y, \theta))^{1/4}\sec^{2/3}\theta d\theta$

$\omega=(f(x, \theta)-g(y, \theta))^{-1/4}(dz+\frac{1}{6}\sec^{2/3}\theta(F(x, \theta)+iG(y, \theta))d\theta)$ .
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Now, the cubic polynomial

$p(\lambda, \theta)=-2\tan\theta+12\sec^{2/3}\theta\lambda-64\lambda^{3}$

has three real, distinct roots in $\lambda$ . In fact, defining

$ r_{1}(\theta)=\frac{1}{2}\sin(\frac{1}{3}\theta-\frac{2}{3}\pi)\sec^{1/3}\theta$ ,

$ r_{2}(\theta)=\frac{1}{2}\sin(\frac{1}{3}\theta )\sec^{1/3}\theta$ ,

$ r_{3}(\theta)=\frac{1}{2}\sin(\frac{1}{3}\theta+\frac{2}{3}\pi)\sec^{1/3}\theta$ ,

one has $r_{1}(\theta)<r_{2}(\theta)<r_{3}(\theta)$ when $-\pi/2<\theta<\pi/2$ and

$p(\lambda, \theta)=-64(\lambda-r_{1}(\theta))(\lambda-r_{2}(\theta))(\lambda-r_{3}(\theta))$ .

Now, the differential equations on $f(x, \theta)$ and $g(y, \theta)$ coupled with
the inequality $g(x, \theta)<f(y, \theta)$ imply the inequalities

$r_{1}(\theta)<g(y, \theta)<r_{2}(\theta)<f(x, \theta)<r_{3}(\theta)$ .

Moreover the differential equation for $f$ (resp. $g$ ) can now be used to
extend its range of definition from $(x, \theta)(U_{1})$ (resp. ( $y$ , $\theta$ ) $(U_{1})$ ) to all
of $\mathbb{R}\times(-\pi/2, \pi/2)$ . The extended functions satisfy

$r_{1}(\theta)\leq g(y, \theta)\leq r_{2}(\theta)\leq f(x, \theta)\leq r_{3}(\theta)$

and the periodicity relations

$f(x+2\rho_{+}(\theta), \theta)=f(x, \theta)$

$g(y+2\rho-(\theta), \theta)=g(y, \theta)$

where the functions $\rho\pm are$ defined by the elliptic integrals

$\rho+(\theta)=\frac{1}{8}\int_{r_{2}(\theta)}^{r_{3}(\theta)}\frac{da}{\sqrt{(r_{3}(\theta)-a)(a-r_{2}(\theta))(a-r_{1}(\theta))}}$ ,

$\rho-(\theta)=\frac{1}{8}\int_{r_{1}(\theta)}^{r_{2}(\theta)}\frac{da}{\sqrt{(r_{3}(\theta)-a)(r_{2}(\theta)-a)(a-r_{1}(\theta))}}$ .

Note, by the way, that $\rho_{+}(-\theta)=\rho_{-}(\theta)>0$ for $\theta$ in $(-\pi/2, \pi/2)$ .

Using these extended functions, I can now modify $x$ and $y$ by adding
functions of $\theta$ so as to arrange that

$g(0, \theta)=r_{2}(\theta)=f(0, \theta)$ .
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This makes the coordinates $(x, y, \theta)$ unique up to replacement by coor-
dinates of the form

$(x^{*}, y^{*}, \theta^{*})=(x+2m\rho_{+}(\theta), y+2n\rho-(\theta)$ , $\theta)$

for some integers $m$ and $n$ . These formulae will be important in the

discussion of discrete symmetries that will be undertaken below.
The functions $f$ and $g$ are now uniquely defined on the entire

strip $\mathbb{R}\times(-\pi/2, \pi/2)$ by the requirement that they satisfy the second
order equations with initial conditions

$f_{xx}(x, \theta)=$ 6 $\sec^{2/3}\theta-96f(x, \theta)^{2}$ , $f(0, \theta)=r_{2}(\theta)$ , $f_{x}(0, \theta)=0$ ,

$g_{yy}(y, \theta)=-6\sec^{2/3}\theta+96g(y, \theta)^{2}$ , $g(0, \theta)=r_{2}(\theta)$ , $g_{y}(0, \theta)=0$ .

Then $u(x, y, \theta)^{4}=f(x, \theta)-g(y, \theta)\geq 0$ is doubly periodic on $\mathbb{R}\times \mathbb{R}\times$

$(-\pi/2, \pi/2)$ in the obvious sense and is strictly positive except along the
curves $C_{m,,,n}$ of the form $(x, y, \theta)=(2m\rho_{+}(\theta), 2n\rho_{-}(\theta),$ $\theta)$ for any inte-
gers $m$ and $n$ . The vanishing near these lines is very simple: Along $C_{0,,,0}$ ,

i.e., the line $(x, y, \theta)=(0,0, \theta)$ , there are convergent Taylor expansions

$f(x, \theta)=r_{2}(\theta)+\sum_{k=1}c_{k}(\theta)x^{2k}$
,

$g(y, \theta)=r_{2}(\theta)+\sum_{k=1}(-1)^{k}c_{k}(\theta)y^{2k}$
,

implying that there is a smooth function $\tilde{u}$ on 1R $\times \mathbb{R}\times(-\pi/2, \pi/2)$

satisfying $\tilde{u}(0,0, \theta)=c_{1}(\theta)=3\sec^{2/3}\theta(1-4\sin^{2}(\frac{1}{3}\theta))>0$ for which

$u(x, y, \theta)^{4}=(x^{2}+y^{2})\tilde{u}(x, y, \theta)$ .

By the periodicity relations, the description of the vanishing of $u$ near
the other curves $C_{m,,,n}$ follows from this one.

Now, examining the coefficient of $ d\theta$ in the formula for $ds$ yields the
relation

$g_{y}G-6\cos^{2/3}\theta g_{\theta}-8^{2}g=f_{x}F-6\cos^{2/3}\theta f_{\theta}-8f^{2}$ .

The left hand side of this relation is independent of $x$ while the right
hand side is indepdendent of $y$ , so that each side is a function of $\theta$ only.
Evaluating either side at $x=y=0$ then yields

$g_{y}G-6\cos^{2/3}\theta g_{\theta}-8^{2}g=f_{x}F-6\cos^{2/3}\theta f_{\theta}-8f^{2}$

$=-6\cos^{2/3}\theta r_{2}’(\theta)-8r_{2}(\theta)^{2}$ .
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Of course, this allows one to solve for $F$ and $G$ away from the places
where $f_{x}$ and $g_{y}$ vanish, yielding formulae of the form

$F=[6\cos^{2/3}\theta(f_{\theta}-r_{2}’(\theta))+8(f^{2}-r_{2}(\theta)^{2})]/f_{x}$

$G=[6\cos^{2/3}\theta(g_{\theta}-r_{2}’(\theta))+8(g^{2}-r_{2}(\theta)^{2})]/g_{y}$ .

Since $f_{x}(x, \theta)=0$ if and only if $x$ is an integer multiple of $\rho_{+}(\theta)$

and $g_{y}(y, \theta)=0$ if and only if $y$ is an integer multiple of $\rho-(\theta)$ , this
gives integration-free formulae for $F$ and $G$ that are valid over a dense
open set. Moreover, differentiating the relations above with respect to $x$

or $y$ and using the identities $F_{x}=4f$ and $G_{y}=4g$ yields

$g_{yy}G-6\cos^{2/3}\theta g_{y\theta}-12gg_{y}=f_{xx}F-6\cos^{2/3}\theta f_{x\theta}-12ff_{y}=0$ .

Since $f_{x}$ and $f_{xx}$ do not vanish simultaneously, and since $g_{y}$ and $g_{yy}$

do not vanish simultaneously, these relations together with the rela-
tions above yield explicit smooth formulae for $F$ and $G$ over all of
$\mathbb{R}\times(-\pi/2, \pi/2)$ . In particular, these formulae imply that $F(0, \theta)=$

$G(0, \theta)=0$ , so that $F$ and $G$ can also be described by

$ F(x, \theta)=4\int_{0}^{x}f(\xi, \theta)d\xi$ , $ G(y, \theta)=4\int_{0}^{y}f(\xi, \theta)d\xi$ .

The integration-free formulae yield pseudo-periodicity relations
for $F$ and $G$ : Differentiating

$f(x+2\rho+(\theta), \theta)=f(x, \theta)$

with respect to $\theta$ shows that $f_{\theta}$ satisfies the pseudo-periodicity relation

$f_{\theta}(x+2\rho_{+}(\theta), \theta)-f_{\theta}(x, \theta)=-2f_{x}(x, \theta)\rho_{+}’(\theta)$ .

Consequently, $F$ satisfies the pseudo-periodicity relation

$ F(x+2\rho_{+}(\theta), \theta)-F(x, \theta)=-12\rho_{+}’(\theta)\cos^{2/3}\theta$ .

Similarly,

$ G(y+2\rho-(\theta), \theta)-G(y, \theta)=-12\rho_{-}\prime(\theta)\cos^{2/3}\theta$ .

At this point, all the structure equations in (3) are identities.
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3.3.5. Global structure of the solution. The local information de-
rived in the previous subsubsection can now be used to give a global
description of the corresponding minimal Levi-flat hypersurface in $\mathbb{C}^{2}$ .

To begin, define $r_{i}$ for $i=1,2$ , and 3 and $\rho\pm as$ functions on $(-\pi/2, \pi/2)$

by the already listed formulae. Then, define functions $f$ and $g$ on $\mathbb{R}\times$

$(-\pi/2, \pi/2)$ by the differential equations with initial conditions:

$f_{xx}(x, \theta)=$ 6 $\sec^{2/3}\theta-96f(x, \theta)^{2}$ , $f(0, \theta)=r_{2}(\theta)$ , $f_{x}(0, \theta)=0$ ,

$g_{yy}(y, \theta)=-6\sec^{2/3}\theta+96g(y, \theta)^{2}$ , $g(0, \theta)=r_{2}(\theta)$ , $g_{y}(0, \theta)=0$ .

Note that $f$ is even and periodic of period $2\rho+(\theta)$ in its first argument
while $g$ is even and periodic of period $2\rho_{-}(\theta)$ in its first argument. More-
over, these functions automatically satisfy the first order equations

$f_{x}(x, \theta)^{2}=$ 2 $\tan\theta+12\sec^{2/3}\theta f(x, \theta)-64f(x, \theta)^{3}$ ,

$g_{y}(y, \theta)^{2}=-2\tan\theta-12\sec^{2/3}\theta g(y, \theta)+64g(y, \theta)^{3}$

Define $F$ and $G$ on the same domain by

$ F(x, \theta)=\int_{0}^{x}4f(\xi, \theta)d\xi$ , $ G(y, \theta)=\int_{0}^{y}4g(\xi, \theta)d\xi$ .

Let $D=\mathbb{R}\times \mathbb{R}\times(-\pi/2, \pi/2)$ and let $D^{*}\subset D$ be the complement
of the curves

$C_{m,,,n}=\{(2m\rho+(\theta), 2n\rho-(\theta), \theta)|\theta\in(-\frac{\pi}{2}, \frac{\pi}{2})\}$ .

Finally, define functions and 1-forms on $D^{*}$ by the formulae

$s=(f(x, \theta)-g(y, \theta))^{3/4}$ ,

$a=\frac{1}{8}(f(x, \theta)-g(y, \theta))^{-3/4}(f_{x}(x, \theta)+ig_{y}(y, \theta))$ ,

$p=-6(f(x, \theta)-g(y, \theta))^{-1/4}(f(x, \theta)+g(y, \theta))$ ,

$\eta=\frac{1}{6}(f(x, \theta)-g(y, \theta))^{1/4}\sec^{2/3}\theta d\theta$ ,

$\omega=(f(x, \theta)-g(y, \theta))^{-1/4}(dz+\frac{1}{6}\sec^{2/3}\theta(F(x, \theta)+iG(y, \theta))d\theta)$ ,

$\tau=0$ .

Then the structure equations (3) are satisfied on $D^{*}$ . In particular,
setting $\sigma=-2\overline{a}\eta-2s\overline{\omega}$ and $\phi=-ia\omega+i\overline{a}\overline{\omega}$ , the go-valued 1-form

$\gamma=\left(\begin{array}{lll}0 & 0 & 0\\\eta & i\phi & -\overline{\sigma}\\\omega & \sigma & -i\phi\end{array}\right)$
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satisfies $ d\gamma=-\gamma\wedge\gamma$ .

By the usual moving frame argument [Gr], it follows that, if $U\subset D^{*}$

is any simply connected domain in $D^{*}$ , then there is a map $g:U\rightarrow G_{0}$ ,

unique up to left translation by a constant, so that $g^{-1}dg=\gamma|U$ . The
projection $gK:U\rightarrow G_{0}/K=\mathbb{C}^{2}$ is then an immersion of $U$ into $\mathbb{C}^{2}$ as
a minimal Levi-flat hypersurface of type (3). However, this argument
does not provide a description of the topology or global properties of the
solution. It is to this description that I now turn.

The group $\mathbb{Z}^{2}$ acts on $D$ preserving $D^{*}$ via the maps

$\Phi_{m,,,n}(x, y, \theta)=(x+2m\rho+(\theta), y+2n\rho-(\theta),$ $\theta)$ .

Denote the $\mathbb{Z}^{2}$ -orbit of $(x, y, \theta)$ by $[x, y, \theta]\in N$ . The periodicity relations
on $f$ and $g$ combined with the pseudo-periodicity relations on $F$ and $G$

imply $\Phi_{m,,,n}^{*}\gamma=\gamma$ . (In fact, all the quantitites $s$ , $a$ , $p$ , $\eta$ , $\omega$ , and $\tau$

$(=0)$ are invariant under this $\mathbb{Z}^{2}$ -action.) Thus $\gamma$ is well-defined on the
quotient space $N^{*}=D^{*}/\mathbb{Z}^{2}$ , which is diffeomorphic to a punctured torus
cross an open interval.

On $N^{*}\times G_{0}$ , thought of as a trivialized principal left $G_{0}$ bundle
over $N^{*}$ , consider the 90-valued connection 1-form

$\psi=dgg-1-g\gamma g^{-1}=g(g^{-1}dg-\gamma)g^{-1}$ .

Since $ d\gamma=-\gamma\wedge\gamma$ , it follows that $ d\psi=\psi\wedge\psi$ , i.e., that $\psi$ is flat.
Consequently, $N^{*}\times G_{0}$ is foliated by $\psi$-leaves, each of which is a smooth
submanifold $L\subset N^{*}\times G_{0}$ such that projection onto the first factor is
a covering map and such that any two leaves differ by left action in the
$G_{0}$-factor by a constant element of $G_{0}$ . For any such leaf $L$ , we can
regard the functions $s$ , $a$ , $p$ and 1-forms $\eta$ and $\omega$ as being well defined
on $L$ via pullback from the projection $L\rightarrow N^{*}$ .

The map $(g, a, s,p):L\rightarrow M^{13}=G_{0}\times \mathbb{C}\times \mathbb{C}\times \mathbb{R}$ then immerses $L$

as an $I_{3}$ -leaf lying in the locus $F=1$ . By the construction of $\gamma$ and the
development that led up to it, the image of $L$ is a complete $I_{3}$ leaf Thus,
the topology of the leaves will be known once the covering map $L\rightarrow D^{*}$

and the projection $g:L\rightarrow G_{0}$ are understood.
The projection $g:L\rightarrow G_{0}$ is simply a diffeomorphism. This follows

because, on $L$ , the $g_{0}$ -valued 1-form $g^{-1}dg$ is simply $\gamma$ , which determines
the forms $\omega$ and $\eta$ and the functions $s$ , $a$ , and $p$ . The construction of the
coordinate system $(x, y, \theta)$ from $(\eta, \omega, s, a,p)$ shows that this suffices to
recover the map $(x, y, \theta):L\rightarrow D^{*}$ up to the action of $\mathbb{Z}^{2}$ , which is the
same as recovering $[x, y, \theta]:L\rightarrow N^{*}$ and hence the full embedding of $L$

into $N^{*}\times G_{0}$ . In particular, this implies that $(g, a, s,p)$ is an embedding.
Now, a leaf $L$ is just the holonomy bundle of $\psi$ through each of its

points. For the sake of concreteness, choose $n_{0}=[\rho_{0}, \rho_{0}, O]\in N^{*}$ as
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basepoint, where $\rho_{0}=\rho_{+}(0)=\rho_{-}(0)$ and let $L\subset N^{*}\times G_{0}$ be the leaf
of $\psi$ that passes through $(n_{0}, I_{3})$ . The intersection $L\cap(\{n_{0}\}\times G_{0})$ is
then of the form $\{n_{0}\}\times\Gamma$ where $\Gamma\subset G_{0}$ is the holonomy subgroup of $\psi$

and this is what must be computed. The calculations below will actually
determine the $\psi$-monodromy homomorphism $\pi_{1}(N^{*}, n_{0})\rightarrow G_{0}$ , whose
image is $\Gamma$ .

Since $N^{*}$ is an interval cross a punctured torus, $\pi_{1}(N^{*}, n_{0})$ is gen-
erated by the loops $X:[0,2\rho_{0}]\rightarrow N^{*}$ and $Y:[0,2\rho_{0}]\rightarrow N^{*}$ defined
by

$X(x)=[x+\rho_{0}, \rho_{0},0]$ , $Y(y)=[\rho_{0}, y+\rho_{0},0]$ .

To compute the $\psi$-monodromy around these two loops, information
about the behavior of the functions $f$ and $g$ when $\theta=0$ will be used.
To begin, note that $r_{1}(0)=-\sqrt{3}/4$ , $r_{2}(0)=0$ , and $r_{3}(0)=\sqrt{3}/4$

and observe that, by the symmetry properties of $f$ and $g$ , there is a
$2\rho_{0}$-periodic function $v$ on $\mathbb{R}$ that satisfies

$v(t)=f(t+\rho_{0},0)+\sqrt{3}/4=\sqrt{3}/4-g(t+\rho_{0},0)$

for all $t$ . In fact, $v$ is defined by the conditions that it satisfy both
the initial condition $v(0)=\sqrt{3}/2$ and the WeierstraB-type differential
equation

$(v’(t))^{2}=64v(t)(\sqrt{3}/2-v(t))(v(t)-\sqrt{3}/4)$ .

Note that $v$ is positive, satisfying $\sqrt{3}/4\leq v(t)\leq\sqrt{3}/2$ , and that $v$ is an
even function on $\mathbb{R}$ . In particular, satisfies $v(2\rho_{0}-t)=v(t)$ , a fact that
will be used below.

Now, from the definition of $X$ it follows that

$X^{*}(\gamma)=\{$ $(v(x))^{-1/4}00$

$00$

2 $(v(x))^{1/2}dx)0$ .

$dx$ -2 $(v(x))^{1/2}dx$ 0

Consider the $g_{X}$ : $[0, 2\rho_{0}]$ $\rightarrow G_{0}$ that satisfies $ g_{X}^{-1}dg_{X}=X^{*}\gamma$ and
$g_{X}(0)=I_{3}$ . Because $ X^{*}\gamma$ takes values in $90\cap\epsilon 1(3, \mathbb{R})$ , the map $g_{X}$ has
values in $G_{0}\cap SL(3, \mathbb{R})$ and so can be written in the form

$g_{X}(x)=\left(\begin{array}{lll}1 & 0 & 0\\u_{1}(x)u_{2}(x) & -sin\varphi(x)cos\varphi(x) & cos\varphi(x)sin\varphi(x)\end{array}\right)$ ,
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where the functions $u_{1}$ , $u_{2}$ , and $\varphi$ on $[0, 2\rho_{0}]$ are defined by the ODE
system

$u_{1}’(x)=\sin\varphi(x)(v(x))^{-1/4}$ , $u_{1}(0)=0$ ,

$u_{2}’(x)=\cos\varphi(x)(v(x))^{-1/4}$ , $u_{2}(0)=0$ ,

$\varphi’(x)=$ 2 $(v(x))^{1/2}$ , $\varphi(0)=0$ .

The ODE that $v$ satisfies suggests a change of variables eliminating
the explicit $x$-dependence, yielding

$\varphi(2\rho_{0})=\int_{0}^{2\rho_{O}}2(v(x))^{1/2}dx$

$=4\cdot\frac{1}{8}\int_{\sqrt{3}/4}^{\sqrt{3}/2}\frac{v^{1/2}dv}{\sqrt{v(\sqrt{3}/2-v)(v-\sqrt{3}/4)}}$

$\pi$

$=-2$
.

Thus $\varphi$ defines a diffeomorphism $\varphi:[0,2\rho_{0}]\rightarrow[0, \pi/2]$ that, because of
the symmetries of $v$ , has the symmetry $\varphi(2\rho_{0}-x)=\pi/2-\varphi(x)$ . In turn,
this implies that $u_{i}’(x)>0$ for all $x\in(0,2\rho_{0})$ and, by a straightforward
change of variables, that $u_{1}(2\rho o)=u_{2}(2\rho_{0})=r$ for some4 $r>0$ .

This implies that $g_{X}(2\rho_{0})=h_{X}$ where

$h_{X}=$ $\left(\begin{array}{lll}1 & 0 & 0\\r & 0 & 1\\r & -1 & 0\end{array}\right)$ .

This $h_{X}$ represents the holonomy of $\psi$ around the loop X. (Note that
it is possible to compute the map $gx$ and hence the holonomy $h_{X}$

by quadratures in this manner because $ X^{*}\gamma$ takes values in a solvable
subalgebra of 90 $\cdot$ )

A similar argument for $Y$ gives

$Y^{*}(\gamma)=\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & -2i(v(y))^{1/2}dy\\(v(y))^{-1/4}dy & -2i(v(y))^{1/2}dy & 0\end{array}\right)$ .

Carrying out the same sort of analysis as was applied to $X$ leads
to the conclusion that if $g_{Y}$ : $[0, 2\rho_{0}]$ $\rightarrow G_{0}$ is the map that satisfies

$4For$ the curious: Numerical calculation yields $\rho 0\approx$ 0.498083225 and
$r\approx.565201447$ .
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$ g_{Y}^{-1}dg_{Y}=Y^{*}\gamma$ and $g_{Y}(0)=I_{3}$ , then $g_{Y}(2\rho o)=h_{Y}$ where

$h_{Y}=(_{r}^{1}-ir$ $-i00$ $\frac{0}{0}i$).
Thus $h_{Y}$ represents the holonomy of $\psi$ around the loop $Y$ .

Now, setting

$v=\left(\begin{array}{l}0\\r\end{array}\right)$ $\neq 0$ ,

and

$1=\left(\begin{array}{ll}1 & 0\\0 & 1\end{array}\right)$ , $i=\left(\begin{array}{ll}0 & 1\\-1 & 0\end{array}\right)$ , $j=\left(\begin{array}{ll}0 & -i\\-i & 0\end{array}\right)$ , $k=ij=\left(\begin{array}{ll}-i & 0\\0 & i\end{array}\right)$ ,

it follows that

$h_{X}=\left(\begin{array}{ll}1 & 0\\(1+i)v & i\end{array}\right)$ , $h_{Y}=\left(\begin{array}{ll}1 & 0\\(1+j)v & j\end{array}\right)$ .

Noting that $i^{2}=j^{2}=-1$ while $k=ij=-ji$ , it is evident
that $h_{X}^{4}=h_{Y}^{4}=I_{3}$ and that any iterated product of the matrices $h_{X}$

and $h_{Y}$ is of the form

$h=\left(\begin{array}{lll}1 & & 0\\(a_{0}1+a_{1}i+ & a_{2}j+a_{3}k)v & q\end{array}\right)$

where $q$ lies in $\{\pm 1, \pm i, \pm j, \pm k\}$ and the $a_{i}$ are integers whose sum is

even. In particular, the subgroup $\Gamma\subset G_{0}$ generated by $h_{X}$ and $h_{Y}$ is

discrete. Moreover, the homomorphism $\Gamma\rightarrow\{\pm 1, \pm i, \pm j, \pm k\}$ defined
by $h\mapsto q$ in the above notation is surjective. It is not difficult to

establish that the kernel $\hat{\Lambda}$ of this homomorphism consists exactly of the

matrices of the form

$\left(\begin{array}{lll}1 & & 0\\2(a_{0}1+a_{1}i+ & a_{2}j+a_{3}k)v & 1\end{array}\right)$

where the $a_{i}$ are integers whose sum is even. Since $v\neq 0$ , the set $\Lambda\subset \mathbb{C}^{2}$

consisting of the vectors 2 $(a_{0}1+a_{1}i+a_{2}j+a_{3}k)v$ where the $a_{i}$ are integers
whose sum is even is a lattice in $\mathbb{C}^{2}$ , i.e., a discrete abelian subgroup of
rank 4. Up to rotation and scaling, $\Lambda$ is a lattice of type $F_{4}$ . In what
follows, it will be useful to identify $\Lambda$ with $\hat{\Lambda}\subset G_{0}$ via the identification

$2(a_{0}1+a_{1}i+a_{2}j+a_{3}k)v\mapsto\left(\begin{array}{lll}1 & & 0\\2(a_{0}1+a_{1}i+ & a_{2}j+a_{3}k)v & 1\end{array}\right)$ ,
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so I will do this henceforth without explicit comment.
Let $\hat{K}\subset\pi_{1}(N^{*}, n_{0})$ denote the normal subgroup of index 8 con-

sisting of those homotopy classes of loops whose $\psi$-holonomy lies in $\hat{\Lambda}$

and let $\hat{N}^{*}\rightarrow N^{*}$ denote the 8-fold covering space corresponding to $\hat{K}$ .

I am going to show that there is a way of ’completing’ $\hat{N}^{*}$ in a natural
way so that each of the complex leaves of $\hat{N}^{*}$ (i.e., the leaves of $\eta=0$ )
is realized as a compact Riemann surface of genus 3 punctured at four
points. I will then examine to what extent the functions and forms $s$ , $a$ ,
$p$ , $\eta$ , and $\omega$ extend smoothly across these punctures.

Ultimately, the goal is to show that $\mathbb{C}^{2}/\Lambda$ contains a minimal Levi-flat
hypersurface whose complex leaves are (compact) Riemann surfaces of
genus 3.

Let $\tilde{N}$ be the quotient of $D$ by the action of $(2\mathbb{Z})^{2}$ , i.e., the index 4

subgroup of $\mathbb{Z}^{2}$ generated by the transformations $\Phi_{2m,,,2n}$ , and let $\tilde{N}^{*}\subset$

$\tilde{N}$ be the image of $D^{*}\subset D$ under this quotient action. Let $\langle x, y, \theta\rangle\in\tilde{N}$

denote the equivalence class of $(x, y, \theta)\in D$ under the action of $(2\mathbb{Z})^{2}$ .

Any product of a finite sequence drawn from $\{h_{X}, h_{Y}\}$ that contains
an odd number of copies of either $h_{X}$ or $h_{Y}$ will be an $ h\in\Gamma$ whose
corresponding $q$ lies in $\{\pm i, \pm j, \pm k\}$ . Consequently, the quotient map
$\tilde{N}^{*}\rightarrow N^{*}$ defines a 4-fold cover of $N^{*}$ that is, itself, a 2-fold quotient

of $\hat{N}^{*}$ . I.e., there is a sequence of coverings

$\hat{N}^{*}\rightarrow\tilde{N}^{*}2-1\rightarrow N^{*}4-1$

corresponding to the inclusion of subgroups $\{1\}\subset\{\pm 1\}\subset\{\pm 1,$ $\pm i$ ,
$\pm j,$ $\pm k\}$ . The commutator loop $Y^{-1}*X^{-1}*Y*X$ is closed in $\tilde{N}^{*}$ and

this is a loop over which the cover $\hat{N}^{*}\rightarrow\tilde{N}^{*}$ is non-trivial since this
loop does not lie in $\hat{K}$ .

It will be useful to construct a embedding of $\tilde{N}^{*}$ into $\mathbb{C}\mathbb{P}^{2}\times$

$(-\pi/2, \pi/2)$ . Consider the meromorphic solution $\mathfrak{p}$ on $\mathbb{C}\times(-\pi/2, \pi/2)$

to the second order holomorphic differential equation with initial condi-
tions

$\mathfrak{p}_{zz}(z, \theta)=6\sec^{2/3}\theta-96\mathfrak{p}(z, \theta)^{2}$ , $\mathfrak{p}(0, \theta)=r_{2}(\theta)$ , $\mathfrak{p}_{z}(0, \theta)=0$ .

Of course, $\mathfrak{p}$ is a version of the Weierstrass $\mathfrak{p}$-function. It satisfies the
first order differential equation

$\mathfrak{p}_{z}(z, \theta)^{2}=-2\tan\theta+12\sec^{2/3}\theta \mathfrak{p}(z, \theta)-64\mathfrak{p}(z, \theta)^{3}$ .

Moreover $\mathfrak{p}(x, \theta)=f(x, \theta)$ when $x$ is real and $\mathfrak{p}(iy, \theta)=g(y, \theta)$ when $y$

is real, as follows easily from the Chain Rule. Now, $\mathfrak{p}$ is doubly periodic
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and even:

$\mathfrak{p}$ $(z+2\rho+(\theta))=\mathfrak{p}(z+2i\rho_{-}(\theta))=\mathfrak{p}(-z)=\mathfrak{p}(z)$ .

and also assumes the special values

$\mathfrak{p}$ $(i\rho-(\theta))=r_{1}(\theta)$ , $\mathfrak{p}(0)=r_{2}(\theta)$ ,

$\mathfrak{p}$ $(\rho+(\theta))=r_{3}(\theta)$ , $\mathfrak{p}(\rho+(\theta)+i\rho-(\theta))=\infty$ .

In fact, $\mathfrak{p}$ has a double pole at $\rho_{+}(\theta)+i\rho-(\theta)$ and no other singularities
in the fundamental rectangle. Moreover, $\mathfrak{p}_{z}$ has simple zeros at 0, $\rho_{+}(\theta)$ ,
$i\rho_{-}(\theta)$ and a triple pole at $\rho_{+}(\theta)+i\rho_{-}(\theta)$ .

Now consider, for each fixed $\theta$ in the interval $(-\pi/2, \pi/2)$ , the qua-
dratic form

$ds_{\theta}^{2}=(f(x, \theta)-g(y, \theta))(dx^{2}+dy)2$ .

By the earlier analysis of the vanishing locus of $u:D\rightarrow \mathbb{R}$ , this quadratic
form defines a conformal pseudo-metric on $\mathbb{C}$ that branches to order 1
at the points of the lattice

$\Lambda_{\theta}=\{2m\rho_{+}(\theta)+i2n\rho_{-}(\theta)|m, n\in \mathbb{Z}\}\subset \mathbb{C}$

and is periodic with respect to this lattice. Since $ds_{\theta}^{2}$ is invariant under
reflection in the $x$-axis and the $y$-axis, the lines $x=m\rho_{+}(\theta)$ and $y=$

$n\rho-(\theta)$ for integer $m$ and $n$ are geodesies in this metric.
The structure equations show that $ds_{\theta}^{2}$ has constant Gauss curva-

ture $K=16$ , and so must be induced by pullback from the standard
metric on the Riemann sphere with this curvature. In particular, there
is a meromorphic function $w$ on the $z$-plane so that

$f(x, \theta)-g(y, \theta)=\frac{|w’(z)|^{2}}{4(1+|w(z)|^{2})^{2}}$ .

The function $w$ must ramify to order 1 at each of the points of $\Lambda_{\theta}$ and
must carry the geodesies $x=2m\rho_{+}(\theta)$ and $y=2n\rho_{-}(\theta)$ onto a single
geodesic on the Riemann sphere. (Since they intersect at right angles in

the $z$-plane and the intersection point is a branch point of $w$ of order 2,

the image geodesies must meet at an angle of $\pi$ and hence must lie
along the same geodesic on the sphere.) This information is not enough
to make the function $w$ unique; it only determines $w$ up to composition
with an isometric rotation of the Riemann sphere. However, adding
the requirements that $w(0)=0$ and that $w’’(0)$ be real and positive do
make $w$ unique, so this will be assumed from now on.
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Because the geodesic segment $t\rho_{+}(\theta)$ for $0\leq t\leq 2$ is congruent to
the geodesic segment $t\rho+(\theta)+2i\rho-(\theta)$ for $0\leq t\leq 2$ , and because the
geodesic segment $it\rho-(\theta)$ for $0\leq t\leq 2$ is congruent to the geodesic
segment $2\rho+(\theta)+it\rho-(\theta)$ for $0\leq t\leq 2$ , and because there are no
ramification points of $w$ in the interior of the fundamental rectangle, it
follows that the normalized $w$ must satisfy

$w(2\rho+(\theta))w(2i\rho-(\theta))=-1$

with $w(2\rho+(\theta))$ real and positive and $ w(2\rho+(\theta)+2i\rho-(\theta))=\infty$ . Pur-
suing this analysis, it follows without much difficulty that $w$ must be
doubly periodic with periods $4\rho_{+}(\theta)$ and $4i\rho_{-}(\theta)$ and have one double
pole at $2\rho_{+}(\theta)+2i\rho-(\theta)$ in the fundamental rectangle of $2\Lambda_{\theta}$ .

By the usual properties of doubly periodic meromorphic functions
on the plane, only one function $w$ with all these properties exists. It can
be written in terms of $\mathfrak{p}$ as

$w(z, \theta)=\frac{\mathfrak{p}(\frac{1}{2}z,\theta)-r_{2}(\theta)}{\sqrt{(r_{3}(\theta)-r_{2}(\theta))(r_{2}(\theta)-r_{1}(\theta))}}$
.

The WeierstraB-type equation for $\mathfrak{p}$ shows that $w$ itself satisfies the
WeierstraB-type equation

$(w_{z})^{2}=16b(\theta)w-48r_{2}(\theta)w^{2}-16b(\theta)w^{3}$

where
$b(\theta)=\sqrt{(r_{3}(\theta)-r_{2}(\theta))(r_{2}(\theta)-r_{1}(\theta))}>0$ .

By symmetry considerations, $w$ must map the boundary of the rec-
tangle $\mathfrak{R}$ with vertices 0, $2\rho+(\theta)$ , $2\rho+(\theta)+2i\rho_{-}(\theta)$ , and $2i\rho-(\theta)$ to the
real line plus $\infty$ on the Riemann sphere and do so in a one-to-one and
onto manner. Consequently $w$ establishes a biholomorphism between the
interior of $\mathfrak{R}$ and the upper half plane. Because of the symmetry of the
boundary values, particularly the identity $w(2\rho+(\theta))w(2i\rho-(\theta))=-1$ ,
it follows that $w$ must map $\rho_{+}(\theta)+i\rho_{-}(\theta)$ , the center of $\mathfrak{R}$ , to the cen-
ter of the upper half plane (endowed with its usual metric of constant
positive curvature), i.e., that

$w(\rho_{+}(\theta)+i\rho_{-}(\theta), \theta)=i$ .

Using this information, it is not difficult to deduce that

$w_{z}(\rho_{+}(\theta)+i\rho_{-}(\theta), \theta)=4\sqrt{3r_{2}(\theta)+2b(\theta)i}$ .
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(In view of the WeierstraB equation, the only problem is to fix the ambi-
guity of the sign of this square root, but this is not difficult. I mean the
one with positive imaginary part.)

It follows that there is a well-defined map $\Psi:\tilde{N}\rightarrow \mathbb{C}\mathbb{P}^{2}\times(-\pi/2, \pi/2)$

satisfying

$\Psi$ $(\langle x, y, \theta\rangle)=([1, w(x+iy, \theta), w_{z}(x+iy, \theta)], \theta)$ .

Note, in particular, that $\Psi(\langle\rho_{+}(\theta),\rho_{-}(\theta),\theta\rangle)=([1,i,4\sqrt{3r_{2}(\theta)+2b(\theta)i}],\theta)$ .

The image of $\Psi$ is the locus $\tilde{E}\subset \mathbb{C}\mathbb{P}^{2}\times(-\pi/2, \pi/2)$ consisting of
points $([Z_{0}, Z_{1}, Z_{2}], \theta)$ that satisfy the equation

$Z_{0}Z_{2}^{2}=16b(\theta)Z_{0}^{2}Z_{1}-48r_{2}(\theta)Z_{0}Z_{1}^{2}-16b(\theta)Z_{1}^{3}$ .

Let $\tilde{E}_{\theta}\subset \mathbb{C}\mathbb{P}^{2}$ be the smooth plane cubic curve so that $\tilde{E}_{\theta}\times\{\theta\}=\tilde{E}\cap$

$(\mathbb{C}\mathbb{P}^{2}\times\{\theta\})$ . This is an elliptic curve and will be referred to as the $\theta$-slice

of $\tilde{E}$

. By the discussion already given plus elementary properties of
elliptic curves, $\Psi$ is a diffeomorphism from $\tilde{N}$ to $\tilde{E}$ . Moreover, $\Psi(\tilde{N}^{*})=$

$\tilde{E}^{*}$ , which is defined as the complement in $\tilde{E}$ of the three points on each
$\tilde{E}_{\theta}$ that lie on the line $Z_{2}=0$ together with the point at infinity (i.e., the

flex tangent on the line $Z_{0}=0$ ) on each $\tilde{E}_{\theta}$ .

Now, the double cover $\hat{N}^{*}\rightarrow\tilde{N}^{*}\simeq\tilde{E}^{*}$ is nontrivial around each of
these missing points in each $\theta$-slice. Consider the smooth plane quartic

family $\hat{E}\subset \mathbb{C}\mathbb{P}^{2}\times(-\pi/2, \pi/2)$ consisting of points $([W_{0}, W_{1}, W_{2}], \theta)$

that satisfy the equation

$W_{2}^{4}=16b(\theta)W_{0}^{3}W_{1}-48r_{2}(\theta)W_{0}^{2}W_{1}^{2}-16b(\theta)W_{0}W_{1}^{3}$ .

The map that takes $([W_{0}, W_{1}, W_{2}], \theta)\in\hat{E}$ to $([(W_{0})^{2}, W_{0}W_{1}, (W_{2})^{2}], \theta)$

$\in\tilde{E}$ is a branched double cover over each $\tilde{E}_{\theta}$ . The branch locus over
each $\tilde{E}_{\theta}$ consists of the four points on $\tilde{E}_{\theta}$ that do not belong to $\tilde{E}^{*}$ .

Let $\hat{E}^{*}\subset\hat{E}$ be the inverse image of $\tilde{E}^{*}$ under this smooth mapping.

Now the double cover $\hat{E}^{*}\rightarrow\tilde{E}^{*}\simeq\tilde{N}^{*}$ is nontrivial exactly along the
same curves as the double cover $\hat{N}^{*}\rightarrow\tilde{N}^{*}$ . Thus, there is a diffeomor-
phism $\hat{\Psi}$ : $\hat{N}^{*}\rightarrow\hat{E}^{*}$ that identifies the two double covers and this $\hat{\Psi}$ is

unique up to composition with the deck transformation $([W_{0}, W_{1}, W_{2}], \theta)$

$\rightarrow([W_{0}, W_{1}, -W_{2}], \theta)$ of the covering $\hat{E}^{*}\rightarrow\tilde{E}^{*}$ . From now on, I will fix

a choice of $\hat{\Psi}$ and use it to identify $\hat{N}^{*}$ with $\hat{E}^{*}$

.

Each of the $\theta-$slices $\hat{E}_{\theta}\subset\hat{E}$ is a nonsingular plane quartic and hence
is a nonhyperelliptic Riemann surface of genus 3 [GH, Chapter 2]. In
fact, the functions

$w=\frac{W_{1}}{W_{0}}$ , $v=\frac{W_{2}}{W_{0}}$
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are smooth and well-defined on $\hat{E}^{*}$ , restricting to each $\hat{E}_{\theta}$ to become
meromorphic functions with poles located at the point at ’infinity’ given
by the intersection of $\hat{E}_{\theta}$ with the line $W_{0}=0$ . The 1-forms

$wdw$ $dw$ $vdw$ $dw$

$\alpha_{1}=\overline{v^{3}}$
,

$\alpha_{2}=\overline{v^{3}}$
,

$\alpha_{3}=\overline{v^{3}}=\overline{v^{2}}$

restrict to each $\hat{E}_{\theta}$ to be a basis for the holomorphic 1-forms on $\hat{E}_{\theta}$ . Note
that $\alpha_{3}$ is actually invariant under the deck transformation $(w, v, \theta)\mapsto$

$(w, -v, \theta)$ of the covering $\hat{E}^{*}\rightarrow\tilde{E}^{*}$ and hence is well-defined as a 1-form

on $\tilde{E}^{*}$ . This 1-form restricts to each $\tilde{E}_{\theta}$ to become the nontrivial holo-
morphic differential on that elliptic curve. Note that $\alpha_{1}$ and $\alpha_{2}$ have no
common zeroes: In fact, $\alpha_{2}$ has only one zero, which is of order 4, and
this occurs at the common pole of $w$ and $v$ . Since $w$ has a pole of order
exactly 4 at this point, it follows that $\alpha_{1}$ does not vanish there.

Let $\hat{n}(\theta)=([1, i, 2\sqrt[4]{3r_{2}(\theta)+2b(\theta)i}], \theta)\wedge$ and consider the multival-

ued ’function’ on $E$ ’defined’ by the abelian integral

$\theta([1, w, v], \theta)=\left(\begin{array}{l}\theta_{1}([1,w,v],\theta)\\\theta_{2}([1,w,v],\theta)\end{array}\right)$ $=\int_{\hat{n}}^{([1,w,v],\theta)}\sqrt{2}$
$\left(\begin{array}{l}w\\1\end{array}\right)$

$\frac{dw}{v^{3}}$

$=\int_{\hat{n}}^{([1,w,v],\theta)}(_{\sqrt{2}\alpha_{2}}^{\sqrt{2}\alpha_{1}})$ ,

where the integral is to be computed along a path joining $\hat{n}(\theta)$ to
$([1, w, v], \theta)\in\hat{E}$ that lies entirely in $\hat{E}_{\theta}$ . Of course, the value of this
integral depends on the homology class of the path joining the two end-
points, so this is not well-defined as a function on $\hat{E}$ . The ambiguity
in the definition of $\theta$ will be determined below. For the time being,

consider $\theta$ as being defined on a suitable cover $\check{E}\rightarrow\hat{E}$

. Since $\alpha_{1}$ and $\alpha_{2}$

do not have any common zeroes, this map is an immersion on each $\hat{E}_{\theta}$ .

Now consider the functions
$\overline{v}$ $-\overline{v}w$

$A=\overline{v\sqrt{1+|w|^{2}}}$
,

$B=\overline{v\sqrt{1+|w|^{2}}}$

defined on $\hat{E}^{*}$ . They satisfy $|A|^{2}+|B|^{2}=1$ , so the function

$h=(_{0}^{1}0$
$\overline{B}\overline{A}$

$\left(\begin{array}{l}\hat{n}(\theta)\\\hat{n}(\theta)\end{array}\right)0$

-

$A(\hat{n}(\theta))B(\hat{n}(\theta))$ )
$0-1$

$\left(\begin{array}{lll}1 & 0 & 0\\\theta_{1} & \overline{A} & -B\\\theta_{2} & \overline{B} & A\end{array}\right)$

takes values in $G_{0}$ and is well-defined on the open set $\check{E}^{*}\subset\check{E}$ that is the
inverse image of $\hat{E}^{*}$ under the cover $\check{E}\rightarrow\hat{E}$ . (The purpose of the first
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matrix is to arrange that $h(\hat{n}(\theta))=I_{3}$ for all $\theta$ , which will be needed
below.)

Since the first factor in $h$ depends only on $\theta$ , computation yields

$h^{-1}dh\equiv\left(\begin{array}{lllll}0 & & 0 & 0 & \\Ad\theta_{1}+B & d\theta_{2} A & d\overline{A}+Bd\overline{B} & BdA-A & dB\\\overline{A}d\theta_{2}-\overline{B}d\theta_{1} & & \overline{A}d\overline{B}-\overline{A}d\overline{A} & \overline{A}dA+\overline{B}dB & \end{array}\right)$ $mod d\theta$ .

Since $ d\theta_{i}\equiv\sqrt{2}\alpha_{i}mod d\theta$ for $i=1,2$ , it follows that

$\overline{A}d\theta_{2}-\overline{B}d\theta_{1}Ad\theta_{1}+Bd\theta_{2}\equiv\omega\equiv 0\}$ $mod d\theta$ .

(This last follows from the identities

$\omega\equiv(f-g)^{-1/4}dz\equiv\frac{\sqrt{2(1+|w|^{2})}}{|w(z)|^{1/2}},\frac{dw}{w(z)},\equiv\frac{\sqrt{2(1+|w|^{2})}}{|v|}\frac{dw}{v^{2}}$ $mod d\theta$ ,

together with the definitions of $A$ and $B$ . The reader can now proba-
bly see why the factor of $\sqrt{2}$ was introduced into the definition of $\theta.$ )
Moreover,

$\overline{A}d\overline{B}-\overline{B}d\overline{A}=-\overline{A}^{2}d(\overline{B}/\overline{A})=\frac{-v^{2}}{|v|^{2}(1+|w|^{2})}d\overline{w}$

$=\frac{-|v|^{2}}{(1+|w|^{2})}\frac{d\overline{w}}{\overline{v}^{2}}\equiv-2s\omega\equiv\sigma$ $mod d\theta$ .

By these results, there exists a real-valued 1-form $\phi^{*}$ so that

$h^{-1}dh\equiv\left(\begin{array}{lll}0 & 0 & 0\\0 & i\phi^{*} & -\overline{\sigma}\\\omega & & -i\phi^{*}\end{array}\right)$ $mod d\theta$ .

The matrix on the right is almost $\gamma$ . In fact, I claim that it is congruent
to $\gamma$ modulo dO. Since $\eta$ is a multiple of $ d\theta$ by definition, the only thing to
check is whether $\phi^{*}\equiv\phi$ modulo dO. However, this follows immediately
from the structure equations, which show that $ d\sigma\equiv 2i\phi\wedge\sigma mod d\theta$

while the very fact that $\phi^{*}$ appears where it does in $h^{-1}dh$ shows that
$d\sigma\equiv 2i\phi^{*}\wedge\sigma mod $dO. Comparing these two relations and using the
fact that $\phi$ and $\phi^{*}$ are real then yields $\phi^{*}\equiv\phi mod $dO, as desired.
(Alternatively, one can simply carry out the computations and compare
the results.)

It has now been shown that $ h^{-1}dh\equiv\gamma mod d\theta$ . Now, $\gamma$ is well-
defined on $\hat{E}^{*}$ , not just on $\check{E}^{*}$ , so it follows that $h^{-1}dh$ is well defined
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$mod \Lambda$

on each $\hat{E}_{\theta}$ and has the same holonomy as $\gamma$ on each $\hat{E}_{\theta}$ . Now, it has

already been shown that the holonomy of $\gamma$ on $\hat{E}^{*}$ lies in the discrete

subgroup $\hat{\Lambda}\subset G_{0}$ and the inclusion $\hat{E}_{\theta}^{*}c_{-\succ}\hat{E}^{*}$ induces and isomorphism

on fundamental groups. Consequently, there is a well-defined mapping

$\hat{\Lambda}h:\hat{E}\rightarrow\hat{\Lambda}\backslash G_{0}$ .

Note that the quotient is via the left action and not the right action.
In particular, the canonical left-invariant form on $G_{0}$ is well-defined on
$\hat{\Lambda}\backslash G_{0}$ .

Now, consider the go-valued 1-form $\kappa$ that is well-defined on $\check{E}^{*}$ by
the formula $\kappa=h\gamma h^{-1}-dhh^{-1}$ . Since

$\kappa=h(\gamma-h^{-1}dh)h^{-1}\equiv 0mod d\theta$

since $d\kappa=-\kappa\wedge\kappa=0$ , and since $\kappa$ vanishes when restricted to each $\check{E}_{\theta}^{*}$ ,

it must be a 1-form in $\theta$ alone. In fact, a computation using the prop-
erties of $f$ and $g$ shows that

$\hat{n}^{*}(\kappa)=\left(\begin{array}{llll} & 0 & 0 & 0\\\frac{1}{6}(r_{3}(\theta)- & r_{1}(\theta))^{1/4}sec^{2/3}\theta d\theta & 0 & 0\\ & 0 & 0 & 0\end{array}\right)$ .

In particular, $\kappa=k^{-1}dk$ where

$k=$ $\left(\begin{array}{lll}1 & 0 & 0\\m(\theta) & 1 & 0\\0 & 0 & 1\end{array}\right)$ ,

and where $m$ satisfies $m(0)=0$ and $ m’(\theta)=\frac{1}{6}(r_{3}(\theta)-r_{1}(\theta))^{1/4}\sec^{2/3}\theta$ .

Since the elements of the form $k(\theta)$ commute with all of the elements

of $\hat{\Lambda}$ , it now follows that $\gamma=g^{-1}dg$ where $[g]=\hat{\Lambda}kh$ is well defined on $\hat{E}^{*}$

as a map into $\hat{\Lambda}\backslash G_{0}$ . Since $\hat{\Lambda}\backslash G_{0}/K\simeq \mathbb{C}^{2}/\Lambda$ , the map

$\Phi([1, w, v], \theta)$

$\equiv$ ( $\left(\begin{array}{l}\hat{n}(\theta)\\\hat{n}(\theta)\end{array}\right)$ $B\overline{A}\left(\begin{array}{l}\hat{n}(\theta)\\\hat{n}(\theta)\end{array}\right)$ ) $\left(\begin{array}{l}\theta_{1}([1,w,v],\theta)\\\theta_{2}([1,w,v],\theta)\end{array}\right)$ $+(_{0}^{m(\theta)})$

is well-defined as a map $\Phi:\hat{E}\rightarrow \mathbb{C}^{2}/\Lambda$ .

From the formulae that went into its definition, $\Phi$ is an immeri-

son on $\hat{E}^{*}$ whose image is a Levi-flat minimal hypersurface in $\mathbb{C}^{2}/\Lambda$ of

type (3). Moreover $\Phi(\hat{E}_{\theta})\subset \mathbb{C}^{2}/\Lambda$ is a complex leaf in this hypersurface
and is immersed as a compact Riemann surface of genus 3.
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Now, $\Phi$ is not an immersion near the four curves $v=0$ in $\hat{E}$ . (These

are the curves that intersect each $\hat{E}_{\theta}$ in the four branch points.) In fact,

it collapses each of these curves to a point, as can be seen by doing a
local computation. Let these points be labeled $ P_{i}\in \mathbb{C}^{2}/\Lambda$ for $i=1$ to 4.

A possible ‘algebraic ’ structure. Now $\mathbb{C}^{2}/\Lambda$ is a complex torus that

has nontrivial divisors, for example, the genus 3 Riemann surfaces $\Phi(\hat{E}_{\theta})$ .

It follows that $\mathbb{C}^{2}/\Lambda$ is an Abelian variety (actually, this also follows
from the explicit description of $\Lambda$ as a lattice of type $F_{4}$ that has already
been given). In particular, $\mathbb{C}^{2}/\Lambda$ is an algebraic surface. By a stan-
dard Riemann-Roch calculation [GH, Chapter 4], one can show that the

curves in the connected family of $C_{\theta}=\Phi(\hat{E}_{\theta})$ that pass through the

points $P_{i}$ form a pencil, i.e., the moduli $M$ of such curves is a $\mathbb{C}\mathbb{P}^{1}$ . In
fact, regarding $\theta$ as a complex parameter in the formula for $\Phi$ gives
a local real parameter on $M$ near $\theta=0$ . Evidently, the curve $M$

admits an antiholomorphic involution for which the curves $C_{\theta}$ are fixed
points. Of course, any antiholomorphic involution of $\mathbb{C}\mathbb{P}^{1}$ that has fixed
points is conjugate via an automorphism of $\mathbb{C}\mathbb{P}^{1}$ to the standard con-
jugation fixing an $\mathbb{R}\mathbb{P}^{1}\subset \mathbb{C}\mathbb{P}^{1}$ . Thus, it would appear that the image
$\Sigma=\Phi(\hat{E})\subset \mathbb{C}^{2}/\Lambda$ is a dense open set in an ’algebraic’ real hypersur-
face $\overline{\Sigma}\subset \mathbb{C}^{2}/\Lambda$ that is the union of the curves in $M$ that are fixed under
the antiholomorphic involution. Presumably, the singular curves in the
pencil $M$ are unions of elliptic curves embedded in $\mathbb{C}^{2}/\Lambda$ linearly and
are therefore the totally geodesic complex leaves in $\overline{\Sigma}$ . It would be inter-
esting to know whether or not the only singularities of $\overline{\Sigma}$ are the four
points $P_{i}$ and whether or not these singular points really do resemble
cones on the Clifford torus, as they appear to.
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Partially Integrable Almost CR Manifolds
of $CR$ Dimension and Codimension Two

Andreas ap and Gerd Schmalz

Abstract.

We extend the results of [11] on embedded $CR$ manifolds of
$CR$ dimension and codimension two to abstract partially integrable

almost $CR$ manifolds. We prove that points on such manifolds fall
into three different classes, two of which (the hyperbolic and the
elliptic points) always make up open sets. We prove that mani-
folds consisting entirely of hyperbolic (respectively elliptic) points
admit canonical Cartan connections. More precisely, these struc-
tures are shown to be exactly the normal parabolic geometries of
types $(PSU(2,1)$ $\times PSU(2,1)$ , $B\times B)$ , respectively $(PSL(3, \mathbb{C}),$ $B)$ ,

where $B$ indicates a Borel subgroup. We then show how general tools
for parabolic geometries can be used to obtain geometric interpreta-
tions of the torsion part of the harmonic components of the curvature
of the Cartan connection in the elliptic case.

\S 1. Introduction

For non-degenerate real hypersurfaces in $\mathbb{C}^{n+1}$ (or more generally
in complex manifolds) there is a nice geometric setup based on Cartan
connections. The Levi form in any point of such a hypersurface is a
non-degenerate Hermitian form, so up to isomorphism (in an obvious
sense) it is determined by its signature. In particular, this signature
is constant on connected components of $M$ , so without loss of general-
ity one may assume that it is constant on $M$ . This can be interpreted
as follows: The tangent spaces of $M$ come with a canonical filtration
provided by the maximal complex subspaces, and the constancy of the
Levi form provides a reduction of the structure group of the associ-
ated graded bundle of the tangent bundle to a reductive subgroup of
the group $PSU(p+1, q+1)$ of $CR$ automorphisms of the homogeneous
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model. This observation is the basis for the construction of a canoni-
cal Cartan connection for non-degenerate $CR$ manifolds of hypersurface
type in [5] and [12], although in these two papers the associated graded
vector bundle to the tangent bundle and the reduction of its structure
group do not show up explicitly. In the paper [3], reductions of the
above type are used as the basis of a general construction of normal-
ized Cartan connections, which immediately shows that in the $CR$ case,
canonical Cartan connections do not only exist for (integrable) $CR$ man-
ifolds but more generally for partially integrable almost $CR$ structures
(still non-degenerate and of hypersurface type), which was also observed
in [12]. Also, in the approach of [3] embeddability plays no role at all, it
is only the filtration of the tangent bundle and the reduction of structure
group of the associated graded vector bundle that is used.

For $CR$ structures of higher codimension (i.e. real submanifolds of
higher codimension in complex manifolds) the situation is much more
complicated. The main problem is that the Levi form at a point now
has values in a real vector space of dimension bigger than one, and the
classification of such forms up to isomorphism is much more difficult.
More drastically, one may have continuously varying isomorphism classes
in general, so even the associated graded vector spaces to the tangent
spaces are not locally isomorphic (under an isomorphism preserving the
Levi form). In such cases, there seems to be no hope for geometric
structures similar to Cartan connections.

There are, however, a few cases in which the set of isomorphism
classes is still discrete, and which thus are more manageable. The sim-
plest of these cases is the case of $CR$ dimension two and codimension
two, which is the one that will be treated in this paper. The basic exam-
ples of such structures are provided by non-degenerate codimension two
submanifolds in $\mathbb{C}^{4}$ , whose tangent spaces are not complex subspaces.
In this case, there are three possible isomorphism classes of Levi-forms,
referred to as hyperbolic, elliptic, and exceptional (to avoid confusion
with parabolic geometries, we do not use the classical name “parabolic”
for this class). Moreover, being of hyperbolic or elliptic type are open
conditions, so one may study local properties around such points by
restricting to manifolds all of whose points are of fixed type. In the
paper [11], the authors used a simple normal form argument to $sho_{-}w$

that embedded elliptic and hyperbolic $CR$ manifolds of $CR$ dimension
and codimension two are examples of parabolic geometries, as discussed
for example in [13], [3]. The general theory developed in the latter two
papers as well as in [9] and [14] then shows that these manifolds carry a
canonical Cartan connection. It is known in general that the harmonic
part of the curvature of the Cartan connection is a complete obstruction
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against local flatness. This harmonic part splits into several irreducible
components, and [11] contains geometric interpretations of those com-
ponents which are of torsion type. It is also shown the latter paper,
that some of these torsions vanish automatically in the embedded case,
so [11] partly deals with the more general abstrac parabolic geometries of
appropriate type, but without relating them to (almost) $CR$ structures.

In this paper, we extend the approach of [11] to abstract $CR$ struc-
tures. It turns out that, as in the hypersurface case, the integrability
condition needed to obtain a parabolic geometry is exactly partial inte-
grability, which is a quite simple and natural condition in the real pic-
ture. It is interesting that partial integrability is also exactly the con-
dition under which the paper [8] develops analogs of Webster-Tanaka
connections for higher codimension almost $CR$ manifolds. We give an
independent proof that for non-degenerate partially integrable almost
$CR$ manifolds of $CR$ dimension two and codimension two (i.e. six dimen-
sional manifolds endowed with a rank two complex subbundle in the tan-
gent bundle which satisfying partial integrability and a non-degeneracy
condition) the possible Levi-brackets (i.e. the bundle maps induced by
the Lie bracket) fall into three different classes, called hyperbolic, ellip-
tic and exceptional. Next, we show that the oriented manifolds all of
whose points are hyperbolic (elliptic) are exactly the normal parabolic
geometries of type $(PSU(2,1)\times PSU(2,1)$ , $B\times B)$ (respectively of type
$(PSL(3, \mathbb{C})$ , $B))$ , where $B$ indicates a Borel subgroup. Thus we prove
that reducing to the connected component of the structure group used
in [11] exactly corresponds to picking an orientation. While the passage
from the $CR$ structure to the parabolic geometry is rather straightfor-
ward in the hyperbolic case, there is a more tricky point in the elliptic
case, which involves flipping of the almost complex structure on the sub-
bundle. Next, we give a geometric interpretation of the harmonic cur-
vature components in the elliptic case, which were discussed only briefly
in [11]. We derive some improved interpretations of torsion components
as well as complete proofs for results whose proofs where only sketched

in [11]. For example we prove, that torsion-free elliptic manifolds are
automatically real analytic and therefore embeddable. Throughout the
presentation we stress the fact that these interpretations can be obtained
by applying standard tools available for any parabolic geometry. We do
not include a discussion of the hyperbolic case, since this was treated in

detail in [11].
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\S 2. Partially integrable almost $CR$ manifolds of $CR$ dimension
and codimension two

2.1. almost $CR$ manifolds

We start by considering an (abstract) almost $CR$ manifold of
$CR$ dimension $k$ and codimension $l$ , i.e. a smooth manifold $M$ of real
dimension $2k+l$ , together with a rank $k$ complex subbundle $HM\subset TM$ ,

the $CR$ subbundle of $M$ . Since we shall meet a different almost com-
plex structure on $HM$ which is more important in the sequel, we will
denote the corresponding almost complex structure on $H$ by $\tilde{J}$ or by $\tilde{J}^{H}$ .

A smooth map between two almost $CR$ manifolds is called a $CR$ map,
if and only if its derivative in each point maps the $CR$ subspace to the
$CR$ subspace and the restriction to the $CR$ subspace is complex linear.

Let $QM:=TM/HM$ be the quotient bundle, which is a real vector
bundle of rank $l$ over $M$ and let $q:TM$ $\rightarrow QM$ be the canonical quotient
map. For two smooth sections $\xi$ , $\eta$ of $HM$ the value of $q([\xi, \eta])$ in a point
$x\in M$ depends only on the values of $\xi$ and $\eta$ in $x$ , so this induces
a bilinear, skew symmetric bundle map $\mathcal{L}:HM\times HM\rightarrow QM$ , the
Levi-bracket of $M$ . Any $CR$ map $f:M_{1}\rightarrow M_{2}$ induces a homomorphism
$QM_{1}\rightarrow QM_{2}$ of vector bundles, which we also denote by $Tf$ . A (local)
$CR$ diffeomorphism between manifolds of the same $CR$ dimension and
codimension is a (locally defined) $CR$ map, which is a diffeomorphism
(onto its image). If $f:M_{1}\rightarrow M_{2}$ is a local $CR$ diffeomorphism, then
$f^{*}\mathcal{L}^{M_{2}}=\mathcal{L}^{M_{1}}$ , i.e. $\mathcal{L}^{M_{2}}(T_{x}f\cdot\xi, T_{x}f\cdot\eta)=T_{x}f\cdot \mathcal{L}^{M_{1}}(\xi, \eta)$ for all elements
$\xi$ , $\eta\in HM_{1}$ .

Definition. An almost $CR$ manifold $M$ is called partially inte-
grable if the Levi bracket is totally real, i.e. $\mathcal{L}(\tilde{J}\xi,\tilde{J}\eta)=\mathcal{L}(\xi, \eta)$ .

This partial integrability condition shows up as condition (A1)
in [12, p. 170] (included into the definition of an almost $CR$ manifold) and
it plays an important role in [8]. To see why it is called partial integrabil-
ity, one has to pass to the complexified tangent bundle $T_{\mathbb{C}}M=TM\otimes \mathbb{C}$

of $M$ . Since $HM\subset TM$ is a complex subbundle, its complexification
$H_{\mathbb{C}}M=HM\otimes \mathbb{C}$ splits into a holomorphic and an antiholomorphic part,
$H_{\mathbb{C}}M=H_{1,,,0}M\oplus H_{0,,,1}M$ . A typical smooth section of $H_{1,,,0}M$ is of the

form $\xi-i\tilde{J}\xi$ for a smooth section $\xi$ of $HM$ . Taking two such sections
and computing their bracket, we obtain

$[\xi, \eta]-[\tilde{J}\xi,\tilde{J}\eta]-i([\tilde{J}\xi, \eta]+[\xi,\tilde{J}\eta])$ .

Now the condition of partial integrability as stated above is obviously
equivalent to the fact that both the real and the imaginary part of
this are again sections of $HM$ , so it is equivalent to the bracket of
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two sections of $H_{1,,,0}M$ being a section of $H_{\mathbb{C}}M$ . Recall that an almost
$CR$ manifold is called integrable or a $CR$ manifold if and only if the
bundle $H_{1,,,0}M$ is integrable, i.e. the bracket of two sections of $H_{1,,,0}M$ is

again a section of $H_{1,,,0}M$ . Assuming partial integrability, this condition
can be nicely expressed without using complexifications as follows: By
partial integrability, for two sections $\xi$ , $\eta$ of $HM$ , both $[\xi, \eta]-[\tilde{J}\xi,\tilde{J}\eta]$

and $[\xi,\tilde{J}\eta]+[\tilde{J}\xi, \eta]$ are again sections of $HM$ . Thus, we may define the

Nijenhuis-tensor $\tilde{N}$ of $M$ by

$\tilde{N}(\xi, \eta)=[\xi, \eta]-[\tilde{J}\xi,\tilde{J}\eta]+\tilde{J}([\tilde{J}\xi, \eta]+[\xi,\tilde{J}\eta])$ .

The usual proof shows that this is bilinear over smooth functions, so
it defines a smooth section of the bundle $H^{*}M\otimes H^{*}M\otimes HM$ , where
$H^{*}M$ is the bundle dual to $HM$ . Moreover, from the definition it follows
immediately that $\tilde{N}$ is skew symmetric and conjugate linear in both vari-
ables. Clearly, integrability of $H_{1,,,0}M$ is equivalent to vanishing of the

Nijenhuis tensor. Finally note that since $H_{0,,,1}M=\overline{H_{1,0}M}$ , integrability
of $H_{1,,,0}M$ and of $H_{0,,,1}M$ are equivalent.

2.2. Embedded almost $CR$ manifolds

The typical examples of almost $CR$ manifolds are certain subman-
ifolds in smooth manifolds endowed with an almost complex structure.
Suppose that $\lambda 4$ is a smooth manifold of real dimension $2k+2l$ endowed
with an almost complex structure $J^{\mathcal{M}}$ , and let $M\subset \mathcal{M}$ be a smooth
submanifold of codimension $l$ . For a point $x\in M$ , consider the subspace
$H_{x}M=T_{x}M\cap J^{A4}(T_{x}M)$ . By construction, this is a complex subspace

of $T_{x}M$ (with the complex structure $\tilde{J}$ given by the restriction of $J^{\lambda\Lambda}$ ).
If the complex dimension of this spaces is equal to $k$ for all $x\in M$ ,

then the union of the $H_{x}M$ defines a smooth subbundle $HM\subset TM$ ,

which makes $M$ into an almost $CR$ manifold of $CR$ dimension $k$ and

codimension $l$ .

In fact, any almost $CR$ manifold arises in that way. To see this,

consider the quotient bundle $\pi:QM\rightarrow M$ , which is a vector bundle
of real rank $l$ , into which $M$ canonically embeds as the zero section.
Choosing a linear connection on this vector bundle, we get an associ-
ated isomorphism $TQM$ $\cong VQM\oplus\pi^{*}TM$ , where $VQM$ is the vertical
tangent bundle and $\pi^{*}TM$ is the pullback of the tangent bundle on $M$ .

Since the connection is linear, the zero section is covariantly constant,
which implies that along the zero section, the horizontal complement to
the vertical tangent space coincides with the image of the tangent map

of the zero section. Let us further choose a splitting of the projection
$q:TM\rightarrow QM$ , which gives us an isomorphism $TM$ $\cong HM\oplus QM$ of
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vector bundles. For a vector bundle, the vertical bundle is canonically
isomorphic to the pullback of the original bundle, so putting all our
choices and observations together, we see that we get an isomorphism

from $TQM$ to $\pi^{*}QM\oplus\pi^{*}HM\oplus\pi^{*}QM$ , such that the first $Q$-factor
corresponds to the vertical bundle. Now define an endomorphism $J$ of
$TQM$ by $J(\xi, \eta, \zeta)=(-\zeta,\tilde{J}\eta, \xi)$ in the above decomposition, where $\tilde{J}$

comes from the almost complex structure on $HM$ . Obviously, $J^{2}=-id$ ,
so this defines an almost complex structure on the manifold $QM$ . From
the above observation on the horizontal subspaces in the points of the
zero section we conclude that viewing $M$ as a submanifold of $QM$ , then
in the above splitting the tangent space to $M$ consists of all elements
of the form $(0, \eta, \zeta)$ and hence the maximal complex subspace consists
of all elements of the form $(0, \eta, 0)$ , so we exactly obtain the given
subbundle $HM$ .

If $\mathcal{M}$ is actually a complex manifold, then $M$ is automatically
a $CR$ manifold. However, the converse question, whether any $CR$ mani-
fold can be embedded into a complex manifold is much more subtle, and
it is well known that the answer is negative in general. There is however
one case in which one gets a fairly simple general result. Although this
is certainly well known to specialists, it seems that it is not easy to find
a general proof in the literature, so we include the argument, which is
based on the proof for the hypersurface case in [6].

Proposition. Let $(M, HM,\tilde{J})$ be a real analytic $CR$ manifold,
$i.e$ . $M$ is a real analytic manifold, $HM\subset TM$ is a real analytic sub-
bundle and the bundle map $\tilde{J}:HM\rightarrow HM$ is real analytic. Then $M$

is locally embeddable, $i.e$ . any point $x\in M$ has an open neighborhood
$U$ in $M$ which embeds into $\mathbb{C}^{k+l}$ in such a way that $HM$ becomes the
subbundle of maximal complex subspaces.

Proof. Choosing local coordinates on $M$ in such a way that in
each point the subspace generated by the last $l$ coordinate vector fields
is transversal to the subbundle $HM$ , we may reduce to the case where
$M$ is an open subset $U\subset \mathbb{R}^{2k}\times \mathbb{R}^{l}$ such that for each $x\in U$ we have
$H_{x}U\cap T_{x}\mathbb{R}^{l}=\{0\}$ . We view $\mathbb{R}^{2k}\times \mathbb{R}^{l}$ as a subspace of $\mathbb{R}^{2k}\times \mathbb{C}^{l}$ ,

and denote the coordinates on the latter space by $x_{1}$ , $\ldots$ , $x_{2k}$ ,

$x_{2k+1}+iy2k+1$ , $\ldots$ , $x_{2k+l}+iy_{2k+l}$ . In particular, we may view the coor-
dinate vector fields $\frac{\partial}{\partial x_{j}}$ as a $\mathbb{C}$-Basis of $TU\otimes \mathbb{C}$ .

Since $HM$ is a real analytic subbundle of TU and $\tilde{J}$ is real ana-
lytic, too, the subbundle $H_{0,,,1}U\subset TU\otimes \mathbb{C}$ is real analytic, and possibly
shrinking $U$ , we find a real analytic frame $\xi_{1}$ , $\ldots$ , $\xi_{k}$ for this bundle,

i.e. $\xi_{j}=\sum_{m=1}^{2k+l}a_{jm^{\frac{\partial}{\partial x_{m}}}}$ for real analytic functions $a_{jm}$ : $U\rightarrow \mathbb{C}$ . Now
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there exists a neighborhood $\tilde{U}$ of $U$ in $\mathbb{R}^{2k}\times \mathbb{C}^{l}$ , such that all the func-
tions $a_{jm}$ extend to $\tilde{U}$ as functions holomorphic in the $\mathbb{C}^{l}$ -factor. Next,

we define sections $\tilde{\xi}_{1}$ , $\ldots,\tilde{\xi}_{k}$ of $T\tilde{U}\otimes \mathbb{C}$ by $\tilde{\xi}_{j}=\sum_{m=1}^{2k+l}\tilde{a}_{jm^{\frac{\partial}{\partial x_{m}}}}$ , and for

$j=1$ , $\ldots$ , $l$ we put $\tilde{\xi}_{k+j}:=\frac{\partial}{\partial x_{2k+j}}+i\frac{\partial}{\partial y2k+j}$ .

Since the values of $\xi_{1}$ , $\ldots$ , $\xi_{k}$ in each point of $U$ are linearly indepen-
dent, we conclude that (possibly shrinking $\tilde{U}$ ) also the values of $\tilde{\xi}_{1}$ , $\ldots,\tilde{\xi}_{k}$

in each point of $\tilde{U}$ are linearly independent, which easily implies that
$\tilde{\xi}_{1}$ , $\ldots,\tilde{\xi}_{k+l}$ span a rank $k+l$ complex subbundle $V$ of $T\tilde{U}\otimes \mathbb{C}$ . Next,
we claim that $V\cap\overline{V}=\{0\}$ : Suppose that $\lambda_{1}$ , $\ldots$ , $\lambda_{k+t}$ , $\mu_{1}$ , $\ldots$ , $\mu_{k+l}\in \mathbb{C}$

are such that in a point of $U$ we have

$\lambda_{1}\tilde{\xi}_{1}+\cdots+\lambda_{k+l}\tilde{\xi}_{k+l}=\mu_{1}\tilde{\xi}_{1}-+\cdots+\mu_{k}+l\tilde{\xi}_{k+l}-$ .

Looking at the coefficients of the fields $\frac{\partial}{\partial y_{j}}$ one immediately concludes

that $\mu_{j}=-\lambda_{j}$ for $j=k+1$ , $\ldots$ , $k+l$ . But then the equation reduces to

$\mu_{1}\tilde{\xi}_{1}-+\cdots+\mu_{k}\tilde{\xi}_{k}--\lambda_{1}\tilde{\xi}_{1}-\cdots-\lambda_{k}\tilde{\xi}_{k}=2\lambda_{k+1}\frac{\partial}{\partial x_{k+1}}+\cdots+2\lambda_{k+l}\frac{\partial}{\partial x_{k+l}}$ .

The left hand side of this equation lies in $HU\otimes \mathbb{C}$ , while the right hand
side lies in the complex span of the fields $\frac{\partial}{\partial x_{j}}$ for $j=2k+1$ , $\ldots$ , $2k+l$ .

But by our assumptions, these two spaces are transversal, so the two

sides have to vanish individually. Since $H_{1,,,0}M\cap\overline{H}_{1,,,0}M=\{0\}$ , we thus

conclude that $V\cap\overline{V}=\{0\}$ along $U$ , so possibly shrinking $\tilde{U}$ again, we

may assume that this holds on the whole of $\tilde{U}$ .

Hence $V$ defines an almost complex structure on $\tilde{U}$ , and since $U$

is just the subset on which $y_{2k+1}=\cdots=y2k+l=0$ , one immediately
concludes that for $x\in U$ the subspace $(T_{x}U\otimes \mathbb{C})\cap V_{x}$ coincides with the
fiber of $H_{0,,,1}U$ at $x$ . To finish the proof, we only have to show that the

distribution $V$ is involutive, since then $\tilde{U}$ is a complex manifold and thus

locally isomorphic to $\mathbb{C}^{k+l}$ . But by assumption $H_{0,,,1}U$ is involutive, so
any bracket $[\xi_{i}, \xi_{j}]$ is a linear combination (with real analytic coefficients)

of $\xi_{m}$ ’s. Since the $\tilde{\xi}$ are defined as partial holomorphic extensions of
the $\xi$ , we conclude that for $i$ , $j\leq k$ , any bracket $[\tilde{\xi}_{i},\tilde{\xi}_{j}]$ can be written

as a linear combination of $\tilde{\xi}_{m}$ with $m=1$ , $\ldots$ , $k$ . On the other hand, we
obviously have $[\tilde{\xi}_{i},\tilde{\xi}_{j}]=0$ if $i$ , $j>k$ , while for $i\leq k$ and $j>k$ we get

the same result since the coefficients of $\tilde{\xi}_{i}$ are holomorphic in the last
$l$ factors, and the coefficients of $\tilde{\xi}_{j}$ are constant. Q.E.D.

2.3. Non-degeneracy

Let $(M, HM,\tilde{J})$ be a partially integrable almost $CR$ manifold with
Levi-bracket $\mathcal{L}$ . Consider the dual $Q^{*}M$ of the quotient bundle $QM$ .
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If $x\in M$ is a point and $\psi\in Q_{x}^{*}M$ is any element, we consider the
totally real, skew symmetric bilinear map $\mathcal{L}^{\psi}$ : $H_{x}M\times H_{x}M\rightarrow \mathbb{R}$ defined
by $\mathcal{L}^{\psi}(\xi, \eta)=\psi(\mathcal{L}(\xi, \eta))$ . A point $x\in M$ is called non-degenerate if
$\mathcal{L}(\xi, \eta)=0$ for all $\eta\in T_{x}M$ implies $\xi=0$ and for each nonzero element
$\psi\in Q_{x}^{*}M$ the map $\mathcal{L}^{\psi}$ is non-zero. The first condition just means that
the Levi bracket at $x$ is non-degenerate as a bilinear map, while the
second condition is a coordinate-free version of linear independence of
the components of $\mathcal{L}$ . Obviously, non-degeneracy is an open condition,
so if $x$ is non-degenerate then there is an open neighborhood of $x$ in $M$

in which all points are non-degenerate. Since any $CR$ diffeomorphism
preserves the Levi brackets, it also preserves non-degeneracy, i.e. maps
non-degenerate points to non-degenerate points. From now on, we will
only consider non-degenerate partially integrable almost $CR$ manifolds,
i.e. manifolds all of whose points are non-degenerate.

Let us again compare this to the complexified picture. Here one
usually considers the quotient bundle $Q_{\mathbb{C}}M=T_{\mathbb{C}}M/H_{\mathbb{C}}M$ , which is
a rank $l$ complex bundle, and the Levi-form $\prime H:H_{1,,,0}M\times H_{1,,,0}M\rightarrow$

$Q_{\mathbb{C}}M$ induced by $(\xi, \eta)\mapsto q_{\mathbb{C}}(\frac{i}{2}[\xi,\overline{\eta}])$ . This turns out to be a her-
mitian form, and the usual non-degeneracy condition is just that 7{ is
non-degenerate and its components are linearly independent. A simple
computation then shows that assuming partial integrability, the Levi
bracket $\mathcal{L}$ corresponds exactly to the imaginary part of $\prime H$ under the
identification $HM$ $\rightarrow H_{1,,,0}M$ given by mapping $\xi$ to $\xi-iJ\xi$ . Now
obviously non-degeneracy of 7{ is equivalent to non-degeneracy of its
imaginary part, while (complex) linear independence of the components
of $\prime H$ is equivalent to (real) linear independence of the components of its
imaginary part, so we recover the usual conditions.

2.4. The case of $CR$ dimension and codimension two

For partially integrable almost $CR$ manifolds of general $CR$ dimen-
sion $k$ and codimension $l$ , the classification of possible Levi brackets
up to the obvious notion of isomorphism is fairly complicated. In the
special case $k=l=2$ however, we shall see below that there are only
three possible cases. This is quite well known, see e.g. [10] but since
we will need detailed information about the classification in the further
constructions we will reproduce it here in a form convenient for our
purposes.

The key to this classification is to consider the bilinear maps
$\mathcal{L}_{x}^{\psi}$ : $H_{x}M\times H_{x}M\rightarrow \mathbb{R}$ for nonzero elements $\psi$ $\in Q_{x}^{*}M$ . By our
non-degeneracy assumption, these maps are all nonzero, skew symmet-
ric, and totally real, so since $k=2$ they are either non-degenerate, or
there is a complex subspace $H_{:r}^{\psi}M$ of complex dimension one in $H_{x}M$
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such that $\mathcal{L}^{\psi}(\xi, \eta)=0$ for all $\eta\in H_{x}M$ if and only if $\xi\in H_{x}^{\psi}M$ . Note
that clearly both the question whether $\mathcal{L}_{x}^{\psi}$ is degenerate and the space
$H_{x}^{\psi}M$ in the degenerate case depend only on the class $[\psi]$ of $\psi$ in the

projectivization $P(Q_{x}^{*}M)\cong \mathbb{R}P^{1}$ of $Q_{x}^{*}M$ . We write $\mathcal{L}_{x}^{[\psi]}$ for the class

of forms corresponding to $[\psi]$ and in the case when $\mathcal{L}_{x}^{[\psi]}$ is degenerate,

we write $H_{x}^{[\psi]}M$ for the corresponding subspace of $H_{x}M$ .

Proposition. Let $M$ be $a$ (non-degenerate) partially integrable
almost $CR$ manifold of $CR$ dimension and codimension two and let
$x\in M$ be a point. Then there are exactly three possibilities:

1. There are two points $[\psi_{1}]\neq[\psi_{2}]\in P(Q_{x}^{*}M)$ such that $\mathcal{L}^{\psi}$ : $ H_{x}M\times$

$H_{x}M\rightarrow \mathbb{R}$ is degenerate if and only if $\psi\in[\psi_{1}]$ or $\psi\in[\psi_{2}]$ . In

this case, we have $H_{x}M=H_{x}^{[\psi_{1}]}M\oplus H_{x}^{[\psi_{2}]}M$ and the point $x$ is
called $\underline{hyperbolic}$ .

2. There is one point $[\psi_{0}]\in P(Q_{x}^{*}M)$ such that $\mathcal{L}^{\psi}$ is degenerate if
and only if $\psi\in[\psi_{0}]$ . In this case, the point $x$ is called $\underline{exceptional}$ .

3. $\mathcal{L}^{\psi}$ is non-degenerate for all nonzero elements $\psi\in Q_{x}^{*}M$ . In this
case, the point $x$ is called $\underline{elliptic}$ .

Proof. Let us first assume that $[\psi_{1}]\neq[\psi_{2}]\in P(Q_{x}^{*}M)$ are such that
$\mathcal{L}^{\psi_{1}}$ and $\mathcal{L}^{\psi_{2}}$ are degenerate. If $\xi\in H_{x}^{[\psi_{1}]}M\cap H_{x}^{[\psi_{2}]}M$ then $\mathcal{L}^{\psi_{1}}(\xi, \eta)=$

$\mathcal{L}^{\psi_{2}}(\xi, \eta)=0$ for all $\eta\in H_{x}M$ . But since $[\psi_{1}]\neq[\psi_{2}]$ , the elements $\psi_{1}$

and $\psi_{2}$ form a basis of $Q_{x}^{*}M$ , so $\mathcal{L}^{\psi}(\xi, \eta)=0$ for all $\psi\in Q_{x}^{*}M$ . Thus, $\xi=$

$0$ by non-degeneracy of $\mathcal{L}$ , and consequently $H_{x}M=H_{x}^{[\psi_{1}]}M\oplus H_{x}^{[\psi_{2}]}M$ .

If we assume $\psi\in Q_{x}^{*}M$ is another nonzero element such that $\mathcal{L}^{\psi}$

is degenerate, and such that $[\psi]$ is different from both $[\psi_{1}]$ and $[\psi_{2}]$ ,

then on one hand, we may write $\mathcal{L}_{x}^{\psi}=a\mathcal{L}_{x}^{\psi_{1}}+b\mathcal{L}_{x}^{\psi_{2}}$ for nonzero real

numbers $a$ and $b$ . On the other hand, $H_{x}^{[\psi]}M$ is complementary both to
$H_{x}^{[\psi_{1}]}M$ and to $H_{x}^{[\psi_{2}]}M$ and thus for each element $\xi\in H_{x}^{[\psi_{1}]}M$ , there

is a unique element $\varphi(\xi)\in H_{x}^{[\psi_{2}]}M$ , such that $\xi+\varphi(\xi)\in H_{x}^{[\psi]}M$ , and

$\varphi$ is a linear isomorphism. Since $\mathcal{L}^{\psi}=a\mathcal{L}_{x}^{\psi_{1}}+b\mathcal{L}_{x}^{\psi_{2}}$ , $\xi\in H_{x}^{[\psi_{1}]}M$ and
$\varphi(\xi)\in H_{x}^{[\psi_{2}]}M$ , we see that $\xi+\varphi(\xi)\in H_{x}^{[\psi]}M$ simply means that
$0=a\mathcal{L}_{x}^{\psi_{1}}(\varphi(\xi), \eta)+b\mathcal{L}_{x}^{\psi_{2}}(\xi, \eta)$ , for all $\eta$ in $H_{x}M$ . But inserting $\eta$ from
$H_{x}^{[\psi_{1}]}M$ we get $\mathcal{L}_{x}^{\psi_{2}}(\xi, \eta)=0$ , for all $\xi$ , $\eta\in H_{x}^{[\psi_{1}]}$ $M$ . Thus $\mathcal{L}_{x}^{\psi_{2}}$ would
be identically zero, a contradiction. Q.E.D.

Remarks. (1) Clearly, the separation into these three classes is
invariant under $CR$ diffeomorphisms, so any $CR$ diffeomorphism maps a
point from one of the three classes to a point of the same class. Moreover,
by definition, the properties of being hyperbolic or elliptic are stable, so
any hyperbolic (elliptic) point has an open neighborhood in $M$ which
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consists entirely of hyperbolic (elliptic) points. Consequently, for local
questions one may restrict to manifolds, all of whose points are either
hyperbolic or elliptic.

(2) Traditionally, exceptional points are called parabolic points, but in
view of the fact that parabolic geometries can be used to describe the
hyperbolic and elliptic cases, we prefer to avoid this name. With these
exceptional points, the situation is more complicated. On one hand,
there are manifolds consisting entirely of exceptional points (for exam-
ple an appropriate quadric), but it may also happen that any neighbor-
hood of an exceptional point contains elliptic $and/or$ hyperbolic points.
Also, even the case in which all points are exceptional cannot be studied
using parabolic geometries. It should also be mentioned that the excep-
tional points are more degenerate than the hyperbolic and elliptic ones.
Namely, in our combination of dimensions, one can also consider the fol-
lowing (even more natural) non-degeneracy condition: The Levi bracket
$\mathcal{L}$ may be considered as a smooth section of the bundle $\bigwedge_{\mathbb{R}}^{2}H^{*}M\otimes QM$ .

Hence, $\mathcal{L}\Lambda \mathcal{L}$ is a smooth section of $\bigwedge_{\mathbb{R}}^{4}H^{*}M\otimes S^{2}QM$ and thus can be
viewed as a quadratic polynomial on $Q^{*}M$ defined up to scale. If one
requires these polynomials to be non-degenerate, then only hyperbolic
and elliptic points survive, see [2]. In the latter paper it is also shown
that parts of the basic theory we develop here, carry over to the case
where $HM\subset TM$ is only a real rank four vector bundle (i.e. without
an almost complex structure).

2.5. The hyperbolic case

We next want to identify hyperbolic partially integrable almost
$CR$ manifolds of $CR$ dimension and codimension two with a parabolic
geometry. To avoid having to deal with non-connected groups, we
restrict to the case when $M$ is oriented, which definitely makes no prob-
lems locally. So let us assume that $M$ is oriented and that all points of
$M$ are hyperbolic.

By proposition 2.4, for each point $x\in M$ we find the two distin-
guished classes $[\psi_{1}]$ , $[\psi_{2}]\in P(Q_{x}^{*}M)$ . Moreover, in local coordinates
these are the solutions of a smooth equation, which implies that the
classes $[\psi]\in P(Q^{*}M)$ which have the property that $\mathcal{L}^{[\psi]}$ is degener-
ate form a smooth submanifold of the bundle $P(Q^{*}M)$ . Since $M$ is
hyperbolic, for any point $x\in M$ there are exactly two points in this
submanifold lying over $x$ , and since the projection $P(Q^{*}M)\rightarrow M$ is a
surjective submersion, it restricts to a local diffeomorphism from the
submanifold to $M$ , so we get a two-sheeted covering of $M$ . Hence,
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we can choose local smooth sections $\psi_{1}$ and $\psi_{2}$ of $Q^{*}M$ which repre-
sent the distinguished classes in each point of their domain of defini-
tion. But then the $nu\square $ spaces of $\mathcal{L}^{\psi_{1}}$ and $\mathcal{L}^{\psi_{2}}$ form smooth subbundles
$H^{1}M$ and $H^{2}M$ of $HM$ , which are independent of the choice of the sec-
tions $\psi_{1}$ and $\psi_{2}$ (up to their numbering). So locally, we get a splitting
$HM=H^{1}M\oplus H^{2}M$ of $HM$ into a sum of complex line bundles. Now for
$i=1,2$ let $\xi_{i}$ be a local non vanishing section of $H^{?}.M$ and consider the
local vector fields $\{\xi_{1}, J\xi_{1}, [\xi_{1}, J\xi_{1}], \xi_{2}, J\xi_{2}, [\xi_{2}, J\xi_{2}]\}$ on $M$ . We claim
that these form a local frame for $TM$ . By construction, $\{\xi_{i}, J\xi_{i}\}$ is a
local frame for $H^{i}M$ , and since $HM$ $=H^{1}M\oplus H^{2}M$ these four vector
fields together form a local frame for $HM$ . Applying $q:TM$ $\rightarrow QM$

on the other hand, kills $\xi_{i}$ and $J\xi_{i}$ for $i=1,2$ and maps the remain-
ing vector fields to $\mathcal{L}(\xi_{1}, J\xi_{1})$ and $\mathcal{L}(\xi_{2}, J\xi_{2})$ , respectively. Moreover, by
definition $\psi_{1}(\mathcal{L}(\xi_{1}, J\xi_{1}))=0$ . On the other hand, $\psi_{1}(\mathcal{L}(\xi_{2}, J\xi_{2}))$ must
be nonzero, since $\psi_{1}\circ \mathcal{L}=\mathcal{L}^{\psi_{1}}$ is nonzero, but has $H^{1}M$ as its null
space. Similarly, $\psi_{2}$ vanishes on $\mathcal{L}(\xi_{2}, J\xi_{2})$ but is nonzero on $\mathcal{L}(\xi_{1}, J\xi_{1})$ ,

which implies our claim.
The question whether the above local frame is positively or nega-

tively oriented is independent of the choice of $\xi_{1}$ and $\xi_{2}$ . Indeed, one
could even choose an arbitrary linearly independent section $\eta_{1}$ instead
of $J\xi_{1}$ , since exchanging the two sections changes the sign of the Lie
bracket. Thus, we get a preferred order of the two subbundles, which
we indicate by calling them $H^{+}M$ and $H^{-}M$ . Furthermore, choosing
corresponding sections $\psi_{\pm}$ of $Q^{*}M$ , they fit together globally, which
shows that the two-fold covering constructed above is trivial. In partic-
ular, this means that we globally have $HM=H^{+}M\oplus H^{-}M$ and we
find global smooth nonzero section $\psi_{\pm}$ of $Q^{*}M$ representing the distin-
guished classes of functionals. Moreover, putting $Q^{+}M:=ker(\psi_{-})$ and
$Q^{-}M:=ker(\psi_{+})$ we get a decomposition $QM=Q^{+}M\oplus Q^{-}M$ as a
sum of real line bundles, which is independent of the choice of $\psi_{\pm}$ , so

it is intrinsic to $M$ . In this language, we can rephrase the definition
of the subbundles $H^{\pm}M$ as $\xi\in H^{\pm}M$ if and only if $\mathcal{L}(\xi, \eta)\in Q^{\pm}M$

for all $\eta\in HM$ . Hence, $\mathcal{L}$ vanishes on $H^{+}M\times H^{-}M$ , so it splits as
$\mathcal{L}=\mathcal{L}^{+}\oplus \mathcal{L}^{-}$ , where $\mathcal{L}^{\pm}:$ $H^{\pm}M\times H^{\pm}M\rightarrow Q^{\pm}M$ .

2.6. Hyperbolic almost $CR$ manifolds as parabolic geome-
tries

Passing from the data $(M, H^{+}M, H^{-}M, QM =Q^{+}M\oplus Q^{-}M)$ to
a parabolic geometry is now rather straightforward. Consider $\mathbb{C}^{3}$ with
the hermitian inner product $\langle z, w\rangle=z_{1}\overline{w}_{3}+z_{3}\overline{w}_{1}+z_{2}\overline{w}_{2}$ . This is clearly
non-degenerate and has signature $(2, 1)$ . Let $G:=PSU(2,1)$ be the
quotient of the group of all complex automorphisms of $\mathbb{C}^{3}$ respecting
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this inner product by its center, and let $\epsilon u(2,1)$ be the Lie algebra of
this group. Then this is exactly the space of all complex $3\times 3$-matrices,
which are skew hermitian with respect to the above inner product. One
easily computes directly that $\epsilon u(2,1)$ is exactly the space of all matrices

of the form $\left(\begin{array}{lll}A & Z & iz\\X & -2iim(A) & -\overline{Z}\\ix & -\overline{X} & -\overline{A}\end{array}\right)$ , where $X$ , $A$ , $Z\in \mathbb{C}$ and $x$ , $z\in \mathbb{R}$ .

This Lie algebra gets a grading of the form $g$ $=9-2\oplus\cdots\oplus g_{2}$ by

$\left(\begin{array}{lll}9o & g_{1} & \mathfrak{g}_{2}\\\emptyset-1 & 9o & g_{1}\\9-2 & 9-1 & 9o\end{array}\right)$ . In particular, $9\pm 1\cong \mathbb{C}$ and $9\pm 2\cong \mathbb{R}$ . Next, we

define $G_{0}\subset B\subset G$ as the subgroups of all elements whose adjoint action
preserves the grading respectively the corresponding filtration of $\emptyset$ . This
means that $g$ lies in $G_{0}$ (respectively $B$ ) if and only if $Ad(g)(\emptyset i)\subset g_{i}$

(respectively $\subset g_{i}\oplus\cdots\oplus g_{2}$ ) for all $i=-2$ , $\ldots$ , 2. Note that $B$ is actually
a Borel subgroup of $G$ .

Now one verifies directly, that any element of $G_{0}$ must be the class
of a diagonal matrix, and a diagonal matrix lies in $SU(2,1)$ if and only
if its entries on the diagonal are $(a,\overline{a}/a, 1/\overline{a})$ for $a\in \mathbb{C}\backslash \{0\}$ . The Lie
bracket $9-1\times g_{-1}\rightarrow\emptyset-2$ is just given by $(X, Y)\mapsto\overline{Y}X-\overline{X}Y$ . A simple
computation shows that the adjoint action of $G$ induces an isomorphism
from $G_{0}$ to the group of complex linear isomorphisms of 9-1 (which is
isomorphic to $\mathbb{C}\backslash \{0\})$ and the action on 9-2 is chosen in such a way
that it is compatible with the Lie bracket.

Now consider a product $G^{+}\times G^{-}$ of two copies of $G$ , with the cor-
responding Lie algebra $g^{+}\oplus g^{-}$ Then the adjoint action is component-
wise, we get a grading of $g^{+}\oplus g^{-}$ and the subgroup of elements whose
adjoint action preserves this grading (respectively the corresponding fil-
tration) is exactly $G_{0}^{+}\times G_{0}^{-}$ (respectively $B^{+}\times B^{-}$ ). Now suppose that
$M$ is an oriented hyperbolic partially integrable almost $CR$ manifold of
$CR$ dimension and codimension two. Let $\mathcal{G}o$ be the complex frame bun-
dle of the complex vector bundle $H^{+}M\oplus H^{-}M$ viewed as being modeled
on $\emptyset_{-1}^{+}\oplus g_{-1}^{-}$ , i.e. the fiber of $\mathcal{G}o$ over $x\in M$ is exactly the set of all pairs
$(u^{+}, u^{-})$ , where $u^{\pm}:$ $g_{-1}^{\pm}\rightarrow H_{x}^{\pm}M$ is a complex linear isomorphism. For
any $b\in G_{0}$ , Ad(6): $\emptyset-1\rightarrow 9-1$ is a complex linear isomorphism which
respects the splitting, so $(u^{+}, u^{-})\cdot b:=(u^{+}, u^{-})\circ$ Ad(6) defines right
action of $G_{0}$ on $\mathcal{G}o$ , which obviously is free and transitive on each fiber,
thus making $p_{0}$ : $\mathcal{G}0\rightarrow M$ into a $G_{0}$-principal bundle.

Next, we define a filtration $V\mathcal{G}o\subset T^{-1}\mathcal{G}o\subset T\mathcal{G}o$ , where $V\mathcal{G}o$

denotes the vertical bundle, by putting $T^{-1}\mathcal{G}_{0}:=(Tp_{0})^{-1}(HM)$ . We
get a canonical one-form $\theta_{-2}\in\Omega^{1}(\mathcal{G}o, \mathfrak{g}_{-2})$ as follows: Take a point
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$u=(u^{+}, u^{-})\in \mathcal{G}o$ . Then $u^{+}:$ $g_{-1}^{+}\rightarrow H_{x}^{+}M$ is a complex linear iso-

morphism, so there exist unique linear isomorphism $\tilde{u}^{+}:$ $g_{-2}^{+}\rightarrow Q_{x}^{+}M$

such that $\mathcal{L}_{x}(u^{+}(X), u^{+}(Y))=\tilde{u}^{+}([X, Y])$ , and similarly we get linear
isomorphism $\tilde{u}^{-}:$ $g_{-2}^{-}\rightarrow Q_{x}^{-}M$ . For a tangent vector $\xi\in T_{u}\mathcal{G}o$ , consider
$Tp_{0}\cdot\xi\in T_{x}M$ , and define

$\theta_{-2}(\xi):=((\tilde{u}^{+})^{-1}(q_{+}(Tp_{0}\cdot\xi)), (\tilde{u}^{-})^{-1}(q_{-}(Tp_{0}\cdot\xi)))$ ,

where $q\pm:TM$ $\rightarrow Q^{\pm}M$ are the canonical projections. It is easy to see
that this is a smooth one-form, and by construction its kernel in a point
$u$ is exactly the space $T_{u}^{-1}\mathcal{G}_{0}$ . Moreover, since the action of $G_{0}$ on $g$ is
compatible with the Lie bracket, it follows that for $(v^{+}, v^{-})=(u^{+}, u^{-})\cdot b$

we get $(\tilde{v}^{+},\tilde{v}^{-})=(\tilde{u}^{+},\tilde{u}^{-})\circ$ Ad(6). Since $Tp_{0}\circ Tr^{b}=Tp_{0}$ , this implies
that $(r^{b})^{*}\theta_{-2}=Ad(b^{-1})\circ\theta_{-2}$ , so $\theta_{-2}$ is equivariant.

Similarly, we get a canonical section $\theta_{-1}$ $\in\Gamma(L(T^{-1}\mathcal{G}_{0}, g_{-1}))$ .

Namely, if $\xi\in T_{u}^{-1}\mathcal{G}o$ , then $Tp_{0}\cdot\xi\in H_{p0(u)}M$ , so we uniquely decompose

this as $\xi^{+}+\xi^{-}$ with $\xi^{\pm}\in H_{po(u)}^{\pm}M$ , and we define

$\theta_{-1}(\xi):=((u^{+})^{-1}(\xi^{+}), (u^{-})^{-1}(\xi^{-}))$ .

Again, this is visibly smooth and its kernel in a point $u$ is exactly the
vertical tangent space $V_{u}\mathcal{G}o$ . Again since $Tp_{0}\circ Tr^{b}=Tp_{0}$ , the definition
of the action of $G_{0}$ immediately implies that $(r^{b})^{*}\theta_{-1}=Ad(b^{-1})\circ\theta_{-1}$ .

Consequently, $\theta=(\theta_{-2}, \theta_{-1})$ is a frame form of length one in the sense
of [3, 3.2]. Moreover, by [3, proposition 4.2] this frame form satisfies the
structure equation, so $(\mathcal{G}_{0}, \theta)$ is a $P$-frame bundle of degree one in the
sense of [3, 3.6].

Theorem. If $M$ is an oriented hyperbolic partially integrable
almost $CR$ manifold of $CR$ dimension and codimension two, then there

is a canonical principal bundle $p:\mathcal{G}\rightarrow M$ with structure group $B\times B$ ,

where $B$ is the Borel subgroup in $PSU(2,1)$ endowed with a normal
Cartan connection $\omega\in\Omega^{1}$

$(\mathcal{G}, \epsilon u(2,1) \times 5\iota\iota(2,1))$ .

Conversely, such a principal bundle and Cartan connection over $a$

six dimensional smooth manifold $M$ canonically make $M$ into an ori-
ented hyperbolic partially integrable almost $CR$ manifolds of $CR$ dimen-
sion and codimension two. These two constructions actually describe an
equivalence of categories.

Proof. The first part is a special case of the main result of [3] or
of the prolongation procedure of [9]. Moreover, the uniqueness part of
this result implies that a local $CR$ diffeomorphism $M_{1}\rightarrow M_{2}$ lifts to a
homomorphism $\Phi:\mathcal{G}_{1}\rightarrow \mathcal{G}_{2}$ of principal bundles such that $\Phi^{*}\omega_{2}=\omega_{1}$ .
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Conversely, let us assume that $p:\mathcal{G}\rightarrow M$ is a $B$-principal bundle
over a smooth six dimensional manifold $M$ endowed with a normal
Cartan connection $\omega$ . For a point $x\in M$ choose a point $u\in \mathcal{G}$ with
$p(u)=x$ . Consider the component $\omega_{-2}$ of the Cartan connection which
has values in 9-2 $\cdot$ Then $\omega_{-2}(u):T_{u}\mathcal{G}\rightarrow g_{-2}^{+}\oplus g_{-2}^{-}$ is a surjective linear
map which vanishes on the vertical subbundle, so it induces a linear
map $T_{x}M\rightarrow g_{-2}^{+}\oplus g_{-2}^{-}$ . Let us denote by $H_{x}M$ the kernel of this map
and by $Q_{x}M$ the quotient space $TXM/HXM$ . Then we get a decompo-

sition $Q_{x}M=Q_{x}^{+}M\oplus Q_{x}^{-}M$ by putting $Q_{x}^{\pm}M$ the subspaces mapped
to $g_{-2}^{\pm}$ . Further, the restriction of $\omega_{-1}(u)$ to the kernel of $\omega_{-2}(u)$ has
as kernel exactly the vertical tangent space, so it descends to a lin-
ear isomorphism $H_{x}M\cong g_{-1}^{+}\oplus \mathfrak{g}_{-1}^{-}$ , which gives us a decomposition
$H_{x}M=H_{x}^{+}M\oplus H_{x}^{-}M$ into two one-dimensional complex spaces. If we
choose a different point $\tilde{u}$ instead of $u$ , then there is a unique element
$b\in P$ such that $\tilde{u}=u\cdot b$ and equivariancy of the Cartan connection
reads as $\omega(\tilde{u})(Tr^{b}\cdot\xi)=Ad(b^{-1})(\omega(u)(\xi))$ . Since $p\circ r^{b}=p$ , this implies
that the maps induced on tangent spaces of $M$ change only by compo-
sition with $Ad(b^{-1})$ . Now $B$ consists of elements respecting the filtra-
tion of $g$ so the adjoint action respects the set of elements with trivial
$g_{-}2$ -component, and thus the subspace $H_{x}M$ remains unchanged. More-
over, on this subspace, the action of $B$ factors through $G_{0}$ (see [3, 2.12]),
which implies that also the complex structure and the decomposition of
$H_{x}M$ remain unchanged. Since the adjoint action of any element of $G$

respects the decomposition $g$
$=g^{+}\oplus g^{-}$ , also the decomposition of $Q_{x}M$

remains unchanged.
Since the structures are independent of the choice of the point $u$ ,

we can now use a local smooth section of $p:\mathcal{G}\rightarrow M$ to construct the
data locally around a point and by uniqueness, they fit together glob-
ally, showing that we actually get a smooth subbundle $HM$ , with a
decomposition $H^{+}M\oplus H^{-}M$ into a sum of complex line bundles, as
well as a decomposition $QM=Q^{+}M\oplus Q^{-}M$ of the quotient bundle

$QM=TM/HM$ . In particular, $(M, HM)$ is an almost $CR$ manifold of
$CR$ dimension and codimension two. The fact that the Cartan connec-
tion is normal implies that the underlying frame form of length one satis-
fies the structure equations, which in turn by [3, propositon 4.2] implies
that the Levi bracket on $M$ coincides with the algebraic bracket coming
from the $G_{0}$-structure underlying the principal bundle $\mathcal{G}$ . In particular,
this implies that the Levi bracket is totally real, so $(M, HM)$ is partially
integrable. Moreover, we get that the bilinear map $\mathcal{L}$ is non-degenerate,
it satisfies $\mathcal{L}(H^{\pm}M, HM)\subset Q^{\pm}M$ and for any point $x\in M$ the image
of $\mathcal{L}$ contains $Q_{x}^{+}M$ and $Q_{x}^{-}M$ , and thus all of $QM$ . But this immedi-
ately implies that for each nonzero $\psi\in Q_{x}^{*}M$ the map $\mathcal{L}^{\psi}$ is nonzero, so
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$(M, HM)$ is non-degenerate. Denoting by $\pi_{\pm}:$
$QM\rightarrow Q^{\pm}M$ the canon-

ical projections and choosing any local trivializations $\varphi\pm ofQ\pm we$ see
that $\psi_{\pm}=\varphi\pm\circ\pi\pm are$ two linearly independent functionals such that
$\mathcal{L}^{\psi_{\pm}}$ is degenerate (with null space $H^{\pm}$ ), so we see that $(M, HM)$ is
hyperbolic.

Finally, assume that $\mathcal{G}_{1}\rightarrow M_{1}$ and $\mathcal{G}_{2}\rightarrow M_{2}$ are two such principal
bundles endowed with normal Cartan connections, and $\Phi:\mathcal{G}_{1}\rightarrow \mathcal{G}_{2}$ is
a homomorphism of principal bundles which covers a local diffeomor-
phism $f:M_{1}\rightarrow M_{2}$ . From the above construction of the $CR$ structures
on the $M_{i}$ it is then immediate that $\Phi^{*}\omega_{2}=\omega_{1}$ implies that $f:M_{1}\rightarrow M_{2}$

is a $CR$ map, and thus a local $CR$ diffeomorphism, which establishes the
equivalence of categories. Q.E.D.

2.7. The elliptic case

Next, we will consider the case of oriented elliptic partially inte-
grable almost $CR$ manifolds of $CR$ dimension and codimension two. So
we have $(M, HM,\tilde{J})$ such that for any point $x\in M$ and any nonzero
element $\psi\in Q_{x}^{*}M$ the form $\mathcal{L}_{x}^{\psi}$ : $H_{x}M\times H_{x}M\rightarrow \mathbb{R}$ introduced in 2.4
is non-degenerate. Note that since the complex subbundle $HM$ $\subset TM$

is canonically oriented, choosing an orientation of $M$ is equivalent to
choosing an orientation of the quotient bundle $QM$ .

Proposition. Let $(M, HM,\tilde{J})$ be an oriented elliptic partially
integrable almost $CR$ manifold of $CR$ dimension and codimension two
with quotient bundle $QM$ .

(1) There is a unique almost complex structure $J^{Q}$ on the bundle $QM$

which is compatible with the orientation of $M$ and has the property that

for each point $x\in M$ there is a nonzero element $\eta\in H_{x}M$ such that
$\mathcal{L}_{x}(\tilde{J}\xi, \eta)=J^{Q}\mathcal{L}_{x}(\xi, \eta)$ for all $\xi\in H_{x}M$ .

(2) If we define $H_{x}^{\pm}M$ to be the subspaces consisting of all $\eta\in H_{x}M$ such

that $\mathcal{L}_{x}(\tilde{J}\xi, \eta)=\pm J^{Q}\mathcal{L}_{x}(\xi, \eta)$ for all $\xi\in H_{x}M$ , then these subspaces fit
together to form smooth subbundles $H^{\pm}M\subset HM$ , which both are com-
plex line bundles and have the property that $HM$ $=H^{+}M\oplus H^{-}M.$ Also,
the Levi-bracket $\mathcal{L}$ vanishes on $H^{+}M\times H^{+}M$ and on $H^{-}M\times H^{-}M$ .

(3) If we define a new almost complex structure $J$ on $HM$ by $J|_{H+M}=$

$-\tilde{J}$ and $J|_{HM}-=\tilde{J}$ , then with respect to the almost complex structures
$J$ and $J^{Q}$ the Levi bracket $\mathcal{L}:HM\times HM\rightarrow QM$ is complex bilinear.

Proof. Consider the complexification $Q_{\mathbb{C}}M=QM\otimes \mathbb{C}$ and the
map $\mathcal{H}:HM\times HM$ $\rightarrow Q_{\mathbb{C}}M$ defined by $\prime H(\xi, \eta)=\mathcal{L}(\tilde{J}\xi, \eta)+i\mathcal{L}(\xi, \eta)$ .

Using the fact that $\mathcal{L}$ is totally real, one immediately verifies that this
is a $Q_{\mathbb{C}}M$-valued hermitian form on $HM$ .
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Next, for a point $x\in M$ consider the (complex) dual $(Q_{\mathbb{C}})_{x}^{*}M$ of
the fiber of $Q_{\mathbb{C}}M$ at $x$ . By definition, an element $\psi$ of this space is a
$\mathbb{C}$-linear map $(Q_{\mathbb{C}})_{x}M\rightarrow \mathbb{C}$ . Similarly to 2.4 above, we can now consider
$H_{x}^{\psi}=\psi 0\uparrow t_{x}$ : $HxMxHxM\rightarrow \mathbb{C}$ . This is not a hermitian form any more,
but it still is complex linear in the first and conjugate linear in the second
variable, and we may still ask whether it is degenerate or non-degenerate.
Moreover, as before the question $whether\uparrow t_{x}^{\psi}$ is degenerate or not, as
well as the null space in the case where it is degenerate, depends only on
the class of $\psi$ in the (complex) projectivization $P((Q_{\mathbb{C}})_{x}^{*}M)\cong \mathbb{C}P^{1}$ . As
before, we use square brackets to indicate the class in a projectivization.
Choosing a real basis of $Q_{x}M$ (and considering the corresponding basis
of the complexification) we can split $\prime H$ into two components $74_{1}$ , $Ti_{2}$ ,
and choosing further a complex basis $\xi_{1}$ , $\xi_{2}$ of $H_{x}M$ , we can consider the
corresponding Hermitian matrices $H_{1}$ , $H_{2}$ in this basis. Moreover, from
the basis of $(Q_{\mathbb{C}})_{x}M$ , we get homogeneous coordinates on $\prime \mathcal{P}((Q_{\mathbb{C}})_{x}^{*}M)$

and in this picture the condition that $H^{\psi}$ is degenerate exactly means
that we have a solution $(\lambda : \mu)$ of the homogeneous polynomial of degree
two given by $\det(\lambda H_{1}+\mu H_{2})=0$ . Since the matrices $H_{i}$ are Hermitian,
for any solution $(\lambda, \mu)$ of this equation, also $(\overline{\lambda},\overline{\mu})$ is a solution. By

definition, $\uparrow t_{x}^{\psi}(\xi, \eta)=0$ if and only if $\psi(\mathcal{L}(\tilde{J}\xi, \eta))=i\psi(\mathcal{L}(\xi, \eta))$ . Now
consider the image of $Q_{x}M\subset Q_{x}M\otimes \mathbb{C}$ under $\psi$ , which is a real linear
subspace of $\mathbb{C}$ . If this is a proper subspace, then the above equation can
only hold if the two sides both vanish. Since $M$ is elliptic, we conclude
that $H_{x}^{\psi}$ is non-degenerate if $\psi(Q_{x}M)\neq \mathbb{C}$ .

In particular, $\det(\lambda H_{1}+\mu H_{2})$ is not identically zero, so there are
exactly two points $[\psi]$ , $[\overline{\psi}]\in P((Q_{\mathbb{C}})_{x}^{*}M)$ representing the solutions.
From above, we know that the restrictions of $\psi$ and $\overline{\psi}$ to $Q_{x}M$ are
injective, so both maps define linear isomorphisms $Q_{x}M\rightarrow \mathbb{C}$ . Clearly,
exactly one of the maps $\psi$ and $\overline{\psi}$ is orientation preserving as a real linear
map from $Q_{x}M$ to $\mathbb{C}$ (with the canonical orientation), so we assume that
$\psi$ has this property. Thus, we get a complex structure $J_{x}^{Q}$ on the vector
space $Q_{x}M$ , which clearly depends on the class $[\psi]$ only.

Using the formula from above, we see that the condition that $H^{\psi}$

is degenerate exactly means that there is a nonzero element $\eta\in H_{x}M$

such that $\psi(\mathcal{L}(\tilde{J}\xi, \eta))=i\psi(\mathcal{L}(\xi, \eta))$ for all $\xi\in H_{x}M$ . By definition of
$J^{Q}$ , the last equation just reads as $\mathcal{L}(\tilde{J}\xi, \eta)=J^{Q}\mathcal{L}(\xi, \eta)$ . Similarly, for

an element $\eta$ to lie in the null space of $H^{\overline{\psi}}$ is equivalent to $\mathcal{L}_{x}(\tilde{J}\xi, \eta)=$

$-J^{Q}\mathcal{L}_{x}(\xi, \eta)$ , so the two null spaces are exactly $H_{x}^{\pm}M$ as defined in
the theorem. By construction, they are both complex subspaces and
nonzero, and their intersection is zero since $\mathcal{L}$ is non-degenerate, so the
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only possibility is that they both are of complex dimension one and
$H_{x}M=H_{x}^{+}M\oplus H_{x}^{-}M$ , so (1) follows.

To see that we get smooth subbundles $H^{\pm}M\subset HM$ , one just has
to note that the above constructions depend smoothly on the point $x$ .

Indeed, $H$ is a smooth form $HM\times HM\rightarrow Q_{\mathbb{C}}M$ . Choosing smooth local
frames for $HM$ and $QM$ and the corresponding homogeneous coordi-
nates on $P((Q_{\mathbb{C}})^{*}M)$ , we see that $(x, \lambda, \mu)\mapsto\det(\lambda H_{1}(x)+\mu H_{2}(x))$

is a smooth function, which is regular since the polynomial has differ-
ent roots in each point, so the solutions form a smooth submanifold in
$\prime \mathcal{P}((Q_{\mathbb{C}})^{*}M)$ , which by construction is a two-fold covering of $M$ . The
condition on the orientation distinguishes the two sheets of the cover-
ing, so we get a smooth section $M$ $\rightarrow P((Q_{\mathbb{C}})^{*}M)$ whose value in each
point is exactly the class leading to the almost complex structure $J_{x}^{Q}$ .

Thus $J^{Q}$ : $QM$ $\rightarrow QM$ is smooth and hence an almost complex struc-
ture. Finally, choosing a local section $\psi$ of $Q_{\mathbb{C}}^{*}M$ whose class in each
point $x$ is the distinguished element of $P((Q_{\mathbb{C}})_{x}^{*}M)$ , we get a smooth
vector bundle map $HM$ $\rightarrow L(HM, \mathbb{C})$ defined by $\eta_{x}\mapsto H_{x}^{\psi}(_{-}, \eta)$ , and
$H^{+}M$ is exactly the kernel of this bundle map, which we already know
is of constant rank, so it is a smooth subbundle. Similarly, one deals
with $H^{-}M$ .

By construction, if one considers the restriction of the Levi-bracket
$\mathcal{L}$ to $H^{+}M\times H^{+}M$ , then this is complex bilinear and skew symmetric,
so it vanishes since $H^{+}M$ has complex rank one. Similarly, $\mathcal{L}$ vanishes
on $H^{-}M\times H^{-}M$ , so (2) is proved.

Thus, the only part of the Levi-bracket that has to be considered
is its restriction to $H^{+}M\times H^{-}M$ . By construction, this is conjugate
linear in the first and complex linear in the second variable, so switching
the almost complex structure on $H^{+}M$ , it becomes complex bilinear.

Q.E.D.

2.8. An equivalence of categories

The structure $(M, H^{+}M, H^{-}M, J^{Q})$ obtained in proposition 2.7
is preserved under orientation preserving local $CR$ diffeomorphisms.
Suppose that $(M_{k}, HM_{k},\tilde{J}_{k})$ are oriented elliptic partially integrable
almost $CR$ manifolds and $f:M_{1}\rightarrow M_{2}$ is an orientation preserving
(local) $CR$ diffeomorphism. For $x\in M_{1}$ consider $f(x)\in M_{2}$ and the
induced linear isomorphism $T_{x}f:Q_{x}M_{1}\rightarrow Q_{x}M_{2}$ . Pulling back the
complex structure on $Q_{x}M_{2}$ obtained from proposition 2.7(1) to $Q_{x}M_{1}$ ,

we obtain a complex structure which is compatible with the orientation
since $f$ was assumed to be orientation preserving and the restriction
of $T_{x}f$ to the $CR$ tangent spaces is complex linear and thus orienta-
tion preserving. Choosing $\eta\in H_{x}M_{1}$ such that $T_{x}f\cdot\eta\in H_{f(x)}^{+}M_{2}$ , we
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conclude from $f^{*}\mathcal{L}^{M_{2}}=\mathcal{L}^{M_{1}}$ that $\mathcal{L}_{x}(_{-}, \eta)$ is complex linear for the
pulled back structure, so by the uniqueness in proposition 2.7(1), we see
that $T_{x}f:Q_{x}M_{1}\rightarrow Q_{x}M_{2}$ is complex linear for the structures obtained
from proposition 2.7(1). Moreover, the above argument also shows that
$T_{x}f(H_{x}^{\pm}M_{1})\subset H_{f(x)}^{\pm}M_{2}$ . But then the fact that $T_{x}f:HM_{1}\rightarrow HM_{2}$ is

complex linear for the structures $\tilde{J}$ implies that it is also complex linear
for the structures $J$ obtained by proposition 2.7(3).

Conversely, assume that $M$ is a smooth manifold of dimension 6
equipped with two complementary complex line bundles $H^{\pm}M\subset TM$ ,
an almost complex structure $J^{Q}$ on the quotient $QM=TM/HM$ ,
where $HM=H^{+}M\oplus H^{-}M$ , which is such that the bundle map
$\mathcal{L}:HM\times HM$ $\rightarrow QM$ induced by the Lie bracket is complex bilinear and
non-degenerate. Then on $HM$ consider the almost complex structure
$\tilde{J}$ defined by flipping the complex structure on $H^{+}M$ and keeping the
complex structure on $H^{-}M$ . The Levi bracket $\mathcal{L}:HM\times HM\rightarrow QM$ is
by assumption non-degenerate. For $\xi$ , $\eta\in HM$ , we can split $\xi=\xi_{+}+\xi_{-}$

and similarly for $\eta$ and we compute

$\mathcal{L}(\tilde{J}\xi,\tilde{J}\eta)=\mathcal{L}(-J\xi_{+}+J\xi_{-}, -J\eta_{+}+J\eta_{-})$

$=-\mathcal{L}(J\xi_{-}, J\eta_{+})-\mathcal{L}(J\xi_{+}, J\eta-)$

$=\mathcal{L}(\xi_{-}, \eta_{+})+\mathcal{L}(\xi_{+}, \eta_{-})=\mathcal{L}(\xi, \eta)$ ,

where we have used that $\mathcal{L}$ is complex bilinear for $J$ and $H^{\pm}M$ are
isotropic for $\mathcal{L}$ since they have complex dimension one. Thus $(M, HM,\tilde{J})$

is a partially integrable almost $CR$ manifold of $CR$ dimension and
codimension two. Finally, consider nonzero elements $\psi\in Q_{x}^{*}M$ and
$\xi\in H_{x}M$ . As before, we may split $\xi=\xi_{+}+\xi_{-}$ , and let us assume
without loss of generality that $\xi_{+}\neq 0$ . Then $\mathcal{L}(\xi_{+,-})$ restricts to a
nonzero complex linear (and thus surjective) map $H_{x}^{-}M\rightarrow Q_{x}M$ , so we
can find $\eta\in H_{x}^{-}M$ such that $\psi(\mathcal{L}(\xi_{+}, \eta))\neq 0$ . But since $\eta\in H_{x}^{-}M$ ,
we have $\mathcal{L}(\xi, \eta)=\mathcal{L}(\xi_{+}, \eta)$ , which implies that $\mathcal{L}^{\psi}$ is non-degenerate,

and hence $(M, HM,\tilde{J})$ is elliptic. Finally, if $(M_{j}, H^{+}M_{j}, H^{-}M_{j}, J_{j}^{Q})$

are such manifolds for $j=1,2$ and $f:M_{1}\rightarrow M_{2}$ is a (local) diffeomor-
phism such that $Tf$ restricts to complex linear isomorphism $ H^{\pm}M_{1}\rightarrow$

$H^{\pm}M_{2}$ then $f$ defines a (local) $CR$ diffeomorphism from $(M_{1}, HM_{1},\tilde{J}_{1})$

to $(M_{2}, HM_{2},\tilde{J}_{2})$ . Note that the condition on $Tf$ preserving the sub-
bundles $H^{\pm}$ implies that we get an induced map $Tf:QM_{1}\rightarrow QM_{2}$ ,

which is automatically complex linear since $Tf\cdot \mathcal{L}(\xi, \eta)=\mathcal{L}(Tf\cdot\xi, Tf\cdot\eta)$

because $\mathcal{L}$ is induced by the Lie bracket. Thus we get
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Theorem. The category of elliptic partially integrable almost $CR$

manifolds of $CR$ dimension and codimension two and local $CR$ diffeo-
morphisms is equivalent to the category whose objects are six dimen-
sional manifolds $M$ endowed with two complementary complex line bun-
dles $H^{\pm}M\subset TM$ and an almost complex structure on $QM=TM/HM$
such that the Levi bracket $\mathcal{L}:HM\times HM$ $\rightarrow QM$ is non-degenerate and
complex bilinear, and whose morphisms are the local diffeomorphisms
whose derivative in each point restricts to complex linear isomorphisms
between the subbundles $H^{\pm}M$ .

2.9. Real parabolic geometries of type $(PSL(3, \mathbb{C}), B)$

To show that the category from theorem 2.8 above is equivalent
to a category of normal parabolic geometries is now strictly parallel to

the hyperbolic case, so we are more brief on that. Consider first the
Lie algebra $g$

$=\epsilon \mathfrak{l}(3, \mathbb{C})$ (as a real Lie algebra), let 90 be its Cartan
subalgebra, i.e. the subalgebra of all $trace$ free diagonal matrices and
let $b$ be its Borel subalgebra, i.e. the subalgebra of all $trace$ free upper
triangular matrices. As a module over go, $g$ decomposes as a direct
sum of $\emptyset o$ and the root spaces, and we write this decomposition as $g=$

$9-2\oplus(g_{-1}^{-}\oplus g_{-1}^{+})\oplus g_{0}\oplus(g_{1}^{-}\oplus g_{1}^{+})\oplus g_{2}$ defined by $\left(\begin{array}{lll}9o & g_{1}^{+} & \mathfrak{g}_{2}\\g_{-1}^{+} & 9o & \mathfrak{g}_{1}^{-}\\9-2 & g_{-1}^{-} & 9o\end{array}\right)$ .

Clearly, this makes $g$ into a graded Lie algebra, i.e. $[g_{i}, g_{j}]\subset g_{i+j}$ . The
subalgebra $b$ is exactly the non-negative part in this grading, so the
adjoint action of $b$ never moves down in the grading, which implies that
the corresponding filtration is $b$-invariant. By the grading property, we
have in particular the bracket 9-1 $\times 9-1\rightarrow 9-2$ . Like all brackets in $g$

this is complex bilinear, and hence $g_{-1}^{+}$ and $g_{-1}^{-}$ are isotropic, while the

restriction of the bracket to $g_{-1}^{+}\times g_{-1}^{-}$ is non-degenerate.
Next, consider the adjoint group $G=PSL(3, \mathbb{C})$ of $\mathfrak{g}$ . We define

subgroups $G_{0}\subset B\subset G$ as the groups of those elements whose adjoint

actions preserve the grading respectively the filtration on $\emptyset$ . According
to the general theory (see [3, proposition 2.9]), $G_{0}$ has Lie algebra 90 and
$B$ has Lie algebra $b$ , so it is a Borel subgroup in $G$ . The group $G$ is the
quotient of $SL(3, \mathbb{C})$ by its center, which is just the third roots of unity
times the identity matrix, so we will usually work in $SL(3, \mathbb{C})$ keeping
in mind that we work modulo the center. Now it is easy to verify that
for $g\in G_{0}$ , any representative in $SL(3, \mathbb{C})$ must be diagonal. If $a$ , $b$ , $c$

are the diagonal entries (and $abc=1$ ), then one immediately verifies

that the adjoint action on $\mathfrak{g}_{-1}^{+}$ , $g_{-1}^{-}$ and $\emptyset-2$ is given by multiplication

by $a^{-1}b$ , $b^{-1}c$ and $a^{-1}c$ , respectively. Taking $ 0\neq\lambda$ , $\mu\in \mathbb{C}$ we see that



64 A. $\check{C}$ap and G. Schmalz

putting $a=(\lambda^{-2-1}\mu)^{1/3}$ , $b=(\lambda^{-1}\mu)^{1/3}$ and $c=(\lambda^{2}\mu)^{1/3}$ we obtain
an element that acts on $g_{-1}^{+}$ by multiplication with $\lambda$ and on $g_{-1}^{-}$ by $\mu$ ,
while the action on $\mathfrak{g}_{-2}$ is fixed by compatibility with the Lie bracket.
Moreover, one easily sees that by this condition the diagonal matrix
with entries $a$ , $b$ , $c$ is uniquely determined up to multiplication with
a third root of unity times the identity matrix. Thus we see that the
adjoint action identifies $G_{0}$ with the group of pairs $\varphi+$ , $\varphi-$ , where $\varphi\pm$

is a complex linear isomorphism of $g_{-1}^{\pm}$ , and the action on 9-2 is fixed
by compatibility with the Lie bracket.

Now let $M$ be a smooth manifold of dimension 6 equipped with
two complementary complex line bundles $H^{\pm}M\subset TM$ , an almost
complex structure on $QM=TM/HM$ such that the Levi bracket
$\mathcal{L}:HM\times HM\rightarrow QM$ is non-degenerate and complex bilinear. As
in the hyperbolic case we consider the complex frame bundle $\mathcal{G}o$ of
$H^{+}M\oplus H^{-}M$ as modeled on 9-1, and via the adjoint action we can
view this as a principal $G_{0}$ -bundle. Denoting elements of $\mathcal{G}_{0}$ as $(u^{+}, u^{-})$ ,

where $u^{\pm}:$ $g_{-1}^{\pm}\rightarrow H_{x}^{\pm}M$ is a complex linear isomorphism, we now
get a unique complex linear isomorphism $\tilde{u}:9-2$ $\rightarrow Q_{x}M$ such that
$\mathcal{L}(u^{+}(X), u^{-}(Y))=\tilde{u}([X, Y])$ , which allows us to define a form $\theta_{-2}\in$

$\Omega^{1}(\mathcal{G}_{0}, g_{-2})$ as in the hyperbolic case. As there one shows that the form
is equivariant and its kernel is exactly $T^{-1}\mathcal{G}_{0}=(Tp_{0})^{-1}(HM)$ . On the
other hand, the definition of $\theta_{-1}\in\Gamma(L(T^{-1}\mathcal{G}_{0}, g_{-1}))$ is completely the
same as in the hyperbolic case, and also the properties are verified in
the same way. Hence we again get a frame form $(\theta_{-2}, \theta_{-1})$ of length one
on $\mathcal{G}o$ , which satisfies the structure equations, since $\mathcal{L}$ is induced by the
Lie bracket of vector fields, and we get:

Theorem. For any elliptic partially integrable almost $CR$ mani-

fold $M$ there exists a canonical principal bundle $p:\mathcal{G}\rightarrow M$ with group
$B$ equipped with a normal Cartan connection $\omega\in\Omega^{1}(\mathcal{G},$ $g((3, \mathbb{C}))$ . Con-
versely, a principal $B$ bundle $\mathcal{G}$ over a smooth 6-dimensional manifold
$M$ endowed with a normal Cartan connection makes $M$ canonically into
an oriented elliptic partially integrable almost $CR$ manifold. These con-
structions actually give rise to an equivalence of categories.

Proof. Existence of $\mathcal{G}$ and $\omega$ for an elliptic partially integrable
almost $CR$ manifold follows from the main result of [3] or the procedure
of [9] or (with a reinterpretation of the underlying structure along the
lines of [3, 4.4] $)$ from the original procedure of Tanaka, see [13]. In view
of theorem 2.8, the converse is completely analogous to the hyperbolic
case. Explicitly, $HM=Tp(ker(\omega_{-2}))$ , the almost complex structure on
$QM$ is induced by $\omega_{-2}$ and the splitting of $HM$ , as well as the almost
complex structure $J$ on $HM$ are induced by $\omega_{-1}$ . (To get back to a
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$CR$ picture, one has to flip the almost complex structure on $H^{+}M$ as
in 2.8.)

Also, establishing the equivalence of categories is done exactly like
in the hyperbolic case. Q.E.D.

\S 3. Interpretations of torsions in the elliptic case

One of the main advantages of having a canonical Cartan connection
is that this offers a conceptual approach to obstructions against local
flatness. It is well known in general (see e.g. [3, proposition 4.12] for
a proof in the setting of parabolic geometries) that the curvature of a
Cartan connection is a complete obstruction against local flatness. In
our setting this means that a point $x\in M$ has a neighborhood which is
$CR$ diffeomorphic to an open subset of the flat model (which is a quadric
in our case) if and only if the curvature of the Cartan connection vanishes
identically locally around $x$ . In the case of normal Cartan connection
there is a further refinement of that. In this section we will show how
general tools for parabolic geometries can be used to give geometric
interpretations of these obstructions. Since this has been done in the
hyperbolic case in some detail in [11], we restrict to the elliptic case
here, in which we get several new results and improvements compared
to the latter paper.

3.1. The curvature of the normal Cartan connection

As a start, we have to describe the normalization condition on our
Cartan connections in a little more detail. For the Cartan connection
$\omega\in\Omega^{1}(\mathcal{G}, g)$ , we define the curvature function $\kappa:\mathcal{G}\rightarrow L(\wedge^{2}g_{-}, g)$ ,

where $9-=\mathfrak{g}_{-2}\oplus g_{-1}$ and the exterior product is over $\mathbb{R}$ , by
$\kappa(u)(X, Y)=d\omega(\omega_{u}^{-1}(X), \omega_{u}^{-1}(Y))+[X, Y]$ . Recall that by definition,
$\omega_{u}$ : $T_{u}\mathcal{G}\rightarrow g$ is a linear isomorphism, so $\omega_{u}^{-1}(X)$ makes sense. This cur-

vature function captures all the information about the curvature of the
Cartan connection. Note that $\kappa$ splits into homogeneous degrees with

respect to the grading as $\kappa=\kappa^{(0)}+\cdots+\kappa^{(6)}$ , where $\kappa^{(0)}maps\wedge^{2}g_{-1}$

to 9-2, $\kappa^{(1)}maps\wedge^{2}g_{-1}$ to 9-1 and $9-2\otimes 9-1$ to 9-2, and so on. The

first normalization condition on $\omega$ is that $\kappa^{(0)}$ is identically zero.
To formulate the second normalization condition, observe that

$L(\wedge^{2}g_{-}, g)$ is just the second chain group in the standard complex com-
puting the $(rea1^{I}.)$ Lie algebra cohomology $H_{\mathbb{R}}^{*}(9-, 9)$ . The spaces in this

complex are just the spaces $L(\bigwedge_{\mathbb{R}}^{k}\mathfrak{g}_{-}, g)$ of $k$-linear, alternating maps
$g_{-}^{k}\rightarrow \mathfrak{g}$ , and the differential $\partial:L(\wedge^{k}g_{-}, g)\rightarrow L(\wedge^{k+1}g_{-}, g)$ is defined
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by the usual formula

$\partial\varphi(X_{0}, \ldots, X_{k})=\sum_{i=0}^{k}(-1)^{i}[X_{i}, \varphi(X_{0}, \ldots,\hat{X}_{i}, \ldots, X_{k})]$

$+\sum_{i<j}(-1)^{i+j}\varphi([X_{i}, X_{j}], X_{0}, \ldots,\hat{X}_{i}, \ldots,\hat{X}_{j}, \ldots, X_{k})$
.

For our purpose the essential fact is that extending a construction
of Kostant (see [7]) one can show that there is a natural adjoint
$\partial^{*}:$ $L(\wedge^{k}\mathfrak{g}_{-}, g)$ $\rightarrow L(\wedge^{k-1}g_{-}, g)$ to the Lie algebra differential, see
[3, 2.5, 2.6]. It turns out that both $\partial$ and $\partial^{*}$ are differentials, so
$\partial^{2}=(\partial^{*})^{2}=0$ , defining the Laplacian $\square =\partial\partial^{*}+\partial^{*}\partial$ one gets a Hodge

decomposition $L(\wedge^{k}g_{-}, g)=Im(\partial)\oplus Ker(\square )\oplus Im(\partial^{*})$ and $Ker(\square )$ is
naturally isomorphic to the $k$-th cohomology group $H_{\mathbb{R}}^{k}(\emptyset-, g)$ . A for-
mula for $\partial^{*}$ can be easily obtained from the fact that it is the dual map
to another Lie algebra differential. For this, one has to note that the
Killing form on $g$ induces a duality of o-mdules between $9-and$ $ 9+\cdot$

We shall only need the formula for $\partial^{*}:$ $L(\wedge^{2}9-, 9)\rightarrow L(\emptyset-, \mathfrak{g})$ , which
is given by

$\partial^{*}\varphi(X)=\sum_{\alpha}([Z_{\alpha}, \varphi(X_{\alpha}, X)]+\frac{1}{2}\varphi([Z_{\alpha}, X]_{-}, X_{\alpha}))$
,

where $\{X_{\alpha}\}$ is a basis of 9-, $\{Z_{\alpha}\}$ is the dual basis of $\emptyset+and$ $[, ]_{-}$

denotes the $\emptyset-$ -component of the bracket, see [3, 2.5]. The second
normalization condition on the Cartan connection is that the curvature
function has values in $Ker(\partial^{*})=Ker(\square )\oplus Im(\partial^{*})$ . Note that from the
formulae it is obvious that both $\partial$ and $\partial^{*}$ preserve homogeneous degrees,
so this conditions can be applied to various homogeneous degrees of $\kappa$

separately. Also, this implies that the cohomology groups split as direct
sums $H^{k}(9-, g)=\sum_{l}H_{(l)}^{k}(\emptyset-, \emptyset)$ according to homogeneous degree.

For later use, we note one further refinement: Since $g$ is a com-
plex representation of 9-, we can also view $L(\bigwedge_{\mathbb{R}}^{k}g-, \emptyset)\cong\bigwedge_{\mathbb{R}}^{k}g_{-}^{*}\otimes_{\mathbb{R}}g$

as $(\bigwedge_{\mathbb{R}}^{k}g_{-}^{*}\otimes_{\mathbb{R}}\mathbb{C})\otimes_{\mathbb{C}}g$ . Now $\bigwedge_{\mathbb{R}}^{k}g_{-}^{*}\otimes_{\mathbb{R}}\mathbb{C}$ can be identified with
$\bigwedge_{\mathbb{C}}^{k}(g_{-}^{*}\otimes_{\mathbb{R}}\mathbb{C})$ and the splitting of the complexification of $g_{-}^{*}$ into a holo-

morphic and an antiholomorphic part induces a splitting $L(\bigwedge_{\mathbb{R}}^{k}g_{-}, \mathbb{C})=$

$\oplus_{p+q=k}L^{p,q}(\emptyset-, \mathbb{C})$ , which in turn induces a similar splitting for
$L(\bigwedge_{\mathbb{R}}^{k}\emptyset-, \emptyset)$ . Explicitly, $L^{1,0}(9-, g)$ and $L^{0,1}(\emptyset-, \emptyset)$ are the spaces of
complex linear respectively conjugate linear maps. More generally,
$L^{k,0}(9-, g)$ and $L^{0,k}(9-, 9)$ are the spaces of those $k$ linear alternating
maps which are complex linear respectively complex anti-linear in each
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variable. The last bit of information that we will need is that $L^{1,1}(\emptyset-, g)$

is exactly the set of those bilinear, alternating maps $\varphi:\emptyset-\times\emptyset-\rightarrow g$

which have the property that $\varphi(iX, iY)=\varphi(X, Y)$ for all $X$ , $ Y\in 9-\cdot$

Thus, the final splitting of the spaces in the standard complex looks

as $L(\wedge^{k}9-, \emptyset)=\oplus_{p+q=k;l}L_{(l)}^{p,q}(9-, g)$ , where $l$ refers to the homoge-

neous degree. The fact that the brackets in $g$ all are complex bilin-
ear together with the fact that $\partial$ preserves homogeneous degrees now
implies that $\partial(L_{(l)}^{p,q}(g_{-}, g))\subset L_{(l)}^{p+1,q}(g_{-}, g)$ . For all fixed $q$ and $l$ we

have a subcomplex $L_{(l)}^{*,q}(9-, 9)$ , and the cohomology groups finally split

as $H^{k}(9-, \emptyset)=\oplus_{p+q=k},{}_{l}H_{(l)}^{p,q}(9-, \mathfrak{g})$ . From the construction of the

adjoint $\partial^{*}$ one can verify that also $\partial^{*}$ is compatible with bidegrees, so
$\partial^{*}(L_{(l)}^{p,q}(g_{-}, g))\subset L_{(l)}^{p-1,q}(\mathfrak{g}_{-}, g)$ . In particular, $\partial^{*}$ is identically zero on

$L_{(l)}^{0,k}(\emptyset-, g)$ for all $k$ , $l$ .

The final point we have to observe is the Bianchi identity for the
curvature of a Cartan connection, which can be used to compute $\partial\circ\kappa$ .

By [3, proposition 4.9] this reads as

$(\partial o\kappa)(X, Y, Z)=\sum_{cyc1}(\kappa(\kappa_{-}(X, Y)$
, $Z)+(\omega^{-1}(X)\cdot\kappa)(Y, Z))$ .

Here the sum is over all cyclic permutations of the arguments, $\kappa_{-}$ is the
component of $\kappa$ in 9-, and in the last term we use the vector field $\omega^{-1}(X)$

to differentiate the function $\kappa$ . The importance of this identity is that
if we consider a fixed homogeneous degree on the left hand side, then
only lower homogeneous degrees can enter on the right hand side. In
particular, the lowest nonzero homogeneous degree of $\kappa$ must have values
in $Ker(\partial)\cap Ker(\partial^{*})=Ker(\square )$ which is isomorphic to an appropriate
cohomology group. This can be used to show (see [3, proposition 4.10])
that $\kappa$ vanishes if and only if its harmonic part (i.e. its component in
$Ker(\square ))$ vanishes. Moreover, from the formula one can obviously get
informations on possible bidegrees of $\partial\circ\kappa$ if the possible bidegrees of
lower homogeneous components are known.

3.2. Harmonic curvature components

The relevant cohomology group $H^{2}(9-, \emptyset)$ for our case has been

computed in [11]. Expressed in terms of bidegrees the results read as
follows:

1. The only nonzero components in $H^{2}(9-, 9)$ are $H_{(i)}^{02}$ , $H_{(1)}^{1,1}$ , and
$H^{2,0}$

(4).

2. $H_{(1)}^{0,2}$ splits as a $B_{0}$-module into two one-dimensional components,

which are represented by maps 9-2 $\times g_{-1}^{\pm}\rightarrow 9-2$ .
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3. $H_{(1)}^{1,1}$ splits into four one-dimensional components which are rep-

resented by totally real $maps\wedge^{2}g_{-1}^{+}\rightarrow g_{-1}^{-}$ , $and\wedge^{2}g_{-1}^{-}\rightarrow \mathfrak{g}_{-1}^{+}$

respectively by maps $g_{-1}^{+}\times g_{-1}^{-}\rightarrow g_{-1}^{-}$ and $g_{-1}^{-}\times g_{-1}^{+}\rightarrow g_{-1}^{+}$ ,
which are complex linear in the first and conjugate linear in the
second variable (this last point needs a slightly closer look on the
description of cohomologies in [11] $)$ .

4. $H^{2,0}$

(4) splits into two one dimensional components repre-

sented by complex bilinear maps $\emptyset-2\times g_{-1}^{+}\rightarrow g_{1}^{+}$ respectively

9-2 $\times g_{-1}^{-}\rightarrow g_{1}^{-}$ .

In particular, we have six irreducible torsion-type components (the com-
ponents homogeneous of degree one) and two curvature-type compo-
nents. Note moreover, that the homogeneous component $\kappa^{(1)}$ of the
curvature function is harmonic by the Bianchi identity, so only the com-
ponents indicated in 2 and 3 of the above list may actually be nonzero.

Our next task is to give geometric interpretations of the harmonic
components of the curvature which are of torsion-type. Most of this
has already been done in [11], but we partly have different interpreta-
tions and partly simpler and more complete proofs. The main tool for
deducing these interpretations is the following general result on para-
bolic geometries which is a variant of [11, lemma 2.10]:

Lemma. Let $(p:\mathcal{G}\rightarrow M, \omega)$ be a parabolic geometry, $i.e$ . a princi-
pal $P$ -bundle endowed with a $g$ -valued Cartan connection, where $P\subset G$

isa parabolic subgroup, and let $\kappa$ be the curvature function of $\omega$ . Suppose
that $x\in M$ is a point and $u\in \mathcal{G}$ is such that $p(u)=x$ . Then there is

a neighborhood $U$ of $x\in M$ and an extension operator $\xi_{x}\mapsto\xi$ from the
tangent space $T_{x}M$ to the set of local vector fields defined on $U$ , which is
compatible with all structures on $TM$ carried over from $9-using$ $\omega$ , and
which has the following property: For $\xi_{x}$ , $\eta_{x}\in T_{x}M$ let $X$ , $Y\in 9-$ be
the unique elements such that $\xi_{x}=T_{u}p\cdot\omega_{u}^{-1}(X)$ and $\eta_{x}=T_{u}p\cdot\omega_{u}^{-1}(Y)$ .

Then
$[\xi, \eta](x)=T_{u}p\cdot\omega_{u}^{-1}([X, Y]-\kappa(u)(X, Y))$ .

Proof, (see [11, lemma 2.10]) Note first that $X$ and $Y$ are well
defined since the difference of two lifts of a tangent vector on $M$ lies
in the vertical bundle, which is mapped by $\omega$ to $b$ . Denoting by $F1^{\xi}$

the flow of a vector field $\xi$ , we consider the map $\varphi(X):=F1_{1}^{\omega^{-1}(X)}(u)$ ,
which is defined on a neighborhood $V$ of 0 in $\emptyset-\cdot$ The tangent map in
zero of $p\circ\varphi:V\rightarrow M$ is a linear isomorphism, so possibly shrinking
$V$ we may assume that $\varphi$ and $ p\circ\varphi$ are both diffeomorphisms onto
their images. Denoting $U:=p(\varphi(V))$ , we get a smooth local section
$\sigma:U\rightarrow\varphi(V)$ , since $p$ has to restrict to a diffeomorphism $\varphi(V)\rightarrow U$ .
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Now given $\xi_{x}\in T_{x}M$ we define the extension $\xi\in X(U)$ by $\xi(y):=$

$Tp$ . $(\omega(\sigma(y))^{-1}(X))$ . Clearly, this extension operator is compatible with
all structures on $TM$ carried over from 9-via $\omega$ . To verify the condition
on the brackets, let us start with two tangent vectors $\xi_{x}$ and $\eta_{x}$ and
the corresponding elements $X$ , $ Y\in 9-\cdot$ Any point in $p^{-1}(U)$ can be
uniquely written as $\sigma(y)b$ for $y\in U$ and $b\in P$ . Defining a local vector

field $\tilde{\xi}$ on $p^{-1}(U)$ by $\tilde{\xi}(\sigma(y)\cdot b):=Tr^{b}\cdot(\omega(\sigma(y))^{-1}(X))$ , we obviously get
a projectable vector field, which projects onto $\xi$ and similarly we get

a field $\tilde{\eta}$ projecting onto $\eta$ . Hence, $[\xi, \eta](x)=T_{u}p\cdot[\tilde{\xi},\tilde{\eta}](u)$ . Moreover,
$u=\sigma(p)$ , so the flow lines of $\tilde{\xi}$ and $\tilde{\eta}$ through $u$ stay in the image

of $\sigma$ , and thus $\omega(\tilde{\xi})$ is constant along the flow line of $\tilde{\eta}$ through $u$ and
vice versa. But then the definition of the exterior derivative implies

that $\omega([\tilde{\xi},\tilde{\eta}])(u)=-d\omega(u)(\tilde{\xi}(u),\tilde{\eta}(u))$ , and since
$\tilde{\xi}(u)=\omega(u)^{-1}(X)andQ.E.D$

.similarly for $\eta$ , the result follows from the definition of $\kappa$ .

The main upshot of this result is that whenever one has a tensorial
quantity which can be expressed as a combination of Lie brackets of
vector fields (i.e. whenever one has an expression in Lie brackets which
becomes linear over smooth functions in all arguments), then one can
compute the value of the corresponding tensor on tangent vectors using
the extensions described in the proposition, and thus immediately get
an interpretation of the tensor in terms of the curvature function $\kappa$ .

3.3. The Nijenhuis tensor

Let $(M, HM,\tilde{J})$ be an elliptic partially integrable almost $CR$ man-
ifold. Then there is an obvious first candidate for a torsion type object,
namely the Nijenhuis tensor $\tilde{N}$ : $HM\times HM$ $\rightarrow HM$ introduced in 2.1.
As we have seen, $\tilde{N}$ is skew symmetric and conjugate linear (with respect

to $\tilde{J}$) in both arguments, so its restriction to $H^{+}M\times H^{+}M$ and to
$H^{-}M\times H^{-}M$ vanishes since both these subbundles are of complex

rank one, so what remains is $\tilde{N}$ : $H^{+}M\times H^{-}M\rightarrow HM$ , which we can
split as $\tilde{N}^{+}+\tilde{N}^{-}$ according to the splitting of the values. Then both
components are conjugate linear with respect to $\tilde{J}$ in both arguments,
so with respect to $J$ they both become sesquilinear, which fits well to
two of the harmonic curvature components described above. In fact,

vanishing of the parts of the Nijenhuis tensor is equivalent to vanishing
of the corresponding irreducible components of the curvature function:

Proposition. Let $\kappa$ be the curvature function of the canonical
Cartan connection. Then the restriction of $\kappa^{(1)}$ to $g_{-1}^{+}\times g_{-1}^{-}$ has values

in $g_{-1}^{+}$ (respectively $g_{-1}^{-}$ ) if and only if $\tilde{N}^{-}=0$ (respectively $\tilde{N}^{+}=0$ ).

In particular, $M$ is integrable and thus a $CR$ manifold if and only if $\kappa^{(1)}$

vanishes on $g_{-1}^{+}\times g_{-1}^{-}$ .
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Proof. For tangent vectors $\xi_{x}\in H_{x}^{+}M$ and $\eta_{x}\in H_{x}^{-}M$ , the Nijen-
huis tensor can be computed as

$\tilde{N}(\xi_{x}, \eta_{x})=[\xi, \eta](x)-[\tilde{J}\xi,\tilde{J}\eta](x)+\tilde{J}([\tilde{J}\xi, \eta](x)+[\xi,\tilde{J}\eta](x))$ ,

for any extensions $\xi$ , $\eta$ to local smooth vector fields. Splitting the result
into $\tilde{N}^{+}+\tilde{N}^{-}$ , we may replace the $\tilde{J}’s$ by plus or minus $J$ . Denoting by
$\pi\pm:H_{x}M\rightarrow H_{x}^{\pm}M$ the canonical projections, we obtain the following
expressions for $\tilde{N}^{+}(\xi_{x}, \eta_{x})$ and $\tilde{N}^{-}(\xi_{x}, \eta_{x})$

$\pi_{+}([\xi, \eta](x)+[J\xi, J\eta](x))-J\pi_{+}(-[J\xi, \eta](x)+[\xi, J\eta](x))$

$\pi_{-}([\xi, \eta](x)+[J\xi, J\eta](x))+J\pi_{-}(-[J\xi, \eta](x)+[\xi,\tilde{J}\eta](x))$ .

Let us start by discussing $\tilde{N}^{+}$ . Choose a point $u\in \mathcal{G}$ with $p(u)=x$ ,
and let $X$ , $Y\in\emptyset-$ be the elements corresponding to $\xi_{x}$ and $\eta_{x}$ as in
lemma 3.2. Then $X\in g_{-1}^{+}$ and $Y\in g_{-1}^{-}$ . By lemma 3.2 and com-
plex bilinearity of the bracket on $g$ , the element $[\xi, \eta](x)+[J\xi, J\eta](x)$

is simply given by $-T_{u}p\cdot(\omega_{u}^{-1}(\kappa(X, Y)+\kappa(iX, iY)))$ . Moreover, since
$\omega_{u}^{-1}(b)$ is killed by $T_{u}p$ , we may in this equation as well replace $\kappa$

by $\kappa^{(1)}$ , and since we know from 3.2 that the restriction of $\kappa^{(1)}$ to
$g_{-1}^{+}\times \mathfrak{g}_{-1}^{-}$ is sesquilinear, we may replace $\kappa^{(1)}(X, Y)+\kappa^{(1)}(iX, iY)$ by
$2\kappa^{(1)}(X, Y)$ . Thus, $\pi_{+}([\xi, \eta](x)+[J\xi, J\eta](x))$ is obtained by project-

ing down $\omega_{u}^{-1}$ of the $g_{-1}^{+}$ component of $-2\kappa^{(1)}(X, Y)$ . Similarly, one
sees that $-J\pi_{+}(-[J\xi, \eta](x)+[\xi, J\eta](x))$ is obtained by projecting down
$\omega_{u}^{-1}$ of the $g_{-1}^{+}$ component of $-2i\kappa^{(1)}(iX, Y)$ . But from 3.2 we know
that this component is conjugate linear in the first variable, so we see
that $\frac{1}{4}\tilde{N}^{+}(\xi_{x}, \eta_{x})$ is obtained by projecting down the $g_{-1}^{+}$ component of
$-\kappa^{(1)}(X, Y)$ , so we see that vanishing of $\tilde{N}^{+}$ is equivalent to the fact
that $\kappa^{(1)}(X, Y)\in g_{-1}^{-}$ for all $X\in g_{-1}^{+}$ and $Y\in g_{-1}^{-}$ . Similarly, one deals

with $\tilde{N}^{-}$ Q.E.D.

Remark. Note that embedded partially integrable almost $CR$ struc-
tures (i.e. manifolds for which the almost $CR$ structure comes from an
embedding into a complex manifold of appropriate dimension) are auto-
matically $CR$ , so the restriction of $\kappa^{(1)}$ to $g_{-1}^{+}\times g_{-1}^{-}$ vanishes automati-
cally in the embedded case.

3.4. The other torsions of type $(1, 1)$

The other two $(1, 1)$-components in the homogeneous part of degree
one of the curvature are even easier to interpret. Recall that by construc-
tion both $H^{+}M$ and $H^{-}M$ are isotropic with respect to the (complex
bilinear) Levi-bracket. Consequently, for two sections $\xi$ , $\eta\in\Gamma(H^{+}M)$ ,
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the Lie bracket $[\xi, \eta]$ is a section of $HM$ , so we can project it to $H^{-}M$ .

Obviously, the result is bilinear over smooth functions, so there is a well
defined tensorial map $T^{+}:$ $\bigwedge_{\mathbb{R}}^{2}H^{+}M\rightarrow H^{-}M$ defined by $T^{+}(\xi, \eta)=$

$\pi_{-}([\xi, \eta])$ for smooth sections $\xi$ , $\eta$ as above. Note that since $H^{+}M$ is
of complex rank one and $T^{+}$ is skew symmetric, it must be automat-
ically totally real. Clearly $T^{+}$ vanishes identically if and only if the
Lie bracket of two sections of $H^{+}M$ is again a section of $H^{+}M$ , i.e. if
and only if $H^{+}M$ is integrable. Similarly, we obtain a bundle map
$T^{-}:$ $\wedge^{2}H^{-}M\rightarrow H^{+}M$ whose vanishing is equivalent to integrability
of the bundle $H^{-}M$ .

Proposition. Let $\kappa$ be the curvature function of the canonical

Cartan connection. Then the restriction of $\kappa^{(1)}to\wedge^{2}g_{-1}^{+}$ (respectively
$to\wedge^{2}g_{-1}^{-})$ vanishes if and only if the subbundle $H^{+}M\subset TM$ (respec-
tively $H^{-}M\subset TM$ ) is integrable.

Proof. Consider tangent vectors $\xi_{x}$ , $\eta_{x}\in H_{x}^{+}M$ and a point $u\in \mathcal{G}$

with $p(u)=x$ . Then by definition the corresponding elements $X$ ,
$Y\in 9-$ from lemma 3.2 lie in $g_{-1}^{+}$ . Moreover, the extensions $\xi$ , $\eta$

provided by lemma 3.2 are sections of $H^{+}M$ , and we have $[\xi, \eta](x)=$

$-T_{u}p\cdot\omega_{u}^{-1}(\kappa(X, Y))$ , since $[X, Y]=0$ . Again, since vertical elements
are killed by $Tp$ , we may replace $\kappa$ by $\kappa^{(1)}$ in this expression. More-
over, from 3.2 we know that $\kappa^{(1)}(X, Y)\in g_{-1}^{-}$ for $X$ , $Y\in g_{-1}^{+}$ , so the
projection coincides with $\pi_{-}([\xi, \eta](x))=T^{+}(\xi_{x}, \eta_{x})$ . Consequently, van-

ishing of the restriction of $\kappa^{(1)}$ to $\wedge^{2}g_{-1}^{+}$ is equivalent to vanishing of
$T^{+}$ and thus to integrability of $H^{+}M$ . The other component is treated
similarly. Q.E.D.

3.5. Torsions of type $(0, 2)$

To interpret the remaining two components of $\kappa^{(1)}$ it is convenient
(although not formally necessary) to construct first an almost complex
structure $J$ on $M$ , which combines the almost complex structures $J$ on
$HM$ and $J^{Q}$ on $QM$ . Using the canonical Cartan connection $\omega$ it is
clear how to get such an extension. In fact, for each point $u\in \mathcal{G}$ , we
get an isomorphism $9-\rightarrow T_{p(u)}M$ defined by $X\mapsto T_{u}p\cdot\omega_{u}^{-1}(X)$ and
thus a complex structure on $T_{x}M$ , where $x=p(u)$ . Moreover, changing
the point $u$ to u-g for $g$ $\in B$ , equivariancy of $\omega$ implies that the new
isomorphism is given by composing the old one with Ad(g), which is
complex linear, so the complex structure on $T_{x}M$ is canonical. Clearly,
this defines a smooth almost complex structure $J$ on $M$ . Moreover, this
has the property that the bundle maps $H^{\pm}M\rightarrow TM$ and $TM$ $\rightarrow QM$

are complex linear, since the structures on the other spaces are also
induced by $\omega$ .



72 A. $\check{C}$ap and G. Schmalz

Now we can easily characterize this almost complex structure: To

do this, consider an arbitrary almost complex structure $\hat{J}$ on $M$ such
that $H^{\pm}M\rightarrow TM$ and $q:TM$ $\rightarrow QM$ are complex linear. For a vector

field $\xi$ on $M$ and a section $\eta$ of $HM$ consider the expression $q([\hat{J}\xi, \eta])-$

$J^{Q}q([\xi, \eta])$ . Since $q(\eta)=0$ this is linear over smooth functions in $\eta$ and

since $q(\hat{J}\xi)=J^{Q}q(\xi)$ is also linear over smooth functions in $\xi$ , so it

defines a tensor $TM\times HM$ $\rightarrow QM$ . Moreover, for $\xi\in HM$ , the tensor
is given by $\mathcal{L}(J\xi, \eta)-J^{Q}(\mathcal{L}(\xi, \eta))=0$ by complex bilinearity of the Levi
bracket. Hence we can factor to $QM$ in the first variable and splitting
$HM$ $=H^{+}M\oplus H^{-}M$ we obtain two tensors $S^{\pm}:$ $QM\times H^{\pm}M\rightarrow QM$ .

Note that these tensors by construction are conjugate linear in the first
variable.

Proposition. The almost complex structure $J$ on $M$ induced by
the canonical Cartan connection $\omega$ is the unique almost complex struc-
ture on $M$ such that the bundle maps $H^{\pm}M\rightarrow TM$ and $TM$ $\rightarrow QM$

are complex linear and such that the tensors $S^{\pm}:$ $QM\times H^{\pm}M\rightarrow QM$

induced by $(\xi, \eta)\mapsto q([J\xi, \eta])-J^{Q}([\xi, \eta])$ are both conjugate linear in the

second variable. Moreover, the restriction of $\kappa^{(1)}$ to $\emptyset-2\times g_{-1}^{+}$ (respec-

tively $9-2\times g_{-1}^{-}$ ) vanishes if and only if $S^{+}$ (respectively $S^{-}$ ) is identically
zero.

Finally, vanishing of both $S^{+}$ and $S^{-}$ is equivalent to integrability

of the almost complex structure $J$ on $M$ .

Proof. Let us first verify that the almost complex structure induced
by $\omega$ has the stated property. Take $\xi_{x}\in T_{x}M$ and $\eta_{x}\in H_{x}M$ and
a point $u\in \mathcal{G}$ with $p(u)=X$ . Let $X\in 9-$ and $Y\in 9-1$ be the
corresponding elements from lemma 3.2, and $\xi$ , $\eta$ the extensions pro-
vided by lemma 3.2. Then $ J\xi$ is the extension of $J_{x}\xi_{x}$ provided by
lemma 3.2, so $[J\xi, \eta](x)=-T_{u}p\cdot\omega_{u}^{-1}(\kappa(iX, Y)+[iX, Y])$ and $[\xi, \eta](x)=$

$-T_{u}p\cdot\omega_{u}^{-1}(\kappa(X, Y)+[X, Y])$ . For the classes provided by $g$ , only the
$g_{-}2$ -component of the result is significant, so we can again replace $\kappa$

by $\kappa^{(1)}$ , and we see that our tensor is given by taking the class of the

image under $T_{u}p$ of

$-\omega_{u}^{-1}(\kappa^{(1)}(iX_{-2}, Y)+[iX, Y]_{-2}-i\kappa^{(1)}(X_{-2}, Y)-i[X, Y]_{-2})$ ,

where the subscripts -2 indicate the component in 9-2 $\cdot$ Since the
bracket in $\mathfrak{g}$ is complex bilinear, the bracket terms cancel. Moreover,

from 3.2 we know that the restriction of $\kappa^{(1)}$ to 9-2 $\times 9-1$ is conju-
gate linear in both variables. Now conjugate linearity in the first vari-
able implies that the tensor is actually given by taking the class of the
projection of $\omega_{u}^{-1}(2\kappa^{(1)}(X_{-2}, Y))$ , and conjugate linearity in the second
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variable then implies our claim. Moreover, the equivalent conditions for
vanishing of components of $\kappa^{(1)}$ are obvious from this computation.

To prove the uniqueness of $J$ , assume that $\hat{J}$ is another almost
complex structure on $M$ such that $H^{\pm}M\rightarrow TM$ and $TM$ $\rightarrow QM$

are complex linear. For a vector field $\xi$ on $M$ we have by assump-
tion $q(J\xi)=q(\hat{J}\xi)$ , so there is a smooth section $\xi’$ of $HM$ such that
$\hat{J}\xi=J\xi+\xi’$ . But then $q([\hat{J}\xi, \eta])=q([J\xi, \eta])+\mathcal{L}(\xi’, \eta)$ for all $\eta$ , and
the second term is complex linear in $\eta$ . Since $\xi’\mapsto \mathcal{L}(\xi’, -)$ induces
an isomorphism between $HM$ and the bundle of complex linear maps
$HM\rightarrow QM$ by non-degeneracy and complex bilinearity of the Levi
bracket, the uniqueness follows.

The final statement is a little more subtle to prove. If both $S^{+}$

and $S^{-}$ vanish, then from above we know that the restriction of $\kappa^{(1)}$

to 9-2 $\times 9-1$ vanishes, so from 3.2 we conclude that $\kappa^{(1)}$ is totally real
and has values in 9-1 only. Now take two elements $\xi_{x}$ , $\eta_{x}\in T_{x}M$ and
a point $u\in \mathcal{G}$ with $p(u)=x$ , and let $X$ , $Y\in\emptyset-$ be the corresponding
elements from lemma 3.2. Applying lemma 3.2 one sees that the value
$N(\xi_{x}, \eta_{x})$ of the Nijenhuis tensor of $J$ on $\xi_{x}$ and $\eta_{x}$ is given by

$-T_{u}p\cdot\omega_{u}^{-1}(\kappa(X, Y)-\kappa(iX, iY)+i(\kappa(iX, Y)+\kappa(X, iY)))$ ,

which obviously equals $-4T_{u}p\cdot\omega_{u}^{-1}(\kappa_{0,,,2}(X, Y))$ , where $\kappa_{0,,,2}$ denotes the
component of $\kappa$ which is conjugate linear in both arguments, and the
terms involving brackets in $g$ do not show up since this bracket is complex
bilinear. From above, we know that in this expression only components

of $\kappa$ of homogeneity $\geq 2$ may enter. Moreover, since vertical elements
are killed by $Tp$ , we only have to consider components of $\kappa_{0,,,2}(X, Y)$

which lie in 9- $\cdot$ Now the homogeneous component of degree $l$ of $\kappa$ maps
$\bigwedge_{\mathbb{R}}^{2}g_{-1}$ to $g_{l-2}$ , $9-2\otimes g_{-1}$ to $g_{l-3}$ and $\bigwedge_{\mathbb{R}}^{2}\mathfrak{g}_{-2}$ to $g_{l-4}$ . Moreover, maps
which are conjugate linear in both arguments automatically vanish on
$\wedge^{2}\mathfrak{g}_{-2}$ since 9-2 is of complex dimension one. Thus we see that the only
relevant contribution to the above expression could come from the part

of $\kappa_{0,,,2}^{(2)}$ which maps $9-2\otimes g_{-1}$ to 9-1 $\cdot$ The only other possible component

of $\kappa_{0,,,2}^{(2)}maps\wedge^{2}\emptyset-1$ to 90 $\cdot$

Specialized to homogeneity two, the Bianchi identity from 3.1 tells
us that $(\partial\circ\kappa^{(2)})(X, Y, Z)$ can be computed as

$\sum_{cyc1}$ $(\kappa^{(1)} (\kappa^{(1)}(X, Y)$
, $Z)+(\omega^{-1}(Z)\cdot\kappa^{(1)})(X, Y))$ .

Since $\kappa^{(1)}$ has values in 9-1, the same must hold for $\partial\circ\kappa^{(2)}$ by this
formula. Consequently, $\partial\circ\kappa^{(2)}$ has to vanish on $9-2\otimes\wedge^{2}\emptyset-1$ since
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$\partial$ preserves homogeneities. Moreover, since we have observed in 3.1

that $\partial(L^{p,q}(\emptyset-, g))\subset L^{p+1,q}(9-, 9)$ , we conclude that also $\partial o\kappa_{0,,,2}^{(2)}$ must

vanish on $9-2\otimes\wedge^{2}g_{-1}$ . For $X\in 9-2$ and $Y$ , $Z\in 9-1$ we have $[X, Y]=$

$[X, Z]=0$ and $\kappa_{0,,,2}^{(2)}([Y, Z], X)=0$ since $\kappa_{0,,,2}^{(2)}$ must vanish on $\wedge^{2}9-2$ ,

and inserting the definition of $\partial$ , we see that $(\partial\circ\kappa_{0,,,2}^{(2)})(X, Y, Z)=0$ is
equivalent to

$[Y, \kappa_{0,,,2}^{(2)}(X, Z)]=[X, \kappa_{0,,,2}^{(2)}(Y, Z)]+[Z, \kappa_{0,,,2}^{(2)}(X, Y)]$ .

Replacing $X$ by $iX$ the same equation must hold. On the other hand,
doing that multiplies the left hand side by $-i$ , the first term in the
right hand side by $i$ and the second term in the right hand side by
$-i$ , so we conclude that $[X, \kappa_{0,,,2}^{(2)}(Y, Z)]=0$ and thus $[Y, \kappa_{0,,,2}^{(2)}(X, Z)]=$

$[Z, \kappa_{0,,,2}^{(2)}(X, Y)]$ for all $X\in\emptyset-2$ and $Y$ , $Z\in 9-1$ . But replacing $Y$ by
$iY$ in this equation, the left hand side gets multiplied by $i$ and the right

hand side by $-i$ , so we must have $[Y, \kappa_{0,,,2}^{(2)}(X, Z)]=0$ for all $X$ , $Y$ , $Z$ ,

and thus the restriction of $\kappa_{0,,,2}^{(2)}$ to $9-2\otimes g_{-1}$ vanishes by non-degeneracy
of the bracket and the result follows. Q.E.D.

3.6. Torsion free elliptic $CR$ manifolds

We conclude the discussion of geometric interpretations of the
torsion-type components of the curvature of the canonical Cartan con-
nection by discussing the case where all torsion type components vanish
simultaneously. In this case, since by 3.1 the lowest nonzero homo-
geneous component of $\kappa$ must be harmonic, we immediately see that
there are no nonzero components of homogeneity less than four, and
moreover $\kappa^{(4)}$ is complex bilinear and its only nonzero components are
$9-2\otimes g_{-1}^{+}\rightarrow g_{1}^{+}$ and $\emptyset-2\otimes \mathfrak{g}_{-1}^{-}\rightarrow g_{1}^{-}$ . But indeed, much more can be
said in this case:

Theorem. Suppose that $M$ is an elliptic partially integrable almost
$CR$ manifold of $CR$ dimension and codimension two such that $\tilde{N}^{\pm}=$

$T^{\pm}=S^{\pm}=0$ . Then the almost complex structure on $\mathcal{G}$ induced by
$\omega$ is integrable, and the projection $p:\mathcal{G}\rightarrow M$ is holomorphic, so $\mathcal{G}$ is
a holomorphic principal $B$ -bundle over M. Moreover, the Cartan con-
nection $\omega\in\Omega^{1}(\mathcal{G}, g)$ is a holomorphic $(1, 0)$ -form, so $(p:\mathcal{G}\rightarrow M, \omega)$ is

a complex parabolic geometry of type $(PSL(3, \mathbb{C})$ , $B)$ . Conversely, any
complex parabolic geometry of that type is torsion free when viewed as $a$

real parabolic geometry.

Proof. The Cartan connection $\omega$ defines a trivialization $T\mathcal{G}\cong \mathcal{G}\times g$

of the tangent bundle of $\mathcal{G}$ , so since $g$ is a complex vector space, it
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induces an almost complex structure $J^{\mathcal{G}}$ on $\mathcal{G}$ . The almost complex
structure $J$ on $M$ was defined via $\omega$ , so it follows immediately that
$p:\mathcal{G}\rightarrow M$ has complex linear derivative. Moreover, since $S^{\pm}=0$ ,

the almost complex structure $J$ is integrable by proposition 3.4. To
prove the first statement, we only have to show that torsion freeness
implies integrability of $J^{\mathcal{G}}$ . For $X\in g$ , let us denote by $\tilde{X}\in X(\mathcal{G})$ the
vector field $\omega^{-1}(X)$ . The definition of the curvature function together
with the fact that the curvature of $\omega$ is horizontal easily implies that
$\omega([\tilde{X},\tilde{Y}])=-\kappa(X_{-}, Y_{-})-[X, Y]$ , where the subscript –denotes the
9–component. Using this and the fact that the bracket in $g$ is complex
bilinear, one now concludes that the Nijenhuis-tensor on $\mathcal{G}$ evaluated on

$thecurvaturewhichisconjugate1inearinbotharguments\tilde{X}and\tilde{Y}isjust-\frac{1}{4}\kappa_{0,,,2}(X_{-},Y_{-}),where\kappa_{0,,,2}denotesthec.omp$
onent of

Once we have shown integrability of $J^{\mathcal{G}}$ , we know that $\omega$ is a smooth
$(1, 0)$ -form, and holomorphicity of this form is equivalent to $\overline{\partial}\omega=0$ ,

i.e. to $ d\omega$ being a $(2, 0)$ -form. (Mistakenly, it was claimed in [11] that
holomorphicity of $\omega$ is trivially satisfied.) But since the bracket on $\emptyset$

is complex bilinear, the fact that $ d\omega$ is of type $(2, 0)$ is equivalent to
$\kappa(u)$ being complex bilinear for any $u\in G$ . Hence proving complex
bilinearity of $\kappa$ suffices to prove the theorem. One possibility to prove
this is to eliminate first the possibilities of having a nontrivial component
of type $(0, 2)$ in $\kappa$ and then eliminating possible $(1, 1)$ component using
a pretty involved analysis of the Bianchi identity, similar to the proof of
proposition 3.5. Following an idea of [1] on strengthening the Bianchi
identity, there is a neat way around all that using fairly heavy tools:

Since the curvature function $\kappa$ is an equivariant map $\mathcal{G}\rightarrow\wedge^{2}\emptyset-\otimes g$ ,

it can be viewed as an element of $\Omega^{2}(M, A)$ , where $A$ $=\mathcal{G}X_{B}g$ is
the adjoint tractor bundle. In [4], the twisted exterior derivative
$d_{9}$ : $\Omega^{i}(M, A)\rightarrow\Omega^{i+1}(A)$ is constructed. On the other hand, the Car-
tan connection induces a principal connection $\tilde{\omega}$ on $\mathcal{G}\times_{B}G$ and since $A$

can be viewed as associated to that bundle, we get an induced covariant
exterior derivative $d^{\overline{\omega}}$ between the same spaces. In [4, section 2] it is
shown that in the torsion free case these two operators coincide. More-
over, the curvature of $\tilde{\omega}$ is also given by $\kappa$ , so the Bianchi identity for
principal connections implies $d^{\overline{\omega}}(\kappa)=0$ . Now since $\omega$ is normal, the cur-
vature $\kappa$ has $\partial^{*}$ -closed values and the harmonic part $\kappa_{0}$ may simply be
viewed as the image of $\kappa$ under the bundle map $\pi_{H}$ corresponding to the
projection $ker(\partial^{*})\rightarrow ker(\partial^{*})/im(\partial^{*})$ , see [4, section 2]. This projection
is splitted by an invariant differential operator $L$ , whose construction
is one of the main achievements of the paper [4]. In [4, Lemma 2.7]
it is shown that this operator is characterized by $\pi_{H}(L(s))=s$ and
$\partial^{*}od_{9}oL=0$ , which implies that $\kappa=L(\kappa_{0})$ in the torsion free case.
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But then [4, Theorem 2.5] shows that $\kappa$ has values in the $B$-submodule
generated by the values of $\kappa_{0}$ , and since $\kappa_{0}$ has only complex bilin-

ear values, the generated $B$-module consists of complex bilinear maps

only. Q.E.D.

Corollary. Let $(M, HM,\tilde{J})$ be a torsion free elliptic $CR$ mani-

fold of $CR$ dimension and codimension two. Then $M$ is a real ana-
lytic manifold and the subbundle $HM\subset TM$ and the endomorphism
$\tilde{J}:HM$ $\rightarrow HM$ are real analytic. In particular, $M$ is automatically
locally embeddable.

Proof. By proposition 3.5, $M$ is a complex manifold, and thus in
particular real analytic. Moreover, by the last theorem, the Cartan
bundle $p:\mathcal{G}\rightarrow M$ is a holomorphic principal bundle and the Cartan
connection $\omega\in\Omega^{1}(\mathcal{G}, g)$ is holomorphic. Hence, $\omega^{-1}(9-1\oplus\cdots\oplus g_{2})$ is a
real analytic subbundle of $T\mathcal{G}$ . By construction, this projects onto the
subbundle $HM$ $\subset TM$ , which thus also is real analytic. Similarly, the
subbundles $H^{\pm}M$ and the almost complex structure $J$ is analytic, since
they all are induced from $\omega$ . Since $\tilde{J}$ is obtained by keeping $J$ on $H^{-}M$

and flipping it on $H^{+}M$ , it is real analytic, too. Embeddability then
follows from proposition 2.2. Q.E.D.
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Some Remarks on the Infinitesimal Rigidity
of the Complex Quadric

Jacques Gasqui and Hubert Goldschmidt

introducedion

Let $(X, g)$ be a compact Riemannian symmetric space. We say that
a symmetric 2-form $h$ on $X$ satisfies the zero-energy condition if for all
closed geodesies $\gamma$ of $X$ the integral

$\int_{\gamma}h=\int_{0}^{L}h(\dot{\gamma}(s),\dot{\gamma}(s))ds$

of $h$ over $\gamma$ vanishes, where $\dot{\gamma}(s)$ is the tangent vector to the geodesic $\gamma$

parametrized by its arc-length and $L$ is the length of $\gamma$ . A Lie derivative
of the metric $g$ always satisfies the zero-energy condition. The space
$(X, g)$ said to be infinitesimally rigid if the only symmetric 2-forms on
$X$ satisfying the zero-energy condition are the Lie derivatives of the
metric $g$ .

Michel introduced the notion of infinitesimal rigidity in the con-
text of the Blaschke conjecture, and proved that the real projective
spaces $\mathbb{R}\mathbb{P}^{n}$ , with $n$ $\geq 2$ , and the flat tori of dimension $\geq 2$ are infinitesi-
mally rigid (see [17], [18] and [2]). Michel and Tsukamoto demonstrated
the infinitesimal rigidity of the complex projective space $\mathbb{C}\mathbb{P}^{n}$ of dimen-
sion $n$ $\geq 2$ (see [17], [21], [6] and [7]); in fact, they proved that all the
projective spaces which are not ‘isometric to a sphere are infinitesimally
rigid.

In [7] and [9], we showed that the complex quadric $Q_{n}$ of dimension $n$

is infinitesimally rigid when $n$ $\geq 4$ . In the monograph [12], we shall give a
complete proof of the infinitesimal rigidity of the complex quadric $Q_{3}$ of
dimension 3, which relies on the Guillemin rigidity of the Grassmannian
of 2-planes in $\mathbb{R}^{n+2}$ proved in [10] and on results of Tela Nlenvo [20].

In this note, we present outlines of some new proofs of the infin-
itesimal rigidity of the complex quadric $Q_{n}$ of dimension $n$ $\geq 4$ ; the

Received February 7, 2001.
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complete proofs shall appear in [12]. In particular, we show that the
infinitesimal rigidity of the quadric $Q_{3}$ implies that all the quadrics $Q_{n}$ ,
with $n\geq 4$ , are infinitesimally rigid. The new proof of the infinitesimal
rigidity of the complex quadric $Q_{n}$ of dimension $n$ $\geq 5$ presented here is
quite different from the one found in [7] and follows some of the lines of
the proof for the infinitesimal rigidity of the complex quadric $Q_{4}$ given
in [9].

\S 1. Symmetric spaces

Let $(X, g)$ be a Riemannian manifold. We denote by $T$ and $T^{*}$

its tangent and cotangent bundles. By $\otimes^{k}T^{*}$ , $S^{l}T^{*}$ , $\wedge^{j}T^{*}$ , we shall
mean the $k$-th tensor product, the $l$-th symmetric product and the $j$ -th
exterior product of the vector bundle $T^{*}$ . If $\alpha$ , $\beta\in T^{*}$ , we identify the
symmetric product $\alpha$ . $\beta$ with the element $\alpha\otimes\beta+\beta\otimes\alpha of\otimes^{2}T^{*}$ . If
$E$ is a vector bundle over $X$ , we denote by $E_{\mathbb{C}}$ its complexification, by
$\mathcal{E}$ the sheaf of sections of $E$ over $X$ and by $C^{\infty}(E)$ the space of global
sections of $E$ over $X$ . If $\xi$ is a vector field on $X$ and $\beta$ is a section of
$\otimes^{k}T^{*}$ over $X$ , we denote by $\mathcal{L}_{\xi}\beta$ the Lie derivative of $\beta$ along $\xi$ . Let
$g:\# T^{*}\rightarrow T$ be the isomorphism determined by the metric $g$ .

Let $B=B_{X}$ be the sub-bundle $of\wedge^{2}T^{*}\otimes\wedge^{2}T^{*}$ consisting of those

tensors $u\in\wedge^{2}T^{*}\otimes\wedge^{2}T^{*}$ satisfying the first Bianchi identity

$u(\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4})+u(\xi_{2}, \xi_{3}, \xi_{1}, \xi_{4})+u(\xi_{3}, \xi_{1}, \xi_{2}, \xi_{4})=0$ ,

for all $\xi_{1}$ , $\xi_{2}$ , $\xi_{3}$ , $\xi_{4}\in T$ . Let $H$ denote the sub-bundle of $T^{*}\otimes B$

consisting of those tensors $v$ $\in T^{*}\otimes B$ which satisfy the relation

$v(\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4}, \xi_{5})+v(\xi_{2}, \xi_{3}, \xi_{1}, \xi_{4}, \xi_{5})+v(\xi_{3}, \xi_{1}, \xi_{2}, \xi_{4}, \xi_{5})=0$ ,

for all $\xi_{1}$ , $\xi_{2}$ , $\xi_{3}$ , $\xi_{4}$ , $\xi_{5}\in T$ .
Let

Tr: $S^{2}T^{*}\rightarrow \mathbb{R}$ , Tr: $\wedge^{2}T^{*}\otimes\wedge^{2}T^{*}\rightarrow\otimes^{2}T^{*}$

be the $trace$ mappings defined by

Tr $h=\sum_{j=1}^{n}h(t_{j}, t_{j})$ , (Tr $u$ ) $(\xi, \eta)=\sum_{j=1}^{n}u(t_{j}, \xi, t_{j}, \eta)$ ,

for $h\in S^{2}T_{x}^{*}$ , $u\in\wedge^{2}T^{*}\otimes\wedge^{2}T_{x}^{*}$ and $\xi$ , $\eta\in T_{x}$ , where $x\in X$ and
$\{t_{1}, \ldots, t_{n}\}$ is an orthonormal basis of $T_{x}$ . It is easily seen that

$TrB\subset S^{2}T^{*}$ .
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We denote by $S_{0}^{2}T^{*}$ the sub-bundle of $S^{2}T^{*}$ equal to the kernel of the
$trace$ mapping Tr: $S^{2}T^{*}\rightarrow \mathbb{R}$ .

We now introduce various differential operators associated to the
Riemannian manifold $(X, g)$ . First, let $\nabla$ be the Levi-Civita connection
of $(X, g)$ . The Killing operator

$D_{0}$ : $\mathcal{T}\rightarrow S^{2}I^{*}$

of $(X, g)$ sends $\xi\in \mathcal{T}$ into $\mathcal{L}_{\xi}g$ . The Killing vector fields of $(X, g)$ are the
solutions $\xi\in C^{\infty}(T)$ of the equation $D_{0}\xi=0$ . Consider the first-order
differential operator

$div:S^{2}\mathcal{T}^{*}\rightarrow I^{*}$

and the Laplacian
$\overline{\triangle}:S^{2}I^{*}\rightarrow S^{2}\mathcal{T}^{*}$

defined by

$(divh)(\xi)=-\sum_{j=1}^{n}(\nabla h)(t_{j}, t_{j}, \xi)$ ,

$(\overline{\triangle}h)(\xi, \eta)=-\sum_{j=1}^{n}(\nabla^{2}h)(t_{j}, t_{j}, \xi, \eta)$ ,

for $h\in C^{\infty}(S^{2}T^{*})$ , $\xi$ , $\eta\in T_{x}$ , where $x\in X$ and $\{t_{1}, \ldots, t_{n}\}$ is

an orthonormal basis of $T_{x}$ . The formal adjoint of $D_{0}$ is equal to
$2g^{\Downarrow}\cdot div:S^{2}I^{*}\rightarrow \mathcal{T}$ . Since $D_{0}$ is elliptic, if $X$ is compact, we therefore
have the orthogonal decomposition

(1.1) $C^{\infty}(S^{2}T^{*})=D_{0}C^{\infty}(T)\oplus\{h\in C^{\infty}(S^{2}T^{*})|divh=0\}$

(see [1]).
Let $\mathcal{R}(h)$ be the Riemann curvature tensor, as defined in [5, \S 4],

and $Ric(h)$ be the Ricci tensor of a metric $h$ on $X$ , which is are sections
of $B$ and $S^{2}T^{*}$ , respectively. We set $R=\mathcal{R}(g)$ and $Ric=Ric(g)$ ; we

have $Ric=-$ Tr $R$ . We also consider the curvature tensor $\overline{R}$ which is
the section $of\wedge^{2}T^{*}\otimes T^{*}\otimes T$ related to $R$ by

$g(\overline{R}(\xi_{1}, \xi_{2}, \xi_{3}), \xi_{4})=R(\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4})$ ,

for $\xi_{1}$ , $\xi_{2}$ , $\xi_{3}$ , $\xi_{4}\in T$ . Let

$\mathcal{R}_{g}’$ : $S^{2}\mathcal{T}^{*}\rightarrow B$

be the linear differential operator of order 2 which is the linearization
along $g$ of the non-linear operator $h\mapsto \mathcal{R}(h)$ , where $h$ is a Riemannian
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metric on $X$ . The invariance of the operator $h\mapsto \mathcal{R}(h)$ leads us to the
formula

(1.2) $\mathcal{R}_{g}’(\mathcal{L}_{\xi}g)=\mathcal{L}_{\xi}R$ ,

for all $\xi\in I$ .

We now suppose that $(X, g)$ is an Einstein manifold and we write
$Ric=\lambda g$ , with $\lambda\in \mathbb{R}$ . We consider the morphism of vector bundles
$L:S^{2}T^{*}\rightarrow S^{2}T^{*}$ determined by

$L(\alpha. \beta)(\xi, \eta)=2(R(\xi, g^{\phi}\alpha, \eta, g^{Q}\beta)+R(\xi, g^{\#}\beta, \eta, g^{\#}\alpha))$ ,

for $\alpha$ , $\beta\in T^{*}$ and $\xi$ , $\eta\in T$ , and the Lichnerowicz Laplacian

$\triangle:S^{2}\mathcal{T}^{*}\rightarrow S^{2}\mathcal{T}^{*}$

of [16] defined by
$\triangle h=\overline{\triangle}h+2\lambda h+Lh$ ,

for $h\in S^{2}I^{*}$ . If $X$ is compact, in [1] Berger-Ebin define the space $E(X)$

of infinitesimal Einstein deformations of the metric $g$ by

$E(X)=$ { $h\in C^{\infty}(S^{2}T^{*})|divh=0$ , Tr $h=0$ , $\triangle h=2\lambda h$ }

(see also Koiso [14]); by definition, the space $E(X)$ is contained in an
eigenspace of the Lichnerowicz Laplacian $\triangle$ , which is a determined ellip-
tic operator, and is therefore finite-dimensional.

For the remainder of this section, we shall suppose that $(X, g)$ is a
connected locally symmetric space. We consider the sub-bundle $\tilde{B}=\tilde{B}_{X}$

of $B$ , which is the infinitesimal orbit of the curvature and whose fiber at
$x\in X$ is

$\tilde{B}_{x}=$ { $(\mathcal{L}_{\xi}R)(x)|\xi\in I_{x}$ with $(\mathcal{L}_{\xi}g)(x)=0$ }.

We denote by $\alpha:B\rightarrow B/\tilde{B}$ the canonical projection and we consider
the second-order differential operator

$D_{1}$ : $S^{2}\mathcal{T}^{*}\rightarrow B/\tilde{B}$

introduced in [5] and determined by

$(D_{1}h)(x)=\alpha(\mathcal{R}_{g}’(h-\mathcal{L}_{\xi}g))(x)$ ,

for $x\in X$ and $h\in S^{2}\mathcal{T}_{x}^{*}$ , where $\xi$ is an element of $\mathcal{T}_{x}$ satisfying $h(x)=$

$(\mathcal{L}_{\xi}g)(x)$ . Using (1.2), it is easily seen that this operator is well-defined
and that

$D_{1}\cdot D_{0}=0$ .
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Thus we may consider the complex

(1.3) $C^{\infty}(T)\rightarrow C^{\infty}(S^{2}T^{*})D_{0}\rightarrow C^{\infty}(B/\tilde{B})D_{1}$ .

In [5] and [12], we prove the following result:

Theorem 1.1. Suppose that $(X, g)$ isa symmetric space of com-
pact type. If the equality

(1.4) $H\cap(T^{*}\otimes\tilde{B})=\{0\}$

holds, the sequence (1.3) is exact.

If $(X, g)$ has constant curvature, according to [5] we have

(1.5) $\tilde{B}=\{0\}$ ;

in this case, the operator $D_{1}$ is equal to the one introduced by Calabi [3].
Let $Y$ be a connected totally geodesic submanifold of $X$ ; we denote

by $i$ the natural imbedding of $Y$ into $X$ . Let $g_{Y}=i^{*}g$ be the Riemannian
metric on $Y$ induced by $g$ . Then $(Y, g_{Y})$ is a connected locally symmetric
space. For $x\in Y$ , we consider the mapping $i^{*}:$ $B_{x}\rightarrow B_{Y,x}$

, ; in [7]
and [12], we show that

$ i^{*}\tilde{B}_{x}\subset\tilde{B}_{Y,x},\cdot$

If $Y$ has constant curvature, by (1.5) we know that $\tilde{B}_{Y}=\{0\}$ , and so
we infer that

(1.6) $i^{*}\tilde{B}=\{0\}$ .

The following lemma is proved in [12] (see also Lemma 1.2 of [7]).

Lemma 1.1. Assume that $(X, g)$ is a connected locally symmetric
space. Let $Y$ , $Z$ be totally geodesic submanifolds of $X$ ; suppose that $Z$

is a submanifold of $Y$ of constant curvature. Let $h$ be a section of $S^{2}T^{*}$

over X. Let $x\in Z$ and $u$ be an element of $B_{x}$ such that $(D_{1}h)(x)=\alpha u$ .

If the restriction of $h$ to the submanifold $Y$ is a Lie derivative of the
metric on $Y$ induced by $g$ , then the restriction of $u$ to the submanifold
$Z$ vanishes.

\S 2. Criteria for infinitesimal rigidity

Let $(X, g)$ be a compact locally symmetric space. As we remarked
in the introduction, if $\xi$ is a vector field on $X$ , the symmetric 2-form
$\mathcal{L}_{\xi}g$ on $X$ satisfies the zero-energy condition. From this fact and the
decomposition (1.1), we obtain:
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Proposition 2.1. Let $X$ be a compact locally symmetric space.
Assume that any symmetric 2-form $h$ , which satisfies the zero-energy
condition and the relation $divh=0$ , vanishes. Then the space $X$ is
infinitesimally rigid.

We now assume that $(X, g)$ is a symmetric space of compact type.
Then there is a Riemannian symmetric pair $(G, K)$ of compact type,
where $G$ is a compact, connected semi-simple Lie group and $K$ is a
closed subgroup of $G$ such that the space $X$ is isometric to the homo-
geneous space $G/K$ endowed with a $G$-invariant metric. We identify $X$

with $G/K$ .

Let $F$ be a family of closed connected totally geodesic surfaces of
$X$ which is invariant under the group $G$ . Then the set $N_{\mathcal{F}}$ consisting of
those elements of $B$ , which vanish when restricted to the submanifolds
belonging to $\mathcal{F}$ , is a sub-bundle of $B$ . According to formula (1.6), we
see that

$\tilde{B}\subset N_{\mathcal{F};}$

we shall identify $N_{\mathcal{F}}/\tilde{B}$ with a sub-bundle of $B/\tilde{B}$ . If $\beta:B/\tilde{B}\rightarrow B/N_{\mathcal{F}}$

is the canonical projection, we consider the differential operator

$D_{1,,,\mathcal{F}}=\beta D_{1}$ : $S^{2}\mathcal{T}^{*}\rightarrow B/N_{\mathcal{F}}$ .

Let $\mathcal{F}’$ be a family of closed connected totally geodesic submanifolds
of $X$ . We denote by $\mathcal{L}(F’)$ the subspace of $C^{\infty}(S^{2}T^{*})$ consisting of all
symmetric 2-forms $h$ satisfying the following condition: for all submani-
folds $Z\in \mathcal{F}’$ , the restriction of $h$ to $Z$ is a Lie derivative of the metric of
$Z$ induced by $g$ . If every submanifold of $X$ belonging to $F’$ is infinitesi-
mally rigid, then a symmetric 2-form $h$ on $X$ satisfying the zero-energy
condition belongs to $\mathcal{L}(F’)$ ; indeed, the restriction of $h$ to a submanifold
$Z\in F’$ also satisfies the zero-energy condition.

From Lemma 1.1, we obtain:

Proposition 2.2. Let $(X, g)$ be a symmetric space of compact type.
Let $F$ be a family of closed connected totally geodesic surfaces of $X$ which
is invariant under the group $G$ , and let $F’$ be a family of closed con-
nected totally geodesic submanifolds of X. Assume that each surface of
$X$ belonging to $F$ is contained in a submanifold of $X$ belonging to $\mathcal{F}’$ .

A symmetric 2-form $h$ on $X$ belonging to $\mathcal{L}(\mathcal{F}’)$ satisfies the relation
$D_{1,,,\mathcal{F}}h=0$ .

Theorem 2.1. Let $(X, g)$ be a symmetric space of compact type.
Let $F$ be a family of closed connected totally geodesic surfaces of $X$ which
is invariant under the group $G$ , and let $\mathcal{F}’$ be a family of closed connected
totally geodesic submanifolds of X. Assume that every submanifold of
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$X$ belonging to $\mathcal{F}’$ is infinitesimally rigid; assume that each surface of
$X$ belonging to $F$ is contained in a submanifold of $X$ belonging to $\mathcal{F}’$ .

Suppose that the relation (1.4) and the equality

(2.1) $N_{\mathcal{F}}=\tilde{B}$

hold. Then the symmetric space $X$ is infinitesimally rigid.

Proof. Let $h$ be a symmetric 2-form $h$ on $X$ satisfying the zero-
energy condition. According to our hypothesis on the family $\mathcal{F}’$ , we
know that $h$ belongs to $\mathcal{L}(\mathcal{F}’)$ . From Proposition 2.1, we obtain the
relation $D_{1,,,\mathcal{F}}h=0$ . According to the equality (2.1), we therefore see
that $D_{1}h=0$ . By the relation (1.4) and Theorem 1.1, the sequence (1.3)
is exact, and so $h$ is a Lie derivative of the metric $g$ .

We now assume that $(X, g)$ is an irreducible symmetric space of
compact type; then $X$ is an Einstein manifold and we have $Ric=\lambda g$ ,

where $\lambda$ is a positive real number. The following result appears in [12].

Theorem 2.2. Let $(X, g)$ be an irreducible symmetric space of
compact type. Let $\mathcal{F}$ be a family of closed connected totally geodesic

surfaces of $X$ which is invariant under the group $G$ , and let $\mathcal{F}’$ be $a$

family of closed connected totally geodesic submanifolds of X. Let $E$

be a $G$ -invariant sub-bundle of $S_{0}^{2}T^{*}$ . Assume that each surface of $X$

belonging to $F$ is contained in a submanifold of $X$ belonging to $F’$ , and
suppose that the relation

(2.2) Tr $N_{\mathcal{F}}\subset E$

holds. Let $h$ be a symmetric 2-form on $X$ satisfying the relations

$divh=0$ , $D_{1,,,\mathcal{F}}h=0$ .

Then we may write
$h=h_{1}+h_{2}$ ,

where $h_{1}$ is an element of $E(X)$ and $h_{2}$ is a section of $E$ ; moreover, if
$h$ also satisfies the zero-energy condition, we may require that $h_{1}$ and $h_{2}$

satisfy the zero-energy condition.

Proof. Since Tr $E=\{0\}$ and since the relation (2.2) holds, by
Lemma 2.1 of [11], with $N=N_{\mathcal{F}}$ , we see that Tr $h=0$ and that

$\triangle h-2\lambda h\in C^{\infty}(E)$ .

A variant of Proposition 4.2 of [11], with $\mu=2\lambda$ , gives us the desired
result.
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\S 3. The complex quadric

We suppose that $X$ is the complex quadric $Q_{n}$ , with $n$ $\geq 2$ , which
is the complex hypersurface of complex projective space $\mathbb{C}\mathbb{P}^{n+1}$ defined
by the homogeneous equation

$\zeta_{0}^{2}+\zeta_{1}^{2}+\cdots+\zeta_{n+1}^{2}=0$ ,

where $\zeta=(\zeta_{0}, \zeta_{1}, \ldots, \zeta_{n+1})$ is the standard complex coordinate system
of $\mathbb{C}^{n+2}$ . Let $g$ be the K\"ahler metric on $X$ induced by the Fubini-Study
metric $\tilde{g}$ on $\mathbb{C}\mathbb{P}^{n+1}$ of constant holomorphic curvature 4. We denote by
$J$ the complex structure of $X$ or of $\mathbb{C}\mathbb{P}^{n+1}$ .

The group $SU(n+2)$ acts on $\mathbb{C}^{n+2}$ and $\mathbb{C}\mathbb{P}^{n+1}$ by holomorphic

$\mathbb{C}\mathbb{P}^{n+1}invariant\cdot,infactisometries.Itssubgroup$

,
$thegroupGactstransitivelyandefffectivelyG=SO(n+2)leavesthesubmanifoldX$ $onof$

the Riemannian manifold $(X, g)$ by holomorphic isometries. It is easily
verified that $X$ is isometric to the homogeneous space

SO(n+2)/SO(2) $\times SO(n)$

of the group SO(n+2), which is a Hermitian symmetric space of compact
type; when $n\geq 3$ , this space is irreducible. We also know that $(X, g)$ is
an Einstein manifold; its Ricci tensor is given by

(3.1) $Ric=2ng$ .

We now recall some results of Smyth [19]. The second fundamental
form $C$ of the complex hypersurface $X$ of $\mathbb{C}\mathbb{P}^{n+1}$ is a symmetric 2-form
with values in the normal bundle of $X$ in $\mathbb{C}\mathbb{P}^{n+1}$ . We denote by $S$ the
bundle of unit vectors of this normal bundle.

Let $x$ be a point of $X$ and $iJ$ be an element of $S_{x}$ . We consider the
element $h_{\nu}$ of $S^{2}T_{x}^{*}$ defined by

$h_{\nu}(\xi, \eta)=\tilde{g}(C(\xi, \eta),$ $\iota/)$ ,

for all $\xi$ , $\eta\in T_{x}$ . Since $\{l/, J\iota/\}$ is an orthonormal basis for the fiber of
the normal bundle of $X$ in $\mathbb{C}\mathbb{P}^{n+1}$ at the point $x$ , we see that

$C(\xi, \eta)=h_{\nu}(\xi, \eta)\iota/+h_{J\nu}(\xi, \eta)JlJ$ ,

for all $\xi$ , $\eta\in T_{x}$ . If $\mu$ is another element of $S_{x}$ , we have

(3.2) $\mu=\cos\theta$ . $\iota/+\sin\theta$ . $J\iota/$ ,

with $\theta\in \mathbb{R}$ . We consider the symmetric endomorphism $K_{\nu}$ of $T_{x}$ deter-
mined by

$h_{\nu}(\xi, \eta)=g(K_{\nu}\xi, \eta)$ ,
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for all $\xi$ , $\eta\in T_{x}$ . Since our manifolds are K\"ahler, we have

$C(\xi, J\eta)=JC(\xi, \eta)$ ,

for all $\xi$ , $\eta\in T_{x}$ ; from this relation, we deduce the equalities

(3.3) $K_{J\nu}=JK_{\nu}=-K_{\nu}J$.

It follows that $h_{\nu}$ and $h_{J\nu}$ are linearly independent. By (3.3), we see
that $h_{\nu}$ belongs to $(S^{2}T^{*})^{-}$ If $\mu$ is the element (3.2) of $S_{x}$ , it is easily
verified that

(3.4) $K_{\mu}=\cos\theta\cdot K_{\nu}+\sin\theta\cdot JK_{\nu}$ .

From the Gauss equation, the expression for the Riemann curvature
tensor of $\mathbb{C}\mathbb{P}^{n+1}$ (endowed with the metric $\tilde{g}$ ) and the relation (3.3), we
obtain the equality

$\tilde{R}(\xi, \eta)\zeta=g(\eta, \zeta)\xi-g(\xi, \zeta)\eta+g(J\eta, \zeta)J\xi-g(J\xi, \zeta)J\eta$

(3.5) $-2g(J\xi, \eta)J\zeta+g(K_{\nu}\eta, \zeta)K_{\nu}\xi-g(K_{\nu}\xi, \zeta)K_{\nu}\eta$

$+g(JK_{\nu}\eta, \zeta)JK_{\nu}\xi-g(JK_{\nu}\xi, \zeta)JK_{\nu}\eta$ ,

for all $\xi$ , $\eta$ , $\zeta\in T_{x}$ . From (3.3), we infer that the $trace$ of the endomor-
phism $K_{\nu}$ of $T_{x}$ vanishes. According to this last remark and formulas
(3.3) and (3.5), we see that

$Ric(\xi, \eta)=-2g(K_{\nu}^{2}\xi, \eta)+2(n+1)g(\xi, \eta)$ ,

for all $\xi$ , $\eta\in T_{x}$ . From (3.1), it follows that $K_{\nu}$ is an involution. We call
$K_{\nu}$ the reaZ structure of the quadric associated to the unit normal $IJ$ .

We denote by $T_{\nu}^{+}$ and $T_{\nu}^{-}$ the eigenspaces of $K_{\nu}$ corresponding to
the $eigenvalues+1$ and-1, respectively. Then by (3.3), we infer that $J$

induces isomorphisms of $T_{\nu}^{+}$ onto $T_{\nu}^{-}$ and of $T_{\nu}^{-}$ onto $T_{\nu}^{+}$ , and that

(3.6) $T_{x}=T_{\nu}^{+}\oplus T_{\nu}^{-}$

is an orthogonal decomposition. If $\phi$ is an element of the group $G$ , we
have

$C(\phi_{*}\xi, \phi_{*}\eta)=\phi_{*}C(\xi, \eta)$ ,

for all $\xi$ , $\eta\in T$ . Thus, if $\mu$ is the tangent vector $\phi_{*}\iota/$ belonging to $S_{\phi(x)}$ ,

we see that
$h_{\mu}(\phi_{*}\xi, \phi_{*}\eta)=h_{\nu}(\xi, \eta)$ ,

for all $\xi$ , $\eta\in T_{x}$ , and hence that

(3.7) $K_{\mu}\phi_{*}=\phi_{*}K_{\nu}$



88 J. Gasqui and H. Goldschmidt

on $T_{x}$ . Therefore $\phi$ induces isomorphisms

$\phi_{*}:$ $T_{\nu}^{+}\rightarrow T_{\mu}^{+}$ , $\phi_{*}:$
$T_{\nu}^{-}\rightarrow T_{\mu}^{-}$ .

We now decompose the homogeneous bundle $S^{2}T^{*}$ of symmetric
2-forms on $X$ into $G$-invariant sub-bundles following [8]. The complex
structure of $X$ induces a decomposition

$S^{2}T^{*}=(S^{2}T^{*})^{+}\oplus(S^{2}T^{*})^{-}$

of the bundle $S^{2}T^{*}$ , where $(S^{2}T^{*})^{+}$ is the sub-bundle of Hermitian forms
and $(S^{2}T^{*})^{-}$ is the sub-bundle of skew-Hermitian forms. We consider
the sub-bundle $L$ of $(S^{2}T^{*})^{-}$ introduced in [8], whose fiber at $x\in X$ is
equal to

$L_{x}=\{h_{\mu}|\mu\in S_{x}\}$ ;

according to (3.4), this fiber $L_{x}$ is generated by the elements $h_{\nu}$ and
$h_{J\nu}$ and so the sub-bundle $L$ of $(S^{2}T^{*})^{-}$ is of rank 2. We denote by
$(S^{2}T^{*})^{-\perp}$ the orthogonal complement of $L$ in $(S^{2}T^{*})^{-}$ .

For $h\in(S^{2}T^{*})_{x}^{+}$ , we define an element $K_{\nu}(h)$ of $S^{2}T_{x}^{*}$ by

$K_{\nu}(h)(\xi, \eta)=h(K_{\nu}\xi, K_{\nu}\eta)$ ,

for all $\xi$ , $\eta\in T_{x}$ . Using (3.3) and (3.5), we see that $K_{\nu}(h)$ belongs to
$(S^{2}T^{*})^{+}$ and does not depend on the choice of the unit normal $iJ$ . We
thus obtain a canonical involution of $(S^{2}T^{*})^{+}$ over all of $X$ , which gives
us the orthogonal decomposition

$(S^{2}T^{*})^{+}=(S^{2}T^{*})^{++}\oplus(S^{2}T^{*})^{+-}$

into the direct sum of the eigenbundles $(S^{2}T^{*})^{++}$ and $(S^{2}T^{*})^{+-}$ corre-
sponding to the eigenvalues+1 and -1, respectively, of this involution.
We easily see that

$(S^{2}T^{*})_{x}^{++}=$ { $h\in(S^{2}T^{*})_{x}^{+}|h(\xi,$ $J\eta)=0$ , for all $\xi$ , $\eta\in T_{\nu}^{+}$ },

$(S^{2}T^{*})_{x}^{+-}=$ { $h\in(S^{2}T^{*})_{x}^{+}|h(\xi,$ $\eta)=0$ , for all $\xi$ , $\eta\in T_{\nu}^{+}$ }.

The metric $g$ is a section of $(S^{2}T^{*})^{++}$ and generates a line bun-
dle $\{g\}$ , whose orthogonal complement in $(S^{2}T^{*})^{++}$ is the sub-bundle
$(S^{2}T^{*})_{0}^{++}$ consisting of the traceless symmetric tensors of $(S^{2}T^{*})^{++}$ .

We thus obtain the $G$-invariant orthogonal decomposition

(3.8) $S^{2}T^{*}=L\oplus(S^{2}T^{*})^{-\perp}\oplus\{g\}\oplus(S^{2}T^{*})_{0}^{++}\oplus(S^{2}T^{*})^{+-};$

using the relation (3.7), we easily see that this decomposition is
$G$ invariant.
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Let $x_{0}$ be a fixed point of $X$ and let $K$ be the subgroup of $G$ equal
to the isotropy group of the point $x_{0}$ . Let $\emptyset$ denote the complexification
of the Lie algebra $\epsilon 0(n+2)$ of $G$ . The fibers at $x_{0}$ of the sub-bundles of
$S^{2}T^{*}$ appearing in the decomposition (3.8) and their complexifications
are $K$-modules.

We write

$E_{1}=(S^{2}T^{*})_{0,,,\mathbb{C}}^{++}$ , $E_{2}=L_{\mathbb{C}}$ , $E_{3}=(S^{2}T^{*})_{\mathbb{C}}^{-\perp}$ .

In [12], we prove the following result:

Lemma 3.1. Let $X$ be the complex quadric $Q_{n}$ , with $n$ $\geq 3$ .

(i) We have
$Hom_{K}(g, E_{j,x_{0}})=\{0\}$ ,

for $j=1,2,3$ .

(ii) If $n$ $\neq 4$ , we have

$dim$ $Hom_{K}(g, (S^{2}T^{*})_{\mathbb{C},,,x_{0}}^{+-})=1$ .

(iii) If $n=4$ , we have

$dim$ $Hom_{K}(g, (S^{2}T^{*})_{\mathbb{C},,,x_{0}}^{+-})=2$ .

From Lemma 3.1 and the decomposition (3.8), we deduce that

(3.8) $dim$ $Hom_{K}(g, S_{0}^{2}T_{\mathbb{C},,,x_{0}}^{*})=1$

when $n$ $\neq 4$ , and that

(3.10) $dim$ $Hom_{K}(g, S_{0}^{2}T_{\mathbb{C},,,x_{0}}^{*})=2$

when $n$ $=4$ .

In [12], it is shown that the following proposition is a consequence
of Lemma 3.1 and the equalities (3.9) and (3.10).

Proposition 3.1. Let $X$ be the complex quadric $Q_{n}$ , with $n$ $\geq 3$ .

If $n$ $\neq 4$ , we have

$E(X)=\{0\}$ .

If $n$ $=4$ , we have
$E(X)\subset C^{\infty}((S^{2}T^{*})^{+-})$ .

When $n$ $\neq 4$ , the vanishing of the space $E(X)$ was first proved by
Koiso (see [14] and [15]).
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\S 4. Totally geodesic submanifolds of the quadric

In this section, we suppose that $X$ is the complex quadric $Q_{n}$ , with
$n$ $\geq 3$ . We first introduce various families of closed connected totally
geodesic submanifolds of $X$ . Let $x$ be a point of $X$ and $iJ$ be an element
of $S_{x}$ .

If $\{\xi, \eta\}$ is an orthonormal set of vectors of $T_{\nu}^{+}$ , according to formula
(2.5) we see that the set $Exp_{x}F$ is a closed connected totally geodesic
surface of $X$ , whenever $F$ is the subspace of $T_{x}$ generated by one of
following families of vectors:

$(A_{1})\{\xi, J\eta\}$ ;
$(A_{2})\{\xi+J\eta, J\xi-\eta\}$ ;
$(A_{3})\{\xi, J\xi\}$ ;
$(A_{4})\{\xi, \eta\}$ .

Let $\{\xi, \eta\}$ be an orthonormal set of vectors of $T_{\nu}^{+}$ . According to [4],
if $F$ is generated by the family $(A_{2})$ (resp. the family $(A_{3})$ ) of vec-
tors, the surface $Exp_{x}F$ is isometric to the complex projective line $\mathbb{C}\mathbb{P}^{1}$

with its metric of constant holomorphic curvature 4 (resp. curvature 2).
Moreover, if $F$ is generated by the family $(A_{1})$ , the surface $Exp_{x}F$ is
isometric to a flat torus. In [12], we verify that, if $F$ is generated by
the family $(A_{4})$ , the surface $Exp_{x}F$ is isometric to a sphere of constant
curvature 2.

For $1\leq j\leq 4$ , we denote by $\tilde{F}^{j,\nu}$ the set of all closed totally geodesic
surfaces of $X$ which can be written in the form $Exp_{x}$ $F$ , where $F$ is a
subspace of $T_{x}$ generated by a family of vectors of type $(A_{j})$ .

If $\in is$ a number equal to $\pm 1$ and if $\xi$ , $\eta$ , $\zeta$ are unit vectors of $T_{\nu}^{+}$

satisfying

$g(\xi, \eta)=g(\xi, \zeta)=3g(\eta, \zeta)=\in\frac{3}{5}$ ,

and if $F$ is the subspace of $T_{x}$ generated by the vectors

$\{\xi+J\zeta, \eta+\epsilon J(\xi-\eta)-J\zeta\}$ ,

according to (2.5) we also see that the set $Exp_{x}F$ is a closed connected
totally geodesic surface of $X$ . Moreover, according to [4] this surface is

isometric to a sphere of constant curvature 2/5. We denote by $\tilde{\mathcal{F}}^{5,\nu}$ the
set of all such closed totally geodesic surfaces of $X$ .

If $\{\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4}\}$ is an orthonormal set of vectors of $T_{\nu}^{+}$ and if $F$ is
the subspace of $T_{x}$ generated by the vectors

$\{\xi_{1}+J\xi_{2}, \xi_{3}+J\xi_{4}\}$ ,

according to (2.5) we see that the set $Exp_{x}F$ is a closed connected
totally geodesic surface of $X$ . Moreover, according to [4] this surface
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is isometric to the real projective plane $\mathbb{R}\mathbb{P}^{2}$ of constant curvature 1.
Clearly such submanifolds of $X$ only occur when $n$ $\geq 4$ . We denote by
$\tilde{\mathcal{F}}^{6,\nu}$ the set of all such closed totally geodesic surfaces of $X$ .

If $\{\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4}\}$ is an orthonormal set of vectors of $T_{\nu}^{+}$ and if $F$ is
the subspace of $T_{x}$ generated by the vectors

$\{\xi_{1}+J\xi_{2}, J\xi_{1}-\xi_{2}, \xi_{3}+J\xi_{4}, J\xi_{3}-\xi_{4}\}$ ,

according to (2.5) we see that the set $Exp_{x}F$ is a closed connected totally
geodesic submanifold of $X$ . Moreover, this submanifold is isometric to
the complex projective plane $\mathbb{C}\mathbb{P}^{2}$ of constant holomorphic curvature 4.
Clearly such submanifolds of $X$ only occur when $n$ $\geq 4$ . We denote by
$\tilde{\mathcal{F}}^{7,\nu}$ the set of all such closed totally geodesic submanifolds of $X$ .

When $n$ $\geq 4$ , clearly a surface belonging to the family $\tilde{\mathcal{F}}^{2,\nu}$ or to the
family $\tilde{\mathcal{F}}^{6,\nu}$ is contained in a closed totally geodesic submanifold of $X$

belonging to the family $\tilde{\mathcal{F}}^{7,\nu}$ . In fact, the surfaces of the family $\tilde{\mathcal{F}}^{2,\nu}$

(resp. the family $\tilde{\mathcal{F}}^{6,\nu}$ ) correspond to complex lines (resp. to linearly
imbedded real projective planes) of the submanifolds of $X$ belonging to

the family $\tilde{\mathcal{F}}^{7,\nu}$ viewed as complex projective planes.
Let $W$ be a subspace of $T_{\nu}^{+}$ of dimension $k\geq 2$ ; by (3.6), we may

consider the subspace $F=W\oplus JW$ of $T_{x}$ of dimension $2k$ , which is
stable under $J$ . The set $Exp_{x}F$ is a closed connected totally geodesic
complex submanifold of $X$ ; in [12], we show that it isometric to the
quadric $Q_{k}$ of dimension $k$ . Let $\mathcal{F}’$ be the $G$-invariant family of all
closed connected totally geodesic submanifolds of $X$ which are isometric
to the quadric $Q_{3}$ of dimension 3.

Let $Z$ be a surface belonging to the family $\tilde{F}^{j,\nu}$ , with $1\leq j\leq 5$ .
We may write $Z=Exp_{x}$ $F$ , where $F$ is an appropriate subspace of $T_{x}$ .

Clearly, this space $F$ is contained in a subspace of $T_{x}$ which can be writ-
ten in the form $W\oplus JW$ , where $W$ is a subspace of $T_{\nu}^{+}$ of dimension 3.
Therefore $Z$ is contained in a submanifold of $X$ belonging to $\mathcal{F}’$ .

For $1\leq j\leq 7$ , we consider the $G$-invariant families

$\tilde{\mathcal{F}}^{j}=\bigcup_{x\in X}F^{j,\nu}\nu\in S_{x}$

of closed connected totally geodesic submanifolds of $X$ . When $n$ $\geq 4$ , we
know that a surface belonging to the family $\tilde{F}^{2}$ is contained in a closed
totally geodesic submanifold of $X$ belonging to the family $\mathcal{F}^{7}$ . We write

$F_{1}=\tilde{F}^{1}\cup\tilde{F}^{3}\cup\tilde{F}^{4}$ , $F_{2}=\tilde{\mathcal{F}}^{1}\cup\tilde{F}^{2}\cup\tilde{\mathcal{F}}^{6}$ ,

$F_{3}=\tilde{\mathcal{F}}^{1}\cup\tilde{\mathcal{F}}^{2}\cup\tilde{F}^{4}\cup\tilde{\mathcal{F}}^{5}$ .
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We have seen that a surface belonging to the family $\tilde{\mathcal{F}}^{j}$ , with $1\leq j\leq 5$ ,
is contained in a closed totally geodesic submanifold of $X$ belonging to
the family $F’$ .

In [4], Dieng classifies all closed connected totally geodesic surfaces
of $X$ and proves the following:

Proposition 4.1. If $n$ $\geq 3$ , then the family of all closed connected
totally geodesic surfaces of $X$ is equal to $F_{1}\cup \mathcal{F}_{2}\cup \mathcal{F}_{3}$ .

In fact, the family $\mathcal{F}^{1}$ is equal to the set of all maximal flat totally
geodesic tori of $X$ .

We now describe some of the relationships between the families of
closed totally geodesic surfaces of $X$ introduced above, the $G$-invariant
sub-bundles of $S^{2}T^{*}$ and the infinitesimal orbit of the curvature $\tilde{B}$ . If
$F$ is a $G$-invariant family of closed connected totally geodesic surfaces
of $X$ , we denote by $N_{\mathcal{F}}$ the sub-bundle of $B$ consisting of those elements
of $B$ which vanish when restricted to the submanifolds of $F$ .

For $j=1,2,3$ , we set

$N_{j}=N_{\mathcal{F}_{j}}$ .

According to formula (1.6), we see that

$\tilde{B}\subset N_{j}$ ,

for $j=1,2,3$ .

The following lemma, proved in [12], will not be required here.

Lemma 4.1. For $n\geq 3$ , we have

Tr $N_{1}\subset(S^{2}T^{*})^{+-}$

In [12], we prove Proposition 4.2; on the other hand, Proposition 4.3
is given by Proposition 5.1 of [8].

Proposition 4.2. For $n$ $\geq 5$ , we have

$TrN_{2}=L$ .

Proposition 4.3. For $n$ $=4$ , we have

Tr $N_{2}\subset L\oplus(S^{2}T^{*})^{+-}$

In [6], Dieng shows that an element of $N_{3}$ vanishes when restricted

to a surface of $X$ belonging to the family $\tilde{F}^{3}$ and proves the following
result:
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Proposition 4.4. For $n$ $\geq 3$ , we have

$N_{3}=\tilde{B}$ .

When $n$ $\geq 3$ , Dieng [4] shows that

$H\cap(T^{*}\otimes N_{3})=\{0\}$ ,

and then deduces the relation (1.4) for the complex quadric $X$ from
Proposition 4.4; thus, we have the following result:

Proposition 4.5. For $n$ $\geq 3$ , we have

$H\cap(T^{*}\otimes\tilde{B})=\{0\}$ .

From Proposition 4.5 and Theorem 1.1, we deduce the exactness of
the sequence (1.3) for the complex quadric $X=Q_{n}$ , with $n$ $\geq 3$ .

\S 5. Infinitesimal rigidity of the quadric

The sub-bundle $L_{\mathbb{C}}$ of $S^{2}T_{\mathbb{C}}^{*}$ is a homogeneous bundle over $X$ ; thus
$C^{\infty}(L_{\mathbb{C}})$ is a $G$-module. Let $\gamma$ be an element of the set $\hat{G}$ of equivalence
classes of irreducible $G$-modules over $\mathbb{C}$ , and let $V_{\gamma}$ be an irreducible
$G$-module which is a representative of $\gamma$ . In [12], we show that the
isotypic component $C_{\gamma}^{\infty}(L_{\mathbb{C}})$ of the $G$-module $C^{\infty}(L_{\mathbb{C}})$ corresponding
to $\gamma$ is a $G$-submodule of $C^{\infty}(L_{\mathbb{C}})$ isomorphic to $k$ copies of $V_{\gamma}$ , where $k$

is equal either to 0 or 2. When $k=2$ , we also describe an explicit basis
for the subspace $W_{\gamma}$ of dimension 2 generated by the highest weight
vectors of the $G$-module $C_{\gamma}^{\infty}(L_{\mathbb{C}})$ ; we then consider the action of the

differential operator $div:S^{2}T_{\mathbb{C}}^{*}\rightarrow T_{\mathbb{C}}^{*}$ on the elements of $W_{\gamma}$ and prove

that the induced mapping $div:W_{\gamma}\rightarrow C^{\infty}(T_{\mathbb{C}}^{*})$ is injective. Since the
restriction $div:L_{\mathbb{C}}\rightarrow T_{\mathbb{C}}^{*}$ is a homogeneous differential operator, from
these facts we deduce the following result:

Proposition 5.1. Let $X$ be the complex quadric $Q_{n}$ , with $n$ $\geq 3$ .

A section $h$ of $L$ over $X$ , which satisfies the relation $divh=0$ , vanishes
identically.

The essential aspects of the proof of following proposition were first
given by Dieng in [4].

Proposition 5.2. The infinitesimal rigidity of the quadric $Q_{3}$ im-
plies that all the quadrics $Q_{n}$ , with $n$ $\geq 3$ , are infinitesimally rigid.

Proof. We consider the $G$-invariant family $F_{3}$ of closed connected
totally geodesic surfaces of $X$ and the family $\mathcal{F}’$ of closed connected
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totally geodesic submanifolds of $X$ isometric to the quadric $Q_{3}$ of \S 4.
We have seen that each surface belonging to the family $F_{3}$ is contained in
a totally geodesic submanifold of $X$ belonging to the family $\mathcal{F}’$ . Assume
that we know that the quadric $Q_{3}$ is infinitesimally rigid; then every
submanifold of $X$ belonging to $\mathcal{F}’$ is infinitesimally rigid; moreover, by
Propositions 4.4 and 4.5, the families $F$ $=F_{3}$ and $F’$ satisfy the hypothe-
ses of Theorem 2.1. From this last theorem, we deduce the infinitesimal
rigidity of $X$ .

We consider the families $\tilde{F}^{1},\tilde{F}^{2},\tilde{F}$ and $\tilde{\mathcal{F}}^{7}$ of closed connected
totally geodesic submanifolds of $X$ . We set

$\mathcal{F}’’=\tilde{\mathcal{F}}^{1}\cup\tilde{\mathcal{F}}^{6}\cup \mathcal{F}^{7}$

.

We consider the $G$-invariant family

$F$ $=\mathcal{F}_{2}=\mathcal{F}^{1}\cup\tilde{F}^{2}\cup\tilde{F}^{6}$

of totally geodesic surfaces of $X$ and the sub-bundle $N_{2}=N_{\mathcal{F}_{2}}$ of $B$ ,

introduced in \S 4, and the corresponding differential operator

$D_{1,,,\mathcal{F}}$ : $S^{2}I^{*}\rightarrow B/N_{2}$ .

We recall that a submanifold of $X$ belonging to $\tilde{\mathcal{F}}^{1}$ (resp. to $\tilde{F}^{6}$ ) is a sur-
face isometric to the flat 2-torus (resp. to the real projective plane $\mathbb{R}\mathbb{P}^{2}$ ),

while a submanifold of $X$ belonging to $\tilde{\mathcal{F}}^{7}$ is isometric to the complex
projective space $\mathbb{C}\mathbb{P}^{2}$ . Each surface belonging to $\tilde{F}^{2}$ is contained in a
submanifold of $X$ belonging to the family $\tilde{\mathcal{F}}^{7}$ ; therefore each surface
of $X$ belonging to $F$ is contained in a submanifold of $X$ belonging to the
family $\mathcal{F}’’$ . In the introduction, we mentioned that a flat 2-tori, the real
projective plane IRIP2 and the complex projective space $\mathbb{C}\mathbb{P}^{2}$ are infinites-
imally rigid symmetric spaces. Thus every submanifold of $X$ belonging
to $\mathcal{F}’’$ is infinitesimally rigid. Hence a symmetric 2-form $h$ on $X$ satisfy-
ing the zero-energy condition belongs to $\mathcal{L}(F^{JJ})$ ; by Proposition 2.2, the
2-form $h$ verifies the relation

$D_{1,,,\mathcal{F}}h=0$ .

Proposition 5.3. Let $h$ be a symmetric 2-form on quadric $X=$

$Q_{n}$ , with $n$ $\geq 4$ , satisfying the zero-energy condition and the relation
$divh=0$ . Then when $n$ $\geq 5$ , the symmetric form $h$ is a section of
the vector bundle $L$ ; when $n=4$ , it is a section of the vector bundle
$L\oplus(S^{2}T^{*})^{+-}$
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Proof. We know that $h$ belongs to $\mathcal{L}(\mathcal{F}’’)$ . We suppose that $n$ $\geq 5$

(resp. that $n$ $=4$). According to Proposition 4.2 (resp. to Proposi-
tion 4.3), we see that the hypotheses of Theorem 2.2 hold, with $E=L$

(resp. with $E=L\oplus(S^{2}T^{*})^{+-}$ ). By Proposition 3.1, we know that
$E(X)=\{0\}$ (resp. that $E(X)\subset C^{\infty}((S^{2}T^{*})^{+-})$ ). Then Theorem 2.2
tells us that $h$ is a section of $L$ (resp. of $L\oplus(S^{2}T^{*})^{+-}$ ).

The following result is proved in [9] (see also [12]):

Proposition 5.4. Let $X$ be the quadric $Q_{4}$ . A section $h$ of the
vector bundle $L\oplus(S^{2}T^{*})^{+-}$ satisfying the relations

$divh=0$ , $D_{1,,,\mathcal{F}}h=0$

vanishes identically.

We now prove the infinitesimal rigidity of the quadric $X=Q_{n}$ ,
with $n$ $\geq 4$ , using Propositions 5.1, 5.3 and 5.4. In the case $n=4$ ,

this proof appears in [9]. Let $h$ be a symmetric 2-form on the quadric
$X=Q_{n}$ , with $n$ $\geq 4$ , satisfying the zero-energy condition and the
relation $divh=0$ . When $n\geq 5$ , Proposition 5.3 tells us that $h$ is a
section of $L$ ; by Proposition 5.1, we see that $h$ vanishes identically. When
$n$ $=4$ , Proposition 5.3 tells us that $h$ is a section of $L\oplus(S^{2}T^{*})^{+-}$ , and,
as we saw above, Proposition 2.2 gives us the relation $D_{1,,,\mathcal{F}}h=0$ ; by
Proposition 5.4, we see that $h$ vanishes. Then Proposition 2.1 gives us
the infinitesimal rigidity of $X$ .
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On One-Parametric Families
of B\"acklund Transformations

Sergei Igonin and Joseph Krasil’shchik

Abstract.

In the context of the cohomological deformation theory, infinites-
imal description of one-parametric families of B\"acklund transforma-
tions of special type including classical examples is given. It is shown
that any family of such a kind evolves in the direction of a nonlocal
symmetry shadow in the sense of [9].

Introduction

The role of B\"acklund transformations in constructing exact solu-
tions of nonlinear partial differential equations is well known, see [2]
and [13] and relevant references therein, for example. A general scheme
is illustrated by classical works by B\"acklund and Bianchi. Namely, for
the sine-Gordon equation

(1) $u_{xy}=\sin u$

B\"acklund constructed a system of differential relations $B(u, v;\lambda)=0$

depending on a real parameter $\lambda$ $\in \mathbb{R}$ and satisfying the following
property: if $u=u(x, y)$ is a solution of (1), then $v$ is a solution of
the same equation and vice versa. Using this result, Bianchi showed
that if a known solution $u_{0}$ is given and solutions $u_{1}$ , $u_{2}$ satisfy the
relations $B(u_{0}, u_{i} ; \lambda_{i})=0$ , $i=1,2$ , then there exists a solution $u_{12}$

which satisfies $B(u_{1}, u_{12} ; \lambda_{2})=0$ , $B(u_{2}, u_{12} ; \lambda_{1})=0$ and is expressed in

terms of $u_{0}$ , $u_{1}$ , $u_{2}$ in terms of relatively simple equalities. This is the
so-called Bianchi permutability theorem, or nonlinear superposition prin-
ciple. This scheme was successfully applied to many other “integrable”
equations.
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Quite naturally, a general problem arises: given an arbitrary PDE $\mathcal{E}$ ,
when are we able to implement a similar construction? This question is
closely related to another problem of a great importance in the theory

of integrable systems, the problem of insertion of a nontrivial “spectral
parameter” to the initial equation. In this paper, we mainly deal with
the first problem referring the reader to the yet unpublished work by
M. Marvan [10], where the second problem is analyzed.

Our approach to solution lies in the framework of the geometrical
theory of nonlinear PDE, and the first section of the paper contains a
brief introduction to this theory, including its nonlocal aspects (the the-
ory of coverings), see [1], [7], [8] and [9]. The second section deals with
cohomological invariants of nonlinear PDE naturally associated to the
equation structure. Our main concern here is the relation between this
cohomology theory and deformations of the structure [4], [5] and [8]. In
the third section, we give a geometrical definition of B\"acklund trans-
formations and using cohomological techniques prove the main result
of the paper describing infinitesimal part of one-parameter families of
B\"acklund transformations.

\S 1. Equations and coverings

Let us recall basic facts from the geometry of nonlinear PDE, [1], [7]
and [8].

Consider a smooth manifold $M$ , $dimM$ $=n$ , and a locally triv-
ial smooth vector bundle $\pi:E\rightarrow M$ . Denote by $\pi_{k}$ : $J^{k}(\pi)\rightarrow M$ ,

$k=0,1$ , $\ldots$ , $\infty$ , the corresponding bundles of jets. A differential equa-
tion of order $k$ , $ k<\infty$ , in the bundle $\pi$ is a smooth submanifold
$\mathcal{E}\subset J^{k}(\pi)$ . To any equation $\mathcal{E}$ there corresponds a series of its prolon-
gations $\mathcal{E}^{s}\subset J^{k+s}(\pi)$ and the infifinite prolongation $\mathcal{E}^{\infty}\subset J^{\infty}(\pi)$ . We
consider below formally integrable equations, which means that all $\mathcal{E}^{s}$

are smooth manifolds and the natural projection $\pi_{\mathcal{E}}=\pi_{\infty}|\epsilon\infty:\mathcal{E}^{\infty}\rightarrow M$

is a smooth bundle. For any $s>0$ there also exist natural bundles

(2) $\mathcal{E}^{\infty}\rightarrow \mathcal{E}^{s}\pi_{\mathcal{E},s}\rightarrow \mathcal{E}^{s-1}\pi_{\mathcal{E},s,s-1}\rightarrow M\pi_{\mathcal{E},s-1}$

whose composition equals $\pi_{\mathcal{E}}$ . The space $J^{\infty}(\pi)$ is endowed with an inte-
grable distribution1 denoted by $CD(\pi)$ . Namely, any point $\theta\in J^{\infty}(\pi)$

is, by definition, represented in the form $[f]_{x}^{\infty}$ , $x=\pi_{\infty}(\theta)\in M$ , where
$f$ is a (local) section of $\pi$ such that the graph $M_{f}^{\infty}$ of its infinite jet

Integrability in this context means that $CD(\pi)$ satisfies the Frobenius
condition: $[CD(\pi), CD(\pi)]\subset CD(\pi)$ .
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passes through $\theta$ while $[f]_{x}^{\infty}$ is the class of (local) sections $f’$ such that
the graph of $f’$ is tangent to the graph of $f$ at $f(x)\in E$ with infinite
order.

Then the tangent plane $T_{\theta}M_{f}^{\infty}$ is independent of the choice of $f$ and

we set $CD(\pi)_{\theta}=T_{\theta}M_{f}^{\infty}$ . The distribution $CD(\pi)$ is $n$-dimensional and
is called the Cartan distribution on $J^{\infty}(\pi)$ . Since, by construction, all
planes of the Cartan distribution are horizontal (with respect to $\pi_{\infty}$ )
and $n$-dimensional, a connection $C:D(M)\rightarrow D(\pi)$ is determined, where
$D(M)$ and $D(\pi)$ denote the modules of vector fields on $M$ and $J^{\infty}(\pi)$

respectively. This connection is flat and is called the Cartan connection.

Remark 1. In fact, the bundle $\pi_{\infty}$ possesses a stronger structure
than just a flat connection. Namely, for any vector bundles $\xi$ and $\eta$

over $M$ and a linear differential operator $\triangle$ acting from $\xi$ to $\eta$ , a lin-
ear differential operator $C\triangle$ acting from the pullback $\pi_{\infty}^{*}(\xi)$ to $\pi_{\infty}^{*}(\eta)$

is defined in a natural way. The correspondence $\triangle\mapsto C\triangle$ is linear,
preserves composition, and the Cartan connection is its particular case.

Both the Cartan distribution and the Cartan connection are
restricted to the spaces $\mathcal{E}^{\infty}$ and bundles $\pi\epsilon$ respectively. The corre-
sponding objects are denoted by $CD(\mathcal{E}^{\infty})$ and $C$ $=c_{\epsilon}$ : $D(M)\rightarrow D(\mathcal{E}^{\infty})$ ,

where $D(\mathcal{E}^{\infty})$ is the module of vector fields on $\mathcal{E}^{\infty}$ . The characteristic
property of the Cartan distribution $CD(\mathcal{E}^{\infty})$ on $\mathcal{E}^{\infty}$ is that its maxi-
mal integral manifolds are solutions of the equation $\mathcal{E}$ and vice versa.
The connection form $U\epsilon\in D(\Lambda^{1}(\mathcal{E}^{\infty}))$ of the connection $c_{\epsilon}$ is called the
structural element of the equation $\mathcal{E}$ . Here $D(\Lambda^{1}(\mathcal{E}^{\infty}))$ denotes the mod-
ule of derivations $C^{\infty}(\mathcal{E}^{\infty})\rightarrow\Lambda^{1}(\mathcal{E}^{\infty})$ with the values in the module of
one-forms on $\mathcal{E}^{\infty}$ .

Denote by $D_{C}(\mathcal{E}^{\infty})$ the module

$D_{C}(\mathcal{E}^{\infty})=\{X\in D(\mathcal{E}^{\infty})|[X, CD(\mathcal{E}^{\infty})]\subset CD(\mathcal{E}^{\infty})\}$ .

Then $D_{C}(\mathcal{E}^{\infty})$ is a Lie algebra with respect to commutator of vec-
tor fields and due to integrability of the Cartan distribution $CD(\mathcal{E}^{\infty})$

is its ideal. The quotient Lie algebra $sym\mathcal{E}=D_{C}(\mathcal{E}^{\infty})/CD(\mathcal{E}^{\infty})$ is
called the algebra of (higher) symmetries of the equation $\mathcal{E}$ . Denote
by $D^{v}(\mathcal{E}^{\infty})$ the module of $\pi\epsilon$ -vertical vector fields on $\mathcal{E}^{\infty}$ . Then in any
coset $Xmod CD(\mathcal{E}^{\infty})\in sym\mathcal{E}$ there exists a unique vertical element and
this element is called a (higher) symmetry of $\mathcal{E}$ .

Remark 2. It may so happen that a coset $Xmod CD(\mathcal{E}^{\infty})$ contains
a representative $X’$ which is projectable to a vector field $X_{s}’$ on $\mathcal{E}^{s}$ by
$\pi_{\mathcal{E},,,s}$ for some $ s<\infty$ . In this case, $X’$ is called a classical (infifinitesimal)

symmetry of $\mathcal{E}$ and possesses trajectories in $\mathcal{E}^{\infty}$ . The corresponding
diffeomorphisms preserve solutions of $\mathcal{E}$ and are called fifinite symmetries.
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We now pass to a generalization of the above described geometrical
theory, the theory of coverings [1, 8, 9]. Let $\tau:W\rightarrow \mathcal{E}^{\infty}$ be a smooth
fiber bundle, the manifold $W$ being equipped with an integrable distri-
bution $C_{\tau}D(W)=CD(W)\subset D(W)$ of dimension $n=dimM$ . Then $\tau$ is
called a covering over $\mathcal{E}$ (or over $\mathcal{E}^{\infty}$ ), if for any point $\theta\in W$ one has
$\tau_{*}(CD(W)_{\theta})=CD(\mathcal{E}^{\infty})_{\tau(\theta)}$ . Equivalently, a covering structure in the
bundle $\tau$ is determined by a flat connection $C_{\tau}$ : $D(M)\rightarrow D(W)$ satisfy-
ing $\tau_{*}\circ C_{\tau}=C_{\epsilon}$ . Let $U_{\tau}\in D(\Lambda^{1}(W))$ be the corresponding connection
form. We call it the structural element of the covering $\tau$ .

Example 1 (see [12]). Let $\mathcal{E}\subset J^{k}(\pi)$ be an equation. Consider
the tangent bundle $T\mathcal{E}^{\infty}\rightarrow \mathcal{E}^{\infty}$ and the subbundle $\pi_{\epsilon}^{v}$ : $T^{v}\pi\epsilon\rightarrow \mathcal{E}^{\infty}$ ,
where $T^{v}\pi_{\mathcal{E}}$ consists of $\pi_{\mathcal{E}}$ -vertical vectors. Hence, the module of sections
for $\pi_{\epsilon}^{v}$ consists of $\pi\epsilon$ -vertical vector fields on $\mathcal{E}^{\infty}$ .

Then $\pi_{\epsilon}^{v}$ carries a natural covering structure. Namely, for any vector
field $X\in D(M)$ and a vertical vector field $Y$ we set $X(Y)=[C\epsilon(X), Y]$ .

Thus, $X$ acts on sections of $\pi_{\epsilon}^{v}$ and defines a vector field $C_{\pi_{\mathcal{E}}^{v}}(X)$ on $T^{v}\pi_{\mathcal{E}}$

projected by $(\pi_{\mathcal{E}}^{v})_{*}$ to $C\epsilon(X)$ . The connection $C_{\pi_{\mathcal{E}}^{v}}$ is well defined in this
way and is projected to the connection Ce.

Given two coverings $\tau_{i}$ : $W_{i}\rightarrow \mathcal{E}^{\infty}$ , $i=1,2$ , we say that a smooth
mapping $F:W_{1}\rightarrow W_{2}$ is a morphism of $\tau_{1}$ to $\tau_{2}$ , if

(i) $F$ is a morphism of fiber bundles,
(ii) $F_{*}$ takes the distribution $C_{\tau_{1}}D(W_{1})$ to $C_{\tau_{2}}D(W_{2})$ (equivalently,

$F_{*}\circ C_{\tau_{1}}=C_{\tau_{2}})$ .

A morphism $F$ is said to be an equivalence, if it is a diffeomorphism.
Similar to the case of infinitely prolonged equations, we can define

the Lie algebra $D_{C_{\tau}}(W)$ such that $C_{\tau}D(W)$ is its ideal and intro-
duce the algebra of nonlocal $\tau$ -symmetries as the quotient $sym_{\tau}\mathcal{E}=$

$D_{C_{\tau}}(W)/C_{\tau}D(W)$ . Again, in any coset $Xmod C_{\tau}D(W)\in sym_{\tau}\mathcal{E}$ there
exists a unique $(\pi_{\mathcal{E}}\circ\tau)$ -vertical representative and it is called a nonlocal
$\tau$ -symmetry of the equation $\mathcal{E}$ .

Obviously, one can introduce the notion of a covering over cover-
ing, etc. In particular, the subbundle $(\pi\epsilon o\tau)^{v}$ : $T^{v}(\pi\epsilon\circ\tau)\rightarrow W$ of
$(\pi_{\mathcal{E}}\circ\tau)$ -vertical vectors (cf. Example 1) is a covering over $W$ . It is
also easily seen that the corresponding integrable distribution is tan-
gent to the submanifold $T^{v}\tau\subset T^{v}(\pi_{\mathcal{E}}\circ\tau)$ of $\tau$-vertical vectors and
therefore $\tau^{v}$ : $T^{v}\tau\rightarrow W$ is a covering over $W$ as well. Note that the
correspondence $\tau\Rightarrow\tau^{v}$ determines a covariant functor in the category
of coverings.

We shall now reinterpret the concepts of a symmetry and nonlocal
symmetry using the results of [12]. Namely, one has



On One-Parametric Families of Bdcklund Transformations 103

Proposition 1. Let $\mathcal{E}$ be an equation and $\tau:W\rightarrow \mathcal{E}^{\infty}$ be a cov-
ering over it. Then:

(1) There is $a$ one-to-one correspondence between symmetries of $\mathcal{E}$

and sections $\varphi:\mathcal{E}^{\infty}\rightarrow T^{v}\pi\epsilon$ of the bundle $\pi_{\epsilon}^{v}$ : $T^{v}\pi\epsilon\rightarrow \mathcal{E}^{\infty}$ such
that $\varphi_{*}$ takes the Cartan distribution on $\mathcal{E}^{\infty}$ to that on $ T^{v}\pi\epsilon$ .

(2) There is $a$ one-to-one correspondence between nonlocal $\tau$ -sym-
metries of $\mathcal{E}$ and sections $\psi$ of the bundle $(\pi\epsilon\circ\tau)^{v}$ : $ T^{v}(\pi\epsilon\circ\tau)\rightarrow$

$W$ such that $\psi_{*}$ takes the Cartan distribution on $W$ to that
on $T^{v}(\pi\epsilon o\tau)$ .

Let us say that a mapping $ s:W\rightarrow T^{v}\pi\epsilon$ is a $\tau$-shadow of a nonlocal
symmetry (cf. [1], [8] and [9]), if $\pi_{\epsilon}^{v}\circ s=\tau$ and $s_{*}$ preserves the Cartan
distribution.

Example 2. Every symmetry $\varphi$ considered as a section $\varphi:\mathcal{E}^{\infty}\rightarrow$

$T^{v}\pi_{\mathcal{E}}$ determines a shadow $\varphi\circ\tau$ .

Proposition 2 (The shadow reconstruction theorem). For an
arbitrary covering $\tau:W\rightarrow \mathcal{E}^{\infty}$ and a $\tau$ -shadow $s:W\rightarrow T^{v}\pi_{\mathcal{E}}$ There
exists a covering $\tau’$ : $W’\rightarrow W$ and a nonlocal $\tau\circ\tau’$ -symmetry $s’$ : $ W’\rightarrow$

$T^{v}(\pi\epsilon\circ\tau o\tau’)$ such that the diagram

$T^{v}\pi\epsilon\underline{(\tau o\tau’)_{*}}$

$T^{v}(\pi\epsilon\circ\tau o\tau’)$

(3)
$\pi_{\mathcal{E}}^{v}\downarrow$ $(\pi_{\mathcal{E}}o\tau o\tau’)^{v}\downarrow\uparrow s’$

$\tau’$

$M$
$\pi\epsilon$

$\mathcal{E}^{\infty-}W$ $W’$

is commutative. In other words, any shadow can be reconstructed up to
a nonlocal symmetry in some new covering.

Proof. Consider the following commutative diagram:

$T^{v}\pi_{\mathcal{E}}$ $\pi\epsilon\circ\tau)\leftarrow T^{v}(\pi\epsilon\circ\tau o\tau^{v})-\cdots$

$\pi_{\epsilon}^{v}\downarrow$ $\downarrow(\pi_{\mathcal{E}}o\backslash \tau)^{v}s_{*}$
$\downarrow(\pi_{\mathcal{E}}o\tau o\tau^{v}\backslash )^{v}(s_{*})_{*}$

$ M\overline{\pi_{\mathcal{E}}}\overline{\tau}\mathcal{E}^{\infty}W\overline{\tau^{v}}T^{v}\tau$
$(\tau^{v})^{v}$

$ T^{v}\tau^{v}\leftarrow\cdots$

and let us set $\tau_{0}=\tau$ , $\tau_{i+1}=\tau_{i}^{v}$ , $W_{0}=W$ , $W_{i}=T^{v}\tau_{i}$ , $s_{0}=s$ ,
$s_{i+1}=(s_{i})_{*}$ , where $s_{*}=ds$ . Then the above diagram is infinitely

continued to the right, while by setting $\overline{\tau}_{i}=\tau_{1}\circ\cdots\circ\tau_{i}$ and passing
to the inverse limit, we obtain Diagram 3 with $\tau’=\overline{\tau}_{\infty}$ , $s’=s_{\infty}$ , and
$W’=W_{\infty}$ . $\square $
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\S 2. $\mathcal{C}$-complex and deformations

We now pass to describe a cohomological theory naturally related
to covering structures and supplying their important invariants, cf. [5]
and [8].

Let $W$ be a smooth manifold and $D(\Lambda^{i}(W))$ denote the
$C^{\infty}(W)$ -module of $\Lambda^{i}(W)$ -valued derivations $C^{\infty}(W)\rightarrow\Lambda^{i}(W)$ . For
any element $\Omega\in D(\Lambda^{i}(W))$ one can define the inner product operation

$i_{\Omega}$ : $\Lambda^{j}(W)\rightarrow\Lambda^{i+j-1}(W)$ ,

also denoted by $\Omega_{\lrcorner}\rho$ , $\rho\in\Lambda^{*}(W)$ , and the Lie derivative along $\Omega$ :

$L_{\Omega}=[i_{\Omega}, d]:\Lambda^{j}(W)\rightarrow\Lambda^{i+j}(W)$ ,

where $[i_{\Omega}, d]$ denotes the graded commutator.
Then for any two elements $\Omega$ , $\Theta\in D(\Lambda^{*}(W))$ we can introduce their

Fr\"olicher-Nijenhuis bracket by setting

$[\Omega,$ $\ominus I(f)=L_{\Omega}(\ominus(f))-(-1)^{ij}L_{O-}(\Omega(f))$ ,

where $f\in C^{\infty}(W)$ and $i$ , $j$ are degrees of $\Omega$ and $\Theta respectively2$ . Note
also that two other operations are defined: we can multiply elements of
$D(\Lambda^{*}(W))$ by forms $\rho\in\Lambda^{*}(W)$ and insert elements of $D(\Lambda^{*}(W))$ into
each other. Namely, set

$(\rho\wedge\Theta)(f)=\rho\wedge(\ominus(f))$ , $(i_{\Omega}\Theta)(f)=i_{\Omega}(\ominus(f))$ .

The basic properties of the above introduced operations are formu-
lated in

Proposition 3 (see [4]). Let $\Omega\in D(\Lambda^{i}(W))$ , $\Theta\in D(\Lambda^{j}(W))$ ,
$\rho\in\Lambda^{k}(W)$ , and $\eta\in\Lambda^{l}(W)\sim$ Then:

(i) $i_{\Omega}(\rho\wedge\eta)=i_{\Omega}(\rho)\wedge\eta+(-1)^{(i-1)k}\rho\wedge i_{\Omega}(\eta)$ ;

(ii) $i_{\Omega}(\rho\wedge\ominus)=i_{\Omega}(\rho)\wedge\Theta+(-1)^{(i-1)k}\rho\wedge i_{\Omega}(\Theta)$ ;

(iii) $[i_{\Omega}, i_{O-}]=i_{[\Omega,O-I^{rn}}$ , where

$[\Omega$ , $\Theta I^{rn}=i_{\Omega}\ominus-(-1)^{(i-1)(j-1)}i_{\ominus}\Omega$

is the Richardson-Nijenhuis bracket of $\Omega$ and $\Theta$ ;
(iv) $L_{\Omega}(\rho\wedge\eta)=L_{\Omega}(\rho)\wedge\eta+(-1)^{ik}\omega\wedge L_{\Omega}(\eta)$ ;
(v) $L_{\rho\wedge\Omega}=\rho\wedge L_{\Omega}+(-1)^{i+k}d\omega\wedge i_{\Omega;}$

(vi) $[L_{\Omega}, d]=0$ ;

$2We$ say that $i$ is the degree of $\Omega$ , if $\Omega\in D(\Lambda^{i}(W))$ .
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(vii) $[L_{\Omega}, L_{O-}]=L_{[\Omega,O-I}$ ;
$(vii)$ [ $\Omega$ , $\Theta I+(-1)^{ij}[\ominus,$ $\Omega I$ $=0$ ;
(ix) $[\Omega,$ $[\Theta,---II=[[\Omega,$ $\ominus J,$ $---I+(-1)^{ij}[\Omega,$ $[\ominus,$ $---II$ ,

$where-\cup-\in D(\Lambda^{m}(W))$ ;

(x) $[L_{\Omega}, i_{O-}]=i_{[\Omega,O-I}-(-1)^{i(j+1)}L_{O-n\Omega;}$

(xi) $\cup--\lrcorner[\Omega,$ $\ominus I=[_{\cup}^{-}-\lrcorner\Omega,$ $\ominus I+(-1)^{i(m+1)}[\Omega,$ $---\lrcorner\Theta I+(-1)^{i}[_{\cup}^{-}-,$ $\Omega J$ $\lrcorner O-$

$-(-1)^{(i+1)j}[_{\cup}^{-}-,$ $\Theta I$
$\lrcorner\Omega$ ;

(vii) $[\Omega,$ $\rho\wedge\ominus I=(L_{\Omega}\rho)\wedge\ominus-(-1)^{(i+1)(j+k)}d\rho\wedge i_{O-}\Omega+(-1)^{ik}\rho\wedge[\Omega,$ $\ominus I$ .

In particular, from Proposition 3 (ix) it follows that for $\Omega\in$

$D(\Lambda^{1}(W))$ satisfying the integrability property

(4) $[\Omega,$ $\Omega J$ $=0$

the mapping

$\partial_{\Omega}=[\Omega,$ $\cdot I$ : $D(\Lambda^{i}(W))\rightarrow D(\Lambda^{i+1}(W))$

is a differential, i.e., $\partial_{\Omega}\circ\partial_{\Omega}=0$ , and thus we obtain the complex

(5) $ 0\rightarrow D(W)\rightarrow\cdots\rightarrow D(\Lambda^{i}(W))\rightarrow D(\Lambda^{i+1}(W))\partial_{\Omega}\rightarrow\cdots$

Assume now that the manifold $W$ is fibered by $\xi:W\rightarrow M$ and
a connection $\nabla$ is given in the bundle $\xi$ . Then the following fact is valid:

Proposition 4 (cf. [3]).

$[U_{\nabla}$ , $U_{\nabla}J=2R_{\nabla}$ ,

where $U_{\nabla}$ is the connection form and $R_{\nabla}$ is the curvature.

Consequently, if $\nabla$ is a flat connection, i.e., $R_{\nabla}=0$ , then $\Omega=U_{\nabla}$

enjoys the integrability property (4) and to any flat connection a complex
of the form (5) corresponds. In this case, we shall use the notation
$\partial_{\Omega}=\partial_{\nabla}$ .

Now, we pass to the case of our main interest: let $\xi$ be the com-

position $W\rightarrow\tau \mathcal{E}^{\infty}\rightarrow\pi_{\mathcal{E}}M$ , $\tau$ being a covering over $\mathcal{E}$ , and $\nabla$ be the
Cartan connection $C_{\tau}$ associated to the covering structure. We include
in consideration the case $W=\mathcal{E}^{\infty}$ , $\tau=id$ , and $C_{\tau}=C_{\mathcal{E}}$ . Let us restrict
complex (5) to vertical derivations, i.e., to derivations

$D^{v}(\Lambda^{i}(W))=\{\Omega\in D(\Lambda^{i}(W))|\Omega(f)=0, \forall f\in C^{\infty}(M)\}$ .

By construction, $U_{\tau}$ (or Us) lies in $D^{v}(\Lambda^{1}(W))$ (resp., in $D^{v}(\Lambda^{1}(\mathcal{E}^{\infty}))$ ),
while from the definition of the Fr\"olicher-Nijenhuis bracket it follows
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that the differential in (5) preserves vertical derivations. The vertical
part of (5) will be denoted by

(6) $ 0-D^{v}(W)\rightarrow\cdots\rightarrow D^{v}(\Lambda^{i}(W))\rightarrow D^{v}(\Lambda^{i+1}(W))\partial_{\tau}\rightarrow\cdots$

or

(7) $ 0\rightarrow D^{v}(\mathcal{E}^{\infty})\rightarrow\cdots\rightarrow D^{v}(\Lambda^{i}(\mathcal{E}^{\infty}))\rightarrow D^{v}(\Lambda^{i+1}\partial_{\mathcal{E}}(\mathcal{E}^{\infty}))\rightarrow\cdot\sim\cdot$ ,

when the equation is considered as is. The cohomology of (6)
(resp., of (7)) is denoted by $H_{C}(\mathcal{E};\tau)$ (resp., by $H_{C}(\mathcal{E})$ ) and is called
the $C$ -cohomology of the covering $\tau$ (resp., of the equation $\mathcal{E}$ ). The fol-
lowing fundamental result is valid:

Theorem 1 (cf. [5]). Let $\mathcal{E}\subset J^{k}(\pi)$ he a formally integrable equa-
tion and $\tau:W\rightarrow \mathcal{E}^{\infty}$ be a covering over $\mathcal{E}$ . Then:

(1) The module $H_{C}^{0}(\mathcal{E};\tau)$ is isomorphic to the Lie algebra $sym_{\tau}\mathcal{E}$ of
nonlocal $\tau$ -symmetries (resp., $H_{C}^{0}(\mathcal{E})$ is isomorphic to $sym\mathcal{E}$ ).

(2) The module $H_{C}^{1}(\mathcal{E};\tau)$ is identifified with equivalence classes of non-
trivial infifinitesimal deformations of the covering structure $U_{\tau}$

(resp., of the equation structure $ U\epsilon$ ).
(3) The module $H_{C}^{2}(\mathcal{E};\tau)$ consists of obstructions to prolongation of

infifinitesimal deformations up to formal ones.

Remark 3. Of course, if $U_{\lambda}$ is a deformation of the equation struc-
ture, the condition that $dU_{\lambda}/d\lambda|_{\lambda=0}$ lies in $ker\partial\epsilon$ is not sufficient for this
deformation to be trivial. Nevertheless, the following fact is obviously
valid:

Proposition 5. Let $U_{\lambda}$ be a smooth deformation of the equation
structure $U=U_{\mathcal{E}}$ $satisfy?.ng$ the condition

(8) $\frac{dU_{\lambda}}{d\lambda}=[X_{\lambda},$ $U_{\lambda}J$ ,

where $X_{\lambda}$ is a smooth vector fifield on $\mathcal{E}^{\infty}$ for any $\lambda$ with smooth depen-
dence on $\lambda$ . Then $U_{\lambda}$ is uniquely defifined by (8) and is of the form

$U_{\lambda}=\exp(\int_{0}^{\lambda}X_{\mu}d\mu)U$,

where the left and right hand sides are understood as formal series. In
this sense, $U_{\lambda}$ is formally trivial.

Let us now consider the mapping $L_{U_{\tau}}$ : $\Lambda^{i}(W)\rightarrow\Lambda^{i+1}(W)$ and
denote it by $d_{C}$ . Since the element $U_{\tau}$ is integrable, one has the identity
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$d_{C}\circ d_{C}=0$ . We call $d_{C}$ the vertical, or Cartan differential associ-
ated to the covering structure. Due to Proposition 3 (vi), $[d, d_{C}]=0$

and consequently the mapping $d_{h}=d-d_{C}$ is also a differential and
$[d_{h}, d_{C}]=0$ . The differential $d_{h}$ is called the horizontal differential, while
the pair $(d_{h}, d_{C})$ forms a bicomplex with the total differential $d$ . The cor-
responding spectral sequence coincides with the Vinogradov $C$ spectral
sequence for the covering $\tau$ , [1], [8] and [14].

Denote by $\Lambda_{h}^{1}(W)$ the submodule in $\Lambda^{1}(W)$ spanned by $imd_{h}$ and
by $C^{1}\Lambda(W)$ the submodule generated by $im$ $d_{C}$ . Then the direct sum
decomposition $\Lambda^{1}(W)=\Lambda_{h}^{1}(W)\oplus C\Lambda^{1}(W)$ takes place and generates
the decomposition

$\Lambda^{i}(W)=p+q=i\oplus C^{p}\Lambda(W)\otimes\Lambda_{h}^{q}(W)=p+q=i\oplus\Lambda^{p,q}(W)$
,

where

$C^{p}\Lambda(W)=C^{1}\Lambda(W)\wedge\cdots\wedge C^{1}\Lambda(W)$ , $\Lambda_{h}^{q}(W)=\Lambda_{h}^{1}(W)\wedge\cdots\wedge\Lambda_{h}^{1}(W)$ .

$p$ times $q$ times

Then $d_{C}$ : $\Lambda^{p,q}(W)\rightarrow\Lambda^{p+1,q}(W)$ , $d_{h}$ : $\Lambda^{p,q}(W)\rightarrow\Lambda^{p,q+1}(W)$ and,

moreover, as it follows from Proposition 3 (xi), $\partial_{\tau}$ : $D^{v}(\Lambda^{p,q}(W))\rightarrow$

$D^{v}(\Lambda^{p,q+1}(W))$ .

Remark 4 $\cdot$ The complex $(\Lambda_{h}^{q}(W), d_{h})$ is called the horizontal com-
plex of the covering $\tau$ , while its cohomology is the horizontal cohomol-
ogy of $\tau$ . It is worth to note that $d_{h}$ in this case is obtained from
the de Rham differential on the manifold $M$ by applying the opera-
tion $C$ $=C_{\tau}$ (see Remark 1). From Proposition 3 (x\"u) it follows that
the $C$ cohomology of $\tau$ is a graded module over the graded algebra of
horizontal cohomology.

\S 3. B\"acklund transformations and the main result

Following [9], let us give a geometric definition of B\"acklund trans-
formations. Let $\mathcal{E}_{i}\subset J^{k_{i}}(\pi_{i})$ , $i=1,2$ , be two differential equations and
$\tau_{i}$ : $W\rightarrow \mathcal{E}_{\tilde{l}}^{\infty}$ be coverings with the same total space $W$ endowed with
an integrable distribution $CD(W)$ . Then the diagram

$\mathcal{E}_{1}^{\infty}/^{W}\tau_{1}\backslash _{\mathcal{E}_{2}^{\infty}}^{\tau_{2}}$
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is called a B\"acklund transformation between the equations $\mathcal{E}_{1}^{\infty}$ and $\mathcal{E}_{2}^{\infty}$ .

A point $w\in W$ is called generic, if the intersection of the tangent
planes to the fibres of $\tau_{1}$ and $\tau_{2}$ passing through $w$ is trivial. Now, if
$s\subset \mathcal{E}_{1}^{\infty}$ is a solution of $\mathcal{E}_{1}$ and $\tau_{1}^{-1}(s)$ contains a generic point, then there
exists a neighborhood $\mathcal{U}$ of this point such that $\tau_{2}(\mathcal{U}\cap\tau_{1}^{-1}(s))$ is fibered
by solutions of $\mathcal{E}_{2}$ . Thus, B\"acklund transformations really determine a
correspondence between solutions.

The following construction is equivalent to the definition of B\"acklund

transformations. Let $\tau_{i}\sim$. $W_{i}\rightarrow \mathcal{E}_{i}^{\infty}$ , $i=1,2$ , be two coverings and
$F:W_{1}\rightarrow W_{2}$ be a diffeomorphism taking the distribution $C_{\tau_{1}}D(W)$ to
$C_{\tau_{2}}D(W)$ . Then $B$ $=(W, \tau_{1}, \tau_{2}\circ F, \mathcal{E}_{1}, \mathcal{E}_{2})$ is a B\"acklund transformation
and any B\"acklund transformations is obtained in this way.

Remark 5. It is important to stress here that if $F$ is an isomorphism
of coverings, then the B\"acklund transformation obtained in such a way
is trivial in the sense of its action on solutions. Thus, we are interested
in mappings $F$ which are isomorphisms of manifolds with distributions,

but not morphisms of coverings.

Assume now that a smooth family $F_{\lambda}$ : $W_{1}\rightarrow W_{2}$ of diffeomorphisms
is given, then it generates a family $B_{\lambda}$ of B\"acklund transformations. Our
aim is to describe such families in sufficiently efficient terms. One way
to construct these objects is given by the following

Example 3 (see [9]). Consider an equation $\mathcal{E}$ , a covering $\tau:W\rightarrow$

$\mathcal{E}^{\infty}$ over it, and a finite symmetry $A:\mathcal{E}^{\infty}\rightarrow \mathcal{E}^{\infty}$ . Let $\overline{A}:W\rightarrow W$ be
a diffeomorphic lifting of $A$ to $W$ such that

(9) $\tau o\overline{A}=A\circ\tau$ .

Denote by $\overline{A}_{*}C_{\tau}D(W)$ the image of the distribution $C_{\tau}D(W)$ under $\overline{A}$ .

Then, by obvious reasons, $\overline{A}_{*}C_{\tau}D(W)$ determines a covering struc-

ture $U_{\tau}^{\overline{A}}$ in $W$ and if $\tilde{A}$ is another lifting of $A$ , then the structures
$U_{\tau}^{\overline{A}}$ and $U_{\tau}^{\overline{A}}$ are equivalent. Thus, $B_{A}=(W, \tau, A\circ\tau, \mathcal{E})$ is a B\"acklund

transformation for $\mathcal{E}$ .

Let $X$ be a classical infinitesimal symmetry of $\mathcal{E}$ and $A_{\lambda}=$

$\exp(\lambda X):\mathcal{E}^{\infty}\rightarrow \mathcal{E}^{\infty}$ the corresponding one-parameter group of trans-
formations lifted to $\mathcal{E}^{\infty}$ . Then, using the above construction, we obtain
a one-parametric family of B\"acklund transformations $B_{\lambda}=B_{A_{\lambda}}$ .

In fact, the families of B\"acklund transformations obtained in the
previous example are in a sense “counterfeit”, since, due to (9), their
action on solutions reduces to the action of symmetries $A_{\lambda}$ . To get a
“real” B\"acklund transformation, one needs to add into considerations
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an additional diffeomorphism $F:W\rightarrow W$ such that $\tau\circ F$ is a covering,
$i.e\sim’\tau_{*}$ projects $F_{*}(C_{\tau}D(W))$ onto $CD(\mathcal{E}^{\infty})$ , but $F$ does not preserve the
fibres of $\tau$ .

Example 4. Consider the infinite prolongation $\mathcal{E}^{\infty}$ of the
sine-Gordon equation

$u_{xy}=\sin u$

and the trivial bundle

$\tau:W=\mathcal{E}^{\infty}\otimes \mathbb{R}\rightarrow \mathcal{E}^{\infty}$

with a coordinate $v$ along fibres. Then the distribution $C_{\lambda}D(W)$ spanned

by the vector fields $D_{x}+X$ and $D_{t}+T$ , where $D_{x}$ $=C(\partial/\partial x)$ ,
$D_{t}=C(\partial/\partial t)$ are total derivatives and

$X=(-u_{x}+2\lambda\sin\frac{u-v}{2})\frac{\partial}{\partial v}$ ,

$T$ $=(u_{t}+\frac{2}{\lambda}\sin\frac{u+v}{2})\frac{\partial}{\partial v}$ ,

$\lambda\neq 0$ , determines a one-dimensional covering structure on the bundle $\tau$ .

The manifold $W$ with this distribution is isomorphic to the infinite pro-
longation of the system

$v_{x}=-u_{x}+2\lambda\sin\frac{u-v}{2}$ ,

(10)
$v_{t}=u_{t}+\frac{2}{\lambda}\sin\frac{u+v}{2}$ .

This system has a finite symmetry $F_{\lambda}$ : $W\rightarrow W$ acting on the coor-
dinates as follows $F_{\lambda}^{*}(u)=v$ , $F_{\lambda}^{*}(v)=u$ , $F_{\lambda}^{*}(x)=-x$ , $F_{\lambda}^{*}(t)=-t$ .

Consider also the group $A_{\lambda}$ : $x\mapsto\lambda x$ , $t\mapsto\lambda^{-1}t$ of scale symmetries of
the sine-Gordon equation and denote by $\overline{A}_{\lambda}$ : $W\rightarrow W$ the diffeomorphic

lifting of $A_{\lambda}$ acting trivially on the coordinate $v$ . Then

$C_{\lambda}D(W)=\overline{A}_{\lambda,,,*}(C_{1}D(W))$ , $F_{\lambda}=\overline{A}_{\lambda}\circ F_{1}\circ\overline{A}_{\lambda^{-1}}$ ,

and $(W, \tau, \tau o\overline{A}_{-1}oF_{\lambda}, \mathcal{E}^{\infty})$ is the family of the classical B\"ackhand trans-
formations: if $u(x, t)$ is a solution of $\mathcal{E}$ then every solution $v(x, t)$ of (10)
satisfies the sine-Gordon equation as well.

Example 5. Consider now the potential $KdV$ equation $\mathcal{E}$

$u_{t}=-u_{xxx}-3u_{x}^{2}$

and the bundle
$\tau:W=\mathcal{E}^{\infty}\otimes \mathbb{R}\rightarrow \mathcal{E}^{\infty}$
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with a coordinate $v$ along fibres. The distribution $C_{\lambda}D(W)$ generated
by $D_{x}+X$ and $D_{t}+T$ , where

$X=-(u_{x}+\frac{1}{2}(v-u)^{2}+2\lambda)\frac{\partial}{\partial v}$ ,

$T=(u_{xxx}+u_{x}^{2}-4\lambda u_{x}-8\lambda^{2}+2u_{xx}(u-v)+(u_{x}-2\lambda)(u-v)^{2})\frac{\partial}{\partial v}$ ,

$\lambda\in \mathbb{R}$ , defines a one-dimensional covering structure on $\tau$ . There is

a finite symmetry $F_{\lambda}$ : $W\rightarrow W$ , $F_{\lambda}^{*}(u)=v$ , $F_{\lambda}^{*}(v)=u$ , preserv-
ing $C_{\lambda}D(W)$ . Then $(W, \tau, \tau oF_{\lambda}, \mathcal{E}^{\infty})$ is the one-parameter family of
B\"acklund transformations

$ v_{x}=-u_{x}-\frac{1}{2}(v-u)^{2}-2\lambda$ ,

$v_{t}=u_{xxx}+u_{x}^{2}-4\lambda u_{x}-8\lambda^{2}+2u_{xx}(u-v)+(u_{x}-2\lambda)(u-v)^{2}$

constructed by Wahlquist and Estabrook [15]. Consider the group

(11) $A_{\lambda}$ : $u(x, t)\mapsto u(x-6\lambda t, t)+\lambda x-3\lambda^{2}t$

of symmetries of the potential $KdV$ equation and denote by $\overline{A}_{\lambda}$ : $W\rightarrow W$

the diffeomorphic lifting of $A_{\lambda}$ acting on $v$ as follows

$\overline{A}_{\lambda}^{*}(v)=v-(\lambda x-3\lambda^{2}t)$ .

Then we similarly have

$C_{\lambda}D(W)=\overline{A}_{\lambda,,,*}(C_{0}D(W))$ and $F_{\lambda}=\overline{A}_{\lambda}\circ F_{0}\circ\overline{A}_{-\lambda}$ .

Let us denote by

$D^{g}(\Lambda^{i}(W))=\{\Omega\in D^{v}(\Lambda^{i}(W))|\Omega(f)=0, \forall f\in C^{\infty}(\mathcal{E}^{\infty})\}$

the module of $\tau$-vertical derivations.

Lemma 1. The modules $D^{g}(\Lambda^{i}(W))$ are invariant with respect to
the differential $\partial_{\tau}$ :

$\partial_{\tau}(D^{g}(\Lambda^{i}(W)))\subset D^{g}(\Lambda^{i+1}(W))$ .

Proof. Let $\Omega\in D^{g}(\Lambda^{i}(W))$ and $f\in C^{\infty}(\mathcal{E}^{\infty})$ . Then due to the
definition of the Fr\"olicher-Nijenhuis bracket one has

$(\partial_{\tau}(\Omega))(f)=[U_{\tau}$ , $\Omega I(f)=L_{U_{\tau}}(\Omega(f))-(-1)^{\Omega}L_{\Omega}(U_{\tau}(f))$ .

The first summand vanishes, since $\Omega\in D^{g}(\Lambda^{i}(W))$ . On the other hand,
$U_{\tau}(f)=U\epsilon(f)$ and consequently is a one-form on $\mathcal{E}^{\infty}$ . Hence, the
second summand vanishes as well. $\square $
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Denote by $\partial_{g}$ : $D^{g}(\Lambda^{i}(W))\rightarrow D^{g}(\Lambda^{i+1}(W))$ the restriction of $\partial_{\tau}$ to
$D^{g}(\Lambda^{i}(W))$ and by

$\partial_{s}$ : $D^{s}(\Lambda^{i}(W))\rightarrow D^{s}(\Lambda^{i+1}(W))$

the corresponding quotient complex, where, by definition,

$D^{s}(\Lambda^{i}(W))=D^{v}(\Lambda^{i}(W))/D^{g}(\Lambda^{i}(W))$ .

Then the short exact sequence of complexes

0 0 0 0
$\downarrow$ $\downarrow$ $\downarrow$ $\downarrow$

0-
$D^{g}(W)\rightarrow D^{g}(\Lambda^{1}(W))\downarrow\downarrow\partial_{g}\rightarrow\cdots\rightarrow D^{g}(\Lambda^{i}(W))\rightarrow D^{g}(\Lambda^{i+1}\downarrow\downarrow\partial_{g}(W))\rightarrow\cdots$

$ 0\rightarrow D^{v}(W)\rightarrow D^{v}(\Lambda^{1}(W))\downarrow\downarrow\partial_{\tau}\rightarrow\cdots\rightarrow D^{v}(\Lambda^{i}(W))\rightarrow D^{v}(\Lambda^{i+1}\downarrow\downarrow\partial_{\tau}(W))\rightarrow\cdots$

$ 0\rightarrow D^{s}(W)\rightarrow D^{s}(\Lambda^{1}(W))\partial_{s}\rightarrow\cdots\rightarrow D^{s}(\Lambda^{i}(W))\rightarrow D^{s}(\Lambda^{i+1}(W))\partial_{s}\rightarrow\cdots$

$\downarrow$ $\downarrow$ $\downarrow$ $\downarrow$

0 0 0 0

is defined.
Denote by $H_{g}^{i}(\mathcal{E};\tau)$ and $H_{s}^{\tilde{l}}(\mathcal{E};\tau)$ the cohomology of the top and

bottom lines respectively. Then one has the long exact cohomology
sequence

$0\rightarrow H_{g}^{0}(\mathcal{E};\tau)\rightarrow H_{C}^{0}(\mathcal{E};\tau)\rightarrow H_{s}^{0}(\mathcal{E};\tau)$

(12) $\rightarrow H_{g}^{1}(\mathcal{E};\tau)\emptyset\rightarrow H_{C}^{1}(\mathcal{E};\tau)\rightarrow H_{s}^{1}(\mathcal{E};\tau)\rightarrow\cdots$

$\rightarrow H_{g}^{i}(\mathcal{E};\tau)\rightarrow H_{C}^{i}(\mathcal{E};\tau)\rightarrow H_{s}^{\tilde{l}}(\mathcal{E};\tau)\rightarrow\cdots$ ,

where $\phi$ is the connecting homomorphism.
Similar to Theorem 1, we have the following result:

Proposition 6. In the situation above one has:

(1) The module $H_{g}^{0}(\mathcal{E}\sim, \tau)$ consists of “ gauge” symmetries in the cov-
ering $\tau$ , $i.e.$ , of nonlocal $\tau$ -symmetries vertical with respect to the
projection $\tau$ .

(2) The module $H_{s}^{0}(\mathcal{E};\tau)$ coincides with the set of $\tau$ shadows in the
covering $\tau$ .

(3) The module $H_{g}^{1}(\mathcal{E};\tau)$ consists of equivalence classes of deforma-
tions of the covering structure $U_{\tau}$ acting trivially on the equation
structure $ U\epsilon$ .
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Now, combining the last result with exact sequence (12), we obtain
the following fundamental theorem:

Theorem 2. Let $\tau:W\rightarrow \mathcal{E}$ be a covering and $A_{\lambda}$ : $W\rightarrow W$

be a smooth family of diffeomorphisms such that $A_{0}=id$ and $\tau_{\lambda}=$

$\tau oA_{\lambda}$ : $W\rightarrow \mathcal{E}$ is a covering for any $\lambda\in \mathbb{R}$ . Then $U_{\tau_{\lambda}}$ is of the form

(13) $U_{\tau_{\lambda}}=U_{\tau}+\lambda[U_{\tau},$ $XI+O(\lambda^{2})$ ,

where $X$ is a $\tau$ -shadow, $i.e.$ , all smooth families corresponding to the
covering $\tau$ are infifinitesimally identifified with $im\partial_{s}$ .

Proof. The family of coverings $\tau_{\lambda}$ is a deformation of $\tau$ . Since we
work with deformations which leave the equation structure unchanged,
then, by Proposition 6, their infinitesimal parts are elements of $H_{g}^{1}(\mathcal{E};\tau)$ .

Let $\Omega$ be such an element.
Now, by Remark 5, the deformation we are dealing with is to be triv-

ial as a deformation of $W$ endowed with the structure $U_{\tau}$ . On the infin-
itesimal level, this means that the image of $\Omega$ in $H^{1}(\mathcal{E};\tau)$ should vanish.
But by exactness of (12) we see that $\Omega=\phi(X)$ for some $X\in H_{s}^{0}(\mathcal{E};\tau)$ .

It now suffices to note that by construction of the connecting homomor-
phism, $\phi(X)=[U_{\tau},$ $XI$ .

The family $A_{\lambda}$ allows us to find the shadow explicitly. Namely, we
obviously have

$\frac{d}{d\lambda}|_{\lambda=0}U_{\tau_{\lambda}}=\frac{d}{d\lambda}|_{\lambda=0}A_{\lambda,,,*}(L_{U_{\tau}})$

$=\frac{d}{d\lambda}|_{\lambda=0}A_{\lambda}^{*}oL_{U_{\tau}}o(A_{\lambda}^{*})^{-1}=[L_{Y}, L_{U_{\tau}}]=L_{[Y,U_{\tau}I}$ ,

where

$Y=\frac{dA_{\lambda}}{d\lambda}|_{\lambda=0}\in D(W)$ .

Hence, infinitesimal action is given by the Fr\"olicher-Nijenhuis bracket.
In the coset $Ymod C_{\tau}D(W)$ there exists a unique $(\pi\epsilon o\tau)$ -vertical rep-
resentative $X$ , and the corresponding element $[X]\in H_{s}^{0}(\mathcal{E};\tau)$ is the
required shadow. $\square $

Remark 6. Consider the one-parameter families of coverings $\tau_{\lambda}$

and $\tau_{\lambda}’$ from Examples 4 and 5 respectively. The classical infinitesi-
mal symmetries corresponding to the one-parameter groups $A_{\lambda}$ of finite
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symmetries are

$x\frac{\partial}{\partial x}-t\frac{\partial}{\partial t}$ for the sine-Gordon equation,

$x\frac{\partial}{\partial u}-6t\frac{\partial}{\partial x}$ for the potential $KdV$ equation.

The corresponding higher symmetries are shadows in $\tau_{1}$ and $\tau_{0}’$ respec-
tively (see Example 2). These shadows determine the infinitesimal parts
of the families $U_{\tau_{\lambda}}$ and $U_{\tau_{\lambda}’}$ according to Theorem 2.

Remark 7\sim Denote by $Cov(\tau)$ the “manifold” of all coverings
obtained from the covering $\tau$ by the above described way. Then from
exactness of (12) it follows that the “tangent plane” to $Cov(\tau)$ at $\tau$ is

identified with the space $shad_{\tau}\mathcal{E}/\overline{sym}_{\tau}\mathcal{E}$ , where $shad_{\tau}\mathcal{E}=H_{s}^{0}(\mathcal{E};\tau)$ is

the space of all $\tau$-shadows. Finally, the space $\overline{sym}_{\tau}\mathcal{E}=sym_{\tau}\mathcal{E}/sym_{\tau}^{g}\mathcal{E}$

is the quotient of all $\tau$-symmetries over gauge ones.
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\S 1. Introduction

Let $M$ be a connected $l$-dimensional $C^{\infty}$ manifold. An immersion
$f:M$ $\rightarrow S^{n}$ to the sphere (resp. $f:M\rightarrow \mathbb{R}\mathbb{P}^{n}$ to the projective space) is
called tangentially degenerate (or, developable, or, strongly parabolic) if
its Gauss mapping $\gamma:M$ $\rightarrow G_{l+1}(\mathbb{R}^{n+1})$ has rank $<l$ . Here $G_{l+1}(\mathbb{R}^{n+1})$

denotes the Grassmannian of $(l+1)$ -dimensional linear subspaces in
$\mathbb{R}^{n+1}$ . A submanifold of $S^{n}$ or $\mathbb{R}\mathbb{P}^{n}$ is called tangentially degenerate (or,
developable, or, strongly parabolic) if so is the inclusion.

In the present paper we construct new examples of tangentially
degenerate compact submanifolds satisfying the equality for the inequal-
$ity$ proved by Ferus [19]. Remark that, if we have a tangentially degener-
ate immersed submanifold in $S^{n}$ then, via the canonical double covering
$\pi:S^{n}\rightarrow \mathbb{R}\mathbb{P}^{n}$ , we havea tangentially degenerate immersed submanifold
in $\mathbb{R}\mathbb{P}^{n}$ .

Remark also that the notion of tangential degeneracy is invariant
under the projective transformations. Recall that $\mathbb{R}\mathbb{P}^{n}=G_{1}(\mathbb{R}^{n+1})$ and
$S^{n}=\overline{G}_{1}(\mathbb{R}^{n+1})$ (oriented Grassmannian) have natural projective struc-
tures, respectively. In fact, M. A. Akivis clearly stated in [3] and [4] that
the study of tangentially degenerate submanifolds belongs to projective
geometry. Then our standpoint is as follows: We do not need the met-
$ric$ structures on them for the formulation of the results, while, for the
proofs of the results, we use freely the metric structures.

Let $M^{l}$ be compact and connected, and $f:M$ $\rightarrow S^{n}$ a tangentially
degenerate immersion. Denote by $r$ the maximal rank of the Gauss
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mapping $\gamma$ . Then, by [19], we know that there exists a number $F(l)$

(Ferus number), depending only on the dimension $l$ of $M$ , such that, if

$r<F(l)$ then $r=0$ , therefore $M=S^{l}$ and $f(M)$ is a great $l$-sphere
in $S^{n}$ . The Ferus number $F(l)$ is defined by

$F(l):=\min\{k|A(k)+k\geq l\}$ ,

where $A(k)$ is the Adams number: the maximal number of linearly inde-
pendent vector fields over the sphere $S^{k-1}$ .

In other words, if $f:M^{l}\rightarrow S^{n}$ is a tangentially degenerate immer-
sion of rank $r$ , and $f(M)$ is not a great $l$-sphere, then $F(l)\leq r$ (Ferus
inequality).

Then the problem we are concerning with is the following:

Problem. Is the inequality $r<F(l)$ best possible for the implica-
tion $r=0$? Do there exist tangentially degenerate immersions $M^{l}\rightarrow S^{n}$

with $r=F(l)$ ? Moreover can we classify tangentially degenerate immer-
sions $M^{l}\rightarrow S^{n}$ with $r=F(l)$ ?

In contrast to the tangentially degenerate submanifolds in $\mathbb{R}^{n}$ such
as cylinders, cones or tangent developable of space curves, all of which
have singularities when considered in $\mathbb{R}\mathbb{P}^{n}$ , we construct many compact
tangentially degenerate submanifolds in the sphere, some of which even
satisfy the Ferus equality. In \S 2 we recall, in more detail, the Ferus
inequality on tangentially degenerate immersions. In \S 3, degeneracy
of the Gauss mapping of isoparametric hypersurfaces and their focal
submanifolds in the sphere is discussed as a model case. These pro-
vide us with an infinitely many tangentially degenerate submanifolds in
the sphere, which satisfy the Ferus equality for $(l, r)=(2^{p}+1,2^{p})$ or
$(2^{q}+3,2^{q})$ for $p\geq 2$ , $q\geq 3$ . This answers the first and the second
problem affirmatively. In \S 9, we construct further homogeneous exam-
ples with $r=F(l)$ for $(l, r)=(3,2)$ , $(5, 4)$ , $(6, 4)$ , $(9, 8)$ , $(10, 8)$ , $(12, 8)$ ,
$(17, 16)$ , $(18, 16)$ , $(20, 16)$ , $(25, 14)$ , $(26, 24)$ , $(28, 24)$ , and possibly more.
In order to describe the idea of the construction, in \S 4, the Stiefel man-
ifold $V_{2}(\mathbb{R}^{n+1})$ of orthonormal 2-vectors is introduced as a circle bundle
over a complex quadric $Q^{n-1}$ . Then in \S 5, we study complex submani-
folds $\varphi:\Sigma\rightarrow Q^{n-1}$ , and using this, in \S 6, we construct a natural map
$\Phi:M$ $=\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}$ from the pullback bundle over $\Sigma$ to the
sphere, such that the image of $\Phi$ is the union of $l$-parameter family of
great circles in $S^{n}$ . Then we show that, on the open set of maximal rank
of $ d\Phi$ in $M$ , each fiber of the circle bundle $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ lies in the
kernel of the differential of the Gauss mapping of $\Phi$ , so $\Phi$ is tangentially
degenerate. Examples in this context are given in \S 7.
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In \S 8, we recall austere submanifolds defined by Harvey and Lawson
[23]. They proved that from austere submanifolds in spheres, one can
construct special Lagrangian and volume minimizing varieties in com-
plex Euclidean spaces. Then we show that if a complex submanifold
$\varphi:\Sigma\rightarrow Q^{n-1}$ is fifirst order isotropic, then the corresponding map
$\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}$ is always an immersion and is austere. In \S 9, we
give further examples of homogeneous austere submanifolds $M^{l}$ , which
can be considered as a generalization of Cartan’s isoparametric hyper-
surfaces, see \S 2. More precisely, $M$ is the total space of $K\mathbb{P}^{1}-$bundle over
2-plane Grassmannian $G_{2}(K^{n+1})$ where $K$ $=\mathbb{R}$ , $\mathbb{C}$ or Iffl and each fiber
of the bundle lies in the kernel of the Gauss mapping of $M$ .

In \S 10, we give a classification of tangentially degenerate hypersur-
faces in $S^{4}$ with $r=2$ . Moreover, using Bryant’s result [9], we construct
an example of tangentially degenerate immersions $M^{3}\rightarrow S^{4}$ such that
the rank of Gauss mapping is not constant.

\S 2. Ferus inequality for submanifolds with degenerate Gauss
mapping

The proof of the Ferus inequality is achieved by considering the Levi-
Civita connection of the ordinary metric on $S^{n}$ , the $co$-nullity operator,
and a matrix Riccati-type equation [18] and [19]. Here we review the out-
line of the proof: Let $f:M^{l}\rightarrow S^{n}$ be a tangentially degenerate immer-
sion. Assume that the induced metric on $M$ from $f$ is complete. It is the
case if $M$ is compact. Now, assume $0<r<l$ , for the maximal rank $r$ of
the Gauss mapping of $f$ . Let $D\subset TM$ denote the Monge-Amp\‘ere dis-
tribution, namely the kernel of the differential of Gauss mapping, along
the open subset $U$ of $M$ consisting of points where the Gauss mapping
has the maximal rank $r$ . Remark that $f(U)$ is a union of totally geodesic
spheres of dimension $l$ $-r$ . Take $x$ from $U$ . Then we get a linear map-

ping $D_{x}^{\perp}-\{0\}\rightarrow(D_{x}^{\perp})^{l-r+1}$ defined by $Y\mapsto(Y, C_{X_{1}}Y, \ldots, C_{X_{l-r}}Y)$ ,

where $X_{1}$ , $\ldots$ , $X_{l-r}$ are basis of $D_{x}$ and $C_{X}Y:=-pr(\nabla_{Y}X)$ denotes
the $co$-nullity operator, $pr:T_{x}M\rightarrow D_{x}^{\perp}$ being the projection. Then,
by the assumption $r\neq 0$ and by an argument on Riccati equation, we
conclude that $Y$ , $C_{X_{1}}Y$, $\ldots$ , $C_{X_{l-r}}Y$ are linearly independent. Thus we
have $l$ $-r\leq A(r)$ , Adams number. Therefore $l$ $\leq A(r)+r$ .

It is well known ([6] and [19]) that the Adams number is determined
by

$A((2k+1)2^{c+4d})=2^{c}+8d-1$ , where $0\leq c\leq 3,0\leq d$ .
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Therefore the Ferus number $F(l)$ is given for l $\leq 24$ , by

(1) $F(l)=$ {the highest power of 2 not larger than l}.

Remark that $F(l)=l-\mu(l)$ and $A(l)=\rho(l)-1$ , using the original
notations in [6] and [19].

Regard $S^{n}$ as the unit hypersphere $S^{n}(1)$ in $\mathbb{R}^{n+1}$ with the ordinary
metric. For a submanifold $M$ in $S^{n}(1)$ , the index of relative nullity $I/(x)$

at $x\in M$ , introduced by Chern and Kuiper [17] and [30], is defined as
the dimension of

{X $\in T_{x}(M)|\sigma(X,$ $Y)=0$ for any Y $\in T_{x}(M)$ },

$\sigma$ being the second fundamental form. Notice that the rank $r(x)$ of
differential mapping $d\gamma_{x}$ : $T_{x}M\rightarrow T_{\gamma(x)}G_{l+1}(\mathbb{R}^{n+1})$ at $x\in M$ is related
to $\nu(x)$ by $r(x)=l-\iota/(x)$ , because

(2) ker $d\gamma_{x}=$ {X $\in T_{x}(M)|\sigma(X,$ $Y)=0$ for any Y $\in T_{x}(M)$ }.

Therefore the minimum iJ of $u(x)$ over x $\in M$ is equal to l -r.

Theorem 2.1 ([6], [12] and [19]). Let $M$ be a complete subman-

ifold of $n$ -dimensional unit sphere with dimR $M=l$ . If $r<F(l)$ , then
$r=0$ and $M$ is totally geodesic.

For instance, in view of (1), we see that (cf. [6])

(i) if $l$ is a power of 2, $r<l$ implies $r=0$ ,
(ii) if $l$ $=3$ , $r<2$ implies $r=0$ ,

(iii) if $5\leq l\leq 7$ , $r<4$ implies $r=0$ ,
(iv) if $9\leq l\leq 15$ , $r<8$ implies $r=0$ ,

(v) if $17\leq l\leq 24$ , $r<16$ implies $r=0$ ,
(vi) if $25\leq l\leq 31$ , $r<24$ implies $r=0$ .

We have examples of compact connected tangentially degenerate
embedded hypersurfaces $M^{3}\subset S^{4}$ , $M^{6}\subset S^{7}$ , $M^{12}\subset S^{13}$ , $M^{24}\subset S^{25}$

with $r=2,4,8,16$ respectively; Cartan hypersurfaces [12] and [27].
Remark that $F(3)=2$ , $F(6)=4$ , $F(12)=8$ and $F(24)=16$ . Each of
them is defined by a real cubic polynomial, and it is a closed orbit of pro-

jective actions of SO(3), $SU(3)$ , Sp(3), $F_{4}$ on $S^{n}=\overline{G}_{1}(\mathbb{R}^{n+1})$ , $n=4,7$ ,

13, 25, respectively. Their projective dual $M^{\vee}=\gamma(M)\in G_{1}(\mathbb{R}^{(n+1)*})=$

$\mathbb{R}\mathbb{P}^{n*}$ are the images of Veronese embeddings of projective planes $K\mathbb{P}^{2}$ ,
for $K=\mathbb{R}$ , $\mathbb{C}$ , $\mathbb{H}$ , $\mathbb{O}$ (the Cayley’s octonians) respectively. The latter are
real parts with respect to properly chosen real forms of Severi varieties
in complex projective spaces, [45]. The reason of this coincidence has
not been explained fully, as far as the authors know.
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In [26], the first author showed that a homogeneous compact hyper-
surface in $\mathbb{R}\mathbb{P}^{n}$ which is tangentially degenerate is projectively equivalent
to a hyperplane or a Cartan hypersurface. This result is the motivation
of our study. Cartan hypersurfaces are well-known as isoparametric
hypersurfaces, and we give some observation concerning this. Moreover,
motivated by their sphere bundle structure, we construct many exam-
ples of tangentially degenerate submanifolds (7, \S 9). Simple examples
are obtained as follows:

$dimensionk.ConsidertheHopffifibration\pi\cdot.S^{2n+1}(\subset \mathbb{C}^{n+1})\rightarrow \mathbb{C}\mathbb{P}^{n}Lemma2.2.Let\Sigma^{k}\subset \mathbb{C}\mathbb{P}^{n}beacomplexsubmanifoldofcomplex$

,
and set $M^{2k+1}:=\pi^{-1}(\Sigma)\subset S^{2n+1}$ . Then $M$ is a submanifold with
degenerate Gauss mapping of $S^{2n+1}$ . If $\Sigma$ is compact and not a complex
projective subspace, then the rank of Gauss mapping is equal to $2k$ .

Remark that the codimension of $M^{2k+1}$ equals to $2n+1-(2k+1)=$
$2(n-k)\geq 2$ . In some cases this construction provides examples of
compact tangentially degenerate submanifolds satisfying the equality
$r=F(l):(l, r)=(3,2)$ , $(5, 4)$ , $(9, 8)$ , $(7, 16)$ , $(25, 24)$ (see \S 7, \S 9).

Proof of Lemma 2.2. The Gauss mapping $\gamma:M$ $\rightarrow G_{2k+2}(\mathbb{R}^{2n+2})$

is decomposed into the projection $\pi|_{M}$ : $ M\rightarrow\Sigma$ , the complex Gauss
mapping $\gamma_{\mathbb{C}}$ : $\Sigma\rightarrow G_{k+1}(\mathbb{C}^{n+1})$ and the natural inclusion $ G_{k+1}(\mathbb{C}^{n+1})c-\rangle$

$G_{2k+2}(\mathbb{R}^{2n+2})$ . Therefore $M$ is tangentially degenerate; $\gamma$ is degenerate
along the Hopf fibers. We refer to the following:

Theorem 2.3 ([2] and [21]). Let $\Sigma^{k}$ be a $k$ -dimensional compact
complex submanifold in $\mathbb{C}\mathbb{P}^{n}$ and let $\gamma_{\mathbb{C}}$ : $\Sigma\rightarrow G_{k+1}(\mathbb{C}^{n+1})$ be the com-
plex Gauss mapping of $\Sigma$ in $\mathbb{C}\mathbb{P}^{n}$ . If the rank of $\gamma_{\mathbb{C}}$ is less than $dim_{\mathbb{C}}\Sigma$ ,
then $\Sigma$ is necessarily a complex projective subspace $\mathbb{C}\mathbb{P}^{k}$ in $\mathbb{C}\mathbb{P}^{n}$

\S 3. Examples related to isoparametric hypersurfaces

Hypersurfaces in the sphere are tangentially degenerate if they have
zero principal curvature. In the simplest case where the principal curva-
tures are constant, i.e. in the case of isoparametric hypersurfaces (see [43]
for general facts), the principal curvatures are given by

$\lambda_{i}=\cot(\theta_{0}+\frac{\pi(i-1)}{g})$ , $0<\theta_{0}<\frac{\pi}{g}$ , $i=1$ , $\ldots$ , $g$

where $g=1,2,3,4,6$ . Then the tangentially degenerate isoparametric

hypersurfaces are

(i) $g=1$ and $M$ is a great hypersphere
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(ii) $g=3$ and $M$ is the Cartan hypersurfaces ([12]).

Each isoparametric hypersurface has two focal submanifolds $M_{\pm}$ ,
and some of them are tangentially degenerate. It is well known that all

the shape operators $S_{N}$ of $M_{\pm}$ have constant eigenvalues given by

(i) 0 for $g=2$

(ii) $\pm 1/\sqrt{3}$ for $g=3$

(iii) $\pm 1,0$ for $g=4$

(iv) $\pm\sqrt{3}$ , $\pm 1/\sqrt{3},0$ for $g=6$

When $g=2$ , $M_{\pm}$ are totally geodesic subspheres hence tangentially
degenerate. Other possibilities are when $g=4$ or 6. If the kernel of
the shape operators have a common non-trivial vector, they are tan-
gentially degenerate. When $g=6$ and $M$ is homogeneous, both focal
submanifolds are tangentially degenerate [35]. Note that they are given
by singular orbits of the linear isotropy representation of the rank two

symmetric spaces $G_{2}/SO(4)$ and $G_{2}\times G_{2}/G_{2}$ . Moreover, these satisfy
the Ferus equality for $(l, r)=(5,4)$ , (ii) 8).

Examples of isoparametric hypersurfaces with $g=4$ are given in [39]
and [20]. Take the principal curvatures $\lambda_{1}$ , $\lambda_{2}$ , $\lambda_{3}$ , $\lambda_{4}$ so that $m_{1}$ and
$m_{2}$ are the multiplicities of $\lambda_{odd}$ and $\lambda_{even}$ where $m_{1}\leq m_{2}$ . Examples
in [39] are classified in [20] as

(i) Homogeneous ones of Clifford type:

$(m_{1}, m_{2})=(1, k)$ , $(2, 2k-1)$ , $(4, 4k-1)$ , $(9, 6)$

(ii) Homogeneous ones with $(m_{1}, m_{2})=(2,2)$ and $(4, 5)$

(iii) Inhomogeneous ones of Clifford type: $(m_{1}, m_{2})=(3,4k)$ , $(7, 8k)$

Following [20], we assume $dimM_{-}=2m_{1}+m_{2}$ and $dimM_{+}=$

$m_{1}+2m_{2}$ . Now we summarize results and remarks on tangential degen-
eracy of these examples.

Proposition 3.1. Let $M$ be a homogeneous isoparametric hyper-

surface with $g=4$ and $(m_{1}, m_{2})=(1, k-2)$ , $k\geq 3$ , $(2, 2k-3)$ , $(4, 4k-5)$ ,
$k\geq 2$ . When $(m_{1}, m_{2})=(1, k-2)$ , the focal submanifolds $M_{+}$ is
tangentially degenerate with $(l, r)=(2k-3, 2k-4)$ ; while $M_{-}$ is not.
When $(m_{1}, m_{2})=(2,2k-3)$ , $(4, 4k-5)$ , $M_{-}$ is tangentially degenerate
with $(l, r)=(2k+1,2k)$ , $(4k+3,4k)$ , respectively; while $M_{+}$ is not. In
particular, there exist infifinitely many tangentially degenerate homoge-
neous submanifolds in the sphere, which satisfy the Ferus equality.

On the last assertion, we can easily show that for $p\geq 1$ and $q\geq 2$ ,
$F(2^{p}+1)=2^{p}$ and $F(2^{q}+3)=2^{q}$ hold, hence examples are given by
$M_{-}$ of isoparametric hypersurfaces with $(m_{1}, m_{2})=(2,2^{p}-3)$ , $p\geq 2$ ,
and $(4, 2^{q}-5)$ , $q\geq 3$ .
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Proposition 3.2. Let $M$ be a homogeneous isoparametric hyper-

surface with $g=4$ . When $(m_{1}, m_{2})=(2,2)$ , the focal submanifolds
$M_{+}$ is tangentially degenerate with $(l, r)=(6,4)$ , satisfying the Ferus
equality] while $M_{-}$ is not. When $(m_{1}, m_{2})=(4,5)$ , $M_{-}$ is tangentially
degenerate with $(l, r)=(13,12)$ ; while $M_{+}$ is not.

Corollary 3.3. The focal submanifold $M_{+}$ of homogeneous iso-
parametric hypersurface $M$ with $g=4$ and $(m_{1}, m_{2})=(1, k-2)$ , $(2, 2)$ ,

and $M_{-}$ with $(2, 2k-3)$ , $(4, 4k-5)$ , $(4, 5)$ is foliated by totally geo-
desic subspheres of dimension1,2 and 1, 3, 1, respectively. Along these
subspheres, the tangent space is parallel.

Remark 3.4. As for the case (iii), $M_{+}$ is not tangentially degen-
erate, since by Theorem 5.8 in [20], there exists a point $x\in M_{+}$ at
which $d(x)=dim\bigcap_{n}KerS_{N}=0$ . In the case $(m_{1}, m_{2})=(3,4k)$ , $M_{-}$

is homogeneous (6.4 in [20]). We will discuss these and the remaining
homogeneous case with $(m_{1}, m_{2})=(9,6)$ in another occasion, as well
as all other inhomogeneous examples of Clifford type. The tangential
degeneracy of $M_{+}$ for $(m_{1}, m_{2})=(1, k-2)$ and of $M_{-}$ for $(2, 2k-3)$ ,
$(4, 5)$ follows from Lemma 2.2, since the odd dimensional focal subman-
ifolds given by singular orbits of the linear isotropy representation of a
Hermitian symmetric space of rank two is tangentially degenerate. Then
use the classification in [24]. In the Appendix, we give a systematic proof
of the propositions, which is applicable to all the homogeneous cases.

\S 4. Stiefel manifolds and complex quadrics

Let $W$ be a real vector space with Euclidean inner product $\langle, \rangle$ . By
a 2-frame in $W$ we mean an ordered set of 2 orthonormal vectors in $W$ .

Let $V_{2}(W)$ be the space of 2-frames in $W$ , i.e.,

(3) $V_{2}(W)=\{(f_{1}, f_{2})\in W\times W|\langle f_{\alpha}, f_{\beta}\rangle=\delta_{\alpha\beta}(\alpha, \beta=1,2)\}$ .

Then $V_{2}(W)$ is a Stiefel manifold with $dim_{\mathbb{R}}V_{2}(W)=2dim_{\mathbb{R}}W-3$ . The
tangent space $T_{(f_{1},f_{2})}V_{2}(W)$ is

$\mathbb{R}(-f_{2}, f_{1})\oplus\{(x_{1}, x_{2})\in W\times W|x_{1}, x_{2}\perp span\{f_{1}, f_{2}\}\}$ .

The inner product on $W\times W$ defined by

$\langle(x_{1}, x_{2}), (y_{1}, y_{2})\rangle=\langle x_{1}, y_{1}\rangle+\langle x_{2}, y_{2}\rangle$

for $(x_{1}, x_{2})$ , $(y_{1}, y_{2})\in W\times W$

induces a Riemannian metric $\overline{g}$ on $V_{2}(W)$ .
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Let $\overline{G}_{2}(W)$ be the space of oriented 2-planes in $W$ . Then $V_{2}(W)$

is a principal fiber bundle over $\overline{G}_{2}(W)$ with structure group $S^{1}$ and

projection map $\pi:V_{2}(W)\rightarrow\overline{G}_{2}(W)$ defined by

$\pi((f_{1}, f_{2}))=span\{f_{1}, f_{2}\}$ .

For each $(f_{1}, f_{2})\in V_{2}(W)$ , the fiber $\pi^{-1}(\pi(f_{1}, f_{2}))$ is

$\{(\cos\theta f_{1}-\sin\theta f_{2}, \sin\theta f_{1}+\cos\theta f_{2})\in V_{2}(W)|\theta\in S^{1}\}$ .

The Riemannian metric $\overline{g}$ on $V_{2}(W)$ is invariant by the structure group.

Thus we may define a Riemannian metric $g$ on $G_{2}(W)$ such that $\pi$ is a
Riemannian submersion.

The distribution given by

$T_{(f_{1},f_{2})}’(V_{2}(W))$

(4)
$=\{(x_{1}, x_{2})\in T_{(f_{1},f_{2})}(V_{2}(W))|x_{1}, x_{2}\perp span\{f_{1}, f_{2}\}\}$

defines a connection in the principal fiber bundle $V_{2}(W)(\overline{G}_{2}(W), S^{1})$ ,

because $T_{(f_{1},f_{2})}’$ is complementary to the subspace $\mathbb{R}(-f_{2}, f_{1})$ tangent

to the fiber through $(f_{1}, f_{2})$ , and invariant under the $S^{1}$ -action. The

natural projection $\pi$ of $V_{2}(W)-$ onto $\overline{G}_{2}(W)$ induces a linear isomorphism

of $T_{(f_{1},f_{2})}’(V_{2}(W))$ onto $T_{p}(G_{2}(W))$ , where $\pi((f_{1}, f_{2}))=p$ . The complex

structure $\overline{J}$ on $T_{(f_{1},f_{2})}’(V_{2}(W))$ defined by

(5) $(x_{1}, x_{2})\mapsto(-x_{2}, x_{1})$

induces a canonical complex structure $J$ on $\overline{G}_{2}(W)$ through $ d\pi$ .

Let $\overline{Q}(\mathbb{C}^{m+1})$ be a submanifold of $S^{2m+1}(\sqrt{2})$ defined by

(6) $\overline{Q}(\mathbb{C}^{m+1})=\{z\in S^{2m+1}(\sqrt{2})|{}^{t}zz=0\}$ .

There is an identification between $\overline{Q}(\mathbb{C}^{m+1})$ and $V_{2}(\mathbb{R}^{m+1})$ as:

$\overline{Q}(\mathbb{C}^{m+1})\ni z\mapsto(Rez, Imz)\in V_{2}(\mathbb{R}^{m+1})$ .

Then $\overline{G}_{2}(\mathbb{R}^{m+1})$ is identified with the complex quadric

(7) $Q^{m-1}=\{\pi(z)\in \mathbb{C}\mathbb{P}^{m}|z\in\overline{Q}(\mathbb{C}^{m+1})\}$ ,

such that the following diagram is commutative:

$\overline{Q}(\mathbb{C}^{m+1})\rightarrow\sim$ $V_{2}(\mathbb{R}^{m+1})$

$\pi\downarrow$ $\downarrow\pi$

$Q^{m-1}$ $\rightarrow\sim\overline{G}_{2}(\mathbb{R}^{m+1})$ .
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\S 5. Complex submanifolds in complex quadrics

Consider an isometric immersion $\varphi:\Sigma\rightarrow Q^{n-1}\cong\overline{G}_{2}(\mathbb{R}^{n+1})$ of
a Riemannian manifold $\Sigma$ with $dim_{\mathbb{R}}\Sigma=l$ to the complex quadric.
Let $\eta:U’\rightarrow V_{2}\underline{(}\mathbb{R}^{n+1}$ ) be a local cross section of the circle bundle
$\pi:V_{2}(\mathbb{R}^{n+1})\rightarrow G_{2}(\mathbb{R}^{n+1})$ on an open set $U’\subset\overline{G}_{2}(\mathbb{R}^{n+1})$ and let $U$ be
an open neighborhood of a point $p$ in $\Sigma$ such that $\varphi(U)\subset U’$ . Denote

(8) $(\eta\circ\varphi)(q)=(f_{1}(q), f_{2}(q))$ for q $\in U\subset\Sigma$ .

Here $f_{\alpha}$ is an $\mathbb{R}^{n+1}$ -valued function on U with $\langle f_{\alpha}, f_{\beta}\rangle=\delta_{\alpha\beta}(\alpha,$ $\beta=$

1, 2). Write differential maps of $f_{\alpha}$ : U $\rightarrow \mathbb{R}^{n+1}(\alpha=1,2)$ as

(9) $df_{1}(X)=\lambda(X)f_{2}+p(X)$ , $df_{2}(X)=-\lambda(X)f_{1}+q(X)$

for X $\in T_{q}(\Sigma)$ ,

where $\lambda$ is a 1-form on $U$ , and $p$ , $q$ are $\mathbb{R}^{n+1}$ -valued 1-forms on $U$ such
that $p(X)$ , $q(X)\perp span\{f_{1}, f_{2}\}$ . Hence differentials of $\eta\circ\varphi$ and $\varphi$ are
given by

$d(\eta\circ\varphi)(X)=(df_{1}(X), df_{2}(X))$

$=(\lambda(X)f_{2}+p(X), -\lambda(X)f_{1}+q(X))$ ,

$d\varphi(X)=(d\pi\circ d(\eta\circ\varphi))(X)$

(10) $=d\pi(p(X), q(X))$ .

Suppose that $(\Sigma^{m}, J)$ is a K\"ahler manifold with $dim_{\mathbb{C}}\Sigma=m$ and
$\varphi:\Sigma^{m}\rightarrow Q^{n-1}\cong\overline{G}_{2}(\mathbb{R}^{n+1})(m<n-1)$ is a holomorphic isometric
immersion. Then (5), (10) and $ d\varphi oJ=Jod\varphi$ imply

$d\pi(p(JX), q(JX))=d\varphi(JX)=Jd\varphi(X)=Jd\pi(p(X), q(X))$

$=d\pi(-q(X), p(X))$ ,

and $q(X)=-p(JX)$ . Hence

$d\varphi(T_{q}(\Sigma))=\{d\pi(p(X), -p(JX))|X\in T_{q}(\Sigma)\}$ .

With respect to the metrics on $\Sigma$ and $Q^{n-1}$ , we have

$\langle d\varphi(X), d\varphi(Y)\rangle=\langle p(X), p(Y)\rangle+\langle p(JX), p(JY)\rangle$

(11) $=\langle X, Y\rangle$ .

Let $\nabla^{G}$ and $\nabla^{V}$ be the Levi-Civita connections on $\overline{G}_{2}(\mathbb{R}^{n+1})$ and
$V_{2}(\mathbb{R}^{n+1})$ , respectively. If X and Y are vector fields on $\Sigma$ , then we have
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$\nabla_{d\varphi(X)}^{G}d\varphi(Y)=d\pi(\nabla_{d\varphi(X)’}^{V}d\varphi(Y)’)$ where $d\varphi(X)’$ and $d\varphi(Y)’$ are the

basic vector fields corresponding to $d\varphi(X)$ and $d\varphi(Y)$ , respectively. Let
$\sigma^{\varphi}$ denote the second fundamental form of $\varphi$ . Then we can see that

$\sigma^{\varphi}(X, Y)=component$ of $d\pi((\nabla_{X}p)Y, -(\nabla_{X}p)JY)$

orthogonal to $d\varphi(T_{q}(\Sigma))$ in $T_{\varphi(q)}(\overline{G}_{2}(\mathbb{R}^{n+1}))$ ,

where $\nabla p$ denotes the covariant derivative of $p:T_{q}(\Sigma)\rightarrow \mathbb{R}^{n+1}$ . Let
$s:T_{q}(\Sigma)\times T_{q}(\Sigma)\rightarrow \mathbb{R}^{n+1}$ be a bilinear mapping defined by

(12) $s(X, Y)=the$ component of $(\nabla_{X}p)Y$ orthogonal to

$\{p(X)$ |X $\in T_{q}(\Sigma)\}$ in $\mathbb{R}^{n+1}$ .

Then $\sigma^{\varphi}(X, Y)=\sigma^{\varphi}(Y, $X) and $\sigma^{\varphi}(X, Y)+\sigma^{\varphi}(JX, JY)=0$ imply that

(13) $s(X, Y)=s(Y, $X), $s(X, Y)+s(JX, JY)=0$ .

\S 6. Submanifolds with degenerate Gauss mapping in spheres

Let $\varphi:\Sigma\rightarrow Q^{n-1}\cong\overline{G}_{2}(\mathbb{R}^{n+1})$ be a mapping from a differen-
tiate manifold $\Sigma$ with $dim_{\mathbb{R}}\Sigma=l$ to the complex quadric, and let
$\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ be the pullback bundle of the circle bundle
$\pi:V_{2}(\mathbb{R}^{n+1})\rightarrow G_{2}(\mathbb{R}^{n+1})$ with respect to $\varphi$ :

$\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\psi$
$V_{2}(\mathbb{R}^{n+1})$

(14) $\pi_{\varphi}\downarrow$ $\downarrow\pi$

$\Sigma$ $\rightarrow\varphi\overline{G}_{2}(\mathbb{R}^{n+1})$ .

Let $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}(1)$ be the mapping defined by

(15) $\Phi=pr_{1}o\psi$ ,

where $\psi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow V_{2}(\mathbb{R}^{n+1})$ is the bundle mapping in (14) and
$pr_{1}$ : $V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}(1)$ is the projection given by

$pr_{1}(f_{1}, f_{2})=f_{1}$ .

Then we have

$\Phi(\varphi^{*}V_{2}(\mathbb{R}^{n+1}))=p\in\Sigma\cup\{\cos\theta f_{1}+\sin\theta f_{2}|\pi(f_{1}, f_{2})=\varphi(p), \theta\in S^{1}\}$
.
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Hence $\Phi(\varphi^{*}V_{2}(\mathbb{R}^{n+1}))$ is a union of (real) $l$-parameter family of great
circles in $S^{n}(1)$ .

By the local triviality of the circle bundle $\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ ,

every point $p$ of $\Sigma$ has an open neighborhood $U$ such that there is a
diffeomorphism $\phi_{U}$ : $\pi_{\varphi}^{-1}(U)\rightarrow S^{1}\times U$ defined by $\phi_{U}(u)=(\theta(u), \pi_{\varphi}(u))$

where $\theta$ is a mapping of $\pi_{\varphi}^{-1}(U)$ into $S^{1}$ satisfying $\theta(ua)=\theta(u)a$

for all $u\in\pi_{\varphi}^{-1}(U)$ and $a\in S^{1}$ . Let $\eta’$ be a local cross section of

$\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ on $U$ , and denote $(\psi\circ\eta’)(q)=(f_{1}(q), f_{2}(q))$ for
$q\in U$ . Using (7), we see that oriented 2-plane spanned by $(f_{1}(q), f_{2}(q))\in$

$V_{2}(\mathbb{R}^{m+1})$ is identified with $\varphi(q)\in Q^{n-1}$ . We define the mapping
$\Phi_{U}=\Phi\circ\phi_{U}^{-1}$ : $S^{1}\times U\rightarrow S^{n}$ , where $\Phi$ is defined by (15). Then $\Phi_{U}$ is
written as

(16) $\Phi_{U}(\theta, q)=\cos\theta f_{1}(q)+\sin\theta f_{2}(q)$ , $(\theta, q)\in S^{1}\times U$.

Let X be a tangent vector of $\Sigma$ at q in U $\subset\Sigma$ . Then (9) and (16)
yield that the differential of $\Phi_{U}$ is

(17) $d\Phi_{U}(\partial/\partial\theta, O)=-\sin\theta f_{1}+\cos\theta f_{2}$ ,

$d\Phi_{U}(0, X)=\cos\theta(\lambda(X)f_{2}+p(X))+\sin\theta(-\lambda(X)f_{1}+q(X))$

$(18)$ $=\lambda(X)d\Phi_{U}(\partial/\partial\theta, 0)+\cos\theta p(X)+\sin\theta q(X)$ .

Let $e_{1}$ , $\ldots$ , $e_{l}$ be an orthonormal basis of the tangent space $T_{q}(\Sigma)$ at
$ q\in U\subset\Sigma$ . Then the mapping $\Phi_{U}$ is non-singular at $(\theta, q)\in S^{1}\times U$ if
and only if

(18) $\Phi_{U}\wedge d\Phi_{U}(\partial/\partial\theta, 0)\wedge d\Phi_{U}(0, e_{1})\wedge\cdots\wedge d\Phi_{U}(0, e_{l})\neq 0$ .

By (16) and (17) we have

(20) $\Phi_{U}\wedge d\Phi_{U}(0, \partial/\partial\theta)=f_{1}\wedge f_{2}$ .

With respect to $\mathbb{R}^{n+1}$ -valued 1-forms p, q on U $\subset\Sigma$ defined by (10),
denote $p(e_{j})=p_{j}$ and $q(e_{j})=q_{j}$ for j $=1$ , \ldots , l, and put

(21) $\Psi_{j}=\cos\theta p_{j}+\sin\theta q_{t}\in T_{\Phi_{U}(\theta,q)}(S^{n})$ for j $=1$ , \ldots , l.

Then by (18) and (20), (19) is equivalent to

(22) $\Psi_{1}\wedge\cdots\wedge\Psi_{l}\neq 0$ .

Consequently we obtain
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Proposition 6.1. The mapping $\Phi_{U}$ : $S^{1}\times U\rightarrow S^{n}(1)$ defifined by
(16) is non-singular at $(q, \theta)$ if and only if at $ q\in U\subset\Sigma$ , the mapping
$\varphi:\Sigma\rightarrow Q^{n-1}$ satisfifies

$\cos^{l}\theta p_{1}\wedge\cdots\wedge P\iota$

$+\cos^{l-1}\theta\sin\theta(q_{1}\wedge p_{2}\wedge\cdots\wedge p_{l}+\cdots+p_{1}\wedge\cdots\wedge p_{l-1}\wedge q_{l})$

$+\cos\theta\sin^{l-1}\theta(p_{1}\wedge q_{2}\wedge\cdots\wedge q_{l}+\cdots+q_{1}\wedge\cdots\wedge q_{l-1}\wedge p_{l})$

$+\sin^{l}\theta q_{1}\wedge\cdots\wedge q_{l}\neq 0$ .

Suppose that $(\Sigma^{m}, $J) is a K\"ahler manifold with $dim_{\mathbb{C}}\Sigma=m$ and
$\varphi:\Sigma^{m}\rightarrow Q^{n-1}(m<n-1)$ is a holomorphic isometric immersion. Let
$\{e_{2k-1}, e_{2k}=Je_{2k-1}|k=1, \ldots, m\}$ be an orthonormal basis of the
tangent space $T_{q}(\Sigma^{m})$ at $q\in U\subset\Sigma^{m}$ . Then we obtain

$\Psi_{2k-1}\wedge\Psi_{2k}=(\cos\theta p_{2k-1}+\sin\theta q_{2k-1})\wedge(\cos\theta p_{2k}+\sin\theta q_{2k})$

$=(\cos\theta p_{2k-1}-\sin\theta p_{2k})\wedge(\cos\theta p_{2k}+\sin\theta p_{2k-1})$

$=p_{2k-1}\wedge p_{2k}$ , $(k=1, \ldots, m)$

and $\Psi_{1}\wedge\cdots\wedge\Psi_{2m}=p_{1}\wedge\cdots\wedge p_{2m}$ . By (22) we get

Proposition 6.2. Let $(\Sigma^{m}, J)$ be a K\"ahler manifold of $dim_{\mathbb{C}}\Sigma=$

$m$ and let $\varphi:\Sigma^{m}\rightarrow Q^{n-1}(m<n-1)$ be a holomorphic immer-

sion. Then the mapping $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}(1)$ defifined by (16) is

non-singular at each point in $\pi_{\varphi}^{-1}(q)$ if and only if at $q\in\Sigma^{m}$ , $\varphi$ satisfifies

(23) $p_{1}\wedge\cdots\wedge p_{2m}\neq 0$ .

Remark 6.3. Jensen-Rigoli-Yang [28] studied holomorphic curves
$(m=1)$ in complex quadrics. A point $p$ in the holomorphic curve
$\varphi:\Sigma^{1}\rightarrow Q^{n-1}$ is called a $rea/$ point if $p_{1}\wedge p_{2}=0$ at $p$ . They showed
that if any $p\in\Sigma^{1}$ is a real point, then $\varphi(\Sigma^{1})$ is contained in a totally
geodesic $Q^{1}$ in $Q^{n-1}$ .

Suppose that a holomorphic immersion $\varphi:\Sigma^{m}\rightarrow Q^{n-1}$ satisfies
(23) at each point of $\Sigma^{m}$ . Let $V=d\phi_{U}^{-1}(\partial/\partial\theta, 0)$ be a tangent vec-
tor of the fiber $\pi_{\varphi}^{-1}(q)$ of the submersion $\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ at
$ q\in\Sigma$ . Then $\mathbb{R}d\Phi(V)+span\{\Psi_{j}|j=1, \ldots, 2m\}=\mathbb{R}d\Phi_{U}(\partial/\partial\theta, 0)+$

$\{d\Phi_{U}(0, X)|X\in T_{q}(\Sigma)\}$ . Denote $\sigma^{\Phi}$ the second fundamental form of
the immersion $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}(1)$ . Since each fiber $\pi_{\varphi}^{-1}(q)$ is a
great circle of $S^{n}(1)$ , we have

(24) $\sigma^{\Phi}(V, V)=0$ .
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On the other hand, if we denote $D$ the Euclidean connection of $\mathbb{R}^{n+1}$ ,

then using (21) we get

$D_{\partial/\partial\theta}\Psi_{2k-1}=-\sin\theta p_{2k-1}-\cos\theta p_{2k}$ ,

$D_{\partial/\partial\theta}\Psi_{2k}=-\sin\theta p_{2k}+\cos\theta p_{2k-1}$ ,

$(k=1, \ldots, m)$ and both of these terms are contained in the tangent
space of $\Phi(\varphi^{*}V_{2}(\mathbb{R}^{n+1}))$ . Hence we obtain

(25) $\sigma^{\Phi}(V, d\phi_{U}^{-1}(0, X))=0$ for X $\in T_{q}(\Sigma)$ .

Combining with (2), (24) and (25), we obtain a generalization of
Lemma 2.2:

Theorem 6.4. Let $\varphi:\Sigma^{m}\rightarrow Q^{n-1}(m<n-1)$ be a holomorphic
immersion from a K\"ahler manifold $\Sigma^{m}$ to the complex quadric for which
(23) holds. Then with respect to the immersion $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}(1)$

given by (15), any tangent line of the fifiber $\pi_{\varphi}^{-1}(p)$ at each $u\in\pi_{\varphi}^{-1}(p)$ ,
$p\in\Sigma^{m}$ lies in the kernel of differential of the Gauss mapping of $\varphi$ .

Hence $\Phi$ is tangentially degenerate.

Remark 6.5. Let $\pi:S^{2m+1}(1)\rightarrow \mathbb{C}\mathbb{P}^{m}$ be the Hopf fibration, and
let $f:M$ $\rightarrow \mathbb{C}\mathbb{P}^{m}$ be an isometric immersion from a $rea/$ $l$-dimensional
Riemannian manifold $M$ . Then there is a natural immersion
$F:\pi^{-1}(M)\rightarrow S^{2m+1}(1)$ such that the following diagram is commu-
tative:

$\pi^{-1}(M)\rightarrow FS^{2m+1}(1)$

(26) $\pi\downarrow$ $\downarrow\pi$

$M$
$\rightarrow f$

$\mathbb{C}\mathbb{P}^{m}$ .

It can be seen that any tangent line of each fiber $\pi^{-1}(p)(p\in M)$ of the
$S^{1}-$bundle $\pi:\pi^{-1}(M)\rightarrow M$ lies in

{X $\in T_{x}(\pi^{-1}M)|\sigma^{F}(X,$ $Y)=0$ for any Y $\in T_{x}(M)$ }, $(\pi(x)=p)$

if and only if $l$ is even and $M$ is a complex submanifold of $\mathbb{C}\mathbb{P}^{m}$ .

Let $\varphi:\Sigma^{k}\rightarrow Q^{2m}(k<2m)$ be a holomorphic immersion from
a K\"ahler manifold $\Sigma^{k}$ with $dim_{\mathbb{C}}\Sigma=k$ to the complex quadric $Q^{2m}$ sat-
isfying (23). Then the immersion $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{2m+1}(1)$ defined
by (15) is congruent to the inverse image of a complex submanifold $M^{k}$

in $\mathbb{C}\mathbb{P}^{m}$ if and only if $\varphi(\Sigma^{k})$ is contained in a totally geodesic $\mathbb{C}\mathbb{P}^{m}$ in
$Q^{2m}[16]$ and [29]. In fact the set of fibers of the Hopf fibration $\pi$ is
identified with totally geodesic $\mathbb{C}\mathbb{P}^{m}$ in $Q^{2m}$ .
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\S 7. Examples

Now we give examples of homogeneous complex submanifolds of
complex quadrics, which satisfy the assumption of Theorem 6.4.

Let $M(m+1, \mathbb{C})$ be the space of all complex $(m+1)\times(m+1)$

matrices, and let

$Sym^{\mathbb{C}}(m+1)=\{A\in M(m+1, \mathbb{C})|{}^{t}A=A\}$ ,

$Sym_{0}^{\mathbb{C}}(m+1)=\{A\in Sym^{\mathbb{C}}(m+1)|traceA=0\}$ .

Then $Sym^{\mathbb{C}}(m+1)$ (resp. $Sym_{0}^{\mathbb{C}}(m+1)$ ) can be considered as a real

$(m+1)(m+2)$ (resp. $m(m+3)$ )-dimensional vector space with the
inner product given by

(27) $\langle A_{1}, A_{2}\rangle=\frac{1}{2}Re(trace(A_{1}A_{2}^{*}))$ .

Similarly, let

$Sym^{\mathbb{R}}(m+1)=\{A\in M(m+1, \mathbb{R})|{}^{t}A=A\}$ ,

$Sym_{0}^{\mathbb{R}}(m+1)=\{A\in Sym^{\mathbb{R}}(m+1)|traceA=0\}$ .

Then $Sym_{0}^{\mathbb{R}}(m+1)$ can be considered as a real $m(m+3)/2$-dimensional
vector space with the inner product given by

(28) $\langle B_{1}, B_{2}\rangle=\frac{1}{2}Re(trace(B_{1}B_{2}))$ .

Let $S_{r}(Sym^{\mathbb{C}}(m+1))$ (resp. $S_{r}(Sym_{0}^{\mathbb{C}}(m+1))$ ) be the hypersphere

of radius $r>0$ in $Sym^{\mathbb{C}}(m+1)$ (resp. $Sym_{0}^{\mathbb{C}}(m+1)$ ), and let
$\mathbb{P}(Sym^{\mathbb{C}}(m+1))$ (resp. $\mathbb{P}(Sym_{0}^{\mathbb{C}}(m+1))$ ) be the complex projective

space which is considered as the quotient space of $S_{r}(Sym^{\mathbb{C}}(m+1))$

(resp. $S_{r}(Sym_{0}^{\mathbb{C}}(m+1))$ ) obtained by identifying $v$ with $\lambda v$ , where
$\lambda\in \mathbb{C}$ with $|\lambda|=1$ . Let $\pi:S_{r}(Sym^{\mathbb{C}}(m+1))\rightarrow \mathbb{P}(Sym^{\mathbb{C}}(m+1))$

(resp. $\pi:S_{r}(Sym_{0}^{\mathbb{C}}(m+1))\rightarrow \mathbb{P}(Sym_{0}^{\mathbb{C}}(m+1))$ ) be the Hopf fifibration.
Define a mapping $\overline{\varphi}_{m}$ : $S^{2m+1}(\sqrt{2})\rightarrow Sym^{\mathbb{C}}(m+1)$ as

(29) $\overline{\varphi}_{m}(z)=\frac{1}{\sqrt{2}}z^{t}z=\frac{1}{\sqrt{2}}$ $\left(\begin{array}{llll}z_{0}^{2} & z_{0}z_{1} & \cdots & z_{0}z_{m}\\z_{1}z_{0} & z_{1}^{2} & \cdots & z_{1}z_{m}\\\vdots & \vdots & \ddots & \vdots\\ z_{m}z_{0} & z_{m}z_{1} & \cdots & z_{m}^{2}\end{array}\right)$

for z $=(z_{j})\in S^{2m+1}(\sqrt{2})$ . Then it can be verified that $\langle\overline{\varphi}_{m}(z),\overline{\varphi}_{m}(z)\rangle=$

1 with respect to (27) for z $\in S^{2m+1}(\sqrt{2})$ and $\overline{\varphi}_{m}$ induces a mapping
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$\varphi_{m}$ of $\mathbb{C}\mathbb{P}^{m}$ into $\mathbb{P}(Sym^{\mathbb{C}}(m+1))\cong \mathbb{C}\mathbb{P}^{m(m+3)/2}$ such that the following
diagram is commutative:

$S^{2m+1}(\sqrt{2})\rightarrow\overline{\varphi}_{m}S_{1}(Sym^{\mathbb{C}}(m+1))$

$\pi\downarrow$ $\downarrow\pi$

$\mathbb{C}\mathbb{P}^{m}$ $\rightarrow\varphi_{m}\mathbb{P}(Sym^{\mathbb{C}}(m+1))$ .

$\varphi_{m}$ is nothing but the complex Veronese embedding.

If we restrict $\overline{\varphi}_{m}$ to the submanifold $\overline{Q}(\mathbb{C}^{m+1})$ which is given by (6),

then the image $\overline{\varphi}_{m}(\overline{Q}(\mathbb{C}^{m+1}))$ is contained in the submanifold

(30) $\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1))=\{A\in S_{1}(Sym_{0}^{\mathbb{C}}(m+1))|traceA^{2}=0\}$ .

Putting $W=Sym_{0}^{\mathbb{C}}(m+1)$ in the argument in \S 4, we have a commutative
diagram:

$\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1))\rightarrow\sim$ $V_{2}(Sym_{0}^{\mathbb{R}}(m+1))$

$\pi\downarrow$ $\downarrow\pi$

$Q(Sym_{0}^{\mathbb{C}}(m+1))\rightarrow\sim\overline{G}_{2}(Sym_{0}^{\mathbb{R}}(m+1))$ ,

where we can write

$Q(Sym_{0}^{\mathbb{C}}(m+1))=\{\pi(A)\in \mathbb{P}(Sym_{0}^{\mathbb{C}}(m+1))|traceA^{2}=0\}$ .

Consider a Riemannian metric on $\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1))$ which is induced by

the inclusion into $Sym_{0}^{\mathbb{C}}(m+1)$ of (27). Then we have the Riemannian

metric on $Q(Sym_{0}^{\mathbb{C}}(m+1))$ such that the fibering $\pi:\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1))\rightarrow$

$Q(Sym_{0}^{\mathbb{C}}(m+1))$ is a Riemannian submersion. Hence $\overline{\varphi}_{m}$ induces a

mapping $\varphi_{m}$ of $Q^{m-1}$ into $Q(Sym_{0}^{\mathbb{C}}(m+1))\cong Q^{(m-1)(m+4)/2}$ such that
the following diagram is commutative:

$\overline{Q}(\mathbb{C}^{m+1})\rightarrow\overline{\varphi}_{\mathfrak{m}}\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1))$

(31) $\pi\downarrow$ $\downarrow\pi$

$Q^{m-1}$ $\rightarrow\varphi_{m}Q(Sym_{0}^{\mathbb{C}}(m+1))$ .

We can see that the image of $\overline{Q}(\mathbb{C}^{m+1})$ under $\overline{\varphi}_{m}$ is given by

$\overline{\varphi}_{m}(\overline{Q}(\mathbb{C}^{m+1}))=\{A\in\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1))|A^{2}=0, AA^{*}A=4A\}$ .

The special orthogonal group SO $(m+1)$ acts on $Q^{m-1}$ isometrically as

(32) $\pi(z)\mapsto\pi(Tz)$ , $(T\in SO(m+1), z\in\overline{Q}(\mathbb{C}^{m+1}))$ .
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This action is transitive [30, p. 279] and the isotropy subgroup at the
point $o=\pi(^{t}(1, i, 0, \ldots, 0))\in Q^{m-1}$ is SO(2) $\times$ SO(m–1). SO(m+l)

acts on $Q(Sym_{0}^{\mathbb{C}}(m+1))$ isometrically as

(33) $\pi(A)\mapsto\pi(TAT^{-1})$ ,

$(T\in SO(m+1), A\in\overline{Q}(Sym_{0}^{\mathbb{C}}(m+1)))$ .

By (29) and (31), we have

$\varphi_{m}(\pi(Tz))=\pi(T\varphi_{m}(z)T^{-1})$ .

Hence the embedding $\varphi_{m}$ : $Q^{m-1}\rightarrow Q(Sym_{0}^{\mathbb{C}}(m+1))$ given by (29)
and (31) is equivariant with respect to the actions (32) and (33)

of SO(m+l).

We calculate differential of $\varphi_{m}$ : $Q^{m-1}$ $\rightarrow Q(Sym_{0}^{\mathbb{C}}(m+1))$ at
$\pi(f_{1}+if_{2})\in Q^{m-1}$ . Here we identify (31) with

$V_{2}(\mathbb{R}^{m+1})\rightarrow\overline{\varphi}_{m}$ $V_{2}(Sym_{0}^{\mathbb{R}}(m+1))$

$\pi\downarrow$ $\downarrow\pi$

$\overline{G}_{2}(\mathbb{R}^{m+1})\rightarrow\varphi_{m}\overline{G}_{2}(Sym_{0}^{\mathbb{R}}(m+1))$ .

Let $t\mapsto(f_{1}(t), f_{2}(t))$ be a curve in $V_{2}(\mathbb{R}^{m+1})$ such that $(f_{1}(0), f_{2}(0))=$

$(f_{1}, f_{2})$ and $(f_{1}’(0), f_{2}’(0))=(x_{1}, x_{2})\in T_{(f_{1},f_{2})}’(V_{2}(\mathbb{R}^{m+1}))$ (cf. (4)). Then

we have

$\overline{\varphi}_{m}(f_{1}(t), f_{2}(t))=\frac{1}{\sqrt{2}}(f_{1}(t)^{t}f_{1}(t)-f_{2}(t)^{t}f_{2}(t), f_{1}(t)^{t}f_{2}(t)+f_{2}(t)^{t}f_{1}(t))$

and

$d\overline{\varphi}_{m}(x_{1}, x_{2})=\frac{d}{dt}|_{t=0}\overline{\varphi}_{m}(f_{1}(t), f_{2}(t))$

$=\frac{1}{\sqrt{2}}(x_{1^{t}}f_{1}+f_{1}{}^{t}x_{1}-x_{2^{t}}f_{2}-f_{2}{}^{t}x_{2}, x_{1^{t}}f_{2}+f_{1}{}^{t}x_{2}+x_{2^{t}}f_{1}+f_{2}{}^{t}x_{1})$

$\in T\frac{\prime}{\varphi}m(f_{1},f_{2})(V_{2}(Sym_{0}^{\mathbb{R}}(m+1)))$ .

Hence

$d\varphi_{m}(d\pi(x_{1}, x_{2}))$

$=\frac{1}{\sqrt{2}}d\pi(x_{1^{t}}f_{1}+f_{1}{}^{t}x_{1}-x_{2^{t}}f_{2}-f_{2}{}^{t}x_{2}, x_{1^{t}}f_{2}+f_{1}{}^{t}x_{2}+x_{2^{t}}f_{1}+f_{2}{}^{t}x_{1})$
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implies that $\varphi_{m}$ is holomorphic, i.e., $d\varphi_{m}oJ=J\circ d\varphi_{m}$ . With respect
to the notation (9), we obtain

$p(d\pi(x_{1}, x_{2}))=\frac{1}{\sqrt{2}}(x_{1}{}^{t}f_{1}+f_{1}{}^{t}x_{1}-x_{2^{t}}f_{2}-f_{2}{}^{t}x_{2})\in Sym_{0}^{\mathbb{R}}(m+1)$ ,

and

$\langle p(d\pi(x_{1}, x_{2})), p(d\pi(y_{1}, y_{2}))\rangle=\frac{1}{2}(^{t}x_{1}y_{1}+{}^{t}x_{2}y_{2})$

(34) $=\frac{1}{2}\langle d\pi(x_{1}, x_{2}), d\pi(y_{1}, y_{2})\rangle$ .

In particular, the holomorphic embedding $\varphi_{m}$ : $Q^{m-1}\rightarrow Q(Sym_{0}^{\mathbb{C}}(m+1))$

satisfies (23). Therefore, applying Theorem 6.4, we obtain homogeneous
examples of tangentially degenerate submanifolds:

$\Phi:\varphi_{m}^{*}V_{2}(\mathbb{R}^{m+1})\rightarrow S^{(m^{2}\dagger 3m-2)/2}(1)$

\S 8. Austere submanifolds in spheres

A submanifold $M$ in a Riemannian manifold is called austere [23]
if for each normal vector $\xi$ , the set of eigenvalues of the shape operator
$A_{\xi}$ is invariant under multiplication of -1. Clearly austere subman-
ifolds are minimal, and they are closely related to special Lagrangian

submanifolds (see also [10]). In fact, Harvey and Lawson showed (Theo-
rem 3.17 in [23] $)$ that from any compact austere submanifold of $S^{n}$ , one
can construct an $n+1$-dimensional special Lagrangian cone of least mass
in $\mathbb{R}^{2n+2}$ . In this section we will show that if $\Sigma$ is a complex submani-
fold of fifirst order isotropic in $Q^{n-1}$ , then the corresponding submanifold
$M$ in $S^{n}$ with 2-parameter family of great circles is austere, as well as
tangentially degenerate.

We will use notations of \S 5 and \S 6. Let $(\Sigma^{m}, \langle , \rangle, J)$ be a
K\"ahler manifold of $dim_{\mathbb{C}}\Sigma=m$ and let $\varphi:\Sigma^{m}\rightarrow Q^{n-1}\cong G_{2}(\mathbb{R}^{n+1})$

$(m<n-1)$ be a holomorphic isometric immersion, i.e., (11) holds. We
say that holomorphic immersion $\varphi:\Sigma\rightarrow Q^{n-1}$ is fifirst order isotropic

(cf. (9), (18) and (34)) if

(35) $\langle p(X), p(Y)\rangle=\frac{1}{2}\langle X, $Y\rangle .

This condition is independent of the choice of local cross section
$\eta’$ : $U\rightarrow\varphi^{*}V_{2}(\mathbb{R}^{n+1})$ for an open subset $ U\subset\Sigma$ . Moreover, using (11)
and (35), we see that
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Proposition 8.1. Let $\varphi:\Sigma\rightarrow Q^{n-1}$ be a holomorphic isometric
immersion of a Kdhler manifold and let $\iota:Q^{n-1}\rightarrow \mathbb{C}\mathbb{P}^{n}$ be the inclusion.
Then $\varphi$ is fifirst order isotropic if and only if $d(\iota\circ\varphi)(X)$ is an isotropic
vector for each $ X\in T\Sigma$ .

For holomorphic curves (i.e., 1-dimensional complex submanifolds)
in the complex quadric, the definition of fifirst order isotropic is given by
Jensen-Rigoli-Yang [28]. In this case, (23) holds for $\varphi$ , and by Propo-
sition 6.1, the mapping $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}(1)$ defined by (15) is an
immersion. Let $\Phi_{U}=\Phi\circ\phi_{U}^{-1}$ : $S^{1}\times U\rightarrow S^{n}$ be the local expression
of $\Phi$ defined by (16). For each $\theta\in S^{1}$ , we define a linear mapping
$\Psi_{\theta}$ : $T_{q}(\Sigma)\rightarrow T_{\Phi_{U}(\theta,q)}(S^{n})$ as

$\Psi_{\theta}(X)=\cos\theta p(X)+\sin\theta q(X)=\cos\theta p(X)-\sin\theta p(JX)$ .

By (18), we have $\Psi_{\theta}(X)=d\Phi_{U(\theta,q)}(0, X)-\lambda(X)d\Phi_{U(\theta,q)}(\partial/\partial\theta, 0)$ .

Then (17), (18), (23) and $q(X)=-p(JX)$ , imply

$d\Phi_{U}(T_{(\theta,q)}(S^{1}\times U))=\mathbb{R}d\Phi_{U}(\partial/\partial\theta)\oplus\{p(X)|X\in T_{q}(\Sigma)\}$

$=\mathbb{R}d\Phi_{U}(\partial/\partial\theta)\oplus\{\Psi_{\theta}(X)|X\in T_{q}(\Sigma)\}$ .

With respect to the submersion $\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ , $d\phi_{U}^{-1}(\partial/\partial\theta)$ is a
unit vertical vector and $\{\Psi_{\theta}(X)|X\in T_{q}(\Sigma)\}$ is the image of horizontal
subspace in $T_{\phi_{U}^{-1}(\theta,q)}(\varphi^{*}V_{2}(\mathbb{R}^{n+1}))$ under d$. Using (35) we see that for

each $\theta$ , $\langle\Psi_{\theta}(X), \Psi_{\theta}(Y)\rangle=(1/2)\langle X, Y\rangle$ and in particular $\Psi_{\theta}$ is injective.
Hence we have

Proposition 8.2. Let $\varphi:\Sigma\rightarrow Q^{n-1}$ be $a$ fifirst order isotropic
holomorphic isometric immersion from a Kdhler manifold to the complex
quadric, and let $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}$ be the corresponding immersion

defifined by (15). Then restriction of the differential of the projection
$\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ to the horizontal subspaces is a homothety with
respect to the metric on $\varphi^{*}V_{2}(\mathbb{R}^{n+1})$ induced by $\Phi$ .

Let D denote the Euclidean covariant derivative on $\mathbb{R}^{n+1}$ . Then we
obtain

$D_{\Psi_{\theta}(X)}\Psi_{\theta}(Y)=\cos\theta\{(\nabla_{X}p)Y+p(\nabla_{X}Y)+\lambda(X)p(JY)\}$

$-\sin\theta\{(\nabla_{X}p)JY+p(\nabla_{X}(JY))-\lambda(X)p(Y)\}$ .

Then (25) yields

$\sigma^{\Phi}$

$(d\phi_{U}^{-1}(0, X)$ , $d\phi_{U}^{-1}(0, Y))=\cos\theta s(X, Y)-\sin\theta s(X, JY)$
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where $X$ , $Y\in T_{q}(\Sigma)$ . Hence by virtue of (13), we obtain
(36)

$\sigma^{\Phi}$

$(d\phi_{U}^{-1}(0, X)$ , $d\phi_{U}^{-1}(0, Y))+\sigma^{\Phi}(d\phi_{U}^{-1}(0, JX),$ $d\phi_{U}^{-1}(0, JY))=0$ .

As a generalization of Theorem 1 in [29], we get

Theorem 8.3. Let $\varphi:\Sigma\rightarrow Q^{n-1}$ be $a$ fifirst order isotropic holo-
morphic isometric immersion from a Kdhler manifold to the complex
quadric. Then the corresponding immersion $\Phi:\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow S^{n}$

defifined by (15) is austere.

Proof Let $U$ be an open subset in $\Sigma$ and let $\Phi_{U}=\Phi\circ\phi_{U}^{-1}$ : $ S^{1}\times$

$U\rightarrow S^{n}$ be the local expression of $\Phi$ as (16). By Proposition 8.2,

at each point $u=\phi_{U}^{-1}(\theta, q)\in\pi_{\varphi}^{-1}(U)$ , we can choose an orthonormal

basis $\{V, e_{1}, \ldots, e_{2m}\}$ of the tangent space $T_{u}(\varphi^{*}V_{2}(\mathbb{R}^{n+1}))$ such that
$V=d\phi_{U}^{-1}(\partial/\partial\theta, 0)$ is a unit vertical vector and $e_{j}=Hd\phi_{U}^{-1}(0, v_{j})$ ,
$(j=1, \ldots, 2m)$ are horizontal vector with respect to the submersion

$\pi_{\varphi}$ : $\varphi^{*}V_{2}(\mathbb{R}^{n+1})\rightarrow\Sigma$ , where $H$ denotes the horizontal component of
the tangent vector and $v_{1}$ , $\ldots$ , $v_{2m}$ is a basis of orthogonal vectors of
$T_{q}(\Sigma)$ with $Jv_{2k-1}=v_{2k}$ for $k=1$ , $\ldots$ , $m$ . Then by Theorem 6.4 and
(36), we can see that $\Phi$ is an austere immersion. $\square $

Remark 8.4. It is well-known (cf. [11] and [28]) that there is a
one-to-one correspondence between totally isotropic holomorphic curves
in $Q^{2m-1}$ and pseudoholomorphic surfaces (superminimal surfaces, or
isotropic minimal surfaces) in $S^{2m}$ . Hence from full minimal 2-spheres
in $S^{2m}$ , we can construct 3-dimensional full austere submanifolds in $S^{2m}$

$[29]$ . As for tangential degeneracy, see \S 10.

\S 9. Examples satisfying Ferus equality in spheres

In this section, we give further examples of homogeneous subman-
ifolds with degenerate Gauss mapping, and list up those which satisfy
Ferus equality.

Let $K$ be the field $\mathbb{R}$ of real numbers, the field $\mathbb{C}$ of complex numbers
or the field $\mathbb{H}$ of quaternions. In the natural way, $\mathbb{R}\subset \mathbb{C}\subset \mathbb{H}$ . The
conjugate of each element $q\in \mathbb{H}$ is defined as follows:

$\overline{q}=q_{0}-q_{1}i-q_{2}j-q_{3}k$ for q $=q_{0}+q_{1}i+q_{2}j+q_{3}k$

where $\{1, i, j, k\}$ is usual basis for $\mathbb{H}$ . Define a number $d$ by

$d=\{$

1 if $K=\mathbb{R}$ ,

2 if $K=\mathbb{C}$ ,

4 if $K=\mathbb{H}$ .
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Let x $\in K^{n+1}$ be a column vector. The usual inner product on $K^{n+1}=$

$\mathbb{R}^{(n+1)d}$ is given by

\langle x,$ y\rangle=Re(x^{*}y)$ for x, y $\in K^{n+1}$

where $Re(x^{*}y)$ denotes the real part of $x^{*}y$ .

The projective space $K\mathbb{P}^{n}$ over $K$ is considered as the quotient
space of the unit $((n+1)d-1)$ -dimensional sphere $S^{(n+1)d-1}$ $=$

$\{x\in K^{n+1}|x^{*}x=1\}$ obtained by identifying $x$ with $x\lambda$ where $\lambda\in$

$S^{d-1}=\{t\in K||t|=1\}$ . Let $\pi:S^{(n+1)d-1}\rightarrow K\mathbb{P}^{n}$ be the Hopf fibra-
tion and denote $\pi(x)=[x]\in K\mathbb{P}^{n}$ for $x\in S^{(n+1)d-1}$ . Then the canon-
ical metric in $K\mathbb{P}^{n}$ is the invariant metric such that $\pi$ is a Riemannian
submersion.

Let

$V_{2}(K^{n+1})=\{(u_{1}, u_{2})\in S^{(n+1)d-1}\times S^{(n+1)d-1}|u_{1}^{*}u_{2}=0\}$

be the Stiefel manifold over K. Then $T_{(u_{1},u_{2})}(V_{2}(K^{n+1}))$ , the tangent
space at $(u_{1}, u_{2})\in V_{2}(K^{n+1})$ is

$T_{(u_{1},u_{2})}(V_{2}(K^{n+1}))=\{(x_{1}, x_{2})\in K^{n+1}\times K^{n+1}|$

$\langle x_{1}, u_{1}\rangle=\langle x_{2}, u_{2}\rangle=0$ , $x_{1}^{*}u_{2}+u_{1}^{*}x_{2}=0\}$ .

The subspaces $T_{0}(u_{1}, u_{2})$ , $T_{\lambda}(u_{1}, u_{2})$ , $T_{\mu}(u_{1}, u_{2})$ of $T_{(u_{1},u_{2})}(V_{2}(K^{n+1}))$

are defined as

$T_{0}(u_{1}, u_{2})=$ { $(x_{1},$ $x_{2})\in K^{n+1}\times K^{n+1}|x_{\alpha}^{*}u_{\beta}=0$ for $\alpha$ , $\beta=1,2$ }
$T_{\lambda}(u_{1}, u_{2})=\{(-u_{2}\overline{\lambda}, u_{1}\lambda)\in K^{n+1}\times K^{n+1}|\lambda\in K\}$

$T_{\mu}(u_{1}, u_{2})=\{(u_{1}\mu_{1}, u_{2}\mu_{2})\in K^{n+1}\times K^{n+1}|\mu_{1}, \mu_{2}\in ImK\}$ .

Then we have $T_{(u_{1},u_{2})}(V_{2}(K^{n+1}))=T_{0}(u_{1}, u_{2})\oplus T_{\lambda}(u_{1}, u_{2})\oplus T_{\mu}(u_{1}, u_{2})$ .

Put

$F_{2}(K^{n+1})=\{([u_{1}], [u_{2}])\in K\mathbb{P}^{n}\times K\mathbb{P}^{n}|u_{1}^{*}u_{2}=0\}$ .

Then $V_{2}(K^{n+1})$ is a principal fiber bundle over $F_{2}(K^{n+1})$ with struc-
ture group $S^{d-1}\times S^{d-1}$ and projection map $\pi:V_{2}(K^{n+1})\rightarrow F_{2}(K^{n+1})$

defined by
$\pi(u_{1}, u_{2})=([u_{1}], [u_{2}])$ .

The distribution $T_{0}(u_{1}, u_{2})\oplus T_{\lambda}(u_{1}, u_{2})$ defines a connection in the prin-
cipal fiber bundle $V_{2}(K^{n+1})(F_{2}(K^{n+1}), S^{d-1}\times S^{d-1})$ , because this is
complementary to the subspace $T_{\mu}(u_{1}, u_{2})$ tangent to the fiber through
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$(u_{1}, u_{2})$ , and invariant under the $S^{d-1}\times S^{d-1}$ -action. The projec-
tion $\pi$ of $V_{2}(K^{n+1})$ onto $F_{2}(K^{n+1})$ induces a linear isomorphism of
$T_{0}(u_{1}, u_{2})\oplus T_{\lambda}(u_{1}, u_{2})$ onto $T_{p}(F_{2}(K^{n+1}))$ , where $\pi((u_{1}, u_{2}))=p$ . We
mention that $F_{2}(K^{n+1})$ is considered as the total space of “tautological
$K\mathbb{P}^{1}-$bundle” over 2-plane Grassmann manifold $\overline{G}_{2}(K^{n+1})$ with projec-
tion $\pi(u_{1}, u_{2})\mapsto span_{K}\{u_{1}, u_{2}\}$ .

Let $\mathfrak{M}^{K}(n+1)$ be the space of all $(n+1)\times(n+1)$ matrices over K.

The inner product on $\mathfrak{M}^{K}(n+1)=\mathbb{R}^{(n+1)^{2}d}$ is defined as

\langle A,$ B\rangle=\frac{1}{2}$ Re $trace(AB^{*})$ for A, B $\in \mathfrak{A}\mathfrak{i}^{K}(n+1)$ .

Let

$Herm^{K}(n+1)=\{A\in \mathfrak{M}^{K}(n+1)|A^{*}=A\}$

$Herm_{0}^{K}(n+1)=\{A\in Herm^{K}(n+1)|traceA=0\}$

$S(Herm_{0}^{K}(n+1))=\{A\in Herm_{0}^{K}(n+1)|\langle A, A\rangle=1\}$

$U^{K}(n+1)=\{P\in \mathfrak{M}^{K}(n+1)|P^{*}P=E\}$

where $A^{*}={}^{t}\overline{A}$ and $E$ is the identity matrix. $U^{K}(n+1)$ acts on $V_{2}(K^{n+1})$ ,

$F_{2}(K^{n+1})$ and $\overline{G}_{2}(K^{n+1})$ transitively as

$P$ . $(u_{1}, u_{2})=(Pu_{1}, Pu_{2})$ for $(u_{1}, u_{2})\in V_{2}(K^{n+1})$

$P\cdot\pi(u_{1}, u_{2})=\pi(Pu_{1}, Pu_{2})$ for $\pi(u_{1}, u_{2})\in F_{2}(K^{n+1})$

$P\cdot span_{K}\{u_{1}, u_{2}\}=span_{K}\{Pu_{1}, Pu_{2}\}$ for $span_{K}\{u_{1}, u_{2}\}\in\overline{G}_{2}(K^{n+1})$

and $P\in U^{K}(n+1)$ . Hence as homogeneous spaces, we have

$V_{2}(K^{n+1})=U^{K}(n+1)/U^{K}(n-1)$

$F_{2}(K^{n+1})=U^{K}(n+1)/U^{K}(1)\times U^{K}(1)\times U^{K}(n-1)$

$\overline{G}_{2}(K^{n+1})=U^{K}(n+1)/U^{K}(2)\times U^{K}(n-1)$ .

Define a map $\overline{\varphi}_{n}^{K}$ : $V_{2}(K^{n+1})\rightarrow S(Herm_{0}^{K}(n+1))$ as follows:

(37) $\overline{\varphi}_{n}^{K}(u_{1}, u_{2})=u_{1}u_{1}^{*}-u_{2}u_{2}^{*}$ for $(u_{1}, u_{2})\in V_{2}(K^{n+1})$ .

It is easy to see that $\overline{\varphi}_{n}^{K}$ gives a map $\varphi_{n}^{K}$ : $F_{2}(K^{n+1})\rightarrow S(Herm_{0}^{K}(n+1))$

such that $\overline{\varphi}_{n}^{K}=\varphi_{n}^{K}\circ\pi$ . For simplicity, we denote $\varphi=\varphi_{n}^{K}$ .

$U^{K}(n+1)$ acts on $Herm_{0}^{K}(n+1)$ orthogonally as

$P(A)=PAP^{*}$ for P $\in U^{K}(n+1)$ , A $\in Herm_{0}^{K}(n+1)$ .



136 G. Ishikawa, M. Kimura and R. Miyaoka

It is well-known that for each $A\in Herm_{0}^{K}(n+1)$ , there exists $ P\in$

$U^{K}(n+1)$ that PAP*is a diagonal matrix whose elements are real
numbers. The map $\varphi$ is equivariant, since

$\varphi(P. \pi(u_{1}, u_{2}))=\varphi(\pi(Pu_{1}, Pu_{2}))=\overline{\varphi}_{n}^{K}(Pu_{1}, Pu_{2})$

$=(Pu_{1})(Pu_{1})^{*}-(Pu_{2})(Pu_{2})^{*}=P\varphi(\pi(u_{1}, u_{2}))P^{*}$

for any $\pi(u_{1}, u_{2})\in F_{2}(K^{n+1})$ .

Take an element $(x_{1}, x_{2})\in T_{0}(u_{1}, u_{2})$ with $||x_{1}||=||x_{2}||=1$ . Then the
curve $t\mapsto\pi(u_{1}\cos t+x_{1}\sin t, u_{2}\cos t+x_{2}\sin t)$ is tangent to $d\pi(x_{1}, x_{2})$

at $\pi(u_{1}, u_{2})$ in $F_{2}(K^{n+1})$ . We have

(38) $\varphi(\pi(u_{1}\cos t+x_{1} \sin t, u_{2}\cos t+x_{2}\sin t))$

$=(u_{1}u_{1}^{*}-u_{2}u_{2}^{*})\cos^{2}t+(x_{1}x_{1}^{*}-x_{2}x_{2}^{*})\sin^{2}t$

$+(u_{1}x_{1}^{*}+x_{1}u_{1}^{*}-u_{2}x_{2}^{*}-x_{2}u_{2}^{*})\cos t$ $\sin t$ .

Thus we obtain

(39) $d\varphi(d\pi(x_{1}, x_{2}))=u_{1}x_{1}^{*}+x_{1}u_{1}^{*}-u_{2}x_{2}^{*}-x_{2}u_{2}^{*}$

for $(x_{1}, x_{2})\in T_{0}(u_{1}, u_{2})$

and

(40) $||d\varphi(d\pi(x_{1}, x_{2}))||=\sqrt{2}$ .

Take an element $(-u_{2}\overline{\lambda}, u_{1}\lambda)\in T_{\lambda}(u_{1}, u_{2})$ with $|\lambda|=1$ . Then the curve
$t\mapsto\pi(u_{1}\cos t-u_{2}\overline{\lambda}\sin t, u_{2}\cos t+u_{1}\lambda\sin t)$ is tangent to $d\pi(-u_{2}\overline{\lambda}, u_{1}\lambda)$

at $\pi(u_{1}, u_{2})$ in $F_{2}(K^{n+1})$ . We have

(41) $\varphi(\pi(u_{1}\cos t-u_{2}\overline{\lambda}\sin t, u_{2}\cos t+u_{1}\lambda\sin t))$

$=(u_{1}u_{1}^{*}-u_{2}u_{2}^{*})\cos 2t-(u_{1}\lambda u_{2}^{*}+u_{2}\overline{\lambda}u_{1}^{*})\sin 2t$ .

Hence we get

(42) $d\varphi(d\pi(-u_{2}\overline{\lambda}, u_{1}\lambda))=-2(u_{1}\lambda u_{2}^{*}+u_{2}\overline{\lambda}u_{1}^{*})$

for $(-u_{2}\overline{\lambda}, u_{1}\lambda)\in T_{\lambda}(u_{1}, u_{2})$

and

(43) $||d\varphi(d\pi(-u_{2}\overline{\lambda}, u_{1}\lambda))||=2$ .

By (40) and (43), the map $\varphi$ is an immersion. If $\overline{\varphi}_{n}^{K}(u_{1}, u_{2})=\overline{\varphi}_{n}^{K}(v_{1}, v_{2})$

holds for $(u_{1}, u_{2})$ , $(v_{1}, v_{2})\in V_{2}(K^{n+1})$ , then $u_{1}u_{1}^{*}-u_{2}u_{2}^{*}=v_{1}v_{1}^{*}-v_{2}v_{2}^{*}$
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and $(u_{1}u_{1}^{*}-u_{2}u_{2}^{*})^{2}=(v_{1}v_{1}^{*}-v_{2}v_{2}^{*})^{2}$ imply $u_{1}u_{1}^{*}=v_{1}v_{1}^{*}$ and $u_{2}u_{2}^{*}=$

$v_{2}v_{2}^{*}$ . By comparing the components, we see that $v_{1}=u_{1}\mu_{1}$ and $v_{2}=$

$u_{2}\mu_{2}$ for some $\mu_{1}$ , $\mu_{2}\in K$ with $|\mu_{1}|=|\mu_{2}|=1$ and hence $\varphi$ is an
embedding.

Let $\sigma$ be the second fundamental form of $\varphi$ . Take a tangent vector
$(-u_{2}\overline{\lambda}, u_{1}\lambda)\in T_{\lambda}(u_{1}, u_{2})(|\lambda|=1)$ at $(u_{1}, u_{2})\in V_{2}(K^{n+1})$ . (41) implies

$\frac{d^{2}}{dt^{2}}|_{t=0}\varphi(\pi(u_{1}\cos t-u_{2}\overline{\lambda}\sin t, u_{2}\cos t+u_{1}\lambda\sin t))$

$=-4(u_{1}u_{1}^{*}-u_{2}u_{2}^{*})$ ,

which is proportional to $\varphi(\pi(u_{1}, u_{2}))$ . Hence we get $\sigma(d\pi(X), d\pi(X))=$

$0$ for any $X\in T_{\lambda}(u_{1}, u_{2})$ and

(44) $\sigma(d\pi(X), d\pi(Y))=0$ for any X, Y $\in T_{\lambda}(u_{1}, u_{2})$ ,

by polarization. Put $(x_{1}, x_{2})\in T_{0}(u_{1}, u_{2})$ with $||x_{1}||=||x_{2}||=1$ .

Using (38), we obtain

$\frac{d^{2}}{dt^{2}}|_{t=0}\varphi(\pi(u_{1}\cos t+x_{1}\sin t, u_{2}\cos t+x_{2}\sin t))$

$=2(-u_{1}u_{1}^{*}+u_{2}u_{2}^{*}+x_{1}x_{1}^{*}-x_{2}x_{2}^{*})$ .

By taking the component which is orthogonal to $\varphi(\pi(u_{1}, u_{2}))$ , and using
(39) and (42), we have

$\sigma$ $(d\pi(x_{1}, x_{2})$ , $d\pi(x_{1}, x_{2}))=2(x_{1}x_{1}^{*}-x_{2}x_{2}^{*})$

for any $(x_{1}, x_{2})\in T_{0}(u_{1}, u_{2})$ . Hence

(45) $\sigma(d\pi(x_{1}, x_{2}),$ $d\pi(y_{1}, y_{2}))=x_{1}y_{1}^{*}+y_{1}x_{1}^{*}-x_{2}y_{2}^{*}-y_{2}x_{2}^{*}$

for any $(x_{1}, x_{2})$ , $(y_{1}, y_{2})\in T_{0}(u_{1}, u_{2})$

holds by polarization. Finally we consider the curve in $V_{2}(K^{n+1})$ defined
as:

t $\mapsto$ ( $u_{1}\cos t+((x_{1}-u_{2}\overline{\lambda})/\sqrt{2})$ sint, $u_{2}\cos t+((x_{2}+u_{1}\lambda)/\sqrt{2})\sin t$ )
$((x_{1}, x_{2})\in T_{0}(u_{1}, u_{2})$ , $||x_{1}||=||x_{2}||=1$ and $|\lambda|=1$ ),

which is tangent to $((x_{1}, x_{2})+(-u_{2}\overline{\lambda}, u_{1}\lambda))/\sqrt{2}$ at $(u_{1}, u_{2})$ . Then we
have

$\frac{d^{2}}{dt^{2}}|_{t=0}\varphi(\pi($ $u_{1}\cos t+(\frac{x_{1}-u_{2}\lambda}{\sqrt{2}})$ sint, $u_{2}\cos t+(\frac{x_{2}+u_{1}\lambda}{\sqrt{2}})\sin t))$

$=-3(u_{1}u_{1}^{*}-u_{2}u_{2}^{*})+(x_{1}x_{1}^{*}-x_{2}x_{2}^{*})$

$-((x_{1}\lambda)u_{2}^{*}+u_{2}(x_{1}\lambda)^{*}+(x_{2}\overline{\lambda})u_{1}^{*}+u_{1}(x_{2}\overline{\lambda})^{*})$ .
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By (39), we get

$\frac{1}{2}\sigma(d\pi(x_{1}, x_{2})+d\pi(-u_{2}\overline{\lambda}, u_{1}\lambda),$ $d\pi(x_{1}, x_{2})+d\pi(-u_{2}\overline{\lambda}, u_{1}\lambda))$

$=x_{1}x_{1}^{*}-x_{2}x_{2}^{*}$ .

Then (44) and (45) yield

(46) $\sigma(d\pi(x_{1}, x_{2}),$ $d\pi(X))=0$

for any $(x_{1}, x_{2})\in T_{0}(u_{1}, u_{2})$ and X $\in T_{\lambda}(u_{1}, u_{2})$ .

Hence the index of relative nullity [30] of the embedding $\varphi:F_{2}(K^{n+1})\rightarrow$

$S(Herm_{0}^{K}(n+1))$ is equal to $dim_{\mathbb{R}}T_{\lambda}(u_{1}, u_{2})=d$ at any $ x=\pi(u_{1}, u_{2})\in$

$F_{2}(K^{n+1})$ .

Our examples $\varphi:F_{2}(K^{n+1})\rightarrow S(Herm_{0}^{K}(n+1))=S^{m}$ satisfying
Ferus equality $r=F(l)$ (or equivalently $\nu=\mu(l)$ ) for $l$ $\leq 32$ are as
follows:

Embedding $l$

$r$ $\nu$ $m$

$\varphi_{2}^{\mathbb{R}}$ : $F_{2}$ $(\mathbb{R}^{3})\rightarrow S(Herm_{0}^{\mathbb{R}}(3))$ 3 2 1 4

$\varphi_{3}^{\mathbb{R}}$ : $F_{2}$ $(\mathbb{R}^{4})\rightarrow S(Herm_{0}^{\mathbb{R}}(4))$ 5 4 1 8

$\varphi_{2}^{\mathbb{C}}$ : $F_{2}$ $(\mathbb{C}^{3})\rightarrow S(Herm_{0}^{\mathbb{C}}(3))$ 6 4 2 7

$\varphi_{5}^{\mathbb{R}}$ : $F_{2}$ $(\mathbb{R}^{6})\rightarrow S(Herm_{0}^{\mathbb{R}}(6))$ 9 8 1 19

$\varphi_{3}^{\mathbb{C}}$ : $F_{2}$ $(\mathbb{C}^{4})\rightarrow S(Herm_{0}^{\mathbb{C}}(4))$ 10 8 2 14

$\varphi_{2}^{\mathbb{H}}$ : $F_{2}$ $(\mathbb{H}^{3})\rightarrow S(Herm_{0}^{\mathbb{H}}(3))$ 12 8 4 13

$\varphi_{9}^{\mathbb{R}}$ : $F_{2}$ $(\mathbb{R}^{10})\rightarrow S(Herm_{0}^{\mathbb{R}}(10))$ 17 16 1 53

$\varphi_{5}^{\mathbb{C}}$ : $F_{2}$ $(\mathbb{C}^{6})\rightarrow S(Herm_{0}^{\mathbb{C}}(6))$ 18 16 2 33

$\varphi_{3}^{\mathbb{H}}$ : $F_{2}$ $(\mathbb{H}^{4})\rightarrow S(Herm_{0}^{\mathbb{H}}(4))$ 20 16 4 26

$\varphi_{13}^{\mathbb{R}}$ : $F_{2}$ $(\mathbb{R}^{14})\rightarrow S(Herm_{0}^{\mathbb{R}}(14))$ 25 24 1 103

$\varphi_{7}^{\mathbb{C}}$ : $F_{2}$ $(\mathbb{C}^{8})\rightarrow S(Herm_{0}^{\mathbb{C}}(8))$ 26 24 2 62

$\varphi_{4}^{\mathbb{H}}$ : $F_{2}$ $(\mathbb{H}^{5})\rightarrow S(Herm_{0}^{\mathbb{H}}(5))$ 28 24 4 43

Note that $\varphi_{2}^{K}$ : $F_{2}(K^{3})\rightarrow S(Herm_{0}^{K}(3))=S^{3d+1}$ is nothing but the
Cartan’s isoparametric (minimal) hypersurfaces.

With respect to $\varphi:F_{2}(K^{n+1})\rightarrow S(Herm_{0}^{K}(n+1))$ , (45) implies

(47) $\sigma(d\pi(x, $0), $d\pi(y, 0))+\sigma(d\pi(0, $x), $d\pi(0, y))$

$=\sigma$ $(d\pi(x, $0), $d\pi(0, y))=0$ ,
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where $x^{*}u_{1}=x^{*}u_{2}=y^{*}u_{1}=y^{*}u_{2}=0$ at any $\pi(u_{1}, u_{2})\in F_{2}(K^{n+1})$ .

Hence the embedding $\varphi$ is austere (8) and minimal.

Remark 9.1. When $K=\mathbb{R}$ , the submanifold $F_{2}(\mathbb{R}^{n+1})$ is given
in \S 7. Also when $K=\mathbb{C}$ or $K=\mathbb{H}$ , the submanifold $F_{2}(K^{n+1})$ is
obtained as a pull-back bundle over 2-plane Grassmannian $G_{2}(K^{n+1})$

of canonical $d$-dimensional sphere bundle over real Grassmannian
$G_{d+1}^{\mathbb{R}}(Herm_{0}^{K}(n+1))$ with respect to the embedding:

Case $K=\mathbb{C}$ : $G_{2}(\mathbb{C}^{n+1})\rightarrow G_{3}^{\mathbb{R}}(Herm_{0}^{\mathbb{C}}(n+1))$ ,

spanc $\{u, v\}\mapsto span_{\mathbb{R}}\{uu^{*}-vv^{*}, uv^{*}+vu^{*}, i(uv^{*}-vu^{*})\}$

Case $K=\mathbb{H}$ : $G_{2}(\mathbb{H}^{n+1})\rightarrow G_{5}^{\mathbb{R}}(Herm_{0}^{\mathbb{H}}(n+1))$ ,

spanc{u,$ v$ } $\mapsto span_{\mathbb{R}}\{uu^{*}-vv^{*}$ , $uv^{*}+vu^{*}$ ,

$uiv*$

where $u^{*}u=v^{*}v=1$ and $u^{*}v=0$ . For $K$ $=\mathbb{R}$ , $\mathbb{C}$ and $\mathbb{H}$ ,
$\varphi:F_{2}(K^{n+1})$ $\rightarrow$ $S(Herm_{0}^{K}(n+1))$ satisfies B. Y. Chen’s equality
(cf. Theorem 4.1 in [15])

$\delta((n-1)d, (n-1)d)=(n-1)(nd+1)d$

$(n=(2n-1)d, n_{1}=n_{2}=(n-1)d$ , $H=0$ , $\epsilon=1)$ .

\S 10. Hypersurfaces with degenerate Gauss mappings in the
four dimensional sphere

In this section, we study the simplest case $n=4$ , $l$ $=3$ , $r=F(3)=2$ .
Recall that the Cartan hypersurface $M^{3}\subset S^{4}$ is a homogeneous

space of SO(3) and written as $M=O(3)/(O(1)\times O(1)\times O(1))$ . The

Gauss mapping $\gamma:M^{3}\rightarrow G_{4}(\mathbb{R}^{5})\cong G_{1}(\mathbb{R}^{5*})=\mathbb{R}\mathbb{P}^{4*}$ into the dual
projective space, has the constant rank 2. Moreover its image $\gamma(M)$ ,

that is the projective dual in this case, is a linear projection $\mathbb{R}\mathbb{P}^{2}\subset \mathbb{R}\mathbb{P}^{4*}$

of the Veronese surface $\mathbb{R}\mathbb{P}^{2}\subset \mathbb{R}\mathbb{P}^{5*}$ in the sense of algebraic geometry
[26]: The Veronese surface has the crucial property that its secant variety

is of positive codimension in $\mathbb{R}\mathbb{P}^{5*}$ (cf. $\underline{[4}5]$ ). Notice that it lifts to the

Veronese surface $i:\mathbb{R}\mathbb{P}^{2}\epsilon-t\overline{G}_{4}(\mathbb{R}^{5})\cong G_{1}(\mathbb{R}^{5*})=S^{4*}$ , in the sense of
differential geometry. The liftability means just that $M$ is orientable.
Consider the double covering $\pi:S^{2}\rightarrow \mathbb{R}\mathbb{P}^{2}$ and take the fiber product
$\overline{M}$ of $\pi$ and $\gamma:M\rightarrow \mathbb{R}\mathbb{P}^{2}$ :

$\overline{M}\rightarrow$ $S^{2}$

$\square \downarrow$ $\downarrow\pi$

$M\rightarrow\gamma \mathbb{R}\mathbb{P}^{2}\rightarrow iS^{4*}$ .
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We call $\overline{M}$ the doubled $Carta\underline{n}h$ypersurface. Then we have the tangen-

tially degenerate immersion $M\rightarrow S^{4}$ , that is the composition of the

double covering $\square :\overline{M}\rightarrow M$ and the inclusion $M\subset S^{4}$ . $\overline{M}$ is con-
nected and realized by $O(3)/(SO(1)\times O(1)\times O(1))$ as a homogeneous

space. Also remark, by the spherical-projective duality, that $M$ is the

total space of the associated $G_{1}(\mathbb{R}^{2})=S^{1}$ bundle over $S^{2}$ to the normal
bundle of the immersion $i\circ\pi:S^{2}\rightarrow S^{4*}$ .

Then we give the following characterization of the diffeomorphism
type of compact connected tangentially degenerate hypersurfaces in $S^{4}$ ,

using the result of Asperti [5].

Theorem 10.1. Let $M’$ be a compact connected 3-dimensional
manifold, and $f’$ : $M^{J3}\rightarrow S^{4}$ a tangentially degenerate immersion.
Assume that the rank of the Gauss mapping of $f’$ is $ev\underline{er}ywhere2$ . Then,

there exists a tangentially $de\underline{ge}n$erate immersion $f:M\rightarrow S^{4}$ from the

doubled Cartan hypersurface $M$ with $f(\overline{M})=f’(M’)$ .

Proof. We may assume $M’$ is orientable. If not, we take its con-
nected double covering. Then the Gauss mapping $\gamma(f’):M’\rightarrow \mathbb{R}\mathbb{P}^{4*}$

of $f’$ lifts to $\overline{\gamma}(f’):M’\rightarrow S^{4*}$ . Then rank $\overline{\gamma}(f’)$ is identically 2. There-
fore $\overline{\gamma}(f’)$ is decomposed into $\pi$ and $j$ , where $\pi:M’\rightarrow N’$ is an $S^{1}-$

fibration and $j:N’\rightarrow S^{4*}$ is an immersion. Since $M’$ is connected, $N’$

is connected. Moreover we may assume $N’$ is orientable without loss
of generality. (If not, we may take connected double covers of $M’$ and
$N’)$ . Since $\overline{\gamma}(f’)$ is an immersion, we see that the second fundamental
form of $j$ has no singular quadratic form [27] and [26]. Then, $j$ has
non-vanishing normal curvature, relatively to the ordinary metric. Now
we recall that any oriented immersed surfaces in $S^{4}$ with non-vanishing
normal curvature is parameterized by an immersion $S^{2}\rightarrow S^{4}$ with the
normal Euler number $\pm 4[5]$ . Thus we can assume that $N’=S^{2}$ and
the normal Euler number of $j$ is equal to 4. If it is equal to-4, we take
another lifting $\overline{\gamma}(f’)$ , changing the orientation of $M’$ . Now consider the

associated $\overline{G}_{1}(\mathbb{R}^{2})=S^{1}$ bundle $M’’$ over $S^{2}$ to the normal bundle of
the immersion $j:S^{2}\rightarrow S^{4*}$ . Then we see that the Euler number of the
$S^{1}-$bundle $M’’\rightarrow S^{2}$ is equal to 4. Since the diffeomorphism $typ\underline{e}$of such

bundles is uniquely determined, and since also the immersion $M\rightarrow S^{4}$

induces the $S^{1}$ fibration $\overline{M}\rightarrow S^{2}$ with Euler number 4 as well, we see

that there exists a diffeomorphism $\rho:\overline{M}\rightarrow M’’$ . On the other hand, by

the projective duality, if we set $f=f’’\circ\rho:\overline{M}\rightarrow S^{4}$ , then we see that
$f$ is a tangentially degenerate immersion and $f(\overline{M})=f’(M’)$ . $\square $
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Lastly we proceed to construct an example of tangentially degener-
ate immersions from a compact submanifold $M$ of dimension 3 to $S^{4}$ ,
the rank of whose Gauss mapping is not constant 2.

Recall that for a Riemannian surface $\Sigma$ , a holomorphic immersion
$\varphi:\Sigma\rightarrow Q^{n-1}$ is called fifirst-order isotropic if the complex derivative
$\varphi’$ : $\Sigma\rightarrow \mathbb{C}\mathbb{P}^{n}$ lies in $Q^{n-1}$ again. This condition is equivalent to that
the tangent developable, the union of tangent lines, to $\varphi$ is contained in
$Q^{n-1}$ (cf. Proposition 8.1). A holomorphic immersion $\varphi:\Sigma\rightarrow Q^{n-1}$

has no real point if $\varphi’(\Sigma)\cap \mathbb{R}\mathbb{P}^{n}=\emptyset$ , which is the case for first-order
isotropic immersion. Using the notation in \S 8, let $M=\varphi^{*}V_{2}(\mathbb{R}^{n+1})$ be
the pull-back bundle over the Riemannian surface $\Sigma$ , and let $\Phi$ be given
by (15).

Theorem 10.2 ([29]). If $\varphi:\Sigma\rightarrow Q^{n-1}$ has no real point, then
$f:M^{3}\rightarrow S^{n}$ is a tangentially degenerate immersion. If $\varphi:\Sigma\rightarrow Q^{n-1}$

is $a$ fifirst-order isotropic immersion, then $f:M^{3}\rightarrow S^{n}$ is a minimal
tangentially degenerate immersion, with respect to the ordinary metric
on $S^{n}$ .

Now, in the case n $=4$ , there exist first-order isotropic holomorphic
immersions (unramified) $\varphi:S^{2}(=\mathbb{C}\mathbb{P}^{1})\rightarrow Q^{3}\subset \mathbb{C}\mathbb{P}^{4}$ , [9]. Thus we have

Proposition 10.3. There exist a minimal tangentially degenerate
immersion $f:M^{3}\rightarrow S^{4}$ such that $M$ is a circle bundle over $S^{2}$ , and

that the oriented Gauss mapping $\overline{\gamma}:M$ $\rightarrow\overline{G}_{4}(\mathbb{R}^{5})=S^{4}$ splits into $a$

fifibration $M\rightarrow S^{2}$ and a ramifified minimal immersion $X:S^{2}\rightarrow S^{4}$ . The
rank of $\overline{\gamma}$ is not constant 2.

Proof. Take $\gamma_{3}$ : $S^{2}\rightarrow Q^{3}$ of [9], page 237. The corresponding
complex contact curve $\lambda_{3}$ : $S^{2}\rightarrow \mathbb{C}\mathbb{P}^{3}$ has the ramification degree 2.
Therefore the induced minimal immersion $X=\pi\circ\lambda_{3}$ : $S^{2}\rightarrow S^{4}$ is
ramified as well, and $X$ is a parameterization of the image of $\overline{\gamma}$ . $\square $

Remark that, in [8], it is proved that there exist minimal immer-
sions $\Sigma\rightarrow S^{4}$ from any compact Riemann surface $\Sigma$ of arbitrary genus.
Then, by taking their directrix, we have first-order isotropic homomor-
phic mappings $\varphi:\Sigma\rightarrow Q^{3}$ , however, in general, ramified.

\S 11. Appendix

Here we give proofs of Propositions in \S 3. Let $D^{1}$ , $D^{2}$ , $D^{3}$ , $D^{4}$ be
the curvature distributions with respect to the principal curvatures $\lambda_{1}$ ,
$\lambda_{2}$ , $\lambda_{3}$ , $\lambda_{4}$ . Using an orthonormal basis of each $D^{i}$ , take an orthonormal
frame $e_{1}$ , $\ldots$ , $e_{2(m_{1}+m_{2})}$ of $M$ . Then the shape operator $B_{\zeta}$ of $M_{-}$ is
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given by [33] and [34]

$B_{\zeta}=c$ $\left(\begin{array}{lll}0 & B_{12} & B_{13}\\{}^{t}B_{12} & 0 & B_{23}\\{}^{t}B_{13} & {}^{t}B_{23} & 0\end{array}\right)$ , $c=(\sin(arc\cot\lambda_{4}))^{-1}$

where $B_{ij}=(\Lambda_{k4}^{l}/(\lambda_{i}-\lambda_{4}))$ , $1\leq i$ , $j\leq 3$ is the $m_{i}\times m_{j}$ matrix with

$\Lambda_{k4}^{l}=\langle\nabla_{e_{k}}e_{4}, e_{l}\rangle$ , $e_{k}\in D^{i}$ , $e_{l}\in D^{j}$

and $\zeta\in D^{4}$ is a unit normal vector for $M_{-}$ .

Similarly, the shape operator $C_{\zeta}$ of $M_{+}$ is given by

$C_{\zeta}=c’$ $\left(\begin{array}{lll}0 & C_{23} & C_{24}\\{}^{t}C_{23} & 0 & C_{34}\\{}^{t}C_{24} & {}^{t}C_{34} & 0\end{array}\right)$ , $c’=(\sin(arc\cot\lambda_{1}))^{-1}$

where $C_{ij}=(\Lambda_{k1}^{l}/(\lambda_{i}-\lambda_{1}))$ , $2\leq i$ , $j\leq 4$ is the $m_{i}\times m_{j}$ matrix with

$\Lambda_{k1}^{l}=\langle\nabla_{e_{k}}e_{1}, e_{l}\rangle$ , $e_{k}\in D^{i}$ , $e_{l}\in D^{j}$

and $\zeta\in D^{1}$ is a unit normal vector for $M_{+}$ .
$M_{-}$ or $M_{+}$ is tangentially degenerate if there exists a frame with

respect to which a certain row (then column) of $B_{\zeta}(C_{\zeta})$ in the middle
block vanishes for all $\zeta=e_{4}(e_{1})$ . This is because, if we take $\eta=$

$\cos\theta p+\sin\theta\xi_{p}$ where $\xi_{p}$ is the unit normal of $M$ at $p\in M$ and $\theta=$

arccot $\lambda_{4}$ , (arccot $\lambda_{1}$ , respectively), $B_{\eta}$ is given by $diag(1_{m_{2}},0_{m_{1}}, -1_{m_{2}})$

( $C_{\eta}=diag$ ( $1_{m_{1}},0_{m_{2}},$ $-1_{m_{1}}$ ), respectively), (see [33]) and we should have
$\bigcap_{n\in T^{\perp}M_{-}}KerB_{n}\neq\{0\}$ , ( $\bigcap_{T^{\perp}M}KerC_{n}+\neq\{0\}$ , respectively). Note

that any $n\in T^{\perp}M_{-}(n\in T^{\perp}M_{+})$ can be written as a combination of $\eta$

and vectors in $D^{4}(D^{1})$ .

By the argument of 3.1 in [33], the Codazzi equation implies

$\Lambda_{ij}^{k}(\lambda_{j}-\lambda_{k})=\Lambda_{jk}^{i}(\lambda_{k}-\lambda_{i})=\Lambda_{ki}^{j}(\lambda_{i}-\lambda_{j})$

hence, vanishing of $\Lambda_{ij}^{k}$ where $\lambda_{i}$ , $\lambda_{j}$ , $\lambda_{k}$ are distinct, depends only on

the set $\{i,j, k\}$ . We calculate $\Lambda_{ij}^{k}$ for necessary indices. For this we need

root vectors of the symmetric Lie algebras given in section 4 of [39].
For $(m_{1}, m_{2})=(1, k-2)$ , $(2, 2k-3)$ , $(4, 4k-5)$ , the Lie algebra is

$g$ $=\{A\in g[(k+2, K)|T(A)=0,{}^{t}\overline{A}\Phi+\Phi A=0\}$

where $K=\mathbb{R}$ , $\mathbb{C}$ , $\mathbb{H}$ , respectively, and

$\Phi=\{$

$1_{2}$

0
$-1_{k}0)$ .
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The Cartan involution is given by $\sigma(A)=-^{t}\overline{A}$ hence $the\pm 1$ eigenspaces
f, $\mathfrak{p}$ are, respectively

t $=$ { $\left(\begin{array}{ll}Y & 0\\0 & Z\end{array}\right)$ $|{}^{t}\overline{Y}+Y=0,{}^{t}\overline{Z}+Z=0\}$

p $=\{\hat{X}=\left(\begin{array}{ll}0 & {}^{t}\overline{X}\\X & 0\end{array}\right)$ |X $=(x_{ij})\in M_{k,,,2}(K)\}$ .

We use a metric

$\langle\hat{X},\hat{Y}\rangle=\Re Tr(^{t}\overline{X}Y)$ .

A maximal abelian subalgebra $\sigma$ of $\mathfrak{p}$ is given by

$\alpha=\{H(\xi_{1}, \xi_{2})=\xi_{1}(E_{31}+E_{13})+\xi_{2}(E_{42}+E_{24})|\xi_{1}, \xi_{2}\in \mathbb{R}\}$ ,

where we use the standard basis $E_{ij}$ . Following the notation in [39], $\Sigma_{*}^{+}$

consists of

$\gamma 1$ $=\xi_{1}-\xi_{2}$ , $v2=\xi_{1}$ , $\gamma 3=\xi_{1}+\xi_{2}$ , $\gamma 4=\xi_{2}$ .

The corresponding root vectors in $M_{r+2}$ (K) are, respectively, given by
(we omit

$\wedge$

)

$X_{1}=x_{21}(E_{41}+E_{23})+\overline{x}_{21}(E_{14}+E_{32})$ , $(\overline{x}_{21}=x_{12})$

$X_{2}^{i}=x_{i-21}E_{i1}+\overline{x}_{i-21}E_{1i}$ , $5\leq i\leq k+2$

$X_{2}’=x_{11}(-E_{13}+E_{31})$ , $(x_{11}+\overline{x}_{11}=0)$

$X_{3}=y_{21}(E_{41}-E_{23})+\overline{y}_{21}(E_{14}-E_{32})$ $(\overline{y}_{21}=-y_{12})$

$X_{4}^{i}=x_{i-22}E_{i-22}+\overline{x}_{i2}E_{2i}$ , $5\leq i\leq k+2$

$X_{4}’=x_{22}(-E_{24}+E_{42})$ , $(x_{22}+\overline{x}_{22}=0)$ .

Here $x_{ij}$ , $y_{ij}\in K$ and noting that $X_{2}’$ and $X_{4}’$ are trivial for $K=\mathbb{R}$ , we
have

$(m_{1}, m_{2})=\{$

$(1, k-2)$ $K$ $=\mathbb{R}$

$(2, 2k-3)$ $K$ $=\mathbb{C}$

$(4, 4k-5)$ $K=\mathbb{H}$ .
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Putting $T_{i}=[H, X_{i}]\in e$ up to constant, we get

$T_{1}=\overline{x}_{21}(E_{12}+E_{34})-x_{21}(E_{21}+E_{43})$

$T_{2}^{i}=\overline{x}_{i-21}E_{3i}-x_{i-21}E_{i3}$ , $5\leq i\leq k+2$

$T_{2}’=x_{11}(E_{11}-E_{33})$ , $(x_{11}+\overline{x}_{11}=0)$

$T_{3}=\overline{y}_{21}(-E_{12}+E_{34})+y_{21}(E_{21}-E_{43})$

$T_{4}^{i}=\overline{x}_{i-22}E_{4i}-x_{i-22}E_{i4}$ , $5\leq i\leq k+2$

$T_{4}’=x_{22}(E_{22}-E_{44})$ , $(x_{22}+\overline{z}_{22}=0)$ .

By the argument in [42] and in [33] and [34], we know that

$\nabla_{X_{i}^{j}}X_{k}^{l}\sim[T_{i}^{j}, X_{k}^{l}]$ ,

$where\sim means$ be equal up to constant.
Noting that $[E_{ij}, E_{kl}]=\delta_{jk}E_{il}-\delta_{li}E_{kj}$ , we obtain

$\nabla_{X_{3}}X_{1}\sim[T_{3}, X_{1}]=[\overline{y}_{21}(-E_{12}+E_{34})+y_{21}(E_{21}-E_{43})$ ,

$x_{21}(E_{41}+E_{23})+\overline{x}_{21}(E_{14}+E_{32})]$

which vanishes only when $K=\mathbb{R}$ , and then we have

$C_{\zeta}=c’$ $\left(\begin{array}{lll}0 & 0 & C_{24}\\0 & 0 & 0\\{}^{t}C_{24} & 0 & 0\end{array}\right)$ ,

hence $M_{+}$ is tangentially degenerate. When $K$ $=\mathbb{C}$ and $\mathbb{H}$ , noting that
$\langle E_{ij}, E_{kl}\rangle=\delta_{ik}\delta_{jl}$ , we know that $\nabla_{X_{3}}X_{1}$ has $X_{2}’$ and $X_{4}’$ components,
hence $M_{+}$ is not tangentially degenerate.

Next, we have

$\nabla_{X_{2}^{i}}X_{4}^{j}\sim[T_{2}^{i}, X_{4}^{j}]=[\overline{x}_{i-21}E_{3\dot{\iota}}-x_{i-21}E_{i3}, x_{j-22}E_{j2}+\overline{x}_{j-22}E_{2j}]$

which has $X_{1}$ and $X_{3}$ components if $i=j$ , hence $M_{-}$ is not tangentially
degenerate if $K$ $=\mathbb{R}$ . On the other hand, when $K=\mathbb{C}$ and $\mathbb{H}$ ,

$\nabla_{X_{2}’}X_{4}^{j}\sim[T_{2}’, X_{4}^{j}]=[x_{21}(E_{11}-E_{33}), x_{j-22}E_{j2}+\overline{x}_{j-22}E_{2j}]=0$

$\nabla_{X_{2}’}X_{4}’\sim[T_{2}’, X_{4}’]=[x_{21}(E_{11}-E_{33}), x_{22}(-E_{24}+E_{42})]=0$

implies that the row in $B_{\zeta}$ corresponding to the vector $X_{2}’$ van-
ishes identically, hence $M_{-}$ is tangentially degenerate with $(l, r)=$

$(2m_{1}+m_{2}, m_{1}+m_{2}+1)$ . Thus we obtain Proposition 3.1.
Next we consider the case $(m_{1}, m_{2})=(2,2)$ , $(4, 5)$ . By [39], we have

$g$
$=\{A\in \mathfrak{g}1(5, \mathbb{H})|{}^{t}\overline{A}\Psi+\Psi A=0, \Psi=\sqrt{-1}1_{5}\}=f+\mathfrak{p}$ ,
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where

$\{$

t=\^u(5)
$\mathfrak{p}=\{jZ|Z\in M_{5}(\mathbb{C}),{}^{t}\overline{Z}=-Z\}$ ,

$\{$

$t$ $=0(5)$

$\mathfrak{p}=\{\sqrt{-1}Z|Z\in M_{5}(\mathbb{R}),{}^{t}Z=-Z\}$ ,

and the former corresponds to $(m_{1}, m_{2})=(4,5)$ . We identify $jZ\mapsto Z$ ,

and $\sqrt{-1}Z\mapsto Z$ , respectively. We use

$\langle Z, W\rangle=-\frac{1}{2}\Re Tr(Z\overline{W})$ .

A maximal abelian subalgebra of $p$ is given by

$\alpha=\{H(\xi_{1}, \xi_{2})=\xi_{1}(E_{21}-E_{12})+\xi_{2}(E_{43}-E_{34})|\xi_{1}, \xi_{2}\in \mathbb{R}\}$ .

Then $\Sigma_{*}^{+}$ is as before and the corresponding root vectors are given by

$X_{1}^{1}=z_{13}(E_{13}+E_{24})-\overline{z}_{13}(E_{31}+E_{42})$ ,

$X_{1}^{2}=z_{14}(E_{14}-E_{23})-\overline{z}_{14}(E_{41}-E_{32})$ ,

$X_{2}^{1}=z_{15}E_{15}-\overline{z}_{15}E_{51}$ , $X_{2}^{2}=z_{25}E_{25}-\overline{z}_{25}E_{52}$ ,

$(X_{2}^{3}=\sqrt{-1}s(-E_{11}+E_{22}))$ ,

$X_{3}^{1}=w_{13}(E_{13}-E_{24})-\overline{w}_{13}(E_{31}-E_{42})$ ,

$X_{3}^{2}=w_{14}(E_{14}+E_{23})-\overline{w}_{14}(E_{41}+E_{32})$ ,

$X_{4}^{1}=z_{35}E_{35}-\overline{z}_{35}E_{53}$ , $X_{4}^{2}=z_{45}E_{45}-\overline{z}_{45}E_{54}$ ,

$(X_{4}^{3}=\sqrt{-1}t(E_{33}-E_{44}))$ ,

where $x_{ij}$ , $y_{ij}\in \mathbb{R}$ or $\mathbb{C}$ and $s$ , $t\in \mathbb{R}$ , and in the real case, $X_{2}^{3}=X_{4}^{3}=0$ .

Now putting $T_{i}^{j}=[H, X_{i}^{j}]$ up to constant, we obtain

$T_{1}^{1}=z_{13}(-E_{14}+E_{23})-\overline{z}_{13}(-E_{41}+E_{32})$ ,

$T_{1}^{2}=z_{14}(E_{13}+E_{24})-\overline{z}_{14}(E_{31}+E_{42})$ ,

$T_{2}^{1}=z_{15}E_{25}-\overline{z}_{15}E_{52}$ , $T_{2}^{2}=-z_{25}E_{15}+\overline{z}_{25}E_{51}$ ,

$(T_{2}^{3}=\sqrt{-1}s(E_{12}+E_{21}))$ ,

$T_{3}^{1}=w_{13}(E_{14}+E_{23})-\overline{w}_{13}(E_{41}+E_{32})$ ,

$T_{3}^{2}=w_{14}(-E_{13}+E_{24})-\overline{w}_{14}(-E_{31}+E_{42})$ ,

$T_{4}^{1}=z_{35}E_{45}-\overline{z}_{35}E_{54}$ , $T_{4}^{2}=z_{45}E_{35}-\overline{z}_{45}E_{53}$ ,

$(T_{4}^{3}=\sqrt{-1}t(E_{34}+E_{43}))$ ,
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From these, we have

$[T_{3}^{1}, X_{1}^{1}]=[w_{13}(E_{14}+E_{23})-\overline{w}_{13}(E_{41}+E_{32})$ ,

$z_{13}(E_{13}+E_{24})-\overline{z}_{13}(E_{31}+E_{42})]=0$

$[T_{3}^{2}, X_{1}^{2}]=[w_{14}(-E_{13}+E_{24})-\overline{w}_{14}(-E_{31}+E_{42})$ ,

$z_{14}(E_{14}-E_{23})-\overline{z}_{14}(E_{41}-E_{32})]=0$

$[T_{3}^{1}, X_{1}^{2}]=[w_{13}(E_{14}+E_{23})-\overline{w}_{13}(E_{41}+E_{32})$ ,

$z_{14}(E_{14}-E_{23})-\overline{z}_{14}(E_{41}-E_{32})]$

$=-w_{13}\overline{z}_{14}(E_{11}-E_{22})-\overline{w}_{13}z_{14}(E_{44}-E_{33})$

$[T_{3}^{2}, X_{1}^{1}]=[w_{14}(-E_{13}+E_{24})-\overline{w}_{14}(-E_{31}+E_{42})$ ,

$z_{13}(E_{13}+E_{24})-\overline{z}_{13}(E_{31}+E_{42})]$

$=-w_{14}\overline{z}_{13}(-E_{11}+E_{22})-\overline{w}_{14}z_{13}(-E_{33}+E_{44})$ .

Note that the latter two vanishes when $K$ $=\mathbb{R}$ , hence $M_{+}$ is tangentially
degenerate. When $K=\mathbb{C}$ , each vector has distinct one of $X_{2}^{3}$ and $X_{4}^{3}$

components, thus $M_{+}$ is not tangentially degenerate.
On the other hand, we obtain

$[T_{2}^{1}, X_{4}^{1}]=z_{15}\overline{z}_{35}E_{23}+\overline{z}_{15}z_{35}E_{32}$ ,

$[T_{2}^{1}, X_{4}^{2}]=-z_{15}\overline{z}_{45}E_{24}+\overline{z}_{15}z_{45}E_{42}$ , $[T_{2}^{1}, X_{4}^{3}]=0$ ,

$[T_{2}^{2}, X_{4}^{1}]=z_{25}\overline{z}_{35}E_{13}-\overline{z}_{25}z_{35}E_{31}$ ,

$[T_{2}^{2}, X_{4}^{2}]=z_{25}\overline{z}_{45}E_{14}-\overline{z}_{25}z_{45}E_{41}$ , $[T_{2}^{2}, X_{4}^{3}]=0$ ,

$[T_{2}^{3}, X_{4}^{1}]=0$ , $[T_{2}^{3}, X_{4}^{2}]=0$ , $[T_{2}^{3}, X_{4}^{3}]=0$ .

When $K=\mathbb{R}$ , the last three are trivial, and the four non-vanishing
vectors have distinct one of $X_{1}^{1}$ , $X_{1}^{2}$ and $X_{3}^{1}$ , $X_{3}^{2}$ components, thus $M_{-}$

is not tangentially degenerate. When $K$ $=\mathbb{C}$ , from the last three, the row
corresponding to $X_{2}^{3}$ in $B_{\zeta}$ vanishes, hence $M_{-}$ is tangentially degener-
ate. This completes the proof of Proposition 3.2.
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Complete Integrability
of the Coupled $KdV- mKdV$ System

Paul Kersten and Joseph Krasil’shchik

Abstract.

The coupled $KdV$-mKdV system arises as the classical part of
one of superextensions of the $KdV$ equation. For this system, we
prove its complete integrability, i.e., existence of a recursion operator

and of infinite series of symmetries.

Introduction

There are several supersymmetric extensions of the classical
Korteweg-de Vries equation $(KdV)[5]$ , [8] and [9]. One of them is of
the form (the so-called $N=2$ , $A=1$ extension [3])

$u_{t}=-u_{3}+6uu_{1}-3\varphi\varphi_{2}-3\psi\psi_{2}-3ww_{3}-3w_{1}w_{2}+3u_{1}w^{2}+6uww_{1}$

$+6\psi\varphi_{1}w-6\varphi\psi_{1}w-6\varphi\psi w_{1}$ ,

$\varphi_{t}=-\varphi_{3}+3\varphi u_{1}+3\varphi_{1}u-3\psi_{2}w-3\psi_{1}w_{1}+3\varphi_{1}w^{2}+6\varphi ww_{1}$ ,

$\psi_{t}=-\psi_{3}+3\psi u_{1}+3\psi_{1}u+3\varphi_{2}w+3\varphi_{1}w_{1}+3\psi_{1}w^{2}+6\psi ww_{1}$ ,

$w_{t}=-w_{3}+3w^{2}w_{1}+3uw_{1}+3u_{1}w$ ,

where $u$ and $w$ are classical (even) independent variables while $\varphi$ and
$\psi$ are odd ones (here and below the numerical subscript at an unknown
variable denotes it derivative over $x$ of the corresponding order). Being
completely integrable itself, this system gives rise to an interesting sys-
tem of even equations

(1) $u_{t}=-u_{3}+6uu_{1}-3ww_{3}-3w_{1}w_{2}+3u_{1}w^{2}+6uww_{1}$ ,

$w_{t}=-w_{3}+3w^{2}w_{1}+3uw_{1}+3u_{1}w$ ,

which can be considered as a sort coupling between the $KdV$ (with
respect to $u$ ) and the modified $KdV$ (with respect to $w$ ) equations. In
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fact, setting $w=0$ , we obtain

$u_{t}=-u_{3}+6uu_{1}$ ,

while for $u=0$ we have

$w_{t}=-w_{3}+3w^{2}w_{1}$ .

In what follows, we prove complete integrability, cf. [2], of system (1)
by establishing existence of infinite series of symmetries $and/or$ conser-
vation laws. Toward this end we construct a recursion operator using
the techniques of deformation theory introduced in [4] and extensively
described and exemplified in [5].

In the first section of the paper the theoretical background is intro-

duced. The second section deals with particular computations and
description of basic results.

\S 1. Geometrical and algebraic background

Here we briefly describe the geometrical theory of partial differential
equations [1], [6] and algebraic foundations of computational approach
to recursion operators [4], [5].

Let $\pi:E\rightarrow M$ be a locally trivial vector bundle and $\pi_{k}$ : $ J^{k}(\pi)\rightarrow$

$M$ , $k=0,1$ , $\ldots$ , $\infty$ , be the bundles of its $k$-jets. A (nonlinear) partial
differential equation (PDE) of order $k$ is a submanifold $\mathcal{E}\subset J^{k}(\pi)$ ,
$ k<\infty$ . Its Ith prolongation is a subset $\mathcal{E}^{l}\subset J^{k+t}(\pi)$ . There exist
natural mappings $\pi_{k+l+1,k+l}$ : $\mathcal{E}^{l+1}\rightarrow \mathcal{E}^{l}$ , and $\mathcal{E}$ is said to be formally
integrable, if all $\mathcal{E}^{l}$ are smooth manifolds while $\pi_{k+l+1,k+l}$ are smooth
fiber bundles. Below, only formally integrable equations are considered.

The inverse limit $\mathcal{E}^{\infty}$ $\subset J^{\infty}(\pi)$ of the system $\{\mathcal{E}^{l}, \pi_{k+l,k+l-1}\}$

is called the infinite prolongation of $\mathcal{E}$ and we consider the bundle
$\pi_{\mathcal{E}}$ : $\mathcal{E}^{\infty}\rightarrow M$ . This bundle enjoys the following characteristic prop-
erty:

Proposition 1 (see [6]). Let $\pi_{i}$ : $E_{i}\rightarrow M$ , $i=1,2$ , be two locally
trivial vector bundles and $\triangle:\Gamma(\pi_{1})\rightarrow\Gamma(\pi_{2})$ be a linear differential
operator acting from sections of $\pi_{1}$ to sections of $\pi_{2}$ . Then there exists
a unique differential operator $C\triangle:\Gamma(\pi_{\mathcal{E}}^{*}(\pi_{1}))\rightarrow\Gamma(\pi_{\mathcal{E}}^{*}(\pi_{2}))$ such that

(2) $j_{\infty}(s)^{*}\circ C\triangle=\triangle\circ j_{\infty}(s)^{*}$

for any formal solution $s$ of the equation $\mathcal{E}$ . The correspondence $\triangle\mapsto$

$C\triangle$ is $C^{\infty}(\mathcal{E}^{\infty})$ -linear and complies with the composition of differential
operators:

(3) $C(\triangle_{2}\circ\triangle_{1})=C\triangle_{2}\circ C\triangle_{1}$ ,



Complete Integrability of the Coupled $KdV$-mKdV System 153

where $\triangle_{1}$ : $\Gamma(\pi_{1})\rightarrow\Gamma(\pi_{2})$ , $\triangle_{2}$ : $\Gamma(\pi_{2})\rightarrow\Gamma(\pi_{3})$ are linear differential
operators, $\pi_{3}$ : $E_{3}\rightarrow M$ being a third vector bundle.

As a corollary of Proposition 1, we get

Proposition 2. The bundle $\pi_{\mathcal{E}}$ possesses a natural flat connec-
tion.

Proof. It suffices to take the trivial bundle $1_{M}$ : $M$ $\times \mathbb{R}\rightarrow M$ for
the bundles $\pi_{1}$ and $\pi_{2}$ and an arbitrary vector field $X$ for the operator
$\triangle$ . Flatness is a consequence of (3). $\square $

Let us denote by $D(N)$ the $C^{\infty}(N)$ -module of vector fields on a
manifold $N$ .

Definition 1. The connection $C$ : $D(M)\rightarrow D(\mathcal{E}^{\infty})$ is called the
Cartan connection on $\mathcal{E}^{\infty}$ .

Denote by $CD(\mathcal{E}^{\infty})\subset D(\mathcal{E}^{\infty})$ the horizontal distribution on $\mathcal{E}^{\infty}$

with respect to the Cartan connection (the Cartan distribution) and by
$D_{C}(\mathcal{E}^{\infty})$ the normalizer of $CD(\mathcal{E}^{\infty})$ in $D(\mathcal{E}^{\infty})$ . Then, since $C$ is flat,
$CD(\mathcal{E}^{\infty})$ is integrable in a formal Frobenius sense and thus $CD(\mathcal{E}^{\infty})$ is

an ideal in $D_{C}(\mathcal{E}^{\infty})$ .

Definition 2. The quotient Lie algebra $sym\mathcal{E}=D_{C}(\mathcal{E}^{\infty})/CD(\mathcal{E}^{\infty})$

is called the algebra of higher symmetries of the equation $\mathcal{E}$ .

The Cartan connection in $\pi_{\mathcal{E}}$ determines the splitting

(4) $D(\mathcal{E}^{\infty})=D^{v}(\mathcal{E}^{\infty})\oplus CD(\mathcal{E}^{\infty})$ ,

where $D^{v}(\mathcal{E}^{\infty})$ denotes the module of $\pi_{\mathcal{E}}$ -vertical vector fields, and for

any coset $S$ $\in sym\mathcal{E}$ there exists a unique vertical representative. In
its turn, such a representative is uniquely determined by a section $\varphi\in$

$\Gamma(\pi_{\mathcal{E}}^{*}(\pi))$ (generating section) satisfying the defining equation

(5) $\ell_{\mathcal{E}}\varphi=0$

and vice versa. Here $\ell_{\mathcal{E}}$ is the universal linearization operator for $\mathcal{E}$

restricted to $\mathcal{E}^{\infty}$ . Due to this fact, we shall identify the solutions of (5)
with higher symmetries of $\mathcal{E}$ .

The connection form $U_{\mathcal{E}}$ (the structural element of $\mathcal{E}$ ) of the
Cartan connection $C$ is an element of the module $D^{v}(\Lambda^{1}(\mathcal{E}^{\infty}))$ of
$\Lambda^{1}(\mathcal{E}^{\infty})$ -valued vertical derivations. Thus, we can introduce an oper-
ator $\partial_{\mathcal{E}}$ : $D^{v}(\Lambda^{i}(\mathcal{E}^{\infty}))\rightarrow D^{v}(\Lambda^{i+1}(\mathcal{E}^{\infty}))$ defined by

$\partial_{\mathcal{E}}\Omega=[U_{\mathcal{E}},$ $\Omega J,$ $\Omega\in D^{v}(\Lambda^{i}(\mathcal{E}^{\infty}))$ ,
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where [ $\cdot$ , $\cdot I$ is the Fr\"olicher-Nijenhuis bracket. Since the Cartan connec-
tion is flat, one has [ $U_{\mathcal{E}}$ , $U_{\mathcal{E}}I=0$ , from where it follows that $\partial_{\mathcal{E}}\circ\partial_{\mathcal{E}}=0$ .

Thus we obtain a complex $(D^{v}(\Lambda^{i}(\mathcal{E}^{\infty})), \partial_{\mathcal{E}})$ , whose cohomology is called
the $C$ cohomology of $\mathcal{E}$ and is denoted by $H_{C}^{\circ}(\mathcal{E})$ . It is easy to see that
$H_{C}^{0}(\mathcal{E})=sym\mathcal{E}$ , while $H_{C}^{1}(\mathcal{E})$ , by standard reasons, is identified with
classes of nontrivial infinitesimal deformations of $U_{\mathcal{E}}$ (or, which is the
same, of the equation structure).

If $\Omega$ and $\Theta$ are elements of $D^{v}(\Lambda^{i}(\mathcal{E}^{\infty}))$ and $D^{v}(\Lambda^{j}(\mathcal{E}^{\infty}))$

respectively, their contraction $\Omega\lrcorner\Theta$ is defined as an element of
( $D^{v}(\Lambda^{i+j-1}(\mathcal{E}^{\infty}))$ This operation is inherited by the $C$ cohomology
groups. In particular, if $\varphi\in sym\mathcal{E}$ and $\mathcal{R}\in H_{C}^{1}(\mathcal{E})$ , then $\varphi\lrcorner \mathcal{R}=\mathcal{R}\varphi$

is a symmetry again. In other words, the module $H_{C}^{1}(\mathcal{E})$ acts on the Lie

algebra of higher symmetries.
Let $C\Lambda^{1}(\mathcal{E}^{\infty})\subset\Lambda^{1}(\mathcal{E}^{\infty})$ be the submodule of one-fo $rms$ on $\mathcal{E}^{\infty}$

vanishing on the Cartan distribution. Then one has the direct sum
decomposition

$\Lambda^{1}(\mathcal{E}^{\infty})=C\Lambda^{1}(\mathcal{E}^{\infty})\oplus\Lambda_{h}^{1}(\mathcal{E}^{\infty})$

dual to (4), where $\Lambda_{h}^{1}(\mathcal{E}^{\infty})$ is the submodule of horizontal forms. This
splitting is also inherited by $H_{C}^{1}(\mathcal{E}^{\infty})$ and an element $\mathcal{R}\in H_{C}^{1}(\mathcal{E}^{\infty})$

acts nontrivially on $sym$ if only it corresponds to a derivation from
$D^{v}(C\Lambda^{1}(\mathcal{E}^{\infty}))$ . Moreover, it can be shown that $im\partial_{\mathcal{E}}\cap D^{v}(C\Lambda^{1}(\mathcal{E}^{\infty}))=0$

and consequently nontrivial actions can be found by solving the equation

(6) $\partial_{\mathcal{E}}(\mathcal{R})=0$ .

Solutions of (6) are called recursion operators for symmetries. Any
recursion operator $\mathcal{R}$ is uniquely determined by an element $\omega_{\mathcal{R}}$

’ $\in$

$C\Lambda^{1}(\mathcal{E}^{\infty})\otimes\Gamma(\pi\epsilon(\pi))$ satisfying the defining equation

(7) $\ell_{\mathcal{E}}^{[1]}(\omega_{\mathcal{R}})=0$ ,

where $\ell_{\mathcal{E}}^{[1]}$ is the extension of the operator $\ell_{\mathcal{E}}$ to the module $C\Lambda^{1}(\mathcal{E}^{\infty})\otimes$

$\Gamma(\pi_{\mathcal{E}}(\pi))$ . If $\varphi\in\Gamma(\pi_{\mathcal{E}}^{*}(\pi))$ is a symmetry and $S_{\varphi}\in D^{v}(\mathcal{E}^{\infty})$ is the
corresponding vertical vector field, then the action of $\mathcal{R}$ on $\varphi$ is given by

(8) $\mathcal{R}\varphi=S_{\varphi}\lrcorner\omega_{R}$ .

Local coordinates

Let $\mathcal{U}\subset M$ be a coordinate neighborhood in $M$ such that the bundle
$\pi$ trivializes over $\mathcal{U}$ , $x_{1}$ , $\ldots$ , $x_{n}$ be local coordinates in $\mathcal{U}$ and $u^{1}$ , $\ldots$ , $u^{m}$

be coordinates along the fiber in a given trivialization. Then the



Complete Integrability of the Coupled $KdV$-mKdV System 155

adapted coordinates in $\pi_{\infty}^{-1}(\mathcal{U})\subset J^{\infty}(\pi)$ are given by the functions $u_{\sigma}^{j}$ ,
$j=1$ , $\ldots$ , $m$ , $\sigma=i_{1}\ldots i_{k}$ , $1\leq i_{CX}\leq n$ , uniquely defined by

$ j_{\infty}(f)^{*}(u_{\sigma}^{j})=\frac{\partial^{|\sigma|}f^{j}}{\partial x_{i_{1}}\partial x_{i_{k}}}\cdots$

for any local section $f=(f^{1}, \ldots, f^{m})\in\Gamma(\pi|_{\mathcal{U}})$ . Then the Cartan
connection in $J^{\infty}(\pi)$ is given by

(9) $C$
$(\frac{\partial}{\partial x_{i}})=D_{i}=\frac{\partial}{\partial x_{i}}+\sum_{j,\sigma}u_{\sigma i}^{j}\frac{\partial}{\partial u_{\sigma}^{j}}$ ,

where $D_{i}$ are the so-called total derivatives. The structural element in

this case is given by the formula

(10) $U_{\pi}=\sum_{j,\sigma}\omega_{\sigma}^{j}\otimes\frac{\partial}{\partial u_{\sigma}^{j}}$ ,

where $\omega_{\sigma}^{j}=du_{\sigma}^{j}-\sum_{i}u_{\sigma i}^{j}dx_{i}$ are the Cartan forms constituting a
$basis/$

in

the module $C\Lambda^{1}(J^{\infty}(\pi))$ . The forms $\omega_{\sigma}^{j}$ may be rewritten as $\omega_{\sigma}^{j}=d_{C}u_{\sigma}^{j}$ ,

where $d_{C}$ is the Cartan differential acting on $f\in C^{\infty}(J^{\infty}(\pi))$ by

$d_{C}f=\sum\frac{\partial f}{\partial u_{\sigma}^{j}}\omega_{\sigma}^{j}$ .

This differential restricts to any submanifold $\mathcal{E}^{\infty}\subset J^{\infty}(\pi)$ and for infi-
nite prolongations (10) transforms to

(11) $U_{\mathcal{E}}=\sum_{I}d_{C}u_{I}\otimes\frac{\partial}{\partial u_{I}}$ ,

where $\{u_{I}\}$ spans the set of internal coordinates in $\mathcal{E}^{\infty}$ .

If an equation $\mathcal{E}\subset J^{k}(\pi)$ is given by the system of equalities

$\{$

$F^{1}(x_{1}, \ldots, x_{n}, \ldots, u_{\sigma}^{j}, \ldots)=0$ ,

$F^{r}(x_{1}, \ldots, x_{n}, \ldots, u_{\sigma}^{j}, \ldots)=0$ ,

then its infinite prolongation is defined by

$D_{\sigma}F^{\alpha}=0$ , $\alpha=1$ , $\ldots$ , $r$ , $ 0\leq|\sigma|<\infty$ ,

where $D_{\sigma}=D_{i_{1}}o\cdots oD_{i_{k}}$ for $\sigma=i_{1}\ldots i_{k}$ . Then the universal lineariza-
tion operator corresponding to this system is of the form

(12) $\ell_{F}=||\sum_{\sigma}\frac{\partial F^{\alpha}}{\partial u_{\sigma}^{j}}D_{\sigma}||$ .
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The operator $\ell_{\mathcal{E}}$ is obtained from (12) by rewriting it in internal coor-
dinates.

Example (Evolutionary $1+1$ equations). Consider a system $\mathcal{E}$ of
evolutionary equations

(13) $\{$

$u_{t}^{1}=F^{1}(x, t, u^{1}, \ldots, u_{k}^{m})$ ,

$u_{t}^{m}=F^{r}(x, t, u^{1}, \ldots, u_{k}^{m})$ ,

where $x=x_{1}$ , $t=x_{2}$ and $u_{l}^{j}=\partial^{l}u^{j}/\partial x^{l}$ . Then the functions $x$ , $t$ , $\ldots$ ,
$u_{l}^{j}$ , $\ldots$ can be taken for internal coordinates on $\mathcal{E}^{\infty}$ . The total derivatives
are written down as

$D_{x}=\frac{\partial}{\partial x}+\sum_{l,,,j}u_{l+1}^{j}\frac{\partial}{\partial u_{l}^{j}}$ , $D_{t}=\frac{\partial}{\partial t}+\sum_{l,,,j}D_{x}^{l}(F^{j})\frac{\partial}{\partial u_{l}^{j}}$

in these coordinates. The Cart forms on $\mathcal{E}^{\infty}$ are

$\omega_{l}^{j}=du_{l}^{j}-u_{l+1}^{j}dx-D_{x}^{l}(F^{j})dt$ ,

while the structural element for $\mathcal{E}$ is given by

(14) $U_{\mathcal{E}}=\sum_{l,,,j}\omega_{l}^{j}\otimes\frac{\partial}{\partial u_{l}^{j}}$ .

The restriction $\ell_{\mathcal{E}}$ of the universal linearization operator to $\mathcal{E}^{\infty}$ is of
the form

$\ell_{\mathcal{E}}=||\sum_{l,,,j}\frac{\partial F^{\alpha}}{\partial u_{l}^{j}}D_{x}^{l}-ED_{t}||$ ,

where $E$ is the identity matrix. So, a vector function $\varphi=(\varphi^{1}, \ldots, \varphi^{m})$ ,
$\varphi^{j}=\varphi^{j}(x, t, \ldots, u_{l}^{j}, \ldots)$ , is a symmetry of $\mathcal{E}$ if and only if

(15) $\sum_{l,,,j}\frac{\partial F^{\alpha}}{\partial u_{l}^{j}}D_{x}^{lj}\varphi=D_{t\varphi}^{\alpha}$

for all $\alpha=1$ , $\ldots$ , $m$ . The corresponding vector field is given by the
formula

$\partial_{\varphi}=\sum_{l,,,j}D_{x}^{l}(\varphi^{j})\frac{\partial}{\partial u_{l}^{j}}$ .
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In a similar way, recursion operators are determined by vector-

valued forms $\omega_{\mathcal{R}}=(\omega_{R}^{1}, \ldots, \omega_{R}^{m})$ , where $\omega_{R}^{j}=\sum_{l,,,\alpha}\psi_{\alpha}^{jl}\omega_{l}^{\alpha}$ , $\psi_{\alpha}^{jl}\in$

$C^{\infty}(\mathcal{E}^{\infty})$ , satisfying the equations

(16) $\sum_{l,,,j}\frac{\partial F^{\alpha}}{\partial u_{l}^{j}}D_{x}^{l}\omega_{R}^{j}=D_{t}\omega_{R}^{\alpha}$ .

To compute the left and right sides of (16), it suffices to note that

$D_{x}\omega_{l}^{j}=\omega_{l+1}^{j}$ , $D_{t}\omega_{l}^{j}=D_{x}^{l}d_{C}F^{j}=D_{x}^{l}\sum_{\alpha,,,be}\frac{\partial F^{j}}{\partial u_{\beta}^{\alpha}}\omega_{\beta}^{\alpha}$ .

Remark 1. Let $\omega=(\omega^{1}, \ldots, \omega^{m})$ , $\omega^{j}=\sum_{l,,,\alpha}\psi_{\alpha}^{jl}\omega_{l}^{\alpha}$ , be a vector-
valued Cartan form on $\mathcal{E}^{\infty}$ . Then for any vector-valued function $\varphi=$

$(\varphi^{1}, \ldots, \varphi^{m})$ on $\mathcal{E}^{\infty}$ the action $\mathcal{R}_{\omega}$ : $\varphi\mapsto \mathcal{R}_{\omega}\varphi$ is defined by $\mathcal{R}_{\omega}\varphi=$

$\partial_{\varphi}\lrcorner\omega$ . In local coordinates, this action is expressed by the formula

(17)
$(\mathcal{R}_{\omega}\varphi)^{j}=\sum_{l,,,\alpha}\psi_{\alpha}^{jl}D_{x}^{l}(\varphi^{\alpha})$

.

Operators of this type (i.e., expressed in terms of total derivatives) are
called $C$ -differential (or total differential) operators.

Remark 2. As it was mentioned above, operators of the form (17),
provided $\omega$ satisfies (16), take symmetries of the equation at hand to
symmetries of the same equation. In other words, one has $\mathcal{R}_{\omega}$ : $ker\ell_{\mathcal{E}}\rightarrow$

$ker\ell_{\mathcal{E}}$ . Under not very restrictive conditions on the equation $\mathcal{E}$ , this is
equivalent to the operator equality

$\ell_{\mathcal{E}}\circ \mathcal{R}_{\omega}=A\circ\ell_{\mathcal{E}}$ ,

where $A$ is a $C$-differential operator. Taking formally adjoint, one obtains

$\mathcal{R}_{\omega}^{*}o\ell_{\mathcal{E}}^{*}=\ell_{\mathcal{E}}^{*}oA^{*}$ ,

which means, that $A^{*}$ is a recursion operator for generating functions of
conservation laws [10].

Nonlocal setting

In practice, when solving (7), one usually finds no nontrivial solu-
tions, though the equation $\mathcal{E}$ may possess recursion operators.

Example (The Burgers equation). Consider the equation

$u_{t}=u_{xx}+uu_{x}$ .
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It is known to possess a recursion operator of the form

(18) $\mathcal{R}=D_{x}+\frac{1}{2}u_{0}+\frac{1}{2}u_{1}D_{x}^{-1}$ .

Nevertheless, the only solution of the equation

(19) $\ell_{\mathcal{E}}^{[1]}\omega\equiv(D_{x}^{2}+u_{0}D_{x}+u_{1}-D_{t})\omega=0$

for $\omega=\psi_{0}\omega_{0}+\cdots+\psi_{k}\omega_{k}$ is $\alpha\omega_{0}$ , $\alpha\in \mathbb{R}$ , which provides the trivial
action $\mathcal{R}_{\omega}$ : $\varphi\mapsto\alpha\varphi$ .

To resolve this apparent contradiction, let us extend the algebra
$C^{\infty}(\mathcal{E}^{\infty})$ with an additional element $u_{-1}$ and set

$D_{x}u_{-1}=u_{0}$ ,

1 2
$D_{t}u_{-1}=u_{1}+-u_{0}2$ ,

(20) $d_{C}u_{-1}\equiv\omega_{-1}=du_{-1}-u_{0}dx-(u_{1}+\frac{1}{2}u_{0}^{2})dt$ .

Then, solving (19) for $\omega=\psi_{-1}\omega_{-1}+\psi_{0}\omega_{0}+\cdots+\psi_{k}\omega_{k}$ , we obtain a
two-parametric solution

$\omega=\alpha\omega_{0}+\beta\Omega$ , $\Omega=\omega_{1}+\frac{1}{2}u_{0}\omega_{0}+\frac{1}{2}u_{1}\omega_{-1}$ .

Then the action $\varphi\mapsto \mathcal{R}_{\Omega}\varphi=\partial_{\varphi}\lrcorner\Omega$ coincides exactly with (18).

This example reflects a general scheme of computations which arises
in a lot of applications [5] and is used in Section 2. Namely, in search of
recursion operators for symmetries we extend the algebra $C^{\infty}(\mathcal{E}^{\infty})$ with
a new set of variables $w^{1}$ , $\ldots$ , $w^{r}$ , $\ldots$ (so-called nonlocal variables) and
respectively extend the total derivatives to vector fields

(21) $\overline{D}_{i}=D_{i}+\sum_{\alpha}X_{i}^{\alpha}\frac{\partial}{\partial w^{\alpha}}$ , $i=1$ , $\ldots$ , $n$ ,

in such a way that

(22) $[\overline{D}_{i},\overline{D}_{j}]\equiv[D_{i}, X_{j}]+[X_{i}, D_{j}]+[X_{i}, X_{j}]=0$ ,

where $X_{l}=\sum_{\alpha}X_{l}^{\alpha}\partial/\partial w^{\alpha}$ .

Having a solution $X_{1}$ , $\ldots$ , $X_{n}$ of (21), we obtain an integrable
distribution on the space $\mathcal{E}^{\infty}\times \mathbb{R}^{N}$ , where $N$ is the number of
nonlocal variables (the case $ N=\infty$ is included). The projection
$\tau:\overline{\mathcal{E}^{\infty}}=\mathcal{E}^{\infty}\times \mathbb{R}^{N}\rightarrow \mathcal{E}^{\infty}$ is called a covering over $\mathcal{E}$ and $N$ is called
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its dimension (for an invariant geometrical definition see [7]). Similar
to the local case, we define the Lie algebra $sym_{\tau}\mathcal{E}=D_{C}(\overline{\mathcal{E}^{\infty}})/CD(\overline{\mathcal{E}^{\infty}})$

of nonlocal $\tau$-symmetries.
We introduce Cartan forms

$\theta^{j}=dw^{j}-\sum_{i=1}^{n}X_{i}^{j}dx_{i}$ , $j=1$ , $\ldots$ , $N$ ,

corresponding to nonlocal variables on $\overline{\mathcal{E}^{\infty}}$ . The module of all Cartan
forms on $\overline{\mathcal{E}^{\infty}}$ is denoted by $C\Lambda^{1}(\overline{\mathcal{E}^{\infty}})$ . We also extend the universal

linearization operator $\ell_{\mathcal{E}}$ to $\overline{\mathcal{E}^{\infty}}$ just by changing the total derivatives $D_{i}$

to $\overline{D}_{i}$ . Let us now consider two equations, associated to this extension:

$\overline{\ell}_{\mathcal{E}}\varphi=0$ and $\ell_{\mathcal{E}}^{\triangleleft 1]}\Omega=0$ ,

where $\varphi\in\Gamma((\pi_{\mathcal{E}}\circ\tau)^{*}\pi)$ and $\Omega\in\Gamma((\pi_{\mathcal{E}}\circ\tau)^{*}\pi)\otimes C\Lambda^{1}(\overline{\mathcal{E}^{\infty}})$ . Solu-
tions of the first equation are called $\tau$-shadows of nonlocal symmetries,
while solutions of the second one are said to be $\tau$-shadows of recursion
operators in the covering $\tau$ . The following result establishes relations of
shadows to symmetries and recursion operators:

Theorem 1 (see [5] and [7]). Let $\tau:\overline{\mathcal{E}^{\infty}}\rightarrow \mathcal{E}^{\infty}$ be a covering.
Then:

1. If $\varphi$ is a $\tau$ -shadow, then there exists a covering

$\overline{\tau}:=\mathcal{E}^{\infty}\rightarrow\overline{\mathcal{E}^{\infty}}\rightarrow \mathcal{E}^{\infty}\tau$

such that $\varphi$ reconstructs up to a nonlocal $\overline{\tau}$ -symmetry.
2. If $\varphi$ is a nonlocal $\tau$ -symmetry and $\mathcal{R}$ is a recursion operator

shadow, then $\mathcal{R}\varphi$ is a symmetry shadow.

Remark 3. Among all one-dimensional coverings over a given equa-
tion there exists a special class consisting of those ones, for which the
fields $X_{1}$ , $\ldots$ , $X_{n}$ in (22) are independent of nonlocal variables (so-called
abelian coverings). To any such a covering, one can put into correspon-
dence a differential form on $\mathcal{E}^{\infty}$ :

$\omega_{\tau}=\sum_{l=1}^{n}X_{l}dx_{l}$ .

This form is closed with respect to the so-called horizontal differential
$d_{h}=Cd$ (cf. Proposition 1). Vice versa, to any such a form there

corresponds a covering of the above mentioned type. Moreover, two
closed forms determine the same class in the cohomology group $H^{1}(d_{h})$
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if and only if the corresponding coverings are equivalent. In particular, if
$n=2$ , the group $H^{1}(d_{h})$ coincides with the group of conservation laws of
the equation $\mathcal{E}[10]$ . Thus, to construct a covering under consideration
is the same as to find a conservation law. This fact is used in the
computations below.

\S 2. Basic computations and results

In this section we shall discuss the complete integrability of the
$KdV$-mKdV system given in (1), i.e.,

(23) $u_{t}=-u_{3}+6uu_{1}-3ww_{3}-3w_{1}w_{2}+3u_{1}w^{2}+6uww_{1}$ ,

$w_{t}=-w_{3}+3w^{2}w_{1}+3uw_{1}+3u_{1}w$ .

In order to demonstrate the complete integrability of this system, we
shall construct the recursion operator for symmetries of this coupled
system, leading to infinite hierarchies of symmetries and, most probably,
of conservation laws. Due to the very special form of the final results,
it seems that integrability of this system, which looks quite ordinary,
has not been discussed before or elsewhere. In order to do this, we
shall discuss conservation laws in Subsection $2.1leading$ to the necessary
nonlocal variables.

In Subsection 2.2 we shall discuss local and nonlocal symmetries of
the system, while in Subsection 2.3 we construct the recursion operator
or deformation of the equation structure (14).

2.1. Conservation laws and nonlocal variables

Here we shall construct conservation laws for (23) in order to arrive
at an abelian covering of the coupled $KdV$-mKdV system as was shown
for Burgers equation (20). So we construct $X=X(x, t, u, \ldots, w\ldots)$ ,
$T=T(x, t, u, \ldots, w\ldots)$ such that

(24) $D_{x}(T)=D_{t}(X)$

and in a similar way we construct nonlocal conservation laws by the
requirement

(25) $\overline{D}_{x}(\overline{T})=\overline{D}_{t}(\overline{X})$ ,

where $\overline{D}_{*}$ is defined by (9); moreover $\overline{X},\overline{T}$ are dependent on local
variables $x$ , $t$ , $u$ , $\ldots$ , $w$ , $\ldots$ as well as the already determined nonlo-
cal variables, denoted here by $p_{*}$ or $p_{**},$ , which are associated to the
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conservation laws $(X, T)$ by the formal definition

$D_{x}(p_{*})=(p_{*})_{x}=X$ ,

$D_{t}(p_{*})=(p_{*})_{t}=T$ .

Proceeding in this way, we obtained the following set of nonlocal vari-
ables

(26) $p_{0,,,1}$ , $p_{0,,,2}$ , $p_{1}$ , $p_{1,,,1}$ , $p_{1,,,2}$ , $p_{2,,,1}$ , $p_{3}$ , $p_{3,,,1}$ , $p_{3,,,2}$ , $p_{4,,,1}$ , $p_{5}$ ,

where their defining equations are given by

$(p_{1})_{x}=u$ ,

$(p_{1})_{t}=3u^{2}+3uw^{2}-u_{2}-3ww_{2}$ ,

$(p_{0,,,1})_{x}=w$ ,

$(p_{0,,,1})_{t}=3uw+w^{3}-w_{2}$ ,

$(p_{0,,,2})_{x}=p_{1}$ ,

$(p_{0,,,2})_{t}=-6p_{3}-u_{1}$ ,

$(p_{1,,,1})_{x}=\cos(2p_{0,,,1})p_{1}w+\sin(2p_{0,,,1})w^{2}$ ,

$(p_{1,,,1})_{t}=\cos(2p_{0,,,1})(3p_{1}uw+p_{1}w^{3}-p_{1}w_{2}+uw_{1}-u_{1}w-w^{2}w_{1})$

$+\sin(2p_{0,,,1})(4uw^{2}+w^{4}-2ww_{2}+w_{1}^{2})$ ,

$(p_{1,,,2})_{x}=\cos(2p_{0,,,1})w^{2}-\sin(2p_{0,,,1})p_{1}w$ ,

$(p_{1,,,2})_{t}=\cos(2p_{0,,,1})(4uw^{2}+w^{4}-2ww_{2}+w_{1}^{2})$

$+\sin(2p_{0,,,1})(-3p_{1}uw-p_{1}w^{3}+p_{1}w_{2}-uw_{1}+u_{1}w+w^{2}w_{1})$ ,

$(p_{2,,,1})_{x}=\frac{1}{2}(4\cos(2p_{0,,,1})p_{1,,,1}w^{2}-4\sin(2p_{0,,,1})p_{1}p_{1,,,1}w+w(p_{1}^{2}-2u+w^{2}))$ ,

$(p_{2,,,1})_{t}=\frac{1}{2}(4\cos(2p_{0,,,1})p_{1,,,1}(4uw^{2}+w^{4}-2ww_{2}+w_{1}^{2})$

$+4\sin(2p_{0,,,1})$

$\times p_{1,,,1}(-3p_{1}uw-p_{1}w^{3}+p_{1}w_{2}-uw_{1}+u_{1}w+w^{2}w_{1})$

$+3p_{1}^{2}uw+p_{1}^{2}w^{3}-p_{1}^{2}w_{2}+2p_{1}uw_{1}-2p_{1}u_{1}w-2p_{1}w^{2}w_{1}$

$-8u^{2}w-uw^{3}+2uw_{2}-2u_{1}w_{1}+2u_{2}w+w^{5}+3w^{2}w_{2})$ ,

$(p_{3})_{x}=\frac{1}{2}(-u^{2}-uw^{2}+ww_{2})$ ,

$(p_{3})_{t}=\frac{1}{2}(-4u^{3}-9u^{2}w^{2}+2uu_{2}-3uw^{4}+11uww_{2}-uw_{1}^{2}-u_{1}^{2}$

$+u_{1}ww_{1}+4u_{2}w^{2}+6w^{3}w_{2}+3w^{2}w_{1}^{2}-ww_{4}+w_{1}w_{3}-w_{2}^{2})$ ,
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$(p_{3,,,1})_{x}=\frac{1}{12}(\cos(2p_{0,,,1})$

$\times w(p_{1}^{3}-6p_{1}u+39p_{1}w^{2}-24p_{1,,,1}p_{1,,,2}w+12p_{3}+6u_{1})$

$+2\sin(2p_{0,,,1})w(12p_{1}p_{1,,,1}p_{1,,,2}+18p_{1}w_{1}+2w^{3}+3w_{2})$

$+6p_{1,,,2}w(-p_{1}^{2}+2u-w^{2}))$ ,

$(p_{3,,,2})_{x}=\frac{1}{12}(2\cos(2p_{0,,,1})w(12p_{1}p_{1,,,1}p_{1,,,2}-18p_{1}w_{1}-2w^{3}-3w_{2})$

$+\sin(2p_{0,,,1})$

$\times w(p_{1}^{3}-6p_{1}u+39p_{1}w^{2}+24p_{1,,,1}p_{1,,,2}w+12p_{3}+6u_{1})$

$+6p_{1,,,1}w(-p_{1}^{2}+2u-w^{2}))$ ,

$(p_{4,,,1})_{x}=\frac{1}{48}(8\cos(2p_{0,,,1})w(p_{1}^{3}p_{1,,,2}+12^{2}p_{1}p_{1,,,1}p_{1,,,2}-6p_{1}p_{1,,,2}u$

$+3p_{1}p_{1,,,2}w^{2}-12p_{1,,,1}p_{1,,,2}^{2}w+18p_{1,,,1}uw-4p_{1,,,1}w^{3}-6p_{1,,,1}w_{2}$

$+12p_{1,,,2}p_{3}+6p_{1,,,2}u_{1})$

$+8\sin(2p_{0,,,1})w(p_{1}^{3}p_{1,,,1}+12p_{1}p_{1,,,1}p_{1,,,2}^{2}-6p_{1}p_{1,,,1}u+3p_{1}p_{1,,,1}w^{2}$

$+12p_{1,,,1}p_{1,,,2}w2+12p_{1,,,1}p_{3}+6p_{1,,,1}u_{1}-18p_{1,,,2}uw+4p_{1,,,2}w^{3}$

$+6p_{1,,,2}w_{2})$

$+w(-p_{1}^{4}-24p_{1}^{2}p_{1,,,1}^{222}-24p_{1}p_{1,,,2}+12p_{1}^{22}u-6p_{1}w^{2}-48p_{1}p_{3}$

$-24p_{1}u_{1}+48p_{1,,,1}^{22}u-24p_{1,,,1}w^{2}+48p_{1,,,2}u-224p_{1,,,2}w22$

$-60u^{2}+44uw^{2}+24u_{2}-13w^{4}+6ww_{2}))$ ,

$(p_{5})_{x}=\frac{1}{6}(12u^{3}+24u^{2}w^{2}-6uu_{2}+6uw^{4}-30uww_{2}-3u_{2}w^{2}$

$-8w^{3}w_{2}+6ww_{4})$ .

In the previous equations, we skipped explicit formulas for $(p_{3,,,1})_{t}$ ,
$(p_{3,,,2})_{t}$ , $(p_{4,,,1})_{t}$ , and $(p_{5})_{t}$ , because they are too massive, though quite
important for the setting to be well defined and in order to avoid ambi-
guities. The reader is referred to the Appendix for them.

It is quite a striking result that functions $\cos(2p_{0,,,1})$ , $\sin(2p_{0,,,1})$

appear in the presentation of the conservation laws and their associated
nonlocal variables.

We should note that $p_{1}$ , $p_{0,,,1}$ , $p_{3}$ , $p_{5}$ arise from local conservation
laws and we shall call $p_{1}$ , $p_{0,,,1}$ , $p_{3}$ , $p_{5}$ nonlocalities of first order.

In a similar way we see that $p_{0,,,2}$ , $p_{1,,,1}$ , $p_{1,,,2}$ arise from nonlocal
conservation laws, where their x- and $t$-derivatives are dependent on
the first order nonlocalities. For this reason $p_{0,,,2}$ , $p_{1,,,1}$ , $p_{1,,,2}$ are called
nonlocalities of second order.
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Proceeding in this way $p_{2,,,1}$ , $p_{3,,,1}$ , $p_{3,,,2}$ , $p_{4,,,1}$ constitute nonlocalities

of third order.

2.2. Local and nonlocal symmetries

In this section we shall present results for the construction of local
and nonlocal symmetries of system (23). In order to construct these sym-
metries, we consider the system of partial differential equations obtained
by the infinite prolongation of (23) together with the covering by the
nonlocal variables

$p_{0,,,1}$ , $p_{0,,,2}$ , $p_{1}$ , $p_{1,,,1}$ , $p_{1,,,2}$ , $p_{2,,,1}$ , $p_{3}$ , $p_{3,,,1},p_{3,,,2}$ , $p_{4,,,1}$ , $p_{5}$ .

So, in the augmented setting governed by (23), their total derivatives
and the equations given in Subsection 2.1 we construct symmetries
$Y=(Y^{u}, Y^{w})$ which have to satisfy the symmetry condition

$\overline{\ell}_{\mathcal{E}}Y=0$ .

From this condition we obtained the following symmetries

$Y_{0,,,1}$ , $Y_{1,,,1}$ , $Y_{1,,,2}$ , $Y_{1,,,3}$ , $Y_{2,,,1}$ , $Y_{3,,,1}$ , $Y_{3,,,2}$ , $Y_{3,,,3}$ ,

where generating functions $Y_{**}^{u},’ Y_{**}^{w}$, are given as

$Y_{0,,,1}^{u}=3t(6uu_{1}+6uww_{1}+3u_{1}w^{2}-u_{3}-3ww_{3}-3w_{1}w_{2})+xu_{1}+2u$ ,

$Y_{0,,,1}^{w}=3t(3uw_{1}+3u_{1}w+3w^{2}w_{1}-w_{3})+xw_{1}+w$ ,

$Y_{1,,,1}^{u}=u_{1}$ ,

$Y_{1,,,1}^{w}=w_{1}$ ,

$Y_{1,,,2}^{u}=\cos(2p_{0,,,1})(2uw-w_{2})+\sin(2p_{0,,,1})(u_{1}+2ww_{1})$ ,

$Y_{1,,,2}^{w}=-\cos(2p_{0,,,1})u-\sin(2p_{0,,,1})w_{1}$ ,

$Y_{1,,,3}^{u}=\cos(2p_{0,,,1})(u_{1}+2ww_{1})+\sin(2p_{0,,,1})(-2uw+w_{2})$ ,

$Y_{1,,,3}^{w}=-\cos(2p_{0,,,1})w_{1}+\sin(2p_{0,,,1})u$ ,

$Y_{2,,,1}^{u}=\frac{1}{2}(2\cos(2p_{0,,,1})(p_{1,,,1}u_{1}+2p_{1,,,1}ww_{1}-2p_{1,,,2}uw+p_{1,,,2}w_{2})$

$+2\sin(2p_{0,,,1})(-2p_{1,,,1}uw+p_{1,,,1}w_{2}-p_{1,,,2}u_{1}-2p_{1,,,2}ww_{1})$

$+2p_{1}uw-p_{1}w_{2}+2uw_{1}+3u_{1}w+2w^{2}w_{1}-w_{3})$ ,

$Y_{2,,,1}^{w}=\frac{1}{2}(2\cos(2p_{0,,,1})(-p_{1,,,1}w_{1}+p_{1,,,2}u)+2\sin(2p_{0,,,1})(p_{1,,,1}u+p_{1,,,2}w_{1})$

$-p_{1}u+u_{1}+ww_{1})$ ,

$Y_{3,,,1}^{u}=\frac{1}{3}(6uu_{1}+6uww_{1}+3u_{1}w^{2}-u_{3}-3ww_{3}-3w_{1}w_{2})$ ,
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$Y_{3,,,1}^{w}=\frac{1}{3}(3uw_{1}+3u_{1}w+3w^{2}w_{1}-w_{3})$ ,

$Y_{3,,,2}^{u}=\frac{1}{8}(\cos(2p_{0,,,1})(-2p_{1}^{2}uw+p_{1}^{2}w_{2}-4p_{1}uw_{1}-6p_{1}u_{1}w$

$-4p_{1}w^{2}w_{1}+2p_{1}w_{3}+8p_{1,,,1}p_{1,,,2}u_{1}+16p_{1,,,1}p_{1,,,2}ww_{1}-8p_{1,,,2}^{2}uw$

$+4p_{1,,,2}^{2}w_{2}-4p_{2,,,1}u_{1}-8p_{2,,,1}ww_{1}+10u^{2}w+6uw^{3}-8uw_{2}$

$-14u_{1}w_{1}-8u_{2}w-11w^{2}w_{2}-14ww_{1}^{2}+2w_{4})$

$+2\sin(2p_{0,,,1})(-8p_{1,,,1}p_{1,,,2}uw+4p_{1,,,1}p_{1,,,2}w_{2}-2p_{1,,,2}^{2}u_{1}-4p_{1,,,2}ww_{1}2$

$+4p_{2,,,1}uw-2p_{2,,,1}w_{2}+6uu_{1}+10uww_{1}+3u_{1}w^{2}-u_{3}+2w^{3}w_{1}$

$-3ww_{3}-5w_{1}w_{2})$

$+4p_{1,,,2}(2p_{1}uw-p_{1}w_{2}+2uw_{1}+3u_{1}w+2w^{2}w_{1}-w_{3}))$ ,

$Y_{3,,,2}^{w}=\frac{1}{8}(\cos(2p_{0,,,1})(p_{1}^{2}u-2p_{1}u_{1}-2p_{1}ww_{1}-8p_{1,,,1}p_{1,,,2}w_{1}+4p_{1,,,2}u2$

$+4p_{2,,,1}w_{1}-4u^{2}-3uw^{2}+2u_{2}+4ww_{2}+2w_{1}^{2})$

$+2\sin(2p_{0,,,1})$

$\times(4p_{1,,,1}p_{1,,,2}u+2p_{1,,,2}^{2}w_{1}-2p_{2,,,1}u-3uw_{1}-3u_{1}w-3w^{2}w_{1}+w_{3})$

$+4p_{1,,,2}(-p_{1}u+u_{1}+ww_{1}))$ ,

$Y_{3,,,3}^{u}=\frac{1}{8}(2\cos(2p_{0,,,1})(2p_{1,,,1}^{2}u_{1}+4p_{1,,,1}^{2}ww_{1}-4p_{2,,,1}uw+2p_{2,,,1}w_{2}-6uu_{1}$

$-10uww_{1}-3u_{1}w^{2}+u_{3}-2w^{3}w_{1}+3ww_{3}+5w_{1}w_{2})$

$+\sin(2p_{0,,,1})(-2p_{1}^{2}uw+p_{1}^{2}w_{2}-4p_{1}uw_{1}-6p_{1}u_{1}w-4p_{1}w^{2}w_{1}$

$+2p_{1}w_{3}-8p_{1,,,1}^{2}uw+4p_{1,,,1}^{2}w_{2}-4p_{2,,,1}u_{1}-8p_{2,,,1}ww_{1}+10u^{2}w$

$+6uw^{3}-8uw_{2}-14u_{1}w_{1}-8u_{2}w-11w^{2}w_{2}-14ww_{1}^{2}+2w_{4})$

$+4p_{1,,,1}(2p_{1}uw-p_{1}w_{2}+2uw_{1}+3u_{1}w+2w^{2}w_{1}-w_{3}))$ ,

$Y_{3,,,3}^{w}=\frac{1}{8}(2\cos(2p_{0,,,1})(-2p_{1,,,1}^{2}w_{1}+2p_{2,,,1}u+3uw_{1}+3u_{1}w+3w^{2}w_{1}-w_{3})$

$+\sin(2p_{0,,,1})(p_{1}^{2}u-2p_{1}u_{1}-2p_{1}ww_{1}+4p_{1,,,1}^{2}u+4p_{2,,,1}w_{1}-4u^{2}$

$-3uw^{2}+2u_{2}+4ww_{2}+2w_{1}^{2})$

$+4p_{1,,,1}(-p_{1}u+u_{1}+ww_{1}))$ .

2.3. Recursion operator

Here we present the recursion operator $\mathcal{R}$ for symmetries for this
case obtained as a higher symmetry in the Cartan covering of system
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of equations (1) augmented by equations governing the nonlocal vari-
ables (26). As explained in the previous section, the recursion operator
is in effect the a deformation of the equation structure (11).

As demonstrated there, this deformation is a form-valued vector
field (or a vectorfield-valued one-form) and has to satisfy

(27) $\ell_{\mathcal{E}}^{11]}\mathcal{R}-=0$ .

In order to arrive at a nontrivial result as was explained for Burgers’
equation too (cf. Example 1), we have to introduce nonlocal variables

$p_{0,,,1}$ , $p_{0,,,2}$ , $p_{1}$ , $p_{1,,,1}$ , $p_{1,,,2}$ , $p_{2,,,1}$ , $p_{3}$ , $p_{3,,,1},p_{3,,,2}$ , $p_{4,,,1}$ , $p_{5}$

and their associated Cartan contact forms

$\omega_{p_{0,,1}}$ , $\omega_{p_{0,,2}}$ , $\omega_{p_{1}}$ , $\omega_{p_{1,,1}}$ , $\omega_{p_{1,,2}},$ $\omega_{p_{2,,1}}$ , $\omega_{p_{3}}$ , $\omega_{p_{3,,1}}$ , $\omega_{p_{3,2}}$ , $\omega_{p_{4,,1}},$ $\omega_{p_{5}}$ .

The final result, which is dependent on the nonlocal Cartan forms

$\omega_{p_{O,,1}}$ , $\omega_{p_{1}}$ , $\omega_{p_{1,,1}}$ , $\omega_{p_{1,,2}}$ ,

is given by

(28) $\mathcal{R}=R^{u}\frac{\partial}{\partial u}+R^{w}\frac{\partial}{\partial w}+\cdots$ ,

where the components $R^{u}$ , $R^{w}$ are given by

$R_{u}=\omega_{u_{2}}(-1)+\omega_{u}(4u+w^{2})$

$+\omega_{w_{2}}(-2w)+\omega_{w_{1}}(-w_{1})+\omega_{w}(3uw-2w_{2})$

$+\omega_{p_{1,2}}(-\cos(2p_{0,,,1})(u_{1}+2ww_{1})+\sin(2p_{0,,,1})(2uw-w_{2}))$

$+\omega_{p_{1,1}}(\cos(2p_{0,,,1})(-2uw+w_{2})-\sin(2p_{0,,,1})(u_{1}+2ww_{1}))$

$+\omega_{p_{1}}(2u_{1}+ww_{1})$

$+\omega_{p_{O,1}}(2p_{1}uw-p_{1}w_{2}+2uw_{1}+3u_{1}w+2w^{2}w_{1}-w_{3})$ ,

(29) $R_{w}=\omega_{w_{2}}(-1)+\omega_{w}(2u+w^{2})+\omega_{u}(2w)$

$+\omega_{p_{1,2}}(\cos(2p_{0,,,1})w_{1}-\sin(2p_{0,,,1})u)$

$+\omega_{p_{1,1}}(\cos(2p_{0,,,1})u+\sin(2p_{0,,,1})w_{1})$

$+\omega_{p_{1}}(w_{1})+\omega_{p_{O,1}}(-p_{1}u+u_{1}+ww_{1})$ .

We shall now present this result in a more conventional form which
appeals to expressions using operators of the form $D_{x}$ and $D_{x}^{-1}$ . In order
to do this, we first split (29) into the so-called local part and nonlocal
parts, consisting of terms associated to $\omega_{u_{2}}$ , $\omega_{u}$ , $\omega_{w_{2}}$ , $\omega_{w_{1}}$ , $\omega_{w}$ and those
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associated to $\omega_{p_{1,2}}$ , $\omega_{p_{1,1}}$ , $\omega_{p_{1}}$ , $\omega_{po,1}$ respectively. The first part will
account for $D_{x}$ presentation, while the second one accounts for the $D_{x}^{-1}$

part.
Due to the action of contraction $\partial_{\varphi}\lrcorner \mathcal{R}$ , the local part is given by

the following matrix operator:

$\left\{\begin{array}{lll}-D_{x}^{2}+4u+w^{2} & -2wD_{x}^{2}-w_{1}D_{x}+3uw & -2w_{2}\\2w & -D_{x}^{2}+2u+w^{2} & \end{array}\right\}$ .

The nonlocal part will be split into parts associated to $\omega_{p_{1}}$ , $\omega_{po,1}$ and
$\omega_{p_{1,2}}$ , $\omega_{p_{1,1}}$ , respectively. The first one is given as

$[_{w_{1}D^{\frac{1}{x}1}}^{(2u_{1}+ww)D_{x}^{-1}}$ $(2p_{1}uw-p_{1}w_{2}+2uw_{1}+3u_{1}w+2w^{2}w_{1}(-p_{1}u+u_{1}+ww_{1})D_{x}^{-1}-w_{3})D_{x,,]}^{-1}$ .

To deal with the last part, let us introduce the notation:

$A_{1}=\cos(2p_{0,,,1})(-2uw+w_{2})-\sin(2p_{0,,,1})(u_{1}+2ww_{1})$ ,

$A_{2}=\cos(2p_{0,,,1})u+\sin(2p_{0,,,1})w_{1}$ ,

$B_{1}=-\cos(2p_{0,,,1})(u_{1}+2ww_{1})+\sin(2p_{0,,,1})(2uw-w_{2})$ ,

$B_{2}=\cos(2p_{0,,,1})w_{1}-\sin(2p_{0,,,1})u$ ,

being the coefficients at $\omega_{p_{1,1}}$ and $\omega_{p1,2}$ in (29).
According to the presentations of $(p_{1,,,1})_{x}$ and $(p_{1,,,2})_{x}$ , i.e.,

$(p_{1,,,1})_{x}=\cos(2p_{0,,,1})p_{1}w+\sin(2p_{0,,,1})w^{2}$

$(p_{1,,,2})_{x}=\cos(2p_{0,,,1})w^{2}-\sin(2p_{0,,,1})p_{1}w$ ,

we introduce their partial derivatives with respect to $p_{0,,,1}$ , $p_{1}$ , and $w$ as

$\alpha_{1}=-2p_{1}w\sin(2p_{0,,,1})+2w^{2}\cos(2p_{0,,,1})$ ,

$\alpha_{2}=w\cos(2p_{0,,,1})$ ,

$\alpha_{3}=p_{1}\cos(2p_{0,,,1})+2w\sin(2p_{0,,,1})$ ,

$\beta_{1}=-2w^{2}\sin(2p_{0,,,1})-2p_{1}w\cos(2p_{0,,,1})$ ,

$\beta_{2}=-w\sin(2p_{0,,,1})$ ,

$\beta_{3}=2w\cos(2p_{0,,,1})-p_{1}\sin(2p_{0,,,1})$ .

From this we arrive in a straightforward way at the last nonlocal part
of the recursion operator, i.e.,

$\left\{\begin{array}{ll}A_{1}D_{x}^{-1}\alpha_{2}D_{x}^{-1} & A_{1}D_{x}^{-1}(\alpha_{1}D_{x}^{-1}+\alpha_{3})\\A_{2}D_{x}^{-1}\alpha_{2}D_{x}^{-1} & A_{2}D_{x}^{-1}(\alpha_{1}D_{x}^{-1}+\alpha_{3})\end{array}\right\}$

$+$ $\left\{\begin{array}{ll}B_{1}D_{x}^{-1}\beta_{2}D_{x}^{-1} & B_{1}D_{x}^{-1}(\beta_{1}D_{x}^{-1}+\beta_{3})\\B_{2}D_{x}^{-1}\beta_{2}D_{x}^{-1} & B_{2}D_{x}^{-1}(\beta_{1}D_{x}^{-1}+\beta_{3})\end{array}\right\}$
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So, in the final form we obtain the recursion operator as

$\mathcal{R}=$ $\left\{\begin{array}{lll}-D_{x}^{2}+4u+w^{2} & -2wD_{x}^{2}-w_{1}D_{x} & +3uw-2w_{2}\\2w & -D_{x}^{2}+2u+w^{2} & \end{array}\right\}$

$+[^{(2u_{1}+ww_{1})D_{x}^{-1}}w_{1}D^{\frac{}{x}1}$ $(-p_{1}u+u_{1}+ww_{1})D_{x}^{-1]}KD_{x}^{-1}$

$+[_{A_{2}D^{\frac{x-}{x}1}\alpha_{2}D^{\frac{x-}{x}1}}^{A_{1}D^{1}\alpha_{2}D^{1}}$ $A_{2}D^{\frac{x-}{x}1}(\alpha_{1}D^{\frac{x-}{x}1}+\alpha_{3})A_{1}D^{1}(\alpha_{1}D^{1}+\alpha_{3})]$

$+[_{B_{2}D^{\frac{x-}{x}1}\beta_{2}D^{\frac{x-}{x}1}}^{B_{1}D^{1}\beta_{2}D^{1}}$ $B_{1}D^{1}(\beta_{1}D^{1}B_{2}D^{\frac{x-}{x}1}(\beta_{1}D^{\frac{x-}{x}1}++\beta_{3})\beta_{3})]$ ,

where $K=2p_{1}uw-p_{1}w_{2}+2uw_{1}+3u_{1}w+2w^{2}w_{1}-w_{3}$ .

\S 3. Conclusion

We gave an outline of the theory of deformations of the equation
structure of differential equations, leading to the construction of recur-
sion operators for symmetries of such equations. The extension of this
theory to the nonlocal setting of differential equations is essential for
getting nontrivial results. The theory has been applied to the construc-
tion of the recursion operator for symmetries for a coupled $KdV$-mKdV
system, leading to a highly nonlocal result for this system. Moreover the
appearance of nonpolynomial nonlocal terms in all results, e.g., conser-
vation laws, symmetries and recursion operator is striking and reveals
some unknown and intriguing underlying structure of the equations.

Appendix

Here we present explicit formulas for $(p_{3,,,1})_{t}$ , $(p_{3,,,2})_{t}$ , $(p_{4,,,1})_{t}$ , and
$(p_{5})_{t}$ :

$(p_{3,,,1})_{t}=\frac{1}{12}(\cos(2p_{0,,,1})(3p_{1}uw3+p_{1}^{3}w^{3}-p_{1}^{3}w_{2}+3p_{1}uw_{1}2-3p_{1}^{2}u_{1}w$

$-3p_{1}^{2}w^{2}w_{1}-24p_{1}u^{2}w+105p_{1}uw^{3}+6p_{1}uw_{2}-6p_{1}u_{1}w_{1}$

$+6p_{1}u_{2}w+39p_{1}w^{5}-27p_{1}w^{2}w_{2}-96p_{1,,,1}p_{1,,,2}uw^{2}$

$-24p_{1,,,1}p_{1,,,2}w^{4}+48p_{1,,,1}p_{1,,,2}ww_{2}-24p_{1,,,1}p_{1,,,2}w_{1}^{2}+36p_{3}uw$

$+12p_{3}w^{3}-12p_{3}w_{2}-12u^{2}w_{1}+48uu_{1}w+39uw^{2}w_{1}+3u_{1}w^{3}$

$-6u_{1}w_{2}+6u_{2}w_{1}-6u_{3}w-9w^{4}w_{1}-12w^{2}w_{3}$

$-18ww_{1}w_{2}+6w_{1}^{3})$

+2 $\sin(2p_{0,,,1})(36p_{1}p_{1,,,1}p_{1,,,2}uw+12p_{1}p_{1,,,1}p_{1,,,2}w^{3}$
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$-12p_{1}p_{1,,,1}p_{1,,,2}w_{2}+54p_{1}uww_{1}+54p_{1}u_{1}w^{2}+54p_{1}w^{3}w_{1}$

$-18p_{1}ww_{3}+12p_{1,,,1}p_{1,,,2}uw_{1}-12p_{1,,,1}p_{1,,,2}u_{1}w-12p_{1,,,1}p_{1,,,2}w^{2}w_{1}$

$-9u^{2}w^{2}+18uw^{4}+27uww_{2}-9uw_{1}^{2}+9u_{1}ww_{1}+3u_{2}w^{2}$

$+2w^{6}-11w^{3}w_{2}+12w^{2}w_{1}^{2}-3ww_{4}+3w_{1}w_{3}-3w_{2}^{2})$

$+6p_{1,,,2}(-3^{2}p_{1}uw-p_{1}^{2}w^{3}+p_{1}^{2}w_{2}-2p_{1}uw_{1}+2p_{1}u_{1}w+2p_{1}w^{2}w_{1}$

$+8u^{2}w+uw^{3}-2uw_{2}+2u_{1}w_{1}-2u_{2}w-w^{5}-3w^{2}w_{2}))$ ,

$(p_{3,,,2})_{t}=\frac{1}{12}(2\cos(2p_{0,,,1})(36p_{1}p_{1,,,1}p_{1,,,2}uw+12p_{1}p_{1,,,1}p_{1,,,2}w^{3}$

$-12p_{1}p_{1,,,1}p_{1,,,2}w_{2}-54p_{1}uww_{1}-54p_{1}u_{1}w^{2}-54p_{1}w^{3}w_{1}$

$+18p_{1}ww_{3}+12p_{1,,,1}p_{1,,,2}uw_{1}-12p_{1,,,1}p_{1,,,2}u_{1}w-12p_{1,,,1}p_{1,,,2}w^{2}w_{1}$

$+9u^{2}w^{2}-18uw^{4}-27uww_{2}+9uw_{1}^{2}-9u_{1}ww_{1}-3u_{2}w^{2}$

$-2w^{6}+11w^{3}w_{2}-12w^{2}w_{1}^{2}+3ww_{4}-3w_{1}w_{3}+3w_{2}^{2})$

$+\sin(2p_{0,,,1})(3p_{1}^{3}uw+p_{1}^{3}w^{3}-p_{1}^{3}w_{2}+3p_{1}^{2}uw_{1}-3p_{1}^{2}u_{1}w$

$-3p_{1}^{2}w^{2}w_{1}-24p_{1}u^{2}w+105p_{1}uw^{3}+6p_{1}uw_{2}-6p_{1}u_{1}w_{1}$

$+6p_{1}u_{2}w+39p_{1}w^{5}-27p_{1}w^{2}w_{2}+96p_{1,,,1}p_{1,,,2}uw^{2}$

$+24p_{1,,,1}p_{1,,,2}w^{4}-48p_{1,,,1}p_{1,,,2}ww_{2}+24p_{1,,,1}p_{1,,,2}w_{1}^{2}+36p_{3}uw$

$+12p_{3}w^{3}-12p_{3}w_{2}-12u^{2}w_{1}+48uu_{1}w+39uw^{2}w_{1}+3u_{1}w^{3}$

$-6u_{1}w_{2}+6u_{2}w_{1}-6u_{3}w-9w^{4}w_{1}-12w^{2}w_{3}$

$-18ww_{1}w_{2}+6w_{1}^{3})$

$+6p_{1,,,1}(-3p_{1}^{2}uw-p_{1}^{2}w^{3}+p_{1}^{2}w_{2}-2p_{1}uw_{1}+2p_{1}u_{1}w+2p_{1}w^{2}w_{1}$

$+8u^{2}w+uw^{3}-2uw_{2}+2u_{1}w_{1}-2u_{2}w-w^{5}-3w^{2}w_{2}))$ ,

$(p_{4,,,1})_{t}=\frac{1}{48}(8\cos(2p_{0,,,1})(3p_{1}^{3}p_{1,,,2}uw+p_{1}^{3}p_{1,,,2}w^{3}-p_{1}^{3}p_{1,,,2}w_{2}+3p_{1}^{2}p_{1,,,2}uw_{1}$

$-3p_{1}^{2}p_{1,,,2}u_{1}w-3p_{1}^{2}p_{1,,,2}w^{2}w_{1}+36p_{1}p_{1,,,1}^{2}p_{1,,,2}uw+12p_{1}p_{1,,,1}^{2}p_{1,,,2}w^{3}$

$-12p_{1}p_{1,,,1}^{2}p_{1,,,2}w_{2}-24p_{1}p_{1,,,2}u^{2}w-3p_{1}p_{1,,,2}uw^{3}+6p_{1}p_{1,,,2}uw_{2}$

$-6p_{1}p_{1,,,2}u_{1}w_{1}+6p_{1}p_{1,,,2}u_{2}w+3p_{1}p_{1,,,2}w^{5}+9p_{1}p_{1,,,2}w^{2}w_{2}$

$+12p_{1,,,1}p_{1,,,2}uw_{1}2-12p_{1,,,1}^{2}p_{1,,,2}u_{1}w-12p_{1,,,1}^{2}p_{1,,,2}w^{2}w_{1}$

$-48p_{1,,,1}p_{1,,,2}^{2}uw^{2}-12p_{1,,,1}p_{1,,,2}^{2}w^{4}+24p_{1,,,1}p_{1,,,2}^{2}ww_{2}-12p_{1,,,1}p_{1,,,2}^{2}w_{1}^{2}$

$+72p_{1,,,1}u^{2}w^{2}+18p_{1,,,1}uw^{4}-54p_{1,,,1}uww_{2}+18p_{1,,,1}uw_{1}^{2}$

$-18p_{1,,,1}u_{1}ww_{1}-24p_{1,,,1}u_{2}w^{2}-4p_{1,,,1}w^{6}-32p_{1,,,1}w^{3}w_{2}$

$-24p_{1,,,1}w^{2}w_{1}^{2}+6p_{1,,,1}ww_{4}-6p_{1,,,1}w_{1}w_{3}+6p_{1,,,1}w_{2}^{2}$
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$+36p_{1,,,2}p_{3}uw+12p_{1,,,2}p_{3}w^{3}-12p_{1,,,2}p_{3}w_{2}-12p_{1,,,2}u^{2}w_{1}$

$+48p_{1,,,2}uu_{1}w+39p_{1,,,2}uw^{2}w_{1}+3p_{1,,,2}u_{1}w^{3}$

$-6p_{1,,,2}u_{1}w_{2}+6p_{1,,,2}u_{2}w_{1}-6p_{1,,,2}u_{3}w-9p_{1,,,2}w^{4}w_{1}$

$-12p_{1,,,2}w^{2}w_{3}-18p_{1,,,2}ww_{1}w_{2}+6p_{1,,,2}w_{1}^{3})$

+8 $\sin(2p_{0,,,1})(3p_{1}p_{1,,,1}uw3+p_{1}^{3}p_{1,,,1}w^{3}-p_{1}^{3}p_{1,,,1}w_{2}+3p_{1}^{2}p_{1,,,1}uw_{1}$

$-3p_{1}^{2}p_{1,,,1}u_{1}w-3p_{1}^{2}p_{1,,,1}w^{2}w_{1}+36p_{1}p_{1,,,1}p_{1,,,2}^{2}uw$

$+12p_{1}p_{1,,,1}p_{1,,,2}^{2}w^{3}-12p_{1}p_{1,,,1}p_{1,,,2}^{2}w_{2}-24p_{1}p_{1,,,1}u^{2}w-3p_{1}p_{1,,,1}uw^{3}$

$+6p_{1}p_{1,,,1}uw_{2}-6p_{1}p_{1,,,1}u_{1}w_{1}+6p_{1}p_{1,,,1}u_{2}w+3p_{1}p_{1,,,1}w^{5}$

$+9p_{1}p_{1,,,1}w^{2}w_{2}+48p_{1,,,1}^{2}p_{1,,,2}uw^{2}+12p_{1,,,1}^{2}p_{1,,,2}w^{4}-24p_{1,,,1}p_{1,,,2}ww_{2}2$

$+12p_{1,,,1}p_{1,,,2}w_{1}^{2}2+12p_{1,,,1}p_{1,,,2}^{2}uw_{1}-12p_{1,,,1}p_{1,,,2}^{2}u_{1}w$

$-12p_{1,,,1}p_{1,,,2}^{2}w^{2}w_{1}+36p_{1,,,1}p_{3}uw+12p_{1,,,1}p_{3}w^{3}-12p_{1,,,1}p_{3}w_{2}$

$-12p_{1,,,1}u^{2}w_{1}+48p_{1,,,1}uu_{1}w+39p_{1,,,1}uw^{2}w_{1}+3p_{1,,,1}u_{1}w^{3}$

$-6p_{1,,,1}u_{1}w_{2}+6p_{1,,,1}u_{2}w_{1}-6p_{1,,,1}u_{3}w-9p_{1,,,1}w^{4}w_{1}-12p_{1,,,1}w^{2}w_{3}$

$-18p_{1,,,1}ww_{1}w_{2}+6p_{1,,,1}w_{1}^{3}-72p_{1,,,2}u^{2}w^{2}-18p_{1,,,2}uw^{4}$

$+54p_{1,,,2}uww_{2}-18p_{1,,,2}uw_{1}^{2}+18p_{1,,,2}u_{1}ww_{1}+24p_{1,,,2}u_{2}w^{2}$

$+4p_{1,,,2}w^{6}+32p_{1,,,2}w^{3}w_{2}+24p_{1,,,2}w^{2}w_{1}^{2}-6p_{1,,,2}ww_{4}$

$+6p_{1,,,2}w_{1}w_{3}-6p_{1,,,2}w_{2}^{2})-3p_{1}^{4}uw-p_{1}^{4}w^{3}+p_{1}^{4}w_{2}-4p_{1}uw_{1}s$

$+4p_{1}^{3}u_{1}w+4^{3}p_{1}w^{2}w_{1}-72p_{1}^{2}p_{1,,,1}^{2}uw-24p_{1}^{2}p_{1,,,1}^{2}w^{3}+24p_{1}^{2}p_{1,,,1}^{2}w_{2}$

$-72p_{1}^{2}p_{1,,,2}^{2}uw-24^{2}p_{1}p_{1,,,2}^{2}w^{3}+24p_{1}^{2}p_{1,,,2}^{2}w_{2}+48p_{1}^{2}u^{2}w+6p_{1}^{2}uw^{3}$

$-12p_{1}uw_{2}2+12p_{1}^{2}u_{1}w_{1}-12p_{1}^{2}u_{2}w-6p_{1}^{2}w^{5}-18p_{1}^{2}w^{2}w_{2}$

$-48p_{1}p_{1,,,1}^{2}uw_{1}+48p_{1}p_{1,,,1}^{2}u_{1}w+48p_{1}p_{1,,,1}^{2}w^{2}w_{1}-48p_{1}p_{1,,,2}^{2}uw_{1}$

$+48p_{1}p_{1,,,2}^{2}u_{1}w+48p_{1}p_{1,,,2}^{2}w^{2}w_{1}-144p_{1}p_{3}uw-48p_{1}p_{3}w^{3}$

$+48p_{1}p_{3}w_{2}+48p_{1}u^{2}w_{1}-192p_{1}uu_{1}w-156p_{1}uw^{2}w_{1}$

$-12p_{1}u_{1}w^{3}+24p_{1}u_{1}w_{2}-24p_{1}u_{2}w_{1}+24p_{1}u_{3}w+36p_{1}w^{4}w_{1}$

$+48p_{1}w^{2}w_{3}+72p_{1}ww_{1}w_{2}-24p_{1}w_{1}^{3}+192p_{1,,,1}uw22$

$+24p_{1,,,1}uw^{3}2-48p_{1,,,1}uw_{2}2+48p_{1,,,1}u_{1}w_{1}2-48p_{1,,,1}^{2}u_{2}w-24p_{1,,,1}^{2}w^{5}$

$-72p_{1,,,1}^{2}w^{2}w_{2}+192p_{1,,,2}uw22+24p_{1,,,2}^{2}uw^{3}-48p_{1,,,2}^{2}uw_{2}$

$+48p_{1,,,2}^{2}u_{1}w_{1}-48p_{1,,,2}u_{2}w2-24p_{1,,,2}w25$

$-72p_{1,,,2}ww_{2}22-48p_{3}uw_{1}+48p_{3}u_{1}w+48p_{3}w^{2}w_{1}-252u^{3}w$

$-36u^{2}w^{3}+60u^{2}w_{2}-144uu_{1}w_{1}+240uu_{2}w-7uw^{5}$
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$+342uw^{2}w_{2}+24uww_{1}^{2}+144u_{1}^{2}w+228u_{1}w^{2}w_{1}+94u_{2}w^{3}$

$-24u_{2}w_{2}+24u_{3}w_{1}-24u_{4}w-13w^{7}+47w^{4}w_{2}-4w^{3}w_{1}^{2}$

$-78w^{2}w_{4}-60ww_{1}w_{3}-120ww_{2}^{2}+60w_{1}^{2}w_{2})$ ,

$(p_{5})_{t}=\frac{1}{6}(54u^{4}+180u^{3}w^{2}-72u^{2}u_{2}+126u^{2}w^{4}-282u^{2}ww_{2}$

$-12u^{2}w_{1}^{2}-84uu_{1}ww_{1}-174uu_{2}w^{2}+6uu_{4}+18uw^{6}$

$-300uw^{3}w_{2}-90uw^{2}w_{1}^{2}+66uww_{4}+6uw_{1}w_{3}+48uw_{2}^{2}$

$+42u_{1}^{2}w^{2}-6u_{1}u_{3}+12u_{1}w^{3}w_{1}+42u_{1}ww_{3}-48u_{1}w_{1}w_{2}$

$+6u_{2}^{2}-39u_{2}w^{4}+162u_{2}ww_{2}-48u_{2}w_{1}^{2}+48u_{3}ww_{1}+21u_{4}w^{2}$

$-42w^{5}w_{2}-12w^{4}w_{1}^{2}+35w^{3}w_{4}+120w^{2}w_{1}w_{3}$

$+195w^{2}w_{2}^{2}+120ww_{1}^{2}w_{2}-6ww_{6}-30w_{1}^{4}+6w_{1}w_{5}-6w_{2}w_{4})$ .
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An Approach to the Cartan Geometry I:
Conformal Riemann Manifolds

Masatake Kuranishi

Introduction

As is well known F. Klein extracted the essence of the classical
geometry by saying that the geometry is the study of properties invariant
under the transformations of Lie groups on homogenous spaces. This
includes for instance the euclidean geometry and the conformal euclidean
geometry. However, this geometry is too rigid to treat geometric objects
we meet in reality. B. Riemann was thus led to introduce his geometry
generalizing the euclidean geometry.

It is a natural question to ask how to generalize the Riemann’s work
to the case of an arbitrary classical geometry which is a homogenous
space $X=G/H$ , where $G$ is a Lie group and $H$ is its closed subgroup.
We call any such generalization a structure modeled after the classical
geometry $G/H$ .

E. Cartan [1] gave an answer by introducing “a generalized space”.
Namely, instead of the space $X$ together with the action of $G$ on $X$ ,

he considers the projection $\rho c$ : $G\rightarrow X$ . There is on $G$ the invariant
1-form, say $\omega_{G}$ , valued in the Lie algebra $g$ of $G$ . He associate to the
classical geometry $G/H$ the pair $(G, \rho c, \omega_{G})$ , which is in todays lan-
guage a Cartan connection $\omega_{G}$ on a principal $H$-bundle $G$ over $X$ . We
recover the homogenous space structure of $X$ because the graphs of the
transformations of $G$ are the integral submanifolds of the differential
system $\pi_{1}^{*}\omega c-\pi_{2}^{*}\omega c$ on $G\times G$ , where $\pi_{1}$ (resp. $\pi_{2}$ ) is the projection to
the first (resp. second) component of $G\times G$ . By the structure equation
of the Lie algebra we have

(1) $d\omega_{G}+\frac{1}{2}[\omega_{G}, \omega_{G}]=0$ .

Received December 28, 2000.
Revised February 4, 2002.
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Cartan’s generalized space structures are deformations of the above
structure. Namely, in todays language, a generalized space structure on
a manifold $M$ is a pair $(E, \rho, \omega)$ of a principal $H$-bundle $E$ over $M$ with
the projection $\rho$ and a Cartan connection $\omega$ on $E$ . We call it a Cartan
structure modeled after the homogenous space $G/H$ . $E$ will be called
the frame bundle. It has the curvature form

(2) $K=d\omega+\frac{1}{2}[\omega, \omega]$ .

While developing the modern terminology for Cartan’s work,

C. Ehresmann [3] made an interesting comment on the problem by say-
ing that a structure modeled after $G/H$ is a space where a homogenous
space $G/H$ is attached to each point. We interpret this as saying that, on
such a space, neighborhoods of each point are identified infinitesimally
(up to certain order) with a neighborhood of a reference point in $G/H$ .

Since Cartan’s work many answers to our question are introduced,

including the use of Cartan’s theory of equivalence and infinite Lie
groups. In this note we mainly view the development evolved around
these two view points of Cartan and Ehresmann.

We note that the parameter space of structures modeled after $G/H$

on a manifold is obviously infinite dimensional. Therefore we can think
of two approaches to the problem. One is to develop a way to write
down all such structures and the other is to find a good way to pick one
nice such structure.

A variation of the first order infinitesimal version of Ehresmann’s
view was started by S. S. Chern [2] under the name $G$ structure. This
$G$ refers to a linear Lie group, not to our $G$ , but more related to our $H$ .

Actually a slightly limited case of the $G$-structure was already considered
by H. Weyl as a generalization of the general relativity. The theory of
$G$-structures seems to mainly concerned with the first approach. For
surveys see for example S. Kobayashi [5] and T. Ochiai [12].

There are also a lot of works with respect to the second approach.

The Levi-Chivita’s Riemann geometry may be viewed, in retrospect,
as the first satisfactory fusion of Cartan’s and Eheresman’s viewpoints
in the second approach. This is the Cartan connection, with vanish-
ing torsion, on the orthonormal frame bundle. The case for the con-
formal geometry was worked out by H. Weyl [18], who extracted the
conformally invariant components of the curvature tensor called Weyl
tensor. $CR$ geometry created by E. Cartan [2], N. Tanaka [16], and
S. S. Chern-J. Moser [5] can be considered as the case where the model
structure is the unit complex ball with the holomorphic automorphism
group.
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Generalizing his pioneering work on $CR$ structures, N. Tanaka
[14]-[16] introduced structures closely related to Cartan’s. His work was
further developed by T. Morimoto [10], [11] and K. Yamaguchi [17]. The
works of A. Cap and J. Slovak for the higher codimensional $CR$ struc-
tures are in this volume. There is also a work of R. Miyaoka [9] on the

Lie’s sphere geometry.
In the cases of the conformal geometry and $CR$ geometry on a man-

ifold $M$ , we may follow the analogy with the Riemann geometry and
construct the bundle, say $E_{1}$ , using the first order Ehresmann approach.
However, it is a principal $H/H_{1}$ -bundle for a normal subgroup $H_{1}$ of $H$ .

We have to enlarge $E_{1}$ to a principal $H$ bundle, say $E$ .

Our attempt to develop a general method to include the cases of
Riemann, conformal, and $CR$ as special cases was first outlined in [6]
and completed in [7]. It is further developed by Y. Liu [8]. We con-
structed the above $E$ by applying the Cartan’s method of prolongation
to $E_{1}$ . However, the traditional approach is to use 2-jets as was done, for
example, in Kobayashi [5] and Ogiue [13]. Namely, $E_{1}$ may be naturally
regarded as embedded in $J^{1}$ , the space of the 1-jets of maps of $G/H$ to
$M$ at a reference point $e$ $\in G/H$ . We also have the space of 2-jets $J^{2}$ ,

and the projection $\rho:J^{2}\rightarrow J^{1}$ . We construct a section $E_{1}\rightarrow J^{2}$ . Then
$E$ is defined as the subspace of $J^{2}$ consisting of the orbits of $H$-action
passing points of the image of $E^{1}$ in $J^{2}$ .

In this paper, we use the Ehresmann approach of the second order
and construct $E$ as a quotient space $\rho^{-1}(E_{1})\rightarrow E$ with a commutative
diagram:

$J^{1}$ – $J^{2}$

(3)
$ E_{1}\uparrow$

$\leftarrow$

$\rho^{-1}E_{1}\uparrow$

$||$ $\downarrow$

$E_{1}$ $\leftarrow$ $E$

When we construct a principal $H$ bundle, say $E_{2}$ , so that $ E_{1}-E_{2}\subset$

$\rho^{-1}E_{1}\subset J^{2}$ . then the vertical downarrow in (3) will induce an iso-
morphism $E_{2}\rightarrow E$ . Therefore our frame bundle is isomorphic to the

traditional one.
Once the frame bundle is constructed, we work locally and find a

Cartan connection by imposing conditions on the curvature form. In
Kobayashi [5] this was done using the canonical forms of $J^{2}$ . We can
adopt this method in our frame work. However, we used here a direct
method using the definition of the Cartan connections.

The curvature is valued in the Lie algebra $g$ of $G$ , which has the
grading: $g=g_{(-1)}+g_{(0)}+g_{(1)}$ . We designate a suitable subspace
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$g_{n}\subset g_{(0)}+g_{(1)}$ . A Cartan connections on $E$ is called normal when the
cuvature takes value in $g_{n}$ .

In our case the set of normal connections is a family of isomor-
phic Cartan connections depending on one arbitrary function. It turns
out that the Weyl tensor is independent of the connections in the fam-
ily. Therefore we obtain a unique Weyl curvature form. However, to
construct a Cartan connection globally we need to choose locally one
connection from the above family in such a way they match up. We do
this is this paper.

In \S 1 we review the case of the homogenous conformal Riemann
geometry. We write down several formulas which will be used later. In \S 2
we construct the frame bundle and the normal Cartan connections along
the line mentioned above in the case of conformal geometry. We also
show that the $g_{(1)}$ -part of the normal Cartan connections are obtained
using the conformal covariant derivative of Weyl tensor. In the end we
construct a global normal conformal Cartan connection.

The literature for the conformal connection is too numerous and
very difficult to give a complete reference. As a result we listed only a
few which we quoted in this paper. We $beg$ perdon for the omission.

The author is greately benefited by the discussions with Professor
Keizo Yamaguchi.

\S 1. The Homogeous Conformal Space

We fix a nondegenerate $m\times m$ matrix

(1) $(\underline{h}_{ij})$ , $i$ , $j=1$ , $\ldots$ , $m$ .

We consider the conformal euclidean geometry based on the metric on
$R^{m}$ given by

(2) $(dx, dx\rangle=\underline{h}_{ij}dx^{i}dx^{j}$ .

A) Let $R^{m+2}$ be the euclidean space with the standard chart:

(3) $(\xi^{0}, \ldots, \xi^{m+1})=(\xi^{0}, \xi’, \xi^{m+1})$ , $\xi’=(\xi^{1}, \ldots, \xi^{m})$ ,

from which we remove the origin obtaining the punctured euclidean
space $\dot{R}^{m+2}$ . Dividing by the non-zero scalar mutiplication operation,
we obtain the projective space

(4) $\rho:\dot{R}^{m+2}\rightarrow\dot{R}^{m+2}/C^{*}=RP^{m+1}$ .

Denote by $[\xi]=[\xi^{0}, \ldots, \xi^{m+1}]$ the homogenous coordinate of $RP^{m+1}$ .
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Consider the hypersurface $\Phi^{m}$ in $RP^{m+1}$ given by

(5.1) $\Phi^{m}$ : $\phi(\xi)=\langle\xi’, \xi’\rangle-2\xi^{0}\xi^{m+1}=0$ ,

where

(5.2) $\langle\xi’, \xi’\rangle=\underline{h}_{ij}\xi^{i}\xi^{j}$ .

We embed $R^{m}$ in $\Phi^{m}$ by

(6) $R^{m}\ni x\rightarrow[1,$ $x$ , $\frac{1}{2}\langle x, x\rangle]\in\Phi^{m}$ .

B) $R^{m}$ itself is not the homogeous space. Its closure $\Phi^{m}$ is the
homogenous conformal space, given as follows:

Denote by $\tilde{G}$ the subgroup of $GL(R, m+2)$ consisting of all matrix $g$

satisfying:

(7) $\det g$ $=1$ , $\phi(g(\xi))=\phi(\xi)$ .

Let $G$ be the subgroup of the projective transformation group
induced by $\tilde{G}$ . In view of (5.1) we find that $G$ preseeves $\Phi^{m}$ and acts as
a transformation group of $\Phi^{m}$ .

We find that $\tilde{G}$ decomposes to the product of the translation group
and the isotropy group. Namely,

(8) $\tilde{G}=L\cdot H$ ,

(9) $L=\{l(y)=\left(\begin{array}{lll}1 & 0 & 0\\y & I & 0\\w & y^{*} & I\end{array}\right)$ : $y$ $=(y^{1}, \ldots, y^{m})^{tr}$ , $w=\frac{1}{2}\langle y, y\rangle\}$

where $(y^{*})_{j}=\underline{h}_{jk}yk$ , and $H$ consists of matrixes of the form

(11) $h=h(a, t, \beta)=\left(\begin{array}{lll}a & \gamma & b\\0 & t & \beta\\ 0 & 0 & a^{-1}\end{array}\right)$ , where

$\det t=1$ , $tt^{*}=I$ , $\beta=(\beta^{1}, \ldots, \beta^{m})^{tr}$ ,

(11)
$\gamma_{l}=a(\beta^{*}t)_{l}$ , $\frac{b}{a}=\frac{1}{2}\langle\beta, \beta\rangle$ ,

where $(t^{*})_{j}^{i}=\underline{h}^{ik}\underline{h}_{jl}t_{k}^{l}$ and I is the identity $m\times m$-matrix. It is conve-
nient to consider a smaller group where $a>0$ . The Lie algebra $g$ of $G$

has the grading:

(12) $g=g_{(-1)}+g_{(0)}+g_{(1)}$ , where,
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(13.2) $g_{(-1)}=\{\{\dot{y}\}_{(-1)}=(\frac{d(l(s\dot{y}))}{ds})_{s=0}$ : $\dot{y}\in R^{m}\}$ ,

(13.2) $g_{(0)}=R\pi+\{o(m)\}$ , where for $i\in o(m)$

(13.3) $\{i\}=(\frac{dh(1,I+si,0)}{ds})_{s=0}$ , $\pi=(\frac{dh(e^{s},I,0)}{ds})_{s=0}$ ,

(13.4) $g_{(1)}=\{\{\dot{\beta}\}_{(1)}=(\frac{dh(1,I,s\dot{\beta})}{ds})_{s=0}$ : $\dot{\beta}\in R^{m}\}$ .

(14) $h=g_{(0)}+g_{(1)}$ is the Lie algebra of $H$ .

We find by calculation

$Ad(h^{-1})\{\dot{y}\}_{(-1)}=\{at^{*}\dot{y}\}_{(-1)}-a\langle\dot{y}, \beta\rangle\pi$

$+\{at^{*}\dot{y}\otimes\beta^{*}t-at^{*}\beta\otimes\dot{y}^{*}t\}+\{t^{*}(b\dot{y}-a\langle\beta,\dot{y}\rangle\beta)\}_{(1)}$ ,

(15) $Ad(h^{-1})\pi=\pi+\{t^{*}\beta\}_{(1)}$

$Ad(h^{-1})\{i\}=\{t^{*}it\}+\{t^{*}i\beta\}_{(1)}$

$Ad(h^{-1})\{\dot{\beta}\}_{(1)}=\{a^{-1}t^{*}\dot{\beta}\}_{(1)}$ .

In terms of the decomposition (8) the action of $g\in G$ on $ x\in R^{m}\subset$

$\Phi^{m}$ is given by

(16.1) $T_{g}x=y+\frac{1}{\lambda}(tx+\frac{1}{2}\langle x, x\rangle\beta)$ , where

(16.2) $\lambda=a(1+\langle tx, \beta\rangle+\frac{1}{4}\langle\beta, \beta\rangle\langle x, x\rangle)$ .

We see now that $G$ acts transitively on $\Phi^{m}$ .

We regard $\Phi^{m}$ as a confermal Riemann manifold as follows: We
consider a metric on

(17) $\tilde{\Phi}^{m+1}=\rho^{-1}(\Phi^{m})$

given by

(18) $ds^{2}=\langle d\xi’, d\xi’\rangle-2d\xi^{0}d\xi^{7L+1}$ .

For simplicity we set

(19) $F=R^{m}$ .

We have a chart $\xi=(c, x)$ on $\rho^{-1}F$ given by

(20) $(\xi)=(c,$ $cx$ , $\frac{1}{2}c\langle x, x\rangle)$ .
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Then we find that the metric on $\rho^{-1}F$ induced by $ds^{2}$ is

(21) $c^{2}(ds)_{F}$ , where $(ds)_{F}=\langle dx, dx\rangle$ .

In view of (7) the metric $ds^{2}$ on $\tilde{\Phi}^{m+1}$ is invariant under the action of
the matrix $g$ . We find by (19), (16), and (10) that

(22) $(h\xi)=(c_{h},$ $c_{h}T_{h}x$ , $\frac{1}{2}c_{h}\langle T_{h}x, T_{h}x\rangle)$ , $ c_{h}=c\lambda$ .

Hence $ h\xi$ has the coordinate $(c_{h}, T_{h}x)$ . Then it follows by (19)-(20) that
$\lambda^{2}\langle dx, dx\rangle=\langle T_{h} dx, T_{h}dx\rangle$ . Since $T_{l(y)}$ is a translation, it follows that

(23) $(T_{g})^{*}(ds)_{F}=\lambda^{-2}(ds)_{F}$ .

We conclude that the action of $G$ on $\Phi^{m}$ is conformal.
C) Denote by $J_{0}^{p}(F)$ the space of 2-jets at the reference point 0 of

maps of neighborhoods of $O\in F$ into F. $J_{0}^{p}(F)$ has the standard chart
$(y, \ldots,p_{j_{1}..j_{q}}^{k}, \ldots)$ , where $q\leq p$ . If $J\in J_{0}^{p}(R^{m})$ is represented by a map

$f=(f^{1}(x), \ldots, f^{m}(x))$

(24) $y$ $=f(0)$ , $p_{j_{1}}j_{q}(J)=\frac{\partial^{q}f}{\partial x^{j_{1}}\partial x^{j_{q}}}\cdots(0)$ .

We find by calculation

$p_{j}^{k}(T_{h})=\frac{1}{a}t_{j}^{k}$ ,
(25)

$p_{jl}^{k}(T_{h})=\frac{1}{a}\underline{h}_{jl}\beta^{k}-\frac{1}{a}\underline{h}_{iq}(t_{j}^{k}t_{l}^{i}+t_{l}^{k}t_{j}^{i})\beta^{q}$ .

We note that $J_{0}^{1}(T_{h})$ gives informations on $a$ , $t$ in (10), and we need
$J_{0}^{2}$ to get $\beta$ . We note also that we reach $\beta$ more quickly by using the
conformal factor $\lambda^{-2}$ of $T_{h}$ (cf. (23) and (16)), i.e.

(26) $\frac{\partial\lambda}{\partial x^{j}}(0)=a\underline{h}_{jk}(t^{-1})_{l}^{k}\beta^{l}$ .

E) In view of $(9)-(10)$ the Maurer-Cartan form:

(27) $\Omega_{G}=(_{(\Omega_{G})_{0}^{m+1}}^{(\Omega_{G})_{0}^{0}}(\Omega_{G})_{0}^{j}.\cdot.$ $\cdot..\cdot..(\Omega_{G})_{k}^{0}(\Omega_{G})_{k}^{j}(\Omega_{G})_{k}^{m+1}...\cdot..\cdot..(\Omega_{G})_{m+1)}^{j}(\Omega_{G})_{m+1}^{0}(\Omega_{G})_{m+1}^{m+1}$

has the relations

$(\Omega_{G})_{0}^{0}+(\Omega_{G})_{m+1}^{m+1}=0$ , $(\Omega_{G})_{k}^{m+1}=\underline{h}_{kl}(\Omega_{G})_{0}^{l}$ ,

(28) $(\Omega_{G})_{k}^{0}=\underline{h}_{kl}(\Omega_{G})_{m+1}^{l}$ , $\underline{h}_{jl}(\Omega_{G})_{k}^{l}+\underline{h}_{kl}(\Omega_{G})_{j}^{l}=0$ ,

$(\Omega_{G})_{m+1}^{0}=(\Omega_{G})_{0}^{m+1}=0$ .
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Since $\Omega_{G}=g^{-1}dg$ , we also find by $(8)-(10)$ that

$(\Omega_{G})_{0}^{0}=d\log a-a\langle\beta, dy\rangle$ ,

$(\Omega_{G})_{0}^{j}=a(t^{*}dy)^{j}=a\underline{h}^{jkil}\underline{h}_{li}t_{k}dy$ ,

$(\Omega_{G})_{k}^{j}=(t^{*}dt)_{k}^{j}+a(t^{*}dy)^{j}(\beta^{*}t)_{k}-a(t^{*}\beta)^{j}(dyt*)_{k}$

(29)
$=\underline{h}^{jl}\underline{h}_{iq}t_{l}^{q}(dt_{k}^{i}+a\underline{h}_{pr}t_{k}^{p}(\beta^{r}d^{iir}y-\beta dy))$ ,

$(\Omega_{G})_{m+1}^{j}=(t^{*}d\beta)^{j}+(t^{*}\beta)^{j}d\log a+b(t^{*}dy)^{j}-a(t^{*}\beta)^{j}\langle\beta, dy\rangle$

$=\underline{h}^{jl}\underline{h}_{ki}t_{l}^{i}(d\beta^{k}+\beta^{k}(d\log a-a\langle\beta, dy\rangle)+bdy)k$ .

We use $\omega_{H}ro$ denote the Maurer-Cartan form of $H$ . We also set $\omega_{H}=$

$h^{-1}dh$ . Since $\omega_{H}$ is obtained by setting $dy=0$ in the above

$(\omega_{H})_{0}^{0}=d\log a$ , $(\omega_{H})_{0}^{j}=0$ , $(\omega_{H})_{k}^{j}=(t^{*}dt)_{k}^{j}=\underline{h}^{jl}\underline{h}_{iq}t_{l}^{q}dt_{k}^{i}$ ,
(30)

$(\omega_{H})_{m+1}^{j}=(t^{*}d\beta)^{j}+(t^{*}\beta)^{j}$ dlog $a=\underline{h}^{jl}\underline{h}_{ki}t_{l}^{i}$ ( $d\beta^{k}+\beta^{k}$ dlog $a$).

Note that $(\Omega_{G})_{0}^{0}$ , $\ldots$ , $(\Omega_{G})_{0}^{j}$ , $\ldots$ , $(\Omega_{G})_{k}^{j}(j>k)$ , $\ldots$ , $(\Omega_{G})_{m+1}^{j}$ form a base.
The structure equations:

(31) $d(\Omega_{G})_{s}^{r}+(\Omega_{G})_{t}^{r}\wedge(\Omega_{G})_{s}^{t}=0$

$(r, s, t=0,1, \ldots, m+1)$ is rewritten, due to the reltion (28), as

$d(\Omega_{G})_{0}^{0}+\underline{h}_{jk}(\Omega_{G})_{m+1}^{j}\wedge(\Omega_{G})_{0}^{k}=0$ ,

$d(\Omega_{G})_{0}^{j}+\{(\Omega_{G})_{k}^{j}-\delta_{k}^{j}(\Omega_{G})_{0}^{0}\}\wedge(\Omega_{G})_{0}^{k}=0$ ,

(32) $d(\Omega_{G})_{k}^{j}+(\Omega_{G})_{i}^{j}\wedge(\Omega_{G})_{k}^{i}$

$+\underline{h}_{kl}\{(\Omega_{G})_{0}^{j}\wedge(\Omega_{G})_{m+1}^{l}-(\Omega_{G})_{0}^{l}\wedge(\Omega_{G})_{m+1}^{j}\}=0$ ,

$d(\Omega_{G})_{m+1}^{j}+\{(\Omega_{G})_{i}^{j}+\delta_{\dot{\iota}}^{j}(\Omega_{G})_{0}^{0}\}\wedge(\Omega_{G})_{m+1}^{i}=0$ .

When we regsard $\Omega_{G}$ as a 1-form valued in the Lie algebra $g$ of
$G$ , the adjoint action of $H$ transforms the components of $\Omega_{G}$ . In fact
by (15)

$(Ad(h^{-1})\Omega_{G})_{0}^{i}=a(t^{*})_{j}^{i}(\Omega_{G})_{0}^{j}$ ,

$(Ad(h^{-1})\Omega_{G})_{0}^{0}=(\Omega_{G})_{0}^{0}-a\underline{h}_{jk}\beta^{j}(\Omega_{G})_{0}^{k}$ ,

$(Ad(h^{-1})\Omega_{G})_{j}^{i}=(t^{*})_{k}^{i}t_{j}^{l}(\Omega_{G})_{l}^{k}$

(33)
$+(a(t^{*})_{k}^{i}(\beta^{*}t)_{j}-a(t^{*}\beta)^{i}t_{j}^{l}\underline{h}_{lk})(\Omega_{G})_{0}^{k}$ ,

$(Ad(h^{-1})\Omega_{G})_{m+1}^{i}=(t^{*})_{j}^{i}\{a^{-1}(\Omega_{G})_{m+1}^{j}+\beta^{l}(\Omega_{G})_{l}^{j}+\beta^{j}(\Omega_{G})_{0}^{0}$

$-a\beta^{j}\underline{h}_{lk}\beta^{l}(\Omega_{G})_{0}^{k}+\frac{a}{2}\langle\beta, \beta\rangle(\Omega_{G})_{0}^{j}\}$ .
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\S 2. Conformal Riemann Geometry

We consider the conformal Riemann geometry on a manifold $M$

based on a Riemann metric $(ds^{2})_{M}$ . We study the local aspect of the
metric near a reference point, say $P_{0}$ . Fix a chart $x=(x^{1}, \ldots, x^{m})$ on a
neighborhood of $P_{0}$ , $x(P_{0})=0$ . We write

(1) $(ds^{2})_{M}=g_{ij}(x)dx^{i}dx^{j}$ .

We assume that the matrix $(g_{ij}(x))$ is conjugate to $\underline{h}_{ij}$ given in \S 1 (1).
As in \S 1 we denote by $F$ the model conformal structure. We also use $F$ to
denote a neighborhood of 0 of the model structure. $(ds)_{F}=\langle dy, dy\rangle=$

$\underline{h}_{ij}d^{i}yd^{j}y$ , where $y$ is the standard chart of F. $(\underline{h}^{ij})$ is the inverse matrix
of $(\underline{h}_{ij})$ .

A) Let $q=q_{ij}(y)dydiy^{j}$ be a quadratic form. We set

(2) $trq=\underline{h}^{ij}q_{ij}(y)$ .

Let $f$ be a map of $F$ into $M$ .

Definition 1. We say that $f$ is an attaching map of $M$ at $f(0)$

when there is a function $c>0$ on $F$ such that

(3) $f^{*}(ds^{2})_{M}-c(ds^{2})_{F}=O(1)$ , $tr(f^{*}(ds^{2})_{M}-c(ds^{2})_{F})=O(2)$ ,

where $O(l)$ denotes terms in the ideal generated by $y^{i_{1}}\cdots y^{i_{l}}$ . $c$ will be
called the conformal factor of the attaching map. When $f$ satisfies the
first equation in (3), we say that $f$ is an attaching map of order 1.

We claim that, for any attching map $g$ of order 1 and for any linear

form $c=c\iota y^{l}$ in $y$ , there is an attaching map $f$ with the conformal factor
$c+c_{0}$ such that the 1-jets of $f$ and $g$ agree. The constant $c_{0}$ in the above

is determined by $g$ . Namely, for an unknown $f$ we set

(4) $ f^{i}(y)=x_{0}^{i}+p_{j}^{i}y^{j}+\frac{1}{2}p_{jk}^{i}y^{j}y^{k}+\cdots$

Then

(5) $f^{*}(ds^{2})_{M}=g_{st}(f(y))(p_{i}^{s}+p_{ik}^{s}y^{k})(p_{j}^{t}+p_{jl}^{t}y^{l})d^{i}yd^{j}y+O(2)$ .

Hence the equation for $f$ to be an attaching map as above is given by

$g_{kl}(x_{0})p_{i}^{k}p_{j}^{l}=c_{0}\underline{h}_{ij}$ , and with $G_{k}^{i}=\underline{h}^{ij}g_{kl}(x_{0})p_{j}^{l}$ ,

(6)
$2G_{k}^{ik}p_{it}+\underline{h}^{ij}\frac{\partial g_{kl}}{\partial y^{s}}(x_{0})p_{i}^{k}p_{j}^{l}p_{t}^{s}=mc_{t}$ .
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Since the matrix $(G_{j}^{i})$ is non-singular, our assertion follows easily.
We say that attaching maps $f_{1}$ , $f_{2}$ at $x_{0}$ with the conformal factors

$c_{1}$ , $c_{2}$ are equivalent when

(7) $j_{0}^{1}f_{1}=j_{0}^{1}f_{2}$ , $j_{0}^{1}c_{1}=j_{0}^{1}c_{2}$ .

The equivalent classes of attaching maps will be called the frames
of $M$ . Denote by $E$ the set of the frames of $M$ . Let $E_{1}$ be the space of
1-jets at 0 of attaching maps. Clearly we have the projection $E\rightarrow E_{1}$ :

(8) $E\ni the$ class of $f\rightarrow j_{0}^{1}f\in E_{1}$ , and

(9) $E_{1}=R^{+}$ (the frame bundle of the metric $(ds^{2})_{M}$ ).

Note by (6) that $c_{0}$ is determined by the 1-jets information. Hence $E$ is
a manifold with a standard chart:

(10) $(E_{1}, c_{1}, \ldots, c_{m})$ .

B) If $f$ is an attaching map at $x_{0}$ , $f\circ T_{h}$ is also an attach-
ing map at $x_{0}$ because $T_{h}$ is a conformal map of $F$ . We denote by
(the class of $f$ ) $\circ R_{h}$ the above frame. Let the class of $f$ has the standard
chart $(x_{0},p_{j}^{i}, c_{1}, \ldots c_{m})$ . Since the conformal factor of $f\circ T_{h}$ is $\lambda^{-2}c\circ T_{h}$ ,

we see by (23)-(26) \S 1, the class of $f\circ T_{h}$ has the standard chart:

( $x_{0},p_{k}^{i}\frac{1}{a}t_{j}^{k}$ , $c_{1}’$ , $\ldots$ , $c_{m}’$ ), where
(11)

$c_{j}’=a^{-3}c_{i}t_{j}^{i}-2a^{-2}c_{0}\underline{h}_{kl}t_{j}^{k}\beta^{l}$ , $mc_{0}=\underline{h}^{ij}g_{k}\iota(x_{0})p_{i}^{k}p_{j}^{l}$ .

We thus have the operation of $H$ on $E$ . In particular, $E$ is a principal
$H$-bundle, where the $R_{h}$ action of $H$ in the standard chart is given by
the above formula.

C) We next discuss local trivializations of $E$ . Let $f(x)$ be a local
section of $E$ . Then the induced local trivialization of $E$ is given by

(12) $Fx$ $H\ni(x, h)\rightarrow f(x)\circ R_{h}$ .

Denote by

(13) $(x,p_{j}^{i}(x),$ $c_{1}(x)$ , $\ldots$ , $c_{m}(x))$

the standard chart of $f(x)$ . Then we see by (11) that in the standard
chart the above local trivialization has the expression:

( $x,p_{k}^{i}(x)\frac{1}{a}t_{j}^{k}$ , $c_{1}$ , $\ldots$ , $c_{m}$ ), where

(14) $c_{j}=a^{-3}c_{i}(x)t_{j}^{i}-2a^{-2}c_{0}(x)\underline{h}_{kl}t_{j}^{k}\beta^{l}$ ,

$mc_{0}(x)=\underline{h}^{ij}g_{k}\iota(x)p_{i}^{k}(x)p_{j}^{l}(x)$ .
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Let us change the local section $f(x)$ to $f^{\Downarrow}(x)=f(x)\circ R_{h(x)}$ , inducing

a new local chart $(x, h^{\Downarrow})$ . We see by (12) that

(15) $h=h(x)h^{\beta}$ ,

(16) $a=a(x)a^{\Downarrow}$ , $t=t(x)t^{\beta}$ , $\beta=t(x)\beta^{\Downarrow}+\frac{1}{a^{Q}}\beta(x)$ .

D) It is known how to construct a unique Cartan connection locally
on $E$ . Nevertheless, we want to go over the construction, because we
wish to take up the problem of constructing such Cartan connection

globally.
We fix a local trivialization of $E$ induced by a local section $f(x)$

of $E$ . We work on the domain of the above section and call it $M$ . We
use the induced chart $(x, h)$ of $E$ .

We first follow the analogy with the Riemann manifold and construct
1-form $\Omega_{F}$ on $E$ valued in $R^{m}=F$ . These are the first order coframes of
the conformal structure. Namely, we note that $E_{1}$ is the space of 1-jets of
the first order attaching maps. Hence they are linear maps $T_{0}F\rightarrow TM$ .

Their dual may be regarded as $F$-valued 1-forms $\Omega_{F}$ on $E_{1}$ . Composing
with the projection $E\rightarrow E_{1}$ , we thus have a well defined 1-form: $\Omega_{F}$

on $E$ .

In terms of our chart (cf. (12) \S 1)

(17.1) $\Omega_{F}=Ad(h^{-1})w_{F}$ , $w_{F}=(\ldots, w_{F}^{j}, \ldots)$ , $w_{F}^{j}=p^{-1}(x)_{k}^{j}dx^{k}$ .

When we set $\Omega_{F}=(\Omega_{F}^{1}, \ldots, \Omega_{F}^{m})$ ,

(17.2) $\Omega_{F}^{j}=a(t^{-1})_{k}^{j}p^{-1}(x)_{l}^{k}dx^{l}$ .

Note by (6) that

$(\ldots, w_{F}^{j}, \ldots)$ is a section of the l-st order coframe bundle

(17.3)
of the metric $\frac{1}{mc_{0}(x)}(ds^{2})_{M}$ .

E) A Cartan connection on $M$ has the expression

(18) $\Omega=Ad(h^{-1})w+h^{-1}dh$ , $w$ is a $g$-valued 1-form on $W$ .

Note that we have the projection $\rho_{F}$ : $g\rightarrow g/h=F$ . By a Cartan
connection of the conformal structure we mean a Cartan connection $\Omega$

such that

(19) $\rho\Omega=\Omega_{F}$ .
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Hence the Cartan connections of $F$ are of the form

$\Omega=Ad(h^{-1})(w_{F}+w_{H})+h^{-1}dh$ ,
(20)

where $w_{H}$ is an 1-form valued in $h$ .

To determine $\Omega$ we have to determine $w_{H}$ . We do this by using the
curvature of $\Omega$ .

F) The curvature form $K$ of $\Omega$ is given by

(21) $K=d\Omega+\frac{1}{2}[\Omega, \Omega]=Ad(h^{-1})k$ , where $k=dw+\frac{1}{2}[w, w]$ .

We set (cf. (13) \S 1)

(22.1) $w_{H}=w_{\pi}\pi+\{w_{0}\}+\{w_{h}\}_{(1)}$ , where

$w_{\pi}$ is $R$-valued, $w_{0}=((w_{0})_{j}^{i})$ is $o(m)$ -valued,
(22.2)

$w_{h}=(w_{h}^{1}, \ldots, w_{h}^{m})$ is $R^{m}$ valued

In the above, $o(m)$ is with respect to the quadratic form (1) \S 1. In view
of (32) \S 1 we then find that

(23.1) $k=\{k_{F}\}_{(-1)}+k_{\pi}\pi+\{k_{0}\}+\{k_{h}\}_{(1)}$ , where

$k_{F}^{j}=dw_{F}^{j}+((w_{0})_{k}^{j}-w_{\pi}\delta_{k}^{j})\wedge w_{F}^{k}$ ,

$k_{\pi}=dw_{\pi}+\underline{h}_{jk}w_{h}^{j}\wedge w_{F}^{k}$ ,
(22.2)

$(k_{0})_{k}^{j}=d(w_{0})_{k}^{j}+(w_{0})_{l}^{j}\wedge(w_{0})_{k}^{l}+\underline{h}_{kl}(w_{F}^{j}\wedge w_{h}^{l}+w_{h}^{j}\wedge w_{F}^{l})$ ,

$k_{h}^{j}=dw_{h}^{j}+((w_{0})_{k}^{j}+w_{\pi}\delta_{k}^{j})\wedge w_{h}^{k}$ ,

We note that, since $w_{0}$ is $o(m)$ -valued, $k_{0}$ defined by the above formula
is also $o(m)$ valued

G) We first examine the case when

(24.1) $K_{F}^{j}=0$ , $K_{\pi}=0$ ,

which is (by (15) \S 1 and (21)) equivalent to the conditions:

(24.2) $k_{F}^{j}=0$ , $k_{\pi}=0$ .

We set

(25) $w_{\pi}=w_{\pi l}w_{F}^{l}$ , $(w_{0})_{k}^{j}=(w_{0})_{kl}^{j}w_{F}^{l}$ , $w_{h}^{j}=(w_{h})_{l}^{j}w_{F}^{l}$ .

We first write down the condition on $w_{0}$ , $w_{\pi}$ which is equivalent to

the condition: $k_{F}=0$ . In view of the formula for $w_{F}^{j}$ in (17.1) we find
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by calculation that

$dw_{F}^{j}+q_{k}^{j}\wedge w_{F}^{k}=0$ , where

(26)
$q_{k}^{J}=qj_{kl}w_{F}^{l}$ , $q/_{kl}=(p^{-1})_{j_{1}}^{j}\frac{\partial p_{k}^{j_{1}}}{\partial x^{i}}p_{l}^{i}$ .

Therefore $k_{F}^{j}=0$ if and only if we can find $A_{kl}^{j}(y)$ such that

(27) $(w_{0})_{k}^{j}-w_{\pi}\delta_{k}^{j}=q_{k}^{j}+A_{kl}^{j}w_{F}^{l}$ , $A_{kl}^{j}=A_{lk}^{j}$ .

Since $\underline{h}_{jk}(w_{0})_{i}^{j}+\underline{h}_{ji}(w_{0})_{k}^{j}=0$ , we can eliminate $w_{0}$ in the above. We
thus find that the condition (26) implies that

$\underline{h}_{jk}A_{kl}^{j}+\underline{h}_{jl}A_{ki}^{j}=r_{kli}$ , where
(28)

$r_{kli}=-(\underline{h}_{jk}q/_{li}+\underline{h}_{jl}q_{ki}j+2\underline{h}_{kl}w_{\pi i})$ .

As in the case of Riemann geometry, this equation has the unique solu-
tion. Namely,

$A_{kl}^{j}=-\frac{1}{2}(q_{kl}^{j}+q_{lk}^{j})+\frac{1}{2}\underline{h}^{jj_{1}}\underline{h}_{kk_{1}}(q_{lj_{1}}^{k_{1}}-q_{j_{1}l}^{k_{1}})$

(29)
$+\frac{1}{2}\underline{h}^{jj_{1}}\underline{h}_{ll_{1}}(q_{kj_{1}}^{l_{1}}-q_{j_{1}k}^{l_{1}})-\delta_{k}^{j}w_{\pi l}-\delta_{l}^{j}w_{\pi k}+\underline{h}^{ji}\underline{h}_{kl}w_{\pi i}$ .

Therefore, it follows by (26) that

$(w_{0})_{kl}^{j}=\frac{1}{2}(q_{kl}^{j}-q_{lk}^{j})+\frac{1}{2}\underline{h}^{jj_{1}}\underline{h}_{kk_{1}}(q_{lj_{1}}^{k_{1}}-q_{j_{1}l}^{k_{1}})$

(30.1)
$+\frac{1}{2}\underline{h}^{jj_{1}}\underline{h}_{ll_{1}}(q_{kj_{1}}^{l_{1}}-q_{j_{1}k}^{l_{1}})-\delta_{l}^{j}w_{\pi k}+\underline{h}^{ji}\underline{h}_{kl}w_{\pi i}$ .

We check by calculation that the above $w_{0}$ is $o(m)$ -valued. We thus
find that for an arbitrary choice of $w_{\pi}$ there is an unique $w_{0}$ for which
$k_{F}=0$ . Recalling the construction of the Levi-Civita connections, in
view of (17.3) we may rewrite (30.1) as

(30.1) $(w_{0})_{k}^{j}=(w_{0}^{\beta})_{k}^{j}+H_{lk}^{ji}w_{\pi i}w_{F}^{l}$ , $whereH_{lk}^{ji}=\underline{h}^{ji}\underline{h}_{kl}-\delta_{l}^{j}\delta_{k}^{i}$ .

where $(w\#)_{k}^{j}$ is the $o(m)$ -part of the Levi-Civita Cartan connection of
the metric $(1/c(x))(ds^{2})_{M}$ .

We see by (23.2) that $k_{\pi}=0$ if and only if

(31) $(dw_{\pi})_{jl}=\frac{1}{2}(\underline{h}_{jk}(w_{h}^{k})_{l}-\underline{h}_{lk}(w_{h}^{k})_{j})$ , $dw_{\pi}=(dw_{\pi})_{jl}w_{F}^{j}\wedge w_{F}^{l}$ .
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H) It remains to determine $\underline{h}_{jk}(w_{h}^{k})_{l}+\underline{h}_{lk}(w_{h}^{k})_{j}$ . The formula for $k_{0}$

in (23.2) suggests that we may be able to obtain the above term using
$k_{0}$ and $w_{0}$ . In fact, when we set

(32) $d(w_{0})_{k}^{j}+(w_{0})_{l}^{j}\wedge(w_{0})_{k}^{l}=W_{kli}^{j}w_{F}^{l}\wedge w_{F}^{i}$ , $W_{kli}^{j}+W_{kil}^{j}=0$ ,

we find by calculation that

(33) $((k_{0})_{k}^{j})_{il}=W_{kil}^{j}+\frac{1}{2}(\delta_{i}^{j}\underline{h}_{kk_{1}}w_{hl}^{k_{1}}-\delta_{l}^{j}\underline{h}_{kk_{1}}w_{hi}^{k_{1}}+\underline{h}_{kl}w_{hi}^{j}-\underline{h}_{ki}w_{hl}^{j})$ .

Therefore

(34) $((k_{0})_{k}^{j})_{ij}=W_{kij}^{j}+\frac{1}{2}(2-m)\underline{h}_{kl}w_{hi}^{l}-\underline{h}_{ki}w_{hj}^{j}$ .

In order to eliminate $w_{hj}^{j}$ in the above, we multiply $\underline{h}^{ki}$ and add in $k$ , $i$ .

We find

(35) $\underline{h}^{ki}((k_{0})_{k}^{j})_{ij}=\underline{h}^{ki}W_{kij}^{j}+(1-m)w_{hj}^{j}$ .

It then follows by calculation that

$A_{ki}^{k_{1}i_{1}}\{((k_{0})_{k_{1}}^{j}\prime)_{i_{1}j}-W_{k_{1}i_{1}j}^{j}\}=\frac{1}{2}(1-m)\underline{h}_{kl}w_{hi}^{l}$ ,
(36)

$A_{ki}^{jl}=\delta_{k}^{j}\delta_{i}^{l}+\frac{1}{1-m}\underline{h}_{ki}h^{jl}$ .

Therefore we see that $\underline{h}_{kl}w_{\underline{h}i}^{l}+\underline{h}_{il}w_{\underline{h}k}^{l}$ is determined by $k_{0}$ and $W$ . The

condition for $k_{0}$ becomes simpler when we note as in the case of Riemann
geometry that

(37) $((k_{0})_{k}^{j})_{lj}=((k_{0})_{l}^{j})_{kj}$ .

The above follows by taking the exterior derivative of $0=k_{F}^{j}$ in (23.2)
and using the formulas in (23.2). In the end the terms containing $w_{h}$

cancel out.
We impose the condition:

(38) $((k_{0})_{j}^{i})_{ki}=0$ .

Since the above condition is equivalent to the condition:

(38) $((K_{0})_{j}^{\iota})_{ki}=0$ , $where(K_{0})_{j}^{i}=((K_{0})_{j}^{i})_{ki}\Omega_{F}^{k}\wedge\Omega_{F}^{i}$ ,

this is a well defined curvature condition. We find by (36)

(40) $\underline{h}_{kl}w_{hi}^{l}+\underline{h}_{il}w_{hk}^{l}=\frac{2}{m-1}A_{ki}^{k_{1}i_{1}}\{W_{k_{1}i_{1}j}^{j}+W_{i_{1}k_{1}j}^{j}\}$ .
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Therefore it follows by (31)

(41) $\underline{h}_{kl}w_{hi}^{l}=\frac{1}{2}(dw_{\pi})_{ki}+\frac{1}{m-1}A_{ki}^{k_{1}i_{1}}\{W_{k_{1}i_{1}j}^{j}+W_{i_{1}k_{1}j}^{j}\}$ .

We conclude

(42) Proposition. For an arbitrary 1-form $w_{\pi}$ in (22.1) there is an
unique conformal Cartan connection (20), (22) satisfying the conditions:

$K_{F}=0$ , $K_{\pi}=0$ , $((K_{0})_{j}^{i})_{ki}=0$ .

$w_{0}$ and $w_{h}$ of the connection is given by (30.2) and (41).

The above connections will be called normal conformal Cartan con-
nections.

I) We next find an expression of the curvatures. For simplicity we
set

(43) $\underline{h}_{kj}w_{hl}^{j}=w_{[kl]}+w\langle kl\rangle$ , $w[kl]=w[lk]$ , $ w_{\langle kl\rangle}=-w\langle lk\rangle$ .

By (31) and (40)

(44) $w_{\langle kl\rangle}=(dw_{\pi})_{kl}$ , $w[kl]=\frac{1}{m-1}A_{kl}^{k_{1}i_{1}}\{W_{k_{1}i_{1}j}^{j}+W_{i_{1}k_{1}j}^{j}\}$ .

We then find by (33)

(45) $((k_{0})_{k}^{j})_{il}=W_{kil}^{j}+\frac{1}{2}(H_{lk}^{js}\delta_{i}^{t}-H_{ik}^{js}\delta_{l}^{t})(w_{[st]}+w_{\langle st\rangle})$ .

To calculate $W_{kil}^{j}$ , we see by (30.2)

(46) $dw_{0k}^{j}=dw_{0k}^{Qj}+H_{lk}^{ji}d(w_{\pi i})\wedge w_{F}^{l}+w_{\pi i}H_{lk}^{ji}dw_{F}^{l}$ .

Set

$d(w_{\pi k})=(w_{\pi[kl]}+w_{\pi\langle kl\rangle})w_{F}^{l}$ ,
(47)

$w_{\pi[kl]}=w_{\pi[lk]}$ , $w_{\pi\langle kl\rangle}=-w_{\pi\langle lk\rangle}$ .

Since $dw_{\pi}=d(w_{\pi}\iota)\wedge w_{F}^{l}+w_{\pi i}dw_{F}^{i}$ , we note by (44) that

(48) $w_{\langle kl\rangle}=w_{\pi\langle lk\rangle}-w_{\pi i^{\frac{1}{2}}}((w_{0l}^{i})_{k}-(w_{0k}^{i})_{l}-\delta_{l}^{i}w_{\pi k}+\delta_{k}^{i}w_{\pi l})$ .

Therefore

$d(w_{0k}^{j})=d(w_{0k}^{\# j})+H_{qk}^{ji}(w_{\pi[ip]}+w_{\langle pi\rangle})w_{F}^{p}\wedge w_{F}^{q}$

(49) $+w_{\pi i}\{H_{qk}^{jl}\frac{1}{2}((w_{0l}^{i})_{p}-w_{\pi p}\delta_{l}^{i}-(w_{0p}^{i})_{l}+w_{\pi l}\delta_{p}^{i})$

$+H_{lk}^{ji}(w_{\pi p}\delta_{q}^{l}-(w_{0q}^{l})_{p})\}w_{F}^{p}\wedge w_{F}^{q}$ .
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We also have by (30.2)

$w_{0l}^{j}\wedge w_{0k}^{l}=w_{0l}^{\# j}\wedge w_{0k}^{\phi l}+w_{\pi i}\{H_{qk}^{li}(w_{0l}^{Qj})_{p}+H_{pl}^{ji}(w_{0k}^{\phi l})_{q}$

(50)
$+H_{pl}^{ji}H_{qk}^{lm}w_{\pi m}\}w_{F}^{p}\wedge w_{F}^{q}$ .

Hence by (32) we find that

$W_{kpq}^{j}=R_{kpq}^{j}+\frac{1}{2}\{H_{qk}^{ji}(w_{\pi[ip]}+w_{\langle pi\rangle})-H_{pk}^{ji}(w_{\pi[iq]}+w_{\langle qi\rangle})\}$

(51)
$+w_{\pi i}P_{kpq}^{ij}$ ,

where $R_{lpq}^{j}w_{f}^{p}\wedge w_{F}^{q}$ is the curvature form of the metric $(1/c(x))(ds^{2})_{M}$ ,

and

$P_{kpq}^{ij}=\frac{1}{4}H_{qk}^{jl}((w_{0l}^{i})_{p}-w_{\pi p}\delta_{l}^{i}-(w_{0p}^{i})_{l}+w_{\pi l}\delta_{p}^{i})$

$-\frac{1}{4}H_{pk}^{jl}((w_{0l}^{i})_{q}-w_{\pi q}\delta_{l}^{i}-(w_{0q}^{i})_{l}+w_{\pi}\iota\delta_{q}^{i})$

(52) $+\frac{1}{2}H_{lk}^{ji}((w_{0p}^{l})_{q}-w_{\pi q}\delta_{p}^{l}-(w_{0q}^{l})_{p}+w_{\pi p}\delta_{q}^{l})$

$+\frac{1}{2}(H_{qk}^{li}(w_{0l}^{\beta j})_{p}-H_{pk}^{li}(w_{0l}^{\phi j})_{q}+H_{pl}^{ji}(w_{0k}^{\beta l})_{q}-H_{ql}^{ji}(w_{0k}^{\beta l})_{p})$

$+\frac{1}{2}(H_{pl}^{ji}H_{qk}^{lm}-H_{ql}^{ji}H_{pk}^{lm})w_{\pi m}$ .

Therefore we find by (45) that

(53) $((k_{0})_{k}^{j})_{pq}=R_{kpq}^{j}+\frac{1}{2}(H_{qk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{q}^{t})(w_{[st]}+w_{\pi[st]})+w_{\pi i}P_{kpq}^{ij}$ .

Summing in $j=q$ in the above, we find by (38)

(54) $(H_{jk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{j}^{t})(w_{[st]}+w_{\pi[st]})=-2R_{kpj}^{j}-2w_{\pi i}P_{kpj}^{ij}$ .

It turns out by (32) that for an indeterminant $X_{st}$ symmetric in $s$ , $t$

(55) $Y_{kp}=(H_{jk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{j}^{t})X_{st}=(2-m)X_{kp}-\underline{h}_{kp}\underline{h}^{st}X_{st}$ . Hence

$X_{st}=K_{st}^{kp}Y_{kp}$ ,

(56)
where $K_{st}^{kp}=\frac{1}{2-m}\delta_{s}^{k}\delta_{t}^{p}+\frac{1}{2}\frac{1}{(m-1)(m-2)}\underline{h}_{st}\underline{h}^{kp}$ .

Therefore we find that

(57) $((k_{0})_{k}^{j})_{pq}=R_{kpq}^{j}-(H_{qk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{q}^{t})K_{st}^{kl}R_{kli}^{i}+w_{\pi i}\tilde{P}_{kpq}^{ij}$ , where

(58) $\tilde{P}_{kpq}^{ij}=P_{kpq}^{ij}-(H_{qk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{q}^{t})K_{st}^{kl}R_{klr}^{ir}$ .
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We find by calculation that

(59) $w_{\pi i}\tilde{P}_{kpq}^{ij}=0$ . Hence

(60) $((k_{0})_{k}^{j})_{pq}=R_{kpq}^{j}-(H_{qk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{q}^{t})K_{st}^{kp}R_{kpr}^{r}$ .

Note that

$(H_{qk}^{js}\delta_{p}^{t}-H_{pk}^{js}\delta_{q}^{t})K_{st}^{il}X_{il}=\frac{1}{m-2}(H_{pk}^{jl}X_{lq}-H_{qk}^{jl}X_{lp})$

(61)
$+\frac{1}{(m-1)(m-2)}(\underline{h}_{qk}\delta_{p}^{j}-\underline{h}_{pk}\delta_{q}^{j})\underline{h}^{il}X_{il}$ .

Then the formula (60) is rewritten as the classical formula for the Weyl
tensor:

$((k_{0})_{k}^{j})_{pq}=R_{kpq}^{j}+\frac{1}{m-2}(\delta_{p}^{j}R_{kq}-\delta_{q}^{j}R_{kp}+\underline{h}_{kq}\underline{h}^{jl}R_{lp}$

(62)
$-\underline{h}_{kp}\underline{h}^{jl}R_{lq})+\frac{R}{(m-1)(m-2)}(\delta_{p}^{j}\underline{h}_{kq}-\delta_{p}^{j}\underline{h}^{kp})$ , where

(63) $R_{kl}=R_{klj}^{j}$ , $R=\underline{h}^{kl}R_{kl}$ .

(cf. formula (28.12) Chapter 2, Eisenhart [4], where the chart coframe
$dx^{j}$ is used. We used the orthonormal coframe $w_{F}^{j}.$ )

J) There is an a priori ground why the cancelation (59) takes place.
This is a reflection of the fact that for normal conformal connections
we have $k_{\pi}=0$ . In fact, for arbitrary $R^{m}$-valued function $\beta(x)$ let us
consider a Cartan connection $\underline{\Omega}givenby\backslash $

(64) $\underline{w}(x)=Ad(h(1, I, \beta(x))^{-1})w(x)$ .

in (18). We see by (15) \S 1

(65) $\underline{w}_{\pi}(x)=w_{\pi}(x)-\underline{h}_{ij}\beta^{j}(x)w_{F}^{i}(x)$ .

By (21) the new curvature is given by

(66) $\underline{k}(x)=Ad(h(1, I, \beta(x))^{-1})k(x)$ .

We find by (15) \S 1 that this is a conformal Cartan connection and

(67) $\underline{k}_{\pi}=k_{\pi}=0$ , $\underline{k}_{0}(x)=k_{0}(x)$ , $\underline{k}_{h}=k_{h}+k_{0}\beta(x)$ .

Therefore $\underline{\Omega}$ is a normal connection. When $w_{\pi}=0$ , we see by (53)
that the formula for $k_{0}$ is given by (60). We see by the above, when
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$w_{\pi}=\underline{h}_{ij}\beta^{j}(x)w_{F}^{i}(x)$ , the formula for $k_{0}$ is still given by (60). This
means that (59) must be true.

The above formula also prove the followings: Let $\underline{k}_{h}(x)$ be the

$g_{(1)}$ -part of the curvature form when $\underline{w}_{\pi}=0$ . Then

(68) $k_{h}^{j}=\underline{k}_{h}^{j}+\underline{h}^{ki}w_{\pi i}(k_{0})_{k}^{j}$ .

(69) Proposition. Any two normal conformal Cartan connections are
isomorphic.

K) We next write down the expression of $k_{h}$ . In view of (68) it is
enough to consider the case $w_{\pi}=0$ . We then find by (41) and (36) that

with $w_{h}^{j}=w_{hk}^{j}w_{F}^{k}$

$w_{hk}^{j}=\frac{1}{m-1}\underline{h}^{ji}A_{ik}^{pq}(W_{pqr}^{r}+W_{qpr}^{r})$

(70)
$=\frac{1}{m-1}\underline{h}^{jp}(W_{pkr}^{r}+W_{kpr}^{r})-\frac{2}{(m-1)^{2}}\delta_{k}^{j}\underline{h}^{pq}W_{pqr}^{r}$ .

Since $w_{\pi[ip]}=0$ by (47) and $w_{\langle ip\rangle}=0$ by (44) when $w_{\pi}=0$ we see
by (51)

(71) $W_{kpr}^{r}=R_{kp}$ .

Therefore we find

(72) $w_{h}^{j}=\frac{2}{m-1}(\underline{h}^{jl}R_{lk}-\frac{1}{m-1}\delta_{k}^{j}R)w_{F}^{k}$ .

It then follows by (23.2) and (68)

$k_{h}^{j}=\frac{2}{m-1}\{\underline{h}^{jl}(dR_{lk}-R_{li}(w_{0})_{k}^{i})+\underline{h}^{rl}R_{lk}(w_{0})_{r}^{j}$

(73)
$-\frac{1}{m-1}\delta_{k}^{j}dR\}\wedge w_{F}^{k}+\underline{h}^{ki}w_{\pi i}(k_{0})_{k}^{j}$ .

We can also express $k_{h}^{j}$ by $k_{0}$ and its derivatives, provided $m>3$ .

By (21) (or by calculation) we find by (23.2) that

(74) $d(k_{0})_{k}^{j}=(k_{0})_{l}^{j}\wedge(w_{0})_{k}^{l}-(w_{0})_{l}^{j}\wedge(k_{0})_{k}^{l}+\underline{h}_{kl}(k_{h}^{j}\wedge w_{F}^{l}-w_{F}^{j}\wedge k_{h}^{l})$ .

Noting that for $\alpha=\alpha_{jk}\gamma^{j}\wedge\gamma^{k}$ with $\alpha_{jk}=-\alpha_{kj}$ and $\beta=\beta_{l}\gamma^{l}$

(75) $\alpha\wedge\beta=\frac{1}{3}(\alpha_{jk}\beta_{l}+\alpha_{kl}\beta_{j}+\alpha_{lj}\beta_{k})\gamma^{j}\wedge\gamma^{k}\wedge\gamma^{l}$ ,
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we find by (38) that

3 $((dk_{0})_{k}^{j})_{pqj}=((k_{0})_{l}^{j})_{pq}((w_{0})_{k}^{l})_{j}-((k_{0})_{k}^{l})_{pq}((w_{0})_{l}^{j})_{j}$

(76) $-((k_{0})_{k}^{l})_{qj}((w_{0})_{l}^{j})_{p}-((k_{0})_{k}^{l})_{jp}((w_{0})_{l}^{j})_{q}$

$+\underline{h}_{kl}\{(k_{h}^{j})_{qj}\delta_{p}^{l}+(k_{h}^{j})_{jp}\delta_{q}^{l}-(m-3)(k_{h}^{l})_{pq}$ .

Therefore

(77) $(3-m)k_{h}^{i}-2(k_{h}^{j})_{pj}w_{F}^{p}\wedge w_{F}^{i}=\tilde{d}k_{0}^{i}$ , where

$(\tilde{d}k_{0}^{i})_{pq}w_{F}^{p}\wedge w_{F}^{q}=\underline{h}^{il}\{3((dk_{0})_{l}^{j})_{pqj}w_{F}^{p}\wedge w_{F}^{q}-((w_{0})_{l}^{r})_{j}(k_{0})_{r}^{j}$

(78)
$+((w_{0})_{r}^{j})_{j}(k_{0})_{l}^{r}+2(w_{0})_{r}^{j}\wedge((k_{0})_{l}^{r})_{pj}w_{F}^{p}\}$ .

We then conclude that

(79) $k_{h}^{i}=\frac{1}{3-m}\{\tilde{d}k_{0}^{i}+\frac{1}{2-m}(\tilde{d}k_{0}^{j})_{pj}w_{F}^{p}\wedge w_{F}^{i}\}$ .

For future use we rewrite the formula for $\tilde{d}k_{0}^{i}$ in (78). We set, with

the proper symmetry, $k_{0}=(k_{0})_{ij}w_{F}^{i}\wedge w_{F}^{j}$ , $dk_{0}=(dk_{0})_{ijl}w_{F}^{i}\wedge w_{F}^{j}\wedge w_{F}^{l}$ ,
$df=(df)_{i}w_{F}^{i}$ for a function $f$ . Then

$3(dk_{0})_{ijl}=(d(k_{0})_{jl})_{i}+(d(k_{0})_{li})_{j}+(d(k_{0})_{ij})_{l}+(k_{0})_{ir}(w_{0l}^{r})_{j}$

$-(k_{0})_{ir}(w_{0j}^{r})_{l}+(k_{0})_{jr}(w_{0i}^{r})_{l}-(k_{0})_{jr}(w_{0l}^{r})_{i}$

(80)
$+(k_{0})_{lr}(w_{0j}^{r})_{i}-(k_{0})_{lr}(w_{0i}^{r})_{j}$

$+2\{(k_{0})_{ij}(w_{\pi})_{l}+(k_{0})_{jl}(w_{\pi})_{i}+(k_{0})_{li}(w_{\pi})_{j}\}$ .

Therefore by (38)

$3(dk_{0i}^{l})_{pql}=(d(k_{0i}^{l})_{pq})_{l}+(k_{0i}^{l})_{pr}(w_{0l}^{r})_{q}-(k_{0i}^{l})_{pr}(w_{0q}^{r})_{l}$

(38)
$+(k_{0i}^{l})_{qr}(w_{0p}^{r})_{l}-(k_{0i}^{l})_{qr}(w_{0l}^{r})_{p}+2(k_{0i}^{l})_{pq}(w_{\pi})_{l}$ .

We then find by (78)

$\underline{h}_{il}\tilde{d}k_{0}^{l}=(d(k_{0i}^{l})_{pq})\iota w_{F}^{p}\wedge w_{F}^{q}-(w_{0i}^{r})_{l}(k_{0})_{r}^{l}+(w_{0l}^{j})_{j}(k_{0})_{i}^{l}$

(82)
$+2(w_{0p}^{r})_{l}w_{F}^{p}\wedge(k_{0i}^{l})_{qr}w_{F}^{q}+2(w_{\pi})_{l}k_{0i}^{l}$ .

J) We will show that $k_{h}$ is also obtained by the conformal covari-
ant derivatives of $K_{0}$ . We first recall the definitions. This is valid for
any principal $H$-bundle $E$ with a Cartan connection $\Omega(18)$ given in

terms of a local trivialization of $E$ . We are considering any homogenous
space $G/H$ .
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Consider a curve $f_{t}=(x_{t}, h_{t})$ in $E$ . We denote its tangent vectors
$\dot{f}_{t}$ by

(83) $(\dot{x}_{t},\dot{h}_{t})$ where $\dot{x}_{t}=dx/dt$ , $h_{t+\epsilon}\equiv h_{t}(I+\epsilon\dot{h}_{t})$

$(mod. \epsilon^{2}).\dot{h}_{t}$ is $h$-valued. Let $\Omega(\dot{f}_{t})$ be the evaluation of $\Omega$ at $\dot{f}_{t}$ . Then

(84) $\Omega(\dot{f}_{t})=Ad((h_{t})^{-1})w(x_{t}, dx(\dot{x}_{t}))+\dot{h}_{t}$ .

$f_{t}$ is called the parallel displacement of $f_{0}$ over the curve $x(t)$ in $M$ when

(85) $\rho_{h}\Omega(\dot{f}_{t})=0$ .

Clearly, given $x(t)$ and $f_{0}$ there is an unique parallel displacement.
Namely, $h_{t}$ is obtained by solving the ordinary differential equation:

(86) $\dot{h}_{t}=-Ad((h_{t})^{-1})w_{H}(x_{t}, dx(\dot{x}_{t}))$ .

Let $f_{t}$ be a parallel displacement and $h_{1}$ be a fixed element in $H$ .

Then $R_{h_{1}}f$ is also a parallel displacement. Hence it is enough to consider
the case: $f_{0}=(x_{0}, I)$ .

Let $\mathcal{X}_{t}$ be a vector field along the curve $f_{t}$ . When we express $\mathcal{X}_{t}=$

$(X_{t},\dot{\phi}_{t})$ with $\dot{\phi}_{t}\in h$ as in (83), $\Omega(\mathcal{X}_{t})=Ad((h_{t})^{-1})w(x_{t}, dx(X_{t}))+\dot{\phi}_{t}$ .

We say that $\mathcal{X}_{t}$ is the parallel displacement of $\mathcal{X}_{0}$ along $f_{t}$ when for all $t$

$(87)$ $\Omega(\mathcal{X}_{t})=\Omega(\mathcal{X}_{0})$ .

This means that $X_{t}$ is determined by the equation:

$\rho_{g/h}Ad((h_{t})^{-1})w_{F}(x_{t}, dx(X_{t}))$

(88.1)
$=\rho_{g/h}Ad((h_{0})^{-1})w_{F}(x_{0}, dx(X_{0}))$ ,

and $\dot{\phi}_{t}$ is determined by the equation:
(88.2)

$Ad((h_{t})^{-1})w_{H}(x_{t}, dx(X_{t}))+\rho_{h}Ad((h_{t})^{-1})w_{F}(x_{t}, dx(X_{t}))+\dot{\phi}_{t}$

$=Ad((h_{0})^{-1})w_{H}(x_{0}, dx(X_{0}))+\rho_{h}Ad((h_{0})^{-1})w_{F}(x_{0}, dx(X_{0}))+\dot{\phi}_{0}$ .

Let $\mathcal{V}=(V,\dot{\psi})$ be a vector field on $E$ , where $V=V^{j}(x, h)\partial/\partial x^{j}$ ,
$\dot{\psi}=\dot{\psi}(x, h)\in h$ . Pick a tangent vector $\dot{x}_{0}$ of $M$ at $x_{0}$ and $f_{0}\in E$

over $x_{0}$ . By a conformal covariant derivative at $f_{0}$ of $\mathcal{V}$ to the direction
$\dot{x}_{0}$ is defined as follows: Take a curve $x_{t}$ in $M$ such that the tangent
vector at $t$ $=0$ is $\dot{x}_{0}$ . Let $f_{t}$ be the parallel displacement of $f_{0}$ and $\mathcal{V}_{t}$ be
the parallel displacement of $\mathcal{V}_{f_{O}}$ along $f_{t}$ . Then

(89) $\nabla\dot{x}_{0}\mathcal{V}_{f_{0}}=\lim_{t\rightarrow 0}\frac{1}{t}(\mathcal{V}_{f_{t}}-\mathcal{V}_{t})$ .
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Let $\Theta$ be a differential $g$-form on $E$ . For a vector field $\mathcal{X}$ on $E$

we define the covariant derivative $\nabla x\Theta$ of $T$ by $\mathcal{X}$ as follows: For any
vector fields $\mathcal{V}_{1}$ , $\ldots$ , $\mathcal{V}_{g}$

$\nabla x\ominus(\mathcal{V}_{1}, \ldots, \mathcal{V}_{g})=\mathcal{X}(\ominus(\mathcal{V}_{1}, \ldots, \mathcal{V}_{g}))-\ominus(\nabla x\mathcal{V}_{1}, \ldots, \mathcal{V}_{g})$

(90)
$-\cdots-\ominus(\mathcal{V}_{1}, \ldots, \nabla x\mathcal{V}_{g})$ .

Let $e^{\gamma}$ be a base of $g$ . Set $\Omega=\Omega_{\gamma}e^{\gamma}$ . Denote by. . . ’
$\mathcal{W}^{\gamma}$ , $\ldots$ the

base of vector fields dual to. . . ’
$\Omega_{\gamma}$ , $\ldots$ . For any parallel displacement $f_{t}$

of a frame we see clearly $(\mathcal{W}^{\gamma})_{f_{t}}$ is the parallel displacement of $(\mathcal{W}^{\gamma})_{f_{0}}$

along $f_{t}$ . Therefore for any vector field $\mathcal{X}$

(91) $\nabla x\ominus(\mathcal{W}_{1}, \ldots, \mathcal{W}_{g})=\mathcal{X}(\Theta(\mathcal{W}_{1}, \ldots, \mathcal{W}_{g}))$ .

We now consider the case of a normal conformal Cartan connection.
We set $K_{0}=\rho_{(0)}Ad(h^{-1})k_{0}$ , where $\rho_{(0)}$ is the projection to the degree
0 part of the grading (12) \S 1, and calculate $\nabla w_{\iota}K_{0}$ . We have by (15) \S 1

(82) $w_{F}^{j}=(p^{-1})_{k}^{j}(x)dx^{k}$ , $w_{F}^{l}(x, dx(\mathcal{W}_{j}))=a^{-1}t_{j}^{l}$ ,

(93.1) $\mathcal{W}_{l}=a^{-1}p(x)_{r}^{\dot{0}}t_{l}^{r}\frac{\partial}{\partial x^{i}}+W_{l\pi}\pi+\{W_{l0}\}+\{W_{lh}\}_{(1)}$ ,

where

(93.2) $W_{l\pi}(x, h)=\underline{h}_{kr}t_{l}^{k}\beta^{r}-w_{\pi i}(x)a^{-1}t_{l}^{i}$ ,

$W_{l0}(x, h)=t^{*}(\beta\otimes(t_{l})^{*}-t_{l}\otimes\beta^{*}-a^{-1}t_{l}^{i}(w_{0})_{i}(x))t$ ,
(93.3)

with $t_{l}=(t_{l}^{1}, \ldots, t_{l}^{m})$ .

The above means that as differential operators

(93.4) $W_{l\pi}(x, I)=-w_{\pi l}(x)(\frac{\partial}{\partial a})_{a=1}$ ,

(93.5) $W_{l0}(x, I)=-(w_{0k}^{j})_{l}(x)(\frac{\partial}{\partial t_{k}^{j}})_{t=I}$ ,

We then find that

(94) $K_{0}(\mathcal{W}_{p}, \mathcal{W}_{q})=\frac{1}{2}a^{-2}(t_{p}^{j}t_{q}^{r}-t_{q}^{j}t_{p}^{r})t^{*}(k_{0})_{jr}t$ .

By calculation we now find by (82) and (91) that

(95) $\underline{h}_{il}\tilde{d}k_{0}^{l}=((\nabla w_{\iota}K_{0})_{i}^{l})_{(x,I)}$ .
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K) The normal conformal Cartan connections, defined locally,
depend on arbitrary functions $w_{\pi}$ . They determine a unique class up
to local isomorphism. In order to define globally a normal conformal
Cartan connection, we have to choose $w_{\pi}$ for each local trivialization of
the conformal frame bundle in such a way that they match up on the
intersections on the domains of trivializations.

Let $(x, \underline{h})$ be a local trivialization. Then for a $h$-valued function
$h(x)$ we have

(96) $h=h(x)\underline{h}$ .

For a normal conformal Cartan connection $\Omega$ we have two expressions:

(97) $\Omega=Ad(h^{-1})w+h^{-1}dh=Ad(\underline{h}^{-1})\underline{w}+\underline{h}^{-1}d\underline{h}$ .

Therefore we find by (15) \S 1 and (30) \S 1

(98.1) $\underline{w}_{F}^{i}=a(x)t^{*}(x)_{j}^{i}w_{F}^{j}(x)$ ,

(98.2) $\underline{w}_{\pi}(x)=w_{\pi}(x)-a(x)\underline{h}_{jk}\beta(x)^{k}w^{j}(x)+d\log a(x)$ ,

where as in (10) \S 1 we set $h(x)=h(a(x), t(x),$ $\beta(x))$ .

To find such $w_{\pi}$ as above we recall that our chart $(x, h)$ is induced by
a section $f(x)=(x,p_{j}^{i}(x),$ $c_{1}(x)$ , $\ldots$ , $c_{m}(x))$ (cf. (12)-(13)) of the frame

bundle. We also have $c_{0}(x)=\underline{h}^{ij}g_{k}\iota(x)p_{i}^{k}(x)p_{j}^{l}(x)$ . The chart $(x, \underline{h})$

is induced by $\underline{f}(x)=R_{h(x)}f(x)=(x,\underline{p}_{j}^{i}(x),$ $\underline{c}_{1}(x)$ , $\ldots$ , $\underline{c}_{m}(x))$ . Hence

by (11)

$\underline{c}_{j}(x)=\frac{1}{a(x)^{3}}t_{j}^{l}(x)c_{l}(x)-\frac{2}{a(x)^{2}}\underline{h}_{il}t_{j}^{i}(x)\beta^{l}(x)c_{0}(x)$ ,

(99)
$\underline{c}_{0}=\frac{1}{a(x)^{2}}c_{0}(x)$ .

We then find by (98.1) that

(100) $w_{\pi}=-\frac{1}{2}d\log c_{0}+\frac{1}{2}\frac{c_{l}}{c_{0}}w_{F}^{l}$

obeys the transformation law (98). When the above $w_{\pi}$ is chosen we call
it the global normal conformal Cartan connection.
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Differential Algebra and Differential Geometry

Bernard Malgrange

\S 1. Introduction

There are now two theories devoted to partial differential equations
in the algebraic or analytic domain:

On one side, the theory of involutive differential systems, based
on the Cartan-K\"ahler theorem, and developed namely by Matsushima,
Kuranishi, Guillemin-Singer-Sternberg, Quillen, Goldschmidt. This the-
ory is of constant use in differential geometry, $f.i$ . in the study of the
“equivalence problems” in the sense of E. Cartan.

On the other side, the “differential algebra” of Ritt, Kolchin, and
others, which studies the differential ideals and their properties of finite-
ness, dimension, etc. cf. [Ri 1], [Ko]. There is a nice application by
Buium [Bu] to some problems of algebraic geometry on functions fields.
A part from this application, this theory seems to have had practically
no contact with geometry, especially with differential geometry; compare
f.i. the bibliographies of [Ko] and [B-C-G 3]: their intersection is empty;
see however [Po],

It seems to me that a mutual interaction should be useful for both
theories. For instance, with the help of the ideas of Ritt, one can prove
rather easily the “generic involutiveness” of analytic systems of p.d.e. ’s;

see a precise statement in \S 3. Hopefully, the result could be useful in
several contexts, namely in the theory of Lie groupoids and in differential
Galois theory; I will develop this point elsewhere.

On the opposite side, I mention only the following fact: differential
algebraists use classically Riquier-Janet theory of “passive orthonormic
systems” rather than Cartan involutiveness. But it seems that they are
now becoming aware of this last theory; see f.i. [Se].

Received September 15, 2000.
Revised March 8, 2002.
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\S 2. $D$-varieties

(2.1). – For a general theory of analytic p.d.e. ’s, one needs a con-
text generalizing both analytic spaces and $D$-modules (which correspond
to the linear case). Here, I will describe the formalism adopted in [Ma 1];
later, I discuss briefly some other possibilities.

A few words of informal explanations: we are interested to systems
of equations of the form $f_{k}(x_{i}, \partial^{\alpha}y_{j})=0,1\leq i\leq n$ , 1 $\leq j\leq p$ ,
$\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ , $|\alpha|\leq l$ with, as usual $\partial_{i}=\frac{\partial}{\partial x_{i}}$ , $\partial^{\alpha}=\partial_{1}^{\alpha_{1}}\cdots\partial_{n}^{\alpha_{n}}$ ,
$|\alpha|=\alpha_{1}+\cdots+\alpha_{n}$ ; the $f_{k}$ are supposed analytic in all the variables,
which we denote $x_{i}$ , $y_{j}^{\alpha}$ .

In the course of the study, one has to differentiate the equations, with
the usual derivations: $D_{i}f=\frac{\partial f}{\partial x_{i}}+\sum\frac{\partial f}{\partial y_{j}^{\alpha}}y_{j}^{\alpha+\in_{i}},$ $\in_{i}=(o, \ldots, 1, \ldots, 0)$ .

We note the following fact: suppose $f$ of order $\leq k$ , i.e. the $y_{j}^{\alpha}$ occuring

in $f$ verify $|\alpha|\leq l$ . Then, when we differentiate $f$ as many times as we
want, the $y_{j}^{\alpha}$ , $|\alpha|\geq l+1$ occur only in polynomial form. Now, by the
usual trick of adding some derivatives as new functions, we can suppose
that all our equations are polynomial in the $y_{j}^{\alpha}$ , $|\alpha|\geq 1$ .

This is the point of view adopted by Ritt himself in [Ri 2]. However,
he considers only local situations, and we want global objects; this
explains the definitions below.

In this pages, as in [Ma 1], I will call (analytic) variety what is called
in the literature $\mathbb{C}$-analytic space in the sense of Grothendieck [Gr];
a priori, I will not suppose a variety smooth, and not even reduced
($=without$ nilpotent elements). However, in the applications to differ-
ential equations, only the reduced case will be really interesting.

Let $Y$ be a variety; I note $|Y|$ the underlying topological space, and
$\mathcal{O}_{Y}$ the structural sheaf. By definition, an affine variety $Z$ over $Y$ is
defined by the ringed space $(|Y|, A)$ , with $A$ and $\mathcal{O}_{Y}$ -algebra of locally
finite presentation, i.e. verifying the following property: over a small
open set $U\subset|Y|$ , one has

$A$ $=\mathcal{O}_{Y}[t_{1}, \ldots, t_{n}]/(f_{1}, \ldots, f_{m})$ , with $f_{i}\in\Gamma(U, \mathcal{O}_{Y}[t_{1}, \ldots, t_{n}])$ .

If we have two such varieties over $Y;Z=(|Y|, A)$ and $Z’=(|Y|, A’)$ , a
morphism $Z\rightarrow Z’$ is, of course, a morphism of $\mathcal{O}_{Y}$ -algebras: $A’\rightarrow A$ ; if
$Z’$ is affine over $Y’$ , one defines in the same way a morphism $Z\rightarrow Z’$ over
a morphism on $Y\rightarrow Y’$ . I will write often $\mathcal{O}_{Z}$ instead of $A$ , although
this is a little bit confusing ( $\mathcal{O}_{Z}$ is a sheaf on $|Y|$ ); on the other hand, I
denote $Z^{an}$ the analytic space specan $Z$ [Ho]. If $\pi$ denotes the projection
$|Z^{an}|\rightarrow|Y|$ , one has a natural map $\pi^{-1}\mathcal{O}_{Z}\rightarrow \mathcal{O}_{Z^{an}}$ . If we have a
morphism $Z\rightarrow Z’$ of affine varieties over $Y$ , we say that “

$Z$ is an affine
variety over $Z’‘‘$ . As usual in algebraic geometry, we say that “ $Z\rightarrow Z’$
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is dominant” if the corresponding morphism of (sheaves of) rings is
injective. Note that this does not imply that $Z^{an}\rightarrow Z^{\prime an}$ is surjective:
this is only true generically, in an obvious sense.

(2.2). – Now, let $Y_{0}$ be a variety: a “projective system of affine

varieties over $Y_{0}$
” is a collection $Y_{i}\rightarrow\psi_{i}Y_{0}$ of affine varieties over $Y_{0}$

$(i=1,2, \ldots)$ , with a family of morphisms $Y_{i}$ $\rightarrow\pi_{i}Y_{i-1}$ ; one has
$\psi_{i-1}\pi_{i}=\psi_{i}(i\geq 1)$ , and $\psi_{1}=\pi_{1}$ ; we say that $\{Y_{i}\}$ is an affine provariety
over $Y_{0}$ if the morphisms $\varphi_{i}$ are dominant. If we have two affine prova-
rieties $\{Y_{i}\}$ , $\{Z_{i}\}$ , a strict morphism is defined by an analytic morphism
$u_{0}$ : $Y_{0}\rightarrow Z_{0}$ and morphisms $u_{i}$ : $Y_{i}\rightarrow Z_{i}$ over $u_{0}$ , with the condition of
commutativity of the obvious diagram

$Y_{i}$ $\rightarrow$ $Y_{i-1}$

$\downarrow$ $\downarrow$

$Z_{i}$ $\rightarrow$ $Z_{i-1}$

(I use the word “strict”, since there is a weaker notion of morphisms;
cf. $1oc$ . $cit.$ , or below).

(2.3). – Now, I can define a $D$-variety, as the object naturally
associated to a system of analytic p.d.e’s (including all its prolongations);
it is defined by the following datas

i) A variety $X$ , which is supposed non singular (and, in particular,
reduced)

$ii)$ A variety $Y_{0}$ , may be singular, provided with a morphism
$p:Y_{0}\rightarrow X$

$iii)$ An affine provariety $Y=(Y_{i}, \pi_{i})$ over $Y_{0}$ ; we note $\mathcal{O}_{Y}=\lim_{\rightarrow}\mathcal{O}_{Y_{i}}$

$iv)$ A derivation (or “connection”) $D:\mathcal{O}_{Y}\rightarrow p^{-1}\Omega_{X}^{1}\otimes_{p^{-1}\mathcal{O}_{X}}\mathcal{O}_{Y}$ ,

where $\Omega_{X}^{1}$ denotes, the differential 1-forms over $X$ .

These datas are submitted to conditions which will be described
below. Before to do it, we need a definition: if we have two such datas
$(X, Y, D)$ and $(X, Z, D)$ , with same $X$ , a strict $D$ morphism is defined
by a morphism $u_{0}$ : $Y_{0}\rightarrow Z_{0}$ of analytic varieties, commuting with the
projections over $X$ , and a strict morphism $u:Y\rightarrow Z$ over $u_{0}$ ; these
datas should commute with the derivation $D$ .

Suppose now $(X, Y, D)$ given; let $X’$ (resp. $Y_{0}’$ ) an open subvariety
of $X$ (resp. $Y_{0}$ ), with $p|Y_{0}’|\subset|X’|$ ; one defines in an obvious way the
restriction $(X’, Y’, D)$ of $(X, Y, D)$ to $(X’, Y_{0}’)$ .

With these definitions, a $D$-variety is a system $(X, Y, D)$ with the
following property: for every $y\in|Y_{0}|$ , one can find a pair $(X’, Y_{0}’)$ ,
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with $y\in|Y_{0}’|$ such that the restriction of $(X, Y, D)$ \‘a $(X’, Y_{0}’)$ is strictly
isomorphic to a model which we will now describe.

To do that, we give

i) An open set $U\subset \mathbb{C}^{n}$ , of coordinates $(x_{1}, \ldots, x_{n})$

$ii)$ An open set $V\subset \mathbb{C}^{n}$ , of coordinates $(y_{1}, \ldots, y_{p})$ .

We put $A_{0}=\mathcal{O}_{U\times V}$ , the sheaf of holomorphic functions on $U\times V$ .

For $l$ $\geq 1$ , we put $A_{l}=\mathcal{O}_{U\times V}[y_{j}^{\alpha}]$ , $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ , $1\leq|\alpha|\leq l$ and
$A=\lim_{\rightarrow}A_{l}$ .

On $A$ , one has a natural derivation $Df=\sum dx_{i}\otimes D_{i}f$ , $D_{i}$ as
in (2.1).

Now, let $J$ be a sheaf of ideals of $A$ , which is differential, e.g. stable
by the $D_{i}$ ’s and pseudocoherent, e.g. the $J_{l}=J\cap A_{l}$ are coherent.

Now the model is as follows: one takes $X=U$ , $Y_{0}=the$ closed
analytic subspace of $U\times V$ defined by $J_{0}$ ; $p$ is induced by the projection
$U\times V\rightarrow U$ ; for $i\geq 1$ , $Y_{i}$ is the affine variety over $Y_{0}$ defined by $A_{l}/J_{l}$ .

Finally, $D$ is defined in the obvious way by the “ $D$ ” given on $A$ .

A $D$-variety is reduced if all the $Y_{i}$ are reduced $=$ the corre-
sponding sheaves have no nilpotent element. If we have a $D$ variety
$(X, Y, D)$ , $Y=\{Y_{i}\}$ , one defines naturally its “reduction” $(X, Y^{red}, D)$ ,

with $Y^{red}=\{Y_{i}^{red}\}$ . Using the local model, the reader will find the
following interpretation of a reduced $D$-variety, in terms of differential
equations: the points of $|Y_{l}^{an}|$ are the jets of order $l$ of solutions, and the
points of $|Y^{an}|=\varliminf|Y_{l}^{an}|$ are the formal solutions. Note that the maps
$|Y_{l}^{an}|\rightarrow|Y_{l-1}^{an}|$ are only generically surjective; this explain the interest
of the results of the next section.

\S 3. Formal integrability and generic involutiveness

To express these properties, it is simpler to work in a local model:
so, let $U$ , $V$ , $A$ and $J$ as before, and suppose that $J$ is reduced, i.e. the
$J_{l}$ are equal to their radical. One has the following theorems

Theorem 3.1. Let $U’\subset U$ and $V’\subset V$ be cylinders relatively
compacts in $U$ and $V$ ; then there exists $l$ $\geq 1$ and $f\in\Gamma(U’\times V’, A_{l})$

with the following properties

i) On $U’\times V’$ , $f$ is injective on $A/J$ .

$ii)$ Outside of $f=0$ , $J_{l}$ is involutive, and the $J_{k}$ , $(k\geq l+1)$ are the
prolongation of $J_{l}$ .

For the notion of involutiveness $(smoothness+formal$ $integrability+$

acyclicity), I refer f.i. to Goldschmidt [Go]; I leave it to the reader to
translate these notions in the present context; this translation can be
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made in terms of $Y_{k}^{an}-\{f=0\}$ , or more precisely in terms of $A[f^{-1}]$

and $J[f^{-1}]$ .

Theorem 3.2. An increasing sequence of differential pseudocoher-
ent and reduced ideals of $A$ is stationary on every relatively compact
$U’\times V’\subset U\times V$ .

The first theorem express the “generic involutiveness” of reduced
differential ideals; the second theorem is the version in our context of
the finiteness theorem of Ritt-Raudenbush. We note that (3.2) has been
already proved by Ritt [Ri 2] in the case where we take germs at a point
$a\in U\times V$ .

Theorems 3.1 and 3.2 are proved simultaneously; the main lines of
the proof can be found in [Ma 2]; complete proofs will be given later.
Roughly speaking, the idea is the following: we take for $U’$ and $V’$ closed
polydiscs, instead of open ones; according to Cartan-Oka theorems, $J$ is
determined on $U’\times V’$ by its global sections; and, according to Frisch
theorem, the $\Gamma(U’\times V’, A_{l})$ are noetherian rings; so, we have only to
study reduced differential ideals $\mathfrak{p}$ of $\Gamma(U’\times V’, A)$ ; one proves succes-
sively the following results, which imply easily (3.1) and (3.2):

i) Theorem 3.1 is true when $\mathfrak{p}$ is prime.
$ii)$ Any increasing sequence of reduced differential ideals $\mathfrak{p}$ is station-

ary.
$iii)$ Any such $\mathfrak{p}$ is a finite intersection of primes.

The main point is $i$). Then $ii$ ) follows by an argument of differential
algebra to be found, f.i. in [Ka]. Finally, $ii$ ) $\Rightarrow iii$ ) is standard.

\S 4. General morphisms

In many problems, one has to consider two kinds of transformations
which cannot be represented by the “strict morphisms” considered in \S 2.

A) Transformations of the type $z_{k}=f_{k}(x, y_{j}^{\alpha})$ [and, of course
$z_{k}^{\alpha}=D^{\alpha}f_{k}(x, y_{j}^{\beta})$ , $D^{\alpha}=D_{1}^{\alpha_{1}}\cdots D_{n^{n}}^{\alpha}]$ . These transformations are called
classically “Lie B\"ackhand transformations.

B) Change of independent variables, f.i. Legendre transformation
where $y’$ is taken as the new independent variable; this is more generally
the case when the system is given as an exterior differential system “with
independence condition” in the sense of [B-C-G 3].

Concerning A), let me first mention that these transformations are
very simple to express in a more special context, the “affine $D$-varieties” :

they are given by families $(X, Y, D)$ , with $X\mathbb{C}$-analytic smooth, and the
system $ X-Y_{0}-\cdots-Y_{l}-\cdots$ an affine provariety over $X$ ; the local
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models are given by pseudocoherent differential ideals $J$ of $\mathcal{O}_{X}[y_{j}^{\alpha}]$ ,
$|\alpha|\geq 0$ . [In other words, these “varieties” represent differential systems

which are polynomial in all the $\partial^{\alpha}y_{j}$ . This context is sufficient for many
applications; but, f.i. it would not contain the equation $y’=e^{y}.$ ]

If we have another affine $D$-variety $(X, Z, D)$ , with the same basis $X$ ,

a Lie-B\"ackhand transformation or “morphism” $(X, Y, D)\rightarrow(X, Z, D)$ is
simply given by a morphism of $\mathcal{O}_{X}$ -algebras $u:\mathcal{O}_{Z}\rightarrow \mathcal{O}_{Y}$ , commut-
ing with $D$ . In the interesting cases there will be an $l$ $\geq 0$ such that
$u(\mathcal{O}_{Z_{0}})\subset \mathcal{O}_{Y_{l}}$ , and therefore $u(\mathcal{O}_{Z_{k}})\subset \mathcal{O}_{Y_{l+k}}$ , $k\geq 0$ (use commutation
with $D$ ); we will say that “

$u$ is of order $\leq l‘‘$ . One can express this in

another way; call $Y(l)$ the affine system over $X$ defined by $Y(l)_{k}=Y_{k+l}$ ;
then a morphism of order $\leq l$ , $(X, Y, D)\rightarrow(X, Z, D)$ is simply defined
by a strict morphism $(X, Y(l)$ , $D)\rightarrow(X, Z, D)$ ; if $m\geq l$ , a morphism
of order on $(X, Y(m)$ , $D)\rightarrow(X, Z, D)$ is identified with the preced-
ing one if it is obtained by composition with the obvious morphism
$(X, Y(m)$ , $D)\rightarrow X$ , $Y(l)$ , $D)$ given by the identity on the structure sheaf
(note that both spaces have the same structure sheaf).

In the context of $D$-varieties, I will copy the last procedure: I define
$Y(l)$ by $Y(l)_{0}=Y_{l}^{an}$ , the “analytic spectrum” of $Y_{l}$ , and $Y(l)_{k}=$

$Y_{l}^{an}\times_{Y_{l}}Y_{l+k}$ , the “analytisation up to order $l$
” (see [Ma 1] for more

details). Then the morphisms are defined as the previous morphisms
of finite order. This analytisation procedure is a little bit unpleasant;
but, due to the good properties of analytisation, things behave in a rea-
sonable good way. For instance, one can prove that the characteristic
variety is invariant, outside of the zero section, by general isomorphisms
cf. [Ma 1]; this generalizes the well-known result of $‘\zeta independence$ of the
filtration” of the characteristic variety in the linear case ( $=in$ the theory
of $D$-modules).

Concerning $B$ ), the point of view of affine $D$-varieties is obviously
irrelevant, since any change of the independent variables would destroy
the affine structure. On the other hand, to include such changes, the
category of $D$-varieties is “suitable” in the following sense: it has to be

enlarged, but no new local model is needed; cf. [Ma 1], \S 4; this is the
main reason for which I have adopted this point of view.

Another point of view which is also adapted to A) and B) consists
in a separation of “analytic” and “algebraic” variables in $Y_{0}$ . More
precisely, one takes $Y_{0}’$ analytic over $X$ , and $Y_{0}$ affine over $Y_{0}’$ , then
$Y_{l}\rightarrow\cdots\rightarrow Y_{1}\rightarrow Y_{0}\rightarrow Y_{0}’$ an affine provariety; the local models are
made with such $Y$ ’s, like in the preceding cases (I omit the details); here,
$Y(l)$ is defined in the following way: $Y(l)_{0}’=Y_{0}’;Y(l)_{k}=Y_{l+k}$ , $k\geq 0$ ;

no analytisation is required.
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One could improve also this model by taking $Y_{0}$ algebraic over $Y_{0}’$ ,

e.g. a relative schema in the sense of [Ha] (this is made by gluing affine
models, as schemes are defined by gluing affine varieties or schemes; but
here the “gluing” is more sophisticated, and require 2-categories; there-
fore the simplicity of morphism is “compensated” by a greater difficulty
of definition). Of course, as in local models, $Y_{0}\rightarrow Y_{0}’$ is affine, and there
is here nothing new locally; $f.i$ . the results of \S 3 are still true.

Generally speaking, it seems to me that the “good” definition of
$D$-varieties one should take depends on the problem to be studied.
I will give an example in a forth coming paper about “Lie groupoids”,
i.e. p.d.e’s in the space of invertible jets $X\rightarrow X$ , whose solutions form a
groupoid (the invertibility of jets forces to change slightly the previous

definitions). Here, the generic involutiveness shows that, at the general
points, they coincide with the “infinite groups” of Lie and Cartan. But
the consideration of singular points seems to me very important, and
essentially overlooked in the literature.
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Tohru Morimoto

Introduction

Since Lie, Klein and Cartan, there has been a great deal of progress
in understanding deep relations between groups, geometry and differen-
tial equations.

In this paper we give a survey on some recent development made by
systematic studies from the view point of nilpotent geometry on trans-
formation groups (or rather Lie algebras), geometric structures and dif-
ferential equations, placing ourselves on filtered manifolds.

A filtered manifold is a differential manifold $M$ endowed with a
filtration $\{f^{p}\}_{p\in \mathbb{Z}}$ consisting of subbundles $f^{p}$ of the tangent bundle $TM$

such that

i) $f^{p}\supset f^{p+1}$ ,
$ii)f^{0}=0$ , $\bigcup_{p\in \mathbb{Z}}f^{p}=TM$ ,

$iii)[\underline{f}^{p}, \underline{f}^{q}]\subset\underline{f}^{p+q}$ for all $p$ , $q\in \mathbb{Z}$ ,

where $\underline{f}^{p}$ denotes the sheaf of the germs of sections of $f^{p}$ .

This notion of a filtered manifold has arisen from a fundamental
paper of Tanaka [Tan70] on differential systems that he elaborated,
inspired by the deep work of Cartan) especially by [CarlO].

Of fundamental importance is the fact that, to a filtered manifold
$(M, f)$ , there is associated at each point $x$ of $M$ the nilpotent graded
Lie algebra grfx, as the first order approximation at $x$ to the filtered
manifold, where $grf_{x}$ $=\oplus \mathfrak{j}_{x}^{p}/f_{x}^{p+1}$ . It should be remarked that if the
filtration is trivial (i.e., $f^{-1}=TM$ ) then $grf_{x}$ is nothing but the tangent
space $T_{x}M$ regarded as an abelian Lie algebra.

To study various objects on filtered manifolds by letting the tangent
nilpotent Lie algebras play the usual r\^ole of the tangent spaces may be

Received November 12, 2000.
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called nilpotent geometry or nilpotent analysis. The generalization from
the abelian to the nilpotent allows one to develop more refined theories
than the anterior from much wider perspectives.

We now describe the contents of this paper.
In Section 0 we give basic definitions and notation about filtered

manifolds.
In Section 1 we study transformation groups on filtered manifolds,

confining ourselves only to the algebraic parts of transitive infinitesimal
transformation groups.

We know well about the structures of transitive filtered Lie

algebras (algebraic abstractions of transitive transformation groups)
through the work of Guillemin-Sternberg [GS64], Singer-Sternberg
[SS65], Kobayashi-Nagano [KN66] and others.

If a transitive transformation group on a filtered manifold preserves
the tangential filtration, then the transitive Lie algebra corresponding
to the transformation group admits a natural filtration compatible with
the tangential filtration and more refined than the usual filtration, the
former deriving from the “weighted” Taylor expansion and the latter
from the usual Taylor expansion. This leads to the notion of a transitive
filtered Lie algebra of depth $\mu(\geq 1)$ introduced in [Mor88]. If $\mu=1$ it
reduces to the usual one.

The fundamental problem is to understand how the structure of a
transitive filtered Lie algebra $(L, \{L^{p}\})$ can be determined from the trun-
cated structure $L/L^{k}$ which consists of finite dimensional data, or cer-
tain information up to finite orders. This is a prototype of the problems
that we encounter in the study of geometric structures and differential
equations.

By extending the theory of Guillemin-Sternberg to the transitive
filtered Lie algebras of depth greater than one, we have a fairly complete
answer to the above algebraic problem.

We shall introduce the notion of weighted involutivity by using gen-
eralized Spencer cohomology groups. This notion plays a fundamental
r\^ole not only in the study of filtered Lie algebras, but also in the study
of geometric structures and differential equations.

In Section 2 we study geometric structures on filtered manifold and
explain our general method to treat equivalence problems.

The key concept is what we introduced as $C$-fibre in [Mor83] and
as tower in [Mor93] (the latter is a refinement of the former to apply to
filtered manifolds).

Roughly speaking, it is a principal fibre bundle $P$ over a manifold $M$

with structure group $G$ endowed with a 1-form $\theta$ taking values in a vector
space $E$ which defines an absolute parallelism on $P$ and satisfies some
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natural conditions. In particular, we assume $E$ is a $G$-module containing
the Lie algebra $g$ of $G$ as a $G$-submodule and $\theta$ is an equivariant map.

It should be noticed that $P$ is not necessarily finite dimensional and
that $E$ is not necessarily a Lie algebra. The reader who is familiar with
Cartan connections will notice that if $E$ is a Lie algebra containing $g$

the tower introduced above is just a principal fibre bundle with a Cartan
connection. Therefore the notion of a tower is a generalization of that
of a Cartan connection. However, we might rather say that the former
precedes (and is more basic than) the latter; the notion of a tower seems
to represent some general heuristic ideas of Cartan which appeared in his
papers of infinite groups [Car04], [Car05], [Car08], [Car09] much earlier
than his notion of \’espace g\’en\’eralis\’e.

The category of the towers has an advantage that it is well adapted
to deal with all possible (virtual) symmetries of geometric structures.
Moreover, the notion of differentiation is geometrically well represented
by the associated filtration on the bundle $P$ (and on the group $G$ ). If
a tower $(P, M, G)$ on a filtered manifold $(M, f)$ is compatible with the
tangential filtration $f$ , it admits another natural filtration on $P$ and on
$G$ associated with $f$ , which is a filtration deriving from “weighted order”,

and it is this filtration that plays an important r\^ole when we treat towers
on filtered manifolds.

In the framework of tower we shall construct a unified scheme to
treat geometric structures on filtered manifolds. Any geometric struc-

ture on a filtered manifold may be regarded as a tower or as a truncated
tower on a filtered manifold. Given a geometric structure on a filtered
manifold, we shall show the general procedure to find the invariants of
the structure. When we study geometric structures, it is important to
distinguish the difference between the intransitive and the transitive, and
that between infinite type and finite type. It should be remarked that
a structure of infinite type in the usual sense can be of finite type with

respect to the weighted filtration associated with the filtered manifold.
To treat a transitive geometric structure on a filtered manifold of

infinite type, we introduce a notion of weighted involutivity and clarify
the procedure to find all the invarints of the structure, which is exactly
a geometrical version of the procedure to determine a transitive filtered
Lie algebra from a truncated Lie algebra.

Though we can also treat the intransitive infinite cases, we will not
enter into the discussion rather complicated.

For a geometric structure of finite type, it is important in appli-
cations to construct a Cartan connection associated to it. But the

construction has been usually difficult and technical. Our method also
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answers this question. We shall give a criterion (probably best possi-
ble) for the existence of a Cartan connection and a unified algorithm to
construct the Cartan connection.

In Section 3 we study general systems of non-linear partial differen-
tial equations on filtered manifolds.

Now we just recall the development of general theories on analytic
systems of non-linear partial differential equations. As seen easily, any
system of differential equations can be brought to an exterior differential
system. Cartan established for the first time a general existence theorem
in the framework of exterior differential systems [Car04]. He introduced
the notion of a Pfaff system in involution and obtained the solutions by
successive use of the Caucy-Kowalevski theorem, which was generalized
to any involutive exterior differential system by K\"ahler [K\"ah34] as well
known as the Cartan-K\"ahler theorem.

The modern theory of these systems was initiated by Kuranishi to
establish the so-called Cartan-Kuranishi prolongation theorem [Kur57].
Using Ehresman’s theory of jet, Spencer introduced fundamental tools
to treat systems in jet formulation (cf. [Spe69]). In this framework
Goldschmidt [Go167] and Quillen [Qui64] established a formal theory of
systems of partial differential equations clarifying in modern language
the notion of involutivity; the sufficient condition for the existence of
formal solutions. Malgrange [Ma172] gave an elegant proof for the exis-
tence of analytic solutions to an involutive analytic system by using the
“privileged neighbourhood theorem” of Grauert.

Now in studying differential equations on a filtered manifold, it is
the notion of weighted orders for differential operators associated with
the filtered manifold that will play the principal r\^ole.

We shall first introduce the notion of a weighted jet bundle for a
vector bundle on a filtered manifold, and establish a formal theory in

terms of weighted jet bundles analogously to the formal theory of Gold-
schmidt. We introduce a notion of weighted involutivity for the system,
which gives sufficient condition in order that the formal solutions can be
constructed in some regular way by “weighted Taylor expansion”.

Next we consider the problem of convergence. Since a weightedly
involutive system is in general not involutive in the ordinary sense, we
cannot expect in general the existence of analytic solutions.

Without loss of generality we will work on a standard filtered man-
ifold, namely a nilpotent Lie group $N$ whose Lie algebra $\mathfrak{n}$ is graded:
$\mathfrak{n}=\oplus_{p=1}^{\mu}\mathfrak{n}_{p}$ .

We first establish the following theorem:
For a weightedly involutive analytic system, there exists a formal

solution satisfying a certain type of estimate, called Gevrey estimate.
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The Gevrey estimate is expressed in terms of the filtration of the
filtered manifold and is a little weaker than the analyticity estimate.
We can then define the class of formal Gevrey functions on a filtered
manifold.

For the proof of the above theorem we employ Malgrange’s method
after generalizing the privileged neighbourhood theorem to the universal
enveloping algebra of a nilpotent Lie algebra $\mathfrak{n}$ .

We then study geometric properties of formal Gevrey functions on
a graded nilpotent Lie group $N$ , which leads to the following remarkable
theorem:

If the Lie algebra $\mathfrak{n}$ is generated by $\mathfrak{n}_{1}$ (H\"ormander condition), then
the formal Gevrey function on $N$ are analytic.

Combining the above theorems, we finally establish the following
existence theorem (a generalization of the Cartan-K\"ahler theorem):

Consider an analytic system of non-linear partial differential equa-
tions of weighted order $k$ on a graded nilpotent Lie group $N$ witha Lie
algebra $\mathfrak{n}=\oplus_{p=1}^{\mu}\mathfrak{n}_{p}$ . Suppose that the Lie algebra $\mathfrak{n}$ is generated by

$\mathfrak{n}_{1}$ , and that the system is weightedly involutive. Then there exists an
analytic solution for any prescribed weighted $k$ -jet solution.

It should be noted that the class of the weightedly involutive systems
is much larger than that of the ordinary involutive systems and contains
a wide class of differential equations with singularities.

Our primary purpose of this paper is to try to make clear intrinsic
relations underlying three objects; Lie algebras, geometric structures,
and differential equations on filtered manifolds. We, therefore, will not
enter into the details of each subjects, and not intend to give a com-
plete proof of each statement, referring for them to our papers ([Mor83],
[Mor88], [Mor90], [Mor93], [Mor95], [MorOx] $)$ , on which our discussions
are mainly based.

\S O. Filtered manifolds

0. 1. Definitions.
A tangential fifiltration $f$ on a differentiate manifold $M$ is a sequence

$\{f^{p}\}_{p\in \mathbb{Z}}$ of subbundles of the tangent bundle $TM$ of $M$ such that the
following conditions are satisfied:

i) $f^{p}\supset f^{p+1}$ ,
$ii)f^{0}=0$ , $\bigcup_{p\in \mathbb{Z}}f^{p}=TM$ ,

$iii)[\underline{f}^{p},\underline{f}^{q}]\subset\underline{f}^{p+q}$ , for all $p$ , $q\in \mathbb{Z}$ ,

where $\underline{f}^{p}$ denotes the sheaf of the germs of sections of $f^{p}$ .
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A fifiltered manifold is a differentiable manifold $M$ equipped with
a tangential filtration $f$ . We shall denote the filtered manifold by $(M, f)$

or often by the bold letter M[ and its tangential filtration by $\{f^{p}\}$ ,
$\{f^{p}TM\}$ or $\{T^{p}MI\}$ .

An isomorphism of a filtered manifold $MI$ onto a filtered manifold
$\beta M’$ is a diffeomorphism $\varphi:M\rightarrow M’$ such that $\varphi_{*}T^{p}M[=T^{p}\beta M’$ for all
$p\in \mathbb{Z}$ , where $\varphi_{*}$ denotes the differential of $\varphi$ .

If $MI$ is a filtered manifold, by definition there is an integer $\mu\geq 0$

such that $T^{-\mu}M[=TM$ . The minimum of such integers is called the
depth of M $[$ .

Let $MI$ be a filtered manifold. The tangential filtration $\{T^{p}MI\}$

defines on each tangent space $T_{x}M$ , $x\in M$ , the induced filtration
$\{T_{x}^{p}IM\}$ . We denote by $T_{x}MI$ this filtered vector space $(T_{x}M, \{T_{x}^{p}MI\})$ .

Now by setting
$gr_{p}T_{x}MI=T_{x}^{p}\beta M/T_{x}^{p+1}M[$ ,

we form a graded vector space:

$grT_{x}MI=p\in \mathbb{Z}\oplus gr_{p}T_{x}M[$
.

This vector space carries a natural bracket operation induced from the
Lie bracket of vector fields: For $\xi\in gr_{p}T_{x}\beta M$ , $\eta\in gr_{q}T_{x}MI$ , take local
cross-sections $X$ , $Y$ of $T^{p}MI$ , $T^{q}\beta M$ resp. such that $\xi\equiv X_{x}(mod T_{x}^{p+1}MI))$

$\eta\equiv Y_{x}(mod T_{x}^{q+1}MI)$ , and define

$[\xi, \eta]\equiv[X, Y]_{x}$ $mod T_{x}^{p+q+1}\beta M$ .

It is then easy to see that this bracket operation is well defined and
makes grTxM a Lie algebra. Clearly we have:

i) $[gr_{p}T_{x}\beta M, gr_{q}T_{x}MI]\subset gr_{p+q}T_{x}\beta M$ ,
$ii)gr_{p}T_{x}M[=0$ for $p\geq 0$ .

This graded Lie algebra grTxM is called the symbol algebra of $\beta M$ at $x$

([Tan70]), and may be consider as the tangent space (algebra) at $x$ of
the filtered manifold M $[$ .

We say that a filtered manifold $M[is$ regular of type $\mathfrak{m}$ if the symbol
algebras grTxM. are all isomorphic to a graded Lie algebra $\mathfrak{m}$ .

0.2. Some examples.

1) Trivial filtration. A differentiable manifold $M$ itself may be
regarded as a filtered manifold equipped with the trivial filtration defined
by $f_{tr}^{p}TM$ $=TM$ for $p<0$ and $f_{tr}^{q}TM$ $=0$ for $q\geq 0$ . The symbol alge-
bras grTxM. of this trivial filtered manifold is nothing but the tangent
space $T_{x}M$ regarded as an abelian Lie algebra with trivial gradation.
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2) Standard filtered manifold. Let $\mathfrak{n}$ be a finite-dimensional nilpo-
tent Lie algebra endowed with a gradation $\mathfrak{n}=\oplus_{p\in \mathbb{Z}}\mathfrak{n}_{p}$ such that

i) $[\mathfrak{n}_{p}, \mathfrak{n}_{q}]\subset \mathfrak{n}_{p+q}$ ,
$ii)\mathfrak{n}_{p}=0$ $p\geq 0$ .

Let $N$ be a Lie group whose Lie algebra is $\mathfrak{n}$ . Set $\mathfrak{n}^{p}=\oplus_{i\geq p}\mathfrak{n}_{i}$ and

identify $N\times \mathfrak{n}^{p}$ with a left invariant subbundle of $TN$ , then $\{Nx\mathfrak{n}^{p}\}_{p\in \mathbb{Z}}$

is a tangential filtration on $N$ . The filtered manifold $\mathbb{N}=(N, \{N\times \mathfrak{n}^{p}\})$

is called a standard fifiltered manifold of type $\mathfrak{n}$ .

3) Tangential filtration derived from a regular differential system
[Tan70]. Let $D$ be a differential system on a differentiate manifold
$M$ , that is, a subbundle of the tangent bundle of $M$ . Then there is
associated a sequence of subsheaves $\{D^{p}\}_{p<0}$ of $\underline{TM}$ , called the derived
systems of $D$ , which is defined inductively by:

$\{$

$D^{-1}=\underline{D}$ ,

$D^{p-1}=D^{p}+[D^{p}, D^{-1}]$ $(p<0)$ .

It then holds that:

$[D^{p}, D^{q}]\subset D^{p+q}$ for $p$ , $q<0$ .

Now suppose that the derived systems $D^{p}$ are all vector bundles,

that is, there are subbundles $D^{p}\subset TM$ such that $\underline{D}^{p}=D^{p}$ for all
$p<0$ (in this case the differential system $D$ is called regular [Tan70]).
Then there exists a minimum integer $\mu\geq 1$ such that $D^{p}=D^{-\mu}$ for all
$ p\leq-\mu$ . Setting

$f^{p}TM=\{$

0 $(p\geq 0)$

$D^{p}$ $(-1\geq p\geq-\mu)$

$TM$ $(p\leq-\mu-1)$ ,

we have a filtered manifold $(M, f)$ derived from the regular differential
system $D$ . If $D^{-\mu}=TM$ , we say that the tangential filtration $f$ is
generated by the differential system $D$ . If $D^{-\mu}\neq\subset TM$ , then $D^{-\mu}$ is
completely integrable and defines a foliation on $M$ . In particular, if $D$ is

completely integrable the filtered manifold $MI$ is nothing but a foliated
manifold.

If a filtered manifold $MI$ (or $M’$ ) is derived from a differential system
$D$ on $M$ (resp. $D’$ on $M’$ ), then M[ and M[’ are isomorphic if and only if
$(M, D)$ and $(M’, D’)$ are isomorphic, that is, there is a diffeomorphism
$\varphi:M$ $\rightarrow M’$ such that $\varphi_{*}D=D’$ .
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4) Higher order contact manifold (cf. [Yam82]). Let $\pi:M$ $\rightarrow N$ be
a fibred manifold. Let $J^{k}(M, N)$ be the bundle of $k$-jets of cross-sections
of $\pi$ . On this jet bundle we have a sequence of canonical differential sys-
tems $\{D^{p}\}$ called the higher order contact structure. In local coordinates
it is expressed as follows: Let $(x^{1}, \ldots, x^{n})$ , $(x^{1}, \ldots, x^{n}, y^{1}, \ldots, y^{m})$ be
local coordinates of $N$ and $M$ respectively. Then $(x^{1}, \ldots, x^{n}\ldots,p_{\alpha}^{i})$ , $\ldots)$ ,

where $p_{\alpha}^{i}=\frac{\partial^{|\alpha|}y^{i}}{\partial x^{\alpha}}$ with $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ , $|\alpha|\leq k_{)}$ gives a local coordi-

nate system of $J^{k}(M, N)$ called a canonical coordinates system. Put

$\omega_{\alpha}^{i}=dp_{\alpha}i-\sum_{j=1}^{n}p_{\alpha+1_{j}}^{i}dx^{j}$

for $|\alpha|\leq k-1$ , with $\alpha+1_{j}=(\alpha_{1}, \ldots, \alpha_{j}+1, \ldots, \alpha_{n})$ , and define
$D^{p}(p\leq-1)$ by the following Pfaff equations:

$D^{p}$ : $\omega_{\alpha}^{i}=0$ $(i=1, \ldots, n |\alpha|\leq k+p)$ .

It is easy to see that $D^{p}$ are well-defined subbundles of $TJ^{k}(M, N)$ and
satisfy:

i) $\underline{D}^{p-1}=\underline{D}^{p}+[\underline{D}^{p},\underline{D}^{-1}]$ ,
$ii)D^{p}=TJ^{k}(M, N)$ for $p\leq-k-1$ .

We thus obtain a canonical tangential filtration $\{D^{p}\}$ on $J^{k}(M, N)$ of
depth $k+1$ generated by $D^{-1}$ . It should be noted that if $dimM=n+1$ ,

$dimN=n$ and $k=1$ then $J^{1}(M, N)$ is a contact manifold having $D^{-1}$

as its contact structure.

0.3. We shall often use the following notation and terminologies
throughout this paper without explicit mention in each place.

For filtered objects (vector spaces $V$ , $W$ , Lie groups $G$ etc.) we
denote by $\{f^{p}\}$ not only their filtrations but also the induced filtrations
defined naturally on various associated spaces, for instance:

$f^{p}(V\oplus W)=f^{p}V\oplus f^{p}W$

$f^{p}(V\otimes W)=\sum_{r+s=p}f^{r}V\otimes f^{s}W$

$f^{p}(G/f^{h}G)=f^{p}G/f^{p}G\cap f^{h}G$

$f^{p}Hom(V, W)=\{\alpha\in Hom(V, W)|\alpha(f^{i}V)\subset f^{i+p}W \forall i\}$

$f^{p}GL(V)=\{\alpha\in GL(V)|\alpha-1_{V}\in f^{p} Hom(V, V)\}$ .

When we take a quotient space) for instance $f^{0}G/f^{p}G$ , we often write it
simply as $f^{0}G/f^{p}$ .
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If $\mathfrak{v}=\oplus \mathfrak{d}_{p)}\mathfrak{s}0=\oplus t\mathfrak{d}_{p}$ are graded vector spaces, we set

$Hom(0, tv)_{p}=\{\alpha\in Hom(o, \uparrow v) |\alpha(\mathfrak{d}_{i})\subset\uparrow v_{i+p} \forall i\}$ ,

that is, the set of all linear maps of degree $p$ .

\S 1. Transitive Lie algebras on filtered manifolds

1.1. Let us begin with the following definition:

Definition 1.1. A transitive filtered Lie algebra (TFLA) of depth
$\mu(\geq 1)$ is a Lie algebra $L$ equipped with a filtration $\{L^{p}\}_{p\in \mathbb{Z}}$ satisfying:

i) $L=L^{-\mu}$

$ii)L^{p}\supset L^{p+1}$

$iii)[L^{p}, L^{q}]\subset L^{p+q}$

$iv)dimL^{p}/L^{p+1}<\infty$

v) $\bigcap_{p\in \mathbb{Z}}L^{p}=0$

$vi)L^{p+1}=$ { $x\in L^{p};[x,$ $L^{a}]\subset L^{p+a+1}$ for all $a<0$} for $p\geq 0$ .

To justify the above definition, some remarks are in order.

Remark 1. The so-called continuous groups that Lie studied are
in modern language the pseudo-groups of transformations on manifolds
which are defined by systems of partial differential equations. In other
words, a continuous group of Lie is a pseudo-group of transformations
that leave invariant certain geometric structure on a manifold. To study
such pseudo-groups, in particular, infinite dimensional ones to which
there are no good global representatives such as finite dimensional Lie
groups) it is usually more convenient to study infinitesimal objects,
namely Lie algebra subsheaf $\mathcal{L}$ of the Lie algebra sheaf $\underline{TM}$ of the germs
of local vector fields on a manifold $M$ . The Lie algebra sheaf $\mathcal{L}$ is said
to be transitive if the evaluation map $\mathcal{L}_{x}\rightarrow T_{x}M$ is surjective for all
$x\in M$ , where $\mathcal{L}_{x}$ denotes the stalk of $\mathcal{L}$ at $x$ .

Let $\mathcal{L}$ be a Lie algebra sheaf on $M$ . We can associate to each $x$ the
formal algebra $L_{x}$ defined as follows [SS65]: Let, for $k\geq 0$ , $f^{k}\mathcal{L}_{x}$ be the
subalgebra of $\mathcal{L}_{x}$ consisting of all germs $[X]_{x}$ at $x$ of sections $X$ of $\mathcal{L}$ such
that $X$ vanishes at $x$ to order $k$ . Then put $L_{x}=proj\lim_{k\rightarrow\infty}\mathcal{L}_{x}/f^{k}\mathcal{L}_{x}$ .

The formal algebra $L_{x}$ has a natural filtration $\{L_{x}^{p}\}_{p\in \mathbb{Z}}$ , where we put
$L_{x}^{p}=proj\lim_{k\rightarrow\infty}f^{p}\mathcal{L}_{x}/f^{p+k}\mathcal{L}_{x}$ , and $L_{x}^{q}=L_{x}$ for $q<0$ . It is then
easy to see that $\{L_{x}^{p}\}_{p\in \mathbb{Z}}$ satisfies all the conditions of Definition 1.1
with $\mu=1$ except (vi), which is also satisfied if $\mathcal{L}$ is transitive. Thus
the formal algebra $L_{x}$ of a transitive Lie algebra sheaf $\mathcal{L}$ is a transitive
filtered Lie algebra of depth 1. It is well-known that under the category
of analyticity and under certain regularity condition $\mathcal{L}$ is locally uniquely
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determined by its formal algebra $L_{x}$ at a point $x$ . In these contexts, and
in particular, in connection with the classification of simple infinite Lie
algebras, the transitive filtered Lie algebras of depth 1 were well studied
([GS64], [SS65], [KN66], [Hay70], etc.).

Remark 2. Suppose now we are given a transitive Lie algebra sheaf
$\mathcal{L}$ on a filtered manifold $(M, f)$ and suppose that $\mathcal{L}$ leaves invariant the
filtration $f$ . Then we can introduce on its formal algebra $L_{x}$ another
filtration more refined than the original one and well adapted to the

underlying filtration $f$ : We define for $q\leq 0\hat{\mathcal{L}}_{x}^{q}$ to be the subspace of $\mathcal{L}_{x}$

consisting of all germs $[X]_{x}$ at $x$ of sections $X$ of $\mathcal{L}$ such that $X_{x}\in f_{x}^{q}$

and set $\hat{L}_{x}^{q}$ to be the its image on $L_{x}$ . For $p>0$ we define $\hat{L}_{x}^{p}$ by the

condition (vi) of Definition 1.1, replacing $L^{k}$ by $\hat{L}_{x}^{k}$ . In this way we have

a transitive filtered Lie algebra $\{\hat{L}_{x}^{p}\}$ of depth $\mu$ . (If we use the notion of
weighted jet bundle introduced in Section 3, we can better understand
the meaning of this new filtration.)

The remarks above will motivate to study the transitive filtered Lie
algebras of depth greater than 1, which not only leads us to a natural
generalization of Guillemin-Sternberg but also becomes a good guide
to studying geometric structures and differential equations on filtered
manifolds.

In this section we study the transitive filtered Lie algebras of depth
greater than 1, and we shall see how a filtered Lie algebra can be con-
structed from finite dimensional data i.e., its truncated Lie algebra.

Let $L$ be a transitive filtered Lie algebra of depth $\mu$ . Let $grL=$

$\oplus_{p\in \mathbb{Z}}gr_{p}L$ be its associated graded Lie algebra, where $gr_{p}L=L^{p}/L^{p+1}$ .

Then $grL$ is a transitive graded Lie algebra of depth $\mu$ in the following
sense:

Definition 1.2. A graded Lie algebra $g=\oplus_{p\in \mathbb{Z}}g_{p}$ is called tran-

sitive graded Lie algebra (TGLA) of depth $\mu$ if it satisfies the following
conditions:

i) $g_{p}=0$ for $ p<-\mu$

$ii)dimg_{p}<\infty$

$iii)$ For $i\geq 0$ , $x_{i}\in g_{i)}$ if $[x_{i}, g-]=0$ then $x_{i}=0_{)}$

where we set $9-=\oplus_{p<0}g_{p}$ .

Let us recall the notion of prolongation concerning a TGLA ([GS64],
[Tan70] $)$ . For this we first give the following:

Definition 1.3. Let $k$ be an integer or $\infty$ . A truncated graded Lie
algebra of order $k$ is a graded vector space $g(k)=\oplus_{p\leq k}g_{p}$ equipped
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with a bracket operation (skew-symmetric bilinear map)

$[, ]$ : $g_{p}\times g_{q}\rightarrow g_{p+q}$

defined partially for $p$ , $q$ , $p+q\leq k$ , satisfying the partial Jacobi identity:

$\mathfrak{S}[[x_{p}, y_{q}],$ $z_{r}]=0$

for $x_{p}\in g_{p}$ , $y_{q}\in g_{q}$ , $z_{r}\in g_{r}$ , whenever $p$ , $q$ , $p+q$ , $q+r$ , $r+p$ ,
$p+q+r\leq k$ , where $\mathfrak{S}$ denotes the cyclic sum in $x_{p}$ , $y_{q}$ , $z_{r}$ . If moreover
the conditions (1) (2) (3) of Definition 1.2 are satisfied, $g(k)$ is called
truncated transitive graded Lie algebra (truncated TGLA) of order $k$ of
depth $\mu$ .

Note that a truncated TGLA of order $\infty$ is just a TGLA. If $\mathfrak{g}(k)=$

$\oplus_{p\leq k}g_{p}$ is a truncated TGLA of order $k$ , then for each integer $l$ $\leq k$ ,
$\oplus_{p\leq l}g_{p}$ becomes a truncated TGLA of order $l$ with respect to the
induced bracket operation, which we will denote by Truni $g(k)$ . Mor-
phisms of truncated TFLA’s can be defined in the natural manner. In
particular, a homomorphism $\varphi:\mathfrak{h}(k)\rightarrow g(k)$ will be called an embed-
ding if $\varphi$ induces an isomorphism of $\mathfrak{h}_{-}=\oplus_{p<0}\mathfrak{h}_{p}$ onto $9-=\oplus_{p<0}g_{p}$ .

Note that an embedding is necessarily injective.
Now let us define the prolongation of a truncated TGLA $g(k)=$

$\oplus_{p\leq k}g_{p}$ of order $k\geq-1$ . Put $9-=\oplus_{p<0}g_{p}$ and define $Der_{k+1}$ $g(k)$ to

be the vector space consisting of all $\alpha\in Hom(g_{-}, g(k))$ such that

$\{$

$\alpha(\mathfrak{g}_{p})\subset g_{p+k+1}$ $(p<0)$

$\alpha([x, y])=[\alpha(x), y]+[x, \alpha(y)]$ , for $x$ , $y\in 9-$

and we set

$pg(k)=g(k)\oplus Der_{k+1}\mathfrak{g}(k)$ .

It is then easy to see that there exists a unique bracket operation on
$pg(k)$ which makes $pg(k)$ into a truncated TGLA of order $k+1$ such that
Tnmk $(pg(k))=g(k)$ and $[\alpha, x]=\alpha(x)$ for $\alpha\in Der_{k+1}\mathfrak{g}(k)$ , $ x\in 9-\cdot$

Iterating this construction, we obtain a truncated TGLA $p^{i}g(k)$

( $=p(p^{i-1}\mathfrak{g}(k))$ of order $k+i$ , and a TGLA $p^{\infty}g(k)(=inj\lim p^{i}g(k))$ .

Thus we have:

Proposition 1.1 (Tanaka). For a truncated TGLA $\mathfrak{g}(k)$ of order
$k$ , there exists, uniquely up to isomorphism, a truncated TGLA $p^{i}g(k)$

of order $k+i(0\leq i\leq\infty)$ which satisfifies the following conditions:

i) $Trun_{k}(p^{i}g(k))=g(k)$
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$ii)$ If $\mathfrak{h}(k+i)$ is a truncated TGLA of order $k+i$ and if there
is an embedding $\psi_{k}$ : $Trun_{k}\mathfrak{h}(k+i)$ $\rightarrow$ $g(k)$ , then there

exists a unique embedding $\psi_{k+i}$ : $\mathfrak{h}(k+i)\rightarrow p^{i}g(k)$ such that
$\psi_{k+i}|_{Trun_{k}\mathfrak{h}(k+i)}=\psi_{k}$ .

The truncated TGLA $p^{i}g(k)$ is called the prolongation of $g(k)$ . We
will often denote $p^{\infty}g(k)$ by $Pro1\mathfrak{g}(k)$ . We say also that a TGLA $\mathfrak{g}$

is the prolongation of $Trun_{k}g$ if $\emptyset=Pro1Trun_{k}$ $g$ . Note that, by the
proposition above, $g$ can be always identified with a graded subalgebra

of Prol $Trun_{k}g$ .

1.2. Generalized Spencer cohomology groups. Now we define a
cohomology group associated with a TGLA $g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ . We set

$\mathfrak{m}=9-=p<0\oplus\emptyset p$ ’

which is a nilpotent subalgebra of $\mathfrak{g}$ , and consider the cohomology
group associated with the adjoint representation of $\mathfrak{m}$ on $g$ , namely
the cohomology group $H(\mathfrak{m}, g)=\oplus H^{p}(\mathfrak{m}, g)$ of the cochain complex
$(C(\mathfrak{m}, g)=\oplus C^{p}(\mathfrak{m}, g)$ , $\partial)$ , where

$C^{p}(\mathfrak{m}, g)=Hom(\wedge^{p}\mathfrak{m},$ $g)$

and the coboudary operator $\partial:Hom(\wedge^{p}\mathfrak{m}, g)$ $\rightarrow Hom(\wedge^{p+1}\mathfrak{m}, g)$ is
defined by

$(\partial\omega)(X_{1}, \ldots, X_{p+1})=\sum_{i=1}^{n+1}(-1)^{i-1}[X_{i}, \omega(X_{1}, \ldots,\hat{X}_{i}, \ldots, X_{p+1})]$

$+\sum_{1\leq i<j\leq p+1}(-1)^{i+j}\omega([X_{i}, X_{j}], X_{1}, \ldots,\hat{X}_{i}, \ldots,\hat{X}_{j}, \ldots, X_{p+1})$

for $\omega\in Hom(\wedge^{p}\mathfrak{m}, g)$ , $X_{1}$ , $\ldots$ , $X_{p+1}\in \mathfrak{m}$ . Since both $\mathfrak{m}$ and $g$ are
graded, we can define a bigradation $\oplus H_{r}^{p}(\mathfrak{m}, g)$ of $H(\mathfrak{m}, g)$ as follows:
Denote by $Hom(\wedge^{p}\mathfrak{m}, g)_{r}$ the set of all homogeneous $p$-cochain $\omega$ of
degree $r$ (i.e., $\omega(\mathfrak{g}_{a_{1}}\wedge\cdots\wedge g_{a_{p}})\subset g_{a_{1}++a_{p}+r}\cdots$ for any $a_{1}$ , $\ldots$ , $a_{p}<0$ ),

and set $C_{r}(\mathfrak{m}, g)=Hom(\wedge \mathfrak{m}, g)_{r}=\oplus_{p}Hom(\wedge^{p}\mathfrak{m}, g)_{r}$ . Note that $\partial$

preserves the degree. Hence $C_{r}(\mathfrak{m}, g)$ is a subcomplex and the direct
sum decomposition

$C(\mathfrak{m}, \mathfrak{g})=\oplus C_{r}(\mathfrak{m}, g)$

yields the decomposition of the cohomology group:

$H(\mathfrak{m}, g)=\oplus H_{r}(\mathfrak{m}, g)=\oplus H_{r}^{p}(\mathfrak{m}, g)$ .
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This cohomology group $H(\mathfrak{m}, g)$ was introduced by Tanaka [Tan79]
with another gradation:

$H^{s,p}(\mathfrak{m}, g)=H_{s+p-1}^{p}(\mathfrak{m}, g)$ .

It should be remarked that if the depth $\mu=1$ , then $\mathfrak{m}$ is abelian and
$H^{s,p}(\mathfrak{m}, g)$ is known as the Spencer cohomology group. The following
theorem generalizes the well-known result in the case $\mu=1$ to the case
of arbitrary $\mu$ [Mor88].

Theorem 1.1. Let $g$ be a TGLA of depth $\mu$ . Then there exists an
integer $r_{0}$ such that $H_{r}(\mathfrak{m}, g)=0$ for all $r\geq r_{0}$ .

The proof is based on the fact that the universal enveloping algebra
of a finite dimensional Lie algebra is Noetherian.

For a concrete criterion in terms of quasi-regular bases for the van-
ishing of the cohomology group, see [Mor91].

1.3. Truncated transitive filtered Lie algebras. Let $A$ be a vector
space. For $\alpha$ , $\beta\in Hom(\wedge^{2}A, A)$ define $\alpha\circ\beta\in Hom(\wedge^{3}A, A)$ by

$(\alpha o\beta)(x, y, z)=\mathfrak{S}\alpha(\beta(x, y)$ , $z)$ ,

where $\mathfrak{S}$ denotes the cyclic sum in $x$ , $y$ , $z\in A$ . Define then a quadratic

map

$J:Hom$ $(\wedge^{2}A$ , $A)\rightarrow Hom(\wedge^{3}A,$ $A)$

by $ J(\gamma)=\gamma o\gamma$ for $\gamma\in Hom(\wedge^{2}A, A)$ . Note that to define a Lie algebra

structure on $A$ is equivalent to taking a $\gamma\in Hom(\wedge^{2}A, A)$ satisfying
$J(\gamma)=0$ .

Now if $A$ is endowed with a descending filtration $\{A^{p}\}_{p\in \mathbb{Z}}$ ,

then $Hom(\wedge^{r}A, A)$ has the natural filtration $\{Hom(\wedge^{r}A, A)^{k}\}$ ,

where $Hom(\wedge^{r}A, A)^{k}$ consists of all $\alpha\in Hom(\wedge^{r}A, A)$ satisfying
$\alpha(A^{p_{1}}\wedge\cdots\wedge A^{p_{r}})\subset A^{p_{1}+\cdot\cdot+p_{r}+k}$ for any $(p_{1}, \ldots,p_{r})\in \mathbb{Z}^{r}$ . Let us
introduce on $Hom(\wedge^{r}A, A)^{0}$ another filtration $\{I^{k}Hom(\wedge^{r}A, A)^{0}\}_{k\in \mathbb{Z}}$

by defining $I^{k}Hom(\wedge^{r}A, A)^{0}$ to be the subspace of $Hom(\wedge^{r}A, A^{k})^{0}$

which consists of all $\alpha\in Hom(\wedge^{r}A, A)^{0}$ such that

$\alpha(A^{p_{1}}\wedge\cdots\wedge A^{p_{r}})\subset A^{p_{1}^{*}++p_{r}^{*}+k}\cdots$

for any $(p_{1}, \ldots,p_{r})\in \mathbb{Z}^{r}$ , where we set $p^{*}={\rm Min}\{p, 0\}$ .

It is easy to check that if $\alpha-\beta$ $\in$ $I^{k}Hom(\wedge^{2}A, A)^{0}$ for
$\alpha$ , $\beta\in Hom(\wedge^{2}A, A)^{0}$ then $J(\alpha)-J(\beta)\in I^{k}Hom(\wedge^{3}A, A)^{0}$ . Therefore
if we put

$[Hom$ $(\wedge^{r}A$ , $A$) $]=Hom(\wedge^{r}A$ , $A)^{0}/I^{k+1}Hom(\wedge^{r}A$ , $A)^{0}$ ,
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we have the induced map

$J:[Hom$ $(\wedge^{2}A$ , $A$) $]^{[k]}\rightarrow[$$Hom$ $(\wedge^{3}A$ , $A$) $]$

defined by $J\alpha^{[k]}$
$=$ $(J(\alpha))^{[k]}$ for $\alpha$ $\in$ $Hom(\wedge^{2}A, A)^{0}$ , where

$\beta^{[k]}$ denotes the equivalence class of $\beta$ $\in$ $Hom(\wedge^{r}A, A)^{0}$ modulo
$I^{k+1}Hom(\wedge^{r}A, A)^{0}$ .

Definition 1.4. A truncated filtered Lie algebra of order $k$ is a
vector space $A$ endowed with a descending filtration $\{A^{p}\}_{p\in \mathbb{Z}}$ and a

truncated bracket $\gamma^{[k]}\in[Hom(\wedge^{2}A, A)^{0}]^{[k]}$ satisfying the following con-
ditions:

i) $A^{k+1}=0$

$ii)J(\gamma^{[k]})=0$ (truncated Jacobi identity)

Note that if $A(k)=(A, \{A^{p}\}, \gamma^{[k]})$ is a truncated filtered Lie algebra
then $grA$ has the induced structure of truncated graded Lie algebra,
which will be denoted by $grA(k)$ .

Definition 1.5. A truncated filtered Lie algebra $A(k)$ is called a
truncated transitive filtered Lie algebra (truncated TFLA) if $grA(k)$ is
transitive.

Note that a truncated TFLA of order $\infty$ is just a TFLA.
If $A(k)$ is a truncated TFLA of order $k(\leq\infty)$ then for each $l$ $\leq k$ ,

we have a truncated TFLA of order $l$ denoted by $Trun/$ $A(k)$ by passage
to the quotient $A(k)/A^{l+1}$ .

Homomorphisms of truncated TFLA’s are defined in the natural
manner. Note that a homomorphism $\varphi:A(k)\rightarrow B(k)$ of truncated
TFLA’s gives rise to a homomorphism $gr\varphi:grA(k)\rightarrow grB(k)$ of trun-
cated GLA’s. We say $\varphi$ is an embedding if so is $ gr\varphi$ .

For a truncated TFLA $A(k)$ , the cohomology group $H_{r}^{p}(grA(k))$ will
be defined to be $H_{r}^{p}$ ( $(Pro1grA(k))_{-}$ , Prol $grA(k)$ .

1.4. Now we are in a position to state main structure theorems:

Theorem 1.2. Let $A(k)$ be a truncated TFLA of order $k\geq 0$ .

Assume that

$H_{r}^{2}(grA(k))=0$ and $H_{s}^{3}(grA(k))=0$

for $r\geq k+1$ and $s\geq{\rm Max}\{k+1,2\}$ . Then there exists, uniquely up to
isomorphism, a complete TFLA $L$ such that

$Trun_{k}L=A(k)$ and $grL=Pro1grA(k)$ .
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Theorem 1.3. Let $L$ be a complete TFLA and $k$ a non-negative
integer such that

$H_{r}^{1}(grL)=H_{r}^{2}(grL)=0$ for $r\geq k+1$ .

If there is an embedding $\psi_{k}$ : $Trun_{k}K\rightarrow Trun_{k}L$ for a TFLA $K$ , then
there exists an embedding $\varphi:K\rightarrow L$ such that $Trun_{k}\varphi=\psi_{k}$ Moreover,

two such embeddings differ by an inner automorphism of $L$ which fifixes
$Trun_{k}$ L.

Theorem 1.4. Let $L_{1}$ and $L_{2}$ be complete TFLA ’s and $k$ a non-
negative integer such that

$H_{r}^{1}(grL_{i})=H_{r}^{2}(grL_{i})=0$ for $i=1,2$ and $r\geq k+1$ .

Then $L_{1}$ and $L_{2}$ are isomorphic if and only if so are $Trun_{k}$ $L_{1}$ and
$Trun_{k}L_{2}$ .

Corollary 1.5. If $L$ is a complete TFLA satisfying

$H_{r}^{1}(grL)=H_{r}^{2}(grL)=0$ for $r\geq 1$ ,

then $L$ is graded, that is, isomorphic to the completion of $grL$ .

For the proofs see [Mor88]. The above theorems as well as their
proofs clarify how a TFLA is constructed step by step from a truncated
TFLA of lower order.

\S 2. Geometric structures on filtered manifolds

2.0. The main problem that we discuss in this section is the equiv-
alence problem: It is, given two geometric structures, to obtain criteria

to decide whether they are (locally) equivalent. For this problem, geo-
metrically, the main task is to determine the complete invariants of a
given structure.

The general equivalence problem was first posed by Lie to find the
differential invariants under the action of a finite or infinite dimensional
Lie group and was investigated during the last quarter of the 19th cen-
tury by Lie himself, Halphen, Tresse, Wilczynski etc., mainly for various
classes of differential equations.

At the beginning of the 20th century Cartan invented a powerful
method for the equivalence problem by combining Lie group theory and
the method of moving frames, and applied it to his extensive work,

especially to his brilliant work in $1900s$ on the theory of infinite groups
and on geometric studies of differential equations. Later in $1920s$ he
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also introduced the notion of \’espace g\’en\’eralis\’e, what is nowadays called
Cartan connection. He wrote:

In the wake of the movement of ideas which followed the general
theory of relativity, I was led to introduce the notion of new geometries,
more general than Riemannian geometry, and playing with respect to the

different Klein geometries the same role as the Riemannian geometries
play with respect to Euclidean space. The vast synthesis that I realized
in this way depends of course on the ideas of Klein formulated in his
celebrated Erlangen programme while at the same time going far beyond
it since it includes Riemannian geometry, which had formed a completely
isolated branch of geometry, within the compass of a very general scheme
in which the notion of group still plays a fundamental role. (E. Cartan
[Car31] p. 58. The translation is borrowed from [Sha97].)

However, it took a rather long time until after the second world
war that Cartan’s fundamental ideas came to be rigorously formulated
and developed into modern theory by the work of Ehresmann, Chern,

Kuranishi, Spencer and others. In particular, Chern [Che54], Guillemin,
Singer and Sternberg ([GS64], [SS65]) formulated the equivalence prob-
lem as that of $G$-structures and clarified many of Cartan’s ideas.

Meanwhile, inspired by the deep work of Cartan, Tanaka elaborated
skilled methods to construct Cartan connections through his studies on
conformal and projective connections, on $CR$ geometry and on geometry
of differential equations. In particular, he developed fundamental work
on differential systems. ([Tan62], [Tan70], [Tan76] and [Tan79].)

Pursuing a more complete treatment of equivalence problem,
Morimoto introduced the notion of $C$-fibre [Mor83] and then extended
this as that of tower on filtered manifolds [Mor93], which gives us wider
perspectives to develop a unified theory on the equivalence problem, in
particular) to lead us to a basic notion of weighted involutivity and to a
general criterion for the existence of Cartan connection.

In this section we will introduce the notion of a tower and explain
the method to treat the equivalence problem, laying emphasis on the
conceptual aspects and referring to [Mor93] for technical details.

2.1. Let us begin with some reflection on differentiation. Let $f$ be a
function of $x_{1}$ , $\ldots$ , $x_{n}$ . The partial derivatives $\frac{\partial f}{\partial x_{i}}$ are nothing but the
coefficients of $df$ :

$df=f_{1}dx_{1}+\cdots+f_{n}dx_{n}$ .

If we have in mind a certain geometric structure and if we have no
reason to choose a special system of coordinates but a certain family
of coframes $\omega_{1}$ , $\ldots$ , $\omega_{n}$ invariantly associated to the structure, it will be
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better to differentiate with respect to the coframes:

$df=f_{1}\omega_{1}+\cdots+f_{n}\omega_{n}$ .

But then $f_{i}$ will be a function not only of $(x_{1}, \ldots, x_{n})$ but also of new
parameters $\lambda_{1}$ , $\ldots$ , $\lambda_{l}$ if coframes $\omega_{1}$ , $\ldots$ , $\omega_{n}$ depend on $l$ parameters
$\lambda_{1}$ , $\ldots$ , $\lambda_{l}$ .

Next if we have a distinguished family of coframes of the space
$x_{1}$ , $\ldots$ , $x_{n}$ , $\lambda_{1}$ , $\ldots$ , $\lambda_{l}$ , say, $\omega_{1}$ , $\ldots$ , $\omega_{n}$ , $\pi_{1}$ , $\ldots$ , $\pi_{l}$ , where $\pi_{p}$ are 1-forms
expressed in terms of $x_{1}$ , $\ldots$ , $x_{n)}\lambda_{1}$ , $\ldots$ , $\lambda_{l}$ and new parameters $\mu_{1}$ , $\ldots$ ,
$\mu_{m}$ , we get second order derivatives with respect to these coframes:

$df_{i}=\sum f_{ij}\omega_{j}+\sum f_{i;p}\pi_{p}$ ,

where $f_{ij}$ , $f_{i;p}$ are now functions of $x$ , $\lambda$ , $\mu$ .

If each family of coframes is taken in an invariant way, then the
parameter spaces $\{\lambda_{1}, \ldots, \lambda_{l}\}$ , $\{\lambda_{1}, \ldots, \lambda_{l}, \mu_{1}, \ldots, \mu_{m}\}$ will all form Lie
groups.

Iterating this procedure to higher orders, we may arrive to a space to
which we need no longer to add new parameters, or we have to continue
the procedure infinitely.

This leads us to consider as a model of the space in which we finally
arrive after the above procedure the following objects: $(P, M, G, E, \rho, \theta)$ ,
where $P$ is a principal fibre bundle over a manifold $M$ with the structure
group $G$ equipped with an absolute parallelism, that is, a 1-form $\theta$ taking
values in a vector space $E$ such that $\theta_{z}$ : $T_{z}P\rightarrow E$ is an isomorphism
for all $z$ .

It will be natural to assume that there is a representation $\rho$ of $G$ on
$E$ and satisfies the following conditions:

(T1) $ R_{a}^{*}\theta=\rho(a)^{-1}\theta$ for $a\in G$ ,

where $R_{a}$ denotes the right translation by $a$ .

(T2) There is an exact sequence of $G$-modules:

$0\rightarrow g\rightarrow E$ ,

where the Lie algebra $g$ of $G$ is regarded as a $G$-module by the adjoint
action of $G$ on 9.

(T3) $\theta(\overline{A})=A$ for $A\in g$ ,

where $\overline{A}$ denotes the vector field on $P$ induced by the right translations
$\{R_{\exp tA}\}$ .
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The structure $(P, M, G, E, \rho, \theta)$ as above, with some additional
assumptions mentioned later on, will be called a tower on $M$ with (alge-
braic) skeleton $(G, E, \rho)$ .

If $E$ happens to be a finite dimensional Lie algebra [containing $g$ as
a Lie subalgebra, then the tower is just a principal fibre bundle with a
Cartan connection. If moreover the structure function $\gamma$ defined by the
structure equation;

$d\theta+\frac{1}{2}\gamma(\theta\wedge\theta)=0$

is constant, then the tower represents locally a homogeneous
space: $L\rightarrow L/G$ , where $L$ is a Lie group with Lie algebra ( and $\theta$ is
the Maurer-Cartan form of $L$ .

It should be noted that towers $P$ (and hence $G$ , $E$ ) may be infinite
dimensional.

Example. The infinite order frame bundle $F^{\infty}(M)$ of a differen-
tiable manifold $M$ is defined to be the set of all infinite order jet $j_{0}^{\infty}f$ ,

where $f:\mathbb{R}^{n}\rightarrow M$ is a local diffeomorphism from a neighbourhood of
the origin $0\in \mathbb{R}^{n}$ into $M$ . This is a principal fibre bundle (of infinite
dimension) over $M$ of which the structure group $G^{\infty}(\mathbb{R}^{n})$ is the group
consisting of all $j_{0}^{\infty}g$ , where $g:(\mathbb{R}^{n}0))\rightarrow(\mathbb{R}^{n}, 0)$ is a local diffeomor-
phism with $g(0)=0$ . Let $L=J_{0}^{\infty}T\mathbb{R}^{n}$ denote the set of all $\infty$ jet at 0
of local vector fields on a neighbourhood of 0 in $\mathbb{R}^{n}$ , i.e., the Lie algebra
of all formal vector fields at 0. Since the tangent space of $\mathcal{F}^{\infty}(M)$ at
$j_{0}^{\infty}f$ may be identified with $J_{f(0)}^{\infty}TM$ , the map

$j(f_{*}^{-1}):J_{f(0)}^{\infty}TM\rightarrow J_{0}^{\infty}T\mathbb{R}^{n}$

defines a $L$-valued 1-form $\theta$ on $\mathcal{F}^{\infty}(M)$ .

What is important is that every tower has a natural filtration which
represents implicitly the notion of “differentiation”. Let $(P, M, G, \theta, E)$

be a tower. Then there is a canonical filtration $f_{tr}$ of $G$ and $g$ (and then
on the tangent bundle of $P$ ) defined inductively by the following exact
sequences:

(2.1) $1\rightarrow f_{tr}^{p+1}G\rightarrow G\rightarrow GL(E/f_{tr}^{p}g)$

with $f_{tr}^{0}G=G$ and $f_{tr}^{p}9$ denoting the Lie algebra of $f_{tr}^{p}G$ . This is, so to
speak, the filtration according to the Taylor expansion.

It is natural to assume the action of $G$ is formally effective in the
following sense:

(T4)
$p\in \mathbb{Z}\cap f_{tr}^{p}G=\{e\}$

.
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Now let us turn our attention to filtered manifolds. A tower
$(P, M, G, \theta)$ with skeleton $(E, G, \rho)$ is called a tower on a filtered mani-
fold M[ if there is a filtration $\{f^{p}E/g\}$ of $E/g$ invariant under the action
of $G$ and if $\theta$ preserves the $fifi1trationS_{)}$ that is, for all $z\in P$ the map
$ T_{\pi(z)}M\rightarrow E/\emptyset$ induced by $\theta_{z}$ preserves the filtrations.

In this case the skeleton $(E, G, \rho)$ leaves invariant the filtration
$\{f^{p}E/\emptyset\}$ , and we can introduce another filtration $\{f^{p}G\}$ of $G$ by the

following exact sequence:

(2.2) $1\rightarrow f^{p+1}G\rightarrow G\rightarrow GL(E/f^{p}9)/f^{p+1}GL(E/f^{p}9)$ ,

with $f^{0}G=G_{)}$ where the filtration $\{f^{k}\}$ of $E/f^{p}9$ is the induced one
from that of $E/\mathfrak{g}$ for $k\leq 0$ and from $f^{k}9$ for $k\geq 0$ , and the filtration
$f^{j}GL(E/f^{p}9)$ is the natural one induced from that of $E/f^{p}9$ .

This filtration derives from the notion of weighted order of the fil-
tered manifold and will be used exclusively in studying the towers on
the filtered manifold.

So far we have not specified the category in which possibly infinite
dimensional objects $P$ , $G$ , $E$ are considered. By virtue of the filtrations
introduced above, we see the proper category is that of projective limits
of finite dimensional $objectS_{)}$ where we can freely speak of principal
bundles, Lie groups, their Lie algebras, differential forms etc. as in the
finite dimensional case.

2.2. To define the morphisms of towers on filtered $manifo1dS_{)}$ we
make the following convention:

We choose once for all one filtered vector space $V=(V, \{V^{p}\})$ for
each isomorphic class of filtered vector $spaceS_{)}$ for instance, $V=\mathbb{R}^{dimV}$ ,
$V^{p}=\mathbb{R}^{dimV^{p}}$ with fixed standard inclusions, and we assign to each
filtered manifold $\beta M$ one such filtered vector space $V$ called the type

(filtered vector space) of $MI$ such that $T_{x}\beta M$ is isomorphic to $V$ for all
$x\in M$ . Thus two filtered manifolds are of the same type if they are
isomorphic.

If $P$ is a tower on a filtered manifold M[ with skeleton $(E, G)$ , then
$E/g$ is isomorphic to the type space $V$ of M. We shall always fix one
splitting $V\rightarrow E$ for the skeleton $(E, G)$ so that we have:

(T5) $E=V\oplus g$

Now let $MI$ and $IM’$ be filtered manifolds of the same type V. Let
$P(MI, G, \theta)$ and $P(MI’, G’, \theta’)$ be towers on $\beta M$ and $MI’$ respectively. A
morphism of towers $P$ to $P’$ is a homomorphism of principal fibre bundles
$\varphi:P\rightarrow P’$ with the induced diffeomorphism $\varphi^{(-1)}$ : $M\rightarrow M’$ and the
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induced Lie homomorphism $\iota:G\rightarrow G’$ such that

$\varphi^{*}\theta’=\iota_{*}o\theta$ ,

where $\iota_{*}$ denotes the induced map:

$\iota_{*}(=Id_{V}+\iota_{*}):E(=V\oplus \mathfrak{g})\rightarrow E’(=V\oplus g’)$ .

A morphism $\varphi$ will be referred to as an isomorphism if $\varphi$ is a diffeomor-
phism, and as an embedding if $M$ $=M’$ and $\varphi^{(-1)}=Id_{M}$ .

The category of towers has the following remarkable properties:

Proposition 2.1. For $a$ fifiltered manifold M[ there exists a univer-
sal tower on $MI$ such that any tower on $\beta M$ is uniquely embedded in the
universal tower.

We denote the universal tower of the filtered manifold $MI$ of type $V$

by $(\mathcal{R}(MI), M, G(V), \theta_{R})$ and its skeleton by $(E(V), G(V))$ .

Using the filtration introduced by (2.2), we set:

$\mathcal{R}^{(k)}(MI)=\mathcal{R}(M[)/f^{k+1}$ ,

the quotient bundle by the action of $f^{k+1}G(V)$ . It is a principal bundle
over $M$ with structure group $G^{(k)}(V)=G(V)/f^{k+1}$ and is referred to as
the non-commutative frame bundle of M[ of (weighted) order $k+1$ .

We say that a principal subbundle $P^{(k)}$ of $\mathcal{R}^{(k)}(MI)$ is adapted if

there exists a tower $P$ on $\beta M$ such that $P^{(k)}=P/f^{k+1}$ . We then have:

Proposition 2.2. For an adapted subbundle $P^{(k)}of\mathcal{R}^{(k)}$ $(M)$ there

exists a unique universal tower $\mathcal{R}P^{(k)}$ such that $\mathcal{R}P^{(k)}/f^{k+1}=P^{(k)}$ and

any tower $Q$ on $MI$ is embedded in $\mathcal{R}P^{(k)}$ if $Q/f^{k+1}\subset P^{(k)}$ .

We have also:

Proposition 2.3. If $f:MI$ $\rightarrow MI’$ is an isomorphism of fifiltered
manifolds, it canonically induces isomorphisms $\mathcal{R}f:\mathcal{R}(MI)\rightarrow \mathcal{R}(MI’)$

and $\mathcal{R}^{(k)}f:\mathcal{R}^{(k)}(MI)\rightarrow \mathcal{R}^{(k)}$ (M[’). Moreover if $P^{(k)}$ is an adapted sub-

bundle of $\mathcal{R}^{(k)}(MI)$ , then $(\mathcal{R}^{(k)}f)P^{(k)}$ is also adapted and $(\mathcal{R}f)(\mathcal{R}P^{(k)})=$

$\mathcal{R}((\mathcal{R}^{(k)}f)P^{(k)})$ .

The tower $\mathcal{R}P^{(k)}$ is called the universal tower prolonging $P^{(k)}$ or
the universal prolongation of $P^{(k)}$ . We set

$\# P^{(k)}=\mathcal{R}P^{(k)}/f^{k+2}$

and call it also the prolongation of $P^{(k)}$ .
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The above universal properties completely characterize the inductive
construction of $\mathcal{R}^{(p)}(M)$ and $\mathcal{R}P^{(k)}/f^{p+1}$ to obtain $\mathcal{R}(MI)$ and $\mathcal{R}P^{(k)}$ as
their projective limits.

The first order frame bundle $\mathcal{R}^{(0)}(IM)$ of a filtered manifold $MI$ of

type $V$ is given as follows: Let $\hat{\mathcal{R}}^{(0)}(M)$ be the set of all linear frames

$\hat{z}:V\rightarrow T_{x}MI$

preserving the filtrations. It is a principal fibre bundle over $MI$ whose
structure group is $f^{0}GL(V)$ , the group of all filtration preserving linear
isomorphisms. Then we see

$\mathcal{R}^{(0)}(MI)=\hat{\mathcal{R}}^{(0)}(MI)/f^{1}$ ,

namely, the quotient bundle by the action of $f^{1}GL(V)$ , which is a prin-

cipal fibre bundle over $MI$ with structure group $G^{(0)}(V)=f^{0}GL(V)/f^{1}$ .

In other word, $\mathcal{R}^{(0)}(M)$ is a the set of all isomorphisms of graded
vector spaces

$z:grV\rightarrow grTxM$ .

Then the inductive construction can be carried out by the following
properties:

(1) Every subbundle of $\mathcal{R}^{(0)}(MI)$ is adapted.
(2) For $k>0$ , a subbundle $P^{(k)}$ of $\mathcal{R}^{(k)}(MI)$ is adapted if and only

if so is $P^{(k-1)}=P^{(k)}/f^{k}$ and $P^{(k)}$ is a subbundle of $\# P^{(k-1)}$ .

(3) To every adapted subbundle $(P^{(k)}G^{(k)}))$ of $\mathcal{R}^{(k)}(MI)$ , there is

associated the principal fibre bundle $(\# P^{(k)}, \neq G^{(k)})\wedge\wedge$ over $MI$ consisting
of filtration preserving linear isomorphisms

$\hat{z}^{k+1}$ : $V\oplus \mathfrak{g}^{(k)}\rightarrow T_{z^{k}}P^{(k)}$ (with $z^{k}\in P^{(k)}$ )

such that

i) $\hat{z}^{k+1}(A)=\overline{A}_{z^{k}}$ for $A\in g^{(k)}$ ,
$ii)[\hat{z}^{k}]=z^{k}$ , where $[\hat{z}^{k}]$ denotes the equivalence class modulo $f^{k+1}$

and $\hat{z}^{k}$ is defined by the commutative diagramme:

$V\oplus g^{(k)}$
$\rightarrow\hat{z}^{k+1}$

$T_{z^{k}}P^{(k)}$

$\downarrow$ $\downarrow\pi_{*}$

$V\oplus g^{(k-1)}\rightarrow\hat{z}^{k}T_{z^{k-1}}P^{(k-1)}$

(4) For an adapted subbundle $P^{(k)}$ of $\mathcal{R}^{k}(MI)$ ,

$\# P^{(k)}=\# P^{(k)}\wedge/f^{k+2}$ .
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Then $\mathcal{R}(M[)$ and $\mathcal{R}P^{(k)}$ are obtained by

$\mathcal{R}(M[)=proj\lim_{i\rightarrow\infty}\#^{i}\mathcal{R}^{(0)}(MI),$ $\mathcal{R}P^{(k)}=proj\lim_{i\rightarrow\infty}\#^{i}P^{(k)}$ .

We remark that if $M$ is a trivial filtered manifold then $\mathcal{R}(M)$ has a
system of local coordinates $(x_{j_{1},,j_{m}}^{i}\ldots)$ with $1\leq i$ , $j_{1}$ , $\ldots$ , $j_{m}\leq dimM$ ,

$m=0,1$ , 2, $\ldots$ , (the introduction of new variables which stand for the
higher order derivatives, but without any commutation relations), while
the usual infinite order frame bundle $\mathcal{F}^{\infty}(M)$ is embedded in $\mathcal{R}(M)$ by
the equation $ x_{j_{\sigma(1)},,j_{\sigma(m)}}^{i}\ldots=x_{j_{1},,j_{m}}^{i}\ldots$ for all permutations $\sigma$ . This is the

reason why $\mathcal{R}(M)$ is called the non-commutative frame bundle of $M$ and
has a great advantage for studying curved spaces.

For instance, if the filtration is not trivial, since the filtered manifold
$M[itself$ may not be even locally trivial, we have a priori no counter-part
to $F(M)$ associated to $M$ , but we always have the non-commutative
frame bundle $\mathcal{R}(IM)$ which is large enough to contain all curved struc-
tures.

2.3. Structure functions.
We now introduce the structure function of a tower. Let $(P, MI, G, \theta)$

be a tower on a filtered manifold $\beta M$ with skeleton $(E, G)$ . Since $\theta$ defines
an absolute parallelism on $P$ , there exists a unique $Hom(\wedge^{2}E, E)$ -valued
function $\gamma$ on $P$ which satisfies the following structure equation:

(2.3) $d\theta+\frac{1}{2}\gamma(\theta, \theta)=0$ .

This function $\gamma$ , referred to as the structure function of the tower
$P$ , has the following properties:

Proposition 2.4. Let $\gamma$ be the structure function of a tower
$(P, MI, G, \theta)$ . Then

i) $\gamma(z)(A, X)=A$ . $X$ for $z\in P$ , $A\in g$ , $X\in E$ .
$ii)\gamma(za)(X, Y)$ $=a^{-1}\gamma(z)(aX, aY)$ for $z\in P$ , $a\in G$ , $X$ ,

$Y\in E$ .

$iii)$ If $\varphi:P\rightarrow P’$ is a morphism of towers then $\varphi^{*}\gamma’=\gamma$ , where
$\gamma’$ denotes the structure function of $P’$ .

If we denote also $\rho$ the natural representation of $G$ on $Hom(\wedge^{2}E, E)$ ,

then the above formula (2) is written as

$ R_{a}^{*}\gamma=\rho(a)^{-1}\gamma$ .

Since $ E=V\oplus\emptyset$ , we have the direct sum decomposition:

$Hom$ $(\wedge^{2}E$ , $E)=Hom(\wedge^{2}V,$ $E)\oplus Hom(g\otimes E, E)$ .
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Note that $Hom(\wedge^{2}V, E)$ is a $G$-invariant subspace of $Hom(\wedge^{2}E, E)$ ,

while $Hom(g\otimes E, E)$ is not invariant. Let $\beta$ denote the element of
$Hom(g\otimes E, E)$ given by the action of $g$ on $E$ :

$\beta(A, X)=A$ . $X$ for $A\in g$ , $X\in E$ .

Then the representation $\rho$ induces the affine representation of $G$ on the

affine subspace $\beta+Hom(\wedge^{2}V, E)$ , and the structure function $\gamma$ is a
$G$-equivariant map from $P$ to the affine space $\beta+Hom(\wedge^{2}V, E)$ . The
$Hom(\wedge^{2}V, E)$ -valued function $c$ given by

(2.4) $\gamma=\beta+c$

is therefore the crucial part of $\gamma$ and also called the structure function
of $P$ .

We next introduce the structure function of a truncated tower.
Let ( $P^{(k)}$ , M[, $G^{(k)}$ ) be a truncated tower, that is, an adapted subbun-
dle of $\mathcal{R}^{(k)}$ (M[). Let ( $P$, M[, $G$ , $\theta$ ) be any tower prolonging $P^{(k)}$ , i.e.,
$P/f^{k+1}=P^{(k)}$ and $\gamma$ its structure function. Let $\{f^{p}Hom(\wedge^{2}E, E)\}$ be
the natural induced filtration. First of all we see that the structure
function of a tower takes values in $f^{0}Hom(\wedge^{2}E, E)$ .

To define the structure function of $P^{(k)}$ we put

(2.5) $Hom(\wedge^{2}E,$ $E)^{[k]}=f^{0}Hom(\wedge^{2}E$ , $E)/I^{k+1}$ .

Here $\{I^{k}\}$ is the filtration of $Hom(\wedge^{2}E, E)$ , the same filtration as we
used for truncated Lie algebras (cf. \S 1, 1.3):

$\alpha\in I^{k}Hom$ $(\wedge^{2}E$ , $E)=\alpha(f^{p}E\wedge f^{q}E)\subset f^{p^{*}+q^{*}+k}E$ $\forall p$ , $q\in \mathbb{Z}$ ,

where $p^{*}=p$ for $p<0$ and $p^{*}=0$ for $p\geq 0$ . Note that

$Hom$ $(\wedge^{2}E$ , $E)^{[k]}\cong f^{0}Hom(\wedge^{2}E^{(k)},$ $E^{(k)})/I^{k+1}$ .

Note also that $G$ acts on $Hom(\wedge^{2}E, E)^{[k]}$ with $f^{k+1}G$ acting triv-

ially. Hence the structure function $\gamma$ of $P$ induces a map $\gamma^{[k]}$ which
makes the following diagramme commutative:

$P$
$\rightarrow\gamma$ $Hom(\wedge^{2}E, E)$

$\downarrow$ $\downarrow$

$P^{(k)}\rightarrow\gamma^{[k]}Hom(\wedge^{2}E, E)^{[k]}$
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Moreover, with respect to the induced representation $\rho^{[k]}$ of $G^{(k)}$ on
$Hom(\wedge^{2}E, E)^{[k]}$ , we have

$\gamma^{[k]}(za)=\rho^{[k]}(a^{-1})\gamma^{[k]}(z)$ for $z\in P^{(k)}$ , $a\in G^{(k)}$ .

It should be noted that $\gamma^{[k]}$ does not depend of the choice of the tower
$P$ but only on $P^{(k)}$ . We can also decompose $\gamma^{[k]}$ as

(2.6) $\gamma^{[k]}=\beta^{[k]}+c^{(k)}$ ,

where $c^{(k)}$ is the $f^{0}Hom(\wedge^{2}V, E^{(k-1)})/f^{k+1}$ -component and $\beta^{[k]}$ the pro-
jection of $\beta$ .

The function $\gamma^{[k]}$ as well as $c^{(k)}$ will be referred to as the structure
function of $P^{(k)}$ . Summarizing the above discussion, we have:

Proposition 2.5. The structure function $\gamma^{[k]}$ of a truncated tower
$(P^{(k)}, MI, G^{(k)})$ is a $G^{(k)}$ -equivariant map

$\gamma^{[k]}$ : $P^{(k)}\rightarrow Hom$ $(\wedge^{2}E$ , $E)^{[k]}\cong f^{0}Hom(\wedge^{2}E^{(k)},$ $E^{(k)})/I^{k+1}$ ,

and if $\varphi^{(k)}$ : $P^{(k)}\rightarrow P^{\prime(k)}$ is an adapted homomorphism then

$(\varphi^{(k)})^{*}\gamma^{J[k]}=\gamma^{[k]}$ .

Let $(P, M, \pi;\theta)$ be a tower with skeleton $(E, G)$ . Let us see what
the tower $P$ looks like when the structure function $\gamma$ is constant.

Assume that $\gamma$ is constant. Applying the exterior differentiation to
the structure equation (2.3), we have

$\gamma(\gamma(\theta, \theta)$ , $\theta)=0$ ,

which implies $\gamma(\in Hom(\wedge^{2}E, E))$ satisfies the Jacobi identify:

$\mathfrak{S}\gamma(\gamma(x, y)$ , $z)=0$ , $x$ , $y$ , $z\in E$ .

Hence the filtered vector space $E$ , endowed with the bracket operation
given by $\gamma$ , becomes a Lie algebra. Moreover, as easily seen, it is a
transitive filtered Lie algebra. Thus,

Proposition 2.6. If the structure function $\gamma$ of a tower $P$ with
skeleton $(E, G)$ is constant, then $(E, \gamma)$ is a transitive fifiltered Lie algebra.

Thus a tower $(P, MG;)\theta)$ with constant structure function $\gamma$ is an

analogue of a homogeneous space $\tilde{G}/G$ with $\tilde{G}$ a Lie group possibly
infinite dimensional and $G$ its closed Lie subgroup.
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We have also:

Proposition 2.7. If the structure function $\gamma^{[k]}$ of a truncated
tower $(P^{(k)}M)$

’
$G^{(k)}$ ) is constant, then $(E^{(k)}, \gamma^{[k]})$ is a truncated transi-

tive fifiltered Lie algebra.

It should be noted that the constancy of the structure function $\gamma$ or
$\gamma^{[k]}$ has a strong effect to reduce the “size” of $G$ or $G^{(k)}$ (hence $P$ and
$P^{(k)})$ just as the passage from a tensor algebra to an enveloping algebra.

2.4. Equivalence problems.
Without much loss of generality, we may define a geometric structure

of weighted order $k$ on a filtered manifold $MI$ to be an adapted subbundle
$P^{(k)}$ of $\mathcal{R}(MI)^{(k)}$ , which will be alternatively called a truncated tower of
order $k$ on $MI$ .

Two geometric structures ( $P^{(k)}$ , M[, $G^{(k)}$ ) and ( $P^{J(k)}$ , M[’, $G^{\prime(k)}$ ) are
said to be isomorphic (or equivalent) if there exists an isomorphism
$\varphi^{(k)}$ : $P^{(k)}\rightarrow P^{\prime(k)}$ of adapted subbundles. This is equivalent to saying
that there exists an isomorphism $f:MI$ $\rightarrow MI’$ of filtered manifolds such
that the lift $\mathcal{R}^{(k)}f:\mathcal{R}^{(k)}(MI)\rightarrow \mathcal{R}^{(k)}(MI’)$ sends $P^{(k)}$ onto $P^{;(k)}$ .

We say that $P^{(k)}$ and $P^{J(k)}$ are locally isomorphic (or locally equiv-
alent) at $(x, x’)\in M\times M’$ if there exist neighbourhoods $U$ , $U’$ of $x$ , $x’$

respectively and an isomorphism of filtered manifolds $f:U\rightarrow U’$ such
that $f(x)=x’$ and that

$\mathcal{R}^{(k)}f(P^{(k)}|_{U})=P^{J(k)}|_{U’}$ .

Given a geometric structure of order $k+1$ on a filtered manifold $M$ ,

that is, a truncated tower ( $P^{(k)}$ , M[, $G^{(k)}$ ). The general procedure to find

the invariants of $P^{(k)}$ proceeds as follows:

Since the structure function $\gamma^{[k]}$ : $P^{(k)}\rightarrow Hom(\wedge^{2}E, E)^{[k]}$ is a
$G^{(k)}$ -equivariant map, the image $\gamma^{[k]}$ decomposes into $G^{(k)_{-}}$orbits, Sup-

pose that it consists of a single $G^{(k)_{-}}$orbit. Then choose a $\mathring{\gamma}\in\gamma^{[k]}(P^{(k)})$ ,

and reduce $P^{(k)}$ to obtain $Q^{(k)}=(\gamma^{[k]})^{-1}(\mathring{\gamma})$ . Note that a different

choice of $\mathring{\gamma}$ yields a conjugate subbundle.
Note also that $Q^{(k)}$ may not be adapted. If it is not adapted we

take an $l(<k)$ such that $Q^{(l)}=Q^{(k)}/f^{l+1}$ is adapted. (If $Q^{(k)}\rightarrow P^{(l-1)}$

is surjective then $Q^{(l)}$ is adapted. $Q^{(0)}$ is always adapted.)

Next we prolong $Q^{(l)}$ to get $\# Q^{(l)}$ and iterate this procedure.
In the course of the procedure, if the image of a structure func-

tion happens to contain more than one orbits, the geometric structure
is intransitive. To treat the intransitive cases, we have to generalize
our formulation to treat principal bundles whose structure groups $G^{(k)}$
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may vary with parameters. For detailed discussion we refer to [Kis79],
[Mor83] and [Mor93].

If the structure is transitive, then the finiteness theorem (Theo-
rem1.1) of generalized Spencer cohomology group assures that after a
finite number of prolongation and reduction we will arrive at what we
call a (weightedly) involutive truncated tower:

Definition 2.1. An adapted subbundle $(P^{(k)}, M, G^{(k)})$ of
$\mathcal{R}^{(k)}$ (M[) (namely, a truncated tower) is called weightedly involutive if
the following conditions are satisfied:

i) The structure function $\gamma^{[k]}$ is constant,

$ii)H^{2}(grE^{(k)})_{r}=0$ for $r\geq k+1$ .

Note that, in the definition above, since $\gamma^{[k]}$ is constant, $grE^{(k)}$

becomes a transitive truncated graded Lie algebra, so that it makes
sense to speak of the cohomology group $H(Pro1grE^{(k)})$ , which is denoted
simply by $H(grE^{(k)})$ .

We shall often use the adjective “involutive” in the extended sense
of “weightedly involutive” if it is clear from the context.

Then we have:

Theorem 2.1. For an involutive truncated tower $P^{(k)}$ , we can
construct, in a natural manner) a tower $P$ with constant structure func-
tion such that $P/f^{k+1}=P^{(k)}$ .

In fact, by the vanishing of the cohomology group, it can be shown
that the image of the structure function $\gamma^{[k+1]}$ of $\# P^{(k)}$ consists of

a single orbit, moreover that the reduction $P^{(k+1)}=(\gamma^{[k+1]})^{-1}(\mathring{\gamma})$ is

adapted and involutive for any $\mathring{\gamma}\in Im\gamma^{[k+1]}$ . Iterating this, we obtain
a tower $P$ with constant structure function: $P=proj\lim_{l}P^{(k+l)}$

Thus, after we reach an involutive tower the prolongation and reduc-
tion procedure proceeds automatically and there appear no essentially
new invariants.

It should be remarked that the way of constructing $P^{(k+l)}$ from $P^{(k)}$

just correspond to the way in which truncated transitive Lie algebra
$(E^{(k+l)}, \gamma^{(k+l)})$ is algebraically constructed from $(E^{k}, \gamma^{(k)})$ .

Now, assuming the analyticity, we solve the local equivalence prob-
lem of involutive truncated towers.

Theorem 2.2. Let M[ and M[’ be fifiltered manifolds of type $V$ ,

and let ( $P^{(k)}$ , M[, $G^{(k)}$ ) and $(P^{r(k)}, MI’, G^{\prime(k)})$ be involutive subbundle of
$\mathcal{R}^{(k)}(MI)$ and $\mathcal{R}^{(k)}(MI’)$ with structure functions $\gamma^{[k]}$ and $\gamma^{\prime[k]}$ respec-
tively. Then under the assumption of analyticity the following two con-
ditions are equivalent:
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1) $G^{(k)}=G^{\prime(k)}$ and $\gamma^{[k]}=\gamma^{\prime[k]}$

2) For any $(p,p’)\in P^{(k)}\times P^{\prime(k)})$ there exist open neighbourhoods
$U$ and $U’$ of $\pi(p)$ and $\pi’(p’)$ respectively ( $\pi$ and $\pi’$ denote
the projections $P^{(k)}\rightarrow M$ and $P^{\prime(k)}\rightarrow M’$ ), and $a$ fifiltra-
tion preserving analytic homomorphism $\varphi:U\rightarrow U’$ such that
$(\mathcal{R}^{(k)}\varphi)(P^{(k)}|_{U})=P^{;(k)}|_{U’}$ and that $(\mathcal{R}^{(k)}\varphi)(p)=p’$ .

To prove the theorem, it might seem rather natural to use the theory
of differential equations on filtered manifolds that we shall discuss in the
next section. However, the usual Cartan K\"ahler theorem suffices to prove
it, since the structure is actually transitive and has no singularities in
this case.

2.5. Cartan connections.
2.5.0. What we nowadays call Cartan connection was first intro-

duced by E. Cartan as “\’espace g\’en\’eralis\’e’’. It is a curved space modeled
after a homogeneous space. Let us recall the definition.

Let [ be a Lie algebra and $e$ a Lie subalgebra of [. Let $K$ be a Lie
group with Lie algebra $f$ equipped with a representation $\rho:K\rightarrow GL(\mathfrak{l})$

such that the differential $\rho_{*}:$
$f$ $\rightarrow g\mathfrak{l}(g)$ coincides with the adjoint rep-

resentation of $t$ on (. By abuse of notation this representation $\rho$ will be
denoted by $Ad$ .

Let $P(M, K)$ be a principal fibre bundle over a manifold $M$ with
structure group $K$ . A Cartan connection in $P$ of type $(\mathfrak{l}, K)$ is a 1-form
$\theta$ on $P$ with values in ( satisfying the following conditions:

i) $\theta:T_{z}P\rightarrow 1$ is an isomorphism for all $z\in P$ .

$ii)R_{a}^{*}\underline{\theta}=Ad(a)^{-1}\theta$ for $a\in K$ .

$iii)\theta(A)=A$ for $A\in t$ .

We know various examples of Cartan connections hitherto obtained:
Riemannian, conformal, projective (cf. [Kob72]), or strongly pseudo-
convex $CR$-structures [Tan62], and more generally certain geometric
structures associated with simple graded Lie algebras [Tan79].

It then naturally arises the following question: Given a geometric
structure $\Gamma$ on a manifold $M$ , is it possible to construct a principal
bundle over $M$ and a Cartan connection $\theta$ in $P$ in such a way that $(P, \theta)$

is canonically associated with $\Gamma$?
First of all it should be remarked that our frame bundle $\mathcal{R}(M)$ has

the universal property also for the Cartan connections: Assume that
the pair $(\mathfrak{l}, K)$ is formally effective (see (T4) in \S 2, 2.1). By choosing a
complementary subspace $V$ of [to $e$ we can view $(I, K, Ad)$ as a skeleton
over $V$ . Then it is clear that a Cartan connection $(P, M, K, \theta)$ of type
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$(\mathfrak{l}, K)$ is a tower over $M$ . Hence, by Proposition 2.1, there exists a unique
embedding $\iota:P\rightarrow \mathcal{R}(M)$ such that $\iota^{*}\theta_{R}=\theta$ .

Thus the problem of finding a Cartan connection is reduced to the
problem of constructing, for a given tower $Q$ (or truncated tower $Q^{(k)}$

of order $k$ ) on a filtered manifold $(M, F)$ , a sub-tower $P(M, \theta, E)$ in a
canonical way so that $E$ becomes a Lie algebra.

In the next subsections we will give a general criterion and a unified
method to construct Cartan connections.

2.5.1. First we need to introduce reduced frame bundles. Let
$\mathfrak{m}=\oplus_{p<0}\mathfrak{m}_{p}$ be a graded Lie algebra. We say that a filtered mani-

fold $MI$ is regular (of type $\mathfrak{m}$ ) if the symbol algebra $grT_{x}MI(x\in MI)$ are
all isomorphic (to $\mathfrak{m}$ ) as graded Lie algebras.

Let ( $\mathcal{R}^{(0)}(MI)$ , M[, $G^{(0)}(V)$ ) be the first order frame bundle of M.
Then, we have immediately:

Proposition 2.8. $A$ fifiltered manifold is regular if and only if the
structure function of $\mathcal{R}^{(0)}(MI)$ takes its values in a single $G^{(0)}(V)$ -orbit.

Given a filtered manifold M[ regular of type $\mathfrak{m}$ , we shall identify $\mathfrak{m}$

with the type filtered vector space $V$ and also with $grV$ (as filtered vector
space or as graded vector space). Let $\gamma^{[0]}=\beta^{[0]}+c^{(0)}$ be the structure
function of $\mathcal{R}^{(0)}(MI)$ . Then $c^{(0)}$ may be considered as taking values in
$Hom(\wedge^{2}\mathfrak{m}, \mathfrak{m})_{0}$ . Let $c_{\mathfrak{m}}^{(0)}$ be the bilinear map which defines the bracket
operation of $\mathfrak{m}$ . We set

$\mathcal{R}^{(0)}(MI, \mathfrak{m})=\{z\in \mathcal{R}^{(0)}(m)|c^{(0)}(z)=c_{\mathfrak{m}}^{(0)}\}$ .

Then $\mathcal{R}^{(0)}(M, \mathfrak{m})$ is a principal subbundle of $\mathcal{R}^{(0)}(MI)$ . Its structure
group, denoted by $G^{(0)}(\mathfrak{m})$ , consists of all automorphisms of the graded
Lie algebra $\mathfrak{m}$ . In other words, $\mathcal{R}^{(0)}(M, \mathfrak{m})$ is nothing but the set of all
isomorphisms $z:\mathfrak{m}\rightarrow grTxM$ of graded Lie algebras.

We shall denote by $\mathcal{R}(M[, \mathfrak{m})$ the universal tower $\mathcal{R}\mathcal{R}^{(0)}(MI, \mathfrak{m})$

prolonging $\mathcal{R}^{(0)}(M, \mathfrak{m})$ , and by $(E(\mathfrak{m}), G(\mathfrak{m}))$ its skeleton. Hence
$E(\mathfrak{m})=\mathfrak{m}\oplus g(\mathfrak{m})$ , where $\mathfrak{g}(\mathfrak{m})$ is the Lie algebra of $G(\mathfrak{m})$ . We set
$\mathcal{R}^{(k)}$ (NI, $\mathfrak{m}$ ) $=\mathcal{R}(MI, \mathfrak{m})/f^{k+1}$ and call it the reduced frame bundle of
$IM$ of order $k+1$ .

Now let us examine the structure function of $\mathcal{R}(MI, \mathfrak{m})$ . We define a
bilinear map

$\beta_{\mathfrak{m}}$ $=[, ]:E(\mathfrak{m})\times E(\mathfrak{m})\rightarrow E(\mathfrak{m})$
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by

$\{$

$[u, v]=[u, v]_{\mathfrak{m}}$ (the bracket of m)

$[A, B]=[A, B]_{g(\mathfrak{m})}$ (the bracket of $\mathfrak{g}(\mathfrak{m})$ )

$[A, x]=Ax$ (the action of $g(\mathfrak{m})$ on $E(\mathfrak{m})$ )

for $u$ , $v$ $\in$ $\mathfrak{m}$ , $x$ $\in$ $E(\mathfrak{m})$ , and $A$ , $B$ $\in$ $g(\mathfrak{m})$ . Note that this
bracket does not satisfy the Jacobi identity. Recall that $G(\mathfrak{m})$ has

the natural representation on $Hom(\wedge^{2}\mathfrak{m}, E(\mathfrak{m})$ , and note that the

subspace $f^{1}Hom(\wedge^{2}\mathfrak{m}, E(\mathfrak{m}))$ is $G(\mathfrak{m})$ -invariant. Moreover it is easy

to see that the equivalence class of $\beta_{\mathfrak{m}}$ $mod f^{1}Hom(\wedge^{2}\mathfrak{m}, E(\mathfrak{m}))$ is
fixed by the induced action of $G(\mathfrak{m})$ on the quotient space. Hence
$G(\mathfrak{m})$ has the induced affine representation on the affine space $\beta_{\mathfrak{m}}+$

$f^{1}Hom(\wedge^{2}\mathfrak{m}, E(\mathfrak{m}))$ . Hence:

Proposition 2.9. The structure function $\gamma_{R(M[,\mathfrak{m})}$ of $\mathcal{R}(MI, \mathfrak{m})$ is

a $G^{(k)}$ -equivariant map from $\mathcal{R}(MI, \mathfrak{m})$ to the affine space

$\beta_{\mathfrak{m}}+f^{1}Hom$ $(\wedge^{2}\mathfrak{m}$ , $E(\mathfrak{m})$ ).
We therefore write

(2.7) $\gamma_{R(M[,\mathfrak{m})}=\beta_{\mathfrak{m}}+\hat{c}$

with $\hat{c}$ an $\mathfrak{j}^{1}Hom(\wedge^{2}\mathfrak{m}, E(\mathfrak{m}))$ -valued function on $\mathcal{R}(M[, \mathfrak{m})$ .

In applications, most of the first order geometric structures are
defined as subbundles $P^{(0)}$ of the reduced frame bundle $\mathcal{R}^{(0)}(MI, \mathfrak{m})$ .

Thus the prolongation $\mathcal{R}P^{(0)}$ is contained in $\mathcal{R}(MI, \mathfrak{m})$ as an adapted
subbundle. Clearly the structure function of an adapted subbundle of
$\mathcal{R}(M[, \mathfrak{m})$ satisfies the same properties as in Proposition 3.5.3.

2.5.2. Criterion for the existence of Cart connections.
Now we can formulate our problem for geometric structures of first

order as follows:
Let $\mathfrak{m}=\oplus_{p<0}\mathfrak{m}_{p}$ be a graded Lie algebra and $G^{(0)}$ a Lie subgroup

of $G^{(0)}(\mathfrak{m})$ . Let $MI$ be a filtered manifold regular of type $\mathfrak{m}$ . Given a prin-
cipal subbundle $(P^{(0)}, M, G^{(0)})$ of $\mathcal{R}^{(0)}(MI, \mathfrak{m})$ with structure group $G^{(0)}$ .

We ask whether there exists a Cart connection $(P, \theta)$ naturally asso-
ciated with $P^{(0)}$ .

A little more generally, let us pose the problem for higher order geo-
metric structures. Consider a transitive graded Lie algebra $\downarrow=\oplus_{p\in \mathbb{Z}}1_{p}$

and write:
I $=\mathfrak{m}\oplus f$ ,
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where we put:

$\mathfrak{m}=\oplus t_{p}p<0$ ’ $\not\in=\oplus[_{p}p\geq 0$
.

Let $G(\mathfrak{m})$ be the structure group of $\mathcal{R}(MI, \mathfrak{m})$ and $g(\mathfrak{m})$ its Lie algebra.
Then from the universal property of $G(\mathfrak{m})$ it turns out that $e$ is a Lie
subalgebra of $g(\mathfrak{m})$ .

Let $iJ$ be an integer $(\geq 0)$ such that ( is a prolongation of $\oplus_{p\leq\iota/}($ ,

that is, $H_{r}^{1}(\mathfrak{m}, t)=0$ for $r\geq lJ+1$ .

Let $G(\mathfrak{m})^{(\nu)}$ be the structure group of $\mathcal{R}^{(k)}(MI, \mathfrak{m})$ , i.e. $G(\mathfrak{m})^{(\nu)}=$

$G(\mathfrak{m})/f^{\nu+1}$ and $g(\mathfrak{m})^{(\nu)}$ its Lie algebra. Then $f^{(\nu)}=e/f^{\nu+1}=\oplus_{p=0}^{\nu}\mathfrak{l}_{p}$ is

a subalgebra of $g(\mathfrak{m})^{(\nu)}$ .

Now given a Lie subgroup $K^{(\nu)}$ of $G^{(\nu)}(\mathfrak{m})$ with Lie algebra $t^{(\nu)}$ .

Let $K$ denotes the maximal subgroup of $G(\mathfrak{m})$ such that its Lie algebra
is $e$ and that $K/f^{\nu+1}=K^{(\nu)}$

) which we call the prolongation of $K^{(\nu)}$ .

Note that $K$ acts on [ naturally.
Now we consider the following complex:

$\ldots$ $\rightarrow Hom(\mathfrak{m}, ()\rightarrow Hom(\partial\wedge^{2}\mathfrak{m},$ $\mathfrak{l})\rightarrow Hom(\partial\wedge^{3}\mathfrak{m}$ , $ 1)\rightarrow\partial\ldots$

Since $\mathfrak{m}$ is a Lie subalgebra of [, the coboundary operator $\partial$ is defined
as usual. Note that the group $K$ acts on $Hom(\wedge\cdot \mathfrak{m}, [)$ and preserves the
filtration $\{f^{p} Hom(m, \mathfrak{m}, \mathfrak{l})\}$ .

It being prepared,

Definition 2.2. We say that a Lie subgroup $K^{(\nu)}\subset G^{(\nu)}(\mathfrak{m})$ sat-
isfies the condition (C) if there exists a subspace

$W\subset f^{1}Hom(\wedge^{2}\mathfrak{m},$ $t)$

such that

i) $f^{1}Hom(\wedge^{2}\mathfrak{m}, \downarrow)=W\oplus\partial \mathfrak{j}^{1}Hom(\wedge^{1}\mathfrak{m}, ()$ ,

$ii)W$ is stable under the actions of $K$ on $f^{1}Hom(\wedge^{2}\mathfrak{m}, \mathfrak{l})$ .

If $P^{(\nu)}$ (M[, $K^{(\nu)}$ ) is an adapted subbundle of $\mathcal{R}^{(\nu)}$ (M[, $\mathfrak{m}$ ), then the

structure function $\gamma^{[\nu]}$ is, according to the decomposition (2.7), written
as:

$\gamma^{[\iota/]}=[\beta_{\mathfrak{m}}]^{[\iota/]}+\hat{c}^{(\nu)}$ ,

where $\hat{c}^{(\nu)}$ takes values in

$f^{1}Hom$ $(\wedge^{2}\mathfrak{m}$ , $\mathfrak{m}+t^{(\nu)}$ ) $/I^{\nu+1}(=f^{1}Hom$ $(\wedge^{2}\mathfrak{m}$ , $\mathfrak{m}+e^{(\nu)}$ ) $/f^{\iota/+1})$ .

Now we can state:
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Theorem 2.3. The notation being as above, let ( $(=\mathfrak{m}+f)$ be $a$

transitive graded Lie algebra with $H_{r}^{1}(\mathfrak{m}, \mathfrak{l})=0$ for $r\geq lJ+1$ . Let
$K^{(\nu)}$ be a Lie subgroup of $G^{(\nu)}(\mathfrak{m})$ and $K$ its prolongation. Suppose

that $K^{(\nu)}$ satisfifies the condition (C). Then for any fifiltered manifold M $[$

regular of type $\mathfrak{m}$ and for each adapted subbundle $P^{(\nu)}$ of $\mathcal{R}^{(\nu)}([, \mathfrak{m})$ with

structure group $K^{(\nu)}$ such that its structure function $\hat{c}^{(\nu)}$ takes value in
$W^{(\nu)}(=W/I^{\nu+1})$ , we can construct a tower $P\subset \mathcal{R}(M[, \mathfrak{m})$ in such a way
that

i) $P$ is a tower on $MI$ with skeleton $((, K)$ ,
$ii)$ The structure function $\hat{c}$ of $P$ takes values in $W$ .

$iii)$ The assignment $ P^{(\nu)}-\rangle$ $P$ is compatible with equivalences.

Thus $(P, \theta)$ is a Cartan connection of type $(1, K)$ associated with $P^{(\nu)}$ ,

where $\theta$ is the canonical form of $P$ .

Proof. The construction of $P$ proceeds by induction. Assume that
we have constructed for an $l(\geq\nu)$ an adapted subbundle $P^{(l)}(MI, K^{(l)})$ of
$\mathcal{R}^{(l)}$ $([, \mathfrak{m})$ with structure group $K^{(l)}=K/f^{l+1}$ so that $P^{(l)}/f^{\nu+1}=P^{(\nu)}$

and that the structure function $\hat{c}^{(l)}$ takes values in $W^{(\nu)}$ . We put

$P^{(l+1)}=\{z\in\# P^{(l)}|\hat{c}^{(l+1)}(z)\in W^{(l+1)}\}$ ,

where $\# P^{(l)}$ is the prolongation of $P^{(l)}$ and $\hat{c}^{(l+1)}$ its structure function.
Passing to the limit, we obtain: $P=proj\lim P^{(l)}$ . $\square $

The following proposition is useful in application.

Proposition 2.10. The notation being as above, let $\mathfrak{l}(=\mathfrak{m}+f)$

be a transitive graded Lie algebra with $H_{r}^{1}(\mathfrak{m}, \downarrow)$ $=0$ for $r\geq lJ+1$ .

Let $K^{(\nu)}$ be a Lie subgroup of $G^{(\nu)}(\mathfrak{m})$ and $K$ its prolongation and let
$K^{(0)}=K/f^{1}$ . Assume that ( is fifinite dimensional and that there exists
a positive defifinite symmetric bilinear form

$(, ):\mathfrak{l}\times(\rightarrow \mathbb{R}$

satisfying:

i) $(\mathfrak{l}_{p}, \mathfrak{l}_{q})=0$ if $p\neq q$ .
$ii)$ There exists $\tau:g$ $\rightarrow$ [ such that

$\{$

$\tau(1_{p})\subset 1_{-,,p}$ for $p\geq 0$

$([A, x], y)=(x, [\tau(A), y])$ for $X_{)}y\in(,$ $A\in e$ .

$iii)$ There exists $\tau_{0}$ : $K^{(0)}\rightarrow K^{(0)}$ such that

$(ax, y)=(x, \tau_{0}(a)y)$ for $x$ , $y\in(_{)}a\in K^{(0)}$ .
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Then $K^{(\nu)}$ satisfifies the condition (C).

The proof is same as that given in [Mor93], though we give here a
statement in a little more general form so as to apply to higher order
structures(cf. [CSOO]).

If the Lie algebra $\downarrow is$ semi-simple the conditions of Proposition 2.10
are satisfied. Thus Theorem 2.3 together with Proposition 2.10 covers
all the existence theorems for Cartan connection hitherto known.

Proposition 2.10 also applies to the case where [ is given as a semi-
direct product of a simple Lie algebra and its irreducible representation,
which appears in the geometry of holonomic systems of differential equa-
tions ([Tan82], [Tan89], [DKM99]). For further detailed geometric stud-
ies based on Cartan connections, see [SY98], [Yam93], [Yam99], [Yat92].

\S 3. Differential equations on filtered manifolds

3.0. In this section we develop a general study of differential equa-
tions on filtered manifolds. Let $\beta M$ be a filtered manifold. Recalling that
the filtration $f$ satisfies

$TM$ $=f^{-\mu}\supset f^{-\mu+1}\supset\cdots\supset f^{-1}\supset f^{0}=0$ ,

we say that a local vector field $X$ on M[ is of weighted order $\leq k$ if $X$

is a section of $f^{-k}$ . The minimum of such $k$ is called the weighted order
of $X$ and denoted by w-ordX. A differential operator $P$ on $MI$ is said
to be of weighted order $\leq k$ if $P=\sum X_{1}\cdots X_{r}$ (locally) for local vector
fields $X_{1}$ , $\ldots$ , $X_{r}$ and if $\sum$ w-ord $X_{i}\leq k$ . The minimum of such $k$ is
called the weighted order of $P$ and denoted by w-ord $P$ . Since it is only
under the inequality that we actually use the notion of order, we shall
often say, by abuse of terminology, that w-ord $P=k$ if w-ord $P\leq k$ .

This notion of weighted order, which well accords with the filtration
of a filtered manifold, was rather implicit and disguised into algebraic
or geometric appearances when we studied transformation groups and
geometric structures on filtered manifolds in the preceding sections, but
will become explicit and play a fundamental r\^ole in this section.

3.1. Formal theory. We shall explain rapidly how to treat a system
of differential equations on a filtered manifold by using weighted orders
and introduce the notion of weighted involutivity, a sufficient condition
for the system to be formally integrable. A detailed account together
with some geometric applications will be treated in [MorOx].
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Let us first introduce the notion of a weighted jet bundle. Consider a
filtered vector bundle $(E, f)$ over a filtered manifold $(M, f)$ , that is, a vec-
tor bundle $E$ over $M$ of finite rank equipped with a filtration consisting
of subbundles $f$ $=\{E^{p}\}_{p\in \mathbb{Z}}$ and satisfying:

i) $E^{p}\supset E^{p+1}$

$ii)$ There exist integers $\nu_{I}$ , $\nu_{T}$ such that $E^{\nu_{I}}=E_{)}E^{\nu_{T}+1}=0$ .

Let $\underline{E}$ denote the sheaf of local sections of $E$ and $\underline{E}_{a}$ the stalk over
$a\in M$ . First we define a filtration $\{f^{k}\underline{E}_{a}\}$ of $\underline{E}_{a}$ by setting $f^{k}\underline{E}_{a}$ to be
the subspace of $\underline{E}_{a}$ consisting of $s\in\underline{E}_{a}$ such that

$(P\langle\alpha^{i}, s\rangle)(a)=0$

for any differential operator $P$ and any section $\alpha^{i}$ of the annihilating
bundle $(E^{i+1})^{\perp}$ of $E^{i+1}$ whenever

w-ord $P+i<k$ .

We then define:

$\tilde{y}^{k}E=a\in M\cup\tilde{y}_{a}^{k}E$
, $\tilde{\backslash J}_{a}^{k}E=\underline{E}_{a}/f^{k+1}\underline{E}_{a}$ .

We denote by $i^{k}$ and $i_{a}^{k}$ the natural projections $\underline{E}\rightarrow\tilde{\tau J}^{k}E$ and $\underline{E}_{a}\rightarrow\tilde{\backslash J}_{a}^{k}E$

respectively. It is easy to see that $\tilde{\backslash J}^{k}E$ is a vector bundle over $M$ .

There is a natural filtration of $\tilde{J}^{k}E$ defined by $f^{l}\tilde{t}^{k}E=0$ for $l$ $\geq k+1$

and by the following exact sequences for $l$ $\leq k$ :

$0\rightarrow f^{l+1}\tilde{t}^{k}E\rightarrow\tilde{\tau J}^{k}E\rightarrow\tilde{J}^{l}E\pi_{kl}\rightarrow 0$ ,

where $\pi_{kl}$ are the natural projections.
The vector bundle $\tilde{J}^{k}E$ equipped with this filtration will be called

the weighted jet bundle of order $k$ of $(E, f)$ over $(M, f)$ .

Note that if $E^{\nu’}=E$ then

$\tilde{J}^{\nu_{I}-1}E=0$ , $\tilde{J}^{\nu_{I}}E=E^{\nu_{I}}/E^{\nu_{I}+1}$ , $f^{\nu_{I}}\tilde{\tau J}^{k}E=\tilde{\backslash J}^{k}E$ .

Note also that if the filtrations of $M$ and $E$ are trivial) that is
$T^{-1}M=TM$ , $E=E^{0}\supset E^{1}=0$ , then the weighted jet bundle $\tilde{\backslash J}^{k}E$

reduces to the usual jet bundle $J^{k}E$ . But it should be noted that $\tilde{\tau J}^{l}\tilde{\tau J}^{k}E$

and $J^{l}J^{k}E$ are different since the former respects the filtration of $\tilde{1J}^{k}E$

but the latter does not.
The subbundle $\int^{k}\tilde{J}^{k}E$ is called the symbol of $\tilde{J}^{k}E$ . Let us describe it

more explicitly. For $x\in M$ , let $grT_{x}M[,$ $grE_{x}$ be the associated graded
Lie algebra, graded vector space of $(T_{x}M, f)$ and of $(E_{x}, f)$ respectively)
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and $U(grTxM)$ the universal enveloping algebra of $grT_{x}\beta M$ . Let $U_{l}$ denote
the set of all homogeneous elements of degree $l$ ($deg\xi=\sum p_{i}$ if $\xi=$

$A_{1}\cdots A_{m}$ with $A_{i}\in gr_{p_{i}}T_{x}\beta M.$ ) We denote $Hom(U(grT_{x}M[), grE_{x})_{k}$ the
set of all linear map $f:U\rightarrow grE_{x}$ of degree $k$ , namely $f(U_{l})\subset gr_{l+k}E_{x}$ .

Then we have the following fundamental exact sequence of bundle maps:

(3.1) $0\rightarrow Hom(U(grTMI), grE)_{k}\rightarrow\tilde{y}^{k}E\rightarrow\tilde{J}^{k-1}E\rightarrow 0$ .

If the filtrations of $M$ and $E$ are trivial the above exact sequence reduces
to the well-known one:

$0\rightarrow E\otimes S^{k}T^{*}M\rightarrow J^{k}E\rightarrow J^{k-1}E\rightarrow 0$ .

Now some elementary properties are in order:
(1) As easily seen, the map $i_{x}^{k}$ : $\underline{E}_{x}\rightarrow\underline{\tilde{\tau J}^{k}E}_{x}$ preserves the filtration,

that is

$i_{x}^{k}(f^{l+1}\underline{E}_{x})\subset f^{l+1}\underline{\tilde{J}^{k}E}_{x}$

for $l$ $\in \mathbb{Z}$ . Hence we have the bundle map:

(3.2) $\iota:\tilde{J}^{l}E\rightarrow\tilde{\backslash J}_{1}^{l}\tilde{J}^{k}E$ .

(2) If $\varphi:E\rightarrow F$ is a bundle map of degree $r$ , that is, $\varphi(E^{p})\subset F^{p+r}$

for all $p$ , then we have the bundle map:

$i^{k}\varphi:\tilde{J}^{k}E\rightarrow\tilde{\backslash J}^{k+r}F$.

Now we are going to study differential equations on a filtered mani-
fold, confining our discussion to the linear case for the sake of simplicity.
It is not difficult to extend the following formulation to the non-linear
case.

Let $E$ , $F$ be filtered vector bundles over a filtered manifold $\beta M$ . A
bundle map (of degree $r$ )

$\varphi:\tilde{J}^{k}E\rightarrow F$

is a linear differential operator of weighted order $k$ and the kernel of $\varphi$ ,
denoted by $R$ , is a system of linear differential equations. A section $s$ of
$E$ is a solution of $R$ if $\varphi(i^{k}s)=0$ .

Without loss of generality we may assume that $\varphi$ is of degree 0 and
$E^{k+1}=F^{k+1}=0$ .
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If $\varphi:\tilde{y}^{k}E\rightarrow F$ is a bundle map of degree 0, it induces bundle maps
for $i\leq k$ :

$ 0\rightarrow R\rightarrow\tilde{J}^{k}E\rightarrow\varphi$ $F$ $\rightarrow 0$

$\downarrow$ $\downarrow$ $\downarrow$

$0\rightarrow R^{i}\rightarrow\tilde{y}^{i}E\rightarrow\varphi^{\dot{x}}F^{(i)}\rightarrow 0$ ,

where we set $F^{(i)}=F/F^{i+1}$ . We call $\varphi^{i}$ (or $R^{i}$ ) differential operator (or
equation) associated with $\varphi$ (or $R$ resp.).

By the following commutative diagram we define $\sigma(R^{i})$ and call it
the symbol of degree $i$ of $R$ :

0 0 0

$\downarrow$ $\downarrow$ $\downarrow$

$ 0\rightarrow\sigma(R^{i})\rightarrow Hom(Ug)rE)_{i}\rightarrow$ $gr_{i}F$

$\downarrow$ $\downarrow$ $\downarrow$

$ 0\rightarrow$ $R^{i}$ $\rightarrow$ $\tilde{J}^{i}E$

$\rightarrow\varphi^{i}$

$F^{(i)}$

$\downarrow$ $\downarrow$ $\downarrow$

$0\rightarrow R^{i-1}$ $\rightarrow$ $\tilde{J}^{i-1}E$
$\rightarrow\varphi^{i-1}F^{(i-1)}$

$\downarrow$ $\downarrow$

0 0.

A bundle map $\varphi:\tilde{y}^{k}E\rightarrow F$ of degree 0 gives rise to bundle maps,

(3.3) $p^{l}\varphi:\tilde{y}^{l}E\rightarrow\tilde{J}^{l}F$

for all $l$ $\in \mathbb{Z}$ , called the prolongation of $\varphi$ , defined by the following
commutative diagram:

$\tilde{J}_{\tau}^{l}\tilde{J}^{k}E\rightarrow i^{\iota_{\varphi}}\tilde{J}^{l}F$

$\uparrow\iota$ $\uparrow Id$

$\tilde{y}^{l}E$
$\rightarrow p^{l}\varphi\tilde{J}^{l}F$

.

We put $\overline{\varphi}^{l}=p^{l}\varphi$ and $\overline{R}^{l}=Ker\overline{\varphi}^{l}$ , and call $\overline{\varphi}=\{\overline{\varphi}^{l}\}_{l\in \mathbb{Z}}$ or $\overline{R}=$

$\{\overline{R}^{l}\}l\in \mathbb{Z}$ the prolongation of $\varphi$ or $R$ . We have:
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1) For $i\leq l,\overline{R}^{i}$ is the associated equations of order $i$ to $\overline{R}^{l}$ .

2) If $l$ $\geq k$ , the prolongation of $\overline{R}^{l}$ coincides with $\overline{R}$ .
3) For $i\leq k$ , $R^{i}\supset\overline{R}^{i}$ .

Before entering to the study of symbols of $\overline{R}$ , we just have a look at
the following graded spaces:

$Hom(U, grE)=\oplus_{p}Hom(U, grE)_{p}$
,

whose dual space is identified with:

$U\otimes(grE)^{*}=\oplus_{q}(U\otimes(grE)^{*})_{q}$
,

where

$(U\otimes(grE)^{*})_{q}=a+b=q\oplus U_{a}\otimes(grE)_{b}^{*}$
,

and
$(grE)_{b}^{*}=(gr_{-b}E)^{*}$ .

In particular,
$Hom(U, grE)_{p}^{*}\cong(U\otimes(grE)^{*})_{-,,p}$ .

$Hom(U, grE)$ is a right $U$-graded module and $U\otimes(grE)^{*}$ a left $U$ graded
module by means of the formula:

$\langle t, \xi(\eta\otimes\alpha)\rangle=\langle t\xi, \eta\otimes\alpha\rangle$

for $t\in Hom(U, grE)$ , $\xi\in U$ , $\eta\otimes\alpha\in U\otimes(grE)^{*}$ , and we have

$Hom(U, grE)_{p}U_{q}\subset Hom(U, grE)_{p+q}$ .

Now we set

$\epsilon_{l}=\{$

$\sigma(R^{l})$ for $l$ $\leq k$

$Hom(U, grE)_{k}$ for $l$ $>k$ ,
$\overline{\epsilon}_{l}=\sigma(\overline{R}^{l})$

and let $\epsilon_{l}^{\perp}$ and $\overline{\epsilon}_{l}^{\perp}$ be the null spaces of $\epsilon_{l}$ and $\overline{\epsilon}_{l}$ in $(U\otimes(grE)^{*})_{-l}$

respectively, and
$\epsilon=\oplus\epsilon_{l}$ , $\overline{\epsilon}=\oplus\overline{\epsilon}_{l}$

$\epsilon^{\perp}=\oplus\epsilon_{l}^{\perp}$ , $\overline{\epsilon}^{\perp}=\oplus\overline{\epsilon}_{l}^{\perp}$ .
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Then we have:

Proposition 3.1.

1) $\overline{\epsilon}^{\perp}is$ a left $U$ -module generated by $\epsilon^{\perp};$
$\overline{\epsilon}^{\perp}=U\epsilon^{\perp}$ .

2) $\overline{\epsilon}$ is a right $U$ -module. Furthermore, $t$ $\in$ $\overline{\epsilon}_{l}$ for
$t\in Hom(U, grE)i$ if and only if $t\in\epsilon_{l}$ and if $t\xi\in\overline{\epsilon}_{l+deg\xi}$ for
any $\xi\in U$ .

Since $\overline{\epsilon}=\oplus\overline{\epsilon}_{l}$ is a right $U$-module, we can consider the following
differential chain complex:

$Hom(\wedge^{p}grTM[,\overline{g})_{r}\partial\rightarrow Hom(\wedge^{p+1}grTM[,\overline{g})_{r}$

defined by:

$(\partial\omega)(X_{1}, \ldots, X_{p+1})$

$=\sum(-1)^{i}\omega(X_{1}, \ldots,\hat{X}_{i}, \ldots, X_{p+1})X_{i}$

$+\sum_{i<j}(-1)^{i+j}\omega([X_{i}, X_{j}])X_{1}$
, $\ldots,\hat{X}_{i}$ , $\ldots,\hat{X}_{j}$ , $\ldots$ , $X_{p+1})$

for $\omega\in Hom(\wedge^{p} grTM\cdot \overline{\epsilon})_{r}$ and $X_{1}$ , $\ldots$ , $X_{p+1}\in grTM$ .

The cohomology group $H_{r}^{p}(grTM[,\overline{g})$ is the generalized Spencer coho-
mology group. We can deduce from Theorem 1.1 the following:

Theorem 3.1. For any $x_{0}\in M$ , there exists a neighbourhood $\mathcal{U}$

of $x_{0}$ and an integer $r0$ such that

$H_{r}^{p}(gr_{x}T\beta M,\overline{\epsilon}_{x})=0$

for $r\geq r_{0}$ and all $p$ , and for all $x\in \mathcal{U}$ .

Now we have:

Theorem 3.2. Given a differential operator of weighted order $k$

$ 0\rightarrow R^{k}\rightarrow\tilde{\backslash J}^{k}E\rightarrow F\varphi$.

Let $\overline{R}^{i}$ be the $ith$ prolongation. Assume that there exists an integer
$l_{0}(\geq k)$ which satisfifies the following conditions:

i) $\overline{R}^{i}$ are vector bundles $(i.e.)$ rank constant) for $i\leq l_{0}$ .
$ii)\overline{R}^{l_{O}}\rightarrow\overline{R}^{l_{O}-1}\rightarrow\cdots\rightarrow\overline{R}^{l_{0}-\mu}$ are all surjective.

$iii)H_{r}^{2}(grTM[,\overline{g})=0$ for $r\geq l_{0}+1$ .

Then for any $l$ $>l_{0}$ it holds:

i) $\overline{R}^{l}$ is a vector bundle.
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$ii)\overline{R}^{l}\rightarrow\overline{R}^{l-1}$ is surjective.

In particular, $\overline{R}^{\infty}(=proj\lim\overline{R}^{l})\rightarrow\overline{R}^{l_{0}}$ is surjective. Therefore the
equation $R^{k}$ has a formal solution for any prescribed $l_{0}$ -jet in $\overline{R}^{l_{0}}$ .

This theorem gives a criterion for the existence of formal solutions.
We say that the equations $\overline{R}$ is weightedly involutive if the conditions of
Theorem 3.2 hold.

This theorem can be extended to the non-linear systems of differen-
tial equations.

For a single equation the criterion of weighted involutivity is easy:
It is weightedly involutive if one of the highest order terms does not
vanish.

3.2. By the preceding discussion, we have shown that any weight-
edly involutive system of differential equations on a filtered manifold has
formal solutions. Now we turn to the problem of convergence under the
category of analyticity. First we shall show that a weightedly involu-
tive system has not always an analytic solution, but does have a formal
solution satisfying a certain estimate, namely a formal Gevrey solution.
Next, studying geometric properties of formal Gevrey functions, we shall
show that if the filtered manifold satisfies the H\"ormander condition then
the formal Gevrey functions proves to be analytic functions, which, in
turn, establish a general existence theorem of analytic solutions for a
weightedly involutive analytic system of differential equations on a fil-
tered manifold.

For our purpose, we may assume without loss of generality that our
filtered manifold is a standard one, that is, a nilpotent Lie group $N$

whose Lie algebra $\mathfrak{n}$ is graded: $\mathfrak{n}=\oplus_{p=1}^{\mu}\mathfrak{n}_{p}$ (for convenience’s sake we
reverse the gradation) and that the filtration of $E$ is trivial. Choose a
basis $\{X_{1}, \ldots, X_{n}\}$ of $\mathfrak{n}$ such that $\{X_{d(p-1)+1}, \ldots, X_{d(p)}\}$ is a basis of
$\mathfrak{n}_{p}$ , where $d(p)=\sum_{i=1}^{p}dim\mathfrak{n}_{i}$ . We define a weight function

$w:\{1, \ldots, n\}\rightarrow\{1, \ldots, \mu\}$

by the condition: $X_{i}\in \mathfrak{n}_{w(i)}$ for all $i$ . For $I$ $=(i_{1}, \ldots, i_{l})\in\{1, \ldots, n\}^{l}$ ,
we set

$X_{I}=X_{i_{1}}\cdots X_{i_{\iota)}}w(X_{I})=w(I)=\sum_{a=1}^{l}w(i_{a})$ .

We will regard $X_{I}$ as a left invariant differential operator on $N$ of
weighted order $w(I)$ . For a function $F$ in a neighbourhood of a point
$o\in N$ , the values $\{(X_{I}F)(o) : w(I)\leq k\}$ determine the weighted $k$-jet
$i_{o}^{k}F$ of $F$ at $o$ .
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Now a general system of non-linear differential equations of weighted
order $k$ on $N$ can be written as:

(E) $\Phi(x, (X_{I}F)(x))=0$ , $w(I)\leq k$ , $x\in N$ ,

where $\Phi$ and $F$ are vector valued functions taking values in some vector
$spaceS_{)}$ say, $W$ and $V$ respectively.

We say a weighted $l$-jet $F^{l}$ at $o\in N$ $(l \geq k)$ is an $l$-jet solution of
(E) if

$X_{J}\Phi(x, (X_{I}F)(x))|_{x=\circ}=0$

for all $J$ such that $w(J)\leq l-k$ . We say also that an $l$-jet solution
is strongly prolongeable (with respect to the weighted order) if for all
$m$-jet solution $F^{m}(m\geq l)$ such that $i_{o}^{l}F^{m}=F^{l}$ there exists $(m+1)$ -jet
solution $F^{m+1}$ satisfying $i_{o}^{m}F^{m+1}=F^{m}$ .

We remark that if the system (E) is weightedly involutive then any
$k$-jet solution is strongly prolongeable.

Example 3.1. Let $N$ $=\mathbb{R}^{2}$ be an abelian Lie algebra with
non-trivial gradation $\mathfrak{n}=\mathfrak{n}_{1}\oplus \mathfrak{n}_{2)}$ where $\mathfrak{n}_{1}=\langle\frac{\partial}{\partial x}\rangle$ , $\mathfrak{n}_{2}=\langle\frac{\partial}{\partial t}\rangle$ in terms

of coordinates $(x, t)$ of $\mathbb{R}^{2}$ .

Regarding $N$ as a standard filtered manifold, we consider on $N$ the
following equation:

(3.4) $(\frac{\partial}{\partial t}-a(x, t)\frac{\partial^{2}}{\partial x^{2}})F=b(x,$ $t$ , $\frac{\partial F}{\partial x})$ .

The left-hand side of this equation is homogeneous of weighted order 2
with respect to this filtration and weightedly involutive since the coeffi-
cient of $\frac{\partial}{\partial t}$ does not vanish $(=1)$ . Hence any 2-jet solution is strongly
prolongeable in the weighted sense. But if the function $a(x, t)$ vanishes

at a point then the equation is not Kowalevskayan and is not involu-
tive in the usual sense around the point. Therefore jet solutions are not

always strongly prolongeable in the ordinary sense.

Example 3.2. Let $(x, y, z)$ be coordinates of $\mathbb{R}^{3}$ and consider the
vector fields:

$X=\frac{\partial}{\partial x}-\frac{1}{2}y\frac{\partial}{\partial z}$ , $Y=\frac{\partial}{\partial y}+\frac{1}{2}x\frac{\partial}{\partial z}$ , $Z=\frac{\partial}{\partial z}$ .

Since $[X, Y]=Z$ and the other brackets are trivial) $\{X, Y, Z\}$ span a
graded Lie algebra $\mathfrak{h}=\mathfrak{h}_{1}\oplus \mathfrak{h}_{2}$ , where $\mathfrak{h}_{1}$ is spanned by $X$ , $Y$ and $\mathfrak{h}_{2}$

by $Z$ . We identify $\mathbb{R}^{3}$ with the Heisenberg group $H$ with Lie algebra $\mathfrak{h}$ .

Consider a differential equation:

(3.5) $(Z+aX^{2}+bXY+cY^{2})F=h(x, y, z, XF, YF))$
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where $a$ , $b$ , $c$ , are functions of $x$ , $y$ , $z$ . Since the left-hand side of the
equation is homogeneous of weighted order two, the equation is weight-
edly involutive. But it is not involutive in the usual sense at the points
where $a$ , $b$ , $c$ simultaneously vanish.

Now a fundamental problem is, given an $l_{0}$ -jet solution $F^{l_{O}}$ with
$l_{0}\geq k$ of (E), to find an analytic solution $F$ of (E) such that $i_{o}^{l_{0}}F=F^{l_{0}}$ .

However, there are not always such analytic solutions as seen for
the equation (3.4) in Example 3.1. In fact, it is easy to choose function
$a(x, t)$ and $b$ satisfying $a(0,0)=0$ in such a way that there exists an $l$-jet
solution at $(0, 0)$ which cannot be prolonged to any analytic solution.

Now we introduce the formal Gevrey functions on a graded nilpotent
Lie group $N$ . A formal function $F$ at $o\in N$ is called formal Gevrey if
there exist positive constants $C$ , $\rho$ such that

(3.6) $|(X_{I}F)(o)|\leq Cw(I)^{I}.\rho^{w(I)}$ for all multi-index $I$ .

The first fundamental theorem we obtain is the following:

Theorem 3.3. Given an equation (E). Assume that $\Phi(x, y_{I})$ is

formal Gevrey with respect to $x$ and analytic with respect to $y_{I}$ at $(o, y_{I}^{0})$ .

If $F^{k}=(y_{I}^{0})\in\tilde{J}^{k}(N\times V)$ is a $k$ -jet solution of (E) and strongly pro-
longeable in the weighted sense, there exists a formal Gevrey solution $F$

of (E) such that $i_{o}^{k}F=F^{k}$ .

In the case of Example 3.1 above, the theorem asserts that for any
prescribed 2-jet solution there exists a formal solution of (3.4) satisfying
the estimate:

$|((\frac{\partial}{\partial x})^{i}(\frac{\partial}{\partial t})^{j}F)(o)|\leq C(i+2j)!\rho^{i+2j}$ ,

which means that $F$ is analytic in $x$ but Gevrey of order 2 in $t$ . In
this case it is rather easy to find such a solution by direct calculation.
However, already in the case of Example 3.2, it is hard to find a for-
mal Gevrey solution for a prescribed jet solution by direct calculation.
In general, difficulties occur in finding a good algorithm to determine
inductively an $(l+1)$ -jet solution from a given $l$-jet solution since $F^{l+1}$

is not uniquely determined from $F^{l}$ .

To prove the theorem, following the method of Malgrange [Ma172],
we employ the privileged neighbourhood theorem [Ma177]. In order that
we generalize the privileged neighbourhood theorem to the universal
enveloping algebra $U(\mathfrak{n})$ of $\mathfrak{n}$ as follows:



Lie Algebras, Geometric Structures and Differential Equations 245

Any element of $U(\mathfrak{n})$ being a linear combinations of $X_{I}=X_{i_{1}}\cdots X_{i_{l}}$ ,

we set

$U_{a}(\mathfrak{n})=\{P=\sum c_{I}X_{I}\in U(\mathfrak{n})|w(X_{I})=a\}$

and $\hat{U}(\mathfrak{n})=\overline{\oplus}U_{a}(\mathfrak{n})$ be the completion of $U(\mathfrak{n})$ .

For $\rho=(\rho_{1}, \ldots, \rho_{n})$ with $\rho_{i}>0$ , define a pseudo-norm $|\cdot|_{\rho}$ of $\hat{U}(\mathfrak{n})$ :
If $P_{a}\in U_{a}(\mathfrak{n})$ we set

$|P_{a}|_{\rho}=\inf\sum|c_{I}|\rho^{w(I)}$ ,

where the infimum is taken over all expressions $P_{a}=\sum_{w(I)=a}c_{I}X_{I}$

of $P_{a}$ . For $P=\sum P_{a}\in\hat{U}(\mathfrak{n})$ we put $|P|_{\rho}=\sum|P_{a}|_{\rho}$ and set

$\mathcal{U}(\rho)=\{P\in\hat{U}(\mathfrak{n})||P|_{\rho}<\infty\}$

$\mathcal{U}=\cup \mathcal{U}(\rho)\rho>0$
.

We see that $\mathcal{U}$ is noetherian and that

$|PQ|_{\rho}\leq|P|_{\rho}|Q|_{\rho}$ for $P$, $Q\in \mathcal{U}(\rho)$ .

Now let
$u:\mathcal{U}^{m’}=(\mathcal{U}\times\cdots\times \mathcal{U})\rightarrow \mathcal{U}^{m}$

be a left $\mathcal{U}$-linear map. We say after Malgrange [Ma177] that an $\mathbb{R}$ linear

map $\lambda:\mathcal{U}^{m}\rightarrow \mathcal{U}^{m’}$ is a scission of $u$ if $u\lambda u=u$ and that $\lambda$ is adapted
to a polydisk $\mathbb{P}(\rho)=\{(x_{1}, \ldots, x_{n});|x_{i}|<\rho_{i}\}$ if there exists $C>0$ such
that

$|\lambda P|_{\rho}\leq|P|_{\rho}$

for all $P\in \mathcal{U}^{m}$ . Then we have:

Theorem 3.4 (A non-commutative version of privileged neighbour-

hood theorem). Let $u:\mathcal{U}^{m’}\rightarrow \mathcal{U}^{m}$ be a left $\mathcal{U}$ -linear map. Then one
can fifind a scission $\lambda$ of $u$ having the following property: The set of all
$\mathbb{P}(\rho)$ to which $\lambda$ is adapted forms a system of fundamental neighbour-
hoods of zero in $\mathbb{R}^{n}$ .

This theorem enables us to find a formal solution satisfying a Gevrey
estimate.

It then naturally arises the question what the formal Gevrey func-
tions are.
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Let us first examine it in the simplest case of three-dimensional
Heisenberg group (Example 3.2). A formal Gevrey function on $H$ at 0
is a formal function $F$ at 0 satisfying:

$|(X^{i}Y^{j}Z^{k}F)(0)|\leq Ci!j!(2k)!\rho^{i+j+2k}$ .

Let $D$ be the contact distribution generated by $X$ and $Y$ , that is,

$D_{p}=\{v\in T_{p}\mathbb{R}^{3}|\langle\omega, v\rangle=0\}$ ,

where
$\omega=dz-\frac{1}{2}xdy+\frac{1}{2}ydx$ .

Roughly speaking, a formal Gevrey function is analytic along the
contact distribution, or a little more precisely, if $\gamma(t)$ is an analytic
integral curve of $D$ with $\gamma(0)=0$ and if $F$ is formal Gevrey at 0 then
$ F\circ\gamma$ is analytic since every higher order derivatives can be expressed
in terms of those of $\gamma$ and $(X^{i}Y^{j}F)(0)$ which satisfy analytic estimates.
On the other hand, Chow’s theorem [Cho40] implies that, since $X$ , $Y$

and their bracket generate the tangent space at all point, any point $p$

can be joined to 0 by an integral curve of $D$ . This suggests that a formal
Gevrey function is already something which looks like a “real” function;
we might attempt to define the value $F(p)$ to be $F(\gamma(t_{1}))$ by taking an
integral curve $\gamma$ with $\gamma(0)=0$ , $\gamma(t_{1})=p$ . However, the value might
depend on the curve chosen.

To choose “
$nice^{)}$

’ integral curves we will take curves of minimal
length by making use of sub-riemannian geometry.

We define an inner product $g$ on the subbundle $D$ by $g=(dx)^{2}+$

$(dy)^{2}$ . Then the length $L$ of an integral curve $\gamma(t)(a\leq t\leq b)$ is given
by:

$\int_{a}^{b}g(\dot{\gamma},\dot{\gamma})^{1/2}dt$ .

If $(x(t), y(t)$ , $z(t))$ , $a\leq t\leq b$ , is an integral curvejoining 0 and $(x_{0}, y_{0}, z_{0})$

then

$z_{0}=\int_{a}^{b}dz=\frac{1}{2}\int_{a}^{b}x$ $dy-y$ $dx$

$L(\gamma)=\int_{a}^{b}(\dot{x}^{2}+\dot{y}^{2})^{1/2}dt$ .

Now in this case we can easily solve the variation problem: If
a curve $\gamma(t)=(x(t), y(t),$ $z(t))$ , $a\leq t\leq 6$ , is of minimal length
among the integral curves with the fixed endpoints then the projection
$\overline{\gamma}(t)=(x(t), y(t))$ must be an arc of a circle.
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This in mind, we define the exponential mapping:

$\psi:\mathbb{R}^{3}\ni(\lambda, \theta, t)\rightarrow(x, y, z)\in \mathbb{R}^{3}$

by

$(x, y)=\frac{1}{\lambda}e^{i(\theta+\pi/2)}(1-e^{i\lambda t})$ ,

$z=\frac{1}{2}\int x$ $dy-y$ $dx$ .

Then for each fixed $\lambda$ , $\theta$ , the curve $\psi(\lambda, \theta, t)$ gives a geodesic of this
subriemannian metric.

Now let $F$ be a formal Gevrey function at 0. Then, as noted in
the above, $F\circ\psi(\lambda, \theta, t)$ is analytic in $t$ in a neighbourhood of 0. But
thanks to the good parametrization of integral curves, we see moreover
that $ F\circ\psi$ is analytic in $\lambda$ , $\theta$ , $t$ at $t=0$ .

Here we recall Gabri\‘elov’s theorem ([Gab73], [Izu89], [Tou90]) which
just applies to our situation:

Theorem 3.5 (Gabri\‘elov). If $\Psi:X\rightarrow Y$ is an analytic map of
generically maximal rank of analytic spaces. Then a formal $funct\dot{\iota}$on $F$

at $y\in Y$ is convergent if the pull-back $ F\circ\Psi$ is convergent at a point
$x\in\Psi^{-1}(y)$

Hence we see that a formal Gevrey function on the Heisenberg Lie
group turns out to be an analytic function.

The consideration above generalizes to:

Theorem 3.6. Let $N$ be a Lie group with Lie algebra $\mathfrak{n}=\oplus_{i=1}^{\mu}\mathfrak{n}_{i}$ .

If $\mathfrak{n}$ is generated by $\mathfrak{n}_{1}$ , that is, $\mathfrak{n}_{i+1}=[\mathfrak{n}_{1)}\mathfrak{n}_{i}]$ for $i>0$ (H\"ormander
condition)) then the formal Gevrey functions on $N$ are analytic.

The outline of a proof is as follows. Let $\theta$ be the Maurer-Cartan
form of $N$ taking values in $\mathfrak{n}$ , which decomposes as: $\theta=\sum\theta_{i}$ with $\theta_{i}$

taking values in $\mathfrak{n}_{i}$ . We identify the cotangent bundle $T^{*}N$ with $N\times \mathfrak{n}^{*}$

by assigning $(x, \lambda)\in N\times \mathfrak{n}^{*}$ to $\lambda o\theta_{x}$ . Then the Liouville form is given
$by\ominus=\lambda\circ\theta=\sum\lambda_{i}\circ\theta^{i}$ , where $\lambda=\sum\lambda_{i}$ with $\lambda_{i}\in \mathfrak{n}^{*}$ . The symplectic
form is given by:

$\Omega=dO-=\sum d\lambda_{i}\wedge\theta^{i}+\sum\lambda_{i}\wedge d\theta^{i}$ .

Choosing an inner product $(, )$ on $\mathfrak{n}_{1}^{*}$ , we set

$H=\frac{1}{2}(\lambda_{1}, \lambda_{1})$
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and let $X_{H}$ be the hamiltonian vector field associated with the energy
function $H$ , i.e., the vector field determined by $X_{H}\rfloor d\ominus=-dH$ . Let $\varphi_{t}$

be the flow generated by $X_{H}$ and

$\Phi:N\times \mathfrak{n}^{*}\times \mathbb{R}\rightarrow N\times \mathfrak{n}^{*}$

the map defined by $\Phi(x, \lambda, t)=\varphi_{t}(x, \lambda)$ on a neighbourhood $U$ of
$N\times \mathfrak{n}^{*}\times\{0\}$ Let $\iota:\mathfrak{n}^{*}\times \mathbb{R}\rightarrow\{o\}\times \mathfrak{n}^{*}\times \mathbb{R}\subset N\times \mathfrak{n}^{*}\times \mathbb{R}$ be the
canonical injection and $\pi:N\times \mathfrak{n}^{*}\rightarrow N$ the canonical projection and
put $\Psi=\pi o\Phi o\iota$ . This map $\Psi:\mathfrak{n}^{*}\times \mathbb{R}\rightarrow N$ is the polar form of
the exponential map associated to the energy $H$ and $\Psi(\lambda, t)$ gives an
extremal for each fixed $\lambda$ . Then we have

Proposition 3.2. If $F$ is a formal Gevrey function at $o$ of $N$ the
pull-back $\Psi^{*}F$ is convergent at every point $(\lambda, 0)\in \mathfrak{n}^{*}\times\{0\}$

We will also have:

Proposition 3.3. If $\mathfrak{n}$ is generated by $\mathfrak{n}_{1}$ then $\Psi$ is generically of
maximal rank.

Then Theorem 3.6 follows from above two propositions and Gabri\‘e-

lov’s theorem.
We notice however that our original proof of Proposition 3.3 is not

complete since it uses a delicate theorem of Strichard ([Str86] and [Str89]).
Nevertheless, it is quite plausible that Proposition 3.3 can be verified
concretely from the structure of a nilpotent graded Lie group.

While B. Jakubczyk has communicated to the author a simpler proof
of Theorem 3.6 [JakOO]. His idea is as follows: Let $X_{1}$ , $\ldots$ , $X_{n_{1}}$ be a basis
of $\mathfrak{n}_{1}$ . In view of Chow’s theorem and Sard’s theorem we see that there
exist $i_{1}$ , $\ldots$ , $i_{S}\in\{1, \ldots, n_{1}\}$ such that the map $\varphi:\mathbb{R}^{s}\rightarrow N$ given by

$\varphi(t_{1}, \ldots, t_{s})=(\exp t_{1}X_{i_{1}}\cdots\exp t_{s}X_{\dot{0}_{s}})(o)$

is generically of maximal rank and it is easy to see that the properties of
Proposition 3.2 and 3.3 are satisfied for this map $\varphi$ . Hence the theorem
follows from Gabri\‘elov’s theorem.

Finally we have established the following:

Theorem 3.7. Let (E) be an analytic system of non-linear partial
differential equations of weighted order $k$ on a graded nilpotent Lie group
$N$ with a Lie algebra $\mathfrak{n}=\oplus_{p=1}^{\mu}\mathfrak{n}_{p}$ . Assume that $\mathfrak{n}$ is generated by $\mathfrak{n}_{1}$ .

If $F^{k}\in\tilde{\tau J}_{o}^{k}(N\times V)$ is a $wei$ghted $k$ -jet solution of (E) at $o\in N$ and
strongly prolongeable, then there exists an analytic solution $F$ of (E)

defifined in a neighbourhood of $o$ such that $i_{o}^{k}F=F^{k}$ .
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Theorem 3.8. Let (E) be an analytic system of non-linear partial
differential equations of weighted order $k$ on a graded nilpotent Lie group
$N$ with a Lie algebra $\mathfrak{n}=\oplus_{p=1}^{\mu}\mathfrak{n}_{p}$ . Assume that $\mathfrak{n}$ is generated by $\mathfrak{n}_{1}$ .

If (E) is weightedly involutive, then there exists an analytic solution for
any prescribed weighted $k$ -jet solution.

It should be remarked that the above theorems apply to a wide class
of systems of non-linear partial differential equations with singularities.

Thus we are led to a non-trivial generalization of the Cartan-K\"ahler

theorem by the nilpotent analysis.
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Cayley Transforms and Symmetry Conditions
for Homogeneous Siegel Domains

Takaaki Nomura

Abstract.

In this article we first present a family of Cayley transforms of a
homogeneous Siegel domain. We then give characterizations of sym-
metric Siegel domains among homogeneous Siegel domains in terms
of norm equalities involving the Cayley transforms. Applications of
these characterizations to analysis on Siegel domains (the Berezin
transforms and the Poisson kernel) are also exhibited.

Introduction

Homogeneous Siegel domains are very interesting objects for
researchers working in geometry or in analysis (or in both areas). This
class of domains contains Hermitian symmetric spaces, and as one sees
from the study for symmetric spaces as developed in [12], [28] or else,

the presence of symmetry makes the algebraic and geometric structure
rich and the analysis fertile. Occasionally some of well-known facts for
Hermitian symmetric spaces drastically fail to hold upon loss of symme-
try. Several of these phenomena are provided in the paper [3] as striking
contrasts with symmetric Siegel domains. The results announced in this
article lie in the same direction, and give analytic-geometric grounds
to some properties of the Laplace-Beltrami operator which the present
author came across during the study of Berezin transforms. Specifically,
we exhibit

(1) a norm equality which leads us to the equivalence between
the commutativity of the Berezin transform with the
Laplace-Beltrami operator and the symmetry of the domain,
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(2) a norm equality accounting for the equivalence between the van-
ishing of the Poisson kernel under the Laplace-Beltrami operator
and the symmetry of the domain.

Each of the two norm equalities involves a Cayley transform which
is a visible generalization of the linear fractional one in $\mathbb{C}$ mapping the
right half plane onto the unit disk. Our two Cayley transforms as well
as Penney’s [24] differ slightly from each other in general, but coincide
up to positive scalar multiples if the domain is symmetric. The Cayley
transforms are presented in Section 2 in a unified manner. In the nota-
tion used there, the Cayley transform needed for the norm equality in (1)
$ab9ve$ is $C_{2d+b}$ (see Section 3 for $d$ and $b$ ), and the one for (2) is $C_{d+b}$ .

Penney’s in [24] is expressed as $C_{d}$ . An explicit formula for the inverse
Cayley transform is also given in this article. The references are [19]
and [22].

The norm equalities are presented in Section 3. We outline the proof
of them briefly in this article. The details are quite technical, and we
refer the reader to the papers [20] and [23].

Applications to the Berezin transforms and to the Poisson kernel are
exhibited in Sections 4 and 5, respectively. The proofs of these results
are found in [21] and [23].

The present author thanks the referee for the improvement of the
presentation of this article.

\S 1. Preliminaries

Let $V$ be a finite-dimensional real vector space and $\Omega$ an open convex
cone in $V$ containing no entire line. We put $W:=V_{\mathbb{C}}$ , the complexifi-
cation of $V$ . The conjugation in $W$ with respect to the real form $V$ is
written as $w\mapsto w^{*}$ . Let $U$ be another complex vector space of finite
dimension. Let $Q:U\times U\rightarrow W$ be an $\Omega$-positive Hermitian sesquilinear
( $\mathbb{C}$-linear in the first variable and antilinear in the second) map. We
have

$\{$

$Q(u’, u)=Q(u, u’)^{*}$ $(u, u’\in U)$ ,

$Q(u, u)\in\overline{\Omega}\backslash \{0\}$ for all $u\in U\backslash \{0\}$ .

The Siegel domain $D$ corresponding to these data is defined to be

$D:=\{(u, w)\in U\times W;w+w^{*}-Q(u, u)\in\Omega\}$ .

We always assume that $D$ is homogeneous, that is, the Lie group Hol(D)
of holomorphic automorphisms of $D$ acts transitively on $D$ .

By [25], we can find a split solvable Lie group $G$ which acts simply
transitively on $D$ . In $G$ we also have a subgroup $H$ acting linearly and
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simply transitively on the cone $\Omega$ . Let $g:=Lie(G)$ and $\mathfrak{h}:=Lie(H)$ , the
Lie algebras of $G$ and $H$ respectively. Since $G$ is diffeomorphic to the
complex manifold $D$ , we have an integrable almost complex structure
$J$ on $g$ . Moreover there is a linear form $\omega$ on $g$ such that $\langle x|y\rangle_{\omega}:=$

$\langle[Jx, y], \omega\rangle$ defines a $J$-invariant positive definite inner product on $g$ .

Such linear forms $\omega$ are said to be admissible. Structure theory of $g$

in [25] or [26] tells us that the orthogonal complement $\alpha$ of the derived
algebra $\mathfrak{n}$ $:=[g, g]$ is an abelian subalgebra such that $\alpha$ acts semisimply
on $g$ by adjoint representation. This gives us a root space decomposition
$g$ $=\alpha+\sum_{\alpha\in\triangle}\mathfrak{n}_{\alpha}$ , where $\triangle$ is a finite subset of $\alpha^{*}$ explained shortly and

$\mathfrak{n}_{\alpha}:=$ { $x$ $\in \mathfrak{n};[h,$ $x]=\langle h$ , $\alpha\rangle x$ for all $ h\in\alpha$ }.

The dimension $ r:=dim\alpha$ is called the rank of $g$ . The Lie algebra $g$

always possesses a direct product of $r$ copies of $(ax+b)$ -algebra, that is,

a basis $H_{1}$ , $\ldots$ , $H_{r}$ of $\alpha$ such that if we put $E_{k}:=-JH_{k}$ , then $[H_{j}, E_{k}]=$

$\delta_{jk}E_{k}$ . Let $\alpha_{1}$ , $\ldots$ , $\alpha_{r}$ be the basis of $\alpha^{*}$ dual to $H_{1}$ , $\ldots$ , $H_{r}$ . Then the
elements of $\triangle$ , which we call the roots of $\mathfrak{g}$ , are of the following form
(not all possibilities need occur):

$\frac{1}{2}(\alpha_{m}+\alpha_{k})$ $(1\leqq k<m\leqq r)$ , $\frac{1}{2}(\alpha_{m}-\alpha_{k})$ $(1\leqq k<m\leqq r)$ ,

$\frac{1}{2}\alpha_{k}$ $(1\leqq k\leqq r)$ , $\alpha_{k}$ $(1\leqq k\leqq r)$ .

Moreover we have $\mathfrak{n}_{\alpha_{k}}=\mathbb{R}E_{k}$ . With $g(1/2):=\sum_{i=1}^{r}\mathfrak{n}_{\alpha_{i}/2}$ and

$g(0):=\alpha\oplus\sum_{m>k}\mathfrak{n}_{(\alpha_{m}-\alpha_{k})/2}$
, $g(1):=\sum_{i=1}^{r}\mathfrak{n}_{\alpha_{i}}\oplus\sum_{m>k}\mathfrak{n}_{(\alpha_{m}+\alpha_{k})/2}$ ,

we have the eigenspace decomposition $g$ $=g(0)+g(1/2)+g(1)$ of
$ad(H_{1}+\cdots+H_{r})$ , which gives a gradation $[g(i), g(j)]\subset g(i+j)$ , where
we understand $g(i)=0$ for $i>1$ . Then, we can take $g(1)$ as $V$ ,
$(g(1/2), -J)$ as $U$ (the subspace $g(1/2)$ being $J$-invariant), and $G(0):=$

$\exp g(0)$ as the group $H$ . Set $E:=E_{1}+\cdots+E_{r}$ . The cone $\Omega$ can be
taken as the $H$ orbit $H(E)$ , and we have a diffeomorphism from $H$ onto
$\Omega$ by the orbit map $h\mapsto hE$ . The sesquilinear map $Q$ is then written as

(1.1) $Q(u, u’)=\frac{1}{2}([Ju, u’]-i[u, u’])$ $(u, u’\in U)$ .

Finally we take $e:=(0, E)$ as a base point of $D$ , so that we have a
diffeomorphism $g\mapsto g$

. $e$ from $G$ onto $D$ .
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\S 2. Family of Cayley transforms

Let us put $ A:=\exp\alpha$ and set for $t=(t_{1}, \ldots, t_{r})\in \mathbb{R}^{r}$

(2.1) $a(t):=\exp(t_{1}H_{1}+\cdots+t_{r}H_{r})$ .

For every $s=(s_{1}, \ldots, s_{r})\in \mathbb{R}^{r}$ let $\chi_{s}$ be the one-dimensional repre-
sentation of $A$ defined by $\chi_{s}(a(t))=\exp(\sum_{k}s_{k}t_{k})$ . Let $N:=\exp \mathfrak{n}$ be
the subgroup corresponding to $\mathfrak{n}$ . Then $G=N\rangle\triangleleft A$ , and $\chi_{s}$ extends
to a positive character of $G$ by defining $\chi_{s}(n)=1$ for $n\in N$ . Let
$\triangle_{s}$ be the function on $\Omega$ obtained by the transfer of $\chi_{s}|_{H}$ , that is,
$\triangle_{s}$ (hE) $:=\chi_{s}(h)(h\in H)$ . Evidently we have

$\triangle_{s}(hx)=\chi_{s}(h)\triangle_{S}(x)$ $(h\in H, x\in\Omega)$ .

We know that $\triangle_{s}$ extends to a holomorphic function on the tube domain
$\Omega+iV$ (cf. for instance [14, Corollary 2.5]).

For $c\in \mathbb{R}^{r}$ , we write $c>0$ if $c_{j}>0$ for all $j=1$ , $\ldots$ , $r$ . Let $c\in \mathbb{R}^{r}$

with $c>0$ . Denote by $D_{v}(v\in V)$ the directional differentiation in the

direction $v\in V:D_{v}f(x):=\frac{d}{dt}f(x+tv)|_{t=0}$ . Define a map $I_{c}$ : $\Omega\rightarrow V^{*}$

through

$\langle v, I_{c}(x)\rangle:=-D_{v}\log\triangle-\mathbb{C}(x)$ $(v\in V, x\in\Omega)$ .

By [22] we know that $I_{c}$ is a bijection of $\Omega$ onto the dual cone $\Omega^{*}$ , where

$\Omega^{*}:=$ { $\xi\in V^{*};$ $\langle x$ , $\xi\rangle>0$ for all $x\in\overline{\Omega}\backslash \{0\}$ }.

Moreover, $I_{c}$ extends analytically to a rational map $W\rightarrow W^{*}$

(cf. [7, Satz 1.3.3] or [22]). To get a map inverse to $I_{c}$ we set for
every $s\in \mathbb{R}^{r}$

$E_{s}^{*}:=s_{1}E_{1}^{*}+\cdots+s_{r}E_{r}^{*}$ ,

where $\langle E_{i}, E_{j}^{*}\rangle=\delta_{ij}$ and the $E_{j}^{*}’ s$ are considered as elements of $V^{*}$

by putting 0 on the orthogonal complement of $\mathbb{R}E_{1}+\cdots+\mathbb{R}E_{r}$ in $V$

relative to the inner product $\langle . |\cdot\rangle_{\omega}$ . The group $H$ acts also on $\Omega^{*}$ simply
transitively by the contragredient action $h\cdot\xi:=\xi\circ h^{-1}(h\in H, \xi\in V^{*})$ .

We have $I_{c}(E)=E_{c}^{*}$ , which we choose as a base point of $\Omega^{*}$ . Define a
function $\triangle_{c}*$ on $\Omega^{*}$ by $\triangle_{c}*(h\cdot E_{c}^{*}):=\chi_{c}(h)(h\in H)$ . Let $I_{c}^{*}$ be a map
$\Omega^{*}\rightarrow V$ obtained by

$\langle I_{c}^{*}(\xi), f\rangle=-D_{f}\log\triangle_{c}*(\xi)$ $(\xi\in\Omega^{*}, f\in V^{*})$ .

Then, $I_{c}^{*}$ turns out to be a bijection of $\Omega^{*}$ onto $\Omega$ , and extends analyti-
cally to a rational map $W^{*}\rightarrow W$ .
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Proposition 2.1 ([22]).

(1) One has $I_{c}^{*}=I_{c}^{-1}$ , so that $I_{c}$ is a birational map.
(2) $I_{c}$ is holomorphic on the tube domain $\Omega+iV$ , and $I_{c}^{*}$ on

$\Omega^{*}+iV^{*}$ .

(3) $I_{c}(\Omega+iV)$ is contained in the holomorphic domain of $I_{c}^{*}$ , and
$I_{c}^{*}(\Omega^{*}+iV^{*})$ in the holomorphic domain of $I_{c}$ .

Remark 2.2. In general, we cannot have $I_{c}(\Omega+iV)\subset\Omega^{*}+iV^{*}$ .

See for example [19, \S 5].

Now we define our Cayley transform. Regarding $E_{c}^{*}$ canonically as
a complex linear form on $W$ , we first set for $w\in W$

(2.2) $C_{c}(w):=E_{c}^{*}-2I_{c}(w+E)$ .

This is for the tube domain $\Omega+iV$ , and the image $C_{c}(\Omega+iV)$ is in $W^{*}$ .

Our Cayley transform $C_{c}$ for the type $II$ domain $D$ is defined to be

(2.3) $C_{c}(u, w):=(2\langle Q(u, \cdot), I_{c}(w+E)\rangle, C_{c}(w))$ ,

where $u\in U$ and $w\in W$ . The image $C_{c}(D)$ lies in $U^{T}\oplus W^{*}$ , where U\dagger

denotes the space of antilinear forms on $U$ .

Let us describe the inverse map of $C_{c}$ . We first introduce a real
inner product on $V$ by $\langle x|y\rangle_{c}:=\langle[Jx, y], E_{c}^{*}\rangle$ . We note here that
$\langle x|y\rangle_{c}=D_{x}D_{y}\log\triangle-C(E)$ . We extend it to a complex bilinear form
on $W\times W$ , which we denote by the same symbol. For each $f\in W^{*}$ , an
element $\iota_{c}(f)\in W$ is defined by requiring that ( $w, f\rangle=\langle w|\iota_{c}(f)\rangle_{c}$ for
any $w\in W$ . On the other hand,

$(u_{1}|u_{2})_{c}=2\langle Q(u_{1}, u_{2})|E\rangle_{c}$

defines a Hermitian inner product on $U$ . Then, $\iota_{c}(F)(F\in U^{\uparrow})$ is the

element in $U$ such that $\langle u, F\rangle=(\iota_{c}(F)|u)_{c}$ for any $u\in U$ . Now for
each $w\in W$ , we obtain a complex linear operator $\varphi_{c}(w)(w\in W)$ on $U$

through the formula

(2.4) $(\varphi_{c}(w)u_{1}|u_{2})_{c}=2\langle Q(u_{1}, u_{2})|w\rangle_{c}$ .

Theorem 2.3 ([22]).

(1) The image $C_{c}(D)$ is bounded.
(2) $C_{c}$ maps $D$ onto $C_{c}(D)$ birationally and biholomorphically, and

one has for $f\in W^{*}$ and $F\in U^{T}$

$C_{c}^{-1}(f)=2I_{c}^{*}(E_{c}^{*}-f)-E$ ,

$C_{c}^{-1}(F, f)=(2\varphi_{c}(E-\iota_{c}(f))^{-1}(\iota_{c}(F)), C_{c}^{-1}(f))$ .
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\S 3. Norm equalities

We suppose from now on that our Siegel domain $D$ is irreducible.
The Bergman metric of $D$ induces a Hermitian inner product $(\cdot|\cdot)$ on
the tangent space $T_{e}(D)=U+W$ . Recall that by (2.3) the image $C_{c}(D)$

is contained in the space $U^{\uparrow}+W^{*}$ , on which we import a Hermitian inner
product $(\cdot|\cdot)$ from $U+W$ canonically. Let $||\cdot||$ be the corresponding
norm.

We put for $j=1$ , $\ldots$ , $r$

(3.1) $d_{j}:=trad_{g(1)}(H_{j})$ , $b_{j}:=trad_{g(1/2)}(H_{j})$ .

Setting $d:=(d_{1}, \ldots, d_{r})$ and $b:=(b_{1}, \ldots, b_{r})$ , we consider the Cayley
transform $C_{2d+b}$ . Recall that the domain $D$ is said to be symmetric if
for every $z\in D$ , there exists an involutive holomorphic automorphism
$\sigma_{z}$ of $D$ such that $z$ is an isolated fixed point of $\sigma_{z}$ .

Theorem 3.1 ([20]). The norm equality

$||C_{2d+b}(g\cdot e)||=||C_{2d+b}(g^{-1}\cdot e)||$

holds for any $g\in G$ if and only if $D$ is symmetric.

Since $C_{c}(e)=0$ for any $c>0$ , Theorem 3.1 can be rephrased as

Theorem 3.2. The norm equality

$||h\cdot 0||=||h^{-1}\cdot 0||$

holds for any $h\in C_{2d+b}\circ G\circ C_{2d+b}^{-1}$ if and only if $C_{2d+b}(D)$ is
symmetric.

We first indicate the proof of the “if part” of Theorem 3.2 by grant-
ing that $\prime D:=C_{2d+b}(D)$ is the Harish-Chandra realization of a Hermitian
symmetric space if $D$ is symmetric. In this case Hol(P) is a semisimple
Lie group, and we denote by $G$ its connected component of the identity.
Let $K$ be the stabilizer of $G$ at the origin. Then $K$ is a maximal compact
subgroup of G. Put A $:=C_{2d+b}\circ AoC_{2d+b}^{-1}$ . We have a Cartan decompo-
sition $G=KAK$ . Every element $h\in G$ is written as $h=k_{1}a(t)k_{2}$ , where
$k_{1}$ , $k_{2}\in K$ and a(t) $:=C_{2d+b}oa(t)\circ C_{2d+b}^{-1}\in A$ with $a(t)$ as in (2.3)
The only thing to be noted is that $K$ is a closed subgroup of the unitary
group. Therefore $||h\cdot 0||=||h^{-1}\cdot 0||$ if and only if $||a(t)$ . $0||$ is invariant
under $t\mapsto-t$ . But this is clear’ from the fact that

a (t) $\cdot 0=\sum_{j=1}^{r}(2d_{j}+b_{j})(\tanh\frac{t_{j}}{2})E_{j}^{*}$ ,
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where we note that, $D$ being irreducible and symmetric, both $d_{j}$ and $b_{j}$

are independent of $j$ .

The proof of the “only if part” of Theorem 3.1 requires not only
deep results due to Satake and Dorfmeister about characterizations of
symmetric Siegel domains but hard computations. We also need a
criterion for an irreducible Siegel domain to be quasisymmetric pub-
lished in [4]. By saying that $D$ is quasisymmetric, we mean that the
cone $\Omega$ is selfdual with respect to the inner product $\langle v_{1}|v_{2}\rangle_{2d+b}=$

$D_{v_{1}}D_{v_{2}}\log\triangle_{-2d-b}(E)(v_{1}, v_{2}\in V)$ , see the formula (4.1) below for the
Bergman kernel of $D$ and the paper [5]. On the other hand, we define a
non-associative product $v_{1}v_{2}$ in $V$ by

$\langle v_{1}v_{2}|v_{3}\rangle_{2d+b}=-\frac{1}{2}D_{v_{1}}D_{v_{2}}D_{v_{3}}\log\triangle-2d-b(E)$ .

Then, $D$ is quasisymmetric if and only if this is a Jordan algebra product
by [5, Theorem 2.1] or by the proof of [4, Proposition 3].

Proposition 3.3 ( $D$ ’Atri and Dotti Miatello [4]). $D$ is quasisym-
metric if and only if the following two conditions are satisfied:

(1) $dim\mathfrak{n}_{(\alpha_{m}+\alpha_{k})/2}(m>k)$ is independent of $k$ , $m$ ,

(2) $dim\mathfrak{n}_{\alpha_{j}/2}$ is independent of $j$ .

The validity of the norm equality in Theorem 3.1 for elements $g$

in $\exp g’$ , where $g’$ varies over rank two or rank three subalgebras of $g$ ,

together with Proposition 3.3, reduces $D$ to a quasisymmetric domain
after a lot of computations. Then we have a Jordan algebra structure in
$V$ . Furthermore, due to Dorfmeister, the linear map $\varphi:=\varphi_{2d+b}$ : $ W\rightarrow$

Endc $U$ defined by (2.4) for $c=2d+b$ turns out to be a Jordan
$*$-representation, see [5] and [19]. The final reduction to a symmet-
ric domain is to show that the Jordan structure in $V$ and the Jordan
representation $\varphi$ come naturally from a Hermitian Jordan triple system
(see Satake [28] and Dorfmeister [5]). Actually we use the following
criterion described in [2, Corollary 1, p. 332]:

Proposition 3.4 (Dorfmeister). Suppose that $D$ is quasisym-

metric. Then, $D$ is symmetric if and only if there is a complete set

of primitive idempotents $f_{1}$ , $\ldots$ , $f_{r}$ in the Jordan algebra $V$ such that
with $U_{k}:=\varphi(f_{k})U$ we have $\varphi(Q(u_{1}, u_{2}))u_{1}=0$ for all $u_{1}\in U_{1}$ and
$u_{2}\in U_{2}$ .

To verify this criterion, we consider $\mathfrak{n}_{D}:=g(1)+g(1/2)$ . It is at

most 2-step nilpotent in view of our gradation of $g$ . Let $N_{D}=\exp \mathfrak{n}_{D}$ be
the corresponding connected and simply connected nilpotent Lie group
contained in $G$ . Writing the elements of $N_{D}$ as $n(a, b)(a\in g(1)$ ,
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$b\in g(1/2))$ , we see by the Campbell-Hausdorff formula that the group
operation is described as

$n(a, b)n(a’, b’)=n(a+a’-ImQ(b, b’),$ $b+b’)$ .

The group $N_{D}$ acts on $U+W$ through affine transformations:

$n(a, b)\cdot(u, w)=(u+b,$ $w+ia+\frac{1}{2}Q(b, b)+Q(u, b))$ ,

where $(u, w)\in U\times W$ . Now verification of the criterion in Proposi-
tion 3.4 is done by inspecting the validity of the norm equality for the
elements $g=n(0, u_{k})n(0, u_{j})$ , where $u_{k}\in \mathfrak{n}_{\alpha_{k}/2}$ and $u_{j}\in \mathfrak{n}_{\alpha_{j}/2}$ .

Let us proceed to the second norm equality. We know that the Silov
boundary $\Sigma$ of $D$ is described as

(3.2) $\Sigma=\{(u, w)\in U\times W;2Rew=Q(u, u)\}$ .

Clearly $\Sigma$ is the $N_{D}$ orbit $N_{D}\cdot 0$ . Indeed the orbit map $n\mapsto n\cdot 0$ gives a
diffeomorphism of $N_{D}$ onto $\Sigma$ . On the other hand, we denote by $\beta$ the
Koszul form on $g$ given by

(3.3) $\langle x, \beta\rangle=tr(ad(Jx)-Jad(x))$ $(x\in g)$ .

It is known by [18, Th\’eor\‘eme 1] that $\langle x|y\rangle_{\beta}:=\langle[Jx, y], \beta\rangle$ is the real
part of the Hermitian inner product of $g$ induced by the Bergman metric
of $D$ up to a positive number multiple. In particular, $\beta$ is admissible.

Let $\Psi\in g$ be the element such that $\langle x|\Psi\rangle_{\beta}=trad(x)$ holds for
any $x\in g$ . We know that $\Psi\in\alpha$ . For any $s\in \mathbb{R}^{r}$ , let $\alpha_{s}\in\alpha^{*}$ be the
element determined by $\chi_{s}(\exp T)=\exp\langle T, \alpha_{s}\rangle$ for any $ T\in\alpha$ . We now
consider the Cayley transform $C_{d+b}$ .

Theorem 3.5 ([23]). The norm equality

$||C_{d+b}(\zeta)||^{2}=\langle\Psi, \alpha_{d+b}\rangle$

holds for any $\zeta\in\Sigma$ if and only if the domain $D$ is symmetric.

Here also we first outline the proof of the “if part” of Theorem 3.5.
Suppose that $D$ is symmetric. Then, since $D$ is irreducible, one knows
that both $d_{j}$ and $b_{j}$ in (3.1) are independent of $j$ . Thus we can consider
$D:=C_{d+b}(D)$ as the Harish-Chandra realization of a bounded symmet-
ric domain. Let $G$ denote, as before, the connected semisimple Lie group
Hol(D)o. Note that $C_{d+b}(0)=-E_{d+b}^{*}$ in view of (2.3). Let $K$ be the
stabilizer of $G$ at the origin. $K$ is a maximal compact subgroup of $G$ as
well as a subgroup of the unitary group. By Theorem 3 in [16, p. 179],
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$C_{d+b}(\Sigma)$ is contained in the Silov boundary of $D$ , which equals the
$K$-orbit $K\cdot(-E_{d+b}^{*})$ (cf. Corollary in [16, p. 155]). Therefore $||C_{d+b}(\zeta)||$ is

independent of $\zeta\in\Sigma$ , and the equality $||E_{d+b}^{*}||^{2}=\langle\Psi, \alpha_{d+b}\rangle$ is readily
verified because $d_{j}$ and $b_{j}$ are independent of $j$ .

To outline the proof of the “only if part”, we need the complexi-
fication $G_{\mathbb{C}}$ of $G$ . Let $G(0)_{\mathbb{C}}$ be the subgroup of $G_{\mathbb{C}}$ corresponding to
the subalgebra $g(0)_{\mathbb{C}}$ of $g_{\mathbb{C}}$ . We rely on the following proposition for the
analysis of the norm equality in Theorem 3.5.

Proposition 3.6 ([19]). There exists a real analytic map $\eta:V\rightarrow$

$G(0)_{\mathbb{C}}$ such that $\eta(y)E=E+iy$ and $\eta(0)=e$ , the identity element

of $G(0)_{\mathbb{C}}$ .

Note that if $y\in V$ , then we have $(0, iy)\in\Sigma$ . For $j<k$ , let us write
$V_{kj}$ instead of $\mathfrak{n}_{(\alpha_{k}+\alpha_{j})/2}$ for simplicity. Since $I_{d+b}(E+iy)=\eta(y)\cdot E_{d+b}^{*}$ ,

we can compute $||C_{d+b}(0, iy)||^{2}=||C_{d+b}(iy)||^{2}$ for $y$ in $V_{kj}$ , in $V_{lj}+V_{lk}$ ,
or in $V_{kj}+V_{lj}$ for $j<k<l$ . Then, the validity of the norm equality
for these $\zeta=(0, iy)$ , together with Proposition 3.3, yields that $D$ is

quasisymmetric, though the computations are by no means trivial. Once
we reduce $D$ to a quasisymmetric domain, we have a Jordan algebra
structure in $V$ and a $Jordan*$-representation $\varphi:=\varphi_{d+b}$ of $W$ just as in
the previous discussion. The final reduction of $D$ to a symmetric domain
is done by using Proposition 3.4 and by analyzing the norm equality for

$\zeta=(u_{j}+u_{k}$ , $\frac{1}{2}Q(u_{j}+u_{k}, u_{j}+u_{k})+iImQ(u_{j}, u_{k})$ ) $(j<k)$ ,

where $u_{j}\in \mathfrak{n}_{\alpha_{j}/2}$ and $u_{k}\in \mathfrak{n}_{\alpha_{k}/2}$ .

\S 4. Berezin transforms

Let us first consider the Laplace-Beltrami operator on $D$ determined
by the Bergman metric of $D$ . Since $D$ is diffeomorphic to our split solv-
able Lie group $G$ , we have the corresponding Laplace-Beltrami operator
on $G$ , which is, up to a positive number multiple, the operator $\mathcal{L}_{\beta}$ defined
by the left invariant Riemannian metric on $G$ induced by the real inner
product $\langle x|y\rangle_{\beta}$ , where $\beta$ is the Koszul form (3.3). To express $\mathcal{L}_{\beta}$ in

terms of elements of the universal enveloping algebra $U(\mathfrak{g})$ of $g$ , we need
to fix our notation. If we regard an element $X\in U(\mathfrak{g})$ as a left invariant

differential operator on $G$ , we write $\overline{X}$ , whereas we add nothing to $X$

when we regard $X$ as a right invariant differential operator on $G$ . Thus

if $X\in g$ , we have for smooth functions $f$ on $G$

$\overline{X}f(x)=\frac{d}{dt}f(x\exp(tX))|_{t=0}$ , $Xf(x)=\frac{d}{dt}f(\exp(-tX)x)|_{t=0}$ .
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Let $\Psi\in g$ be as in Theorem 3.5. Though Proposition 4.1 below holds
for any connected Lie group, we write it down here in our situation. Let
$2N:=dimg$ .

Proposition 4.1 (Urakawa [29]). One has $\mathcal{L}_{\beta}=-\overline{\Lambda}+\overline{\Psi}$ , where

$\Lambda:=X_{1}^{2}+\cdots+X_{2N}^{2}\in U(g)$

with an orthonormal basis $\{X_{j}\}_{j=1}^{2N}$ of $g$ relative to $\langle \cdot|\cdot\rangle_{\beta}$ .

Let $\kappa$ be the Bergman kernel of $D$ . We have, up to a positive number
multiple,

(4.1) $\kappa(z_{1}, z_{2})=\triangle_{-2d-b}(w_{1}+w_{2}^{*}-Q(u_{1}, u_{2}))$ ,

where $z_{j}=(u_{j}, w_{j})\in D$ . The Berezin kernel $A_{\lambda}(\lambda\in \mathbb{R})$ on $D$ is given
by

$A_{\lambda}(z_{1}, z_{2}):=(\frac{|\kappa(z_{1},z_{2})|^{2}}{\kappa(z_{1},z_{1})\kappa(z_{2},z_{2})})^{\lambda}$ $(z_{1}, z_{2}\in D)$ .

It is $G$-invariant:

$A_{\lambda}(g\cdot z_{1}, g\cdot z_{2})=A_{\lambda}(z_{1}, z_{2})$ $(g\in G)$ .

We put $a_{\lambda}(g):=A_{\lambda}(g\cdot e, e)(g\in G)$ . We see easily that $a_{\lambda}\in L^{1}(G)$

with respect to the left Haar measure provided that $\lambda$ is greater than
some positive number $\lambda_{0}<1$ ( $\lambda_{0}$ can be given explicitly). We have
$a_{\lambda}(g)=a_{\lambda}(g^{-1})$ . Consider the space $L^{2}(G)$ on $G$ for the left Haar
measure. The Berezin transform $B_{\lambda}(\lambda>\lambda_{0})$ , when transferred to
$L^{2}(G)$ , is given by the convolution operator

$B_{\lambda}f(x):=\int_{G}f(y)a_{\lambda}(y^{-1}x)dy=f*a_{\lambda}(x)$ $(f\in L^{2}(G))$ .

The integral is absolutely convergent by a standard argument.

Theorem 4.2 ([21]). Let $\lambda>\lambda_{0}$ be fixed. Then, $B_{\lambda}$ commutes
with $\mathcal{L}_{\beta}$ if and only if $D$ is symmetric.

We indicate here how Theorem 4.2 is derived from Theorem 3.1.

(1) $B_{\lambda}$ commutes with $\mathcal{L}_{\beta}\Leftrightarrow(-\overline{\Lambda}+\overline{\Psi})a_{\lambda}=(-\Lambda+\Psi)a_{\lambda}$ .

(2) Since $a_{\lambda}(g)=a_{\lambda}(g^{-1})$ , we have $\overline{X}a_{\lambda}(g)=Xa_{\lambda}(g^{-1})$ for all
$X\in U(g)$ and $g\in G$ .

Therefore we have

$B_{\lambda}$ commutes with $\mathcal{L}_{\beta}=$ $(\Lambda-\Psi)a_{\lambda}(g)=(\Lambda-\Psi)a_{\lambda}(g^{-1})(\forall g\in G)$ .
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On the other hand, after a somewhat lengthy calculation we get

$(\Lambda-\Psi)a_{\lambda}(g)=\lambda a_{\lambda}(g)(\lambda||C_{2d+b}(g\cdot e)||^{2}-\langle\Psi, \alpha_{2d+b}\rangle)$ .

Thus Theorem 4.2 follows from Theorem 3.1.

\S 5. Poisson kernel

Let $S(z, z’)(z, z’\in D)$ be the Szeg\"o kernel of the Siegel domain $D$ .

It is the reproducing kernel of the Hardy space over $D$ (cf. [11], [17]).
We have, up to a positive number multiple,

(5.1) $S(z_{1}, z_{2})=\triangle_{-d-b}(w_{1}+w_{2}^{*}-Q(u_{1}, u_{2}))$ ,

where $z_{j}=(u_{j}, w_{j})\in D$ . Let $\Sigma$ be the Silov boundary (3.2) of $D$ . The
boundary $\Sigma$ is stable under the (affine) action of $G=N_{D}\lambda H$ . We
note that the value $S(z, \zeta)$ for $z\in D$ and $\zeta\in\Sigma$ is obtained by a simple
substitution in (5.1). The Poisson kernel $P(z, \zeta)(z\in D, \zeta\in\Sigma)$ is
defined to be

$P(z, \zeta):=\frac{|S(z,\zeta)|^{2}}{S(z,z)}$ .

In what follows we set $P_{\zeta}^{G}(g):=P(g\cdot e, \zeta)(g\in G)$ . Let $\mathcal{L}_{\beta}$ be the
Laplace-Beltrami operator on $G$ introduced in the previous section. The
following theorem is known.

Theorem 5.1 (Hua-Look-Kor\’anyi-Xu). $\mathcal{L}_{\beta}P_{\zeta}^{G}=0$ for any $\zeta\in\Sigma$

if and only if the domain $D$ is symmetric.

Hua and Look [13] gave a proof of the $‘(if$ part” for the classical
domains by direct and case-by-case calculations, and Kor\’anyi [15] for
the case of general symmetric Siegel domains. Kor\’anyi’s proof is via
the mean-value property and actually shows a stronger property that
the Poisson kernel is annihilated by any invariant differential operator
without constant term. The “only if part” is due to [30]. However, Xu’s
proof is hardly traceable at least for the present author. The formula
in Theorem 5.2 below clarifies the computation of Xu, and indeed gives
it a geometric meaning. The formula together with Theorem 3.5 also
yields a direct proof of Theorem 5.1. We remark here that since

$P(g\cdot z, \zeta)=\chi_{-d-b}(g)P(z, g^{-1}\cdot\zeta)$ $(g\in G)$ ,

it holds that $\mathcal{L}_{\beta}P_{\zeta}^{G}=0$ for any $\zeta\in\Sigma$ if and only if $\mathcal{L}_{\beta}P_{\zeta}^{G}(e)=0$ for
any $\zeta\in\Sigma$ .

Theorem 5.2 ([23]). One has

$\mathcal{L}_{\beta}P_{\zeta}^{G}(e)=(-||C_{d+b}(\zeta)||^{2}+\langle\Psi, \alpha_{d+b}\rangle)P_{\zeta}^{G}(e)$ .
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The Canonical Contact Form

Peter J. Olver

Abstract.

The structure group and the involutive differential system that

characterize the pseudo-group of contact transformations on a jet

space are determined.

\S 1. Introduction

The canonical form on the coframe bundle over a smooth mani-
fold originally arose as the natural generalization of the canonical form
on the cotangent bundle, which plays an essential role in Hamilton-
ian mechanics, [19, 111.7]. The coframe bundle $F^{*}M\rightarrow M$ forms
a principal $GL(m)$ bundle over the $m$-dimensional manifold $M$ . The
canonical form on the coframe bundle serves to characterize the diffeo-
morphism pseudo-group of the manifold, or, more correctly, its lift to
the coframe bundle. Indeed, the invariance of the canonical form forms
an involutive differential system, whose general solution, guaranteed by
the Cartan-K\"ahler Theorem, is the lifted diffeomorphism pseudo-group.
Kobayashi, [11], introduces a vector-valued canonical form on the higher
order frame bundles over the manifold. He demonstrates that the com-
ponents of the canonical form constitute an involutive differential system
that characterizes the higher order lifts of the diffeomorphism group.

The geometrical study of differential equations relies on the jet space
first introduced by Ehresmann, [6]. In the jet bundle framework, the
pseudo-group of contact transformations, [13], [16], assumes the role of
the diffeomorphism pseudo-group. Contact transformations are charac-
terized by the fact that they preserve the contact ideal generated by
the contact forms on the jet bundle. Thus, the characterization of the
contact pseudo-group by an involutive differential system should rely on

Received October 14, 2000.
Supported in part by NSF Grant DMS 98-03154.
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a “canonical contact form” constructed on a suitable principal bundle
lying over the jet bundle. This canonical contact form should play the
same basic role in the study of the geometry of jet bundles and differ-
ential equations that the canonical form over the coframe bundle plays
in the ordinary differential geometry of manifolds and submanifolds.
In [21], Yamaguchi uses the theory of exterior differential systems to
conduct a detailed investigation of the contact geometry of higher order
jet space, but does not provide a general construction of the required

principal bundle or canonical form. This is more complicated than the
frame bundle construction, since the definition of a contact transforma-
tion via the contact ideal does not directly yield an involutive differential
system; see [4], [16]. One must apply the Cartan procedure of absorp-
tion and normalization of torsion in order to reduce the original structure
group to the appropriate involutive version, and this in turn will yield
the “minimal, involutive” version of the canonical contact form.

A crucial theorem, due to B\"ackhand, [2], demonstrates that every
contact transformation is either a prolonged point transformation, or, in
the case of a single dependent variable, a prolonged first order contact
transformation; see also [16], [20]. This allows us to restrict the struc-
ture group associated with the contact pseudo-group to one of block
upper triangular form, but this still is not enough to produce an involu-
tive differential system, and further normalizations must be imposed. In
this paper, we find the complete system of normalizations, thereby con-
structing an involutive differential system on a certain principal bundle
over the jet bundle that characterizes the contact pseudo-group.

A significant source of applications of this construction can be found
in a variety of equivalence problems defined on the jet bundle, including
differential equations, variational problems, and others. In such situa-
tions, one needs to incorporate the contact structure into the problem
via the contact forms. The canonical contact form will provide the min-
imal lift that can be imposed on the contact component of the lifted
coframe, and thus help avoid normalizations that are universally valid

for all contact transformations. Examples include equivalence problems
for differential equations, for differential operators, and for variational
problems. See [10], [16] for typical problems and applications. Addi-
tional applications to the method of moving frames developed by Mark
Fels and the author, [8], [9], [17], will appear elsewhere.

\S 2. Contact Forms on Jet Bundles

We will work with the smooth category of manifolds and maps
throughout this paper. Let $E\rightarrow X$ be a smooth vector bundle over
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a $p$-dimensional base manifold $X$ , with $q$-dimensional fibers. We use
$x$ $=(x^{1}, \ldots, x^{p})$ to denote local coordinates on $X$ , and $u=(u^{1}, \ldots, u^{q})$

to denote the fiber coordinates, so that sections of $E$ are prescribed by
smooth functions $u=f(x)$ . Let $J^{n}=J^{n}E$ denote the $n^{th}$ jet bundle
of $E$ , with associated local coordinates $z^{(n)}=(x, u^{(n)})=(\ldots x^{i}\ldots u_{J}^{\alpha}\ldots)$ ,

where the derivative coordinates $u_{J}^{\alpha}$ are indexed by unordered multi-
indices $J=(j_{1}, \ldots,j_{k})$ , with $1\leq j_{\kappa}\leq p$ , of orders $0\leq k=\# J\leq n$ .
Given a (local) section $f:X\rightarrow E$ , we let $j_{n}f:X\rightarrow J^{7l}$ denote its $n$-jet,
which forms a section of the $n^{th}$ order jet bundle.

Definition 2.1. A differential form $\theta$ on the jet space $J^{n}$ is called
a contact form if it is annihilated by all jets: $(j_{n}f)^{*}\theta=0$ .

The space of contact forms on $J^{n}$ forms differential ideal $I^{(7l)}$ , called
the contact ideal, over $J^{n}$ .

Theorem 2.2. In local coordinates, every contact one-form on $J^{n}$

can be written as a linear combination of the basic contact forms

(2.1) $\theta_{J}^{\alpha}=du_{J}^{\zeta X}-\sum_{i=1}^{p}u_{J,i}^{\alpha},dx^{i}$ , $\alpha=1$ , $\ldots$ , $q$ , $o\leq\# J<n$ .

These one-forms constitute a basis for the contact ideal $I^{(n)}$ .

For instance, in the case of one independent and one dependent
variable, the basic contact forms are

$\theta_{0}=du-u_{x}dx$ ,

(2.2) $\theta_{1}=du_{x}-u_{xx}dx$ ,

$\theta_{2}=du_{xx}-u_{xxx}dx$ , $\ldots$

In (2.1), we call $\# J$ the order of the contact form $\theta_{J}^{\alpha}$ . The reader
should note that the contact forms on $J^{n}$ have orders at most $n$ $-1$ .

Lemma 2.3. A section $F:X\rightarrow J^{n}$ locally coincides with the $n$ jet

of a section $f:X\rightarrow E$ , meaning $F=j_{7l}f$ on an open subset of $X$ , if
and only if $F$ annihilates all the contact forms on $J^{n}$ :

(2.3) $F^{*}\theta_{J}^{\alpha}=0$ , $\alpha=1$ , $\ldots$ , $q$ , $0\leq\# J<n$ .

Definition 2.4. A local diffeomorphism $\Psi:J^{r\iota}\rightarrow J^{7\iota}$ defines a
contact transformation of order $n$ if it preserves the contact ideal, mean-
ing that if $\theta$ is any contact form on $J^{n}$ , then $\Psi^{*}\theta$ is also a contact form.

Definition 2.5. The $(n +k)^{th}$ order prolongation of the con-
tact transformation $\Psi^{(n)}$ is the unique contact transformation
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$\Psi^{(n+k)}$ : $J^{n+k}\rightarrow J^{n+k}$ satisfying $\pi_{n}^{n+k}\circ\Psi^{(n+k)}=\Psi^{(n)}\circ\pi_{n}^{n+k}$ , where
$\pi_{n}^{n+k}$ : $J^{n+k}\rightarrow J^{n}$ is the usual projection.

In local coordinates, a local diffeomorphism $\Psi$ defines a contact
transformation if and only if

(2.4)
$\Psi^{*}\theta_{J}^{\alpha}=\sum_{\beta,K}A_{J,\beta}^{\alpha,K},\theta_{K}^{\beta}$

,

for suitable coefficient functions $A_{J,\beta}^{\alpha,K}$

, : $J^{n}\rightarrow \mathbb{R}$ . There are nontrivial

constraints on these coefficients resulting from B\"acklund’s Theorem, [2].

Theorem 2.6. If the number of dependent variables is greater than
one, $q>1$ , then every contact transformation is the prolongation of $a$

point transformation $\psi:E\rightarrow E$ . If $q=1$ , then every $n^{th}$ order contact

transformation is the prolongation of a first order contact transformation
$\psi:J^{1}\rightarrow J^{1}$ .

Remark. Interestingly, if one restricts to a submanifold of the jet
space defined by system of differential equations, additional “inter-
nal” higher order contact transformations can exist; see [1] for a
B\"acklund-style classification of these transformations.

\S 3. The Prolonged General Linear Group

There are two fundamental transformation groups that lie at the
foundation of the geometric characterization of contact transforma-
tions. The first is the standard prolongation of the general linear group,
[12, p. 139], [14]. Let $GL(p)$ denote the general linear group on $\mathbb{R}^{p}$ con-
sisting of all real, invertible, $p\times p$ matrices. Let $D_{0}(p)$ denote the space
of all diffeomorphisms $\varphi:\mathbb{R}^{p}\rightarrow \mathbb{R}^{p}$ preserving the origin, so $\varphi(0)=0$ .

We let $j_{n}\varphi(0)$ denote the $n$ jet (or $n^{th}$ order Taylor expansion) of the
diffeomorphism at the origin.

Definition 3.1. The $n^{th}$ prolongation of the general linear group
$GL(p)$ is the group

(3.1) $GL^{(n)}(p)=\{j_{n}\varphi(0)|\varphi\in D_{0}(p)\}$ .

The group multiplication is given by composition of diffeomorphisms, so
that if $S=j_{n}\varphi(0)$ , $T=j_{n}\psi(0)$ , then $S\cdot T=j_{n}(\varphi\circ\psi)(0)$ .

Note that the one-jet of a diffeomorphism $\varphi$ at 0 is uniquely deter-
mined by its Jacobian matrix $D\varphi(0)$ , which can be viewed as an invert-

ible matrix in $GL(p)$ , and, in this way, we identify $GL(p)=GL^{(1)}(p)$ .
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The most convenient method of representing the elements of
$GL^{(n)}(p)$ is via formal Taylor polynomials. We introduce coordinates
$t=(t^{1}, \ldots, t^{p})$ in a neighborhood of 0 $\in M$ . We then identify a

group element $S\in GL^{(n)}(p)$ with the vector-valued Taylor polynomial\dagger
$S(t)=(S^{1}(t), \ldots, S^{p}(t))^{T}$ of any smooth diffeomorphism $\varphi(x)$ that rep-
resents it, so

(3.2) $S^{i}(t)=\sum_{1\leq\neq J\leq n}S_{J}^{i}\frac{t^{J}}{J!}$ , where $S_{J}^{i}=\frac{\partial^{\neq J}\varphi^{i}}{\partial x^{J}}(0)$ , $i=1$ , $\ldots$ , $p$ .

Note that there is no constant (order 0) term in the Taylor polyno-

mial (3.2) since we are assuming that $\varphi(0)=0$ ; moreover the first order
Taylor coefficients $(S_{j}^{i})$ form an invertible $p\times p$ matrix, whereas the

higher order coefficients can be arbitrary. Therefore, $GL^{(n)}(p)$ forms a
Lie group of dimension

(3.2) $p^{(n)}=p[$ $\left(\begin{array}{l}p+n\\n\end{array}\right)$ $-1]$ .

The group multiplication is then given by formal composition of poly-
nomials, so that $U=R$ . $S$ if and only if the corresponding polynomials
satisfy

(3.4) $U(t)=R(S(t))mod n$ ,

where $mod n$ means that we truncate the resulting polynomial to order $n$ .

The explicit formulae can be identified with the Fa\‘a $di$ Bruno formula,
[7, p. 222], [14], for the derivatives of the composition of two functions.

Example 3.2. In the one-dimensional situation, $p=1$ , the Taylor
polynomial of a diffeomorphism $\varphi\rightarrow \mathbb{R}\rightarrow \mathbb{R}$ that fixes $0=\varphi(0)$ takes
the form

(3.5) $S(t)=s_{1}t+\frac{1}{2}s_{2}t^{2}+\frac{1}{3!}s_{3}t^{3}+\frac{1}{4!}s_{4}t^{4}+\cdots$ ,

with the coefficients $s_{1}$ , $s_{2}$ , $\ldots$ representing the derivatives $s_{k}=\varphi^{(k)}(0)$

of our diffeomorphism $\varphi:\mathbb{R}\rightarrow \mathbb{R}$ fixing $0=\varphi(0)$ . The composition
formula (3.4) gives the explicit rules

$u_{1}=r_{1}s_{1}$ , $u_{2}=r_{1}s_{2}+r_{2}s_{1}^{2}$ , $u_{3}=r_{1}s_{3}+3r_{2}s_{1}s_{2}+r_{3}s_{1}^{3}$ ,

$u_{4}=r_{1}s_{4}+r_{2}(4s_{1}s_{3}+3s_{2}^{2})+6r_{3}s_{1}^{2}s_{2}+r_{4}s_{1}^{4}$ ,

$\uparrow We$ use a formal variable $t$ here instead of $x$ for later clarity.
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and so on. As in [5, 3.4], the one-dimensional Fa\‘a $di$ Bruno formula is

$u_{k}=\sum_{m=1}^{k}r_{m}B_{k}^{m}(s_{1}, \ldots, s_{k})$ ,

(3.6)

where $ B_{k}^{m}(s_{1}, \ldots, s_{k})=\sum_{\Sigma I=k}.\frac{s_{i_{1}}s_{i_{2}}s_{i_{m}}}{I^{I}(\# I)!}\cdots$

is a Bell polynomial, [3], [18, 2.8]. The sum in (3.6) is over all unordered
multi-indices $I$ $=(i_{1}, \ldots, i_{m})$ with $1\leq i_{\nu}\leq k$ , $\sum I=i_{1}+\cdots+i_{m}=k$ ,

and where $J=\# I$ denotes the “repetition” multi-index of $I$ , so that
$j_{r}=\#\{i_{\nu}=r\}$ indicates the number of times that the integer $r$ appears
in the multi-index $I$ .

We can explicitly realize $GL^{(n)}(p)$ as a matrix Lie group, namely
a subgroup of $GL(p^{(n)})$ , as follows. The space of vector-valued
Taylor polynomials $x(t)$ of degree at most $n$ without constant term,

$x(0)=0$ , can be identified with $\mathbb{R}^{p^{(n)}}$ Given $S\in GL^{(n)}(p)$ , we define
$\rho(S)\in GL(p^{(n)})$ by

(3.6) $\rho(S)x(t)=x(S(t))$ ,

where $S(t)$ is the Taylor polynomial (3.2) corresponding to $S$ . The
explicit formulae for the Fa\‘a $di$ Bruno injection $\rho$ can be found in [14,
p. 503].

Example 3.3. In the one-dimensional situation described in
example 3.2, we identify a fourth order Taylor polynomial (3.5) with
its coefficient vector $(s_{1}, s_{2}, s_{3}, s_{4})$ . The corresponding matrix is

$\rho(S)=(_{0}^{s_{0}}01$ $s_{2}s_{0}^{2}o^{1}$ $3s_{S^{3}}s_{2}s_{1}so^{1}$ $4s_{1}s_{3}+3s_{2}^{2})6s_{1}^{2}s_{2}s_{1}^{4}s_{4}$ .

The reader may enjoy verifying that this forms a subgroup of $GL(4)$ .

The $k^{th}$ order version has $\rho(S)$ equal to the upper triangular matrix
with entries given by the Bell polynomials $B_{j}^{i}(s_{1}, \ldots, s_{j})$ for $i\leq j$ .

We next determine the left and right-invariant Maurer-Cartan forms
on the prolonged general linear group. These will be found by adapting
the usual formulae

(3.8) $\mu_{L}=A^{-1}$ . dA, $\mu_{R}=dA\cdot A^{-1}$ ,
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valid for matrix Lie groups $G\subset GL(n)$ , [16]. In our case, the Maurer-
Cartan forms will appear as the coefficients of a formal “Taylor”poly-
nomial

(3.9) $\sigma(t)=\sum_{1\leq\neq J\leq n}\frac{t^{J}}{J!}\sigma_{J}$ ,

where each $\sigma_{J}$ is a $p$ vector of one-forms defined on the group $GL^{(n)}(p)$ .

Using (3.8) and the multiplication rule (3.4) for the group, we deduce
that the right-invariant Maurer-Cartan form polynomial is given by

(3.10) $\overline{\sigma}(t)=dS[S^{-1}(t)]mod n$ ,

obtained by composing the formal inverse series (or inverse Taylor poly-
nomial) $S^{-1}(t)$ and the formal series of basis one-forms

(3.11) $dS(t)=\sum_{1\leq\neq J\leq n}\frac{t^{J}}{J!}dS_{J}$ ,

on the group. On the other hand, the left-invariant Maurer-Cartan
form polynomial can be found by first computing the differential of the
composition

(3.12) $d[T(S(t))]=DT(S(t))$ . $dS(t)$ ,

of the two power series with respect to the coefficients of S. Here
$DT(t)=(\partial T^{i}/\partial t^{j})$ denotes the Jacobian matrix series associated with
$T(t)$ . Replacing $T$ in (3.12) by the inverse of $S(t)$ and truncating pro-
duces the left-invariant Maurer-Cartan form polynomial:

(3.13) $\sigma(t)=DS^{-1}(S(t))\cdot dS(t)mod n$ $=DS(t)^{-1}\cdot dS(t)mod n$ ,

where $DS(t)^{-1}$ is the inverse of the Jacobian matrix of $S(t)$ .

Example 3.4. For the one-dimensional situation considered above
we have

$S(t)=s_{1}t+\frac{1}{2}s_{2}t^{2}+\frac{1}{3!}s_{3}t^{3}+\frac{1}{4!}s_{4}t^{4}+\cdots$ ,

$ dS(t)=tds_{1}+\frac{1}{2}t^{2}ds_{2}+\frac{1}{3!}t^{3}ds_{3}+\frac{1}{4!}t^{4}ds_{4}+\cdots$ ,

$S^{-1}(t)=\frac{1}{s_{1}}t-\frac{s_{2}}{2s_{1}^{3}}t^{2}-\frac{s_{1}s_{3}-3s_{2}^{2}}{6s_{1}^{5}}t^{3}-\frac{s_{1}^{2}s_{4}-10s_{1}s_{2}s_{3}+12s_{2}^{3}}{24s_{1}^{7}}t^{4}+\cdots$
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Therefore, the right-invariant Maurer-Cartan forms on $GL^{(n)}(1)$ are
obtained as the coefficients of the “Maurer-Cartan polynomials”

$\overline{\sigma}(t)=dS[\frac{1}{S(t)}]=\overline{\sigma}_{1}t+\frac{1}{2}\overline{\sigma}_{2}t^{2}+\frac{1}{3!}\overline{\sigma}_{3}t^{3}+\frac{1}{4!}\overline{\sigma}_{4}t^{4}+\cdots$

$=\frac{ds_{1}}{s_{1}}t+\frac{s_{1}ds_{2}-s_{2}ds_{1}}{2s_{1}^{3}}t^{2}-\frac{s_{1}^{2}ds_{3}-3s_{1}s_{2}ds_{2}-(s_{1}s_{3}-3s_{2}^{2})ds_{1}}{6s_{1}^{5}}t^{3}$

$+\frac{1}{24s_{1}^{7}}\{s_{1}^{3}ds_{4}-6s_{1}^{2}s_{2}ds_{3}-(4s_{1}^{2}s_{3}-15s_{1}s_{2}^{2})ds_{2}$

$-(s_{1}^{2}s_{4}-10s_{1}s_{2}s_{3}+15s_{2}^{3})ds_{1}\}t^{4}+\cdots$

The left-invariant Maurer-Cartan form polynomial (3.10) for $GL^{(n)}(1)$

is

$\sigma(t)=\frac{dS(t)}{S(t)},=\sigma_{1}t+\frac{1}{2}\sigma_{2}t^{2}+\frac{1}{3!}\sigma_{3}t^{3}+\frac{1}{4!}\sigma_{4}t^{4}+\cdots$

$=\frac{ds_{1}}{s_{1}}t+\frac{s_{1}ds_{2}-2s_{2}ds_{1}}{2s_{1}^{2}}t^{2}$

$+\frac{s_{1}^{2}ds_{3}-3s_{1}s_{2}ds_{2}-3(s_{1}s_{3}-2s_{2}^{2})ds_{1}}{6s_{1}^{3}}t^{3}$

$+\frac{1}{24s_{1}^{4}}\{s_{1}^{3}ds_{4}-4s_{1}^{2}s_{2}ds_{3}-6s_{1}(s_{1}s_{3}-2s_{2}^{2})ds_{2}$

$-4(s_{1}^{2}s_{4}-6s_{1}s_{2}s_{3}+6s_{2}^{3})ds_{1}\}t^{4}+\cdots$

Let $\rho(\sigma)=\rho(S)^{-1}d\rho(S)$ denote the corresponding left Maurer-
Cartan matrix, (3.8). In view of (3.7), (3.13), it acts on the column
vector $x$ according to the power series formulation

$[\rho(\sigma)x](t)=\rho(S)^{-1}d[\rho(S)x](t)=\rho(S)^{-1}d[x(S(t))]$

$=\rho(S)^{-1}(\sum_{i=1}^{p}\frac{\partial x}{\partial t^{i}}[S(t)]dS(t))$

$=,\sum_{\dot{?},=1}^{p}\frac{\partial x}{\partial t^{i}}(t)dS^{i}[S^{-1}(t)]$

$=\sum_{i=1}^{p}\frac{\partial x}{\partial t^{i}}(t)\sigma^{i}(t)$ .
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Example 3.5. For the one-dimensional version, we have

$x(t)=x_{1}t+\frac{1}{2}x_{2}t^{2}+\frac{1}{3!}x_{3}t^{3}+\frac{1}{4!}x_{4}t^{4}+\cdots$ ,

$x’(t)=x_{1}+x_{2}t+\frac{1}{2!}x_{3}t^{2}+\frac{1}{3!}x_{4}t^{3}+\cdots$

Therefore,

$\rho(\sigma)x(t)=x’(t)\sigma(t)$

$=(\sigma_{1}x_{1})t+\frac{1}{2}(\sigma_{2}x_{1}+2\sigma_{1}x_{2})t^{2}$

$+\frac{1}{3!}(\sigma_{3}x_{1}+3\sigma_{2}x_{2}+3\sigma_{1}x_{3})t^{3}$

$+\frac{1}{4!}(\sigma_{4}x_{1}+4\sigma_{3}x_{2}+6\sigma_{2}x_{3}+4\sigma_{1}x_{4})t^{4}+\cdots$ ,

and hence the Maurer-Cartan form matrix for $GL^{(n)}(1)$ is

(3.14) $\rho(\sigma)=(^{\sigma_{0}}o^{1}o.\cdot.$ $ 2\sigma_{1}\sigma_{2}00..\cdot$ $ 3\sigma_{2}3\sigma_{1}\sigma_{3}0.\cdot$

.

$ 4\sigma_{3}6\sigma_{2}4\sigma_{1}\sigma_{4}.\cdot$

.

$\cdot....\cdot.....\cdot...)$ .

The $(i, j)$ entry of the full $n\times n$ matrix is

(3.15) $\rho(S)_{j}^{i}=\{$ $0,\left(\begin{array}{l}j\\i-1\end{array}\right)$

$\sigma_{i-j+1}$ ,
$i\leq i>jj’$

.

\S 4. The Leibniz Group

Besides the prolonged general linear group that provides the struc-
ture group for jets of diffeomorphisms, we also require a structure group
related to the multiplication of jets.

Definition 4.1. The Leibniz group $L^{(n)}(p, q)$ is the Lie group con-
sisting of all $n$-jets of smooth maps $\Psi:\mathbb{R}^{p}\rightarrow GL(q)$ at the point 0, so

(4.1) $L^{(n)}(p, q)=\{j_{n}\Psi(0)|\Psi:\mathbb{R}^{p}\rightarrow GL(q)\}$ .

The group law is induced by matrix multiplication $\Phi(x)$ . $\Psi(x)$ of the
smooth maps.
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Given a vector bundle $E\rightarrow X$ over a $p$-dimensional base with
$q$-dimensional fiber, there is an induced representation

$\tau(L^{(n)})\cdot z^{(n)}=j_{n}[\Psi(x)\cdot f(x)]$

(4.2)
whenever $L^{(n)}=j_{n}\Psi(x)$ , $z^{(n)}=j_{n}f(x)$

of $L^{(n)}(p, q)$ on the jet fiber $J^{n}E$ . As with the prolonged general linear
group, we identify the elements of the Leibniz group with their Taylor
series. Thus, the group element $L^{(n)}=j_{n}\Psi(0)$ is identified with the $n^{th}$

order truncation of the power series

(4.3) $L(t)=\sum_{1\leq\neq J\leq n}\frac{t^{J}}{J!}L_{J}$ ,

where each $L_{J}$ is a $q\times q$ matrix. The entries $(L_{J})_{\beta}^{\alpha}$ can be identified

with the Taylor coefficients $\partial^{k}\Psi_{\beta}^{\alpha}/\partial x^{J}(0)$ for the corresponding matrix

entry of $\Psi(x)$ . Identifying a point $z^{(n)}\in J^{n}$ with the corresponding $n^{th}$

order Taylor polynomial $z(t)$ , the action of the Leibniz group is given by

(4.4) $[\tau(L^{(n)})z](t)=L(t)\cdot z(t)mod n$ .

Example 4.2. In the one-dimensional version, $GL(1)\simeq \mathbb{R}^{*}$ is just
the set of nonzero reals, and so the maps $\Psi:\mathbb{R}\rightarrow GL(1)$ are scalar-
valued. The Leibniz group is induced by multiplication of Taylor series,

and so the product of

$L(t)=l_{0}+l_{1}t+\frac{1}{2}l_{2}t^{2}+\frac{1}{3^{1}}.l_{3}t^{3}+\cdots$ ,

$M(t)=m_{0}+m_{1}t+\frac{1}{2}m_{2}t^{2}+\frac{1}{3!}m_{3}t^{3}+\cdots$ ,

is given by truncating the product series

$L(t)$ . $M(t)=l_{0}m_{0}+(l_{0}m_{1}+l_{1}m_{0})t+\frac{1}{2}(l_{0}m_{2}+2l_{1}m_{1}+l_{2}m_{0})t^{2}$

$+\frac{1}{3!}(l_{0}m_{3}+3l_{1}m_{2}+3l_{2}m_{1}+l_{3}m_{0})t^{3}+\cdots$ ,

at order $n$ . The action (4.4) on a series

(4.5) $z(t)=z_{0}+z_{1}t+\frac{1}{2}z_{2}t^{2}+\frac{1}{3!}z_{3}t^{3}+\cdots$
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is the same–just replace the $m$ ’s by $z$
’
$s$ . Therefore, the matrix repre-

sentation (4.2) of an element of $L^{(4)}(1,1)$ is

$\tau(L^{(4)})=$ $\left(\begin{array}{lllll}l_{0} & l_{1} & l_{2} & l_{3} & l_{4}\\0 & l_{0} & 2l_{1} & 3l_{2} & 4l_{3}\\0 & 0 & l_{0} & 3l_{1} & 6l_{2}\\0 & 0 & 0 & l_{0} & 4l_{1}\\0 & 0 & 0 & 0 & l_{0}\end{array}\right)$ .

The matrix of Maurer-Cartan forms on the Leibniz group are found
using the usual formula (3.8), which becomes

(4.6) $\lambda=\sum_{J}\frac{t^{J}}{J!}\lambda_{J}$ ,

where each $\lambda_{J}$ is a $q\times q$ matrix of one-forms. We have

(4.7) $\lambda(t)=\tau(L)^{-1}dL(t)=L(t)^{-1}dL(t)=d\log L(t)$ .

Let $\tau(\lambda)=\tau(L)^{-1}d\tau(L)$ denote the corresponding Maurer-Cartan
matrix. In view of (4.4), it acts on the column vector $z$ according to the
power series formulation
(4.8)

$[\tau(\lambda)z](t)=\tau(L)^{-1}d[\tau(L)z](t)=\tau(L)^{-1}d[L(t)]\cdot z(t)=\lambda(t)\cdot z(t)$ .

Example 4.3. For the one-dimensional version, we have

$L(t)=l_{0}+l_{1}t+\frac{1}{2}l_{2}t^{2}+\frac{1}{3!}l_{3}t^{3}+\cdots$ ,

$ dL(t)=dl_{0}+tdl_{1}+\frac{1}{2}t^{2}dl_{2}+\frac{1}{3!}t^{3}dl_{3}+\cdots$ ,

$L(t)^{-1}=\frac{1}{l_{0}}-\frac{l_{1}}{l_{0}^{2}}t-\frac{l_{0}l_{2}-2l_{1}^{2}}{2l_{0}^{3}}t^{2}-\frac{l_{0}^{2}l_{3}-6l_{0}l_{1}l_{2}+6l_{1}^{3}}{6l_{0}^{4}}t^{3}+\cdots$

Therefore, the Maurer-Cartan form series for $L^{(n)}(1,1)$ is

$\lambda(t)=d\log L(t)=\lambda_{0}+\lambda_{1}t+\frac{1}{2}\lambda_{2}t^{2}+\frac{1}{3!}\lambda_{3}t^{3}+\cdots$ ,

$=\frac{dl_{0}}{l_{0}}+\frac{l_{0}dl_{1}-l_{1}dl_{0}}{l_{0}^{2}}t+\frac{l_{0}^{2}dl_{2}-2l_{0}l_{1}dl_{1}-(l_{0}l_{2}-2l_{1}^{2})dl_{0}}{2l_{0}^{3}}t^{2}$

$+\frac{1}{6l_{0}^{4}}\{l_{0}^{3}dl_{3}-3l_{0}^{2}l_{1}dl_{2}-3(l_{0}^{2}l_{2}-2l_{0}l_{1}^{2})dl_{1}$

$-(l_{0}^{2}l_{3}-6l_{0}l_{1}l_{2}+6l_{1}^{3})dl_{0}\}t^{3}+\cdots$



278 P. J. Olver

Given $z(t)$ as in (4.5), equation (4.8) implies that

$\tau(\lambda)z(t)=\lambda(t)z(t)$

$=\lambda_{0}z_{0}+(\lambda_{1}z_{0}+\lambda_{0}z_{1})t+\frac{1}{2}(\lambda_{2}z_{0}+2\lambda_{1}z_{1}+\lambda_{0}z_{2})t^{2}$

$+\frac{1}{3!}(\lambda_{3}z_{0}+3\lambda_{2}z_{1}+3\lambda_{1}z_{2}+\lambda_{0}z_{3})t^{3}+\cdots$

Thus, the Maurer-Cartan form matrix for $L^{(n)}(1,1)$ is

(4.9) $\tau(\lambda)=(_{0}^{\lambda_{0}}000..\cdot$
$\lambda_{0}\lambda_{1}000..\cdot$ $ 2\lambda_{1}\lambda_{0}\lambda_{2}00.\cdot$

.

$ 3\lambda_{1}3\lambda_{2}\lambda_{0}\lambda_{3}0.\cdot$

.

$4\lambda_{1}6\lambda 4\lambda_{3}\lambda_{0}\lambda_{4}..\cdot 2$

$.\cdot.\cdot..\cdot.\cdot.\cdot$

.

$.\cdot.\cdot.\cdot)$ .

The $(i, j)$ entry of the full $n\times n$ matrix is

(4.10) $\tau(L)_{j}^{i}=\{$

$\left(\begin{array}{l}j\\i\end{array}\right)$ $\lambda_{i-j}$ , $i\leq j$ ,

0, $i>j$ .

Note the remarkable similarity between the Maurer-Cartan form matri-
ces for the prolonged general linear group, (3.14), and for the Leib-
niz group, (4.9)! The Leibniz version forms a “Pascal upper triangular
matrix, whereas the prolonged version is obtained by throwing away
the main diagonal of the Pascal matrix.

\S 5. The Contact Group

We are now in a position to describe the structure group for the
pseudo-group of contact transformations on the jet bundle $J^{n}$ .

Definition 5.1. The $n^{th}$ order contact group is the semidirect
product group

(5.1) $C^{(n)}(p, q)=GL^{(n-1)}(p)\ltimes L^{(n-1)}(p, q)$ .

The group acts on a Taylor series $z(t)$ according to

(5.2) $\psi(S, L)$ . $z(t)=L(t)$ . $z(S^{-1}(t))$ ,
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and then truncating to order $n$ . Therefore, the group multiplication in
$C^{(n)}(p, q)$ is given, in series form, by

(5.3) $(S(t), L(t))$ . $(T(t), M(t))=(S(T(t)), L(t)\cdot$ $M(S^{-1}(t)))$ .

The Maurer-Cartan form matrix for the contact structure group is
given by the “difference” between the two Maurer-Cartan form matrices,
so $\psi(\sigma, \lambda)=\rho(\sigma)-\tau(\lambda)$ . Thus, we find

$[\psi(\sigma, \lambda)z](t)=\lambda(t)$ . $z(t)-\sum_{i=1}^{p}\frac{\partial z}{\partial t^{i}}(t)\sigma^{i}(t)$ .

Note that the prolonged general linear group acts trivially on the zeroth
order coefficient in the power series for $z$ . In the one-dimensional version,
we have
(5.4)

$\psi(\lambda, \sigma)=(_{0}^{0}\lambda_{0}00..\cdot$
$\lambda_{0}-..\cdot\sigma_{1}\lambda_{1}000$ $2\lambda_{1}..\cdot-\sigma_{2}\lambda 0_{0}2\sigma_{1}\lambda_{2}0$ $3\lambda_{1}-.\cdot.3\sigma_{1}3\lambda_{2}-\sigma_{3}\lambda_{0}-3\sigma_{1}\lambda_{3}0$ $4\lambda_{1}-.\cdot.6\sigma_{2}6\lambda_{2}-4\sigma_{1}4\lambda_{3}-\sigma_{4}\lambda_{0}-4\sigma_{1}\lambda_{4}$

$.\cdot.\cdot...\cdot.\cdot...\cdot...\cdot)$ .

We now introduce the infinite power series of basis contact forms

(5.5) $\theta^{\alpha}(t)=\sum_{0\leq\neq J}\frac{t^{J}}{J!}\theta_{J}^{\alpha}$ , $\alpha=1$ , $\ldots$ , $q$ ,

in the variable $u^{\alpha}$ , and let $\theta(t)=(\theta^{1}(t), \ldots, \theta^{q}(t))^{T}$ be the associated
column vector-valued series of contact forms. Note that the contact
forms on $J^{n}$ are obtained by truncating the series $\theta(t)$ at order $n-1$

and not at order $n$ .

We are now able to introduce the goal of our investigations.

Definition 5.2. The canonical contact form is the vector-valued
series of one-forms

(5.6) $\theta(t)=\psi(L, S)\theta(t)=L(t)$ . $\theta(S^{-1}(t))$ ,

where $L(t)$ and $S(t)$ are the associated group series.

Example 5.3. In the one-dimensional situation, the canonical
contact form is composed of the following linear combinations of contact
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forms:

$\theta_{0}=l_{0}\theta_{0}$ ,

$\theta_{1}=\frac{l_{0}}{s_{1}}\theta_{1}+l_{1}\theta_{0}$ ,

(5.7)
$\theta_{2}=\frac{l_{0}}{s_{1}^{2}}\theta_{2}+\frac{2s_{1}^{2}l_{1}-s_{2}l_{0}}{s_{1}^{3}}\theta_{1}+l_{2}\theta_{0}$ ,

$\theta_{3}=\frac{l_{0}}{s_{1}^{3}}\theta_{3}+\frac{3s_{1}^{2}l_{1}-3s_{2}l_{0}}{s_{1}^{4}}\theta_{2}$

$+\frac{3s_{1}^{4}l_{2}-3s_{1}^{2}s_{2}l_{1}-(s_{1}s_{3}-3s_{2}^{2})l_{0}}{s_{1}^{5}}\theta_{1}+l_{3}\theta_{0}$ .

Remark. We can compute $\theta_{k}$ by repeatedly applying the (for-
mal) differential operator $D=(1/s_{1})D_{x}$ to $\theta_{0}$ , using the identifications
$D(l_{j})=l_{j+1}$ , $D(s_{j})=s_{j+1}/s_{1}$ . A proof of this observation is left to the
reader.

Theorem 5.4. The canonical contact form of order $n$ defines an
involutive differential system. The equivalence maps preserving the canon-
ical contact form are the lifts of contact transformations on $J^{n}$ .

The structure equations are found as follows. The usual contact
form structure equations

$d\theta_{I}^{\alpha}=\sum_{i=1}^{p}\theta_{I,,,i}^{\alpha}\wedge dx^{i}$ ,

can be rewritten in series form

(5.8) $d\theta(t)=\theta’(t)\wedge dx=\sum_{i=1}^{p}\frac{\partial\theta}{\partial t^{i}}\wedge dx^{i}$ , $\alpha=1$ , $\ldots$ , $q$ .

Here $\theta’(t)=(\partial\theta^{\alpha}/\partial t^{i})$ is the formal $q\times p$ Jacobian matrix of $\theta(t)$ with
respect to $t$ . Therefore, using (5.8), we can compute

$d\theta(t)=\lambda(t)\wedge\theta(t)+\theta’(t)\wedge\sigma(t)+L(t)d\theta(S^{-1}(t))$

(5.9)
$=\lambda(t)\wedge\theta(t)+\theta’(t)\wedge\sigma(t)+L(t)\theta’(S^{-1}(t))\wedge dx$ .

In the language of the Cartan equivalence method, cf. [10], [16], the first
two terms in (5.9) form the group components of the structure equations,
while the third term is the torsion.
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On the other hand, using the definition (5.6), we can compute

$\frac{\partial}{\partial t}\theta(t)=L’(t)\cdot\theta(S^{-1}(t))+L(t)\cdot\theta’(S^{-1}(t))\cdot\frac{\partial}{\partial t}[S^{-1}(t)]$

$=L’(t)\cdot L(t)^{-1}\cdot\theta(t)+L(t)\cdot\theta’(S^{-1}(t))\cdot[S’(S^{-1}(t))]^{-1}$ ,

the last equality following from the chain rule. Therefore,

$d\theta(t)=\lambda(t)\wedge\theta(t)+\theta’(t)\wedge\sigma(t)$

(5.10)
$+[\theta’(t)-L’(t)\cdot L(t)^{-1}\cdot\theta(t)]\wedge S’(S^{-1}(t))dx$ .

Most of the torsion terms can therefore be absorbed by suitably modify-
ing the Maurer-Cartan forms $\lambda(t)$ and $\sigma(t)$ ; the only exceptions are the
constant terms multiplying $\theta’(t)$ ; this is because $\sigma(t)$ does not contain
any constant terms, i.e., $\sigma(0)=0$ . If we define the modified Maurer-
Cartan forms to be

$\overline{\lambda}(t)=\lambda(t)+L’(t)\cdot L(t)^{-1}\cdot S’(S^{-1}(t))dx$ ,
(5.11)

$\overline{\sigma}(t)=\sigma(t)+[S’(S^{-1}(t))-S’(0)]dx$ ,

we can rewrite the structure equations (5.10) in the “semi-absorbed
form”

(5.12) $d\theta(t)=\overline{\lambda}(t)\wedge\theta(t)+\theta’(t)\wedge\overline{\sigma}(t)+\theta’(t)\wedge S’(0)dx$ .

We now complete the canonical contact form to a coframe on $J^{n}$ by
including the additional $p$ one-forms

(5.13) $\xi=S’(0)dx+a\theta(0)+B\theta’(0)$ .

Here $a=(a_{\alpha}^{i})$ is a $p\times q$ matrix and $B=(b_{\alpha}^{ik})$ a $p\times p\times q$ tensor of
parameters. In components, (5.13) reads

$\xi^{i}=\sum_{j=1}^{p}S_{j}^{i}dx^{j}+\sum_{\alpha=1}^{q}a_{\alpha}^{i}\theta^{\alpha}+\sum_{\alpha=1}^{q}\sum_{k=1}^{p}b_{\alpha}^{ik}\theta_{k}^{\alpha}$ ,

where $\theta^{\alpha}=\theta^{\alpha}(0)$ , $\theta_{k}^{\alpha}=\frac{\partial\theta^{\alpha}}{\partial t^{k}}(0)$ ,

are the lifted zeroth and first order contact forms, which can be writ-
ten as linear combinations of the ordinary zeroth and first order contact

forms $\theta^{\alpha}$ , $\theta_{k}^{\alpha}$ via (5.6). B\"ackhand’s Theorem implies that the $x$ coordi-
nates depend only on $x$ , $u$ , and, if $q=1$ , first order derivatives of $u$ .

This implies that the first order contact form coefficients in (5.13) must
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vanish, $B=0$ , when $q>1$ . (Alternatively, one can use a particular
unabsorbable torsion term to justify this normalization.) We therefore
use (5.13) to rewrite the structure equations (5.12) in the fully absorbed
form

(5.14) $ d\theta(t)=\hat{\lambda}(t)\wedge\theta(t)+\theta’(t)\wedge\hat{\sigma}(t)+\theta’(t)\wedge\xi$ ,

where the modified Maurer-Cartan forms are now

$\hat{\lambda}(t)=\overline{\lambda}(t)-a\cdot\theta’(t)$ ,
(5.15)

$\hat{\sigma}(t)=\overline{\sigma}(t)+a$ . $[\theta(t)-\theta(0)]+B$ . $[\theta’(t)-\theta’(0)]$ .

(Again, note that $\hat{\sigma}(0)=\sigma(0)=0$ , so that this modification is allowed.)
The only term in (5.12) which remains unaccounted for is

$\theta’(t)\wedge B\cdot\theta’(t)$ ,

but this vanishes because either $q=1$ , in which case the wedge prod-
uct of the two scalar one-forms $\theta’(t)$ is zero, or $q>1$ , in which case,
by B\"acklund’s Theorem, $B=0$ . In fact, this is the essential torsion
component that provides the equivalence method proof of this part of
B\"acklund’s Theorem, cf. [16]. Equation (5.14) provides the main con-
stituent of the structure equations for the contact pseudo-group.

We also need to compute the remaining structure equations for the
one-forms (5.13). We find

(5.16) $d\xi=\sigma’(0)\wedge\xi+\alpha\wedge\theta(0)+\beta\wedge\theta’(0)+a\cdot d\theta(0)+Bd\theta’(0)$ ,

where $\alpha$ , $\beta$ are the Maurer-Cartan forms corresponding to the addi-
tional group parameters $a$ , B. Note that $\alpha$ , $\beta$ do not depend on $t$ .

Differentiating (5.14) with respect to $t$ , and recalling $\sigma(0)=0$ , we find
(5.17)

$ d\theta(0)=\hat{\lambda}(0)\wedge\theta(0)+\theta’(0)\wedge\xi$ ,

$ d\theta’(0)=\hat{\lambda}’(0)\wedge\theta(0)+\hat{\lambda}(0)\wedge\theta’(0)+\theta’(0)\wedge\hat{\sigma}’(0)+\theta’’(0)\wedge\xi$ .

Moreover, according to (5.11), (5.15), for any constant (column) vector
$z\in \mathbb{R}^{p}$ ,

$\hat{\sigma}’(0)$ . $z=\overline{\sigma}’(0)\cdot z+[a\cdot\theta’(O)+B\cdot\theta’’(0)]\cdot z$

$=\sigma’(0)+S’’(0)(S’(0)^{-1}\cdot z, x)+[a\cdot\theta’(0)+B\cdot\theta’’(0)]\cdot z$ .

Wedging the result with $\xi$ , and using (5.13), (5.17) and, we find

(5.18) $\hat{\sigma}’(0)\wedge\xi=\sigma’(0)\wedge\xi+\pi\wedge\theta(0)+\theta’(O)\wedge\varpi+B\cdot\theta’’(0)\wedge\xi$ ,
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for certain one-forms $\pi$ , $\varpi$ , whose precise form is not hard to find, but
which is unimportant. Note that we used the fact that the extra term

$S’’(0)(S’(0)^{-1}\cdot\xi, S’(0)^{-1}\cdot\xi)=0$

vanishes by symmetry of second order derivatives. Finally, substituting
(5.18), (5.17) into (5.16), we conclude that

(5.19) $d\xi=\hat{\sigma}’(0)\wedge\xi+\hat{\alpha}\wedge\theta(0)+\hat{\beta}\wedge\theta’(0)$ ,

where $\hat{\sigma}’(0)$ are the order 1 terms of our earlier modified Maurer-Cartan

forms (5.15), while $\hat{\alpha},\hat{\beta}$ are suitably modified one-forms corresponding
to the additional structure group parameters $a$ , B. Note particularly
that (5.19) contains no essential torsion. Equations (5.14) and (5.19)
form the complete structure equations for the contact pseudo-group on
the infinite jet bundle.

There is one final item to deal with when working on a finite jet
bundle $J^{n}$ . Since the contact forms which are well-defined on $J^{n}$ have
orders at most $n-1$ , we must include $q$

$\left(\begin{array}{l}p+n-1\\n\end{array}\right)$ additional one-forms to
complete the coframe on $J^{n}$ . These will clearly be the basis forms $du_{J}^{\alpha}$ ,
$\# J$ $=n$ , which must be lifted appropriately. (See [15] for more details.)
However, we can most simply accomplish this as follows: First, truncate
the canonical contact form series $\theta(t)$ at order $n$ . The resulting lifted
contact form will depend on $(n+1)^{st}$ order derivatives of $u$ . These can
be eliminated, while retaining the proper lift, by adding in a suitable
multiple of the base forms $dx^{i}$ . Thus, the lifted coframe on $J^{n}$ consists

of the one-forms (5.13) along with the modified canonical contact form

(5.20) $\hat{\theta}(t)=\theta(t)+e(t^{n})\cdot\xi mod n$ ,

where $e=(e_{I}^{\alpha})$ is a $ q\times$
$\left(\begin{array}{l}p+n-1\\n\end{array}\right)$ matrix of additional group parameters.

The corresponding truncated structure equations are now

(5.21) $d\hat{\theta}(t)=\hat{\lambda}(t)\wedge\hat{\theta}(t)+\hat{\theta}^{J}(t)\wedge\hat{\sigma}(t)+\in(t^{n})\wedge\xi+\hat{\theta}’(t)\wedge\xi mod n$ .

This completes our proof.
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Example 5.5. The structure equations for the one-dimensional
situation are as follows:

$d\theta_{0}=\lambda_{0}\wedge\theta_{0}+\xi\wedge\theta_{1}$ ,

$d\theta_{1}=\lambda_{1}\wedge\theta_{0}+(\lambda_{0}-\sigma_{1})\wedge\theta_{1}+\xi\wedge\theta_{2}$ ,

$d\theta_{2}=\lambda_{2}\wedge\theta_{0}+(2\lambda_{1}-\sigma_{2})\wedge\theta_{1}+(\lambda_{0}-2\sigma_{1})\wedge\theta_{2}+\xi\wedge\theta_{3}$ ,

$d\theta_{3}=\lambda_{3}\wedge\theta_{0}+(3\lambda_{2}-\sigma_{3})\wedge\theta_{1}+(3\lambda_{1}-3\sigma_{2})\wedge\theta_{2}$

(5.22) $+(\lambda_{0}-3\sigma_{1})\wedge\theta_{3}+\xi\wedge\theta_{4}$ ,

.$\cdot$

.
.$\cdot$
.

$d\theta_{n-1}=\sum_{i=0}^{n-1}[$ $\left(\begin{array}{ll}n & -1\\ & i\end{array}\right)$ $\lambda_{n-1-i}-$ $\left(\begin{array}{l}n-1\\i-1\end{array}\right)$ $\sigma_{n-i}]\wedge\theta_{i}+\xi\wedge\overline{\theta}_{n}$ ,

$d\overline{\theta}_{n}=\sum_{i=0}^{n}[$
$\left(\begin{array}{l}n\\i\end{array}\right)\lambda_{n-i}-$ $\left(\begin{array}{l}n\\i-1\end{array}\right)$ $\sigma_{n+1-i]}\wedge\theta_{i}+\epsilon\wedge\xi$ ,

$d\xi=\sigma_{1}\wedge\xi+\varphi\wedge\theta_{0}+\psi\wedge\theta_{1}$ .

Here $\lambda_{0}$ , $\ldots$ , $\lambda_{n}$ are the Leibniz Maurer-Cartan forms, $\sigma_{1}$ , $\ldots$ , $\sigma_{n}$ the
prolonged general linear group Maurer-Cartan forms, $and\in$ , $\varphi$ , $\psi$ the
three additional Maurer-Cartan forms, corresponding to the truncated
or non-canonical part of the lifted coframe.
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Associativity Breaks Down
in Deformation Quantization

Hideki Omori

\S 1. Introduction

The Weyl algebra $W_{\hslash}$ is the associative algebra generated over $\mathbb{C}$

by $u$ , $v$ with the fundamental relation $u*v-v*u=-\hslash i$ where $\hslash$ is
a positive constant, $(u, v)$ is called a canonical conjugate pair. This is
one of the simplest algebra which appears in the theory of deformation
quantization [BFLS].

In such a noncommutative algebra, the ordering problem may be
viewed as the problem of expressing elements of the algebra in a unique
way. In the Weyl algebra, three kind of orderings; normal ordering,
anti-normal ordering, and Weyl ordering, are mainly used. The nor-
mal ordering expression is the way of writing elements in the form
$\sum a_{m,,,n}u^{m}*v^{n}$ by arranging $u$ to the left hand side in each term. The
anti-normal ordering is in the form $\sum a_{m,,,n}v^{m}*u^{n}$ . The Weyl ordering
is in the form $\sum a_{m,,,n}u^{m}\ovalbox{\tt\small REJECT} v^{n}$ by using the symmetric product $\ovalbox{\tt\small REJECT}$ defined
by $u\ovalbox{\tt\small REJECT} v$ $=\frac{1}{2}(u*v+v*u)$ etc. (See [OMY] for the detail of symmetric
product.)

Through such an ordering, one can linearly identify the algebra with
the space of all polynomials.

In other words, the Weyl algebra can be viewed, through each order-
ing mentioned above, as a non commutative associative product struc-
ture defined on the space $\mathbb{C}[u, v]$ of all polynomials with the ordinary
commutative product. Product formulas are given respectively as fol-

lows: (We denote the ordinary commutative product by $\circ$ , $\cdot$ , $\cdot$ in order
to distinguish what ordering expression is used.)

Received August 31, 2000.
Revised July 18, 2001.
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$\circ$ In the normal ordering expression: the $product*of$ the Weyl
algebra is given by the $\Psi DO$-product formula as follows:

(1.1) $f(u, v)*g(u, v)=f\exp\{\hslash i(\overline{\partial_{v}}\circ\vec{\partial_{u}})\}g$ .

$\circ$ In the anti-normal ordering expression: the product $*of$ the
Weyl algebra is given by the $\overline{\Psi}DO$-product formula as follows:

(1.2) $f(u, v)*g(u, v)=f$ $\exp\{-\hslash i(\overline{\partial_{u}}\cdot\vec{\partial_{v}})\}g$ .

$\blacksquare$ In the Weyl ordering expression: the product $*of$ the Weyl
algebra is given by the Moyal product formula as follows:

(1.3) $f(u, v)*g(u, v)=f\exp-\{\partial_{v}2\wedge\vec{\partial_{u}}\}g$

$\hslash i-$

where $\overline{\partial_{v}}\wedge\vec{\partial_{u}}=\overline{\partial_{v}}\cdot\vec{\partial_{u}}-\overline{\partial_{u}}\cdot\vec{\partial_{v}}$

. Every product formula yields $u*v-v*u=$
$-\hslash i$ , and hence defines the Weyl algebra. Here, commutative products
$\circ$ , $\cdot$ , $\cdot$ play only a supplementary role to express elements in the unique
way. We distinguish these to indicate what ordering expression is used.

Remark that we can change generators. For every $A\in SL(2, \mathbb{C})$ , let

$\left(\begin{array}{l}u’\\v’\end{array}\right)=A$ $\left(\begin{array}{l}u\\v\end{array}\right)$ , $A\in SL(2, \mathbb{C})$ .

Then, it is obvious that $[u’, v’]_{*}=-\hslash i$ , and hence $u’$ , $v’$ may be viewed
as generators. The replacement (pull-back) $A^{*}$ of $u$ , $v$ by $u’$ , $v’$ gives
an algebra isomorphism of $W_{\hslash}$ . Thus, we may consider the ordering
problem by using $u’$ , $v’$ instead of $u$ , $v$ .

Moreover, using a suitable canonical conjugate pair $u$ , $v$ , we can
extend the algebra by using one of the above product formulas.

Let $Hol(\mathbb{C}^{2})$ be the space of all entire functions on $\mathbb{C}^{2}$ with the com-
pact open topology. In the case that the parameter $\hslash$ is treated as a
formal parameter, which has been the usual attitude in the theory of
deformation quantization (cf. $[O,e1.2]$ ), the product $*extends$ associa-
tively in any ordering expression to the space $Hol(\mathbb{C}^{2})[[\hslash]]$ of all formal
power series of $\hslash$ with coefficients in $Hol(\mathbb{C}^{2})$ . This is because product
formulas mentioned above are bidifferential operators of total order $2k$

at the level of the coefficients of $\hslash^{k}$ . (See [Om], \S 13 for more general
treatment.)

However, it is obvious that $\hslash$ should be a positive parameter in a
true quantum theory.

In this paper, we treat $\hslash$ is a positive parameter. Since all product
formulas are given by concrete forms, these extend to the following:
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$\circ f*g$ is defined if one of $f$ , $g$ is a polynomial.
$\circ$ For every polynomial $p=p(u, v)$ , the left-(resp. right-) mul-
tiplication $p*$ (resp. $*p$ ) is a continuous linear mapping of
$Hol(\mathbb{C}^{2})$ into itself under the compact open topology.

We call such a system a $(\mathbb{C}[u, v];*)$ -bimodule.

Proposition 1. In every product formula mentioned above,
$(Hol(\mathbb{C}^{2}), \mathbb{C}[u, v], *)$ is $a(\mathbb{C}[u, v];*)$ -bimodule.

By the polynomial approximation theorem, the associativity

$f*(g*h)=(f*g)*h$ holds if two of $f$ , $g$ , $h$ are polynomials. We
refer this as 2-p-associativity.

On the other hand, it is easy to see that the set of all quadratic forms
in $W_{\hslash}$ is closed under the commutator bracket $[, ]_{*}$ , hence it forms a
Lie algebra. $X=\frac{1}{\hslash}u^{2}$ , $Y=\frac{1}{\hslash}v^{2}$ , $H=\frac{i}{\hslash}uv$ , where $uv=u*v+\frac{\hslash i}{2}$ , form
a basis of the Lie algebra $\epsilon \mathfrak{l}(2, \mathbb{C})$ : We see

$[\frac{i}{2\hslash}uv$ , $\frac{1}{\hslash\sqrt{8}}u^{2}]=-\frac{1}{\hslash\sqrt{8}}u^{2}$ , $[\frac{i}{2\hslash}uv,$ $\frac{1}{\hslash\sqrt{8}}v^{2}]=\frac{1}{\hslash\sqrt{8}}v^{2}$ ,

$[\frac{1}{\hslash\sqrt{8}}u^{2}$ , $\frac{1}{\hslash\sqrt{8}}v^{2}]=-\frac{i}{2\hslash}uv$ .

$X$ , $Y$ , $H$ generate an associative algebra in the space $\mathbb{C}[u, v]$ of all
polynomials. This is an enveloping algebra of $\epsilon \mathfrak{l}(2, \mathbb{C})$ .

The Casimir element $C=H^{2}+(X*Y+Y*X)$ , that is

$C=(\frac{i}{2\hslash}uv)_{*}^{2}+\frac{1}{\hslash\sqrt{8}}u^{2}*\frac{1}{\hslash\sqrt{8}}v^{2}+\frac{1}{\hslash\sqrt{8}}v^{2}*\frac{1}{\hslash\sqrt{8}}u^{2}$

is given by

$8\hslash^{2}C=u^{2}*v^{2}+v^{2}*u^{2}-2(u*v+\frac{\hslash i}{2})^{2}$

$=u^{2}*v^{2}+v^{2}*u^{2}-2u*v*u*v-2\hslash iu*v+\frac{\hslash^{2}}{2}$ .

Hence, $C=-\frac{3}{16}$ . This means that our enveloping algebra is constrained

in the space $C=-\frac{3}{16}$ .

In a $(\mathbb{C}[u, v];*)$ -bimodule with an ordering expression mentioned
above, we can consider the differential equation

$\frac{d}{dt}f_{t}(u, v)=p(u, v)*f_{t}(u, v)$ , $f_{0}(u, v)=f(u, v)$
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for every polynomial $p(u, v)$ . If $p(u, v)=u^{2}+(\frac{i}{\hslash}v)^{2}$ , this equation is
viewed as that of standard harmonic oscillator. If the complex variable
$t$ is considered, the existence of the solution for arbitrary initial function
does not hold, but a real analytic solution in $t$ is unique, if exists. If

the real analytic solution exists, then we denote this by $e_{*}^{tp(u,v)}*f(u, v)$ ,

where $e_{*}^{tp(u,v)}$ is the solution with initial condition 1.
The purpose of this paper is to investigate the group generated by

$e_{*}^{aH+bX+cY}$ . It is obvious that the obtained group should be $SL(2, \mathbb{C})$ or
$SL(2, \mathbb{C})/\mathbb{Z}_{2}$ .

However, we have to use several ordering expressions to define
$e_{*}^{aH+bX+cY}$ for all $a$ , $b$ , $c\in \mathbb{C}$ . this is just like a 2-sphere can not
be covered by one coordinate sheet. We need at least three ordering
expressions to cover $SL(2, \mathbb{C})$ . The precise meaning of the “union” will
become clear in the proof.

Moreover, we see that the $*$-product $e_{*}^{aH+bX+cY}*e_{*}^{a^{l}H+b’X+c^{l}Y}$ is
defined in general with an ambiguity $of\pm$-sign of $\sqrt{}$.

’ and the ambiguity
can not be eliminated. Since the group structure is considered by using
$*$-multiplication and the addition is not used, we can calculate the group
operation $with\pm ambiguity$. We show the following in this paper:

Theorem 2. There is no $(\mathbb{C}[u, v];*)$ -bimodule with an ordering
expression containing $e_{*}^{aH+bX+cY}$ for all $a$ , $b$ , $c\in \mathbb{C}$ .

However, if we use several $(\mathbb{C}[u, v],\cdot *)$ -bimodules with ordering
expressions and forget about the ambiguity of $\sqrt{}$.

’ then the group gen-
erated by $\{e_{*}^{aH+bX+cY}; a, b, c\in \mathbb{C}\}$ is embedded in the union of such
bimodules, and the image is $SL(2, \mathbb{C})$ .

Several anomalous phenomena relating this theorem will be also
discussed in this paper. Especially, we discuss how the associativity
breaks down in the calculation of $extended*$-product.

\S 2. Extensions of product formula

In this section, we mainly use the Weyl ordering expression. The
following is the most useful property of Moyal product formula (1.3):

Proposition 3. For every $A\in SL(2, \mathbb{C})$ , let $\Phi^{*}$ be the replacement
[pull-back) of $u$ , $v$ into $u’$ , $v’$ by the combination of the linear transfor-
mation by the matrix $A$ and the parallel displacement:

$\left(\begin{array}{l}u’\\v’\end{array}\right)=A$ $\left(\begin{array}{l}u\\v\end{array}\right)$ $+$ $\left(\begin{array}{l}\alpha\\\beta\end{array}\right)$ , $A\in SL(2, \mathbb{C})$ , $(\alpha, \beta)\in \mathbb{C}^{2}$ .

Then, $\Phi^{*}$ is an isomorphism in $both*$ -product and .-product.
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Remark that other expressions do not have such a property. It is easily
seen that

$(au+bv)_{*}^{m}=(au+bv)^{m}$. ’ but $(au+bv)_{*}^{m}\neq(au+bv)_{o}^{m}$ for $ab\neq 0$ .

For the proof of Proposition 3, we have only to remark the following
identity:

$\overline{\partial_{v}}\wedge\vec{\partial_{u}}=\overline{\partial_{v’}}\wedge\vec{\partial_{u’}}$ .

It is clear that if $A=diag\{\lambda, \lambda^{-1}\}$ , then the replacement $\Phi^{*}$ of
$(u, v)$ by $(u’, v’)$ which is given by

$\left(\begin{array}{l}u’\\v’\end{array}\right)=A$ $\left(\begin{array}{l}u\\v\end{array}\right)$ $+$ $\left(\begin{array}{l}\alpha\\\beta\end{array}\right)$ , $\lambda\in \mathbb{C}_{*}$ , $(\alpha, \beta)\in \mathbb{C}^{2}$ ,

gives an isomorphism in both $*$-product and $\circ$-product or in both
$*$-product and .-product.

Starting from a $(\mathbb{C}[u, v];*)$ -bimodule, $*$-product extends to a wider
class of functions. For every positive real number $p$ , we set

(2.1) $\mathcal{E}_{p}(\mathbb{C}^{2})=\{f\in Hol(\mathbb{C}^{2})|||f||_{p,s}=\sup|f|e^{-s|\xi|^{p}}<\infty, \forall s>0\}$

where $|\xi|=(|u|^{2}+|v|^{2})^{1/2}$ . The family $\{||||_{p,s}\}_{s>0}$ induces a topology
on $\mathcal{E}_{p}(\mathbb{C}^{2})$ and $(\mathcal{E}_{p}(\mathbb{C}^{2}), \cdot)$ is an associative commutative Fr\’echet algebra,
where the dot. is the ordinary multiplication for functions in $\mathcal{E}_{p}(\mathbb{C}^{2})$ .

Thus, $\cdot$ may be replaced by $\circ$ or. to indicate ordering of expression. It
is easily seen that for $0<p<rp’$ , there is a continuous embedding

(2.2) $\mathcal{E}_{p}(\mathbb{C}^{2})\subset \mathcal{E}_{p’}(\mathbb{C}^{2})$

as commutative Fr\’echet algebras (cf. [GS]), and that $\mathcal{E}_{p}(\mathbb{C}^{2})$ is
$SL(2, \mathbb{C})$ -invariant.

It is obvious that every polynomial is contained in $\mathcal{E}_{p}(\mathbb{C}^{2})$ and $\mathbb{C}[u, v]$

is dense in $\mathcal{E}_{p}(\mathbb{C}^{2})$ for any $p>0$ in the Fr\’echet topology defined by the
family $\{||||_{p,s}\}_{s>0}$ .

Every exponential function $e^{\alpha u+\beta v}$

. is contained in $\mathcal{E}_{p}(\mathbb{C}^{2})$ for any

$p>1$ , but not in $\mathcal{E}_{1}(\mathbb{C}^{2})$ , and functions such as $e^{au^{2}+bv^{2}+2cuv}$
. are con-

tained in $\mathcal{E}_{p}(\mathbb{C}^{2})$ for any $p>2$ , but not in $\mathcal{E}_{2}(\mathbb{C}^{2})$ . Functions such as
$\sum\frac{1}{(n!)^{1/p}}u^{k}$ is contained in $\mathcal{E}_{q}(\mathbb{C}^{2})$ for any $q>p$ , but not in $\mathcal{E}_{p}(\mathbb{C}^{2})$ .

$Hol(\mathbb{C}^{2})$ is a complete topological linear space under the compact

open topology.
The following theorem is the main result of [OMMY]: 1

$xIn$ [OMMY], the proof is given in the case of Weyl ordering expression,
but the same proof works for other orderings.
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Theorem 4. Any product formula (1.1), (1.2), (1.3) extend to give
the following:

(i): For $0<p\leq 2$ , the space $(\mathcal{E}_{p}(\mathbb{C}^{2}), *)$ forms a topological asso-
ciative algebra.

(ii): For $p>2$ , every product formula gives a continuous $bi$-linear
mapping of

(1.3) $\mathcal{E}_{p}(\mathbb{C}^{2})\times \mathcal{E}_{p’}(\mathbb{C}^{2})\rightarrow \mathcal{E}_{p}(\mathbb{C}^{2})$ , $\mathcal{E}_{p’}(\mathbb{C}^{2})\times \mathcal{E}_{p}(\mathbb{C}^{2})\rightarrow \mathcal{E}_{p}(\mathbb{C}^{2})$ ,

for every $p’$ such that $\frac{1}{p}+\frac{1}{p},$ $\geq 1$ .

We remark here about the statement (ii). Since $p>2$ , $p’$ must
be $p’<2$ , hence the statement (i) gives that $(\mathcal{E}_{p’}(\mathbb{C}^{2});*)$ is a Fr\’echet

algebra. So the statement (ii) means that every $\mathcal{E}_{p}(\mathbb{C}^{2})$ , $p>2$ , is a
topological $\mathcal{E}_{p’}(\mathbb{C}^{2})$ -bimodule.

We remark also that if $\hslash>0$ , then $e^{\pm(1/\hslash)(au^{2}+bv^{2}+2cuv)}.\in \mathcal{E}_{p}(\mathbb{C}^{2})$

for every $p>2$ . Remark also that such an element does not appear in
the theory of formal deformation quantization.

Let $\mathcal{E}_{2+}(\mathbb{C}^{2})=\bigcap_{p>2}\mathcal{E}_{p}(\mathbb{C}^{2})$ . $\mathcal{E}_{2+}(\mathbb{C}^{2})$ is a Fr\’echet space under

the natural intersection topology, $e^{\pm(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ is continuous in
$\mathcal{E}_{2+}(\mathbb{C}^{2})$ with respect to $(a, b, c)\in \mathbb{C}^{3}$ .

The following are examples of elements of $\mathcal{E}_{2+}(\mathbb{C}^{2})$ which play impor-
tant role in the later sections:

$\int_{-\infty}^{\infty}\frac{1}{\cosh t}e^{(\tanh t)uv}dt$ , $\frac{1}{u}(1-e^{(2i/\hslash)uv})$ , $\frac{1}{v}(1-e^{-(2i/\hslash)uv})$ .

2.1. Intertwiner, or coordinate transformations

We have three kind of $(\mathbb{C}[u, v];*)$ -bimodules according to normal
ordering expressions, the anti-normal ordering expression and the Weyl
ordering expression.

Let $e_{*}^{su}$ , $e_{*}^{tv}$ be $*$-exponential functions defined by $e_{*}^{su}=\sum\frac{1}{k^{1}}(su)^{k}$

or equivalently by the solution of $\frac{d}{dt}f_{t}(u)=u*f_{t}(u)$ with $f_{0}(u)=1$ . By
each product formula, $e_{*}^{su}*e_{*}^{tv}$ is computed as follows:

$\blacksquare e_{*}^{su}*e_{*}^{tv}=e_{o}^{su+tv}$ in the $\Psi DO$ product formula,
$\circ e_{*}^{su}*e_{*}^{tv}=e^{-\hslash ist}e^{su+tv}$. in the $\overline{\Psi}$ product formula,
$\circ e_{*}^{su}*e_{*}^{tv}=e^{-(\hslash ist/2)}e^{su+tv}$ in the Moyal product formula,

where $\circ$ , $\cdot$ , $\cdot$ indicate the commutative product used in each expression.
We have also

$\circ e_{*}^{\alpha u+\beta v}=e^{\alpha u+\beta v}$ in the Weyl ordering expression, but
$\blacksquare e_{*}^{\alpha u+\beta v}=e^{(\hslash i/2)\alpha\beta}e_{o}^{\alpha u+\beta v}$ in the normal ordering expression

with respect to $(u, v)$ .
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Thus, we must identify $e_{o}^{su+tv}$ , $e^{-\hslash ist}e^{su+tv}.$ , $e^{-(\hslash ist/2)}e^{su+tv}$ through
linear transformations. These are obtained by the following

$e^{\hslash i\partial_{u}\partial_{v}}e_{o}^{su+tv}-e^{-\hslash ist}e^{su+tv}.$ , $e^{(\hslash i/2)\partial_{u}\partial_{v}}e_{o}^{su+tv}-e^{-(\hslash ist/2)}e^{su+tv}$
.

Thus we define intertwiners as follows:

$I_{o}.(f)=e^{-\hslash i\partial_{u}\partial_{v}}f$ , $I_{o}.(f)=e^{-(\hslash i/2)\partial_{u}\partial_{v}}f$ .

We consider also the intertwiner between normal ordering expression
with respect to $(u, v)$ and the normal ordering expression with respect to
$(u’, v’)$ when $(u, v)$ and $(u’, v’)$ are related by $u’=au+bv$ , $v’=cu+dv$

such that ad-bc $=1$ .

The principle of making the intertwiner is that the $*$-exponential

functions $e_{*}^{\alpha u+\beta v}$ and $e_{*}^{\alpha’u’+\beta’v’}$ coincide if $(u, v)$ and $(u’, v’)$ are canoni-
cal conjugate pairs related linearly by each other and $\alpha u+\beta v=\alpha’u’+$

$\beta’v’$ .

Lemma 5. If $u’=\alpha u+\beta v$ , and $v’=\gamma u+\delta v$ is a canonical

conjugate pair, then $e_{*}^{tu^{l}}=e_{o}^{tu’}$, in the normal ordering expression with
respect to $(u’, v’)$ .

Applying Lemma 5 to a canonical conjugate pair $(u’, v’)$ , we take
the normal ordering expression with respect to $(u’, v’)$ :

$e_{*}^{\alpha’u^{J}+\beta’v’}=e^{(\hslash i/2)\alpha’\beta’}e_{o}^{\alpha’u’+\beta’v^{l}}$

Suppose $\alpha u+\beta v=\alpha’u’+\beta’v’$ and $u’=au+bv$ , $v’=du’ dv$ , ad-bc $=1$ .

Then, we must identify $e^{(\hslash i/2)\alpha\beta}e_{o}^{\alpha u+\beta v}$ with $e^{(\hslash i/2)\alpha’\beta’}e_{o}^{\alpha’u^{J}+\beta’v’}$

Hence, we have to define the intertwiner $I_{o}^{o}$ as a linear mappings:

(2.4) $I_{o}^{o}f=e^{(\hslash i/2)\partial_{u’}\partial_{v’}-(\hslash i/2)\partial_{u}\partial_{v}}f$ .

Precisely speaking, if $(u, v)$ and $(u’, v’)$ relate by

$u’=au+bv$ , $v’=cu+dv$ , ad-bc $=1$ ,

we first consider the exponential of the operator

$\partial_{u’}\partial_{v’}-\partial_{u}\partial_{v}=-bd\partial_{u}^{2}+(ad+bc-1)\partial_{u}\partial_{v}-ac\partial_{v}^{2}$

and then we replace the variable $(u, v)$ by $(du’-bv’, -cv’+av’)$ to obtain
$I_{o}^{o}f(u, v)$ . That is, if

$e^{-bd\partial_{u}^{2}+(ad+bc-1)\partial_{u}\partial_{v}-ac\partial_{v}^{2}}f(u, v)=g(u, v)$ ,

then we set $I_{o}^{o}f(u, v)=g(du’-bv’, -cv’+av’)$ .
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These are first defined on the space $\mathbb{C}[u, v]$ , and these give different
expressions to a same element written by $using*$-product via different
commutative algebras.

Theorem 6. The intertwiners defined above extend to continuous
linear isomorphisms of $\mathcal{E}_{p}(\mathbb{C}^{2})$ onto itself for every $0<p\leq 2$ , and to
give algebra isomorphisms of $(\mathcal{E}_{p}(\mathbb{C}^{2});*)$ onto $(\mathcal{E}_{p}(\mathbb{C}^{2});*)$ .

However, these do not extend to the space $\mathcal{E}_{2+}(\mathbb{C}^{2})$ .

Just like a coordinate transformation, the intertwiner is defined only
on a part of $\mathcal{E}_{2+}(\mathbb{C}^{2})$ onto a part of another $\mathcal{E}_{2+}(\mathbb{C}^{2})$ .

In spite of this, it is remarkable that the patching property, that
is, $I_{o}^{o’}I_{o}^{o}(f)=I_{o}^{o’}(f)$ holds for $f\in \mathcal{E}_{2}(\mathbb{C}^{2})$ , and this hold also for
$f\in \mathcal{E}_{2+}(\mathbb{C}^{2})$ if both sides are defined. This is proved by the approx-
imation by elements of $\mathcal{E}_{2}(\mathbb{C}^{2})$ . Intertwiners have the property of gluing
maps of bimodules.

By the above observation we see in particular:

Lemma 7. The anti-normal ordering expression with respect to
$(u, v)$ , and the normal ordering expression with respect to $(-v, u)$ coin-

cides.

By the observation as above, we have to consider the differential
equations

(2.5) $\frac{\partial}{\partial t}f=\hslash i\partial_{u}\partial_{v}f$ , $\frac{d}{d\tau}f=\hslash i\partial_{u}^{2}f$ .

The solution with initial function $e^{au+bv}$ is given by $e^{\hslash iabt}e^{au+bv}$ ,
$e^{\hslash a^{2}}{}^{t}e^{au+bv}$ . To obtain the solution with the initial function
$e^{\alpha u^{2}+\beta v^{2}+2\gamma uv}$ , we set $f=s(t)e^{\phi_{1}(t)u^{2}+\phi_{2}(t)v^{2}+\phi_{3}(t)2uv}$ . Then, the qua-
tions in (2.5) are rewritten respectively as systems of ordinary differential
equations:

$s’(t)=2\hslash is(t)\phi_{3}(t)$ , $\phi_{1}’(t)=4\hslash i\phi_{1}(t)\phi_{3}(t)$ ,
(2.5)

$\phi_{2}’(t)=4\hslash i\phi_{2}(t)\phi_{3}(t)$ , $\phi_{3}’(t)=2\hslash i(\phi_{1}(t)\phi_{2}(t)+\phi_{3}(t)^{2})$ .

$s’(\tau)=2\hslash i\phi_{1}(\tau)s(\tau)$ , $\phi_{1}’(\tau)=4\hslash i\phi_{1}(\tau)^{2}$ ,
(2.7)

$\phi_{2}’(\tau)=4\hslash i\phi_{3}(\tau)^{2}$ , $\phi_{3}’(\tau)=4\hslash i\phi_{1}(\tau)\phi_{3}(\tau)$ .

Through the solutions, we can patch exponential functions of qua-
dratic forms together, and although the domain and the region are not

clearly stated, intertwiners give patching identities of $\mathcal{E}_{p}(\mathbb{C}^{2})$ -bimodules
for $p<2$ , to define a certain $\mathcal{E}_{p}(\mathbb{C}^{2})$ -bimodule as a patched object.
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\S 3. Vacuums, half-inverses and the break down of the associa-
tivity

A direct calculation using the Moyal product formula (1.3) shows

that the coordinate function $v$ has a right inverse $v^{o}=\frac{1}{v}(1-e^{(2i/\hslash)uv})$ ,

and a left inverse $v$
.

$=\frac{1}{v}(1-e^{-(2i/\hslash)uv})$ in $\mathcal{E}_{2+}(\mathbb{C}^{2})$ , $i.e$
”

$v*v^{o}=1=v$ . $*v$ , $v^{o}*v=1-2e^{(2i/\hslash)uv}$ , $v*v$
. $=1-2e^{-(2i/\hslash)uv}$ .

If the associativity holds, then these should be the same genuine
inverse. Hence we must set $\frac{1}{v}\sin\frac{2}{\hslash}uv=0$ . Since this is impossible

(cf. $[O,e1.1]$ ), we loose the associativity in $\mathcal{E}_{2+}(\mathbb{C}^{2})$ . This is one of the
most basic phenomenon which breaks the associativity. That is, coordi-
nate functions have both left- and right-inverses.

3.1. Star-exponentials of quadratic forms in the Weyl
ordering expression

These strange phenomena are deeply related to the $*$-exponential

function such as $e_{*}^{(t/\hslash)uv}$ defined by the equation $\frac{d}{dt}f_{t}(u, v)=\frac{1}{\hslash}(u\cdot v)*$

$f_{t}(u, v)$ , $f_{0}(u, v)=1$ . Recall again that such an element can not appear
in the formal deformation theory.

For every point $(a, b, c;s)$ in $\mathbb{C}^{4}$ , consider a curve $s(t)$ $\exp\{\frac{1}{\hslash}(a(t)u^{2}+$

$b(t)v^{2}+2c(t)uv)\}$ starting at the point $s$ $\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$ then
the tangent vector of this curve is given as

$(\frac{1}{\hslash}(a’u^{2}+b’v^{2}+2c’uv)s+s’)e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ .

On the other hand, consider $the*$ product

$\frac{d}{dt}|_{t=0}e^{(t/\hslash)(a’u^{2}+b’v^{2}+2c’uv)}*se^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ .

This is computed as follows:

$\frac{1}{\hslash}(a’u^{2}+b’v^{2}+2c’uv)*se^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$

$=\frac{1}{\hslash}(a’u^{2}+b’v^{2}+2c’uv)se^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$

$+\frac{2i}{\hslash}\{(b’v+c’u)(au+cv)-(a’u+c’v)(bv+cu)\}$

$\times se^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$

$-\frac{1}{2\hslash}\{b’(\hslash a+2(au+cv)^{2})-2c’(\hslash c+2(au+cv)(bv+cu))$

$+a’(\hslash b+2(bv+cu)^{2})\}se^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$
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This may be written as

(3.1)

$\frac{1}{\hslash}(a’, b’, c’)[-(c+i)^{2}2a(c+i)-a^{2},,’$ $-(c-i)^{2}2b(c-i)-b^{2},,$, $1+ab+c^{2}-a(c-i)-b(c+i),$,

’

$-\frac{}{2}-\frac{b}{a2}c]$ $\left\{\begin{array}{l}u^{2}\\v^{2}\\2uv\\\hslash\end{array}\right\}$

$\times se^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ .

We denote this matrix by $M(a, b, c;s)$ , and by $M(a, b, c)$ the subma-
trix of first three columns.

Remark that

(3.1) $\det M(a, b, c)=(c^{2}-ab+1)^{3}$ .

The feature of this matrix is that the radial direction is the direction
of eigen vector:

(3.1) $(a, b, c)M(\tau a, \tau b, \tau c)=(1+(c^{2}-ab)\tau^{2})(a, b, c)$ ,

holds for every $(a, b, c)$ .

If $c^{2}-ab+1=0$ , then we can write

$au^{2}+bv^{2}+2cuv=2i(\alpha u+\beta v)(\gamma u+\delta v)$ , $\alpha\delta-\beta\gamma=1$ .

Clearly, $[\alpha u+\beta v, \gamma u+\delta v]=-\hslash i$ . Hence, setting $u’=\alpha u+\beta v$ ,
$v’=\gamma u+\delta v$ , $(u’, v’)$ is a canonical conjugate pair, and hence by Propo-
sition 3, we easily see by (1.3) that

(3.4) $(\gamma u+\delta v)*e^{(2i/\hslash)(\alpha u+\beta v)(\gamma u+\delta v)}=0$ , for $\alpha\delta-\beta\gamma=1$ .

It follows that

$(\gamma u+\delta v)_{*}^{2}*e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}=0$ ,

$(\alpha u+\beta v)*(\gamma u+\delta v)*e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}=0$ .

The second identity yields $(a, b, c)M(a, b, c)=0$ , if $c^{2}-ab+1=0$ , which
corresponds to (3.3), and the first one yields

$(\gamma^{2}, \delta^{2}, \gamma\delta)M(a, b, c)=0$ , $c^{2}-ab+1=0$ .

Hence we see that $M(a, b, c)$ is rank 1 at the point $c^{2}-ab+1=0$ , but

the rank of $M(a, b, c;s)$ is 2 at such a point. $2e^{(2i/\hslash)(\alpha u+\beta v)(\gamma u+\delta v)}$ and
$2e^{-(2i/\hslash)(\alpha u+\beta v)(\gamma u+\delta v)}$ are called vacuums. Remark that $(\alpha u+\beta v)\times$

$(\gamma u+\delta v)$ and $(\gamma u+\delta v)(\alpha u+\beta v)$ are distinguished in the expression of
vacuums.
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3.2. Horizontal distributions

Using (3.1), we consider a holomorphic singular distribution $D$ given
by

$D(a, b, c;s)=\{(a’, b’, c’)M(a, b, c;s)|(a’, b’, c’)\in \mathbb{C}^{3}\}$

on the space $\mathbb{C}^{3}\times \mathbb{C}_{*}$ . Let $\pi:\mathbb{C}^{3}\times \mathbb{C}_{*}\rightarrow \mathbb{C}^{3}$ be the natural projection.
Let $\Sigma=\{(a, b, c);c^{2}-ab+1=0\}$ . $\Sigma\times \mathbb{C}_{*}$ is a 3-dimensional complex

submanifold of $\mathbb{C}^{3}\times \mathbb{C}_{*}$ .

Though $\{D\}$ is singular on $\Sigma\times \mathbb{C}_{*}$ , $\{D\}$ is a strongly involutive
distribution in the sense of [Om] p. 51, for $\{D\}$ is given as an infinitesimal
action of a Lie group. This gives an ordinary involutive distribution on
$(\mathbb{C}^{3}-\Sigma)\times \mathbb{C}_{*}$ and hence there is the 3-dimensional maximal integral
holomorphic submanifold $M^{3}$ through the origin (0, 0, 0; 1).

A curve $g(t)=(a(t), b(t),$ $c(t);s(t))$ is an integral curve of $\{D\}$ , if
$\frac{d}{dt}g(t)\in D(g(t))$ for every $t$ . For every curve $c(t)$ in $\mathbb{C}^{3}-\Sigma$ , we have an
integral curve $g(t)$ such that $\pi(g(t))=c(t)$ . $g(t)$ is a lift of $c(t)$ . Remark
that $g(1)$ depends only on the homotopy class of curves joining (0, 0, 0)
and $c(1)$ .

Points of $M^{3}$ is given as the homotopy equivalence class of lift of
curves in $\mathbb{C}^{3}-\Sigma$ starting at the origin (0, 0, 0).

Every integral curve $g(t)$ staring at a point of $\Sigma\times \mathbb{C}_{*}$ remains in
this space. The maximal integral submanifold through a point of $\Sigma\times \mathbb{C}_{*}$

is a 2-dimensional complex submanifold $M^{2}$ such that $\pi(M^{2})$ is a one
dimensional submanifold of $\Sigma$ . Hence, $\Sigma\times \mathbb{C}_{*}$ is foliated by maximal
integral submanifolds.

3.3. \star -exponentials and vacuums

In this subsection we define the exponential function
$e_{*}^{t(au^{2}+bv^{2}+2cuv)}$ . Set $e_{*}^{t(au^{2}+bv^{2}+2cuv)}$

$=$ $F(t, u, v)$ , and consider
the evolution equation

(3.5) $\frac{\partial}{\partial t}F(t, u, v)=(au^{2}+bv^{2}+2cuv)*F(t, u, v)$ , $F(0, u, v)=1$ .

The right hand side of (3.5) is computed by the Moyal product
formula (1.3) as follows:

$(au^{2}+bv^{2}+2cuv)*F(t, u, v)$

$=(au^{2}+bv^{2}+2cuv)F+\hslash i\{(bv+cu)\partial_{u}F-(au+cv)\partial_{v}F\}$

$-\frac{\hslash^{2}}{4}\{b\partial_{u}^{2}F-2c\partial_{v}\partial_{u}F+a\partial_{v}^{2}F\}$

This is a partial differential equation. If ab–c2 $>0$ , then this is the
heat equation and the existence of solutions is not ensured in general.
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This implies that the mapping $f(u, v)\rightarrow e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cuv)}*f(u, v)$ is
not always defined for $C^{\infty}$ -functions.

However, we see that real analytic solution in $t$ is unique, if

it exists. Hence we assume that $e_{*}^{t(au^{2}+bv^{2}+2cuv)}$ is a function of
$au^{2}+bv^{2}+2cuv$ ; that is $e_{*}^{t(au^{2}+bv^{2}+2cuv)}=f_{t}(au^{2}+bv^{2}+2cuv)$ . Then,
setting $x=au^{2}+bv^{2}+2cuv$ , we have

(3.6) $\frac{d}{dt}f_{t}(x)=xf_{t}(x)-\hslash^{2}$ $(ab-c^{2})$ $(f_{t}’(x)+xf_{t}’’(x))$ .

The right hand side is the Bessel operator.
However, there is another method to treat this differential equation.

We assume that

$e_{*}^{t(au^{2}+bv^{2}+2cuv)}=s(t)e^{a(t)u^{2}+b(t)v^{2}+2c(t)uv}$ ,

then we have only to solve the system of ordinary differential equations

(3.7)
$\frac{d}{dt}(a(t), b(t),$ $c(t);s(t))=(a, b, c)M(a(t), b(t)$ , $c(t);s(t))$ ,

$(a(0),b(0)$ , $c(0);s(0))=(0,0,0;1)$ .

Lemma 8. The solution of (3.6) with the initial function 1 is
given by

$f_{t}(x)=\frac{1}{\cosh(\hslash\sqrt{ab-c^{2}}t)}\exp\frac{x}{\hslash\sqrt{ab-c^{2}}}\tanh(\hslash\sqrt{ab-c^{2}}t)$ .

If ab-c2 $=0$ , then we set

$\frac{1}{\hslash\sqrt{ab-c^{2}}}\tanh(\hslash\sqrt{ab-c^{2}}t)=t$ .

This shows that $e_{*}^{tuv}$ cannot be defined for $a1H$ $t\in \mathbb{C}$ , if the equation
$\frac{d}{dt}f_{t}(uv)=(uv)*f_{t}(uv)$ is considered in the Weyl ordering expression.

We shall show that such singularities appear also in the other order-
ing expressions. Such an observation gives the first half of Theorem 2.
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By Lemma 8, we have
(3.8)

$\exp_{*}\{\frac{t}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\frac{1}{\cosh(\sqrt{ab-c^{2}}t)}$

$\times\exp\{(au^{2}+bv^{2}+2cuv)(\frac{1}{\hslash\sqrt{ab-c^{2}}}\tanh(\sqrt{ab-c^{2}}t))\}$

$=\frac{1}{\cos(\sqrt{c^{2}-ab}t)}$

$\times\exp\{(au^{2}+bv^{2}+2cuv)(\frac{1}{\hslash\sqrt{c^{2}-ab}}\tan(\sqrt{c^{2}-ab}t))\}$

(cf. same formula is seen also in [MS].) Remark here that
$e_{*}^{t(au^{2}+bv^{2}+2cuv)}\in M^{3}$ . Though the ambiguity $of\pm\sqrt{ab-c^{2}}$ makes no
difference for the result, the difference of the periodicity of $\cos$ and $\tan$

gives that if $c^{2}-ab\neq 0$ , then

(3.9) $\pi^{-1}\pi\{e_{* }^{t(au^{2}+bv^{2}+2cuv)}t\in \mathbb{C}\}=\{\pm e_{* }^{t(au^{2}+bv^{2}+2cuv)}t\in \mathbb{C}\}$ .

Since $\tan\theta=$ $c^{2}$ –ab gives $\frac{1}{\cos^{2}\theta}=c^{2}-ab+1$ , (3.8) is equivalent
with

$\sqrt{c^{2}-ab+1}\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

(3.10)

$=\exp_{*}\{\frac{1}{\hslash\sqrt{c^{2}-ab}}(\arctan\sqrt{c^{2}-ab})(au^{2}+bv^{2}+2cuv)\}$ .

Using this, we have the following:

Proposition 9. If $c^{2}-$ ab $+1$ $\neq$ 0, then $\pm\sqrt{c^{2}-ab+1}\times$

$\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$ are elements of $M^{3}$ . Conversely, if $\pi(Q)=$

$\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$ with $c^{2}-ab+1\neq 0$ for some $Q\in M^{3}$ , then

$Q=\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ or

$-\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ .

These are written $as*$ -exponential functions written in the form

$e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cuv)}$ ; $a$ , $b$ , $c\in \mathbb{C}$

except the cose $Q=-e^{(t/\hslash)(au^{2}+bv^{2}+2cuv)}$ , $c^{2}-ab=0$ .
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By (3.8), we have in particular, if $c^{2}\neq ab$ , then $\exp_{*}\{\frac{\pi}{\hslash\sqrt{c^{2}-ab}}\times$

$(au^{2}+bv^{2}+2cuv)\}=-1$ , but $\exp_{*}\{\frac{\pi}{2\hslash\sqrt{c^{2}-ab}}(au^{2}+bv^{2}+2cuv)\}$ diverges

in the Weyl ordering expression.
Let $\Pi_{0}$ be the subset defined as follows:

$\Pi_{0}=$ { ( $a$ , $b$ , $c)\in \mathbb{C}^{3}$ ; $e_{*}^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ does not defined}.

Remark that Proposition 9 shows that $\pi:M^{3}\rightarrow \mathbb{C}^{3}-\Sigma$ is surjective,
but the difference of period of $\cos$ and $tan$ , and the ambiguity of the
sign of $\sqrt{c^{2}-ab+1}$ of (3.10) shows that $\pi$ gives a double cover. Hence
we have the following result:

Proposition 10. $\exp_{*}:$
$\mathbb{C}^{3}-\Pi_{0}\rightarrow \mathbb{C}^{3}-\Sigma$ is a holomorphic map-

ping such that

$\exp_{*}(\mathbb{C}^{3}-\Pi_{0})$

$=M^{3}-\{-e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)} ; c^{2}-ab=0, (a, b, c)\neq(0,0,0)\}$ .

The element -1 is on $a*$ -exponential function as $\exp_{*}(\frac{\pi}{\hslash}2uv)=-1$ .

By the uniqueness of analytic solutions, the exponential law

$e_{*}^{isx}*e_{*}^{itx}=e_{*}^{i(s+t)x}$

holds where both sides are defined.

Lemma 11. For $s$ , $\sigma\in \mathbb{C}$ such that $1+s\sigma(ab-c^{2})\neq 0$ , we have

$\exp\{\frac{s}{\hslash}(au^{2}+bv^{2}+2cuv)\}*\exp\{\frac{\sigma}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\frac{1}{1+s\sigma(ab-c^{2})}\exp\{\frac{s+\sigma}{\hslash(1+s\sigma(ab-c^{2}))}(au^{2}+bv^{2}+2cuv)\}$ .

Thus, we have idempotent elements

2 $\exp\{\pm\frac{1}{\hslash\sqrt{ab-c^{2}}}(au^{2}+bv^{2}+2cuv)\}$

*2 $\exp\{\pm\frac{1}{\hslash\sqrt{ab-c^{2}}}(au^{2}+bv^{2}+2cuv)\}$

$=2\exp\{\pm\frac{1}{\hslash\sqrt{ab-c^{2}}}(au^{2}+bv^{2}+2cuv)\}$ .

Recall 2 $\exp\{\frac{1}{\hslash\sqrt{ab-c^{2}}}(au^{2}+bv^{2}+2cuv)\}$ is a vacuum.
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Corollary 12. Vacuums are obtained as the limit point of
$*$ -exponential functions:

2 $\exp\{\frac{1}{\hslash\sqrt{ab-c^{2}}}(au^{2}+bv^{2}+2cuv)\}$

$=\lim_{t\rightarrow\infty}\exp\{it\sqrt{ab-c^{2}}\}\exp_{*}\{\frac{t}{\hslash\sqrt{ab-c^{2}}}(au^{2}+bv^{2}+2cuv)\}$

is a vacuum.

This shows that vacuums may be regarded as certain equilibrium
states (cf. [BL]).

The following lemma is useful in the computation, and is proved by
that both quantities satisfy the same partial differential equation with
the same initial condition:

Lemma 13 (Bumping lemma).

$v*e_{*}^{itu*v}=e_{*}^{itv*u}*v$ , $e_{*}^{itu*v}*u=u*e_{*}^{itv*u}$

3.4. Anomarous phenomena

We easily see by the Moyal product formula (1.3) that

$v*e^{(2i/\hslash)uv}=0=e^{(2i/\hslash)uv}*u$ , $u*e^{-(2i/\hslash)uv}=0=e^{-(2i/\hslash)uv}*v$ .

We call $2e^{(2i/\hslash)uv}$ a vacuum and $2e^{-(2i/\hslash)uv}$ a bar-vacuum and denote
these by $\varpi_{0,,,0}$ , and $\overline{\varpi}0,0$ respectively. By the Moyal product formula and
the 2-p-associativity, we see easily

$(uv-\frac{\hslash i}{2})*e^{(2i/\hslash)uv}=u*v*e^{(2i/\hslash)uv}=0$ .

However, $uv-\hslash i/2=u*v$ has the inverse $i\int_{0}^{\infty}e_{*}^{-(it/\hslash)u*v}dt$ in $\mathcal{E}_{2+}(\mathbb{C}^{2})$ .

Thus, the associativity fails in $\mathcal{E}_{2+}(\mathbb{C}^{2})$ :

$((uv-\frac{\hslash i}{2})^{-1}*(uv$

(3.11)

$\neq(uv-\frac{\hslash i}{2})^{-1}*($

$-\frac{\hslash i}{2}))*e^{(2i/\hslash)uv}$

$(uv-\frac{\hslash i}{2})*e^{(2i/\hslash)uv})$ .

Furthermore, we see that

$\int_{0}^{\infty}\frac{1}{\cosh(t/2)}\exp\{\frac{i}{\hslash}(\tanh\frac{t}{2})2u\cdot v\}dt$ ,

$\int_{-\infty}^{0}\frac{1}{\cosh(t/2)}\exp\{\frac{i}{\hslash}(\tanh\frac{t}{2})2u\cdot v\}dt$
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exist in the space $\mathcal{E}_{2+}(\mathbb{C}^{2})$ . It follows that $u$ . $v$ has two different inverses
as follows:

$(u. v)_{+i0}^{-1}=-i\int_{0}^{\infty}e_{*}^{(it/\hslash)u\cdot v}dt$ , $(u\cdot v)_{-i0}^{-1}=i\int_{-\infty}^{0}e_{*}^{(it/\hslash)u\cdot v}dt$ .

The difference is given as

(3.12) $(u\cdot v)_{+i0}^{-1}-(u\cdot v)_{-i0}^{-1}=-i\int_{-\infty}^{\infty}e_{*}^{(it/\hslash)u\cdot v}dt$ .

Since the right hand side of (3.12) can be viewed as the $*$-Fourier
transform of 1, this may be written as the $*$-delta function $-i\delta_{*}(u\cdot v)$

(cf. [OMMY]). Hence the associativity must break down again, and it
holds $(u. v)*\delta_{*}(u\cdot v)=\delta_{*}(u\cdot v)*(u\cdot v)=0$ .

Thus, it is impossible to treat $(u. v)_{+i0}^{-1}$ and $(u\cdot v)_{-i0}^{-1}$ in the same
associative algebra. In spite of this, the right hand side of (3.12) has the
expression as follows by using Hansen-Bessel formula:

$\int_{-\infty}^{\infty}e_{*}^{(it/\hslash)uv}dt=\int_{-,,\infty}^{\infty}\frac{1}{\cosh(t/2)}\exp\{\frac{i}{\hslash}(\tanh\frac{t}{2})2u\cdot v\}dt$

$=\frac{\pi}{2}J_{0}(\frac{2}{\hslash}u\cdot v)$ .

Hence, $-i\delta_{*}(u\cdot v)$ is expressed as an entire function by the Weyl ordering
expression.

Several fancy relations to Sato’s hyper functions [M] can be seen,
since $(u\cdot v\pm z)_{\pm i0}^{-1}$ is defined as a holomorphic function with respect to
$z$ on the upper half plane, and $-i\delta_{*}(u\cdot v)$ is viewed as the difference
$(u. v+z)_{+i0}^{-1}-(u\cdot v-z)_{-i0}^{-1}$ . These will be discussed in another paper.

3.5. Several product formulas

Every quadratic form $Q(u, v)$ is written in the form
$\circ(\alpha u+\beta v)^{2}$ , if ab-c2 $=0$ ,
$\blacksquare\lambda(\alpha u+\beta v)(\gamma u+\delta v)$ with $\alpha\delta-\beta\gamma=1$ , if $ab-c^{2}\neq 0$ .

By Proposition 3, the general product formula for quadratic exponential

functions can be obtained from only the two cases as follows:

$e^{tu^{2}}*e^{au^{2}+bv^{2}+2cuv}$ , $e^{\tau uv}*e^{au^{2}+bv^{2}+2cuv}$ .

By solving the system of ordinary equations (3.7) with the general
initial condition

$(a(0), b(0)$ , $c(0);s(0))=(a, b, c;1)$ ,
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we see that the first one is written as

(3.13)

$\exp_{*}\{\frac{t}{\hslash}u^{2}\}*\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\frac{1}{\sqrt{1+bt}}$

$\times\exp\{\frac{1}{\hslash(1+bt)}\{(a+(ab-c^{2}-2ci+1)t)u^{2}+bv^{2}+2(c-ibt)uv\}\}$ .

The ambiguity $of\pm\sqrt{1+bt}$ can not be eliminated for all $t$ , $b$ .

The formula (3.13) yields several results for $the*$-product. Remark

first that $e_{*}^{(t/\hslash)u^{2}}=e^{(t/\hslash)u^{2}}$

Lemma 14. For $\exp\{\frac{t}{\hslash}u^{2}\}$ , $Q$ $\in$
$M^{3}$ such that $\pi(Q)$ $=$

$\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$ and $bt\neq-1$ , the product $\exp\{\frac{t}{\hslash}u^{2}\}*Q$ is

defined as an element of $M^{3}$ written as

$\sqrt{\frac{c^{2}-ab+1}{1+bt}}$

$\times\exp\{\frac{1}{\hslash(1+bt)}\{(a+(ab-c^{2}-2ci+1)t)u^{2}+bv^{2}+2(c-ibt)uv\}\}$ .

Similar to (3.13), we have

(3.14)

$\exp_{*}\{\frac{t}{\hslash}v^{2}\}*\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\frac{1}{\sqrt{1+at}}$

$\times\exp\{\frac{1}{\hslash(1+at)}\{au^{2}+(b+(ab-c^{2}+2ci+1)t)v^{2}+2(c+iat)uv\}\}$ ,

and hence we have the similar result as Lemma 14.
Remarking $e_{*}^{(t/\hslash)2uv}=\sqrt{1+s^{2}}e^{(s/\hslash)2uv}$ , and solving carefully the

system of ordinary equations (3.7) with the general initial condition, we



304 H. Omori

have
(3.15)

$\exp\{\frac{s}{\hslash}2uv\}*\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\frac{1}{\sqrt{1-2cs+(c^{2}-ab)s^{2}}}$

$\times\exp\{\frac{1}{\hslash(1-2cs+(c^{2}-ab)s^{2})}$

$\times$ $(a(1+is)^{2}u^{2}+b(1-is)^{2}v^{2}+(c-(c^{2} - ab-1)s-cs^{2})2uv)\}$ .

The following identity is useful for the computation of discriminant $D$ :

$(1-2cs+(c^{2}-ab)s^{2})^{2}+(c-(c^{2}-ab-1)s-cs^{2})^{2}$

(3.16) $-ab(1+is)^{2}(1-is)^{2}$

$=(c^{2}-ab+1)(1+s^{2})((c^{2}-ab)s^{2}-2cs+1)$ ,

but the ambiguity $of\pm\sqrt{1-2cs+(c^{2}-ab)s^{2}}$ can not be eliminated.
Using (3.15) and (3.10), we have several results as follows:

Lemma 15. If $Q_{1}$ , $Q_{2}$ $\in$ $M^{3}$ such that $\pi(Q_{1})$ $=$
$e^{(s/\hslash)2uv}$ ,

$\pi(Q_{2})=e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ , then

$Q_{1}=\pm\sqrt{1+s^{2}}e^{(s/\hslash)2uv}$ , $Q_{2}=\pm\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$

with $1+s^{2}\neq 0$ , $c^{2}-ab+1\neq 0$ .

If $1-2cs+(c^{2}-ab)s^{2}\neq 0$ , then the $*$ -product $Q_{1}*Q_{2}$ is defined
as an element of $M^{3}$ by

$(\sqrt{1+s^{2}}\exp\{\frac{s}{\hslash}2uv\})*(\sqrt{c^{2}-ab+1})\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\sqrt{1+D}\exp\{\frac{1}{\hslash(1-2cs+(c^{2}-ab)s^{2})}$

$\times$ $(a(1+is)^{2}u^{2}+b(1-is)^{2}v^{2}+(c-(c^{2} - ab-1)s-cs^{2})2uv)$ $\}$

where $D$ is the discriminant of the quadratic form

$\frac{1}{1-2cs+(c^{2}-ab)s^{2}}$

$\times$ $(a(1+is)^{2}u^{2}+b(1-is)^{2}v^{2}+(c-(c^{2} - ab-1)s-cs^{2})2uv)$ .
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Hence the right hand side is also an element $of*$ -exponential function.
By Lemmas 15, 14, we have the following:

Theorem 16. $M^{3}$ forms a local group, which is locally isomorphic
to $SL(2, \mathbb{C})$ and $M^{3}$ is embedded in $\mathcal{E}_{2+}(\mathbb{C}^{2})$ as

$M^{3}=\{\pm\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ ; $c^{2}-ab+1\neq 0\}$ .

The open dense subset

$M^{3}-\{-e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ ; $c^{2}-ab=0$ , $(a, b, c)\neq(0,0,0)\}$

is covered $by*$ -exponential functions $\{e_{*}^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}\}$ .

\S 4. Star exponential functions in the normal ordering expres-
sion

Although $e_{*}^{\pm(\pi/\hslash)uv}$ diverge in the Weyl ordering expression, we
prove in this section that such elements make sense in the normal order-
ing expression.

Since $uv=u\circ v+(\hslash i/2)$ , we have $ au^{2}+2cuv+bv^{2}=au^{2}+2cu\circ$

$v+bv^{2}+\hslash ci$ . In this section, we compute $e^{-cit}e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cuv)}=$

$e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cu\circ v)}$ by $\Psi DO$-product formula. Thus, we set

$e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cu*v)}=s(t)e_{o}^{(1/\hslash)(a(t)u^{2}+b(t)v^{2}+2c(t)u\circ v)}$ .

We first compute

$\frac{1}{\hslash}(a’u^{2}+b’v^{2}+2c’u\circ v)*e_{o}^{(1/\hslash)(au^{2}+bv^{2}+2cu\circ v)}$

$=\{\frac{1}{\hslash}(a’u^{2}+b’v^{2}+2c’u\circ v)+\frac{i}{\hslash}(2b’v+2c’u)\circ(2au+2cv)$

$+\frac{-1}{\hslash}\frac{1}{2}(2b’)((2au+2bv)^{2}+2a\hslash)\}\circ e_{o}^{(1/\hslash)(au^{2}+bv^{2}+2cu\circ v)}$ .

This is

(4.1)

$\frac{1}{\hslash}(a’, b’, c’)$ $\left\{\begin{array}{llll}1, & 0, & 0, & 0\\-4a^{2}, & 1+4ci-4c^{2}, & 2ai-2ac, & -2\hslash a\\4ai, & 0, & 1+2ci, & 0\end{array}\right\}\left\{\begin{array}{ll}u^{2} & \\v^{2} & \\2u\circ & v\\\hslash & \end{array}\right\}$

$\circ se_{o}^{(1/\hslash)(au^{2}+bv^{2}+2cu\circ v)}$
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Submatrix of first 3-columns is singular only at 1 $+2ci=0$ , i.e. at
$e_{o}^{(1/\hslash)iu\circ v}$ . This is in fact a vacuum computed by $\Psi DO$-product formula
(cf. Corollary 12 and (4.3) below).

Hence, setting $e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cu\circ v)}=\psi(t)e_{o}^{\phi_{1}(t)u^{2}+\phi_{2}(t)v^{2}+2\phi_{3}(t)u\circ v}$ ,

we have only to solve the system of ordinary differential equations

$\phi_{1}’(t)=\frac{1}{\hslash}a+4ic\phi_{1}(t)-4\hslash b\phi_{1}(t)^{2}$

$\phi_{2}’(t)=\frac{1}{\hslash}b+4ib\phi_{3}(t)-4\hslash b\phi_{3}(t)^{2}$

(4.2)

$\phi_{3}’(t)=\frac{1}{\hslash}c+2ic\phi_{3}(t)+2ib\phi_{1}(t)-4\hslash b\phi_{1}(t)\phi_{3}(t)$

$\psi’(t)=-2\hslash b\phi_{1}(t)\psi(t)$

with the initial condition $\phi_{i}(0)=0$ and $\psi(0)=1$ .

4.1. The case $b=0$ as the simplest case

(4.2) is easily solved if $b=0$ , and we have

(4.3) $e_{*}^{(t/\hslash)(au^{2}+2cu\circ v)}=e_{o}^{(a/4ci\hslash)(e^{4cit}-1)u^{2}+(1/2i\hslash)(e^{2cit}-1)2u\circ v}$ .

$(it/\hslash)u\circ v$ $(1/\hslash)iu\circ v$

In particular, $\lim_{t\rightarrow\infty}e_{*}$ $=e_{o}$ By Corollary 12, the limit
is the vacuum $\varpi_{00}$ .

Note also that the case $1+2ci=0$ in (4.1) is written as follows:

$e_{o}^{(1/\hslash)(au^{2}+bv^{2}+iu\circ v)}=(e_{o}^{(1/\hslash)au^{2}}*\varpi_{00})*e_{o}^{(1/\hslash)bv^{2}}$

$=e_{o}^{(1/\hslash)au^{2}}*(\varpi_{00}*e_{o}^{(1/\hslash)bv^{2}})$ .

We have also the following remarkable fact:

(4.4) $e_{*}^{(\pi/2\hslash)(au^{2}+2u*v)}=e_{o}^{-(1/\hslash i)2u\circ v}=e_{*}^{(\pi/\hslash)u*v}$

that is, $e_{*}^{(\pi/\hslash)(au^{2}+u\circ v)}$ does not depend on $a$ .

Using the exponential law we have the following:

Proposition 17. In the normal ordering expression with respect
to $(u, v)$ , the exponential law holds

$(\exp_{o}\{\frac{a}{4ci\hslash}(e^{4cis}-1)u^{2}+\frac{1}{2i\hslash}(e^{2cis}-1)2u\circ v\})$

$*(\exp_{o}\{\frac{a}{4ci\hslash}(e^{4cit}-1)u^{2}+\frac{1}{2i\hslash}(e^{2cit}-1)2u\circ v\})$

$=\exp_{o}\{\frac{a}{4ci\hslash}(e^{4ci(s+t)}-1)u^{2}+\frac{1}{2i\hslash}(e^{2ci(s+t)}-1)2u\circ v\}$
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In particular, we have the exponential law:

$e_{o}^{(1/\hslash i)(e^{is}-1)u\circ v}*e_{o}^{(1/\hslash i)(e^{it}-1)u\circ v}=e_{o}^{(1/\hslash i)(e^{i(s+t)}-1)u\circ v}$

If we set $\sigma=e^{is}-1$ , $\tau=e^{it}-1$ , then the exponential law gives the
following product formula:

(4.5) $e_{o}^{(1/\hslash x)\sigma u\circ v}*e_{o}^{(1/\hslash i)\tau u\circ v}=e_{o}^{(1/\hslash i)(\sigma\tau+\sigma+\tau)u\circ v}$

Though the product has no singularity, the inverse has a singular point:

(4.6) $(e_{o}^{(1/\hslash i)\sigma u\circ v})_{*}^{-1}=e_{o}^{-(1/\hslash i)(\sigma/1+\sigma)u\circ v}$ .

The singular point $e_{o}^{-(1/\hslash i)u\circ v}$ is in fact the normal ordering expression

of the vacuum $\varpi_{0,,,0}$ .

4.2. Several facts, concluded from the case $a =0$

If $a=0$ in (4.2), then we have

(4.7) $e_{*}^{(t/\hslash)(bv^{2}+2cu\circ v)}=e_{o}^{(b/4ci\hslash)(e^{4cit}-1)v^{2}+(1/2\hslash i)(e^{2cit}-1)2u\circ v}$

The same exponential law as in Proposition 17 holds.
In particular, we see that

(4.8) $e_{*}^{(\pi/2\hslash)(bv^{2}+2u*v)}=e_{o}^{-(2/\hslash i)u\circ v}=e_{*}^{(\pi/\hslash)u*v}$

and this quantity does not depend on $b$ .

By (4.4), (4.8), we have the following remarkable fact:

Lemma 18. In the normal ordering expression with respect to the
canonical conjugate pair $(u, v)$ , the identities

$e_{*}^{(\pi/\hslash)u*(v+au)}=e_{*}^{(\pi/\hslash)u*v}=e_{*}^{(\pi/\hslash)(u+bv)*v}=e_{o}^{(2i/\hslash)u\circ v}$

hold for any $a$ , $b\in \mathbb{C}$ .

An element $e_{*}^{(\pi/\hslash)(\alpha u+\beta v)(\gamma u+\delta v)}$
$=$

$ie_{*}^{(\pi/\hslash)(\alpha u+\beta v)*(\gamma u+\delta v)}$ with
$\alpha\delta-\beta\gamma=1$ is called a polar element. This element is computed in the
normal ordering expression with respect to $u’=\alpha u+\beta v$ , $v’=\gamma u+\delta v$ .

We denote the set of all polar elements by $\epsilon_{00}$ . Obviously,

$\epsilon_{00}=\{e_{*}^{(\pi/\hslash)(\alpha u+\beta v)(\gamma u+\delta v)}$ ; $\alpha\delta-\beta\gamma=1\}$

$=\{e_{*}^{(\pi/\hslash)(au^{2}+bv^{2}+2cuv)}$ ; $c^{2}-ab=\frac{1}{4}\}$
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$e_{*}^{(\pi/\hslash)uv}$ $=ie_{*}^{(\pi/\hslash)u*v}$ is a polar element. Though this is not
computed in the Moyal product formula, this is computed in the
$\Psi DO$-product formula (1.1) as $e_{o}$

$(2i/\hslash)u\circ v$

Note that $u’=u$ , $v’=au+v$ gives a canonical conjugate pair.
Hence, by Lemma 18 applied for $u’$ , $v’$ , we have

$(\pi/\hslash)u’*v’$ $(\pi/\hslash)(u’+bv’)*v’$ $(2i/\hslash)u’\circ v’$

$e_{*}$ $=e_{*}$ $=e_{o’}$

in the normal ordering expression with respect to $(u’, v’)$ .

Note that for every $c\neq 0$ ,

$(u’+bv’)*v’=(u+b(v+au))*(v+au)=(\frac{1+ab}{c}u+\frac{b}{c}v)*(cau+cv)$ .

Thus, in a first glance, it looks very natural to set as

$(\pi/\hslash)u*v$ $(\pi/\hslash)u*(v+au)$ $(\pi/\hslash)u’*v’$ $(\pi/\hslash)(u’+bv’)*v’$

$e_{*}$ $=e_{*}$ $=e_{*}$ $=e_{*}$

hence we have

$\exp_{*}\{\frac{\pi}{\hslash}u*v\}=\exp_{*}\{\frac{\pi}{\hslash}(\frac{1+ab}{c}u+\frac{b}{c}v)*(cau+cv)\}$ .

However, such equalities are dangerous, because quantities of left and
right members are computed separately by using different canonical con-
jugate pairs. Such two elements should be compared through intertwin-
ers mentioned in \S 2.1.

Although $e_{*}^{\pm(\pi/\hslash)uv}$ is defined only by normal ordering expression,
the equality (3.15) gives also the following:

Lemma 19. If $c^{2}-ab\neq 0$ , then

$\exp_{*}\{\pm\frac{\pi}{\hslash}uv\}*\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\frac{1}{\sqrt{c^{2}-ab}}\exp\{\frac{1}{\hslash(ab-c^{2})}(au^{2}+bv^{2}+2cuv)\}$ .

Proof. Remark $e_{*}^{\pm(t/\hslash)2uv}=\sqrt{1+s^{2}}e^{(s/\hslash)2uv}$ and if $t\rightarrow\pm\frac{\pi}{2}$ , then
$ s\rightarrow\infty$ . Multiplying $\sqrt{1+s^{2}}$ to the both sides of (3.15), and take
$ s\rightarrow\infty$ . We have the lemma. Q.E.D.

Since linearly related canonical conjugate pairs form an arcwise
connected subset, polar elements look like forming connected complex
2-dimensional manifold. In fact, however, we have the following:
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Proposition 20. For every $a$ , $b\in\epsilon_{00}$ , we have $a*b=\pm 1$ ,

$a*a=-1$ . Hence $a=-a^{-1}$ and hence $a=\pm b$ by applying $a^{-1}$ . Con-
sequently, $\epsilon_{00}$ forms a single point

Proof. By Lemma 8, we see easily that $a*a=-1$ . To prove
$a*b=\pm 1$ , we have only to compute

$C^{2}\lim_{-ab\rightarrow\frac{\pi^{2}}{4}}[e_{*}^{(\pi/\hslash)u*v}*\frac{1}{\cos\sqrt{c^{2}-ab}}$

$\times\exp\{(\frac{1}{\hslash\sqrt{c^{2}-ab}}\tan\sqrt{c^{2}-ab})(au^{2}+bv^{2}+2cuv)\}]$

in the Weyl ordering expression. By Lemma 19, this is rewritten as

$\lim_{c^{2}-ab\rightarrow\frac{\pi^{2}}{4}}\frac{1}{\sin\sqrt{c^{2}-ab}}\exp\{-(\frac{1}{\hslash}\cot^{2}\sqrt{c^{2}-ab})(au^{2}+bv^{2}+2cuv)\}$ .

Since $\cos\theta=0$ implies $\sin\theta=\pm 1$ , the above quantity tends $to\pm 1$ . This
shows $a*b=\pm 1$ .

Since the set $\alpha\delta-\beta\gamma=1$ is connected, we see that $\{\exp_{*}\{(\pi/\hslash)\times$

$(\alpha u+\beta v)(\gamma u+\delta v)\}\}$ forms a single element and $a*b=1$ in fact. Q.E.D.

We denote the polar element by the same notation $\epsilon_{00}$ .

Remark. This is a little tricky, because $(-v, u)$ is also a canonical
conjugate pair. Hence at the first glance the above result looks like

insisting $e_{*}^{(\pi/\hslash)u*v}=e_{*}^{(\pi/\hslash)(-v)*u}$ . If this were true, then since $-v*u=$
$-u*v-\hslash i$ , we must have

$e_{*}^{(\pi/\hslash)(-v)*u}=-e_{*}^{-(\pi/\hslash)u*v}$

However, we have already seen that $\epsilon_{00}*\epsilon_{00}$ $=$ -1. This gives
$e_{*}^{-(\pi/\hslash)u*v}=e_{*}^{(\pi/\hslash)u*v}$ , and hence we have $\epsilon_{00}=-\epsilon_{00}$ . This looks like
a contradiction. Remark however, that $\epsilon_{00}=-\epsilon_{00}$ does not necessarily
imply $2\epsilon 00=0$ .

In Lemma 23, we will see that $\epsilon_{00}$ is expressed as $e_{o}$ and
$(2i/\hslash)u\circ v$

$e^{(2i/\hslash)(-v)\cdot u}$. by normal ordering expressions with respect to $(u, v)$ and
$(-v, u)$ respectively. Thus, we have to use the intertwiner between

canonical conjugate pairs $(u, v)$ and $(-v, u)$ to compare $e_{*}^{(\pi/\hslash)u*v}$ and
$e_{*}^{(\pi/\hslash)(-v)*u}$ Consequently, we have to set $e_{*}^{(\pi/\hslash)u*v}=-e_{*}^{(\pi/\hslash)(-v)*u}$ .

Although $\epsilon_{00}$ forms a single element and $\epsilon_{00}*\epsilon_{00}=-1$ , this does

not imply that $\epsilon 00=i$ , because the following holds by the bumping
Lemma 13:
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Proposition 21. $u*\epsilon_{00}+\epsilon_{00}*u=0$ , $v*\epsilon_{00}+\epsilon_{00}*v=0$ . In
particular, $\epsilon_{00}$ commutes with every even element.

This suggests that $\epsilon_{00}$ has some super theoretic character [W]. There
are several odd variables in our system, but a systematic treatment of
these will be given some other paper $[O,e1.4]$ .

On the contrary, the normal ordering expressions of $\epsilon_{00}$ with respect

to the canonical conjugate pair $(u, v)$ is $e_{o}$ Hence the nor-
$(2i/\hslash)u\circ v$

$mal$ ordering expression of $e_{*}^{(\pi/\hslash)u*v}=e_{*}^{(\pi/\hslash)u*(v+a’u)}$ , with respect to

$(u, v+a’u)$ is $e_{o}^{(2i/\hslash)uo(v+a’u)}$ . Similarly, the normal ordering expres-

sions of $e_{*}^{(\pi/\hslash)u*v}$
$=$

$e_{*}^{(\pi/\hslash)(u+b’v)*v}$ with respect to $(u+b’v, v)$ is
$(2i/\hslash)(u+b’v)o’v$

$e_{o’}$

In the Weyl ordering expression, we have had

$\exp_{*}\{\frac{t}{\hslash}(bv^{2}+2cu\circ v)\}=\exp_{*}\{\frac{t}{\hslash}(bv^{2}+2cu*v)\}$

$=\exp\{-c\hslash it\}\exp_{*}\{\frac{t}{\hslash}(bv^{2}+2cu\cdot v)\}$

$=\frac{\exp\{-c\hslash it\}}{\cos ct}\exp\{(\frac{1}{\hslash c}\tan ct)(bv^{2}+2cuv)\}$ .

Thus, we have

Proposition 22. In the normal ordering expression with respect
to $(u, v)$ , the product

$e_{*}^{(t/\hslash)u^{2}}*e_{*}^{(1/\hslash)(bv^{2}+2cu\circ v)}=e_{o}^{(t/\hslash)u^{2}}*e_{o}^{(b/4ci\hslash)(e^{4ci}-1)v^{2}+(1/2\hslash i)(e^{2ci}-1)2u\circ v}$

is welldefined for every $t$ as $e_{o}$

$(t/\hslash)u^{2}+(b/4ci\hslash)(e^{4ci}-1)v^{2}+(1/2\hslash i)(e^{2ci}-1)2u\circ v$

Recall this is defined only for $1+bt\neq 0$ in the Weyl ordering expression
(cf. Lemma 14).

4.3. The case$ ab \neq 0$ , Proof of the first half of Theorem 2

If $ab\neq 0$ in (4.2), there appear singularities in the $*$-exponential
functions, and this gives the first half of Theorem 2. This is because that
the exponential function $e_{*}^{aH+bX+cY}$ is not defined for all $(a, b, c)\in \mathbb{C}^{3}$

under any ordering expression.
The first equation of (4.2) is

$(\phi_{1}(t)-\frac{ci}{2\hslash b})’=\frac{ab-c^{2}}{\hslash b}-4\hslash b(\phi_{1}(t)-\frac{ci}{2\hslash b})^{2}$
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It follows

$\phi_{1}(t)=\frac{ic}{2\hslash b}-\frac{\sqrt{c^{2}-ab}}{2\hslash b}(\tan 2$ $c^{2}$ -ab $(t+t_{0}))$ ,

where $t_{0}$ is fixed by the initial condition $\phi_{1}(0)=0$ , i.e.

$c^{2}$ -ab ($\tan 2$ $c^{2}$ –ab $t_{0})=ic$ .

The forth equation gives that

$\frac{d}{dt}\psi(t)=($ $c^{2}$ -ab ($\tan 2$ $c^{2}$ –ab $(t+t_{0})$ ) $-ic)$ $\psi(t)$ .

It follows

$\psi(t)=e^{-ict}(\frac{\cos(2\sqrt{c^{2}-ab}t_{0})}{\cos 2\sqrt{c^{2}-ab}(t+t_{0})})1/2$

The third equation

$(\phi_{3}(t)+\frac{1}{2\hslash i})’=2$ $c^{2}$ -ab $(\tan 2$ $c^{2}$ -ab $(t+t_{0}))(\phi_{3}(t)+\frac{1}{2\hslash i})$

gives

$\phi_{3}(t)+\frac{1}{2\hslash i}=\frac{A}{\cos 2\sqrt{c^{2}-ab}(t+t_{0})}$

where $A$ is fixed by the initial condition $\phi_{3}(0)=0$ , i.e. $ A=\frac{1}{2\hslash i}\times$

$\cos 2\sqrt{c^{2}-ab}t_{0}$ .

The second equation is

$\phi_{2}’(t)=-4\hslash b(\phi_{3}(t)+\frac{1}{2\hslash i})^{2}=-4\hslash bA^{2}(\cos 2$ $c^{2}$ -ab $(t+t_{0}))^{-2}$

Hence

$\phi_{2}(t)=-\frac{2\hslash bA^{2}}{\sqrt{c^{2}-ab}}(\tan 2$ $c^{2}$ -ab $(t+t_{0})-\frac{ic}{\sqrt{c^{2}-ab}})$ .

If $c^{2}-ab=0$ , then the first equation of (4.2) is

$(\phi_{1}(t)-\frac{ci}{2\hslash b})’=-4\hslash b(\phi_{1}(t)-\frac{ci}{2\hslash b})^{2}$

It follows
$\phi_{1}(t)-\frac{ci}{2\hslash b}=\frac{1}{1+4\hslash bt}$ .



312 H. Omori

$\psi(t)=e^{2\hslash t}(1+4\hslash bt)^{-1/(4b)}$ .

Hence, $e_{*}^{(t/\hslash)(au^{2}+bv^{2}+2cuv)}$ with ab $-c^{2}=0$ , ab $\neq 0$ , is singular
at 1 $+4\hslash bt=0$ in the $\Psi DO$-expression, while this is computed as
$e^{(t/\hslash)(au^{2}+bv^{2}+2cuv)}$

. in the Weyl ordering expression.
Some of $*$-products are easy to compute in the normal ordering

expression. Note that $e_{*}^{(t/\hslash)u^{2}}=e^{(t/\hslash)u^{2}}.=e_{o}^{(t/\hslash)u^{2}}$ and

$e_{o}^{(t/\hslash)u^{2}}*e_{o}^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}=e_{o}^{(1/\hslash)((a+t)u^{2}+bv^{2}+2cuv)}$ ,

$e_{o}^{(t/\hslash)u\circ v}*e_{o}^{(1/\hslash)(bv^{2}+2cuv)}=e_{o}^{(1/\hslash)(t(1+2ic)u^{2}+bv^{2}+2cuv)}$

in the $\Psi DO$-product formula under the normal ordering expression with
respect to the canonical conjugate pair $(u, v)$ . Remark these are defined
for all $t$ .

By these computations, we see also the following:

Lemma 23. In the normal ordering expression with respect to

$(u, v)$ , $e_{*}^{(\pi/2\hslash)(au^{2}+bv^{2}+cu*v)}$ with $c^{2}-$ ab $=1$ is given identically as
$(2i/\hslash)u\circ v$

$e_{o}$

\S 5. Proof of Theorem 2

We have already seen the first half of Theorem 2. To prove the
second half, we consider the set obtained by gluing $M^{3}$ and $\epsilon_{00}*M^{3}$ by
the mapping $\epsilon 00*$ . We set

$M_{0}^{3}=\{e_{* }^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}c^{2}-ab=0\}$ .

Since $\epsilon_{00}$ commutes with every $e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ , and $\epsilon 00_{*}^{2}=-1$ ,

Lemma 19 gives that $\epsilon_{00}*gives$ a diffeomorphism of $M^{3}-M_{0}^{3}$ onto
itself, but this can not extend to the whole space:

For a point $P$ of $M_{0}^{3}$ , the computation is represented by setting
$P=e^{au^{2}}$ Since

$e_{*}^{(t/\hslash)2uv}*e^{au^{2}}=\sqrt{1+s^{2}}e^{(1/\hslash)(a(1+is)^{2}u^{2}+2suv)}$ , $\tan t=s$ ,

this is written in the form $of*$-exponential function and hence this is a
member of $M^{3}$ , if $t\neq\pm\frac{\pi}{2}$ . However, if $t\rightarrow\pm\frac{\pi}{2}$ , then $ s\rightarrow\infty$ . Hence,

we see that $e_{*}^{(\pi/\hslash)uv}*e^{au^{2}}$ can not be a member of $M^{3}$ , but of $\epsilon_{00}*M^{3}$ .

We show the following in this section:
For $Q_{1}$ , $Q_{2}\in M^{3}$ , if $Q_{1}*Q_{2}$ is not defined in the Weyl ordering

expression, then

$Q_{1}*(\epsilon_{00}*Q_{2})=(Q_{1}*\epsilon_{00})*Q_{2}$
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is defined in the Weyl ordering expression as an element of $M^{3}$ .

If $Q_{1}*Q_{2}$ is defined, then the product $Q_{1}*(\epsilon 00*Q_{2})$ , $(\epsilon 00*Q_{1})*$

$(\epsilon_{00}*Q_{2})$ are defined by $\epsilon_{00}*(Q_{1}*Q_{2})$ , $-Q_{1}*Q_{2}$ respectively. If $Q_{1}*Q_{2}$

is not defined in the Weyl ordering expression, then $-\epsilon_{00}*(Q_{1}*(\epsilon 00*Q_{2}))$

is defined.
This shows that $M^{3}\cup(\epsilon_{00}*M^{3})$ forms a group. We already know

that by Theorem 16, $M^{3}$ forms a local group, which is locally isomorphic
to $SL(2, \mathbb{C})$ and $M^{3}$ is embedded in $\mathcal{E}_{2+}(\mathbb{C}^{2})$ as

$M^{3}=\{\pm\sqrt{c^{2}-ab+1}\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv);c^{2}-ab+1\neq 0\}\}$ .

It is well known that $SL(2;\mathbb{C})$ is simply connected with the non-trivial
discrete center $\{\pm 1\}$ .

$Since\pm 1\in M^{3}\cup(\epsilon_{00}*M^{3})$ , we see that $M^{3}\cup(\epsilon_{00}*M^{3})$ is isomorphic
to $SL(2, \mathbb{C})$ .

By the argument in the first paragraph of 3.5, the case that $Q_{1}*Q_{2}$

is not defined in the Weyl ordering expression is represented by the
following two cases: Namely,

$e^{(t/\hslash)u^{2}}*\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ ,

$\sqrt{1+s^{2}}e^{(s/\hslash)2uv}*\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$

are not defined only for 1 $+bt=0$ , and 1 $-2cs+(c^{2}-ab)s^{2}=0$

respectively.
However using the polar element combined with Lemma 19, we show

these are defined by Weyl ordering expressions.
By the computation in Lemma14, we remark first the following:

Lemma 24. Under the condition 1 $+bt$ $\neq$ 0, $\exp_{*}\{\frac{t}{\hslash}u^{2}\}*$

$\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$ is a vacuum, if and only if $\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+$

$2cuv)\}$ is a vacuum, $i.e$ . $c^{2}-ab+1=0$ .

Lemma 19 is used for the computation of

$e^{(t/\hslash)u^{2}}*\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$ ,

$\sqrt{1+s^{2}}e^{(s/\hslash)2uv}*\sqrt{c^{2}-ab+1}e^{(1/\hslash)(au^{2}+bv^{2}+2cuv)}$

for $1+bt=0$ , and $1-2cs+(c^{2}-ab)s^{2}=0$ respectively.

Corollary 25. If $1+bt=0$ , then

$\exp_{*}\{\pm\frac{\pi}{\hslash}uv\}*\exp\{\frac{t}{\hslash}u^{2}\}*\sqrt{c^{2}-ab+1}\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\exp\{\frac{1}{\hslash(c^{2}-ab+1)}((ci-1)^{2}tu^{2}+bv^{2}+2(c-ibt)uv)\}$
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and the right hand side is written in the form $e^{(1/\hslash)(\alpha u+\beta v)^{2}}$

If $1-2cs+(c^{2}-ab)s^{2}=0$ , then remarking

$(c- (c^{2}- ab-1)s-cs^{2})^{2}-ab(1+is)^{2}(1-is)^{2}$

$=((c^{2}-ab+1)(1+s^{2})-((c^{2}-ab)s^{2}-2cs+1))$

$\times((c^{2}-ab)s^{2}-2cs+1)$

we have

$\exp_{*}\{\pm\frac{\pi}{\hslash}uv\}*\sqrt{1+s^{2}}\exp\{\frac{s}{\hslash}2uv\}$

$*\sqrt{c^{2}-ab+1}\exp\{\frac{1}{\hslash}(au^{2}+bv^{2}+2cuv)\}$

$=\exp\{\frac{1}{\hslash(c^{2}-ab+1)(1+s^{2})}\}$

$x$ $(a(1+is)^{2}u^{2}+b(1-is)^{2}v^{2}+(c-(c^{2} - ab-1)s-cs^{2})2uv)$ .

The discriminant of the right hand side vanishes, and hence it is written

in the form $e^{(1/\hslash)(\alpha u+\beta v)^{2}}$

This completes the proof of Theorem 2.
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Abstract.

The second author introduced Schwarzian derivatives for
3-dimensional contact transformations in [Sat]. Our purposes of this
paper are firstly to investigate the fundamental properties of the con-
tact Schwarzian derivatives of 3-dimensional contact transformations
that are satisfied by the usual Schwarzian derivatives, secondly to
consider systems of linear PDE’s with contact Schwarzian derivatives
as coefficients and their integrability conditions, and finally to recon-
struct the contact transformation from the solutions of the systems

of linear PDE’s. We obtain the necessary and sufficient condition
for functions to be contact Schwarzian derivatives of a 3-dimensional
contact transformation.

\S 1. Introduction

The classical theory of Schwarzian derivative plays an important

role in the study of holomorphic equivalence of one-dimensional complex
domains and especially in the Gauss-Schwarz theory of hypergeometric
differential equation.

The Schwarzian derivative $S(f)$ of an analytic function $f$ on $\mathbb{C}$ is

defined by

$S(f)=-\frac{1}{2}(\frac{f’’}{f’})’+\frac{1}{4}(\frac{f’’}{f’})^{2}$

Among many important properties of classical Schwarzian deirvative,
we pay attention to the following three basic facts: (i) for an arbitrary
function $\sigma$ , the quotient $f=\varphi_{1}/\varphi_{0}$ of linearly independent solutions $\varphi_{0}$

and $\varphi_{1}$ of the differential equation

$\varphi’’-\sigma\varphi=0$

Received September 18, 2000.
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has the Schwarzian derivative $S(f)$ equal to $\sigma$ , (ii) The Schwarzian deriv-
ative of a composition fog satisfies the formula

$S(f\circ g)=S(g)+S(f)(g’)^{2}$ ,

which is nothing but the cocycle condition of continuous group cohomol-
ogy (see, for example, $[O$-S2]), and (iii) the Schwarzian derivative $S(f)$

of a function $f$ vanishes, if and only if $f$ is a M\"obius transformation;

$f(x)=\frac{\alpha x+\beta}{\gamma x+\delta}$ ,

where ($y,$ $\beta$ , $\gamma$ , and $\delta$ are complex constants.
The Schwarzian derivative of higher dimensional diffeomorphisms

is studied by several authors, and linear partial differential equations
whose coefficients are Schwarzian derivatives has been observed to give,
as a special case, the Appell and Lauricella hypergeometric differential
equations (see, for example, [Yos]).

The purpose of this paper is to develop the theory of Schwarzian
derivative for contact transformations, especially study the properties
that correspond to the above three facts (i), (ii) and (iii). Originally, the
notion of Schwarzian derivative of contact transformation is introduced
by the second author in [Sat], through the study of equivalence of third
order ordinary differential equations.

The notion of equivalence of ordinary differential equations depends
on the transformations employed to reduce a given equation to simpler
one. In the most general setting, we deal with the problem through con-
tact transformations $\phi:K^{3}\rightarrow K^{3}$ , where we regard, using the coordinate
system $(x, y, z)$ , the three space $K^{3}$ as a contact manifold with contact
form dy-z $dx$ . If we transform the simplest third order differential equa-
tion $d^{3}y/dx^{3}=0$ by a contact transformation $\phi:(x, y, z)\mapsto(X, Y, Z)$ ,
then the resulting equation is

$\frac{d^{3}y}{dx^{3}}=P+3Q(\frac{d^{2}y}{dx^{2}})+3R(\frac{d^{2}y}{dx^{2}})^{2}+S(\frac{d^{2}y}{dx^{2}})^{3}$ ,

where $P$ , $Q$ , $R$ and $S$ are functions of $(x, y, z=dy/dx)$ . Our definition
of the contact Schwarzian derivative of $\phi$ is to be the quadruple

$S(\varphi)=(P, Q, R, S)$

that appears in the above transformed equation. The explicit formula
of the Schwarzian derivative is given in Section 2. In this paper, we will
not discuss on the equivalence problem of ordinary differential equations.
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For the arguments from this point of view, the readers will refer the
papers [ $O$-Sl] and [Sat] and the references therein.

For the calculus on the contact space $K^{3}$ ( $=\mathbb{C}^{3}$ or $\mathbb{R}^{3}$ ) with the
contact form dy–z $dx$ , it is convenient to use the vector fields

$v_{1}=\frac{\partial}{\partial x}+z\frac{\partial}{\partial y}$ , $v_{2}=\frac{\partial}{\partial z}$ , $v_{3}=\frac{\partial}{\partial y}$ ,

that satisfy the Heisenberg relation for Lie bracket; $v_{3}=[v_{2}, v_{1}]$ and
$[v_{3}, v_{1}]=[v_{3}, v_{2}]=0$ (for useful formulae with $v_{1}$ , $v_{2}$ , $v_{3}$ on contact
transformations, see Section 3).

In the classical theory of Schwarzian derivative, we could recon-
struct an analytic function $f$ , whose Schwarzian derivative is equal to a
given function $\sigma$ , from solutions of the linear ordinary differential equa-
tion as stated in the above fact (i). In order to reconstruct a contact
transformation $\phi$ with Schwarzian derivative equal to a given quadruple
$(P, Q, R, S)$ , we consider the following system of linear partial differential
equations (PDE system, for short):

$\{$

$ v_{1^{2}}(\theta)=Qv_{1}(\theta)-Pv_{2}(\theta)+M_{11}\theta$

$v_{4}(\theta)=2(Rv_{1}(\theta)-Qv_{2}(\theta)+M_{4}\theta)$

$ v_{2^{2}}(\theta)=Sv_{1}(\theta)-Rv_{2}(\theta)+M_{22}\theta$

where $v_{4}$ stands for

$v_{4}=v_{2}v_{1}+v_{1}v_{2}=2\frac{\partial^{2}}{\partial x\partial z}+2z\frac{\partial^{2}}{\partial y\partial z}+\frac{\partial}{\partial y}$ ,

and $M_{11}$ , $M_{4}$ and $M_{22}$ are certain functions of $P$ , $Q$ , $R$ , $S$ and their
differentiations by the vector fields $v_{1}$ and $v_{2}$ (see the formula (2) in
Section 4).

The dimension of solution space of this PDE system depends on the
quadruple $(P, Q, R, S)$ , and attains the maximum equal to 4, if and only
if $(P, Q, R, S)$ satisfies the integrability condition (IC) (see Theorem 4.1).
And also the solution space carries a natural linear symplectic structure

as proved in Proposition 4.4, provided its dimension equals 4. We will
prove that the contact transformation $\phi$ can be reconstructed by using
a symplectic basis $\{\theta, \xi, \zeta, \eta\}$ of the solution space (Theorem 6.1);

$\phi(x, y, z)=(\frac{\xi}{\theta},$ $\frac{1}{2}(\frac{\eta}{\theta}+\frac{\xi\zeta}{\theta^{2}})$ , $\frac{\zeta}{\theta})$ .

The quadruple $(P, Q, R, S)$ automatically satisfies the integrability con-
dition (IC), if it is a Schwarzian derivative of contact transformation.
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Therefore we find that the condition (IC) is necessary and sufficient for
$(P, Q, R, S)$ to be a Schwarzian deirvative of some contact transforma-
tion.

For the proof of Theorem 4.1, we introduce a set of operators $V_{1}$ ,
$V_{2}$ and $V_{3}$ acting on a certain module over functions, and verify that it
satisfies the Heisenberg relation; $V_{3}=[V_{2}, V_{1}]$ and $[V_{3}, V_{i}]=0(i=1,2)$

(see Section 7). The verification is a series of quite long calculations,
and we are compelled to use a computer software “Maple”. We hope to
find a simpler method for the proof.

The contact Schwarzian derivative satisfies a similar formula for
compositions of maps as the classical Schwarzian derivative satisfies.
The verification is easily performed by using the operators $v_{1}$ and $v_{2}$

(see Proposition 8.1).
In order to study contact transformations with vanishing Schwar-

zian derivative, we solve the above PDE system all of whose coefficients
equal 0, and find that the functions 1, $x$ , $z$ and $2y-xz$ form a symplectic
basis of the solution space. We notice that the embedding $K^{3}\rightarrow K^{4}$

defined by

$(x, y, z)\rightarrow(1, x, z, 2y-xz)$

is compatible for both structures, contact and symplectic, on the source
and the target. Especially, the pull back of Lagrangian planes are
Legendrian curves. Through this embedding, we reduce the $Sp(2)$ -action
on $K^{4}$ to that on $K^{3}$ , at least locally, and describe the exact set of contact
transformations with vanishing Schwarzian derivative, in Theorem 9.5.

The paper is organized as follows. In Section 2, we give explicitly the
formula of the contact Schwarzian derivative for three dimensional con-
tact transformations. In Section 3, we prepare elementary calculations
about contact transformations. In Section 4, we introduce a fundamental
PDE system that has contact Schwarzian derivatives as its coefficients,
and show that the solution space of this PDE system has a natural sym-
plectic structure. In Section 5, we derive a PDE system whose solutions
are coordinate functions of contact transformations, and a PDE system
whose solutions are Jacobians of contact transformations. In Section 6,
we show how to construct the contact transformation with a prescribed
contact Schwarzian derivative from the solutions of the PDE systems
introduced in Sections 4 and 5. The symplectic structure of the solution
space of the PDE system introduced in Section 4 plays an essential role
here. In Section 7, we show that the integrability conditions of the var-
ious PDE systems in this paper are equivalent in a certain sense, and
prove Theorem 4.1 that concerns the integrability of the fundamental
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PDE system. In Section 8, we prove that our contact Schwarzian deriv-
ative satisfies a connection formula with respect to compositions of con-
tact transformations. Finally in Section 9, we show that the set of three
dimensional contact transformations with vanishing contact Schwarzian
derivatives form a Lie group locally isomorphic to $Sp(2, K)$ .

\S 2. Contact Schwarzian derivative

Throughout the paper, we regard the affine 3-space $K^{3}$ ( $K=\mathbb{R}$ or $\mathbb{C}$ )
with the usual coordinate $(x, y, z)$ as a contact manifold endowed with
the contact form $\alpha=dy-zdx$ . We use the following notations:

$v_{1}=\frac{\partial}{\partial x}+z\frac{\partial}{\partial y}$ , $v_{2}=\frac{\partial}{\partial z}$ , $v_{3}=\frac{\partial}{\partial y}$ , $v_{4}=v_{2}v_{1}+v_{1}v_{2}$ .

Notice that the vector fields $v_{1}$ , $v_{2}$ and $v_{3}$ form a Heisenberg Lie algebra:

$v_{3}=[v_{2}, v_{1}]$ , and $[v_{3}, v_{1}]=[v_{3}, v_{2}]=0$ ,

and that the vector fields $v_{1}$ and $v_{2}$ span the contact distribution;
$\alpha(v_{1})=\alpha(v_{2})=0$ .

A local diffeomorphism $\phi$ is said to be a contact transformation,
if it preserves the contact distribution, or equivalently, it satisfies
$\phi^{*}(\alpha)=\rho\alpha$ for some nonvanishing function $\rho$ . For a contact trans-
formation $\phi:(x, y, z)\mapsto(X, Y, Z)$ , we define the contact Schwarzian
derivatives as follows: for $i$ , $j$ , $k=1,2$ , set

$s_{[ij,k]}(\phi)=v_{i}v_{j}(X)v_{k}(Z)-v_{i}v_{j}(Z)v_{k}(X)$ ,

and

$S_{\{ijk\}}(\phi)=\frac{1}{3\triangle(\phi)}(s_{[ij,k]}(\phi)+s[jk,i](\phi)+s_{[ki,j]}(\phi))$ ,

where $\triangle(\phi)=v_{1}(X)v_{2}(Z)-v_{1}(Z)v_{2}(X)$ . We call the functions $S_{\{ijk\}}(\phi)$

the contact Schwarzian derivatives of the contact transformation $\phi$ . We
denote the quadruple of functions by

$S(\phi)=(S_{\{111\}}(\phi), S_{\{112\}}(\phi),$ $S_{\{122\}}(\phi)$ , $S_{\{222\}}(\phi))$ ,

which also we call the Schwarzian derivative of $\phi$ .

\S 3. Some remarks on contact transformations

The facts stated in the following lemmas will be used in later sec-
tions. The affine 3-space $K^{3}$ ( $K=\mathbb{R}$ or $\mathbb{C}$ ) with the usual coordinate
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$(x, y, z)$ is always regarded as a contact manifold endowed with the con-
tact form $\alpha=dy-zdx$ .

Lemma 3.1. If a map $\phi:(x, y, z)\mapsto(X, Y, Z)$ is a contact trans-
formation, then $X$ , $Y$ and $Z$ satisfy the equations

(1) $v_{1}(Y)=Zv_{1}(X)$ , and $v_{2}(Y)=Zv_{2}(X)$ .

Proof. The pull back of the contact form is equal to

$\phi^{*}(\alpha)=dY-ZdX$

$=(\frac{\partial}{\partial x}Y-Z\frac{\partial}{\partial x}X)dx+(\frac{\partial}{\partial y}Y-Z\frac{\partial}{\partial y}X)dy$

$+(\frac{\partial}{\partial z}Y-Z\frac{\partial}{\partial z}X)dz$ .

Thus, if $\phi$ is a contact transformation, then it holds that

$\frac{\partial}{\partial x}Y-Z\frac{\partial}{\partial x}X=-\rho z$ , $\frac{\partial}{\partial y}Y-Z\frac{\partial}{\partial y}X=\rho$ , $\frac{\partial}{\partial z}Y-Z\frac{\partial}{\partial z}X=0$ ,

and equivalently that $v_{i}(Y)=Zv_{i}(X)$ , $(i=1,2)$ . Q.E.D.

The equations (1) determine the function $Y$ up to additive constant.
These equations do not necessarily have a solution $Y$ . The following
lemma shows the integrability condition of these equations. The proof
is given in the paper [Sat].

Lemma 3.2. The necessary and sufficient condition for the equa-
tions (1) to have a solution $Y$ is that the functions $X$ and $Z$ satisfy the
relations

$v_{i}(\triangle)=v_{i}(X)v_{3}(Z)-v_{3}(X)v_{i}(Z)$ , $(i=1,2)$ ,

where $\triangle=v_{1}(X)v_{2}(Z)-v_{1}(Z)v_{2}(X)$ .

We call $\triangle=v_{1}(X)v_{2}(Z)-v_{1}(Z)v_{2}(X)$ the contact Jacobian. The
relation between the contact Jacobian and the usual Jacobian of the
map $\phi$ is given in the following lemma.

Lemma 3.3. Let $\phi:(x, y, z)\mapsto(X, Y, Z)$ be a contact transforma-
tion, and $\rho$ a scalar function that satisfies $\phi^{*}(\alpha)=\rho\alpha$ . Then $\rho$ is equal
to the contact Jacobian $\triangle=v_{1}(X)v_{2}(Z)-v_{1}(Z)v_{2}(X)$ , and the usual
Jacobian of $\phi$ is equal to

$\frac{\partial(X,Y,Z)}{\partial(x,y,z)}=\rho^{2}=\triangle^{2}$ .
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Proof. Differentiating the equations (1) by $v_{1}$ and $v_{2}$ , we obtain

$v_{2}v_{1}(Y)=v_{2}(Z)v_{1}(X)+Zv_{2}v_{1}(X)$ ,

$v_{1}v_{2}(Y)=v_{1}(Z)v_{2}(X)+Zv_{1}v_{2}(X)$ ,

and subtracting them, obtain

$\rho=\frac{\partial}{\partial y}Y-Z\frac{\partial}{\partial y}X=v_{3}(Y)-Zv_{3}(X)=v_{2}(Z)v_{1}(X)-v_{1}(Z)v_{2}(X)$ ,

which is equal to $\triangle$ .

By definition, the Jacobian satisfies

$\phi^{*}(\alpha\wedge d\alpha)=\frac{\partial(X,Y,Z)}{\partial(x,y,z)}\alpha\wedge d\alpha$ .

Since $\phi$ is contact, we have

$\phi^{*}(\alpha\wedge d\alpha)=\rho\alpha\wedge d(\rho\alpha)=\rho^{2}\alpha\wedge d\alpha$ .

Therefore we get the required equality $\partial(X, Y, Z)/\partial(x, y, z)=\rho^{2}$ . Q. $E.D$ .

From these lemmas, it follows immediately that

Corollary 3.4. A map $\phi:(x, y, z)\mapsto(X, Y, Z)$ is a contact trans-
formation, if and only if the contact Jacobian $\triangle=v_{1}(X)v_{2}(Z)-$

$v_{1}(Z)v_{2}(X)$ does not vanish anywhere, and $X$ , $Y$ and $Z$ satisfy
$v_{i}(Y)=Zv_{i}(X)(i=1,2)$ .

In order to simplify the notation, we sometimes denote by $(x^{1}, x^{3}, x^{2})$

the coordinate functions of $K^{3}$ in place of $(x, y, z)$ . In this notation, the

contact form is written as dy–z $dx=dx^{3}-x^{2}dx^{1}$ .

Lemma 3.5. For any contact transformation $(x^{1}, x^{3}, x^{2})\mapsto$

$(y^{1}, y^{3}, y^{2})$ and any function $f(y^{1}, y^{3}, y^{2})$ , we have, for $i=1$ and 2,

$v_{i}(f)=\sum_{j=1,2}v_{i}(y^{j})u_{j}(f)$
,

where we used the notation

$u_{1}=\frac{\partial}{\partial y^{1}}+y^{2}\frac{\partial}{\partial y^{3}}$ , $u_{2}=\frac{\partial}{\partial y^{2}}$ .
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Proof. The differential of $f$ with respect to $v_{1}$ is

$v_{1}(f)=\frac{\partial f}{\partial x^{1}}+x^{2}\frac{\partial f}{\partial x^{3}}$

$=\frac{\partial f}{\partial y^{1}}\frac{\partial y^{1}}{\partial x^{1}}+\frac{\partial f}{\partial y^{2}}\frac{\partial y^{2}}{\partial x^{1}}+\frac{\partial f}{\partial y^{3}}\frac{\partial y^{3}}{\partial x^{1}}$

$+x^{2}(\frac{\partial f}{\partial y^{1}}\frac{\partial y^{1}}{\partial x^{3}}+\frac{\partial f}{\partial y^{2}}\frac{\partial y^{2}}{\partial x^{3}}+\frac{\partial f}{\partial y^{3}}\frac{\partial y^{3}}{\partial x^{3}})$ .

Reminding that the map is contact; $d^{3}y-y^{2}d^{1}y=\rho(dx^{3}-x^{2}dx^{1})$ , and
thus

$\frac{\partial y^{3}}{\partial x^{1}}-y^{2}\frac{\partial y^{1}}{\partial x^{1}}=-\rho x^{2}$ , $\frac{\partial y^{3}}{\partial x^{2}}-y^{2}\frac{\partial y^{1}}{\partial x^{2}}=0$ , $\frac{\partial y^{3}}{\partial x^{3}}-y^{2}\frac{\partial y^{1}}{\partial x^{3}}=\rho$ ,

we get

$v_{1}(f)=\frac{\partial f}{\partial y^{1}}\frac{\partial y^{1}}{\partial x^{1}}+\frac{\partial f}{\partial y^{2}}\frac{\partial y^{2}}{\partial x^{1}}+\frac{\partial f}{\partial y^{3}}(y^{2}\frac{\partial y^{1}}{\partial x^{1}}-\rho x^{2})$

$+x^{2}(\frac{\partial f}{\partial y^{1}}\frac{\partial y^{1}}{\partial x^{3}}+\frac{\partial f}{\partial y^{2}}\frac{\partial y^{2}}{\partial x^{3}}+\frac{\partial f}{\partial y^{3}}(y^{2}\frac{\partial y^{1}}{\partial x^{3}}+\rho))$

$=\frac{\partial f}{\partial y^{1}}v_{1}(y^{1})+\frac{\partial f}{\partial y^{2}}v_{1}(y^{2})+y^{2}\frac{\partial f}{\partial y^{3}}v_{1}(y^{1})$

$=u_{1}(f)v_{1}(y^{1})+u_{2}(f)v_{1}(y^{2})$ .

We prove the equality for the differentiation by $v_{2}$ in the same way.
Q.E.D.

Lemma 3.6. For a compositions of contact transformations
$\psi\circ\phi:x=(x^{1}, x^{3}, x^{2})\mapsto y=(y^{1}, y^{3}, y^{2})\mapsto z=(z^{1}, z^{3}, z^{2})$ , the contact
Jacobians satisfy $\triangle(z, x)=\triangle(z, y)\triangle(y, x)$ .

Proof. Define functions $\rho$ and $\sigma$ by

$\phi^{*}(d^{3}y-y^{2}d^{1}y)=\rho(dx^{3}-x^{2}dx^{1})$ , and $\psi^{*}(dz^{3}-z^{2}dz^{1})=\sigma(d^{3}y-y^{2}d^{1}y)$

then we have

$(\psi o\phi)^{*}(dz^{3}-z^{2}dz^{1})=\sigma\rho(dx^{3}-x^{2}dx^{1})$ .

The lemma follows immediately from Lemma 3.3. Q.E.D.
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\S 4. Fundamental equation

In this section, we introduce a fundamental PDE system, which will
play a central role in this paper. The coefficients $P$ , $Q$ , $R$ and $S$ of this
PDE system will be replaced by contact Schwarzian derivatives in later
sections.

Given functions $P=P(x, y, z)$ , $Q=Q(x, y, z)$ , $R=R(x, y, z)$ and
$S=S(x, y, z)$ , we define functions $M_{11}$ , $M_{4}$ and $M_{22}$ by

$M_{11}=-\frac{1}{4}(v_{1}(Q)-v_{2}(P)-2Q^{2}+2PR)$

(2) $M_{4}=-\frac{1}{4}(v_{1}(R)-v_{2}(Q)-QR+PS)$

$M_{22}=-\frac{1}{4}(v_{1}(S)-v_{2}(R)-2R^{2}+2QS)$ .

Theorem 4.1. The necessary and sufficient condition for the lin-
ear $PDE$ system

(Sp) $\{$

$ v_{1^{2}}(\theta)=Qv_{1}(\theta)-Pv_{2}(\theta)+M_{11}\theta$

$v_{4}(\theta)=2(Rv_{1}(\theta)-Qv_{2}(\theta)+M_{4}\theta)$

$ v_{2^{2}}(\theta)=Sv_{1}(\theta)-Rv_{2}(\theta)+M_{22}\theta$

with unknown function $\theta$ to have $A$ -dimensional solution space is that
the functions $P$ , $Q$ , $R$ and $S$ satisfy the set of relations

$v_{3}(P)=2(v_{1}-2Q)(M_{11})+4PM_{4}$

$3v_{3}(Q)=2(v_{2}-4R)(M_{11})+4(v_{1}+Q)(M_{4})+4PM_{22}$

(IC)
$3v_{3}(R)=2(v_{1}+4Q)(M_{22})+4(v_{2}-R)(M_{4})-4SM_{11}$

$v_{3}(S)=2(v_{2}+2R)(M_{22})-4SM_{4}$ .

Moreover, if it is the case, the solution space is parameterized by ini-
tial values $\theta(p)$ , $v_{1}(\theta)(p)$ , $v_{2}(\theta)(p)$ and $v_{3}(\theta)(p)$ at an arbitrarily fixed
point $p$ .

The proof will be given in Section 7.

Remark $4\cdot 2$ . The above relations (IC) are automatically satisfied
if the functions $P$ , $Q$ , $R$ and $S$ are contact Schwarzian derivatives,
$S_{\{111\}}(\phi)$ , $S_{\{112\}}(\phi)$ , $S_{\{122\}}(\phi)$ and $S_{\{222\}}(\phi)$ respectively, of some con-

tact transformation $\phi$ . This fact can be proved by a direct calculation.
Other aspects of this can be found in the papers [Sat] and [S-Y].
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Remark 4-3. It might be useful to express the functions $M_{11}$ , $M_{4}$ ,
$M_{22}$ as follows: let $w_{1}$ and $w_{2}$ be operators defined by

$w_{1}=v_{1}-$ $\left(\begin{array}{ll}Q & -P\\R & -Q\end{array}\right)$ , $w_{2}=v_{2}-$ $\left(\begin{array}{ll}R & -Q\\S & -R\end{array}\right)$ .

If we put $w_{3}=[w_{2}, w_{1}]$ , then we have

$w_{3}=v_{3}-4$ $\left(\begin{array}{ll}M_{4} & -M_{11}\\M_{22} & -M_{4}\end{array}\right)$ .

Furthermore, we compute the commutators $[w_{3}, w_{1}]$ and $[w_{3}, w_{2}]$ as fol-
lows:

$[w_{3}, w_{1}]=$

$\left(\begin{array}{ll}-v_{3}(Q)+4v_{1}(M_{4})-4RM_{11}+4PM_{22} & v_{3}(P)-4v_{1}(M_{11})-8PM_{4}+8QM_{11}\\-v_{3}(R)+4v_{1}(M_{22})+8QM_{22}-8RM_{4} & v_{3}(Q)-4v_{1}(M_{4})+4RM_{11}-4PM_{22}\end{array}\right)$

$[w_{3}, w_{2}]=$

$\left(\begin{array}{ll}-v_{3}(R)+4v_{2}(M_{4})-4SM_{11}+4QM_{22} & v_{3}(Q)-4v_{2}(M_{11})-8QM_{4}+8RM_{11}\\-v_{3}(S)+4v_{2}(M_{22})+8RM_{22}-8SM_{4} & v_{3}(R)-4v_{2}(M_{4})+4SM_{11}-4QM_{22}\end{array}\right)$

Supposing the PDE system (Sp) has a nonzero solution $\theta$ , we con-
sider the following PDE system with unknown function $\xi$ ;

(Sp-s) $\{$

$ v_{1^{2}}(\xi)=Qv_{1}(\xi)-Pv_{2}(\xi)+M_{11}\xi$

$v_{2}v_{1}(\xi)=(R+\frac{v_{2}(\theta)}{\theta})v_{1}(\xi)$

$-(Q+\frac{v_{1}(\theta)}{\theta})v_{2}(\xi)+(M_{4}+\frac{1}{2}\frac{v_{3}(\theta)}{\theta})\xi$

$v_{1}v_{2}(\xi)=(R-\frac{v_{2}(\theta)}{\theta})v_{1}(\xi)$

$-(Q-\frac{v_{1}(\theta)}{\theta})v_{2}(\xi)+(M_{4}-\frac{1}{2}\frac{v_{3}(\theta)}{\theta})\xi$

$ v_{2^{2}}(\xi)=Sv_{1}(\xi)-Rv_{2}(\xi)+M_{22}\xi$ .

We denote by $S(P, Q, R, S)$ and $s(P, Q, R, S;\theta)$ the solution spaces of the
PDE systems (Sp) and (Sp-s), respectively. Adding the second equation
in (Sp-s) to the third, we get the second equation of (Sp). This implies
that $s(P, Q, R, S;\theta)$ is a subspace of $S(P, Q, R, S)$ for any $\theta$ .

As we will see in Section 6, the PDE systems (Sp) and (Sp-s)
will play important roles to reconstruct contact transformations with
prescribed contact Schwarzian derivatives. In the following proposi-
tions, we study the relation of the solution spaces $S(P, Q, R, S)$ and
$s(P, Q, R, S;\theta)$ .



Contact Transformations and Their Schwarzian Derivatives 347

Proposition 4.4. For any two solutions $\alpha$ and $\beta$ of the $PDE$ sys-
$tem$ (Sp), the function $I(\alpha, \beta)$ defined by

(3) $I(\alpha, \beta)=\frac{1}{2}\alpha v_{3}(\beta)-\frac{1}{2}v_{3}(\alpha)\beta+v_{1}(\alpha)v_{2}(\beta)-v_{2}(\alpha)v_{1}(\beta)$

is constant on $(x, y, z)$ . Moreover this skew product $I(\alpha, \beta)$ is non-
degenerate, and thus it defines a symplectic structure on the solution
space $S(P, Q, R, S)$ , provided the dimension of $S(P, Q, R, S)$ is equal to 4.

Proof. In order to prove the constantness of $I(\alpha, \beta)$ , it is sufficient
to verify the vanishing of the derivatives

$v_{i}(I(\alpha, \beta))=0$ , $(i=1,2)$ .

The derivative $v_{1}(I(\alpha, \beta))$ is calculated as follows: we use the nota-

tion $v_{i}(f)=f_{i}$ and ViVj $(f)=f_{ji}$ . Remarking that $3v_{1}v_{3}=3v_{3}v_{1}=$

$2v_{2}v_{1^{2}}-v_{1}v_{4}$ , we get

$v_{1}(\alpha\beta_{3}+2\alpha_{1}\beta_{2})$

$=\alpha_{1}\beta_{3}+\alpha\beta_{31}+2\alpha_{11}\beta_{2}+2\alpha_{1}\beta_{21}$

$=\alpha_{1}\beta_{4}+2\alpha_{11}\beta_{2}+\frac{1}{3}(2(\beta_{11})_{2}-(\beta_{4})_{1})\alpha$

$=2(R\beta_{1}-Q\beta_{2}+M_{4}\beta)\alpha_{1}+2(Q\alpha_{1}-P\alpha_{2}+M_{11}\alpha)\beta_{2}$

$+\frac{2}{3}((Q\beta_{1}-P\beta_{2}+M_{11})_{2}-(R\beta_{1}-Q\beta_{2}+M_{4}\beta)_{1})\alpha$

$=2(R\alpha_{1}\beta_{1}+M_{4}\alpha_{1}\beta-P\alpha_{2}\beta_{2}+M_{11}\alpha\beta_{2})$

$+\frac{2}{3}(2Q(R\beta_{1}-Q\beta_{2}+M_{4}\beta)-P(S\beta_{1}-R\beta_{2}+M_{22}\beta)$

$-R(Q\beta_{1}-P\beta_{2}+M_{11}\beta)+(Q_{2}-R_{1}-M_{4}\beta)\beta_{1}$

$-(P_{2}-Q_{1}-M_{11})\beta_{2}+((M_{11})_{2}-(M_{4})_{1})\beta)\alpha$

$=2(M_{4}\alpha_{1}\beta+R\alpha_{1}\beta_{1}-P\alpha_{2}\beta_{2})$

$+\frac{2}{3}((2QM_{4}-PM_{22}-RM_{11}+(M_{11})_{2}-(M_{4})_{1})\alpha\beta$

$+(Q_{2}-R_{1}+QR-PS-M_{4})\alpha\beta_{1}$

$-(P_{2}-Q_{1}+2Q^{2}-2PR-4M_{11})\alpha\beta_{2})$

$=2(M_{4}(\alpha\beta_{1}+\alpha_{1}\beta)+R\alpha_{1}\beta_{1}-P\alpha_{2}\beta_{2})$

$+\frac{2}{3}(2QM_{4}-PM_{22}-RM_{11}+(M_{11})_{2}-(M_{4})_{1})\alpha\beta$ .

Since the last expression is symmetric on $\alpha$ and $\beta$ , we have

$v_{1}(I(\alpha, \beta))=\frac{1}{2}\alpha\beta_{3}+\alpha_{1}\beta_{2}-(\frac{1}{2}\alpha_{3}\beta+\alpha_{2}\beta_{1})=0$ .
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In a similar way, we get the equality $v_{2}(I(\alpha, \beta))=0$ .
The non-degeneracy of I is understood from the fact that the solu-

tion space of (Sp) is parametrized by the initial values $\theta(p)$ , $v_{1}(\theta)(p)$ ,
$v_{2}(\theta)(p)$ and $v_{3}(\theta)(p)$ , where $p$ is a fixed point in the domain. Q.E.D.

Proposition 4.5. Let $\theta\in S(P, Q, R, S)$ be a non-zero solution.
Then the solution space $s(P, Q, R, S;\theta)$ of the $PDE$ system (Sp-s) is the
skew orthogonal subspace of $\theta$ in the symplectic space $S(P, Q, R, S)$ ;

$s(P, Q, R, S;\theta)=\{\alpha\in S(P, Q, R, S)|I(\alpha, \theta)=0\}$ .

Proof Let $\xi\in s(P, Q, R, S;\theta)$ be fixed. Subtracting the third
equation from the second of (Sp-s) that $\xi$ satisfies, and multiplying it
by $\theta$ , we get the equality $I(\xi, \theta)=0$ . And conversely, if a solution
$\xi\in S(P, Q, R, S)$ satisfies $I(\xi, \theta)=0$ , then it satisfies automatically the
equations (Sp-s). This proves the proposition. Q.E.D.

{?}5. $PDE$ systems related to contact transformation

If a transformation $\phi:(x, y, z)\mapsto(X, Y, Z)$ is contact, the coordi-
nate functions $X$ , $Y$ and $Z$ satisfy certain differential equations. In the
following, we study relations of those equations, whose integrability con-
ditions will be discussed in Section 7.

We start with the following PDE system with unknown function $\Omega$

and given functions $P$ , $Q$ , $R$ , $S$ and $\triangle$

(Ct-s) $\{$

$v_{1^{2}}(\Omega)=(Q+\frac{v_{1}(\triangle)}{\triangle})v_{1}(\Omega)-Pv_{2}(\Omega)$

$v_{2}v_{1}(\Omega)=Rv_{1}(\Omega)-(Q-\frac{v_{1}(\triangle)}{\triangle})v_{2}(\Omega)$

$v_{1}v_{2}(\Omega)=(R+\frac{v_{2}(\triangle)}{\triangle})v_{1}(\Omega)-Qv_{2}(\Omega)$

$v_{2^{2}}(\Omega)=Sv_{1}(\Omega)-(R-\frac{v_{2}(\triangle)}{\triangle})v_{2}(\Omega)$ .

Proposition 5.1. If a transformation $\phi:(x, y, z)\mapsto(X, Y, Z)$ is
contact, then $X$ and $Z$ are solutions of the $PDE$ system (Ct-s) with
$(P, Q, R, S)=S(\phi)$ and $\triangle$ any nonzero constant multiple of the contact
Jaco tion $\triangle(\phi)$ .

Conversely, if 1 (a constant function), $X$ and $Z$ are mutually lin-
early independent solutions of (Ct-s), then there exists a function $Y$ such
that the map $\phi:(x, y, z)\mapsto(X, Y, Z)$ is a contact transformation whose
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contact Schwarzian derivative is equal to $S(\phi)=(P, Q, R, S)$ , and whose
contact Jacobian is equal to a constant multiple of $\triangle$ .

Proof. If $X$ and $Z$ satisfy the equations (Ct-s), then we get

$[_{0}^{X_{2}}Z0000^{2}0X_{1}z_{0}^{0}o_{1}000X_{2}z_{2}^{0}00000X_{1}z_{1}^{0}00000X_{2}z_{0}^{0}00_{2}00X_{1}z_{0}^{0}00_{1}00X_{2}z_{0}^{0}o_{2}000X_{1}z_{0}^{0}000_{1}0]$ $\left\{\begin{array}{l}-P\\Q+\triangle_{1}/\triangle\\-R+\triangle_{2}/\triangle\\ S\\-Q\\R\\-Q+\triangle_{1}/\triangle\\ R+\triangle_{2}/\triangle\end{array}\right\}=\left\{\begin{array}{l}X_{11}\\X_{12}\\X_{21}\\X_{22}\\Z_{11}\\Z_{12}\\Z_{21}\\Z_{22}\end{array}\right\}$ ,

where $()_{i}=v_{i}()$ and $()_{ij}=v_{j}v_{i}()$ . Put $D=v_{1}(X)v_{2}(Z)-v_{2}(X)v_{1}(Z)$ .

The determinant of the above $8\times 8$-matrix equals $-D^{4}$ . The linear inde-
pendence of 1, $X$ and $Z$ implies that the determinant does not vanish.
By multiplying the inverse matrix, and taking linear combinations, we
get eight relations, four of which are exactly the definitions of contact
Schwarzian derivative, and the others read

$\frac{v_{1}(\triangle)}{\triangle}=\frac{1}{D}(v_{1^{2}}(X)v_{2}(Z)+v_{1}(X)v_{1}v_{2}(Z)$

$-v_{1}v_{2}(X)v_{1}(Z)-v_{2}(X)v_{1^{2}}(Z))$

$\frac{v_{2}(\triangle)}{\triangle}=\frac{1}{D}(v_{2}v_{1}(X)v_{2}(Z)+v_{1}(X)v_{2^{2}}(Z)$

$-v_{2^{2}}(X)v_{1}(Z)-v_{2}(X)v_{2}v_{1}(Z))$

$\frac{v_{1}(\triangle)}{\triangle}=\frac{1}{D}(v_{1}(X)v_{3}(Z)-v_{3}(X)v_{1}(Z))$

$\frac{v_{2}(\triangle)}{\triangle}=\frac{1}{D}(v_{2}(X)v_{3}(Z)-v_{3}(X)v_{2}(Z))$ .

The first two equations are equivalent to

$\frac{v_{1}(\triangle)}{\triangle}=\frac{v_{1}(D)}{D}$ , $\frac{v_{2}(\triangle)}{\triangle}=\frac{v_{2}(D)}{D}$ .

These equations imply that $\triangle$ is a constant multiple of $D$ . Furthermore,

this fact allows us to write the last two equalities as

$v_{i}(D)=v_{i}(X)v_{3}(Z)-v_{3}(X)v_{i}(Z)$ , $(i=1,2)$ .

These equations amount to the condition that guarantees the existence of

the solution of the equation $v_{i}(Y)=Zv_{i}(X)(i=1,2)$ (cf. Lemma 3.2).
Q.E.D.
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Proposition 5.2. If a transformation $\phi:(x, y, z)\mapsto(X, Y, Z)$ is
contact, then the functions $X$ , $Z$ and $W=2Y-XZ$ satisfy

(Ct) $\{$

$v_{1}^{2}(\Omega)=(Q+\frac{v_{1}(\triangle)}{\triangle})v_{1}(\Omega)-Pv_{2}(\Omega)$

$v_{4}(\Omega)=(2R+\frac{v_{2}(\triangle)}{\triangle})v_{1}(\Omega)-(2Q-\frac{v_{1}(\triangle)}{\triangle})v_{2}(\Omega)$

$v_{2^{2}}(\Omega)=Sv_{1}(\Omega)-(R-\frac{v_{2}(\triangle)}{\triangle})v_{2}(\Omega)$ ,

provided $(P, Q, R, S)=S(\phi)$ and $\triangle=\triangle(\phi)$ .

Proof. If $(x, y, z)$ $\mapsto$ $(X, Y, Z)$ is contact, then we have
$v_{i}(Y)=Zv_{i}(X)(i=1,2)$ (see Lemma 3.1), and therefore the func-
tion $W=2Y-XZ$ satisfies

$Vi(W)=Zvi(X)-Xvi(Z)$ , $(i=1,2)$ .

Differentiating it by $v_{j}$ , we get

$ v_{j}v_{i}(W)=Zv_{j}v_{i}(X)-Xv_{j}v_{i}(Z)+\in_{ij}\triangle$ ,

where $\triangle$ is the contact Jacobian, and $511=\in_{22}=0$ and $\epsilon_{12}=1=-\in_{21}$ .

Reminding that $X$ and $Z$ are solutions of (Ct-s), we find that the func-
tion $W$ satisfies the equations

$\{$

$v_{1^{2}}(W)=Qv_{1}(W)-Pv_{2}(W)+\frac{v_{1}(\triangle)}{\triangle}v_{1}(W)$

$ v_{2}v_{1}(W)=Rv_{1}(W)-Qv_{2}(W)+\frac{v_{1}(\triangle)}{\triangle}v_{2}(W)+\triangle$

$ v_{1}v_{2}(W)=Rv_{1}(W)-Qv_{2}(W)+\frac{v_{2}(\triangle)}{\triangle}v_{1}(W)-\triangle$

$v_{2^{2}}(W)=Sv_{1}(W)-Rv_{2}(W)+\frac{v_{2}(\triangle)}{\triangle}v_{2}(W)$ .

By adding the second to the third expression, this system is reduced to
the system (Ct). Therefore $W$ satisfies the PDE system (Ct). Since the
system (Ct-s) also reduces to (Ct), it follows, by Proposition 5.1, that
$X$ and $Z$ also satisfy (Ct). Q.E.D.

If the functions $\{1, X, Z, W\}$ in the above proposition form a linear
basis of the solution space, then the solution space of the system (Ct-s)
is a subspace spanned by $\{1, X, Z\}$ , and is characterized by the linear
equation

(4) $\triangle v_{3}(\Omega)-v_{1}(\triangle)v_{2}(\Omega)+v_{2}(\triangle)v_{1}(\Omega)=0$ .
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Subtracting the third equation of (Ct-s) from the second, we get (4).
The function $W=2Y-XZ$ stays on the affine subspace parallel to this
subspace, and characterized by

(5) $\triangle v_{3}(\Omega)-v_{1}(\triangle)v_{2}(\Omega)+v_{2}(\triangle)v_{1}(\Omega)-2\triangle^{2}=0$ .

If a function $Y$ corresponds to independent solutions $X$ and $Z$

of (Ct-s) so that $\phi=(X, Y, Z)$ is contact, then the function

$\tilde{Y}=\frac{1}{2}((ad-bc)(2Y-XZ)+(aX+bZ)(cX+dZ))$ .

corresponds to the solutions $\tilde{X}=aX+bZ$ and $\tilde{Z}=cX+dZ$ for any
constant $a$ , $b$ , $c$ and $d$ with $ad-bc\neq 0$ . The resulting contact trans-
formation $\tilde{\phi}=(\tilde{X},\tilde{Y},\tilde{Z})$ has the same contact Schwarzian derivatives
$S(\tilde{\phi})=S(\phi)$ , and the contact Jacobian is equal to $\triangle(\tilde{\phi})=(ad-bc)\triangle(\phi)$ .
Thus the PDE systems (Ct-s) and (Ct) remain the same for the contact

transformation $\tilde{\phi}$ .

We study equations that contact Jacobians $\triangle=\triangle(\phi)$ satisfy.
Suppose (Ct-s) has two linearly independent non-constant solutions $X$

and $Z$ . They necessarily satisfy

$0=v_{i}v_{3}(\Omega)-v_{3}v_{i}(\Omega)$ , $(i=1,2)$ .

Since $\Omega=X$ or $Z$ is a solution of (Ct-s), the above is equivalent to

$0=F_{i}(\triangle)v_{1}(\Omega)+G_{i}(\triangle)v_{2}(\Omega)$ ,

where $F_{i}$ and $G_{i}$ are the operators given by

$F_{2}(\triangle)=-2(-v_{1^{2}}(\triangle)+Qv_{1}(\triangle)-Pv_{2}(\triangle)+\frac{1}{2}(v_{1}(\triangle))^{2}-2M_{11})$

$F_{1}(\triangle)=G_{2}(\triangle)$

$=-v_{4}(\triangle)+2Rv_{1}(\triangle)-2Qv_{2}(\triangle)+v_{1}(\triangle)v_{2}(\triangle)-4M_{4}$

$G_{1}(\triangle)=-2(-v_{2^{2}}(\triangle)+Sv_{1}(\triangle)-Rv_{2}(\triangle)+\frac{1}{2}(v_{2}(\triangle))^{2}-2M_{22})$ .

The independence of $X$ and $Z$ implies $F_{i}(\triangle)=G_{i}(\triangle)=0(i=1,2)$ ,
which amounts to the PDE system

(6) $\{$

$v_{1^{2}}(\triangle)=Qv_{1}(\triangle)-Pv_{2}(\triangle)+\frac{1}{2}(v_{1}(\triangle))^{2}-2M_{11}$

$v_{4}(\triangle)=2Rv_{1}(\triangle)-2Qv_{2}(\triangle)+v_{1}(\triangle)v_{2}(\triangle)-4M_{4}$

$v_{2^{2}}(\triangle)=Sv_{1}(\triangle)-Rv_{2}(\triangle)+\frac{1}{2}(v_{2}(\triangle))^{2}-2M_{22}$
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This PDE system is nonlinear. The change of variable $\theta=1/\sqrt{\triangle}$ (taking
one branch of square root) linearizes it, and the resulting PDE system
is exactly the same as (Sp).

Proposition 5.3. If $\triangle$ is a contact Jacobian, then $1/\sqrt{\triangle}$ is a solu-
tion of the $PDE$ system (Sp) whose coefficients $P$ , $Q$ , $R$ and $S$ are equal
to the contact Schwarzian derivatives.

Remark 5.4. The PDE system (6) is a necessary condition for $\triangle$ to
have a nonconstant solution of the PDE system (Ct-s), but not sufficient.
If, in addition, $P$ , $Q$ , $R$ and $S$ satisfy the relations (IC), then the PDE
system (Ct-s) has a nonconstant solution. This fact can be shown after
a quite long calculation. In order to perform it, we used the computer
program “Maple”.

\S 6. Construction of contact transformation via solutions of
PDE system

Let I be the skew product on the solution space $S(P, Q, R, S)$ of the
PDE system (Sp) defined in Proposition 4.4. We prove, in this section,
the following

Theorem 6.1. If a map $\phi:(x, y, z)\mapsto(X, Y, Z)$ is contact, then
there exists a symplectic basis $\{\theta, \xi, \zeta, \eta\}$ of the solution space $S(S(\phi))$

of the $PDE$ system (Sp) such that $\phi$ is given by

(7) $(x, y, z)\mapsto(\frac{\xi}{\theta},$ $\frac{1}{2}(\frac{\eta}{\theta}+\frac{\xi\zeta}{\theta^{2}})$ , $\frac{\zeta}{\theta})$ .

Conversely, given a symplectic basis $\{\theta, \xi, \zeta, \eta\}$ of the solution space
$S(P, Q, R, S)$ of (Sp), the map $\phi$ defined by (7) is a contact transforma-
tion whose contact Schwarzian derivatives $S(\phi)$ is equal to $(P, Q, R, S)$ .

Here if we say a linear basis $\{\xi_{0}, \xi_{1}, \xi_{2}, \xi_{3}\}$ is symplectic, we mean

(8) $(I(\xi_{i}, \xi_{j}))_{i,,,j=0,3}=cJ$, where $J=\left(\begin{array}{llll}0 & 0 & 0 & 1\\0 & 0 & 1 & 0\\0 & -1 & 0 & 0\\-1 & 0 & 0 & 0\end{array}\right)$ ,

and $c$ is a nonzero constant. We denote by $Sp_{2}(K)$ and $CSp_{2}(K)$ the
Lie groups defined by

$Sp_{2}(K)=\{g\in GL(4;K)| gJgt=J\}$

$CSp_{2}(K)=$ {gJgt $=cJ$ for some nonzero constant $c\in K$ }.
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In order to emphasize the PDE systems (Sp-s), (Ct-s) and (Ct) to
contain the functions $\theta$ and $\triangle$ in their coefficients, we use the nota-

tions $(Sp- s)^{\theta}$ , $(Ct- s)^{\triangle}$ and $(Ct)^{\triangle}$ . Their solution spaces are denoted by
$s(P, Q, R, S; \theta)$ , $t(P, Q, R, S;\triangle)$ and $\mathcal{T}(P, Q, R, S;\triangle)$ , respectively;

$S(P, Q, R, S)=the$ solution space of the PDE system (Sp)

$s(P, Q, R, S;\theta)=the$ solution space of the PDE system $(Sp- s)^{\theta}$

$\mathcal{T}(P, Q, R, S;\triangle)=the$ solution space of the PDE system $(Ct)^{\triangle}$

$t(P, Q, R, S;\triangle)=the$ solution space of the PDE system $(Ct- s)^{\triangle}$

We find a relation among those solution spaces in the following

Proposition 6.2. For each nonzero solution $\theta$ of (Sp), the pro-
jectification $\xi\mapsto\xi/\theta$ gives a linear map between the solution spaces
$S(P, Q, R, S)$ and $\mathcal{T}(P, Q, R, S;\triangle)$ , provided $\triangle$ is a constant multiple

of $\theta^{-2}$ . The image of the subspace $s(P, Q, R, S;\theta)$ is contained in the
subspace $t(P, Q, R, S;\triangle)$ ;

$S(P, Q, R, S)$ $\rightarrow$ $\mathcal{T}(P, Q, R, S;\triangle)$

$\cup$ $\cup$

$s(P, Q, R, S;\theta)$ $\rightarrow$ $t(P, Q, R, S;\triangle)$ .

The largest dimension of the solution spaces $S(P, Q, R, S)$ and
$\mathcal{T}(P, Q, R, S;\triangle)$ are 4, and those of $s(P, Q, R, S;\theta)$ and $t(P, Q, R, S;\triangle)$

are 3. By Proposition 4.5, the codimension of $s(P, Q, R, S;\theta)$ in
$S(P, Q, R, S)$ is always 1, provided the PDE system (Sp) has at least one
nonzero solution $\theta$ . Clearly the map $\xi\mapsto\xi/\theta$ is injective. Therefore, if
the dimension of $S(P, Q, R, S)$ is 4, that is, if the PDE system (Sp) is

integrable, then all the other PDE systems are also integrable. We will
manage the integrability of (Sp) in the next section.

Proof. Let a nonzero solution $\theta$ of (Sp) be fixed. Suppose $\xi$ is a
solution of (Sp). Then we have

$v_{1}^{2}(\frac{\xi}{\theta})=v_{1}(\frac{1}{\theta^{2}}(v_{1}(\xi)\theta-\xi v_{1}(\theta)))$

$=\frac{1}{\theta^{4}}\{(v_{1}^{2}(\xi)\theta-\xi v_{1^{2}}(\theta))\theta^{2}-(v_{1}(\xi)\theta-\xi v_{1}(\theta))(2\theta v_{1}(\theta))\}$

$=\frac{1}{\theta^{3}}\{(Qv_{1}(\xi)-Pv_{2}(\xi)+M_{11}\xi)\theta^{2}$

$-\xi\theta(Qv_{1}(\theta)-Pv_{2}(\theta)+M_{11}\theta)$

$-2v_{1}(\xi)v_{1}(\theta)\theta+2\xi v_{1}(\theta)^{2}\}$
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$=Q\frac{v_{1}(\xi)\theta-\xi v_{1}(\theta)}{\theta^{2}}-P\frac{v_{2}(\xi)\theta-\xi v_{2}(\theta)}{\theta^{2}}$

$-2\frac{v_{1}(\theta)}{\theta}\frac{v_{1}(\xi)\theta-\xi v_{1}(\theta)}{\theta^{2}}$

$=(Q-2\frac{v_{1}(\theta)}{\theta})v_{1}(\frac{\xi}{\theta})-Pv_{2}(\frac{\xi}{\theta})$ .

If $\triangle$ is equal to $c\theta^{-2}$ with $c$ a nonzero constant, then the last expression
is equal to

$(Q+\frac{v_{1}(\triangle)}{\triangle})v_{1}(\frac{\xi}{\theta})-Pv_{2}(\frac{\xi}{\theta})$ .

Thus $\Omega=\xi/\theta$ satisfies the first equation in (Ct). In a similar way,

we verip that $\Omega=\xi/\theta$ satisfies other two equalities of $(Ct)^{\triangle}$ with
$\triangle=c\theta^{-2}$ . The subspaces $s(P, Q, R, S;\theta)$ and $t(P, Q, R, S;\theta)$ are char-
acterized by the equations $I(\theta, \xi)=0$ and (4), respectively. Thus we
have

$\frac{1}{c}(\triangle v_{3}(\Omega)-v_{1}(\triangle)v_{2}(\Omega)+v_{2}(\triangle)v_{1}(\Omega))$

$=\frac{1}{\theta^{2}}\frac{v_{3}(\xi)\theta-\xi v_{3}(\theta)}{\theta^{2}}+\frac{2v_{1}(\theta)}{\theta^{3}}\frac{v_{2}(\xi)\theta-\xi v_{2}(\theta)}{\theta^{2}}$

$-\frac{2v_{2}(\theta)}{\theta^{3}}\frac{v_{1}(\xi)\theta-\xi v_{1}(\theta)}{\theta^{2}}$

$=2\theta^{-4}I(\theta, \xi)$ .

Therefore the image of $s(P, Q, R, S;\theta)$ is contained in $t(P, Q, R, S;\theta)$ .

Q.E.D.

The rest of this section is devoted to the proof of Theorem 6.1.
Suppose $\phi:(x, y, z)\mapsto(X, Y, Z)$ is a contact transformation. From
Propositions 5.1 and 5.2, we see that $\{1, X, Z, W=2Y-XZ\}$ is a

linear basis of the solution space $\mathcal{T}(P, Q, R, S;\triangle)$ of the system $(Ct)^{\triangle}$ ,

and $\{1, X, Z\}$ a basis of $t(P, Q, R, S;\triangle)$ of the system $(Ct- s)^{\triangle}$ , where
$(P, Q, R, S)=S(\phi)$ and $\triangle=\triangle(\phi)$ ; the contact Schwarzian derivative
and the contact Jacobian of $\phi$ .

From Proposition 5.3, we see that, if $\triangle(\phi)=c\theta^{-2}$ with $c$ a nonzero
constant, then $\theta$ satisfies the equations (Sp). Therefore by Proposi-
tion 6.2, we conclude that there exists a linear basis $\{\theta, \xi, \zeta, \eta\}$ (where
$\theta$ satisfies $\triangle=c\theta^{-2}$ ) of the solution space $S(P, Q, R, S)$ such that

$X=\frac{\xi}{\theta}$ , $Z=\frac{\zeta}{\theta}$ , $W=\frac{\eta}{\theta}$ .
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It remains to prove that the basis $\{\theta, \xi, \zeta, \eta\}$ is symplectic in the sence
of Proposition 4.4. We remind that $I(\alpha, \beta)$ is constant, if $\alpha$ and $\beta$ are
solutions of the PDE system (Sp).

By using the functions $\theta$ , $\xi$ , $\zeta$ and $\eta$ , we calculate the contact
Jacobian $\triangle(\phi)$ as follows:

$\triangle(\phi)=v_{1}(X)v_{2}(Z)-v_{1}(Z)v_{2}(X)$

$=\frac{1}{\theta^{4}}\{(v_{1}(\xi)\theta-\xi v_{1}(\theta))(v_{2}(\zeta)\theta-\zeta v_{2}(\theta))$

$-(v_{1}(\zeta)\theta-\zeta v_{1}(\theta))(v_{2}(\xi)\theta-\xi v_{2}(\theta))\}$

$=\frac{1}{\theta^{3}}\{(v_{1}(\xi)v_{2}(\zeta)-v_{1}(\zeta)v_{2}(\xi))\theta$

(9) $+\xi(-v_{1}(\theta)v_{2}(\zeta)+v_{1}(\zeta)v_{2}(\theta))$

$-\zeta(-v_{1}(\xi)v_{2}(\theta)+v_{1}(\theta)v_{2}(\xi))\}$

$=\frac{1}{\theta^{3}}\{(v_{1}(\xi)v_{2}(\zeta)-v_{1}(\zeta)v_{2}(\xi))\theta$

$-\frac{1}{2}\zeta(v_{3}(\xi)\theta-\xi v_{3}(\theta))+\frac{1}{2}\xi(v_{3}(\zeta)\theta-\zeta v_{3}(\theta))\}$

$=I(\xi, \zeta)\theta^{-2}$ .

Since $\triangle(\phi)=c\theta^{-2}$ , we conclude

$I(\xi, \zeta)=c$ .

The function $W$ satisfies (5). If $ W=\eta/\theta$ and $\triangle=c\theta^{-2}$ , the

equality (5) is replaced by

$0=\triangle v_{3}(\Omega)-v_{1}(\triangle)v_{2}(\Omega)+v_{2}(\triangle)v_{1}(\Omega)-2\triangle^{2}$

$=c(\theta^{-2}v_{3}(\frac{\eta}{\theta})-v_{1}(\theta^{-2})v_{2}(\frac{\eta}{\theta})+v_{2}(\theta^{-2})v_{1}(\frac{\eta}{\theta})-2c\theta^{-4})$

$=2c\theta^{-4}(I(\theta, \eta)-c)$ ,

and thus
$I(\theta, \eta)=c$ .

Since $ X=\xi/\theta$ and $ Z=\zeta/\theta$ are in the solution space $t(P, Q, R, S;\theta)$ ,
$\xi$ and $\zeta$ are in the solution space $s(P, Q, R, S;\theta)$ . Therefore $\xi$ and $\zeta$ are
skew orthogonal to $\theta$ ;

$I(\theta, \xi)=I(\theta, \zeta)=0$

(cf. Proposition 4.5).
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In order to prove the skew orthogonalities $I(\eta, \xi)=I(\eta, \zeta)=0$ , we
prove the following

Lemma 6.3. For solutions $\theta$ , $\xi$ , $\zeta$ and $\eta$ of (Sp), put $ X=\xi/\theta$ ,
$ Z=\zeta/\theta$ and $ W=\eta/\theta$ . Then the equalities $v_{i}(W)=v_{i}(X)Z-Xv_{i}(Z)$

$(i=1,2)$ hold, if and only if $I(\eta, \xi)=I(\eta, \zeta)=0$ .

Proof. For each point $p=(x, y, z)$ in the domain, the evaluation
map $|_{p}$ :

$S(P, Q, R, S)\ni\theta\mapsto(\theta(p),$ $v_{1}(\theta)(p)$ , $v_{2}(\theta)(p)$ , $\frac{1}{2}v_{3}(\theta)(p))\in K^{4}$

is a symplectic linear map with respect to the skew products $I$

on $S(P, Q, R, S)$ and $J$ on $K^{4}$ . If $\theta$ , $\xi$ , $\zeta$ and $\eta$ is a symplectic basis,
then the matrix

$\left(\begin{array}{l}\theta\\\xi\\\zeta\\\eta\end{array}\right)$

$p=\left(\begin{array}{llll}\theta(p) & v_{1}(\theta)(p) & v_{2}(\theta)(p) & v_{3}(\theta)(p)/2\\\xi(p)\zeta(p) & v_{1}(\zeta)(p)v_{1}(\xi)(p) & v_{2}(\xi)(p)v_{2}(\zeta)(p) & v_{3}(\zeta)(p)/2v_{3}(\xi)(p)/2\\\eta(p) & v_{1}(\eta)(p) & v_{2}(\eta)(p) & v_{3}(\eta)(p)/2\end{array}\right)$

is in the symplectic group $Sp_{2}(K)$ . Since the complex structure $J$ sat-
isfies $J^{-1}=J^{t}=-J$ , the transpose of this matrix is also in $Sp_{2}(K)$ .

Thus we have

$0=v_{i}(\eta)(p)\theta(p)-\eta(p)v_{i}(\theta)(p)+\xi(p)v_{i}(\zeta)(p)-v_{i}(\xi)(p)\zeta(p)$

for $i=1,2$ . These are equivalent to

$0=v_{i}(\frac{\eta}{\theta})(p)-v_{i}(\frac{\xi}{\theta})(p)\frac{\zeta(p)}{\theta(p)}+\frac{\xi(p)}{\theta(p)}v_{i}(\frac{\zeta}{\theta})(p)$

$=v_{i}(W)(p)-v_{i}(X)(p)Z(p)+X(p)v_{i}(Z)(p)$ .

This completes the proof. Q.E.D.

Since $\phi=(X, Y, Z)$ is contact, $W=2Y-XZ$ satisfies the equality
of the above lemma. Therefore we conclude the equalities

$I(\eta, \xi)=I(\eta, \zeta)=0$ ,

and complete the proof of the first half of Theorem 6.1.
Now we prove the latter half of the theorem. Suppose $\{\theta, \xi, \zeta, \eta\}$ is

a symplectic basis of the solution space $S(P, Q, R, S)$ , and put $ X=\xi/\theta$ ,
$ Z=\zeta/\theta$ and $ W=\eta/\theta$ . From Lemma 6.3, it follows that the function

$Y=(W+XZ)/2$ satisfies the equalities $v_{i}(Y)=Zv_{i}(X)(i=1,2)$ . Put
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$\triangle=v_{1}(X)v_{2}(Z)-v_{2}(X)v_{1}(Z)$ . Then the same caluculation as (9) shows
that $\triangle$ is equal to $I(\xi, \zeta)\theta^{-2}$ , where $I(\xi, \zeta)$ is a nonzero constant, and
thus $\triangle$ does not vanish. Therefore the map $\phi=(X, Y, Z)$ is a contact
transformation (cf. Corollary 3.4).

Since $X$ and $Z$ are solutions of $(Ct- s)^{\triangle}$ with $\triangle=c\theta^{-2}$ (cf. Proposi-
tion 6.2), it follows, from Proposition 5.1, that the given function $P$ , $Q$ ,
$R$ and $S$ are the contact Schwarzian derivatives of $\phi;(P, Q, R, S)=S(\phi)$ ,

and also that the contact Jacobian $\triangle(\phi)$ is equal to $c\theta^{-2}$ .

This completes the proof of Theorem 6.1.

\S 7. Integrability conditions

The higher derivatives of the solutions of the PDE systems are deter-
mined by the lower terms. For the systems (Sp) and (Ct), the initial
values $\theta(p)$ , $v_{1}(\theta)(p)$ , $v_{2}(\theta)(p)$ and $v_{3}(\theta)(p)$ at a fixed point $p=(x, y, z)$

in the domain determine all higher derivatives

$v_{i_{1}}v_{i_{2}}\cdots v_{i_{n}}(\theta)(p)$ .

Here the coefficient functions are required to satisfy certain compatibility
conditions, which we call the integrability condition of the PDE system.
The solution spaces of (Sp) and (Ct) is of dimension at most 4. The max-
imality holds, if and only if the integrability condition is fulfilled. On the
other hand, the solution spaces of the PDE systems (Sp-s) and (Ct-s) are
parameterized by the initial values $\theta(p)$ , $v_{1}(\theta)(p)$ and $v_{2}(\theta)(p)$ . There-
fore the maximal dimension is equal to 3. The PDE systems that satisfy
the maximality for the dimension of the solution spaces are said to be

integrable.
As we investigated in the previous two sections, if the system (Sp)

is integrable, then for each nonzero solution $\theta$ of (Sp), the other systems
$(Sp- s)^{\theta}$ , $(Ct- s)^{\theta^{-2}}$ and $(Ct)^{\theta^{-2}}$ are integrable (see Proposition 6.2). If

one of the other systems is integrable, then, by Theorem 6.1, there exists

a contact transformation whose contact Schwarzian derivatives are equal
to $P$ , $Q$ , $R$ and $S$ , and thus they necessarily satisfy the condition (IC)
(see Remark 4.2). Theorem 4.1 says that the condition (IC) is the inte-
grability condition of this system. Therefore, in order to clarify the
integrability conditions of those PDE systems, it remains to prove The-
orem 4.1.

Denote by $F$ the ring of quadruples $(f_{0}, f_{1}, f_{2}, f_{3})$ of functions $f_{i}$ of
$(x, y, z)$ , and define differential operators $V_{1}$ and $V_{2}$ on $F$ by

$V_{i}(f_{0}, f_{1}, f_{2}, f_{3})=(g_{0i}, g_{1i}, g_{2i}, g_{3i})$ ,
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where $g_{ji}$ are defined by

$g_{01}=v_{1}(f_{0})+M_{11}f_{1}+M_{4}f_{2}+\frac{2}{3}(*)f_{3}$

$g_{11}=(v_{1}+Q)(f_{1})+f_{0}+Rf_{2}+2M_{4}f_{3}$

$g_{21}=(v_{1}-Q)(f_{2})-Pf_{1}-2M_{11}f_{3}$

$g_{31}=v_{1}(f_{3})-\frac{1}{2}f_{2}$

$g_{02}=v_{2}(f_{0})+M_{4}f_{1}+M_{22}f_{2}+\frac{2}{3}(**)f_{3}$

$g_{12}=(v_{2}+R)(f_{1})+Sf_{2}+2M_{22}f_{3}$

$g_{22}=(v_{2}-R)(f_{2})+f_{0}-Qf_{1}-2M_{4}f_{3}$

$g_{32}=v_{2}(f_{3})+\frac{1}{2}f_{1}$ .

$(*)$ and $(**)$ read as

$(*)=-v_{1}(M_{4})+v_{2}(M_{11})+2QM_{4}-RM_{11}-PM_{22}$

$(**)=-v_{1}(M_{22})+v_{2}(M_{4})-SM_{11}+2RM_{4}-QM_{22}$ .

The idea how these operators $V_{1}$ and $V_{2}$ came out is the following:
suppose the equation (Sp) has a 4-dimensional solution space, and fix a
non-zero solution $\theta$ . If we consider the module over the ring of functions
on $(x, y, z)$ with $\theta$ , $v_{1}(\theta)$ , $v_{2}(\theta)$ , $v_{3}(\theta)$ as a formal basis;

{ $f_{0}\theta+f_{1}v_{1}(\theta)+f_{2}v_{2}(\theta)+f_{3}v_{3}(\theta)|f_{i}$ : functions on $(x,$ $y$ , $z)$ },

then on this module the operators $v_{1}$ and $v_{2}$ operate naturally. Remind-
ing that $\theta$ is a solution of (Sp), and using $g_{ji}$ , we actually calculate the
operations as

$v_{i}(f_{0}\theta+f_{1}v_{1}(\theta)+f_{2}v_{2}(\theta)+f_{3}v_{3}(\theta))$

$=g_{0i}\theta+g_{1i}v_{1}(\theta)+g_{2i}v_{2}(\theta)+g_{3i}v_{3}(\theta)$ .

Here we used the equalities

$v_{2}v_{1}(\theta)=\frac{1}{2}(v_{4}(\theta)+v_{3}(\theta))$

$v_{1}v_{2}(\theta)=\frac{1}{2}(v_{4}(\theta)-v_{3}(\theta))$

$v_{1}v_{2}v_{1}(\theta)=\frac{1}{3}(v_{2}v_{1^{2}}(\theta)+v_{1}v_{4}(\theta))$

$v_{2}v_{1}v_{2}(\theta)=\frac{1}{3}(v_{2}v_{1^{2}}(\theta)+v_{2}v_{4}(\theta))$
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$v_{3}v_{1}(\theta)=v_{1}v_{3}(\theta)=\frac{1}{3}(2v_{2}v_{1^{2}}(\theta)-v_{1}v_{4}(\theta))$

$v_{3}v_{2}(\theta)=v_{2}v_{3}(\theta)=\frac{1}{3}(-2v_{1}v_{2^{2}}(\theta)+v_{2}v_{4}(\theta))$ .

Proposition 7.1. Define the operator $V_{3}$ by $V_{3}=[V_{2}, V_{1}]$ . The
following three conditions on the four functions $P$ , $Q$ , $R$ and $S$ are
equivalent:

(a) the $PDE$ system (Sp) is integrable, that is, the solution space is

of dimension equal to 4,
(b) $[V_{3}, V_{i}]=0$ , $(i=1,2)$ , and
(c) $P$ , $Q$ , $R$ and $S$ satisfy the relations (IC).

If $\theta_{i}$ $(i=0,1, 2, 3)$ are 4 independent solutions of (Sp), then the
vectors

$(\theta_{i}(p), v_{1}(\theta_{i})(p)$ , $v_{2}(\theta_{i})(p)$ , $v_{3}(\theta_{i})(p))$ , $(i=0,1, 2,3)$

are linearly independent at each point $p=(x, y, z)$ . Thus the dimension
of the solution space of (Sp) is at most 4.

The higher derivatives $v_{i_{1}}v_{i_{2}}\cdots v_{i_{n}}(\theta)(p)$ can be expressed as unique
linear combinations of $\{\theta(p), v_{1}(\theta)(p), v_{2}(\theta)(p), v_{3}(\theta)(p)\}$ . Those coeffi-
cients are uniquely determined, provided the operators $V_{1}$ and $V_{2}$ satisfy
the Heisenberg relation $[V_{3}, V_{i}]=0$ .

The equivalence of the conditions (a) and (b) is deduced from these
facts and the definition of $V_{i}$ . The equivalence of (b) and (c) is deduced
by the following calculation: for elements

$e_{0}=(1,0,0,0)$ $e_{1}=(0,1, 0,0)$

$e_{2}=(0, 0, 1, 0)$ $e_{3}=(0,0,0,1)$

of $F$ , we define functions $a_{ij}^{k}$ by

$[V_{3}, V_{i}](e_{j})=\sum_{k=0}^{3}a_{ij}^{k}e_{k}$ , $(i=1,2, j=0,1, 2,3)$ .

All these functions are polynomials of $P$ , $Q$ , $R$ , $S$ and their derivatives.
Let $c_{i}$ $(i=0,1, 2, 3)$ be functions of $(x, y, z)$ defined by

$c_{0}=-6(-v_{3}(P)+2(v_{1}-2Q)(M_{11})+4PM_{4})$

$c_{1}=-4(-3v_{3}(Q)+2(v_{2}-4R)(M_{11})+4(v_{1}+Q)(M_{4})+4PM_{22})$

$c_{2}=6-2(-3v_{3}(R)+2(v_{1}+4Q)(M_{22})+4(v_{2}-R)(M_{4})-4SM_{11})$

$c_{3}=-6(-v_{3}(S)+2(v_{2}+2R)(M_{22})-4SM_{4})$ ,
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so that the condition (IC) amounts to the condition $c_{0}=c_{1}=c_{2}=c_{3}=$

$0$ . Our purpose is to explain $a_{ij}^{k}$ as polynomials of the derivatives of $c_{0}$ ,
$c_{1}$ , $c_{2}$ and $c_{3}$ .

The equalities $a_{i0}^{k}=0(\forall i, \forall k)$ are obvious, since we have $[v_{3}, v_{i}]=0$ .

The other functions are as follows:

$a_{11}^{0}=\frac{1}{12}(-v_{1}(c_{1})+v_{2}(c_{0})-2Rc_{0}+4Qc_{1}-2Pc_{2})$ ,

$a_{11}^{1}=c_{1}$ , $a_{11}^{2}=c_{0}$ ,

$a_{12}^{0}=\frac{1}{12}(-v_{1}(c_{2})+v_{2}(c_{1})-Sc_{0}+Rc_{1}+Qc_{2}-Pc_{3})$ ,

$a_{12}^{1}=c_{2}$ , $a_{12}^{2}=c_{1}$ ,

$a_{13}^{0}=2(-v_{1}(a_{12}^{0})+v_{2}(a_{11}^{0})-Pa_{22}^{0}+2Qa_{12}^{0}-Ra_{11}^{0})$

$-\frac{1}{3}(M_{22}c_{0}-2M_{4}c_{1}+M_{11}c_{2})$ ,

$a_{13}^{1}=2a_{12}^{0}$ , $a_{13}^{2}=-2a_{11}^{0}$ ,

$a_{21}^{0}=a_{12}^{0}$ , $a_{21}^{1}=c_{2}$ , $a_{21}^{2}=c_{1}$ ,

$a_{22}^{0}=\frac{1}{12}(-v_{1}(c_{3})+v_{2}(c_{2})-2Sc_{1}+4Rc_{2}-2Qc_{3})$ ,

$a_{22}^{1}=c_{3}$ , $a_{22}^{2}=c_{2}$ ,

$a_{23}^{0}=2(-v_{1}(a_{22}^{0})+v_{2}(a_{12}^{0})-Qa_{22}^{0}+2Ra_{12}^{0}-Sa_{11}^{0})$

$-\frac{1}{3}(M_{22}c_{1}-2M_{4}c_{2}+M_{11}c_{3})$ ,

$a_{23}^{1}=2a_{22}^{0}$ , $a_{23}^{2}=2a_{12}^{0}$ ,

$a_{ij}^{3}=0$ $(\forall i, j=0, \ldots, 3)$ ,

all of which are polynomials of the derivatives of $c_{0}$ , $c_{1}$ , $c_{2}$ , $c_{3}$ . The
necessary and sufficient condition for (b) is the vanishings of all $a_{ij}^{k}=0$ .

Therefore we established the equivalence of (b) and (c).

\S 8. Connection formula of contact Schwarzian derivatives

In this section, we use the notation $(x, y, z)=(x^{1}, x^{3}, x^{2})$ for the
coordinate functions. The superscript is unusual, but this simplifies the
expressions that follow. And then the contact form on $K^{3}$ is $dx^{3}-x^{2}dx^{1}$ ,
and three vector fields $v_{1}$ , $v_{2}$ and $v_{3}$ are

$v_{1}=\frac{\partial}{\partial x^{1}}+x^{2}\frac{\partial}{\partial x^{3}}$ , $v_{2}=\frac{\partial}{\partial x^{2}}$ and $v_{3}=\frac{\partial}{\partial x^{3}}$ .

Proposition 8.1. The contact Schwarzian derivatives of a compo-
sition of contact transformations $(x^{1}, x^{3}, x^{2})\mapsto(y^{1}, y^{3}, y^{2})\mapsto(z^{1}, z^{3}, z^{2})$
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satisfy the formula

(10) $S_{\{ijk\}}(z, x)=S_{\{ijk\}}(y, x)+\sum_{p,q,r=1}^{2}S_{\{pqr\}}(z, y)\frac{v_{i}(y^{p})v_{j}(y^{q})v_{k}(y^{r})}{\triangle(y,x)}$ .

In the rest of this section, we prove the above proposition. We use
the following notations:

$v_{1}=\frac{\partial}{\partial x^{1}}+x^{2}\frac{\partial}{\partial x^{3}}$ , $v_{2}=\frac{\partial}{\partial x^{2}}$ ,

$u_{1}=\frac{\partial}{\partial y^{1}}+y^{2}\frac{\partial}{\partial y^{3}}$ , $u_{2}=\frac{\partial}{\partial y^{2}}$ .

For a contact transformation $(x^{1}, x^{3}, x^{2})$ $\mapsto$ $(y^{1}, y^{3}, y^{2})$ and a

function $f(y^{1}, y^{3}, y^{2})$ , it holds that $v_{i}(f)=\sum_{p=1}^{2}u_{p}(f)v_{i}(y^{p})$ (see

Lemma 3.5), and differentiating this by $v_{j}$ , it holds that

$v_{j}v_{i}(f)=\sum_{p=1}^{2}u_{p}(f)v_{j}v_{i}(y^{p})+\sum_{p,q=1}^{2}u_{q}u_{p}(f)v_{j}(y^{q})v_{i}(y^{p})$ .

Using this, we calculate $s_{[ij,k]}(z, x)$ as follows:

$s_{[ij,k]}(z, x)=v_{i}v_{j}(z^{1})v_{k}(z^{2})-v_{i}v_{j}(z^{2})v_{k}(z^{1})$

$=\sum_{p,q}(u_{p}(z^{1})u_{q}(z^{2})-u_{p}(z^{2})u_{q}(z^{1}))v_{i}v_{j}(y^{p})v_{k}(y^{q})$

$+\sum_{p,q,r}s_{[pq,r]}(z, y)v_{i}(y^{p})v_{j}(y^{q})v_{k}(y^{r})$
.

Concerning the first summation of the last expression, the sum for
$(p, q)=(1,1)$ and $(2, 2)$ is equal to 0, and for $(p, q)=(1,2)$ and $(2, 1)$ ,

it is equal to
$\triangle(z, y)s_{[ij,k]}(y, x)$ .

By summing up them for $(i,j, k)$ cyclically permuted, and dividing it
by 3, we thus get

(11) $\triangle(z, x)S_{\{ij,k\}}(y, x)$ ,

which is the first term of the expression (10).
For the second term

$\sum_{p,q,r}s_{[pq,r]}(z, y)v_{i}(y^{p})v_{j}(y^{q})v_{k}(y^{r})$
,

we calculate the sum of them for $(i,j, k)$ cyclically permuted as follows:
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(i) for $(p, q, r)=(1,1, 1)$ , the summand is equal to

$3\triangle(z, y)S_{\{111\}}(z, y)v_{i}(y^{1})v_{j}(y^{1})v_{k}(y^{1})$ ,

where we used the formula $\triangle(z, x)=\triangle(z, y)\triangle(y, x)$ (Lemma 3.6).

(ii) the sum over $(p, q, r)=(1,1, 2)$ , (1, 2, 1) and (2, 1, 1) is equal to

$ 3\triangle(z, y)S_{\{112\}}(z, y)\times$

$(v_{i}(y^{2})v_{j}(y^{1})v_{k}(y^{1})+v_{i}(y^{1})v_{j}(y^{2})v_{k}(y^{1})+v_{i}(y^{1})v_{j}(y^{1})v_{k}(y^{2}))$ ,

(iii) the sum over $(p, q, r)=(1,2,2)$ , (2, 1, 2) and (2, 2, 1) is calculated
in the same way as above, and

(iv) for $(p, q, r)=(2,2,2)$ , it is equal to

$3\triangle(z, y)S_{\{222\}}(z, y)v_{i}(y^{2})v_{j}(y^{2})v_{k}(y^{2})$ .

Adding up them with (11), we finally get the formula (10).

\S 9. Contact transformations with vanishing contact Schwar-
zian derivatives

We regard $K^{4}$ a linear symplectic space with the symplectic form $\omega$

defined by

$\omega((a_{0}, a_{1}, a_{2}, a_{3}), (b_{0}, b_{1}, b_{2}, b_{3}))=(a_{0}, a_{1}, a_{2}, a_{3})J(b_{0}, b_{1}, b_{2}, b_{3})^{t}$

$=a_{0}b_{3}-a_{3}b_{0}+a_{1}b_{2}-a_{2}b_{1}$ ,

where the complex structure $J$ is defined in (8).
Let $\xi_{i}(i=0, \ldots, 3)$ be functions defined by

$\xi_{0}(x, y, z)=1$ , $\xi_{1}(x, y, z)=x$ ,

$\xi_{2}(x, y, z)=z$ , $\xi_{3}(x, y, z)=2y-xz$ .

Then we easily verify that these functions form a symplectic basis of the
solution space $S(0,0,0,0)$ of the PDE system (Sp) with $P=Q=R=$
$S=0$ . Using these functions $\xi_{i}$ , we define a map $\varphi:K^{3}\rightarrow K^{4}$ by

(12) $\varphi:(x, y, z)\mapsto(\xi_{0}, \xi_{1}, \xi_{2}, \xi_{3})$ .

The contact structure of $K^{3}$ and the symplectic structure of $K^{4}$ are
related to each other via the map $\varphi$ as follows: for each point $p\in K^{3}$ ,

the pull back of the skew orthogonal plane $\varphi(p)^{\perp}$ coincides with the
contact distribution at $p$ . This follows from the equalities

$\omega(\varphi(p), v_{i}(\varphi)(p))=0$ , $(i=1,2)$ ,
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and implies the following

Lemma 9.1. The projectification of the $Sp_{2}(K)$ -action on $K^{4}$

induces a contact transformation of $K^{3}$ (or on a domain in $K^{3}$ ) through
the map $\varphi$ .

The image of $\varphi$ is an affine 3-space that does not pass the origin
of $K^{4}$ . Therefore, if a Lagrangian plane intersects with the image of $\varphi$ ,

the inverse image of the Lagrangian plane by $\varphi$ is a Legendrian curve
in $K^{3}$ . Moreover it follows that

Lemma 9.2. The inverse image of a Lagrangian plane by $\varphi$ is $a$

graph
$x\mapsto(x, ax^{2}+2bx+c, 2ax+2b)$

of a quadratic function $y=ax^{2}+2bx+c$ , provided it is nonempty.

Proof. It suffices to consider Lagrangian planes that are the images
of linear maps

$(u, v)\mapsto(u, v, 2(bu+av), 2(cu+bv))$ .

The inverse image of those planes by $\varphi$ are described by

$x\mapsto(x, y=ax^{2}+2bx+c, z=2(ax+b))$ .

and actually they satisfy $dy/dx$ $=z$ . Q.E.D.

The symplectic structure on $K^{4}$ and the standard contact structure
on $P^{3}(K)$ are related as follows: let a map $\psi:K^{3}\rightarrow K^{4}$ be central
(here “central” mean that, at each point $p$ , the line through the origin
of $K^{4}$ and $\psi(p)$ is transversal to the tangent space of the image of $\psi$

at $\psi(p))$ . If $\psi$ mediates between the contact structure on the source and
the symplectic structure on the target as the map $\varphi$ mediates, then the
projectification of $\psi$ is a contact map $K^{3}\rightarrow P^{3}(K)$ .

In order to prove the following lemma, it suffices to use the same
argument as in the proof of Lemma 6.3.

Lemma 9.3. Let $\{\eta_{0}, \eta_{1}, \eta_{2}, \eta_{3}\}$ be a symplectic basis of the solu-
tion space $S(0,0,0,0)$ . Then the map

$(x, y, z)\mapsto[\eta_{0};\eta_{1} ; \eta_{2}; \eta_{3}]\in P^{3}(K)$

is contact.

We denote by Cont $(P^{3}(K))$ the group of contact isomorphisms of
the projective space $P^{3}(K)$ .

$\Phi:CSp_{2}(K)\rightarrow Cont(P^{3}(K))$ .
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The kernel of the homomorphism consists of the scalar matrices;

$ker(\Phi)=K\cdot I_{4}$ .

Thus the image of $\Phi$ is isomorphic to

$\Phi(CSp_{2}(K))=\{$
$Sp_{2}(K)/\{\pm I_{4}\}\times\{I_{4}, I’\}$ $(K=\mathbb{R})$

$Sp_{2}(K)/\{\pm I_{4}\}$ $(K=\mathbb{C})$ ,

where $I’$ denotes the diagonal matrix diag(l, $1,$ $-1,$ -1).
We denote by $[\varphi]:K^{3}\rightarrow P^{3}(K)$ the contact map obtained by pro-

jectifying the map $\varphi$ in (12).

Proposition 9.4. If a map $\phi:D\rightarrow D’$ is a contact transforma-
tion $w?.th$ Schwarzian derivative $S(\phi)=0$ , then there exists a contact

transformation $[g]\in Im(\Phi)$ that commutes the following diagram;

$D$
$\rightarrow\phi$

$D’$

$[\varphi]\downarrow$ $\downarrow[\varphi]$

$P^{3}(K)\rightarrow[g]P^{3}(K)$

Proof Let $\phi$ be a contact transformation with Schwarzian deriv-
ative $S(\phi)=0$ . It follows, from Theorem 6.1, that there exists a sym-
plectic basis $\{\eta_{0}, \eta_{1}, \eta_{2}, \eta_{3}\}$ of the solution space $S(0,0,0,0)$ such that $\phi$

is given by the equation (7) for these functions $\eta_{i}$ . Then we find an

element $g=(g_{i}^{j})\in CSp_{2}(K)$ such that

$\eta_{i}=\sum g_{i}^{j}\xi_{j}$ ,

where $\xi_{j}$ are the functions given as above. The projectification $\Phi(g)=[g]$

satisfies the required property. Q.E.D.

Thus we obtain the

Theorem 9.5. The set of all contact transformations whose con-
tact Schwarzian derivatives vanish forms a Lie group isomorphic to
$Sp_{2}(K)/\{\pm I_{4}\}$ if $K=\mathbb{C}$ , and to $Sp_{2}(K)/\{\pm I_{4}\}\times\{I_{4}, I’\}$ if $K=\mathbb{R}$ .

As is stated in Introduction, if we transform the ordinary differential
equation $y’’’=0$ by a contact transformation $\phi=(X, Y, Z)$ , we get the
equation

$y’’’=P+3Q(y’’)+3R(y’’)^{2}+S(y’’)^{3}$ ,

where the functions $P$ , $Q$ , $R$ , $S$ on $(x, y, z)$ form the Schwarzian deriva-
tive of $\phi;S(\phi)=(P, Q, R, S)$ , and the variable $z$ stands for $y’=dy/dx$ .
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Therefore, if the Schwarzian derivative $(P, Q, R, S)$ of $\phi:D\rightarrow D’$ van-
ishes, the map $\phi$ transforms the set of graphs on $D$ of all quadratic
functions $y=ax^{2}+2bx+c$ into that on $D’$ . The inverse implication is
also true, because the solution space determines the differential equation.
Thus we obtain

Corollary 9.6. If $\phi:D\rightarrow D’$ is a diffeomorphism between two
domains $D$ and $D’$ in $K^{3}$ that gives $a$ one-to-one correspondence on the
sets of graphs of quadratic functions in $D$ and $D’$ , then $\phi$ is a restriction

of the projedification of a linear symplectic isomorphism on $K^{4}$ through
the embedding $\varphi(x, y, z)=(1, x, z, 2y-xz)$ , where we regarded the map
$gI’$ with $g\in Sp_{2}(\mathbb{R})$ to be symplectic in case $K=\mathbb{R}$ .

Schwarzian derivative of contact transformations on contact mani-
folds that are projectively flat, like $P^{3}(K)$ , will be discussed in a forth-

coming paper [ $O$-S2].
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Introduction

This is a half survey article on the geometry of higher order differ-
ential equations of finite type associated with symmetric spaces.

Historically, geometric study of differential equations, especially
ordinary differential equations, was initiated by Sophus Lie [Lie91]. For
linear ordinary differential equations, Laguerre and Forsyth studied the
differential invariants of these equations by transforming them to the
canonical forms (cf. [Wi106]).

For higher order equations, after Lie, the classification of the sec-
ond order ordinary differential equations by point transformations was
achieved by Tresse [Tre96] and E. Cartan [Car24] studied the case when
the equation is associated with paths in projective geometry by his
method of the equivalence. The third order equations were studied by
S. S. Chern [Ch50], following the method of E. Cartan (cf. [SY98]).
Then N. Tanaka [Tan82] studied the equivalence problem for the system
of second order ordinary differential equations by point transformations
and formulated this geometry in terms of the pseudo-product struc-
tures. Furthermore he constructed normal Cartan connections on these
systems and utilized the connections to the normal form problem and
the integration problem of these systems [Tan79], [Tan89].

For the geometrization problem for the equivalence of ordinary dif-
ferential equations with some historical comments, we refer the reader
to the excellent survey article [DKM99].

In this paper we adopt the point of view initiated by N. Tanaka.
Let us consider a system of higher order differential equations of finite
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type of the following form:

$\frac{\partial^{k}y^{\alpha}}{\partial x_{i_{1}}\partial x_{i_{k}}}\cdots=F_{i_{1}}^{\alpha}i_{k}(x_{1}, \ldots, x_{n}, y^{1}, \ldots, y^{m}, \ldots,p_{i}^{\beta}, \ldots,p_{j_{1}..j_{k-1}}^{\beta})$

$(1 \leqq\alpha\leqq m, 1\leqq i_{1}\leqq\cdots\leqq i_{k}\leqq n)$ ,

where $p_{i_{1}i_{l}}^{\beta}\ldots=\frac{\partial^{l}y^{\beta}}{\partial x_{i_{1}}\cdot\partial x_{i_{l}}}$ . Namely let us consider a system $R$ of $k$-th

order equations such that every $k$-th derivative is expressed in terms of

the derivatives of the lower order. If we regard $R$ as a submanifold of
the $k$-jet space $J^{k}$ with coordinates

$(x_{1}, \ldots, x_{n}, y^{1}, \ldots, y^{m}, \ldots,p_{i}^{\beta}, \ldots,p_{j_{1}}^{\beta} _{j_{k}})$ ,

then $R$ is diffeomorphic to $J^{k-1}$ . Moreover $R$ specifies an $n$-dimensional
subspace $E(x)$ of $C^{k-1}(x)$ at each point $x$ of $J^{k-1}$ , where $C^{k-1}$ is the
canonical differential system on $J^{k-1}$ (for the precise definitions,
see \S 1). Thus $R$ defines a differential system $E$ on $J^{k-1}$ such that
$C^{k-1}=E\oplus F$ , where $F=Ker(\pi_{k-2}^{k-1})_{*}$ and $\pi_{k-2}^{k-1}$ : $J^{k-1}\rightarrow J^{k-2}$ is the
projection. $E$ is completely integrable when the system $R$ is integrable.
The triplet $(J^{k-1} ; E, F)$ is called the pseudo-product structure asso-
ciated with $R$ .

Our basic strategy to study higher order differential equations $R$

of finite type is to utilize the ’rich’ geometry of the differential system
$C^{k-1}=E\oplus F$ naturally associated with $R$ . We further pursue this
approach to an important class of higher order differential equations of
finite type, which is called of type $(\mathfrak{l}, S)$ .

Now let us proceed to describe the contents of each section. In \S 1,
we will explain the pseudo-product structure $(R;E, F)$ associated with
a system $R$ of higher order differential equations of finite type and give
an overview on the Tanaka theory for regular differential systems. Espe-
cially we will review the symbol algebra $\mathfrak{m}(x)=\oplus_{p<0}g_{p}(x)$ of a regu-

lar differential system $(M, D)$ and the notion of the (algebraic) prolon-
gation $g(\mathfrak{m})$ (resp. $g$ ( $\mathfrak{m}$ , 90)) of $\mathfrak{m}$ (resp. $(\mathfrak{m},$ $g_{0})$ ), for a given fundamental
graded Lie algebra $\mathfrak{m}=\oplus_{p<0}g_{p}$ , where 90 is a subalgebra of the (grada-

tion preserving) derivation algebrago of $\mathfrak{m}$ . $g(\mathfrak{m})$ represents the Lie
algebra of infinitesimal automorphisms of the standard differential sys-
tem $(M(\mathfrak{m}), D_{\mathfrak{m}})$ of type $\mathfrak{m}$ , which is the local model differential system
of type $\mathfrak{m}$ . As an example we will calculate the symbol algebra $C^{k}(n, m)$

of the canonical differential system $(J^{k}, C^{k})$ in \S 1.3 and will show that
this algebra has the following description:

$C^{k}(n, m)=C_{-(k+1)}\oplus C_{-k}\oplus\cdots\oplus C_{-1}$ ,
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where $C_{-(k+1)}=W$ , $C_{p}=W\otimes S^{k+p+1}(V^{*})$ , $C_{-1}=V\oplus W\otimes S^{k}(V^{*})$ .

Here $V$ and $W$ are vector spaces of dimension $n$ and $m$ respectively
and the bracket product of $C^{k}(n, m)=C^{k}(V, W)$ is defined accordingly
through the pairing between $V$ and $V^{*}$ such that $V$ and $W\otimes S^{k}(V^{*})$ are
both abelian subspaces of $C_{-1}$ . Here $S^{k}(V^{*})$ denotes the $k$-th symmetric
product of $V^{*}$ .

Corresponding to the splitting $C^{k-1}=E\oplus F$ of the pseudo-product
structure, we have the splitting in the symbol algebra $C^{k-1}(n, m)$ ;

$C_{-1}=c\oplus f$ ,

where $c$ $=V$ , $f$ $=W\otimes S^{k-1}(V^{*})$ . In \S 2 we first consider the pro-
longation $g^{k}(n, m)$ of $(C^{k-1}(n, m),\check{g}_{0})$ , where $\check{9}0$ is the subalgebra of
$\mathfrak{g}_{0}(C^{k-1}(n, m))$ consisting of elements which preserves both $e$ and $f$ .
$g^{k}(n, m)$ is called the pseudo-projective GLA (graded Lie algebra)
of order $k$ of bidegree $(n, m)$ . We will give the explicit description of
these algebras in 2.1. $\mathfrak{g}^{k}(n, m)$ gives the Lie algebra of infinitesimal
automorphisms of the (local) model $k$-th order differential equation $R_{o}$

of finite type, where

$R_{o}=\{\frac{\partial^{k}y^{\alpha}}{\partial x_{i_{1}}\partial x_{i_{k}}}\cdots=0$ $(1\leqq\alpha\leqq m, 1\leqq i_{1}\leqq\cdots\leqq i_{k}\leqq n)\}$ .

Generalizing the structure of $g^{k}(n, m)$ , we will now introduce the
important class of pseudo-product GLA of the irreducible type. Namely,
starting from a reductive GLA [ $=\downarrow-1\oplus t_{0}\oplus t_{1}$ and a faithful irreducible
[-module $S$ , we define the pseudo-product GLA $g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ of type
$([, S)$ as follows: Let ( $=t_{-1}\oplus \mathfrak{t}_{0}\oplus[_{1}$ be a finite dimensional reductive
GLA of the first kind such that

(1) The ideal $\wedge[=[_{-1}\oplus[[_{-1}, [_{1}]\oplus[_{1}$ of [ is a simple Lie algebra.
(2) The center 3 $(t)$ of [ is contained in $l_{0}$ .

Let $S$ be a finite dimensional faithful irreducible [-module. We put

$S_{-1}=\{s\in S|t_{1}\cdot s=0\}$

and
$S_{p}=ad([_{-1})^{-p-1}S_{-1}$ for $p<0$ .

We form the semi-direct product $g$ of [ by $S$ , and put

$g$ $=S\oplus[,$ $[S, S]=0$

$\mathfrak{g}_{k}=1_{k}(k\geqq 0)$ , $9-1=t_{-1}\oplus S_{-1}$ ,

$g_{p}=S_{p}(p<-1)$ .

Then $g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ enjoys the following properties (Lemma 2.1);
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(1) $S=\oplus_{p=-1}^{-\mu}S_{p}$ , where $S_{-,,\mu}=\{s\in S|[1_{-1}, s]=0\}$ .

(2) $\mathfrak{m}=\oplus_{p<0}g_{p}$ is generated by 9-1 $\cdot$

(3) $S_{p}$ is naturally embedded as a subspace of $W\otimes S^{\mu+p}([_{-1}^{*})$

through the bracket operation in $\mathfrak{m}$ , where $W=S_{-,,\mu}$ .

Thus $\mathfrak{m}$ is a graded subalgebra of $C^{\mu-1}(V, W)$ , which has the split-
ting $\emptyset-1=[_{-1}\oplus S_{-1}$ , where $V=[_{-1}$ and $W=S_{-,,\mu}$ . Hence $\mathfrak{m}$ is a
symbol algebra of $\mu$-th order differential equations of finite type, which
is called the typical symbol of type $(\mathfrak{l}, S)$ .

This class of higher order (linear) differential equations of finite type
were first appeared in the work of Y. Se-ashi [Sea88], who discussed the
linear equivalence of this class of equations and gave the complete system
of differential invariants of these equations, generalizing the classical
theory of Laguerre-Forsyth for linear ordinary differential equations.

We will ask the following questions for the pseudo-product GLA
$\emptyset=\oplus_{p\in \mathbb{Z}}g_{p}$ of type $([, S)$ :

(A) When is $\mathfrak{g}$ the prolongation of $\mathfrak{m}$ or $(\mathfrak{m}, g_{0})$ ?
(B) Find the fundamental invariants for equations of type $\mathfrak{m}$ .

Utilizing the Tanaka-Morimoto theory of normal Cartan connections
[Tan79] [Mor93], these questions will be answered by calculating the first
and second generalized Spencer cohomology spaces. The complete
answer for (A) will be given as Theorem 5.2 in \S 5 and the problem (B)
will be discussed in \S 6 and \S 7.

In \S 3, we will recall the construction of the model equations for
the typical symbol of type $(1, S)$ , following [Sea88]. For simplicity, let us
explain this construction here in holomorphic category. Assuming the
condition $H^{1}(6)_{0,,,0}=0$ (see 4.5), we see that the Lie algebra (coincides

with the Lie algebra of infinitesimal (linear) automorphisms of the local
model equations of type $\mathfrak{m}$ (see the discussion in 3.1). Regarding [ as a
subalgebra of $g1(S)$ , let $L$ and $L’$ be the Lie subgroup of $GL(S)$ with Lie

algebra (and $(’$ respectively, where $t’=[_{0}\oplus(_{1}$ . Moreover let $\hat{L}$ be the Lie

subgroup of $GL(S)$ with Lie algebra $\hat{(}$ and put $\hat{L}’=L’\cap\hat{L}$ . Then $\hat{L}’$ is a

parabolic subgroup of $\hat{L}$ and $M=L/L’=\hat{L}/\hat{L}’$ is an irreducible compact
hermitian symmetric space (cf. 3.2). Since $L’$ preserves the filtration
$\{S^{q}\}_{q<0}$ of $S$ , where $S^{q}=\oplus_{p=-1}^{q}S_{p}$ , we get the representation $\rho_{W}$

of $L’$ :

$\rho_{W}$ : $L’\rightarrow GL(W)$ ,

through the projection $\pi_{0}$ : $S=\oplus_{p=-1}^{-\mu}S_{p}\rightarrow S_{-,,\mu}=W$ .

Let $E_{S}$ be the vector bundle over $M=L/L’$ associated with the
representation $\rho_{W}$ : $L’\rightarrow GL(W)$ . As is well known, each $s\in S$ defines
a global section $\sigma_{s}$ of the vector bundle $E_{S}$ (see the discussion in 3.1).
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Let $J^{\mu}(E_{S})$ be the bundle of $\mu$-jets of $E_{S}$ . At each point

$x\in M=L/L’$ , let $(R_{S})_{x}$ be the subspace of $J_{x}^{\mu}(E_{S})$ defined by

$(R_{S})_{x}=\{j_{x}^{\mu}(\sigma_{s})|s\in S\}$

where $j_{x}^{\mu}(\sigma_{s})$ is the $\mu$-jet at $x$ of the section $\sigma_{s}$ . Then the model (lin-

ear) equation $R_{S}$ for the typical symbol of type $(\mathfrak{l}, S)$ is defined as the
subbundle of $J^{\mu}(E_{S})$ by

$R_{S}=x\in M\cup(R_{S})_{x}$
.

$R_{S}$ is the system of differential equations of finite type which character-
izes global sections of $E_{S}$ locally.

In 3.2, we will discuss the Pl\"ucker embedding equations as our
examples of model equations. We assume here that ( $=\wedge[\oplus 3(()$ . Then, a
little generally, an equivariant projective embedding of the model space
$M=L/L’=\hat{L}/\hat{L}’$ can be obtained from an irreducible representation

of $\hat{L}$ as follows: Let $\tau:\hat{L}\rightarrow GL(T)$ be an irreducible representation

of $\hat{L}$ with the highest weight $\Lambda$ . Let $t_{\Lambda}$ be a maximal vector in $T$ of the
highest weight $\Lambda$ . Then a stabilizer of the line $[t_{\Lambda}]$ spanned by $t_{\Lambda}$ in $T$

is a parabolic subgroup of $\hat{L}$

. When this stabilizer coincides with $\hat{L}’$ ,

we obtain an equivariant projective embedding of $M=\hat{L}/\hat{L}’$ by taking

the $\hat{L}$-orbit passing through $[t_{\Lambda}]$ in the projective space $P(T)$ . In this

case, it can be shown that this embedding can be obtained by global
sections of the line bundle $F$ which is constructed from the dual repre-

sentation $\rho=\tau^{*}$ of $\hat{L}$ on $S=T^{*}$ (see the discussion in 3.2). Then the

model equation $R_{S}$ for the typical symbol of type $(\mathfrak{l}, S)$ , which charac-
terizes global sections of $F$ locally, can be called the embedding equation

for $M$ . The case when [ $=\epsilon 1(l+1, \mathbb{C})$ and $S=\wedge^{l-k+1}\mathbb{C}^{l+1}$ corresponds
to the Pl\"ucker embedding equations for the Grassmann manifold
$M=Gr(k, l+1)$ .

From \S 4, we will study the cohomology group $H^{*}(6)=H^{*}(\mathfrak{m}, \mathfrak{g})$

associated with the adjoint representation of $\mathfrak{m}=\oplus_{p<0}g_{p}$ on $g$ for the

pseudo-product GLA $\mathfrak{g}=\oplus_{p\in \mathbb{Z}}g_{p}$ of type $(\mathfrak{l}, S)$ . Namely we will study

the cohomology space of the cochain complex $C^{*}(6)=\oplus C^{p}(6)$ with
the coboundary operator $\partial:C^{p}(6)\rightarrow C^{p+1}(6)$ given by

$\partial^{p}\omega(x_{1}, \ldots, x_{p+1})$

$=\sum_{i=1}^{p+1}(-1)^{i+1}[x_{i}, \omega(x_{1}, \ldots,\hat{x}_{i}, \ldots, x_{p+1})]$
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$+\sum_{i<j}(-1)^{i+j}\omega([x_{i}, x_{j}], x_{1}, \ldots,\hat{x}_{i}, \ldots,\hat{x}_{j}, \ldots, x_{p+1})$
,

where $\omega\in C^{p}(6)=Hom(\wedge^{p}\mathfrak{m}, g)$ and $x_{i}\in \mathfrak{m}$ . Moreover we put
$b_{-1}=S$ , $b_{0}=[andb_{p}=0(p\neq-1,0)$ . We utilize the bigradation
$(g_{p,q})_{p,q\in \mathbb{Z}}$ of $g=S\oplus(given$ by $g_{p,q}=g_{p}\cap b_{q}$ . Then $C^{p}(6)$ has the
following decomposition: $C^{p}(6)=\oplus_{r},{}_{s}C^{p}(6)_{r,,,s}$ , where

$C^{p}(6)_{r,,,s}=\{\omega\in C^{p}(6)|$

$\omega(g_{i_{1},,,j_{1}}\wedge\cdots\wedge g_{i_{p},,,j_{p}})\subset g_{i_{1}+}$ . $+i_{p}+r$ , $j_{1}++j_{p}+s$

for all $i_{1}$ , $\ldots$ , $i_{p}$ , $j_{1}$ , $\ldots$ , $j_{p}$ }.

In 4.3, we prepare the fundamental theorem (Theorem 4.1) to calculate
the cohomology space $H^{p}(6)_{r,,,s}$ by means of Kostant’s theorem on Lie
algebra cohomology.

Now let us describe $(I, S)$ in detail, utilizing the structure theory

of semi-simple Lie algebras over $\mathbb{C}$ . First we decompose $($ $=\hat{(}\oplus 3[([)\wedge$ ,
$1_{0}=\wedge[_{0}\oplus 3|(\hat{[})$ . Since $S$ is a faithful irreducible [-module, there is an

irreducible
$\wedge$

[-module $T$ and 31 $([)\wedge$ -module $U$ such that $S$ is isomorphic
to $T\otimes U$ as an [-module. Then we impose the following condition for
$([, S)$ : $3\iota(\hat{(})$ is isomorphic to $g\mathfrak{l}(U)$ . We interpret this condition as the
condition $H^{1}(6)_{0,,,0}=0$ for the first cohomology in Lemma 4.5.

Fixing a Cartan subalgebra $\mathfrak{h}$ (the set $\Phi$ of roots relative to $\mathfrak{h}$ ) and a
simple root system $\triangle=\{\alpha_{1}, \ldots, \alpha\iota\}$ , we have the root space decompo-

sition of the simple Lie algebra
$\wedge$

[. Then the gradation $\wedge(=[_{-1}\oplus\hat{t}_{0}\oplus t_{1}$ can
be described as $(X_{l}, \triangle_{1})$ (see 4.4). Here $X_{l}$ stands for the Dynkin dia-

gram of $\wedge[,$

$\triangle_{1}=\{\alpha_{i_{o}}\}\subset\triangle$ and $\alpha_{i_{o}}$ satisfies $m_{i_{o}}(\theta)=1$ , where $\theta$ is the
highest root and $m_{i}$ is a $\mathbb{Z}$-valued function on $\Phi$ defined by $m_{i}(\alpha)=k_{i}$

for $\alpha=\sum_{j=1}^{l}k_{j}\alpha_{j}\in\Phi$ . Namely the gradation $\wedge[=1_{-1}\oplus\wedge[_{0}\oplus(_{1}$ is given

as the decomposition by root spaces according to the height $m_{i_{o}}(\alpha)$ of
each root $\alpha$ , for suitable choices of $\mathfrak{h}$ and $\triangle$ . Thus $(\mathfrak{l}, S)$ can be described
by the triplet $(D([), \triangle_{1}, \Xi)$ as follows, where $D(()$ denotes the derived
algebra $[t, \downarrow]$ of ( : $(D((), \triangle_{1})$ is of type $(X_{l}\times A_{n}, \{\alpha_{i}\})$ and $S$ is an irre-
ducible $D(\mathfrak{l})$ -module with highest weight $\Xi=\chi+\pi_{1}$ when $dimU>1$

and $(D([), \triangle_{1})$ is of type $(X_{l}, \{\alpha_{i}\})$ and $S$ is an irreducible $\hat{[}$-module
with highest $weight---=\chi$ when $dimU=1$ . Here $\pi_{1}$ is the fundamental

weight corresponding to the identity representation on $U$ of 3 $|$

$([)\wedge=gt(U)$

of type $A_{n}$ and $\chi$ is a dominant integral weight of
$\wedge$

[ of type $X_{l}$ .

In \S 5, we will calculate the first cohomology $H^{1}(6)$ and give
the answer to the question (A) raised in \S 3 in Theorem 5.2: For $a$

pseudo-product $GLAg$ $=\oplus_{p\in \mathbb{Z}}\mathfrak{g}_{p}$ of type $(t, S)$ satisfying the condition
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$H^{1}(6)_{0,,,0}=0$ , $g$ is the prolongation of $\mathfrak{m}=\oplus_{p<0}g_{p}$ except for three

cases. Let $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ be the prolongation of $g$ $=b_{-1}\oplus b_{0}$ . Then

the three exceptional cases correspond to cases: (a) $dim\check{b}<\infty$ and
$\check{b}_{1}\neq 0$ , (b) $dim\check{b}=\infty$ , (c) $g$ is a pseudo-projective GLA. In case
(a), $\check{b}=b_{-1}\oplus b_{0}\oplus\check{b}_{1}$ becomes a simple GLA containing $g$ $=b_{-1}\oplus b_{0}$

as a parabolic subalgebra. Theorem 5.2 lists up all these exceptions
explicitly in terms of the data $(D([), \triangle_{1,-}--)$ .

We will calculate the second cohomology $H^{2}(6)$ in \S 6. Especially
we will enumerate the cases when $H^{2}(6)_{r}\neq 0(r\geqq 1)$ for the above
exceptional cases (a) and (b). Finally in \S 7, we will show the rigid-
ity theorem (Theorem 7.5) for the Pl\"ucker embedding equations for
$M=Gr(k, l+1)$ , when $k=2(l \geqq 4)$ or $k=3(l \geqq 6)$ .

\S 1. Differential Systems and Pseudo-Product Structures

1.1. Differential Equations of Finite Type

Let us consider a higher order ordinary differential equation

$y^{(k)}=F(x, y, y’, \ldots, y^{(k-1)})$ ,

or more generally, a system of higher order differential equations of finite
type

$\frac{\partial^{k}y^{\alpha}}{\partial x_{i_{1}}\partial x_{i_{k}}}\cdots=F_{i_{1}}^{\alpha}i_{k}(x_{1}, \ldots, x_{n}, y^{1}, \ldots, y^{m}, \ldots,p_{i}^{\beta}, \ldots,p_{j_{1}..j_{k-1}}^{\beta})$

$(1\leqq\alpha\leqq m, 1\leqq i_{1}\leqq\cdots\leqq i_{k}\leqq n)$ ,

where $p_{i_{1}}^{\beta}$ $i_{l}=\frac{\partial^{l}y^{\beta}}{\partial x_{i_{1}}\partial x_{i_{l}}}$ . These equations define a submanifold $R$ in

$k$-jets space $J^{k}$ such that the restriction $p$ to $R$ of the bundle projection
$\pi_{k-1}^{k}$ : $J^{k}\rightarrow J^{k-1}$ gives a diffeomorphism;

(1.1) $p:R\rightarrow J^{k-1}$ ; diffeomorphism

On $J^{k}$ , we have the Contact (differential) system $C^{k}$ defined by

$C^{k}=\{\varpi^{\alpha}=\varpi_{i}^{\alpha}=\cdots=\varpi_{i_{1}}^{\alpha}i_{k-1}=0\}$ ,
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where

(1.2) $\{$

$\varpi^{\alpha}=dy\alpha-\sum_{i=1}^{n}p_{i}^{\alpha}dx_{i}$ , $(1\leqq\alpha\leqq m)$

$\varpi_{i}^{\alpha}=d^{\alpha}p_{i}-\sum_{j=1}^{n}p_{ij}^{\alpha}dx_{j}$ , $(1 \leqq\alpha\leqq m, 1\leqq i\leqq n)$

$\varpi_{i_{1}}^{\alpha}i_{k-1}=dp_{i_{1}}\alpha$ $i_{k-1}-\sum_{j=1}^{n}p_{i_{1}}^{\alpha}i_{k-1}jdxj$

$(1 \leqq\alpha\leqq m, 1\leqq i_{1}\leqq\cdots\leqq i_{k-1}\leqq n)$ .

Then $C^{k}$ gives a foliation on $R$ when $R$ is integrable. Namely the restric-
tion $E’$ of $C^{k}$ to $R$ is completely integrable.

Thus, through the diffeomorphism (1.1), $R$ defines a completely inte-
grable differential system $E=p_{*}(E’)$ on $J^{k-1}$ such that

$C^{k-1}=E\oplus F$, $F=Ker(\pi_{k-2}^{k-1})_{*}$

where $\pi_{k-2}^{k-1}$ : $J^{k-1}\rightarrow J^{k-2}$ is the bundle projection.
To treat with this situation, N. Tanaka ([Tan85]) introduced the

notion of pseudo-product manifolds as follows.
Pseudo-Product Manifolds (R;E,$ $F)

(1) $E$ and $F$ are differential systems on a manifold $R$ .

(2) $E\cap F=0$ , and both $E$ and $F$ are completely integrable.
(3) $D=E\oplus F$ is non-degenerate.
(4) The full derived systems of $D$ coincides with $T(R)$

In fact he studied ([Tan82], [Tan89]), in this setting, the geometry
of systems of second order ordinary differential equations in depth, uti-
lizing his theory of Cartan connections associated with simple graded
Lie algebras $\epsilon[(m+2, \mathbb{R})=\oplus_{p=-2}^{2}g_{p}$ .

More generally let $R$ be an involutive system of $k$-th order differential
equations of finite type. Let $R^{(1)}\subset J^{k+1}$ be the first prolongation of $R$

(cf. [Yam82] for a precise definition of involutive systems). The condition
(
$‘ R$ is involutive and of finite type” implies that $p^{(1)}$ : $R^{(1)}\rightarrow R$ is a dif-
feomorphism (cf. Lemma 7.3 [Yam82]). This implies that $Kerp_{*}=\{0\}$

and $E$ is completely integrable, where $p=\pi_{k-1}^{k}|_{R}$ and $E=C^{k}|_{R}$ . Then,
as in the above example, by putting $F=Ker(\pi)_{*}$ , $(R;E, F)$ enjoys the
properties (1) and (2) above, where $\pi=\pi_{k-2}^{k-1}\circ p$ . Here $D=E\oplus F$ is

the pull back of the canonical system $C^{k-1}$ by $p_{*}$ . We call $(R;E, F)$ the
pseudo-product structure associated with $R$ in the broader sense.

Our basic strategy to study (involutive) higher order differential
equations $R$ of finite type is to utilize the ’rich’ geometry of the differ-
ential system $D=E\oplus F$ naturally associated with $R$ .
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1.2. Geometry of Differential Systems (Tanaka Theory)

We summarize here the basic notion for (linear) differential systems
following [Tan70] and [Yam93].

1.2.1. Derived Systems and Characteristic Systems. For a manifold
$M$ of dimension $d$ , a subbundle $D\subset T(M)$ of rank $r(s+r=d)$ is called
a differential system of rank $r$ (or codimension $s$ ).

$D=\{\omega_{1}=\cdots=\omega_{s}=0\}$ .

For two differential systems $(M, D)$ and $(\hat{M},\hat{D})$ , a diffeomorphism
$\varphi$ of $M$ onto $\hat{M}$ is called an isomorphism of $(M, D)$ onto $(\hat{M},\hat{D})$ if the

differential map $\varphi_{*}$ of $\varphi$ sends $D$ onto $\hat{D}$ .

By the Frobenius theorem, we know that $D$ is completely inte-
grable if and only if

$d\omega_{i}\equiv 0$ $(mod \omega_{1}, \ldots, \omega_{s})$ for $i=1$ , $\ldots$ , $s$ ,

or equivalently, if and only if

$[D, D]\subset D$ .

where $D=\Gamma(D)$ denotes the space of sections of $D$ .

Thus, for a non-integrable differential system $D$ , the derived sys-
tem $\partial D$ of $D$ is defined, in terms of sections, by

$\partial D=D+[D, D]$ .

The Cauchy characteristic system Ch(D) of $(M, D)$ is defined
at each point $x\in M$ by

$Ch(D)(x)=$ $\{X\in D(x)|$

$X\rfloor d\omega_{i}\equiv 0$ $(mod \omega_{1}, \ldots, \omega_{s})$ for $i=1$ , $\ldots$ , $s$ },

Then Ch(D) is always completely integrable when it is a subbundle
(i.e. has constant rank) (cf. [Yam82]).

Moreover higher derived systems $\partial^{k}D$ are usually defined succes-
sively by

$\partial^{k}D=\partial(\partial^{k-1}D)$ ,

where we put $\partial^{0}D=D$ for convention.
On the other hand we define the $k$-th weak derived system $\partial^{(k)}D$ of

$D$ inductively by

$\partial^{(k)}D=\partial^{(k-1)}D+[D, \partial^{(k-1)}D]$ ,
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where $\partial^{(0)}D=D$ and $\partial^{(k)}D$ denotes the space of sections of $\partial^{(k)}D$ . This
notion is one of the key point in the Tanaka theory ([Tan70]).

A differential system $(M, D)$ is called regular, if $D^{-(k+1)}=\partial^{(k)}D$

are subbundles of $T(M)$ for every integer $k\geqq 1$ . For a regular differential
system $(M, D)$ , we have ([Tan70], Proposition 1.1)

(51) There exists a unique integer $\mu>0$ such that, for all $ k\geqq\mu$ ,

$D^{-k}=\cdots=D^{-\mu}\supset\neq D^{-\mu+1}\neq\supset\cdots\supset\neq D^{-2}\supset\neq D^{-1}=D$ ,

(52) $[D^{p}, D^{q}]\subset D^{p+q}$ for all $p$ , $q<0$ .

where $D^{p}$ denotes the space of sections of $D^{p}$ . (S2) can be checked easily
by induction on $q$ .

Thus $D^{-\mu}$ is the smallest completely integrable differential system,
which contains $D=D^{-1}$ .

1.2.2. Symbol Algebras. From now on, we will consider regular dif-
ferential systems $(M, D)$ such that $T(M)=D^{-\mu}$ . As a first invariant for
non-integrable differential system, the symbol algebra $\mathfrak{m}(x)$ of $(M, D)$

at $x$ is defined as follows ([Tan70]);

$\mathfrak{m}(x)=p=-1\oplus\emptyset p(x)-\mu$ ,

where 9-1 $(x)=D^{-1}(x)$ , $g_{p}(x)=D^{p}(x)/D^{p+1}(x)(p<-1)$ . Let $\varpi_{p}$ be
the projection of $D^{p}(x)$ onto $g_{p}(x)$ . Then, for $X\in g_{p}(x)$ and $Y\in g_{q}(x)$ ,

the bracket product $[X, Y]\in g_{p+q}(x)$ is defined by

$[X, Y]=\varpi_{p+q}([\tilde{X},\tilde{Y}]_{x})$ ,

where $\tilde{X}$ and $\tilde{Y}$ are any element of $D^{p}$ and $D^{q}$ respectively such that
$\varpi_{p}(\tilde{X}_{x})=X$ and $\varpi_{q}(\tilde{Y}_{x})=Y$ .

Endowed with this bracket operation, by (52) above, $\mathfrak{m}(x)$ becomes
a nilpotent graded Lie algebra such that $dim\mathfrak{m}(x)=dimM$ and satisfies

$\mathfrak{g}_{p}(x)=[g_{p+1}(x), g_{-1}(x)]$ for $p<-1$ .

Furthermore, let $\mathfrak{m}$ be a fundamental graded Lie algebra (FGLA)
of $\mu$-th kind, that is,

$\mathfrak{m}=\oplus p=-l-\mu g_{p}$

is a nilpotent graded Lie algebra such that

$g_{p}=[g_{p+1}, g_{-1}]$ for $p<-1$ .
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Then $(M, D)$ is called of type $\mathfrak{m}$ if the symbol algebra $\mathfrak{m}(x)$ is isomorphic
with $\mathfrak{m}$ at each $x\in M$ .

Conversely, given a FGLA $\mathfrak{m}=\oplus_{p=-1}^{-\mu}g_{p}$ , we can construct a model

differential system of type $\mathfrak{m}$ as follows: Let $M(\mathfrak{m})$ be the simply con-
nected Lie group with Lie algebra $\mathfrak{m}$ . Identifying $\mathfrak{m}$ with the Lie alge-
bra of left invariant vector fields on $M(\mathfrak{m})$ , 9-1 defines a left invari-

ant subbundle $D_{\mathfrak{m}}$ of $T(M(\mathfrak{m}))$ . By definition of symbol algebras, it is
easy to see that $(M(\mathfrak{m}), D_{\mathfrak{m}})$ is a regular differential system of type $\mathfrak{m}$ .

$(M(\mathfrak{m}), D_{\mathfrak{m}})$ is called the standard differential system of type $\mathfrak{m}$ .

The Lie algebra $g(\mathfrak{m})$ of all infinitesimal automorphisms of $(M(\mathfrak{m}), D_{\mathfrak{m}})$

can be calculated algebraically as the (algebraic) prolongation of $\mathfrak{m}$

([Tan70], cf. [Yam93]).
1.2.3. Prolongation of $(\mathfrak{m}, g_{0})$ . Here we recall some basic facts on

the algebraic prolongation $g(\mathfrak{m})$ of a FGLA $\mathfrak{m}=\oplus_{p<0}g_{p}$ (see \S 2
of [Yam93] $)$ .

$g(\mathfrak{m})$ is first characterized as the graded Lie algebra which satisfies
the following conditions:

(1) $g_{p}(\mathfrak{m})=g_{p}$ for $p<0$ , where $\mathfrak{m}=\oplus_{p<0}g_{p}$ .

(2) For $k\geqq 0$ , if $X\in g_{k}(\mathfrak{m})$ and $[X, \mathfrak{m}]=\{0\}$ , then $X=0$ .

(3) $\mathfrak{g}(\mathfrak{m})$ is maximum among graded algebras satisfying conditions
(1) and (2) above.

More precisely, we can define $g_{k}(\mathfrak{m})$ as follows: First we decompose
$\wedge^{2}\mathfrak{m}^{*}=\oplus_{j<-1}\bigwedge_{j}^{2}\mathfrak{m}^{*}$ according to the gradation $\mathfrak{m}=\oplus_{p<0}g_{p}$ , where

$\bigwedge_{j}^{2}\mathfrak{m}^{*}=p+q=j\oplus g_{p}^{*}\wedge g_{q}^{*}$
.

Putting $C_{k}^{1}=\oplus_{p<0}g_{p+k}\otimes g_{p}^{*}$ and $C_{k}^{2}=\oplus_{j<-1}g_{j+k}\otimes\bigwedge_{j}^{2}\mathfrak{m}^{*}$ , we can

define $g_{k}=g_{k}(\mathfrak{m})$ for $k\geqq 0$ inductively by the following exact sequence;

$ 0-g_{k}\rightarrow C_{k}^{1}\rightarrow C_{k}^{2}\partial$ ,

where the coboundary operator $\partial:C_{k}^{1}\rightarrow C_{k}^{2}$ is given by

$(\partial p)(X, Y)=[X,p(Y)]-[Y,p(X)]-p([X, Y])$ .

Thus 90 $(\mathfrak{m})$ is the (gradation preserving) derivation algebra of $\mathfrak{m}$ . More-
over, for $u\in g_{k}(\mathfrak{m})$ and $v\in 9\iota(\mathfrak{m})(k, l \geqq 0)$ , by induction on the integer
$k+l\geqq 0$ , we can define $[u, v]\in g_{k+l}\subset C_{k+l}^{1}$ by

$[u, v](X)=[[u, X]$ , $v]+[u, [v, X]]$ for $X\in \mathfrak{m}$ .

With this bracket product, $g(\mathfrak{m})$ becomes a graded Lie algebra.
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Now let 90 be a subalgebra of $g(\mathfrak{m})$ . We define a subspace $\mathfrak{g}_{k}$ of
$g_{k}(\mathfrak{m})$ for $k\geqq 1$ inductively by

$g_{k}=\{u\in g_{k}(\mathfrak{m})|[u, \mathfrak{g}_{-1}]\subset g_{k-1}\}$ .

Then, putting

$g(\mathfrak{m}, g_{0})=\mathfrak{m}\oplus\oplus k\geqq 0\emptyset k$

,

we see, with the generating condition of $\mathfrak{m}$ , that $g(\mathfrak{m}, g_{0})$ is a graded
subalgebra of $g(\mathfrak{m})$ . $g(\mathfrak{m}, g_{0})$ is called the prolongation of $(\mathfrak{m}, g_{0})$ .

By utilizing the above definition of the algebraic prolongation, we
will consider the following situation: Let $\mathfrak{h}=\oplus_{p\in \mathbb{Z}}\mathfrak{h}_{p}$ be a graded

Lie algebra such that $\mathfrak{m}=\oplus_{p<0}\mathfrak{h}_{p}$ is a FGLA. To check whether $\mathfrak{h}$ is

the prolongation of $\mathfrak{m}$ or $(\mathfrak{m}, \mathfrak{h}_{0})$ , we consider the Lie algebra cohomol-
ogy $H^{q}(\mathfrak{m}, \mathfrak{h})$ associated with the adjoint representation $ad:\mathfrak{m}\rightarrow gt(\mathfrak{h})$ .

According to the gradation of $\mathfrak{h}$ , this cohomology space has a bigradation
(for the precise definition see \S 4);

$H^{q}(\mathfrak{m}, \mathfrak{h})=\oplus H^{q}(\mathfrak{m}, \mathfrak{h})_{r}$

With this cohomology group, we will utilize the following criterion

in \S 4.

Lemma A (Lemma 2.1 [Yam93]). Let $\mathfrak{h}=\oplus_{p\in \mathbb{Z}}\mathfrak{h}_{p}$ be a graded

Lie algebra such that $\mathfrak{h}_{p}=[\mathfrak{h}_{p+1}, \mathfrak{h}_{-1}]$ for $p<-1$ . Then $\mathfrak{h}$ is the
prolongation of $\mathfrak{m}$ (resp. of ( $\mathfrak{m}$ , $\mathfrak{h}_{0}$ )) if and only if the following two
conditions hold:

(1) For $k\geqq 0$ , if $X\in \mathfrak{h}_{k}$ and $[X, \mathfrak{m}]=0$ , then $X=0$ .

(2) $H^{1}(\mathfrak{m}, \mathfrak{h})_{r}=\{0\}$ for $r\geqq 0$ (resp. $r\geqq 1$ ).

1.3. Symbol Algebra of $(J^{k}, C^{k})$

As an example, we will now calculate the symbol algebra of the
canonical differential system $(J^{k}, C^{k})$ . First recall that $C^{k}$ is defined by
1-forms (1.2) on a coordinate system $U;(x^{i}, y^{\alpha},p_{i}^{\alpha}, \ldots,p_{i_{1}}^{\alpha} _{i_{k}})$ of $J^{k}$ ;

$C^{k}=\{\varpi^{\alpha}=\varpi_{i}^{\alpha}=\cdots=\varpi_{i_{1}}^{\alpha}i_{k-1}=0\}$

Then we have a following coframe

$\{\varpi^{\alpha}, \ldots, \varpi_{i_{1}.i_{l}}^{\alpha}, \ldots, dx_{i}, d^{\alpha}p_{i_{1}i_{k}}\ldots\}$ ,

at each point in U. Now let us take the dual frame of this coframe;

$\{\frac{\partial}{\partial y^{\alpha}}$ , $\ldots$ , $\frac{\partial}{\partial p_{i_{1}i_{l}}^{\alpha}}$ , $\ldots$ , $\frac{d}{dx_{i}}$ , $\frac{\partial}{\partial p_{i_{1}i_{k}}^{\alpha}}\}$
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where

$\frac{d}{dx_{i}}=\frac{\partial}{\partial x_{i}}+\sum_{\alpha=1}^{m}p_{i}^{\alpha}\frac{\partial}{\partial y^{\alpha}}+\sum_{\alpha=1}^{m}\sum_{j_{1}l=1}^{k-1}\sum_{\leqq\cdot\cdot\leqq j_{l}}p_{ij_{1}}^{\alpha}..j_{l}\frac{\partial}{\partial p_{j_{1}j\iota}^{\alpha}}\ldots$

We have

$[\frac{\partial}{\partial p_{j}^{\alpha}}$ , $\frac{d}{dx_{i}}]=\delta_{j}^{i}\frac{\partial}{\partial y^{\alpha}}$ , $[\frac{\partial}{\partial p_{j_{1}j_{l}}^{\alpha}}\ldots’$ $\frac{d}{dx_{i}}]=\sum_{k=1}^{l}\delta_{j_{k}}^{i}\frac{\partial}{\partial p_{j_{1}j_{k}.j_{l}}^{\alpha}}$ .

Then we see that $(J^{k}, C^{k})$ is a regular differential system of type
$C^{k}(n, m)$ :

$C^{k}(n, m)=C_{-(k+1)}\oplus C_{-k}\oplus\cdots\oplus C_{-1}$ ,

where $C_{-(k+1)}=W$ , $C_{p}=W\otimes S^{k+p+1}(V^{*})$ , $C_{-1}=V\oplus W\otimes S^{k}(V^{*})$ .

Here $V$ and $W$ are vector spaces of dimension $n$ and $m$ respectively
and the bracket product of $C^{k}(n, m)=C^{k}(V, W)$ is defined accordingly
through the pairing between $V$ and $V^{*}$ such that $V$ and $W\otimes S^{k}(V^{*})$

are both abelian subspaces of $C_{-1}$ . Namely

$[W, V]=\{0\}$ , $[V, V]=\{0\}$ ,

$[W\otimes S^{r}(V^{*}), W\otimes S^{s}(V^{*})]=\{0\}$ $(r, s=0, \ldots, k)$ ,

$[W\otimes S^{r}(V^{*}), V]=W\otimes(i(V)(S^{r}(V^{*})))$ $(r=1, \ldots, k)$ ,

i.e., $[w\otimes s, v]=w\otimes(i(v)s)$ for $v\in V$ , $w\in W$ and $s\in S^{r}(V^{*})$ , where
$i(v)$ denotes the interior multiplication.

The subspace $W\otimes S^{k}(V^{*})$ of $C_{-1}$ corresponds to the subbundle
$Ker(\pi_{k-1}^{k})_{*}=Ch(\partial C^{k})$ of $C^{k}$ and the identification $Ker(\pi_{k-1}^{k})_{*}$ $\rightarrow$

$W\otimes S^{k}(V^{*})$ corresponds to the fundamental identification of the jet
bundle theory. For the geometry of the higher order contact system
$(J^{k}, C^{k})$ , we refer the reader to [Yam82].

\S 2. Pseudo-product $GLA$ $\mathfrak{g} =\oplus_{p\in \mathbb{Z}}\mathfrak{g}_{p}$ of type $(1, S)$

We now discuss the prolongation of symbol algebras of the pseudo-
product structures associated with higher order differential equations of
finite type. Moreover we will generalize this algebra to the notion of
the pseudo-product GLA (graded Lie algebras) of irreducible type and
introduce the pseudo-product GLA of type $([, S)$ .
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2.1. Pseudo-projective $GLA$ of order $k$ of bidegree $(n, m)$

For a $k$-th order differential equation $R$ of finite type given in 1.1,
we have the pseudo-product structure $(R;E, F)$ . Corresponding to the

splitting $D=E\oplus F$ , we have the splitting in the symbol algebra of the
regular differential system $(R, D)\cong(J^{k-1}, C^{k-1})$ of type $C^{k-1}(n, m)$ ;

$C_{-1}=c\oplus f$ ,

where $c$ $=V$ , $f$ $=W\otimes S^{k-1}(V^{*})$ . At each point $x\in R$ , $e$ corresponds to
$E’(x)$ (the point in $R^{(1)}$ over $x$ ) and $f$ corresponds to $Ker(\pi_{k-2}^{k-1})_{*}(p(x))$ .

Now we put

$\check{9}0=\{X\in 90(C^{k-1}(n, m))|[X, c]\subset c, [X, f]\subset f\}$

and consider the (algebraic) prolongation $g^{k}(n, m)$ of $(C^{k-1}(n, m),\check{g}_{0})$ ,

which is called the pseudo-projective GLA of order $k$ of bidegree $(n, m)$

([Tan89]).
Let $\check{G}_{0}\subset GL(C^{k-1}(n, m))$ be the (gradation preserving) automor-

phism group of $C^{k-1}(n, m)$ which also preserve the splitting $C_{-1}=c\oplus f$ .

Then $\check{G}_{0}$ is the Lie subgroup of $GL(C^{k-1}(n, m))$ with Lie algebra $\check{9}0$ . The
pseudo-product structure on a $k$-th order differential equation $R$ of finite
type given in \S 1, which is called the pseudo-projective system of order
$k$ of bidegree $(n, m)$ in [Tan89], can be formulated as the $\check{G}_{0}^{\phi}$ structure
over a regular differential system of type $C^{k-1}(n, m)$ ([Tan70], [Tan89],
[DKM99] $)$ . Thus the prolongation $\mathfrak{g}^{k}(n, m)$ of $(C^{k-1}(n, m),\check{\mathfrak{g}}_{0})$ repre-
sents the Lie algebra of infinitesimal automorphisms of the (local) model
$k$-th order differential equation $R_{o}$ of finite type, where

$R_{o}=\{\frac{\partial^{k}y^{\alpha}}{\partial x_{i_{1}}\partial x_{i_{k}}}\cdots=0$ $(1\leqq\alpha\leqq m, 1\leqq i_{1}\leqq\cdots\leqq i_{k}\leqq n)\}$ .

The isomorphism $\phi$ of the pseudo-product structure on $R$ preserves the
differential system $D=E\oplus F$ , which is equivalent to the canonical
system $C^{k-1}$ on $J^{k-1}$ . Hence, by B\"acklund’s Theorem (cf. [Yam83]),
$\phi$ is the lift of a point transformation on $J^{0}$ when $m\geqq 2$ and $k\geqq 2$

and is the lift of a contact transformation on $J^{1}$ when $m=1$ and
$k\geqq 3$ . When $(m, k)=(1,2)$ , $\phi$ is the lift of the point transformation
on $J^{0}$ , since $\phi$ preserves both $D$ and $F=Ker(\pi_{0}^{1})_{*}$ . Thus the equiv-
alence of the pseudo-product structure on $R$ is the equivalence of the
$k$-th order equation under point or contact transformations. To settle
the equivalence problem for the pseudo-projective systems of order $k$ of
bidegree $(n, m)$ , N. Tanaka constructed normal Cartan connections of
type $\mathfrak{g}^{k}(n, m)$ ([Tan79], [Tan82], [Tan89]).
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It is well known that $g^{k}(n, m)(k\geqq 2)$ has the following structure
([Tan89], [Yam93], [DKM99]);

(1) $k=2$ $g^{2}(n, m)$ is isomorphic to $\epsilon \mathfrak{l}(m+n+1, \mathbb{R})$ and has the
following gradation:

$\epsilon \mathfrak{l}(m+n+1, \mathbb{R})=9-2\oplus 9-1\oplus g_{0}\oplus g_{1}\oplus g_{2}$ ,

where the gradation is given by subdividing matrices as follows;

$g_{-2}=\{$ $\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & 0\\\xi & 0 & 0\end{array}\right)$ | $\xi\in W\cong \mathbb{R}^{m}\}$ ,

$9-1=\{$ $\left(\begin{array}{lll}0 & 0 & 0\\x & 0 & 0\\0 & A & 0\end{array}\right)$ | $x\in V\cong \mathbb{R}^{n}$ , $A\in M(m, n)=W\otimes V^{*}\}$ ,

$\mathfrak{g}_{0}=\{$ $\left(\begin{array}{lll}a & 0 & 0\\0 & B & 0\\0 & 0 & C\end{array}\right)$ | $a$
$\in \mathbb{R}$ , $B\in g[(V),$ $C\in \mathfrak{g}t(W)$ ,
$a+trB+trC=0\}$ ,

$g_{1}=\{^{t}X|X\in g_{-1}\}$ , $g_{2}=\{^{t}X|X\in g_{-2}\}$ ,

where $V=M(n, 1)$ , $W=M(m, 1)$ and $M(a, b)$ denotes the set of $a\times b$

matrices.
(2) $k=3$ and $m=1$ $g^{3}(n, 1)$ is isomorphic to $\epsilon \mathfrak{p}(n+1, \mathbb{R})$ and

has the following gradation:

$\epsilon p(n+1, \mathbb{R})=\emptyset-3\oplus g_{-2}\oplus g_{-1}\oplus g_{0}\oplus g_{1}\oplus g_{2}\oplus g_{3}$ .

First we describe

$\epsilon \mathfrak{p}(n+1, \mathbb{R})=\{X\in \mathfrak{g}[(2n+2, \mathbb{R})|{}^{t}XJ+JX=0\}$ ,

where

$J=\left(\begin{array}{llll}0 & 0 & 0 & 1\\0 & 0 & I_{n} & 0\\0 & -I_{n} & 0 & 0\\-1 & 0 & 0 & 0\end{array}\right)$ $\in g((2n+2, \mathbb{R}),$ $I_{n}=(\delta_{ij})\in \mathfrak{g}[(n, \mathbb{R})$ .
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Here $I_{7l}\in g\mathfrak{l}(n, \mathbb{R})$ is the unit matrix and the gradation is given again
by subdividing matrices as follows;

$\emptyset-3$ $=\{$ $\left(\begin{array}{llll}0 & 0 & 0 & 0\\0 & 0 & 0 & 0\\0 & 0 & 0 & 0\\2a & 0 & 0 & 0\end{array}\right)$ $a\in \mathbb{R}\}$ ,

$9-2=\{$ $\left(\begin{array}{llll}0 & 0 & 0 & 0\\0 & 0 & 0 & 0\\\xi & 0 & 0 & 0\\0 & {}^{t}\xi & 0 & 0\end{array}\right)$ $\xi\in \mathbb{R}^{n}\cong V^{*}\}$ ,

$\emptyset-1=\{$ $\left(\begin{array}{llll}0 & 0 & 0 & 0\\x & 0 & 0 & 0\\0 & A & 0 & 0\\0 & 0 & -^{t}x & 0\end{array}\right)$ $x\in \mathbb{R}^{n}=V$, $A\in Sym(n)\cong S^{2}(V^{*})\}$ ,

$90=\{$ $\left(\begin{array}{llll}b & 0 & 0 & 0\\0 & B & 0 & 0\\0 & 0 & -^{t}B & 0\\0 & 0 & 0 & -b\end{array}\right)$ $|b\in \mathbb{R}$ , $B\in gt(V)\}$ ,

$g_{k}=\{^{t}X|X\in g_{-k}\}$ , $(k=1,2,3)$ ,

where Sym(n) $=\{A\in g[(n, \mathbb{R})|{}^{t}A=A\}$ is the space of symmetric
matrices.

(3) otherwise For vector spaces $V$ and $W$ of dimension $n$ and
$m$ respectively, $g^{k}(n, m)=\oplus_{p\in \mathbb{Z}}g_{p}$ has the following description:

$g_{k}=\{0\}$ $(k\geqq 2)$ , $g_{1}=V^{*}$ , $90=g[(V)\oplus g\mathfrak{l}(W)$ ,

$9-1=V\oplus W\otimes S^{k-1}(V^{*})$ , $g_{p}=W\otimes S^{k+p}(V^{*})$ $(p<-1)$ .

Here the bracket product in $g^{k}(n, m)$ is given through the natural tensor
operations.

For the proof of these facts ((1) and (2)), see e.g., Theorem 5.3
in [Yam93]. We refer the reader to [DKM99] for the description of these
algebras as the Lie algebras of infinitesimal automorphisms (polynomial
vector fields) of the (local) model equations. We will also give the proof
of (3) in \S 5 by calculating the first generalized Spencer cohomology. For
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this, we observe the following points: We put

$1=V\oplus \mathfrak{g}_{0}\oplus g_{1}=(V\oplus g[(V)\oplus V^{*})\oplus \mathfrak{g}1(W)$

(2.1) $\cong\epsilon 1(\hat{V})\oplus g\mathfrak{l}(W)$ ,

$S=W\otimes S^{k-1}(\hat{V}^{*})$ , $\hat{V}=\mathbb{R}\oplus V$.

where the gradation of the first kind; $\epsilon 1(\hat{V})=V\oplus g((V)\oplus V^{*}$ is given by

subdividing matrices corresponding to the decomposition $\hat{V}=\mathbb{R}\oplus V$ .

Then
$k-1$

$S^{k-1}(\hat{V}^{*})\cong\oplus_{0}S^{l}(V^{*})\iota=$ ’

and $S$ is a faithful irreducible [-module such that ( $=(_{-1}\oplus \mathfrak{l}_{0}\oplus \mathfrak{l}_{1}$ is a
reductive graded Lie algebras, where $\downarrow-1=V$ , $1_{0}=\emptyset o$ , $l_{1}=g_{1}$ . Moreover
$g^{k}(n, m)\cong S\oplus 1$ is the semi-direct product of (by $S$ .

2.2. Pseudo-product $GLA$ of type $(\mathfrak{l}, S)$

We will now give the notion of the pseudo-product GLA of type
$(1, S)$ , generalizing the pseudo-projective GLA of order $k$ of bidegree
$(n, m)$ .

Let $\emptyset=\oplus_{p\in \mathbb{Z}}g_{p}$ be a (transitive) graded Lie algebra (GLA) over the
field $K$ such that the negative part $\mathfrak{m}=\oplus_{p<0}\mathfrak{g}_{p}$ is a FGLA, where $K$ is
the field $\mathbb{R}$ of real numbers or the field $\mathbb{C}$ of complex numbers. Let $c$ and
$f$ be subspaces of 9-1 $\cdot$ Then the system $6=$ $(g, (g_{p})_{p\in \mathbb{Z}}$ , $c$ , f) is called
a pseudo-product GLA (PPGLA) of irreducible type if the following
conditions hold:

(1) $g$ is transitive, i.e., for each $k\geqq 0$ , if $X\in\emptyset k$ and $[X, g_{-1}]=0$ ,
then $X=0$ .

(2) $9-1=c\oplus f$ , $[c, c]=[f, f]=0$ .

(3) $[g_{0}, c]\subset c$ and $[90, f]\subset f$ .

(4) $9-2\neq 0$ and the 90-modules $e$ and $f$ are irreducible.

It is known that $g$ becomes finite dimensional under these conditions
(see [Tan85], [Yat88]).

As a typical example, starting from a reductive GLA $(=(_{-1}\oplus[_{0}\oplus l_{1}$

and a faithful irreducible [-module $S$ , we define the pseudo-product GLA
$g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ of type $(I, S)$ as follows: Let ( $=\downarrow-1\oplus \mathfrak{l}_{0}\oplus[_{1}$ be a finite
dimensional reductive GLA of the first kind such that

(1) The ideal $\hat{[}=1_{-1}\oplus[1_{-1},1_{1}]\oplus 1_{1}$ of [ is a simple Lie algebra.
(2) The center $t([)$ of ( is contained in $[_{0}$ .

Let $S$ be a finite dimensional faithful irreducible [-module. We put

$S_{-1}=\{s\in S|1_{1}\cdot s=0\}$
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and
$S_{p}=ad(t_{-1})^{-p-1}S_{-1}$ for $p<0$ .

We form the semi-direct product $g$ of [by $S$ , and put

$\mathfrak{g}=S\oplus[,$ $[S, S]=0$ ,

$g_{k}=[_{k}(k\geqq 0),$ $g_{-1}=1_{-1}\oplus S_{-1}$ ,

$g_{p}=S_{p}(p<-1)$ .

Namely 9 is a subalgebra of the Lie algebra $\mathfrak{U}(S)=S\oplus g[(S)$ of
infinitesimal affine transformations of $S$ .

Then we have

Lemma 2.1. Notations being as above,

(1) $S=\oplus_{p=-1}^{-\mu}S_{p}$ , where $S_{-,,\mu}=\{s\in S|[\mathfrak{l}_{-1}, s]=0\}$ .

(2) $\mathfrak{m}=\oplus_{p<0}g_{p}$ is generated by $\emptyset-1$ .

(3) $[S_{p}, t_{1}]=S_{p+1}$ for $p<-1$ .

(4) $S_{p}$ is naturally embedded as a subspace of $W\otimes S^{\mu+p}([_{-1}^{*})$

through the bracket operation in $\mathfrak{m}$ , where $W=S_{-,,\mu}$ .

(5) $S_{-1}$ , $S_{-,,\mu}$ are irreducible $t_{0}$ -modules.

Proof. We have the characteristic element $Z\in\hat{\mathfrak{l}}_{0}$ (Lemma 4.1.1
[Sea88] $)$ , which defines the gradation of $\mathfrak{l}$ :

$(_{p}=\{X\in[|[Z, X]=pX\}$ for $p=-1,0,1$ .

Since $ad(Z)$ is a semi-simple endomorphism with eigenvalues -1, 0, 1.
$ad(Z)$ is a semi-simple endomorphism of $S$ (Corollary 6.4 [Hum72]) with
real eigenvalues (see the argument in 4.5). Moreover, for the eigenspaces
$S_{(\lambda)}=\{s\in S|[Z, s]=\lambda s\}$ , by the Jacobi identity, we have

$[\mathfrak{l}_{p}, S_{(\lambda)}]\subset S_{(\lambda+p)}$ for $p=-1,0,1$ .

For each eigenvalue $\lambda$ of $ad(Z)$ , we consider the following subspaces
$S^{1}(\lambda)$ and $S^{-1}(\lambda)$ of $S$ :

$S^{1}(\lambda)=\oplus S_{(\lambda+k)}^{1}k\geqq 0(\lambda)$
,

$S^{-1}(\lambda)=\oplus S_{(\lambda-k)}^{-1}k\geqq 0(\lambda)$
,

where

$S_{(\lambda)}^{1}(\lambda)=\{s\in S_{(\lambda)}|[\mathfrak{l}_{-1}, s]=0\}$ , $S_{(\lambda)}^{-1}(\lambda)=\{s\in S_{(\lambda)}|[[_{1}, s]=0\}$ ,

$S_{(\lambda+k)}^{1}(\lambda)=[\mathfrak{l}_{1}, S_{(\lambda+k-1)}^{1}(\lambda)]\subset S_{(\lambda+k)}$ for $k\geqq 1$

$S_{(\lambda-k)}^{-1}(\lambda)=[t_{-1}, S_{(\lambda-k+1)}^{-1}(\lambda)]\subset S_{(\lambda-k)}$ for $k\geqq 1$
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Then $S_{(\lambda)}^{1}(\lambda)$ and $S_{(\lambda)}^{-1}(\lambda)$ are $\mathfrak{l}_{0}$-invariant subspaces of $S_{(\lambda)}$ . One can

easily check that $S_{(\lambda+k)}^{1}(\lambda)$ and $S_{(\lambda-k)}^{-1}(\lambda)$ are $(_{0}$ invaxiant and

$[\mathfrak{l}_{-1}, S_{(\lambda+k)}^{1}(\lambda)]\subset S_{(\lambda+k-1)}^{1}(\lambda)$ , $[[_{1}, S_{(\lambda-k)}^{-1}(\lambda)]\subset S_{(\lambda-k+1)}^{-1}(\lambda)$

by induction on $k\geqq 0$ . Thus $S^{1}(\lambda)$ and $S^{-1}(\lambda)$ are [-submodule of $S$

for each $\lambda$ .

Let $\lambda_{0}$ and $\lambda_{1}$ be the minimum and maximum eigenvalue of $ad(Z)$ .

We have
$S_{(\lambda_{O})}^{1}(\lambda_{0})=S_{(\lambda_{O})}$ , $S_{(\lambda_{1})}^{-1}(\lambda_{1})=S_{(\lambda_{1})}$ ,

and $S^{1}(\lambda)$ and $S^{-1}(\lambda)$ are both proper subspaces of $S$ for an intermediate
eigenvalue $\lambda$ . Then, since $S$ is an irreducible [-module, we get

$S^{1}(\lambda_{0})=S^{-1}(\lambda_{1})=S$ and $S^{1}(\lambda)=S^{-1}(\lambda)=0$ otherwise.

Especially, from $S_{(\lambda)}^{1}(\lambda)=S_{(\lambda)}^{-1}(\lambda)=0$ , we get

$S_{(\lambda_{1})}=\{s\in S|[t_{1}, s]=0\}=S_{-1}$ , $S_{(\lambda_{O})}=\{s\in S|[(_{-1}, s]=0\}$ .

Hence, from $S^{-1}(\lambda_{1})=S$ , we obtain (1) and (2). Moreover, from
$S^{1}(\lambda_{0})=S$ , we get (3).

Now we put $V=[_{-1}$ and $W=S_{-,,\mu}$ . Then we have a linear map $\iota_{r}$

of $S_{r-\mu}$ into $W\otimes S^{r}(V^{*})(r=1, \ldots, \mu-1)$ defined by

$\iota_{r}(s)(X_{1}, \ldots, X_{r})=[[\ldots[s, X_{1}],$ $\ldots]$ , $X_{r}]\in W$ for $s\in S_{r-\mu}$ , $X_{i}\in V$.

Since $t_{-1}$ is abelian, $\iota_{r}$ is well-defined and is injective by (1). Thus we
get (4).

Starting from an $\mathfrak{l}_{0^{-}}$submodule $T_{(\lambda_{1})}$ in $S_{-1}$ , similarly as above, we

can form the [-submodule $T^{-1}(\lambda_{1})$ of $S$ by putting;

$T^{-1}(\lambda_{1})=\oplus k\geqq 0T_{(\lambda_{1}-k)}$
,

where $T_{(\lambda_{1}-k)}=[t_{-1}, T_{(\lambda_{1}-k+1)}]\subset S_{-(k+1)}$ for $k\geqq 1$ . Hence we get
$T^{-1}(\lambda_{1})=S$ or 0, which implies $T_{(\lambda_{1})}=S_{-1}$ or 0. Thus $S_{-1}$ is an
irreducible $t_{0}$-module. By the similar argument, we see that $S_{-,,\mu}$ is an
irreducible $(_{0}$-module, which completes the proof of Lemma. Q.E.D.

Thus $\mathfrak{m}$ is a graded subalgebra of $C^{\mu-1}(V, W)$ , which has the split-
ting 9-1 $=\mathfrak{l}_{-1}\oplus S_{-1}$ , where $V=\iota_{-1}$ and $W=S_{-,,\mu}$ . Hence $\mathfrak{m}$

is a symbol algebra of $\mu$-th order differential equations of finite type,
which is called the typical symbol of type $(\mathfrak{l}, S)$ . Moreover the system
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$6=$ $(\mathfrak{g}, (g_{p})_{p\in \mathbb{Z}}$ , $\iota_{-1}$ , $S_{-1})$ becomes a PPGLA of irreducible type, which
is called the pseudo-product GLA of type $((, S)$ .

This class of higher order (linear) differential equations of finite type
were first appeared in the work of Y. Se-ashi [Sea88]. We will construct
the model (linear) equations for each PPGLA 6 of type $((, S)$ in \S 3,
following [Sea88]. Moreover we remark that the PPGLA 6 of type $((, S)$

also naturally appeared in the classification of PPGLA’s of irreducible
type under mild conditions in [Yat92].

In this paper we will consider only pseudo-product graded Lie alge-
bras $\mathfrak{g}=\oplus_{p\in \mathbb{Z}}g_{p}$ of type $(\mathfrak{l}, S)$ . We recall that there exist an anti-linear

involution $\tau$ of [ and an hermitian inner product $(\cdot|.)$ of $g$ having the
following properties:

(i) $\tau(t_{p})=(_{-,,p}$ ;
(ii) $(g_{p}|g_{q})=0$ for $p\neq q$ ;
(iii) $([x, s]|s’)+(s|[\tau(x), s’])=0$ for all $x\in t$ and $s$ , $s’\in S$ .

Thus the PPGLA 6 of type $(\mathfrak{l}, S)$ satisfies the criterion (Propo-
sition 3.10.1) in [Mor93]. Hence, when $g$ is the prolongation of $\mathfrak{m}$ or
$(\mathfrak{m}, g_{0})$ , for the equivalence of the pseudo-product structure associated
with $g=\oplus_{p\in \mathbb{Z}}g_{p}$ , we can utilize the Morimoto’s theory of normal Car-
tan connections [Mor93]. Especially we can utilize the harmonic the-
ory for the curvature of the normal Cartan connections (cf. [DKM99]).
Namely, regarding the curvature as $C^{2}(\mathfrak{m}, g)$ -valued functions, its har-
monic parts constitute the fundamental system of invariants of the con-
nection. In particular the curvature vanishes if and only if its harmonic
part vanishes (Theorem 3 [DKM99]).

We will ask the following questions for the PPGLA $g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ of

type $(\mathfrak{l}, S)$ in the subsequent sections:

(A) When is $g$ the prolongation of $\mathfrak{m}$ or $(\mathfrak{m}, g_{0})$ ?
(B) Find the fundamental invariants for equations of type $\mathfrak{m}$ .

Utilizing the Tanaka-Morimoto theory of normal Cartan connec-
tions, these questions will be answered by calculating the first and sec-
ond (generalized Spencer) cohomology spaces. The complete answer for
(A) will be given in \S 5 and the problem (B) will be discussed in \S 6
and \S 7.

In the rest of this section, as an example to obtain the local model
equations, we will realize the negative part $\mathfrak{m}$ of a pseudo-product GLA
of type $((, S)$ as the subalgebra of $C^{\mu-1}(n, m)$ , which is called the typical
symbol of type $([, S)$ or $(1, \rho)$ in [SYY97]. Here $(=\epsilon t(l+1, K)$ is endowed
with the gradation given by;

(2.2) $\epsilon \mathfrak{l}(l+1, K)=\iota_{-1}\oplus(_{0}\oplus\downarrow 1$ ,
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$t_{1}=\{$

where

$[_{-1}=\{$ $\left(\begin{array}{ll}0 & 0\\C & 0\end{array}\right)$ $|C\in M(p, k)\}$ , $\left(\begin{array}{ll}0 & D\\0 & 0\end{array}\right)$ $|D\in M(k,p)\}$ ,

$t_{0}=\{$ $\left(\begin{array}{ll}A & 0\\0 & B\end{array}\right)$ $|A\in g[(k, K),$ $B\in g\mathfrak{l}(p, K)$ and $trA+trB=0\}$ .

Here $p=l-k+1$ and $M(a, b)$ denotes the set of $a\times b$ matrices.

And $S=\wedge^{l-k+1}K^{l+1}$ is the faithful irreducible [-module given by
the following exterior representation $\rho=\rho_{0}$ :

$\rho_{0}$ : $\epsilon \mathfrak{l}(l+1, K)\rightarrow g[(\wedge^{l-k+1}K^{l+1})$ ,

where

$\rho_{0}(X)(v_{1}\wedge\cdots\wedge v_{l-k+1})=\sum_{i=1}^{l-k+1}v_{1}\wedge\cdots\wedge X(v_{i})\wedge\cdots\wedge v_{l-k+1}$

for $X\in\epsilon t(l+1, K)$ and $v_{i}\in K^{l+1}(i=1,2, \ldots, l -k+1)$ .

Let $\{e_{1}, \ldots, e_{l+1}\}$ be the natural basis of $K^{l+1}$ . Then $(’=(_{0}\oplus(_{1}$

is the isotropy (stabilizer) algebra of the line $[e_{1}\wedge\cdots\wedge e_{k}]in\wedge^{k}K^{l+1}$ .

We denote by $E_{ab}\in gt(l+1, K)$ $(1 \leqq a, b\leqq l+1)$ the matrix whose
$(a, b)$-component is 1 and all of whose other components are 0. From
(2.2), we have the following basis for $V=[_{-1}$ and $(_{1}$ :

$ V=[_{-1}=\langle E_{pi}|1\leqq i\leqq k, k+1\leqq p\leqq l+1\rangle$

$[_{1}=\langle E_{ip}|1\leqq i\leqq k, k+1\leqq p\leqq l+1\rangle$

Since $E_{pi}(e_{j})=\delta_{ij}e_{p}$ for $1\leqq j\leqq k$ and, $E_{pi}(e_{q})=0$ for $k+1\leqq q\leqq l+1$ ,

we have from Lemma 2.1 (1)

$ W=S_{-,,\mu}=\langle e_{k+1}\wedge\cdots\wedge e_{l+1}\rangle$ .

Hence we have $m=1$ and $n$ $=k(l-k+1)$ . For $1\leqq i_{1}<\cdots<i_{r}\leqq k$

and $k+1\leqq p_{1}<\cdots<p_{r}\leqq l+1$ , we put

$e(p_{1}, \ldots,p_{r})=e_{k+1}\wedge\cdots\wedge\hat{e}_{p_{1}}\wedge\cdots\wedge\hat{e}_{p_{r}}\wedge\cdots\wedge e_{l+1}\in\wedge^{l-k-r+1}K^{l+1}$ ,

and consider the following element of $S$ :

$s(i_{1}, \ldots, i_{r}, p_{1}, \ldots,p_{r})=e_{i_{1}}\wedge\cdots\wedge e_{i_{r}}\wedge e(p_{1}, \ldots,p_{r})\in S=\wedge^{l-k+1}K^{l+1}$ .
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Then, from Lemma 2.1 (3) and $E_{ip}(e_{j})=0$ , $E_{ip}(e_{q})=\delta_{pq}e_{i}$ for
$1\leqq j\leqq k$ , $k+1\leqq q\leqq l+1$ , we get

$S_{r-\mu}=\langle s(i_{1}, \ldots, i_{r}, p_{1}, \ldots,p_{r})|$

$1\leqq i_{1}<\cdots<i_{r}\leqq k$ , $ k+1\leqq p_{1}<\cdots<p_{r}\leqq l+1\rangle$ ,

for $r=1,2$ , $\ldots,p_{0}-1$ and

$S_{r-\mu}=\{0\}$ ,

for $r\geqq p_{0}=\min\{k+1, l -k+2\}$ . Thus we have $\mu=p_{0}$ . Moreover, for
$X=\sum_{ip}X_{ip}E_{pi}\in V$ , we have

$\iota_{r}(s(i_{1}, \ldots, i_{r},p_{1}, \ldots,p_{r}))(X, \ldots, X)$

$=r!(-1)^{r}X(e_{i_{1}})\wedge\cdots\wedge X(e_{i_{r}})\wedge e(p_{1}, \ldots,p_{r})$

$=r!(-1)^{r}(\sum_{\sigma}sgn\sigma X_{i_{1}p_{\sigma(1)}}\ldots X_{i_{r}p_{\sigma(r))}}e_{p_{1}}\wedge\cdots\wedge e_{p_{r}}\wedge e(p_{1}, \ldots,p_{r})$ .

Thus, by fixing a basis of $W$ and identifying $SV^{*}$ with the ring of poly-
nomials on $V$ , we see that $S_{1-\mu}=V^{*}$ and $S_{r-\mu}\subset S^{r}V^{*}$ is spanned by
the minor determinants of degree $r$ of the matrix $(X_{ip})$ , which are the
linear coordinates of $V$ .

Moreover it is known that $S_{r-\mu}\subset S^{r}(V^{*})$ is equal to the $(r-2)$ -th

prolongation $p^{(r-2)}(S_{2-\mu})$ of $S_{2-\mu}\subset S^{2}(V^{*})$ (Lemma 3.1 [SYY97]).
Hence the local model equation in this case is given as the prolongation
of the following second order equations:

$\frac{\partial^{2}y}{\partial x_{ip}\partial x_{jq}}+\frac{\partial^{2}y}{\partial x_{iq}\partial x_{jp}}=0$ , $(1\leqq i<j\leqq k, k+1\leqq p<q\leqq l+1)$ .

\S 3. Se-ashi’s Theory for Linear Equations of Finite Type

We here recall some relevant facts from Se-ashi’s theory [Sea88] for
the equivalence of higher order linear differential equations of finite type.
Especially we will recall the construction of the model equations for
the typical symbol of type $(\mathfrak{l}, S)$ and his $‘(Rigidity$ Theorem”. We will
also discuss the Pl\"ucker embedding equations as our examples of model
equations, following [SYY97] rather closely.

3.1. Model equations for the typical symbol of type $(\mathfrak{l}, S)$

Starting from the typical symbol $\mathfrak{m}=S\oplus[_{-1}$ of type $([, S)$ in 2.2,

where $S=\oplus_{p=-\mu}^{-1}S_{p}\subset\oplus_{r=0}^{\mu-1}W\otimes S^{r}V^{*}$ , $V=\iota_{-1}$ , $W=S_{-,,\mu}$ , we now



Geometry of Higher Order Differential Equations 419

explain a recipe to construct an integrable system of linear differential
equations of finite type of order $\mu$ modeled after $\mathfrak{m}$ .

The construction of the model system $R_{S}$ is preceded by the consid-
eration of the Lie algebra $\alpha$ of infinitesimal bundle automorphisms of the
constant coefficient differential equations modeled after $S=\oplus_{r=0}^{\mu-1}S_{r-\mu}$

$\subset\oplus_{r=0}^{\mu}W\otimes S^{r}V^{*}$ .

Let $E_{0}=V\times W$ be the trivial vector bundle over the vector
space $V$ . Let $J^{\mu}(E_{0})$ be the bundle of $\mu$-jets of $E_{0}$ . Then the fibre
$J_{0}^{\mu}(E_{0})$ of $J^{\mu}(E_{0})$ at the origin $O\in V$ is identified with $\oplus_{r=0}^{\mu}W\otimes S^{r}V^{*}$ ,

where $W\otimes S^{r}V^{*}$ can be regarded as the set of $W$-valued homogeneous
polynomials of degree $r$ on $V$ . Thus, starting from the typical symbol
$S=\oplus_{r=0}^{\mu-1}S_{r-\mu}\subset\oplus_{r=0}^{\mu}W\otimes S^{r}V^{*}$ , our first (local) model is the con-

stant coefficient differential equations given as the subbundle $\hat{R}_{S}=V\times S$

of $J^{\mu}(E_{0})$ , whose solutions consist of $W$-valued polynomials contained
in $S\subset W\otimes SV^{*}$ .

Let us consider an infinitesimal bundle automorphism of $E_{0}$ preserv-
ing $\hat{R}_{S}$ . An infinitesimal bundle automorphism of $E_{0}$ has a form

$\sum_{i}\xi^{i}(x)\frac{\partial}{\partial x^{i}}+\sum_{\alpha,,,\beta}A_{\alpha,,,\beta}(x)y^{\beta}\frac{\partial}{\partial y^{\alpha}}$ ,

where $(x^{i})$ and $(y^{\alpha})$ are linear coordinates of $V$ and $W$ , respectively.
Thus the Lie algebra $\tilde{\alpha}$ of (formal) infinitesimal bundle automorphisms
of $E_{0}$ can be expressed as a graded Lie algebra $\tilde{\alpha}=\oplus_{r\geqq-1}\tilde{\alpha}_{r}$ by putting

$\tilde{\alpha}_{r}=S^{r+1}V^{*}\otimes V\oplus S^{r}V^{*}\otimes g[(W)$ ,

where $\tilde{\alpha}_{-1}=V$ corresponds to constant coefficient vector fields on $V$ .

The bracket operation in $\tilde{\alpha}$ is given by

$[f\otimes v, g\otimes w]=-f(i(v)g)\otimes w+g(i(w)f)\otimes v$ ,

$[f\otimes A, g\otimes w]=g(i(w)f)\otimes A$ ,

$[f\otimes A, g\otimes B]=fg\otimes[A, B]$ ,

where $f$ , $g\in SV^{*}$ , $v$ , $w\in V$ and $A$ , $B\in g1(W);i(v)$ denotes the inner
multiplication. The Lie algebra $\overline{\alpha}$ acts naturally on the space $SV^{*}\otimes W$

which is regarded as the space of cross sections of $E_{0}$ :

$(f\otimes v+g\otimes A)(h\otimes w)=-f(i(v)h)\otimes w+gh\otimes A(w)$ ,

where $f$ , $g$ , $h\in SV^{*}$ , $v$ , $w\in V$ and $A\in g((W)$ .

Then the Lie algebra $\alpha$ of infinitesimal automorphisms of $\hat{R}_{S}$ is given

by
$\alpha=\{X\in\tilde{\alpha}|X(S)\subset S\}$ .



420 K. Yamaguchi and T. Yatsui

$\alpha$ is a graded subalgebra of $\tilde{\alpha}=\oplus_{r}\geqq-1\tilde{\alpha}_{r}$ , i.e., $\alpha=\oplus_{r}\geqq-1\alpha_{r}$ , where
$\alpha_{r}=\alpha\cap\tilde{\alpha}_{r}$ . The Lie algebra $g[(S)$ has also the gradation given by

$g((S)_{r}=$ { $X\in \mathfrak{g}t(S)|X(S_{p})\subset S_{p+r}$ for any $p$ }.

Referring the action above we have a restriction homomorphism:
$\alpha\rightarrow g[(S)$ , which sends $\alpha_{r}$ into $g((S)_{r}$ . Assume here the following two
conditions for $S$ , which are satisfied by the typical symbol of type $(\mathfrak{l}, S)$ :

(A1) The action of $\tilde{\alpha}_{-1}=V$ leave $S$ invariant.

(A2) The action of $\tilde{\alpha}_{-1}=V$ on $S$ is faithful.

Then this homomorphism turns out to be inject and we can charac-
terize $\alpha_{r}$ as a subspace of $g[(S)_{r}$ as follows (Proposition 2.2.2 [Sea88]):

(3.1) $\alpha_{-1}=V$, $\alpha_{r}=\{X\in g[(S)_{r}|[\alpha_{-1}, X]\subset\alpha_{r-1}\}$ $(r\geqq 0)$ .

Put $\tilde{\mathfrak{n}}_{r}=S^{r}V^{*}\otimes g[(W)\subset\tilde{\alpha}_{r}$ . Then $\tilde{\mathfrak{n}}=\oplus_{r\geqq 0}\tilde{\mathfrak{n}}_{r}$ is an ideal of $\tilde{\alpha}$ and
$\mathfrak{n}=\tilde{\mathfrak{n}}\cap\alpha$ is an ideal of $\alpha$ . We can see

(3.2) $\mathfrak{n}_{r}=\{X\in g[(S)_{r}|[\alpha_{-1}, X]\subset \mathfrak{n}_{r-1}\}$ $(r\geqq 0)$ ,

where we put $\mathfrak{n}_{-1}=\{0\}$ for convention.
In the case of the typical symbol of type $([, S)$ , we have the fol-

lowing: Since $S$ is a faithful [-module, [ is a subalgebra of $gt(S)$ . We
have $\alpha_{-1}=1_{-1}$ and it follows from (3.1) that $\alpha_{0}=\check{\emptyset}0$ , where $\check{9}0$ is the
Lie algebra of derivations of $\mathfrak{m}=S\oplus(_{-1}$ such that $D(SP)\subset S_{p}=\mathfrak{g}_{p}$

$(p<-1)$ , $D((_{-1})\subset(_{-1}$ and $D(S_{-1})\subset S_{-1}$ .

Let $3s(()$ denote the centralizer of ( in $g[(S)$ and $\alpha^{\perp}$ the orthogonal
complement of $\alpha$ in $g((S)$ with respect to the non-degenerate bilinear
form $tr$ given by $tr(X, Y)=traceXY$ for $X$ , $Y\in g[(S)$ . Then, from
(3.1) and (3.2), we have (Proposition 4.4.1 [Sea88])

$\alpha=[[, []\oplus 3s(t),$ $3s(t)\subset \mathfrak{n}$ ,
(3.1)

$gt(S)=[\mathfrak{l}, t]\oplus 3s(I)\oplus\alpha^{\perp}$ ( $tr$-orthogonal).

We here note that our assumption on I is a little different from that in
[Sea88]. We will discuss the condition for $\alpha=[in$ $4.5$ .

Now the model equation $R_{S}$ is constructed as follows: We filtrate the
space $S$ by subspaces $S^{q}=\oplus_{p=-1}^{q}S_{p}$ . Notice that the group $ GL(V)\times$

$GL(W)$ acts on $\tilde{\alpha}$ by the adjoint action: for $a\in GL(V)\times GL(W)$ and
$X\in\tilde{\alpha}$ , the action is $(aX)(s)=(a\cdot X\cdot a^{-1})(s)$ for $s\in S$ . Let us define
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groups

$A_{0}=\{a\in GL(V)\times GL(W)|a(S)\subset S\}$ ,

$GL^{(0)}(S)=$ {$g\in GL(S)|g(S^{q})\subset S^{q}$ for any $q$ }.

Let $\overline{A}$ be the analytic subgroup of $GL(S)$ with Lie algebra $\alpha\subset g((S)$

and put

$A=\overline{A}\cdot A_{0}$ ,

$A’=A\cap GL^{(0)}(S)$ .

We see that the groups $A_{0}$ and $A’$ are Lie subgroups of $GL(S)$ with
Lie algebras $\alpha_{0}$ and $\alpha’=\oplus_{r\geqq 0}\alpha_{r}$ respectively. Since $A’$ preserves the

filtration $\{S^{q}\}_{q<0}$ of $S$ , we get the representation $\rho_{W}$ of $A’$ :

$\rho_{W}$ : $A’\rightarrow GL(W)$ ,

through the projection $\pi_{0}$ : $S=\oplus_{p=-\mu}^{-1}S_{p}\rightarrow S_{-,,\mu}=W$ .

Let $E_{S}$ be the vector bundle over $M=A/A’$ associated with the
representation $\rho_{W}$ : $A’\rightarrow GL(W);A’$ acts on $A\times W$ on the right by

$(a, w)a’=(aa’, \rho_{W}(a’)^{-1}(w))$ ,

for $a\in A$ , $w\in W$ and $a’\in A’$ . Then $E_{S}$ is the vector bundle over
$M=A/A’$ defined by $E_{S}=A\times W/A’$ .

As is well known, the space $\Gamma(E_{S})$ of global sections of $E_{S}$ is iden-
tified with the space $F(A, W)_{A’}$ of all $W$-valued functions $f$ on $A$ satis-
fying

$f(aa’)=\rho_{W}(a’)^{-1}f(a)$ ,

for $ a\in$ $A$ and $a’\in A’$ , via the correspondence $ f\in \mathcal{F}(A, W)_{A’}\mapsto$

$\sigma_{f}\in\Gamma(E_{S})$ given by

$\sigma_{f}(\pi_{1}(a))=\pi_{2}(a, f(a))$ ,

where $\pi_{1}$ : $A\rightarrow M=A/A’$ and $\pi_{2}$ : $A\times W\rightarrow E_{S}$ denote the natural
projections. Then each $s\in S$ defines an element $\sigma_{s}\in\Gamma(E_{S})$ via the
above correspondence by

$f_{s}(a)=\pi_{0}(\rho(a^{-1})s)$

for $a\in A$ .

At each point $x\in M=A/A’$ , let $(R_{S})_{x}$ be the subspace of $J_{x}^{\mu}(E_{S})$

defined by
$(R_{S})_{x}=\{j_{x}^{\mu}(\sigma_{s})|s\in S\}$ .
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where $j_{x}^{\mu}(\sigma_{s})$ is the $\mu$-jet at $x$ of the section $\sigma_{s}$ . Let $R_{S}$ be the subbundle
of $J^{\mu}(E_{S})$ defined by

$R_{S}=x\in M\cup(R_{S})_{x}$
.

Then we have

Proposition A (Proposition 2.4.1 [Sea88]). $R_{S}$ is an integrable
system of linear differential equations of finite type of order $\mu$ of type $S$

and every local solution of $R_{S}$ is a restriction of $\sigma_{s}$ for some $s\in S$ .

We call $R_{S}$ the system of equations modeled after S. $R_{S}$ is the
system of differential equations which characterizes global sections of
$E_{S}$ given by elements of $S$ even locally. By the construction, it follows
that $R_{S}$ is locally isomorphic with the constant coefficient differential
equations $\hat{R}_{S}$ .

Here the condition for $R_{S}$ to be a system of differential equations
of type $S$ means that the total symbol $S_{x}$ of $R_{S}$ is isomorphic with
$S=\oplus_{r=0}^{\mu-1}S_{r-\mu}\subset\oplus_{r=0}^{\mu}W\otimes S^{r}V^{*}$ at each $x\in M$ . For the precise
definition in terms of the jet bundle theory, we refer the reader to \S 2
of [Sea88] or \S 2.1 of [SYY97].

What is important for us here is that, as a submanifold of $J^{\mu}(E_{S})$ ,
$R_{S}$ has the pseudo-product structure induced from canonical systems $C^{\mu}$

and $C^{\mu-1}$ as in 1.1. Then, when $S$ is the typical symbol of type $(\mathfrak{l}, S)$ ,

the above condition is equivalent to say that the symbol algebra of the
pseudo-product structure is isomorphic with $\mathfrak{m}=S\oplus[_{-1}$ at each $v\in R_{S}$

(cf. [Yam82]), which follows from the fact that $R_{S}$ is locally isomorphic

with $\hat{R}_{S}$ . $R_{S}$ is our (global) model equations for the pseudo-product
structures associated with the PPGLA 6 of type $(\mathfrak{l}, S)$ .

Moreover it follows from (3.3) that $A/A’=\hat{L}/\hat{L}’$ , where $\hat{L}$ is the Lie

subgroup of $A$ with Lie algebra $\hat{(}=[_{-1}\oplus[\mathfrak{l}_{-1}, [_{1}]\oplus[_{1}$ . Especially, in the
case of pseudo-projective GLA $g^{k}(n, m)$ of order $k$ of bidegree $(n, m)$ ,

we see from (2.1) that the model space $M$ coincides with the projective
space $\mathbb{P}^{n}$ and it is known ([Tan89]) that the vector bundle $E_{S}$ is the
tensor product $\overline{W}\otimes H^{k-1}$ of the trivial bundle $\overline{W}=\mathbb{P}^{n}\times W$ with the
$(k-1)$ -th power of the hyperplane bundle $H$ over $\mathbb{P}^{n}$ (see the discussion
in \S 3.2).

Y. Se-ashi developed in [Sea88] the theory for the linear equivalence

of integrable higher order differential equations $R$ of finite type with the
typical symbol of type $(\mathfrak{l}, S)$ . He gave the complete system of differen-
tial invariants of $R$ and interpreted these invariants in terms of Cartan
connections constructed over $R$ . Utilizing these invariants he showed
the following “Rigidity Theorem” in the linear equivalence of these
equations.
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Theorem A (cf. Corollary 3 [SYY97]). Let ( $=\iota_{-1}\oplus \mathfrak{l}_{0}\oplus[_{1}$ be
a simple graded Lie algebra over $\mathbb{C}$ and let $M=L/L’$ be the model
space associated with [ $=(_{-1}\oplus t_{0}\oplus t_{1}$ . Let $S$ be a faithful irreducible
[-module. Then, except when $M=\mathbb{P}^{n}$ or $Q^{n}$ , every integrable system $R$

of differential equations of type $S$ is locally isomorphic with the model
system $R_{S}$ of type $((, S)$ , where $\mathbb{P}^{n}$ is the projective space and $Q^{n}$ is the
hyperquadric in $\mathbb{P}^{n+1}$ .

We will discuss the invariants of the pseudo-product structure on
these equations in subsequent sections.

3.2. Pl\"ucker embedding equations

In order to discuss the Pl\"ucker embedding equations, a little gener-
ally, we will consider here projective embedding of hermitian symmetric
spaces, following \S 1 in [SYY97].

Group-theoretically, a compact irreducible hermitian symmetric
space $M$ corresponds to a simple graded Lie algebra over $\mathbb{C}$ of the first
kind as follows: Let [ $=(_{-1}\oplus[_{0}\oplus 1_{1}$ be a simple graded Lie algebra of
the first kind, i.e.,

(1) [ is a simple Lie algebra over $\mathbb{C}$ .

(2) ( $=[_{-1}\oplus[_{0}\oplus t_{1}$ is a vector space direct sum such that $[_{-1}\neq\{0\}$ .

(3) $[\mathfrak{l}_{p}, 1_{q}]\subset 1_{p+q}$ , where $\mathfrak{l}_{p}=\{0\}$ for $|p|\geqq 2$ .

Let $L$ be the simply connected Lie group with Lie algebra [and $L’$ be the
analytic subgroup of $L$ with Lie algebra $[’=1_{0}\oplus \mathfrak{t}_{1}$ . Then $M=L/L’$ is
a compact (irreducible) hermitian symmetric space and every compact
irreducible hermitian symmetric space is obtained in this manner from a
simple graded Lie algebra of the first kind. $M$ is called the model space
associated with ( $=t_{-1}\oplus(_{0}\oplus\downarrow 1\cdot$ For example, when $M=Gr(k, l+1)$

is the Grassmann manifold of $k$-dimensional subspaces in $\mathbb{C}^{l+1}$ , we have
I $=\epsilon t(l+1, \mathbb{C})$ and the gradation [ $=\mathfrak{l}_{-1}\oplus 1_{0}\oplus[_{1}$ is given by subdividing

matrices as (2.2) in 2.2. As the extreme case $k=1$ , we have the

projective space $M=\mathbb{P}^{l}=P(\hat{V})$ . In this case $($ $=\epsilon[(l+1, \mathbb{C})=\epsilon \mathfrak{l}(\hat{V})$

and the gradation is given as in (2.1) in 2.1.
An equivariant projective embedding of the model space $M$ $=L/L’$

can be obtained from an irreducible representation of $L$ as follows: Let
$\tau:L\rightarrow GL(T)$ be an irreducible representation of $L$ with the highest

weight $\Lambda$ . Let $t_{\Lambda}$ be a maximal vector in $T$ of the highest weight $\Lambda$ .

Then a stabilizer of the line $[t_{\Lambda}]$ spanned by $t_{\Lambda}$ in $T$ is a parabolic
subgroup of $L$ . When this stabilizer coincides with $L’$ , we obtain an
equivariant projective embedding of $M=L/L’$ by taking the $L$-orbit
passing through $[t_{\Lambda}]$ in the projective space $P(T)$ consisting of all lines
in $T$ passing through the origin. For example, when $M=Gr(k, l+1)$ , we
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take the exterior representation $\tau_{0}$ of $L=SL(l+1, \mathbb{C})$ on $T=\wedge^{k}\mathbb{C}^{l+1}$ :

$\tau_{0}$ : $SL(l+1, \mathbb{C})\rightarrow GL(\wedge^{k}\mathbb{C}^{l+1})$ ,

where $\tau_{0}(a)(v_{1}\wedge\cdots\wedge v_{k})=a(v_{1})\wedge\cdots\wedge a(v_{k})$ for $a\in SL(l+1, \mathbb{C})$

and $v_{i}\in \mathbb{C}^{l+1}(i=1,2, \ldots, k)$ . Let $\{e_{1}, \ldots, e_{l+1}\}$ be the natural basis
of $\mathbb{C}^{l+1}$ . Then $\tau_{0}$ is an irreducible representation of $SL(l+1, \mathbb{C})$ with the
maximal vector $e_{1}\wedge\cdots\wedge e_{k}$ for a suitable choice of a Cartan subalgebra $\mathfrak{h}$

and a simple root system $\triangle$ of $\epsilon \mathfrak{l}(l+1, \mathbb{C})$ . $\tau_{0}$ is the irreducible representa-
tion of $SL(l+1, \mathbb{C})$ with the highest weight $\varpi_{k}$ , where $\{\varpi_{1}, \ldots, \varpi_{l}\}$ is the
set of fundamental dominant weight relative to $\triangle$ (see 4.5). From (2.2),
we see that the stabilizer of the line $[e_{1}\wedge\cdots\wedge e_{k}]$ coincides with $L’$ . Thus
we see that the Pl\"ucker embedding of Gr(/c, $l+1$ ) is obtained from the
irreducible representation $\tau_{0}$ of $SL(l+1, \mathbb{C})$ .

As other examples, we take the symmetric representation $l/_{k}$ of
$L=SL(\hat{V})$ on $T$ $=S^{k}(\hat{V})$ , where $S^{k}(\hat{V})$ denotes the $k$-th symmetric

product of $\hat{V}$ :
$l\nearrow k$ : $SL(\hat{V})\rightarrow GL(S^{k}(\hat{V}))$ ,

where $l\nearrow k(a)(v_{1}o\circ\cdots O\circ v_{k})=a(v_{1})O\circ\cdots O\circ a(v_{k})$ for $a\in SL(\hat{V})$ and
$v_{i}\in\hat{V}(i=1,2, \ldots, k)$ and $o\circ$ is the symmetric product. Let us take

a highest weight vector $v_{o}\in\hat{V}$ of the identity representation $I/_{1}$ . Here
$\hat{V}=\langle\{v_{o}\}\rangle\oplus V$ in the notation of (2.1). Then $v_{o}^{k}=v_{0}O\circ\cdots O\circ v_{o}$ is the

highest weight vector of $lJ_{k}$ . $l/_{k}$ is the irreducible representation of $SL(\hat{V})$

with the highest weight $k\varpi_{1}$ . From (2.1), we see that the stabilizer of
the line $[v_{o}^{k}]$ coincides with $L’$ . Thus we obtain projective embeddings

of $P(\hat{V})$ from irreducible representations $lJ_{k}$ . Here we note that the

line bundle over $P(\hat{V})=L/L’$ obtained from the representation of $L’$

on $ W_{0}=\langle\{v_{o}\}\rangle$ is isomorphic with the universal bundle $U$ over $P(\hat{V})$ .

Hence the line bundle over $P(\hat{V})$ obtained from the representation of $L’$

on $ W_{k}=\langle\{v_{o}^{k}\}\rangle$ is isomorphic with the $k$-th power $U^{k}$ of $U$ .

Next, for an irreducible representation $\tau:L\rightarrow GL(T)$ , we will con-
struct a (positive) line bundle $F$ over $M$ such that the above orbit is
obtained as an embedding of $M$ by global sections of $F$ . To construct
$F$ , let us take the dual representation $\rho:L\rightarrow GL(S)$ of $\tau$ , i.e., $S=T^{*}$

is the dual space of $T$ and $\rho=\tau^{*}$ is defined by

$\langle\rho(g)(\xi), t\rangle=\langle\xi, \tau(g^{-1})(t)\rangle$ ,

for $g\in L$ , $t\in T$ , $\xi\in T^{*}$ and $\langle, \rangle$ is the canonical pairing between $T^{*}$

and $T$ . Then, when $\tau$ is an irreducible representation with the highest
weight $\Lambda$ (for a fixed choice of a Cartan subalgebra and a simple root
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system of [ $)$ , $\rho$ is the irreducible representation with the lowest weight
$-\Lambda$ . Let us take a basis $\{t_{1}, \ldots, t_{r}\}$ of $T$ consisting of weight vectors
of $\tau$ such that $t_{1}=t_{\Lambda}$ . Then the dual basis $\{s_{1}, \ldots, s_{r}\}$ of $\{t_{1}, \ldots, t_{r}\}$

in $S=T^{*}$ consists of weight vectors of $\rho$ and $s_{1}$ is a weight vector
corresponding to $-\Lambda$ . Let $W$ and $W’$ be the subspaces of $S$ spanned by
a vector $s_{1}$ and by vectors $s_{2}$ , $\ldots$ , $s_{r}$ , respectively. Then, since $s_{1}$ is a
lowest weight vector, we have $W=S_{-,,\mu}$ in the notation of Lemma 2.1.
Since $L’$ is the stabilizer of the line $[t_{1}]$ , $W’$ is preserved by $L’$ . Hence
we get the representation $\rho_{W}$ of $L’$ :

$\rho_{W}$ : $L’\rightarrow GL(W)$ ,

through the projection $\pi_{0}$ : $S=W\oplus W’\rightarrow W$ .

Relative to the representation $\rho_{W}$ , $L’$ acts on $L\times W$ on the right by

$(g, w)g’=(gg’, \rho_{W}(g’)^{-1}(w))$ ,

for $g\in L$ , $w\in W$ and $g’\in L’$ . Then $F=L\times W/L’$ is the line bundle
over $M=L/L’$ .

As in 3.1, the space $\Gamma(F)$ of global sections of $F$ is identified with
the space $\mathcal{F}(L, W)_{L’}$ of all $W$-valued functions $f$ on $L$ satisfying

$f(gg’)=\rho_{W}(g’)^{-1}f(g)$ ,

for $g\in L$ and $g’\in L’$ . Then each $s\in S$ defines an element $\sigma_{s}\in\Gamma(F)$

via this correspondence by

$f_{s}(g)=\pi_{0}(\rho(g^{-1})s)$

for $g\in L$ .

Now let us check that global sections of $F$ give the desired embedding
of $M$ into $P(T)$ . We utilize the above basis $\{t_{1}, \ldots, t_{r}\}$ and $\{s_{1}, \ldots, s_{r}\}$

of $T$ and $S=T^{*}$ . Let us consider a map $\hat{\varphi}$ of $L$ into $T$ defined by

(3.4) $\hat{\varphi}(g)=\sum_{i=1}^{r}\langle f_{s_{i}}(g), t_{1}\rangle t_{i}$

for $g\in L$ . Then, from $\langle f_{s_{i}}(g), t_{1}\rangle=\langle\rho(g^{-1})s_{i}, t_{1}\rangle,\hat{\varphi}$ induces a map $\varphi$

of $M$ into $P(T)$ satisfying the commutative diagram

$L$ $\rightarrow\hat{\varphi}T\backslash \{0\}$

$\downarrow$ $\downarrow$

$M=L/L’\rightarrow\varphi P(T)$ .
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For $g\in L$ , if we represent $\tau(g)$ as a matrix $A$ with respect to the basis
$\{t_{1}, \ldots, t_{r}\}$ , $\rho(g^{-1})$ is represented by the transposed matrix ${}^{t}A$ of $A$ with
respect to the basis $\{s_{1}, \ldots, s_{r}\}$ . From (3.4), $\hat{\varphi}(g)$ corresponds to the
first row vector of ${}^{t}A$ . Hence we obtain

$\hat{\varphi}(g)=\tau(g)(t_{1})$ .

Thus the image of $\varphi$ coincides with the $L$-orbit passing through $[t_{1}]$

in $P(T)$ .

In particular we see that, for the model equation $R_{S}$ associated
with the pseudo-projective GLA $g^{k}(n, 1)$ , the line bundle $E_{S}$ is isomor-
phic with the $(k-1)$ -th power $H^{k-1}$ of the hyperplane bundle $H$ over
$P(\hat{V})$ , which is dual to the line bundle over $P(\hat{V})$ obtained from the
representation of $L’$ on $ W_{k-1}=\langle\{v_{o}^{k-1}\}\rangle$ .

Furthermore we see that the Pl\"ucker embedding of Gr(fc, $l+1$ ) into
$P(\wedge^{k}\mathbb{C}^{l+1})$ is obtained by global sections of the line bundle $F$ , which
is constructed from the irreducible representation $\rho_{0}$ of $SL(l+1, \mathbb{C})$

on $S=\wedge^{l-k+1}\mathbb{C}^{l+1}$ . Here $\rho_{0}$ is the dual representation of $\tau_{0}$ on
$T=\wedge^{k}\mathbb{C}^{l+1}$ .

Let $R^{\rho o}$ $=$ $R_{S}$ be the system of equations modeled after
$S=\wedge^{l-k+1}\mathbb{C}^{l+1}$ constructed in 3.1. Then, by Proposition $A$ , $R^{\rho o}$ is the
system of equations of finite type, whose local solution is the restriction
of a global section of $F$ and whose projective solution coincides with
the Pl\"ucker embedding of Gr(fc, $l+1$ ) (cf. \S 1 of [SYY97]). Thus $R^{\rho o}$

can be called the Pl\"ucker embedding equation. Theorem A in \S 3.1
states the rigidity for these equations in the linear equivalence. For the
application of these facts to a problem of the hypergeometric systems,
we refer the reader to [SYY97]. We will discuss the rigidity property of
these equations in the contact equivalence in \S 7.

In fact, the symbol algebra $\mathfrak{m}$ of $R^{\rho o}$ is already calculated in
the last paragraph in \S 2.2 and we see that $R^{\rho_{O}}$ is a system of order
$\mu=\min\{k+1, l -k+2\}$ such that $S_{-,,\mu}=\mathbb{C}$ and $S_{1-\mu}=V^{*}$ . Namely
the system $R^{\rho_{0}}$ has no equation of the first order. Then, since the sym-
bol algebra $\mathfrak{m}$ of $R^{\rho_{O}}$ is generated by $\emptyset-1$ (Lemma 2.1.(2)), it follows
from Corollary 5.4 [Yam82] that the equivalence of the pseudo-product
structure on the equation $R$ of type $\mathfrak{m}$ is the equivalence of the $\mu$-th
order equation under contact transformations.

\S 4. Generalized Spencer Cohomology

From this section, we assume that the ground field is the field $\mathbb{C}$ of
complex numbers for the sake of simplicity. For the discussion over $\mathbb{R}$ ,
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the corresponding results will be obtained easily through the argument
of complexification as in \S 3.2 in [Yam93]. We use the following notation:
For a graded vector space $V=\oplus_{p\in \mathbb{Z}}V_{p}$ , we put $V\leqq k=\oplus_{p\leqq k}V_{p}$ and

$V\geqq k=\oplus_{p\geqq k}V_{p}$ . In particular, we set $V_{-}=V\leqq-1$ and $V_{+}=V\geqq 1$ . For a

Lie algebra $g$ and a subalgebra $\mathfrak{h}$ of $g$ , Der(g) denotes the Lie algebra of
all derivations of $\mathfrak{g}$ , $D(g)$ denotes the derived subalgebra $[g, g]$ of 9, $V(g)$

denotes the center of $g$ , and $3_{9}(\mathfrak{h})$ denotes the centralizer of $\mathfrak{h}$ in $g$ . For
a $g$-module $M$ , we denote by $ch_{9}(M)$ the isomorphism class of $M$ .

4.1. Cohomology of Lie algebras

Let $\alpha=\oplus_{p\in \mathbb{Z}}\alpha_{p}$ be a finite dimensional GLA and $V=\oplus_{p\in \mathbb{Z}}V_{p}$ be

a graded $\alpha$-module. (i.e., $V$ is a vector space with a gradation such that
$\alpha_{p}\cdot V_{q}\subset V_{p+q}.)$ Then we have a cohomology space $H^{p}(\alpha, V)$ associated
with the cochain complex $(C^{p}(\alpha, V)$ , $\partial)$ , where $C^{p}(\alpha, V)=Hom(\wedge^{p}\alpha, V)$

and the coboundary operator $\partial^{p}$ : $C^{p}(\alpha, V)\rightarrow C^{p+1}(\alpha, V)$ is defined by

$\partial^{p}\omega(x_{1}, \ldots, x_{p+1})$

$=\sum_{i=1}^{p+1}(-1)^{i+1}x_{i}\cdot\omega(x_{1}, \ldots,\hat{x}_{i}, \ldots, x_{p+1})$

$+\sum_{i<j}(-1)^{i+j}\omega([x_{i}, x_{j}], x_{1}, \ldots,\hat{x}_{i}, \ldots,\hat{x}_{j}, \ldots, x_{p+1})$
,

where $ x_{i}\in\alpha$ and $\omega\in C^{p}(\alpha, V)$ . Since both $\alpha$ and $V$ are graded, we have
the natural gradation: $C^{p}(\alpha, V)=\oplus_{r}C^{p}(\alpha, V)_{r}$ , where

$C^{p}(\alpha, V)_{r}=\{\omega\in C^{p}(\alpha, V)|\omega(\alpha_{i_{1}}\wedge\cdots\wedge\alpha_{i_{p}})\subset V_{i_{1}+\cdot\cdot+i_{p}+r}\}$ .

It is easy to see that $C^{*}(\alpha, V)_{r}=\oplus C^{p}(\alpha, V)_{r}$ is a subcomplex of
$C^{*}(\alpha, V)$ , whose cohomology space (resp. $p$-th cohomology space) will
be denoted by $H(\alpha, V)_{r}$ (resp. $H^{p}$ ( $\alpha$ , $V$ ) ). Then we have

$H^{*}(\alpha, V)=\oplus_{r}H^{*}(\alpha, V)_{r}=\oplus_{p}H^{p}(\alpha, V)=\oplus H^{p}(\alpha, V)_{r}p,r$
.

4.2. Generalized Spencer cohomology $H^{\star}(\mathfrak{G})$

and $H^{*}(b_{-}, \mathfrak{g})$

Let 6 $=$ $(g, (g_{p})_{p\in \mathbb{Z}}$ , $[_{-1}, S_{-1})$ be a PPGLA of type $((, S)$ . We
set $b_{-1}=S$ , $b_{0}=[andb_{p}=0(p\neq-1,0)$ ; then $\emptyset$ has a bigra-
dation $(g_{p,q})_{p,q\in \mathbb{Z}}$ , where $g_{p,q}=\mathfrak{g}_{p}\cap b_{q}$ . We have the cohomology
group $H^{*}(6)=H^{*}(\mathfrak{m}, g)$ associated with the adjoint representation
of $\mathfrak{m}=9-$ on $\emptyset$ , that is, the cohomology space of the cochain com-
plex $C^{*}(6)=\oplus C^{p}(6)$ with the coboundary operator $\partial:C^{p}(\oplus)\rightarrow$
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$C^{p+1}(6)$ , where $C^{p}(6)=Hom(\wedge^{p}\mathfrak{g}_{-}, g)$ . We put

$C^{p}(6)_{r,,,s}=\{\omega\in C^{p}(6)|$

$\omega(g_{i_{1},,,j_{1}}\wedge\cdots\wedge g_{i_{p},,,j_{p}})\subset g_{i_{1}++i_{p}+r,j_{1}+}\cdots$ . $+j_{p}+s$

for all $i_{1}$ , $\ldots$ , $i_{p}$ , $j_{1}$ , $\ldots$ , $j_{p}$ }.

As is easily seen, $C^{*}(6)_{r,,,s}=\oplus_{p}C^{p}(6)_{r,,,s}$ is a subcomplex of $C^{*}(6)$ .

Denoting its cohomology space by $H(6)_{r,,,s}=\oplus H^{p}(6)_{r,,,s}$ , we obtain
the direct sum decomposition

$H^{*}(6)=p,r,s\oplus H^{p}(6)_{r,,,s}$
.

The cohomology space, endowed with this $tri$-gradation, is called the
generalized Spencer cohomology space of the PPGLA 6 of type $((, S)$ .

Note that $H^{1}(6)_{0,,,0}=0$ if and only if $\check{9}0=\emptyset o$ , where $\check{\emptyset}0$ is the Lie
algebra of derivations of $\mathfrak{m}$ such that $D(g_{p})\subset g_{p}(p<0)$ , $D([_{-1})\subset t_{-1}$

and $D(S_{-1})\subset S_{-1}$ .

Furthermore we have the cohomology space $H^{*}(b_{-}, \mathfrak{g})$ associated
with the adjoint representation of $b_{-}$ on $g$ , that is, the cohomol-
ogy space of the cochain complex $C^{*}(b_{-}, g)=\oplus C^{p}(b_{-}, g)$ with the
coboundary operator $\delta^{p}$ : $C^{p}(b_{-}, g)\rightarrow C^{p+1}(b_{-}, g)$ , where $C^{p}(b_{-}, g)=$

$Hom(\wedge^{p}b_{-}, g)$ . Let $C^{p}(b_{-}, g)_{s}$ be the subspace of $C^{p}(b_{-}, g)$ consist-
ing of all the elements $\omega\in C^{p}(b_{-}, g)$ such that $\omega(b_{j_{1}}\wedge\cdots\wedge b_{j_{p}})\subset$

$b_{j_{1}+\cdot\cdot+j_{p}+s}$ for all $j_{1}$ , $\ldots,j_{p}<0$ . $C^{*}(b_{-}, g)_{s}=\oplus_{p}C^{p}(b_{-}, g)_{s}$ is a sub-

complex of $C^{*}(b_{-}, g)$ . Denoting its cohomology space by $H^{*}(b_{-}, g)_{s}=$

$\oplus H^{p}(b_{-}, g)_{s}$ , we obtain the direct sum decomposition

$H^{*}(b_{-}, g)=\oplus H^{p}(b_{-}, \mathfrak{g})_{s}p,s$
.

The cohomology space, endowed with this $bi$-gradation, is called the
Spencer cohomology of the GLA $g$ $=b_{-1}\oplus b_{0}$ .

4.3. Calculation of the cohomology $H^{p}(\mathfrak{G})_{r,s}$

Here we prepare the fundamental theorem to calculate the cohomol-
ogy space $H^{p}(6)_{r,,,s}$ by means of Kostant’s theorem.

Since $H^{i}(b_{-}, g)_{s}$ naturally has a graded [-module structure, we
obtain the following direct sum decomposition

$H^{p}(\mathfrak{l}_{-}, H^{i}(b_{-}, g)_{s})=\oplus_{r}H^{p}(t_{-}, H^{i}(b_{-}, g)_{s})_{r}$ .
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For $i=s$ , $s+1$ , we set

$C_{s}^{p,i}=Hom(\wedge^{p-i}[_{-}\otimes\wedge^{i}b_{-1}, b_{s-i})$ ,

and $C_{s}^{p}=C_{s}^{p,s}\oplus C_{s}^{p,s+1}$ . For $\omega\in C_{s}^{p,i}$ , we denote by $\partial_{j,i}^{p}\omega$ the
$C_{s}^{p,j_{-}}$component of $\partial^{p}\omega$ . Then $\partial_{j,i}$ is a 90-module homomorphism of
$C_{s}^{p,i}$ into $C_{s}^{p+1,j}$ .

Lemma 4.1. Under the above assumption, we have

(1) $\partial_{j,i}^{p}=0$ for $j\neq i$ , $i+1$ .

(2) $\partial_{i,,,i}^{p+1}\partial_{i,,,i}^{p}=0$ , $\partial_{i+2,i+1}^{p+1}\partial_{i+1,\dot{\iota}}^{p}=0$ .

(3) $\partial_{i+1,i}^{p+1}\partial_{i,,,i}^{p}+\partial_{i+1,i+1}^{p+1}\partial_{i+1,i}^{p}=0$ .

Proof. Let $\omega\in C_{s}^{p,i}$ . Then, for $x_{1}$ , $\ldots$ , $x_{q}\in \mathfrak{l}_{-}m_{1}$ , $\ldots$ , $m_{k+i}\in b_{-}$

$(k\in \mathbb{Z})$ ,

$\partial\omega(x_{1}, \ldots, x_{q}, m_{1}, \ldots, m_{k+i})$

$=\sum_{a=1}^{q}(-1)^{a+1}[x_{a}, \omega(x_{1}\ldots,\hat{x}_{a},\ldots, x_{q}, m_{1}\ldots, m_{k+i})]$

$+\sum_{a=1}^{i+k}(-1)^{q+a-1}[m_{a}, \omega(x_{1}, \ldots, x_{q}, m_{1}, \ldots,\hat{m}_{a}, \ldots, m_{k+i})]$

$+\sum_{a,,,b}(-1)^{a+q+b}\omega([x_{a}, m_{b}], x_{1}, \ldots,\hat{x}_{a}, \ldots, x_{q}, m_{1}, \ldots,\hat{m}_{b}, \ldots, m_{k+i})$

where $q=p-i+k+1$ . If $k\neq 0,1$ , then

$\partial\omega(x_{1}, \ldots, x_{p-i-k+1}, m_{1}, \ldots, m_{k+i})=0$ .

Thus $\theta_{j,i}^{p}=0$ for $j\neq i$ , $i+1$ , which proves (1). Moreover we see that

$0=\partial^{p+1}\partial^{p}\omega=\partial^{p+1}(\partial_{ii}^{p}\omega+\partial_{i+1,i}^{p}\omega)$

$=\partial_{i,,,i}^{p+1}\theta_{i,,,i}^{p}\omega+\partial_{i+1,i}^{p+1}\theta_{ii}^{p}\omega+\partial_{i+1,i+1}^{p+1}\partial_{i+1,i}^{p}\omega+\partial_{i+2,i+1}^{p+1}\partial_{i+1,i}^{p}\omega$ .

This proves (2) and (3). Q.E.D.

We define a linear mapping $\phi_{p,i}$ of $C_{s}^{p,i}$ onto $C^{p-i}(\mathfrak{l}_{-}, C^{i}(b_{-}, g)_{s})$

$(i=s, s+1)$ as follows:

$\phi_{p,i}(\omega)(x_{1}, \ldots, x_{p-i})(m_{1}, \ldots, m_{i})=\omega(x_{1}, \ldots, x_{p-i}, m_{1}, \ldots, m_{i})$ .

Then $\phi_{p,i}$ is a gcrmodule isomorphism.
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From the proof of Lemma 4.1, we have

$\partial_{i,,,i}\omega(x_{1}, \ldots, x_{q}, m_{1}, \ldots, m_{i})$

$=\sum_{a=1}^{q}(-1)^{a+1}[x_{a}, \omega(x_{1}, \ldots,\hat{x}_{a}, \ldots, x_{q}, m_{1}, \ldots, m_{i})]$

$+\sum_{a,,,b}(-1)^{a+q+b}\omega([x_{a}, m_{b}], x_{1}, \ldots,\hat{x}_{a}, \ldots, x_{q}, m_{1}, \ldots,\hat{m}_{b}, \ldots, m_{i})$
,

where $\omega\in C_{s}^{p,i}$ and $q=p-i+1$ .

$\partial_{i+1,i}\omega(x_{1}, \ldots, x_{q}, m_{1}, \ldots, m_{i+1})$

$=\sum_{a=1}^{i+1}(-1)^{r+a-1}[m_{a}, \omega(x_{1}, \ldots, x_{r}, m_{1}, \ldots,\hat{m}_{a}, \ldots, m_{i+1})]$ ,

where $\omega\in C_{s}^{p,i}$ and $r=p-i+2$ . Hence we obtain the following lemma.

Lemma 4.2. Let $\omega\in C_{s}^{p,i}(i=s, s+1)$ . Then:

(1) $\phi_{p+1,i}(\partial_{i,,,i}^{p}\omega)=\rho(\phi_{p,i}(\omega))$ , where $\rho$ is the coboundary operator

of $C^{*}(\mathfrak{l}_{-}, C^{i}(b_{-}, g)_{s})$ .

(2) For $x_{1}$ , $\ldots$ , $x_{p-i}\in t_{-1}$ , we have

$\phi_{p+1,i}(\partial_{i+1,\dot{0}}^{p}\omega)(x_{1}, \ldots, x_{p-i})=(-1)^{p-i}\delta^{i}(\phi_{p,i}(\omega)(x_{1}, \ldots, x_{p-i}))$ .

We recall that there exist an anti-linear involution $\tau$ of ( and an
hermitian inner product $(\cdot|.)$ of $g$ having the following properties:

(i) $\tau(\mathfrak{l}_{p})=(_{-,,p}$ ;
(ii) $(b_{p}|b_{q})=0$ for $p\neq q$ and, $(\emptyset p |g_{q})=0$ for $p\neq q$ ;
(iii) $([x, s]|s’)+(s|[\tau(x), s’])=0$ for all $x\in[ands,$ $s’\in b_{-1}$ .

The inner product $(\cdot|.)$ induces inner products on $b_{-1}^{*}$ and $C^{*}(b_{-}, g)$ ,
which are denoted by the same symbol. Namely, for $\omega=\alpha\otimes v_{1}^{*}\wedge\cdots\wedge v_{p}^{*}$ ,
$\omega’=\beta\otimes w_{1}^{*}\wedge\cdots\wedge w_{p}^{*}$ , we see that

$(\omega|\omega’)=(\alpha|\beta)\det(v_{i}^{*}|w_{j}^{*})$ ,

where $\alpha$ , $\beta\in \mathfrak{g}$ , $v_{i}^{*}$ , $w_{i}^{*}\in b_{-1}^{*}$ .

Now we denote by $\delta^{*}$ the adjoint operator of $\delta$ with respect to the
inner product $(\cdot|.)$ , i.e.,

$(\delta\omega|\omega’)=(\omega|\delta^{*}\omega’)$ for $\omega$ , $\omega’\in C^{*}(b_{-}, g)$ .
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Then $\delta^{*}$ is a $b_{0}$-module homomorphism and we have $\delta^{*}(C^{p}(b_{-}, g)_{s})\subset$

$C^{p-1}(b_{-}, g)_{s}$ . As usual, the operator $\triangle=\delta\delta^{*}+\delta^{*}\delta$ is called the Lapla-
cian. We set $\prime H^{p}(b_{-}, g)_{s}=\{\omega\in C^{p}(b_{-}, g)_{s}|\triangle\omega=0\}$ ; then

$C^{p}(b_{-}, g)_{s}=\prime H^{p}(b_{-}, g)_{s}\oplus\triangle(C^{p}(b_{-}, g)_{s})$ .

We put $D^{p}(b_{-}, g)_{s}=\triangle(C^{p}(b_{-}, g)_{s})$ . Then $\prime H^{p}(b_{-}, g)_{s}$ is isomorphic to
$H^{p}(b_{-}, \mathfrak{g})_{s}$ as an $t$-module and $D^{p}(b_{-}, g)_{s}=\delta^{2}(C_{s}^{p})\oplus(Ker\delta|C_{s}^{p})^{\perp}$ . We
put

$H_{s}^{p,i}=\phi_{p,\dot{\iota}}^{-1}$ ($Hom$ $(\wedge^{p-i}\mathfrak{l}_{-}$ , $H^{i}(b_{-}, g)_{s}$)),
$D_{s}^{p,i}=\phi_{p,i}^{-1}$ ($Hom$ $(\wedge^{p-i}[_{-},$ $D^{i}(b_{-}, g)_{s}$)),

$H_{s}^{p}=\oplus_{i}’H_{s}^{p,i}$
,

$D_{s}^{p}=\oplus_{i}D_{s}^{p,i}$
.

Then $C_{s}^{p,i}=\prime H_{s}^{p,i}\oplus D_{s}^{p,i}$ and we obtain the following exact sequence:

(4.1) $D_{s}^{p-1,i-1}\rightarrow D_{s}^{p,i}\partial_{i,,,i-1}\rightarrow D_{s}^{p+1,i+1}\partial_{i+1i}$ .

From Lemma 4.2, we obtain the following lemma.

Lemma 4.3.

(1) $\partial_{i,,,i}^{p}(7\{_{s}^{p,i})\subset tt_{s}^{p+1,i}$ , $\partial_{i+1,i}^{p}(’H_{s}^{p,i})=0$ .

(2) $\partial_{i,,,i}^{p}(D_{s}^{p,i})\subset D_{s}^{p+1,i}$ , $\partial_{i+1,i}^{p}(D_{s}^{p,i})\subset D_{s}^{p+1,i+1}$ .

Lemma 4.4. Let $\omega\in Ker\partial^{p}\cap C_{s}^{p}$ . We decompose $\omega$ as follows:
$\omega=\omega’+\omega’’$ , where $\omega’\in H_{s}^{p}$ and $\omega^{JJ}\in D_{s}^{p}$ . Then $\omega’’\in Im\partial^{p-1}$ .

Proof. We decompose $\omega’’$ as follows: $\omega’’=\omega_{s}’’+\omega_{s+1}’’$ , where
$\omega_{s}’’\in D_{s}^{p,s}$ and $\omega_{s+1}’’\in D_{s}^{p,s+1}$ . Since $\partial\omega=0$ , we have $\partial_{s+2,s+1}^{p}\omega_{s+1}’’=0$

and $\partial_{s+1,s+1}^{p}\omega_{s+1}^{JJ}+\partial_{s+1,s}^{p}\omega_{s}’’=0$ . By (4.1), there is an element

$c_{s}\in D_{s}^{p-1,s}$ such that $\partial_{s+1,s}^{p-1}c_{s}=\omega_{s+1}^{JJ}$ . Furthermore $\omega_{s}’’-\partial_{s,,,s}^{p-1}c_{s}\in D_{s}^{p,s}$

and
$\partial_{s+1,s}^{p}(\omega_{s}’’-\partial_{s,,,s}^{p-1}c_{s})=\partial_{s+1,s}^{p}\omega_{s}’’-\partial_{s+1,s}^{p}\partial_{s,,,s}^{p-1}c_{s}$

$=\partial_{s+1,s}^{p}\omega_{s}’’+\partial_{s+1,s+1}^{p}\partial_{s+1,s^{C_{S}}}^{p-1}$

$=\partial_{s+1,s}^{p}\omega_{s}’’+\partial_{s+1,s+1}^{p}\omega_{s+1}’’=0$ .

Since $\partial_{s+1,s}^{p}$ $|$ $D_{s}^{p,s}$ is injective, we have $\omega_{s}’’$ $=$ $\partial_{s,,,s}^{p-1}c_{s}$ . Thus
$\omega’’=\omega_{s}’’+\omega_{s+1}’’=(\partial_{s,,,s}^{p-1}+\partial_{s+1,s}^{p-1})c_{s}=\partial c_{s}$ . Q.E.D.

We are ready to state the following fundamental theorem.

Theorem 4.1. Let 6 be a PPGLA of type $([, S)$ . Then $H^{p}(6)_{r,,,s}$

is isomorphic $to\oplus_{i=0}^{p}H^{p-i}(t_{-}, H^{0}(b_{-}, g)_{s})_{r}$ as a 90-module.
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Proof. We define a linear mapping

$\Phi:C^{p}(6)_{r,,,s}\rightarrow\oplus^{p}C^{p-i}((_{-}, \prime H^{i}(b_{-}, g)_{s})_{r}i=0$

as follows: $\Phi(\omega)=\sum_{i=0}^{p}\phi_{p,i}(\omega_{i}’)$ , where $\omega=\sum_{i=0}^{p}\omega_{\dot{0}}’+\omega’’\in C^{p}(6)_{r,,,s}$ ,
$\omega_{i}’\in H_{s}^{p,i}$ , $\omega’’\in D_{s}^{p}$ . By Lemma 4.2, $\Phi\partial=\partial\Phi$ and hence $\Phi$ induces a
go-module homomorphism

$\Phi^{*}:$
$H^{p}(6)_{r,,,s}\rightarrow\oplus^{p}H^{p-i}(\mathfrak{l}_{-}, \prime H^{i}(b_{-}, g)_{s})_{r}i=0$ .

By Lemma 4.4, $\Phi^{*}$ is an isomorphism. Q.E.D.

4.4. Gradations of semisimple Lie algebras and Kostant’s
theorem

Here we recall some basic facts on gradations of semisimple Lie alge-
bras following [Yam93] and state Kostant’s theorem on Lie algebra coho-
mology, which is our basic tool in the discussion of subsequent sections.

Let $\epsilon$ be a complex semisimple Lie algebra. We fix a Cartan subal-
gebra $\mathfrak{h}$ of 5 and the set $\Phi$ of roots of 5 relative to $\mathfrak{h}$ . Let us fix a simple
root system $\triangle=\{\alpha_{1}, \ldots, \alpha_{l}\}$ of $\Phi$ . For a subset $\triangle_{1}$ of $\triangle$ and an integer
$p$ , we put

$\Phi_{p}=\{\alpha\in\Phi|\sum_{\alpha_{i}\in\triangle_{1}}m_{i}(\alpha)=p\}$ ,

where $m_{i}$ is a $\mathbb{Z}$-valued function on $\Phi$ defined by $m_{i}(\sum_{j=1}^{l}k_{j}\alpha_{j})=k_{i}$ .

Then we can construct a gradation $(\epsilon_{p})_{p\in \mathbb{Z}}$ of $\epsilon$ as follows:

$\epsilon_{0}=\mathfrak{h}\oplus\sum_{\alpha\in\Phi_{0}}\epsilon^{\alpha}$
,

$\epsilon_{p}=\sum_{\alpha\in\Phi_{p}}\epsilon^{\alpha}$

$(p\neq 0)$ ,

where $\epsilon^{\alpha}$ is the root space corresponding to a root $\alpha$ of $\epsilon$ . Then
$\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is a GLA such that $\epsilon_{-}$ is generated by $\epsilon_{-1}$ . If 5 is of type
$X_{l}$ , then the GLA $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is said to be of type $(X_{l}, \triangle_{1})$ , where $X_{l}$

stands for the Dynkin diagram of $\epsilon$ .

Conversely, let $5=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ be a simple GLA such that $\epsilon_{-}$ is gener-

ated by $\epsilon_{-1}$ . Assume that 5 is of type $X_{l}$ . Then $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is isomor-
phic to a simple GLA of type $(X_{l}, \triangle_{1})$ for some $\triangle_{1}\subset\triangle$ . Let $t$

$=\oplus_{p\in \mathbb{Z}}t_{p}$

be an another simple GLA of type $(X_{l}, \triangle_{1}^{J})$ . Then $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is iso-

morphic to $t$
$=\oplus_{p\in \mathbb{Z}}t_{p}$ if and only if there exists a diagram automor-

phism $\phi$ of $X_{l}$ such that $\phi(\triangle_{1})=\triangle_{1}’$ (Theorem 3.12 [Yam93]).
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Let $W$ be the Weyl group of $\epsilon$ , $\Phi_{+}$ the set of positive roots. Moreover
we put

$T_{w}=w\Phi_{-}\cap\Phi_{+}$ (where $\Phi_{-}=\Phi\backslash \Phi_{+}$ ),

$W_{1}^{j}=\{w\in W|\#(T_{w})=j, T_{w}\subset\Phi(\epsilon_{+})\}$ ,

where $\Phi(\epsilon_{+})=\{\alpha\in\Phi|\epsilon^{\alpha}\subset\epsilon_{+}\}$ . For an antidominant integral weight
$\omega$ of $\epsilon$ (resp. $\epsilon_{0}$ ) we denote the irreducible $\epsilon$ (resp. So)-module with lowest
weight $\omega$ by $M(\omega)$ (resp. $m(\omega)$ ). Then we have the following theorem

due to Kostant.

Theorem $B$ (Theorem 5.14 [Kos61]). Let $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ be a simple
$GLA$ of type $(X_{l}, \triangle_{1})$ and $M(\omega)$ be an irreducible $s$ -module with the

lowest weight $\omega$ . Then

$ch_{50}(H^{j}(\epsilon_{-}, M(\omega)))=\sum_{w\in W_{1}^{j}}ch_{50}(m(w(\omega-\rho)+\rho))$
,

where $\rho$ is the half sum of positive roots.

4.5. Parameterization of pseudo-product $GLA$ of type $(\mathfrak{l}, S)$

Let 6 be a PPGLA of type $([, S)$ . We set $\hat{[}=t_{-1}\oplus[\mathfrak{l}_{-1}, [_{1}]\oplus \mathfrak{l}_{1}$ and
$\mathfrak{U}=D(3\mathfrak{l}(\hat{I}))$ ; then ( $=\hat{(}\oplus\iota\iota\oplus 3([)$ and $\wedge[=\oplus_{p\in \mathbb{Z}}[_{p}\wedge$ is a simple GLA. Let
$(b_{q})_{q\in \mathbb{Z}}$ be as in 4.2.

Let us take a Cartan subalgebra $\mathfrak{h}$ of [ such that $\mathfrak{h}\subset(_{0}$ . Then $\mathfrak{h}\cap\hat{\mathfrak{l}}$

(resp. $\mathfrak{h}\cap\iota\iota$ ) is a Cartan subalgebra of $\hat{[}$ (resp. $\iota\iota$). Let $\triangle=\{\alpha_{1}, \ldots, \alpha_{l}\}$

(resp. $\triangle’=\{\beta_{1}$ , $\ldots$ , $\beta_{m}\}$ ) be a simple root system of $([\mathfrak{h}\wedge,\cap\wedge[)$ (resp.
$(\mathfrak{U}, \mathfrak{h}\cap\iota\iota))$ such that $\alpha(Z)\geqq 0$ for all $\alpha\in\triangle$ , where $Z$ is the characteristic

element of the GLA ( $=\oplus_{p\in \mathbb{Z}}[_{p}$ . We assume that
$\wedge$

[ is a simple Lie

algebra of type $X_{l}$ . We set $\triangle_{1}=\{\alpha\in\triangle|\alpha(Z)=1\}$ . It is well known
that the pair $(X_{l}, \triangle_{1})$ is one of the following type (up to a diagram
automorphism) (cf. \S 3 in [Yam93]):

$(A_{l}, \{\alpha_{i}\})(1\leqq i\leqq[\frac{(l+1)}{2}])$ , $(B_{l}, \{\alpha_{1}\})(l\geqq 3)$ , $(C_{l}, \{\alpha_{l}\})(l \geqq 2)$ ,

$(D_{l}, \{\alpha_{1}\})(l\geqq 4)$ , $(D_{l}, \{\alpha_{l-1}\})(l\geqq 5)$ , $(E_{6}, \{\alpha_{1}\})$ , $(E_{7}, \{\alpha_{7}\})$ .

We denote by $\{\varpi_{1}, \ldots, \varpi_{l}\}$ (resp. $\{\pi_{1}$ , $\ldots$ , $\pi_{n}\}$ ) the set of funda-
mental weights relative to $\triangle$ (resp. $\triangle’$ ). Since $S$ is a faithful [-module,

we have $dim3([)\leqq 1$ . Assume that 3 $(\mathfrak{l})\neq\{0\}$ . Let $\sigma$ be the element of

3 $([)^{*}$ such that $\sigma(J)=1$ , where $J$ is the characteristic element of the
GLA $g$ $=\oplus_{q\in \mathbb{Z}}b_{q}$ . Namely $J=-id_{S}\in 3([)\subset b_{0}=[as$ the element

of $g1(S)$ . There is an irreducible $\hat{(}$-module $T$ (resp. 3[( $()\wedge$ -module $U$ ) with



434 K. Yamaguchi and T. Yatsui

highest weight $\chi$ (resp. $\eta-\sigma$ ) such that $S=b_{-1}$ is isomorphic to $T\otimes U$

as an [-module, where $\eta$ is a weight of $\mathfrak{U}$ . Then we have

Lemma 4.5. $H^{1}(6)_{0,,,0}=0$ if and only if 3]
$(\hat{t})$ is isomorphic to

$g1(U)$ and $\eta=\pi_{1}$ . Especially, when $D(t)=\hat{[}$ , $H^{1}(6)_{0,,,0}=0$ if and only

if [ $=\wedge(\oplus 3(()$ , where $ 3([)=\langle J\rangle$ .

Proof. We first remark that $H^{1}(6)_{0,,,0}=0$ if and only if $\check{9}0=9o$

and that

$ 90=[t_{-1}, \mathfrak{l}_{1}]\oplus 3]([)\wedge$ , $\check{\emptyset}0=[[_{-1}, \mathfrak{l}_{1}]\oplus 3_{9\check{0}}(\hat{t})$ .

For $\varphi\in gt(U)$ , we define $D_{\varphi}\in Hom(9-, 9-)$ as follows:

$D_{\varphi}((_{-1})=0, D_{\varphi}(t\otimes u)=t\otimes\varphi(u)$ for $t\in T$ and $u\in U$.

Then $D_{\varphi}\in\check{9}0$ and the mapping $gI(U)\ni\varphi\mapsto D_{\varphi}\in\check{\emptyset}0$ is injective.
By Schur’s lemma, this mapping is also surjective. This proves our
assertion. Q.E.D.

Thus, when $H^{1}(6)_{0,,,0}$ $=$ $0$ , the semisimple GLA $D(()$ is of type
$(X_{l}\times A_{n}, \{\alpha_{i}\})$ and $S$ is an irreducible $D(t)$ -module with highest weight
$---=\chi+\pi_{1}$ when $dimU>1$ and $D(I)$ is of type $(X_{l}, \{\alpha_{i}\})$ and $S$ is an
irreducible $\hat{[}$-module with highest weight $\chi$ , when $ D(()=\wedge$( (i.e., when

$dimU=1)$ . We will impose the condition $H^{1}(6)_{0,,,0}=0$ on 6 in the
rest of this paper.

Now let us consider the characteristic element $E$ of the gradation
$g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ . Since $S$ is the irreducible [-module with highest weight

$\cup--=\chi+\pi_{1}-\sigma$ , and $Z\in \mathfrak{h}\cap\hat{(}$ is defined by $\alpha_{i_{o}}(Z)=1$ and $\alpha_{i}(Z)=0$

$(i\neq i_{o})$ for $\triangle_{1}=\{\alpha_{i_{o}}\}\subset\triangle=\{\alpha_{1}, \ldots, \alpha_{l}\}$ , we see that the semi-simple
endomorphism $ad(Z)$ has consecutive eigenvalues in $S$ of the following
form:

$\lambda_{1}-k$ for $k=0$ , $\ldots$ , $\mu-1$ .

where $\lambda_{1}=\chi(Z)$ and $\lambda_{0}=\lambda_{1}-\mu+1$ is the minimum eigenvalue
(see Lemma 2.1). Thus the characteristic element $E$ of $\emptyset=\oplus_{p\in \mathbb{Z}}g_{p}$ is
given by

$ E=Z+(\lambda_{1}+1)J\in\hat{1}_{0}\oplus 3(()\subset(_{0}=90\cdot$

Then we note that, utilizing the characteristic elements $E$ and $J$ , the
decomposition of $1_{0^{-}}$ modules $C^{p}(6)$ and $C^{p}(b_{-}, g)$ :

$C^{p}(6)=\oplus_{r}C^{p}(6)_{r}=\oplus_{s}C^{p}(6)_{s}$ ,
$C^{p}(b_{-}, g)=\oplus_{s}C^{p}(b_{-}, g)_{s}$

,
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are given as the eigenspace decomposition of the action of $E$ and $J$

respectively, where $r$ and $s$ denote eigenvalues of $E$ and $J$ respectively.
Moreover the decomposition $C^{p}(6)=\oplus_{r},{}_{s}C^{p}(6)_{r,,,s}$ given in \S 4.2 is
the simultaneous eigenspace decomposition of commuting semisimple
elements $E$ and $J$ .

Let $\Lambda$ be a dominant integral weight of $D(()$ . We denote by $L^{s}(\Lambda)$

the irreducible [-module with highest weight $\Lambda+s\sigma$ . Now we apply the
notation of \S 4.4 to the case when $\epsilon$ $=D(\mathfrak{l})$ . For $w\in W$ , we set

$\xi_{w}^{s}(\Lambda)=w(w_{0}(\Lambda)-\rho)+\rho+s\sigma$ ,

where $w_{0}$ is the element of $W$ such that $ w_{0}(\triangle)=-\triangle$ , which sends the

highest weight to the lowest weight. Since $S=b_{-1}$ is an irreducible
[-module with highest weight $---=\chi+\pi_{1}-\sigma$ , we have $\langle\chi-\sigma, E\rangle=-1$

and hence $\langle\xi_{w}^{s}(\Lambda), J\rangle=s$ and

$\langle\xi_{w}^{s}(\Lambda), E\rangle=\langle w(w_{0}(\Lambda)-\rho)+\rho, E\rangle+s(1+\langle\chi, E\rangle)$

$=\langle w(w_{0}(\Lambda)-\rho)+\rho, Z\rangle+s(\lambda_{1}+1)$ .

By Kostant’s Theorem (Theorem $B$ ), $H^{p}([_{-}, L^{s}(\Lambda))_{r}\neq 0$ if and only if
$\langle\xi_{w}^{s}(\Lambda), E\rangle=r$ for some $w\in W_{1}^{p}$ .

\S 5. First cohomology of pseudo-product graded Lie algebras

Let 6 be a PPGLA of type $((, S)$ satisfying the condition
$H^{1}(C5)_{0,,,0}=0$ . We use the same notation as in 4.5. By Theorem 4.1,

(5.1) $H^{1}(6)_{r,,,s}\cong H^{1}((_{-}, H^{0}(b_{-}, g)_{s})_{r}\oplus H^{0}(\mathfrak{l}_{-}, H^{1}(b_{-,,,\emptyset})_{s})_{r}$ .

In particular, we see that $H^{1}(6)_{r,,,s}=0$ for $s\leqq-2$ or $s\geqq 2$ . First of
all, we consider $H^{1}(6)_{r,,,-1}$ . By (5.1),

$H^{1}(6)_{r,,,-1}\cong H^{1}(\mathfrak{l}_{-}, b_{-1})_{r}$ .

By Kostant’s Theorem (Theorem $B$ ), we see that

(i) $H^{1}(6)_{r,,,-1}=0$ for $r\geqq 1$ ;
(ii) $H^{1}(6)_{0,,,-1}\neq 0$ if and only if $D([)$ is of type $(A_{l}\times A_{n}, \{\alpha_{1}\})$

and $S$ is an irreducible [-module with highest weight $k\varpi_{l}+\pi_{1}$ .

(cf. [Yat92, pp. 323-324].)

Secondly we consider $H^{1}(6)_{r,,,0}$ . Clearly

$H^{1}(6)_{r,,,0}\cong H^{0}((_{-}, H^{1}(b_{-}, g)_{0})_{r}$ .

Let $\Lambda$ be the highest weight of an irreducible component of the [-module

$H^{1}(b_{-}, g)_{0}$ . Then $\langle\xi_{1}^{0}(\Lambda), E\rangle=\langle w_{0}(\Lambda), \varpi_{i^{\vee}}\rangle$ . If $w_{0}(\Lambda)=\sum_{i=1}^{l}c_{i}\alpha_{i}$
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$(c_{i}\in \mathbb{R})$ , then $c_{i}\leqq 0$ for all $i$ , so $\langle\xi_{1}^{0}(\Lambda), E\rangle\leqq 0$ . By Kostant’s Theorem
(Theorem $B$ ), we obtain that $H^{1}(6)_{r,,,0}=0$ for $r\geqq 1$ .

Thirdly, we consider $H^{1}(6)_{r,,,1}$ . Let $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ be the prolongation

of $\oplus_{p\leq 0}b_{p}$ . Clearly

$H^{1}(6)_{r,,,1}\cong H^{0}([_{-},\check{b}_{1})_{r}$ .

If $dim\check{b}<\infty$ and $\check{b}_{1}\neq 0$ , then $\check{b}$ is simple and the prolongation of 6-
is a simple PPGLA. Hence $H^{1}(6)_{1,,,1}\cong S_{-1}^{*}$ and $H^{1}(6)_{r,,,1}=0(r\neq 1)$ .

If $dim\check{b}=\infty$ , then, by the theorem of Kobayashi and Nagano [KN65],
$\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ is isomorphic to one of $W(n;1)$ and $CH(m;1; 2)$ , where

$n=2m=dimb_{-1}$ . (For the definition of $W(n;1)$ and $CH(m;1; 2)$ ,

see [Yat92].) If $\check{b}\cong W(n;1)$ , then [ is of type $(A_{l}, \{\alpha_{i}\})$ and $S$ is an
irreducible $D([)$-module with highest weight $\varpi_{1}$ . Hence $ H^{1}(6)_{0,,,1}\cong$

$S_{-2}\otimes S^{2}(S_{-1}^{*})$ , $H^{1}(6)_{1,,,1}\cong S_{-1}^{*}$ , and $H^{1}(6)_{r,,,1}=0(r\neq 0,1)$ . If
$\check{b}\cong CH(m;1; 2)$ , then $D([)$ is of type $(C_{l}, \{\alpha_{l}\})$ and $S$ is an irreducible
(-module with highest weight $\varpi_{1}$ . Hence $H^{1}(6)_{0,,,1}\cong L^{-2}(0)\otimes S^{3}(S_{-1}^{*})$ ,

and $H^{1}(6)_{r,,,1}=0(r\neq 0)$ .

We summarize the above results in the following theorem.

Theorem 5.1. Let 6 be a PPGLA of type $((, S)$ satisfying the con-
dition $H^{1}(6)_{0,,,0}=0$ . Let $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ be the prolongation $of\oplus_{p\leq 0}b_{p}$ .

then

(1) $H^{1}(6)_{r,,,s}=0$ for $r\geqq 0$ , $s\neq-1,1$ .

(2) $H^{1}(6)_{r,,,-1}=0$ for $r\geqq 1$ .

(3) $H^{1}(6)_{0,,,-1}\neq 0$ if and $on/y$ if $D(t)$ is of type $(A_{l}\times A_{n}, \{\alpha_{1}\})$ and
$S$ is an irreducible $D(\mathfrak{l})$ -module with highest weight $k\varpi_{l}+\pi_{1}$ .

In this case,

$H^{1}(6)_{0,,,-1}\cong S_{-,,\mu}\otimes S^{\mu}([_{-1}^{*})$ .

(4) If $\check{b}_{1}=0$ , then $H^{1}(6)_{r,,,1}=0$ for all $r$ .

(5) If $dim\check{b}<\infty$ and $\check{b}_{1}\neq 0$ , then

$H^{1}(6)_{r,,,1}\cong\{$

$S_{-1}^{*}$ if $r=1$

0 otherwise.

(6) If $dim\check{b}=\infty$ , then 6 is isomorphic to one of PPGLAs of the
following types:

(i) $D(\downarrow)$ is of type $(A_{l}, \{\alpha_{i}\})(1\leqq i\leqq l)$ and $S$ is an
irreducible $D(\downarrow)$ -module with highest weight $\varpi_{1}$ .

(ii) $D([)$ is of type $(C_{l}, \{\alpha_{l}\})$ and $S$ is an irreducible
$D(t)$ -module with highest weight $\varpi_{1}$ .
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In these cases, we have
(i) If $D([)$ is of type $(A_{l}, \{\alpha_{i}\})(1\leqq i\leqq l)$ and $S$ is an

irreducible $D([)$ -module with highest weight $\varpi_{1}$ , then

$H^{1}(6)_{r,,,1}\cong\{$

$S_{-2}\otimes S^{2}(S_{-1}^{*})$ if $r=0$

$S_{-1}^{*}$ if $r=1$

0 otherwise.

(ii) If $D(1)$ is of type $(C_{l}, \{\alpha\iota\})(l \geqq 2)$ and $S$ is an irre-
ducible $D(()$ -module with highest weight $\varpi_{1}$ , then

$H^{1}(6)_{r,,,1}\cong\{$

$L^{-2}(0)\otimes S^{3}(S_{-1}^{*})$ if $r=0$

0 otherwise.

Corollary 5.1. Let $\mathcal{G}=\oplus_{p\in \mathbb{Z}}\mathcal{G}_{p}$ be the prolongation of 9-. Then
$dim\mathcal{G}=\infty$ if and only if $H^{1}(6)_{0,,,s}\neq 0$ for some $s\neq 0$ .

If $dim\check{b}<\infty$ and $\check{b}_{1}\neq 0$ , then $H^{1}(6)_{1,,,1}\neq 0$ . Now we classify
pseudo-product GLAs 6 of type $(\mathfrak{l}, S)$ such that $H^{1}(6)_{1,,,1}\neq 0$ . Let
$\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ be the prolongation of $(\mathfrak{m}, \mathfrak{g}_{0})$ . The condition $H^{1}(6)_{1,,,1}\neq 0$

implies $g_{1}\neq\epsilon_{1}$ . Then, by Theorem 3.2 [Yat88], $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is a sim-

ple GLA such that $g_{p}=\epsilon_{p}$ for all $p\leqq 0$ . Since the go-module $\epsilon_{0}$ is

completely reducible, there exists a $\emptyset 0^{-}$submodule $\epsilon_{1}^{(1)}$ of $\epsilon_{1}$ such that
$\epsilon_{1}=g_{1}\oplus\epsilon_{1}^{(1)}$ . Since $\epsilon_{1}$ is contragredient to $\epsilon_{-1}$ as a $\epsilon_{0}$ -module, the

go-module $\epsilon_{1}^{(1)}$ is irreducible. Also $\epsilon_{1}^{(1)}$ is contragredient to $S_{-1}$ as a
go-module. For $q\in \mathbb{Z}$ , we put $c_{q}=\{x\in\epsilon|[J, x]=qx\}$ ; then $(c_{q})_{q\in \mathbb{Z}}$

gives a gradation of $\epsilon$ . Note that each $c_{q}$ is $adE$-stable. Since $[g_{1}, g_{1}]=0$

and $g\geqq 1$ is generated by $\epsilon_{1}$ , we have $c_{-1}=S$ , $c_{0}=1$ and $\epsilon_{1}^{(1)}=c_{1}\cap\epsilon_{1}$ .

Since $\epsilon$ is simple, we get $\epsilon=c_{-1}\oplus c_{0}\oplus c_{1}$ . Let $\mathfrak{h}$ be a Cartan subalgebra

of $\epsilon$ such that $E\in \mathfrak{h}$ ; then $J\in \mathfrak{h}\subset\epsilon_{0}$ . Let $\Phi$ be the root system of
$(\epsilon, \mathfrak{h})$ . There exists a simple root system $\Sigma=\{\gamma_{1}, \ldots, \gamma_{l+n+1}\}$ of $(\epsilon, \mathfrak{h}, \Phi)$

such that $\gamma_{j}(E)\geqq 0$ for all $j$ , where $l$
$=rank\hat{\mathfrak{l}}$ and $n$ $=rank3^{\iota}([)\wedge$ . We

assume that $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is of type $(Y_{l+n+1}, \Sigma_{1})$ , $\triangle\subset\Sigma$ and $\triangle_{1}\subset\Sigma_{1}$ .

For $\gamma_{i}\in\Sigma_{1}$ , we denote by $\epsilon_{-1}^{(i)}$ the 90 submodule of $\epsilon_{-1}$ generated by
(i)

$\epsilon_{-,,\gamma_{x}}$ . $\epsilon_{-1}$ is an irreducible $\epsilon_{0}$ submodule of $\epsilon_{-1}$ with highest weight
$-\gamma_{i}$ (cf. [VOG90, Chapter 2, 3.5]). Since $1_{-1}$ and $S_{-1}$ is not isomorphic
to each other as a go-module, there exist $\gamma_{i_{1}}$ , $\gamma_{i_{2}}\in\Sigma_{1}$ satisfying (i)
$\iota_{-1}=\epsilon_{-1}^{(i_{1})}$ and $S_{-1}=\epsilon_{-1}^{(i_{2})}$ or (ii) $[_{-1}=\epsilon_{-1}^{(i_{2})}$ and $S_{-1}=\epsilon_{-1}^{(i_{1})}$ . In partic-
ular, $\Sigma_{1}$ consists of two elements $\gamma_{i_{1}}$ and $\gamma_{i_{2}}$ . We may assume the case
(i). Thus the GLA $\epsilon$ $=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is of type $(Y_{l+n+1}, \{\gamma_{i_{1}}, \gamma_{i_{2}}\})$ and the

GLA $\epsilon=c_{-1}\oplus c_{0}\oplus c_{1}$ is of type $(Y_{l+n+1}, \{\gamma_{i_{2}}\})$ . For each $\gamma_{i}\in\Sigma_{1}$ , we



438 K. Yamaguchi and T. Yatsui

set $\Phi_{p}^{(i)}=$ { $\alpha\in\Phi|m_{i}(\alpha)=p$ and $m_{j}(\alpha)=0$ for $j\in I\backslash \{i\}$ }. Moreover

we set $\Phi^{(i)}=\bigcup_{p\in \mathbb{Z}}\Phi_{p}^{(i)}$ , $\Phi_{+}^{(i)}=\Phi^{(i)}\cap\Phi_{+}$ and $\epsilon^{(i)}=\sum_{\alpha\in\Phi^{(i)}}\epsilon^{\alpha}+\mathfrak{h}$ .

Since $\Phi^{(i)}=-\Phi^{(i)}$ , we know that $\epsilon^{(i)}$ is a reductive graded subal-
gebra of $\epsilon$ (cf. [Bou75, Chapter 8, \S 3, no. 4, Proposition 2]), which

we write $\epsilon^{(i)}=\oplus_{p\in \mathbb{Z}}\epsilon_{p}^{(i)}$ . Then $\epsilon^{(i)}=D(\epsilon^{(i)})\oplus 3(\epsilon^{(i)})$ , $\epsilon_{0}^{(i)}=\epsilon_{0}$ ,

$\epsilon_{-1}^{(i)}=\sum_{\alpha\in\Phi_{-1}^{(i)}}\epsilon^{\alpha}$ and $\epsilon_{-1}=\oplus_{i\in I}\epsilon_{-1}^{(i)}$ . Since $[\epsilon_{-1}^{(i)}, \epsilon_{-1}^{(i)}]=0$ , $\Phi_{p}^{(i)}=\emptyset$ for

$|p|>2$ . Clearly $\Phi^{(?)}$

.

is a root system of $(\epsilon^{(i)}, \mathfrak{h})$ . We set $\Sigma^{(i)}=\Sigma\cap\Sigma^{(i)}$ .

Since $\langle\alpha, h\rangle=0$ for all $\alpha\in\Phi^{(i)}$ and $h\in 3(\epsilon^{(?)}.)$ , we see that $\Sigma^{(?)}$

.

is a
system of simple roots of $\Phi^{(i)}$ (cf. [Bou75, Chapter 8, \S 1, no. 7, Corol-
lary 3 to Proposition 20]). Here we extend the definition of a root system
and a system of simple roots, etc. to the cases of reductive Lie algebras
(cf. Chapter 8, \S 2 in [Bou75]). Thus the derived subalgebra $D(\epsilon^{(i)})$ of

$\epsilon^{(i)}$ is a semisimple Lie algebra whose Dynkin diagram is the subdia-
gram of $Y_{l+n+1}$ consisting of the vertices $(\{1, \ldots, l+n+1\}\backslash I)\cup\{i\}$ . In

particular, $\hat{\epsilon}^{(i)}$ is a simple Lie algebra whose Dynkin diagram $Y_{l+n+1}^{(i)}$ is

the connected component containing $\{i\}$ of the diagram of $D(\epsilon^{(i)})$ . Let
$\theta$ (resp. $\theta^{(i)}$ ) be the highest root of $\epsilon$ (resp. $\epsilon^{(i)}$ ). Then, for $\alpha\in\Phi_{+}$

and $\beta\in\Phi_{+}^{(i)}$ , we have $m_{j}(\alpha)\leqq m_{j}(\theta)$ for all $j$ and $m_{k}(\beta)\leqq m_{k}(\theta^{(i)})$

for all $k$ , so $\theta\in\Phi_{\mu}$ and $\theta^{(i)}\in\Phi_{\mu_{i}}$ , where $\mu$ (resp. $\mu_{i}$ ) is the depth

of 5 (resp. $\epsilon^{(i)}$ ). Thus $\mu=\sum_{i\in I}m_{i}(\theta)$ and $\mu_{i}=m_{i}(\theta^{(?)}.)$ . Since
$[\mathfrak{l}_{-1}, \mathfrak{l}_{-1}]=[S_{-1}, S_{-1}]=0$ , we see that $\mu_{i}=1$ for all $i$ . Also since
$[c_{-1}, c_{-1}]=0$ , $m_{i_{2}}(\theta)=1$ . Hence $(Y_{l+n+1}, \Sigma_{1})$ is one of the following
types:

$(A_{l+n+1}, \{\gamma_{i}, \gamma_{l+1}\})(n\geqq 0,1\leqq i\leqq l)$ , $(B_{l+1}, \{\gamma_{1}, \gamma_{2}\})(l \geqq 2)$ ,

$(C_{l+1}, \{\gamma_{i}, \gamma_{l+1}\})(l \geqq 1,1\leqq i\leqq l)$ , $(D_{l+1}, \{\gamma_{1}, \gamma_{2}\})(l \geqq 3)$ ,

$(D_{l+1}, \{\gamma_{i}, \gamma_{l+1}\})(l \geqq 3,1\leqq i\leqq l)$ ,

$(E_{6}, \{\gamma_{1}, \gamma_{6}\})$ , $(E_{6}, \{\gamma_{1}, \gamma_{2}\})$ , $(E_{6}, \{\gamma_{1}, \gamma_{3}\})$ ,

(E7, $\{\gamma_{1}$ , $\gamma_{7}\}$ ), $(E_{7}, \{\gamma_{6}, \gamma_{7}\})$ .

Summarizing the above discussion, we obtain the following answer
for our problem (A) cited in \S 2.

Theorem 5.2. Let 6 be a pseudo-product $GLA$ of type $([, S)$ satis-

fying the condition $H^{1}(6)_{0,,,0}=0$ . Let $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ be the prolongation
$of\oplus_{p<0}b_{p}$ . Then $9=\oplus_{p\in \mathbb{Z}}g_{p}$ is the prolongation of $\mathfrak{m}=\oplus_{p<0}g_{p}$

except for the following three cases.

(a) $dim\check{b}<\infty$ and $\check{b}_{1}\neq 0$ ( $b\vee$ : simple)
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$D(1)$ $\triangle_{1}$ $b_{-1}$ $Y_{l+n+1}$ $\Sigma_{1}$

$A_{l}$ $\times A_{n}$ $\{\alpha_{i}\}$ $\varpi\iota+\pi_{1}$ $A_{l+n+1}$ $\{\gamma_{i}, \gamma_{l+1}\}$

$Al$ $\{\alpha_{i}\}$ $2\varpi l$ $C_{l+1}$ $\{\gamma_{i}, \gamma_{l+1}\}$

$A_{l}$ $(l\geqq 3)$ $\{\alpha_{i}\}$
$\varpi_{l-1}$ $D_{l+1}$ $\{\gamma_{i}, \gamma_{l+1}\}$

$B_{l}$ $(l\geqq 2)$ $\{\alpha_{1}\}$
$\varpi_{1}$ $B_{l+1}$ $\{\gamma_{1}, \gamma_{2}\}$

$D_{l}$ $(l\geqq 4)$ $\{\alpha\iota\}$
$\varpi_{1}$ $D_{l+1}$ $\{\gamma_{1}, \gamma_{l+1}\}$

$D_{l}$ $(l\geqq 4)$ $\{\alpha_{1}\}$
$\varpi_{1}$ $D_{l+1}$ $\{\gamma_{1}, \gamma_{2}\}$

$D5$ $\{\alpha_{5}\}$
$\varpi_{5}$ $E_{6}$ $\{\gamma_{1}, \gamma_{3}\}$

$D5$ $\{\alpha_{4}\}$
$\varpi_{5}$ $E_{6}$ $\{\gamma_{1}, \gamma_{2}\}$

$D5$ $\{\alpha_{1}\}$
$\varpi_{5}$ $E_{6}$ $\{\gamma_{1}, \gamma_{6}\}$

$E_{6}$ $\{\alpha_{1}\}$
$\varpi_{6}$ $E_{7}$ $\{\gamma_{1}, \gamma_{7}\}$

$E_{6}$ $\{\alpha_{6}\}$
$\varpi_{6}$ $E_{7}$ $\{\gamma_{6}, \gamma_{7}\}$

In this case $(Y_{l+n+1}, \Sigma_{1})$ is the prolongation of $\mathfrak{m}$ except for
$(A_{l+n+1}, \{\gamma_{1}, \gamma_{l+1}\})$ and $(C_{l+1}, \{\gamma_{1}, \gamma_{l+1}\})$ . Moreover the latter
two are the prolongations of $(\mathfrak{m}, g_{0})$ .

(b) $dim\check{b}=\infty$

In $(C_{l}, \{\alpha_{l}\})$ case $\mu=2$

$S_{-2}=V^{*}$ , $S_{-1}=V$, $t_{-1}=S^{2}(V^{*})$ ,

$\mathfrak{l}_{0}=V\otimes V^{*}\oplus \mathbb{C}$ , $\downarrow 1=S^{2}(V)$ .

(c) $g$ is a pseudo-projective $GLA$ , $i.e.$ , $D(t)=(A_{l}\times A_{n}, \{\alpha_{1}\})$ ,
$---=k\varpi_{l}+\pi_{1}$ , $(k\geqq 2, n\geqq 1)$ , or $D([)=(A_{l}, \{\alpha_{1}\}),$ $\chi=k\varpi_{l}$ ,
$(k\geqq 3, n=0)$

$S_{-,,\mu}=W$, $S_{p}=W\otimes S^{\mu+p}(V^{*})(-\mu<p<0)$ ,

$[_{-1}=V$, $1_{0}=g\mathfrak{l}(V)\oplus g((W),$ $\mathfrak{l}_{1}=V^{*}$ ,

where $\mu=k+1$ , $dimV=l$ and $dimW=n+1$ .

In this case $g$ is the prolongation of $(\mathfrak{m}, \emptyset o)$ .
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\S 6. Second cohomology of pseudo-product graded Lie algebras

Let 6 be a PPGLA of type $(\mathfrak{l}, S)$ satisfying the condition
$H^{1}(6)_{o,,,0}=0$ . We use the same notation as in \S 4. We define elements
$\{\alpha_{i}^{\vee}\}$ and $\{\varpi_{i}^{\vee}\}$ of $\hat{\mathfrak{l}}\cap \mathfrak{h}$ by $\langle\alpha_{j}, \alpha_{i}^{\vee}\rangle=a_{ij}$ and $\langle\varpi_{i}^{\vee}, \alpha_{j}\rangle=\delta_{ij}$ , where $(a_{ij})$

is the Cartan matrix of $\hat{(}$ . Also let $\{r_{1}, \ldots, r_{l}\}$ be the set of fundamental

reflections of $\hat{[}$ . Also we assume $\chi=\sum_{i=1}^{l}m_{i}\varpi_{i}(m_{i}\in \mathbb{Z})$ .

6.1. Computation of $H^{2}(\mathfrak{G})_{r,-1}$

By Theorem 4.1,

$H^{2}(6)_{r,,,-1}\cong H^{2}(t_{-}, b_{-1})_{r}$ .

Note that $H^{2}(6)_{r,,,-1}=0$ for all $r$ provided that $(X_{l}, \triangle_{1})=(A_{1}, \{\alpha_{1}\})$ .

Since $\triangle_{1}$ is the form $\{\alpha_{i}\}$ , an element of $W_{1}^{2}$ becomes the form $\{r_{i}r_{k}\}$ ,
where $k\neq i$ and $\langle\alpha_{k}, \alpha_{\check{i}}\rangle\neq 0$ . Then

$\langle\xi_{r_{i}r_{k}}^{-1}(\chi), E\rangle=\langle w_{0}(\chi)-\chi, \varpi_{i}^{\vee}\rangle-\langle w_{0}(\chi), \alpha_{i}^{\vee}-\langle\alpha_{k}, \alpha_{i}^{\vee}\rangle\alpha_{\check{k}}\rangle-\langle\alpha_{k}, \alpha_{i}^{\vee}\rangle$

We compute $\langle\xi_{r_{i}r_{k}}^{-1}(\chi), E\rangle$ by a case by case analysis. For convenience,

we put $\xi_{r_{i}r_{k}}=\xi_{r_{i}r_{k}}^{-1}(\chi)$ .

Case 1: Take $(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{1}\})(l\geqq 2)$ . Then $W_{1}^{2}=\{r_{1}r_{2}\}$

and

$\langle\xi_{r_{1}r_{2}}, E\rangle=-\sum_{j=1}^{l-2}m_{j}+1$ .

Case 2: Take $(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{i}\})(1<i\leqq[(l+1)/2])$ . Then
$W_{1}^{2}=\{r_{i}r_{i-1}, r_{i}r_{i+1}\}$ and

$\langle\xi_{r_{i}r_{i-1}}, E\rangle=-\sum_{j=1}^{i-1}jm_{j}-\sum_{j=i}^{l-i}im_{j}-(i-1)m_{l-i+1}$

$-(i-2)m_{l-i+2}-\sum_{j=l-i+3}^{l}(l-j+1)m_{j}+1$ ,

$\langle\xi_{r_{i}r_{i+1}}, E\rangle=-\sum_{j=1}^{i-1}jm_{j}-\sum_{j=i}^{l-j-1}im_{j}-(i-1)m_{l-i}$

$-(i-1)m_{l-i+1}-\sum_{j=l-i+2}^{l}(l-j+1)m_{j}+1$ .
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Case 3: Take $(X_{l}, \triangle_{1})=(B_{l}, \{\alpha_{1}\})(l\geqq 3)$ . Then $W_{1}^{2}=\{r_{1}r_{2}\}$

and

$\langle\xi_{r_{1}r_{2}}, E\rangle=-m_{1}-m_{2}-2\sum_{j=3}^{l-1}m_{j}-m\iota+1$ .

Case 4: Take $(X_{l}, \triangle_{1})=(C_{l}, \{\alpha_{l}\})(l\geqq 2)$ . Then $W_{l}^{2}=\{r_{l}r_{l-1}\}$

and

$\langle\xi_{r_{l}r_{l-1}}, E\rangle=-\sum_{j=1}^{l-2}jm_{j}-(l-2)m_{l-1}-(l-1)m_{l}+1$ .

Case 5: Take $(X_{l}, \triangle_{1})=(D_{l}, \{\alpha_{1}\})(l\geqq 4)$ . Then $W_{1}^{2}=\{r_{1}r_{2}\}$

and

$\langle\xi_{r_{1}r_{2}}, E\rangle=-m_{1}-m_{2}-2\sum_{j=3}^{l-2}m_{j}-m_{l-1}-m_{l}+1$ .

Case 6: Take $(X_{l}, \triangle_{1})=(D_{l}, \{\alpha_{l-1}\})(l\geqq 5)$ . Then $W_{1}^{2}=$

$\{r_{l-1}r_{l-2}\}$ and

$\langle\xi_{r_{l-1}r_{l-2}}, E\rangle=-\sum_{j=1}^{l-3}jm_{j}-(l-3)m_{l-2}-\frac{1}{2}(l-2-\delta_{0})m_{l-1}$

$-\frac{1}{2}(l-2+\delta_{0})m_{l}+1$ ,

where $\delta_{0}=0$ if $l$ is an even number and $\delta_{0}=1$ if $l$ is an odd
number.

Case 7: Take $(X_{l}, \triangle_{1})=(E_{6}, \{\alpha_{1}\})$ . Then $W^{2}(\alpha_{1})=\{r_{1}r_{3}\}$ and

$\langle\xi_{r_{1}r_{3}}, E\rangle=-m_{1}-2m_{2}-2m_{3}-4m_{3}-3m_{5}-2m_{6}+1$ .

Case 8: Take $(X_{l}, \triangle_{1})=(E_{7}, \{\alpha_{7}\})$ . Then $W^{2}(\alpha_{7})=\{r_{7}r_{6}\}$ and

$\langle\xi_{r_{7}r_{6}}, E\rangle=-2m_{1}-3m_{2}-4m_{3}-6m_{4}-5m_{5}-3m_{6}-2m_{7}+1$ .

Hence we obtain the following proposition

Proposition 6.1.

(1) $H^{2}(6)_{r,,,-1}=0$ for all $r\geqq 2$ .

(2) $H^{2}(6)_{1,,,-1}\neq 0$ if and only if the sequence $(X_{l}, \triangle_{1}, \lambda)$ is one of
the following

$(A_{l}, \{\alpha_{1}\}, j\varpi_{l-1}+k\varpi_{l})$ $(l \geqq 2, j, k\geqq 0, j+k\geqq 1)$ ,

$(A_{l}, \{\alpha_{2}\}, k\varpi_{l})$ $(l \geqq 3, k\geqq 1)$ , $(C_{2}, \{\alpha_{2}\}, k\varpi_{1})$ $(k\geqq 1)$
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6.2. Computation of $H^{2}(\mathfrak{G})_{r,0}$

By Theorem 4.1,

$H^{2}(6)_{r,,,0}\cong H^{1}([_{-}, H^{1}(b_{-}, g)_{0})_{r}$ .

and
$ch_{1}(H^{1}(b_{-}, g)_{0})=ch_{1}(b_{-1}\otimes b_{-1}^{*})-ch_{1}(b_{0})$

$=ch_{t}(\epsilon[(T))ch_{1}(g\mathfrak{l}(U))-ch_{\mathfrak{l}}(\hat{1})$ .

Note that $H^{1}(b_{-}, g)_{0}=0$ if and only if $D([)=\hat{[},$ $X_{l}=A_{l}$ and $\chi=\varpi_{1}$

or $\varpi_{l}$ . Hence we may assume that $H^{1}(b_{-}, g)_{0}\neq 0$ . Let $\Lambda$ be the highest
weight of an irreducible component of $H^{1}(b_{-}, g)_{0}$ ; then $\langle\Lambda, \alpha_{\check{j}}\rangle>0$ for

some $j$ . Assume that $\triangle_{1}=\{\alpha_{i}\}$ . Then $W_{1}^{1}=\{r_{i}\}$ and

$\langle\xi_{r_{i}}^{0}(\Lambda), E\rangle=\langle w_{0}(\Lambda), \varpi_{i}^{\vee}-\alpha_{i}^{\vee}\rangle+1$ .

By the table of [Bou68], $\langle\varpi_{j}, \varpi_{\check{i}}-\alpha_{\check{i}}\rangle\geq 0$ for all $j$ except for the case
when $(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{1}\})$ or $(A_{l}, \{\alpha_{l}\})$ . Also $\langle\varpi_{j}, \varpi_{\check{i}}-\alpha_{\check{i}}\rangle>0$ for all
$j$ if $(X_{l}, \triangle_{1})$ is one of $(A_{l}, \{\alpha_{i}\})(l\geqq 4,1<i\leqq[(l+1/2)])$ , $(C_{l}, \{\alpha\iota\})$

$(l \geqq 3)$ , $(D_{l}, \{\alpha_{l-1}\})(l\geqq 5)$ , $(E_{6}, \{\alpha_{1}\})$ , $(E_{7}, \{\alpha_{7}\})$ .

Now we consider the case when $(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{1}\})$ . Following
[Fis81], we first decompose $T\otimes T^{*}$ into irreducible $\epsilon[(l+1, \mathbb{C})$ -modules.
Since $T$ is an irreducible $\epsilon 1(l+1, \mathbb{C})$ -module with highest weight
$\lambda=\sum_{i=1}^{l}m_{i}\varpi_{i}$ , $T^{*}$ is an irreducible $\epsilon \mathfrak{l}(l+1, \mathbb{C})$ -module with high-

est weight $\sum_{i=1}^{l}m_{l-i+1}\varpi_{i}$ . Let $\hat{T}$ be a Young tableau corresponding
to $T$ , that is, a collection of boxes, arranged in left-justified rows, with
$\sum_{i=1}^{k}m_{i}$ boxes in the $k$-th row. Let $\hat{T}^{*}$ be a Young tableau correspond-

ing to $T^{*}$ . We add $s_{1}^{(1)}$ boxes of the top row in $\hat{T}^{*}$ to the end of the

top row in $\hat{T}$ ; then we add $s_{2}^{(1)}$ boxes of the top row in $\hat{T}^{*}$ to the end

of the second row in $\hat{T}$ , etc. Next we add $s_{2}^{(2)}$ boxes of the second row

in $\hat{T}^{*}$ to the end of the second row in $\hat{T}$ ; then we add $s_{3}^{(2)}$ boxes of

the second row in $\hat{T}^{*}$ to the end of the third row in $\hat{T}$ , etc. Repeating
this procedure, we get a Young tableau corresponding to an irreducible
$\epsilon I(l+1, \mathbb{C})$ -submodule of $T\otimes T^{*}$ with highest weight

$\Lambda=\sum_{p=1}^{l}(m_{p}+\sum_{i=1}^{p+1}(s_{p}^{(i)}-s_{p+1}^{(i)}))\varpi_{p}$ .

where $s_{i}^{(l+1)}=0$ for all $i$ and $s_{p}^{(k)}=0$ for $k>p$ . Also, in this proce-
dure, we must impose Rules 1, la and 2 in [Fis81]. Hence the following
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conditions must be satisfied:

$\sum_{i=1}^{l-p+1}m_{i}=\sum_{i=1}^{l+1}s_{i}^{(p)}$ , $(1\leqq p\leqq l)$ ,

$\sum_{i=1}^{j}s_{p}^{(i)}\leqq m_{p-1}+\sum_{i=1}^{j-1}s_{p-1}^{(i)}$ $(1\leqq j\leqq p, 2\leqq p\leqq l+1)$ ,

$\sum_{i=1}^{l}s_{i}^{(j)}\leqq\sum_{i=1}^{l-1}s_{i}^{(j-1)}$ $(1\leqq j\leqq l)$ .

From these inequalities, we have

$\sum_{i=1}^{l}s_{l}^{(i)}\leqq\min\{\sum_{i=1}^{l}m_{i}$ , $2m_{1}+\sum_{i=2}^{l-1}m_{i}\}$ .

Thus

$\langle\xi_{r_{1}}^{0}(\Lambda), E\rangle=-\sum_{j=1}^{l-1}m_{j}+\sum_{i=1}^{l}s_{l}^{(i)}+1\leqq\min\{m_{1}, m_{l}\}+1$ .

Hence we obtain the following proposition.

Proposition 6.2.

(1) $H^{2}(6)_{r,,,0}$ $=$ 0 for $r$ $\geqq$ 2 except for the case when
$(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{1}\})$ .

(2) $H^{2}(6)_{1,,,0}=0$ except when $(X_{l}, \triangle_{1})$ is one of $(A_{l}, \{\alpha_{1}\})(l\geqq 1)$ ,
$(A_{3}, \{\alpha_{2}\})$ , $(B_{l}, \{\alpha_{1}\})(l\geqq 2)$ or $(D_{l}, \{\alpha_{1}\})(l\geqq 4)$ .

(3) If $(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{1}\})$ , the we see that $H^{2}(6)_{r,,,0}=0$ for
$r\geqq\min\{m_{1}, m_{l}\}+2$ .

Remark 6. 1.

(1) The contents of (1) and (2) in Proposition 6.2 were first observed
by Y. Se-ashi (see Theorem 2 [SYY97]), which essentially con-
stitutes the proof of Theorem A in 3.1.

(2) Let $(X_{l}, \triangle_{1})=(A_{3}, \{\alpha_{2}\})$ . We set

$\Gamma(\lambda)=\{(a, b, c)\in(\mathbb{Z})^{3}\geqq 0|a\neq 0,ab\leqq m_{2}$

,
$m_{1}-m_{3}\leqq c\leqq+b+c=m_{1}+m_{1}m_{2}\}$ .

Let $M$ be the sum of irreducible components of the
$\wedge$

[-module

$\epsilon t(T)$ with highest weight $\Lambda$ such that $\langle\xi_{r_{2}}^{0}(\Lambda), E\rangle=1$ . We
get $ch_{1}(M)=\sum_{a}n_{a}ch_{[}(L(2a\varpi_{2}))$ , by using the Young tableau
method, where $n_{a}$ $=$ $\#\{(b, c) | (a, b, c) \in \Gamma(\lambda)\}$ . Hence
$H^{2}(6)_{1,,,0}=0$ if and only if $\Gamma(\lambda)=\emptyset$ .
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6.3. Computation of $H^{2}(6)_{r,,,s}(s=1,2)$

By Theorem 4.1,

$H^{2}(6)_{r,,,1}\cong H^{0}(1_{-}, H^{2}(b_{-}, g)_{1})_{r}\oplus H^{1}(\mathfrak{l}_{-}, H^{1}(b_{-}, g)_{1})_{r}$ ,

$H^{2}(6)_{r,,,2}\cong H^{0}(1_{-}, H^{2}(b_{-}, g)_{2})_{r}$ .

6.3.1. The case $H^{1}(6)_{1,,,1}\neq 0$ . In this case, $g$ $=\oplus_{p\in \mathbb{Z}}g_{p}$ is a para-

bolic graded subalgebra of a finite dimensional SGLA $\epsilon$ $=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ such

that $g_{p}=\epsilon_{p}$ for all $p\leqq 0$ .

Theorem 6.1. Under the above assumption, we have

(1) $H^{2}(6)_{r,,,s}\cong H^{2}(\mathfrak{m},\epsilon)_{r,,,s}(s=-1,0)$ , where $\mathfrak{m}=\oplus_{p<0}g_{p}$ .

(2) $H^{2}(6)_{r,,,1}\cong H^{2}(\mathfrak{m},\epsilon)_{r,,,1}\oplus H^{1}(t_{-}, b_{-1}^{*})_{r}$ .

(3) $H^{2}(6)_{r,,,2}\cong H^{2}(\mathfrak{m},\epsilon)_{r,,,2}\oplus H^{0}(\mathfrak{l}_{-}, b_{-1}^{*}\otimes b_{-1}^{*})_{r}$ .

Proof. There exits a gradation $(c_{q})_{q\in \mathbb{Z}}$ of $\epsilon$ such that $b_{q}=c_{q}$ for
all $q\leqq 0$ . We remark that

2

$H^{2}(\mathfrak{m},\epsilon)_{r,,,s}\cong\oplus H^{2-i}(\mathfrak{l}_{-}, H^{i}(b_{-},\epsilon)_{s})_{r,,,s}i=0$
.

The proof is similar to that of Theorem 4.1.
The statement of (1) is easy to check. We consider the following

sequence

$0\rightarrow c_{1}\rightarrow Hom(b_{-1}, b_{0})\overline{\delta}_{0}\rightarrow Hom\delta_{1}(\wedge^{2}b_{-1},$ $b_{-1})\rightarrow 0$ ,

where $\tilde{\delta}_{0}$ is the coboundary operator $\tilde{\delta}_{0}$ : $C^{0}$ $(c_{-}, \epsilon)_{1}\rightarrow C^{1}$ $(c_{-},\epsilon)_{1}$ . Since
$\tilde{\delta}_{0}$ is injective, we see that $H^{1}(b_{-}, g)_{1}\cong c_{1}\oplus H^{1}(b_{-},\epsilon)_{1}$ . Also, since $c_{1}$

is isomorphic to $b_{-1}^{*}$ as a $b_{0}$ -module,

$H^{2}(6)_{r,,,1}\cong H^{2}(\mathfrak{m},\epsilon)_{r,,,1}\oplus H^{1}(1_{-}, b_{-1}^{*})_{r}$ ,

which proves (2). Next consider the following sequence

$0\rightarrow Hom(b_{-1}, c_{1})\rightarrow Hom\overline{\delta}_{1}(\wedge^{2}b_{-1},$ $b_{0})\rightarrow Hom\delta_{2}(\wedge^{3}b_{-}$ , $b_{-1})\rightarrow 0$ ,

where $\tilde{\delta}_{1}$ is the coboundary operator $\tilde{\delta}_{1}$ : $C^{1}$
$(c_{-}, \epsilon)_{2}$

$\rightarrow C^{2}$
$(c_{-}, \epsilon)_{2}$ .

Since $\tilde{\delta}_{1}$ is injective, we see that $Ker\delta_{2}$ is isomorphic to $ H^{2}(b_{-}, g)_{s}\oplus$

$Hom(b_{-1}, c_{1})$ . Since $c_{1}$ is isomorphic to $b_{-1}^{*}$ , we get

$H^{2}(6)_{r,,,2}\cong H^{2}(\mathfrak{m},\epsilon)_{r,,,2}\oplus H^{0}(t_{-}, b_{-1}^{*}\otimes b_{-1}^{*})_{r}$ ,
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which proves (3). Q.E.D.

By the above theorem, we need to decompose the $b_{0}- modu1e\otimes^{2}b_{-1}^{*}$ into
irreducible $b_{0}$-modules. By the table in (1) of Theorem 5.2 and the table
of [OV90], we get the Table 1 of the irreducible decomposition of the
$b_{0}- modu1e\otimes^{2}b_{-1}^{*}$ .

By Table 1 and Kostant theorem, we get the following theorem.

Theorem 6.2. Let 6 be a pseudo-product $GLA$ of type $(1, S)$

such that: (i)
$\wedge$

( is an SGLA of type $(X_{l}, \triangle_{1});(ii)S$ is an irreducible
$D(1)$ -module with highest $weight---;(iii)H^{1}(6)_{1,,,1}\neq 0$ . Then the follow-
ing are the triplet $(D(\mathfrak{l}), \triangle_{1-},--)$ and the set of $r$ such that $H^{2}(6)_{r}\neq 0$

$(r\geqq 1)$ .

(1) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{1}, \{\alpha_{1}\}, \varpi_{1}),$ $r=2,3,4$ .

(2) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{1}\times A_{1}, \{\alpha_{1}\}, \varpi_{1}+\pi_{1}),$ $r=1,2,3$ .

(3) $(D(1), \triangle_{1}, \Lambda_{-1})=(A_{1}\times A_{n}, \{\alpha_{1}\}, \varpi_{1}+\pi_{1})(n\geqq 2)$ , $r=2,3$ .

(4) $(D(1), \triangle_{1}, \Lambda_{-1})=(A_{l}\times A_{n}, \{\alpha_{1}\}, \varpi_{l}+\pi_{1})(l\geqq 2, \leqq n\leqq 0)$ ,

$r=1,2$ .

(5) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{l}\times A_{n}, \{\alpha_{2}\}, \varpi_{l}+\pi_{1})(l\geqq 3, n\leqq 0)$ ,
$r=1,2$ .

Table 1
$D(1)$ $\triangle_{1}$

$\cup--$
$b_{-1}^{*}$ $\otimes^{2}b_{-1}^{*}$

$A_{l}$ $\times A_{n}$ $\{\alpha_{i}\}$ $\varpi\iota+\pi_{1}$ $\varpi_{1}+\pi_{n}$ $2\varpi_{1}$ , $\varpi_{2}$ $(mod \pi_{n}, \pi_{n-1})$

$Al$ $\{\alpha_{i}\}$ 2 $\varpi l$
$2\varpi_{1}$ $4\varpi_{1}$ , $2\varpi_{2}$ , $2\varpi_{1}+\varpi_{2}$

$A_{l}$ $(l\geqq 3)$ $\{\alpha_{i}\}$
$\varpi_{l-1}$ $\varpi_{2}$

$2\varpi_{2}$ , $\varpi_{4}$ , $\varpi_{1}+\varpi_{3}$

$B_{2}$ $\{\alpha_{1}\}$
$\varpi_{1}$ $\varpi_{1}$ 0, $2\varpi_{2}$ , $2\varpi_{1}$

$B_{l}$ $(l\geqq 3)$ $\{\alpha_{1}\}$
$\varpi_{1}$ $\varpi_{1}$ 0, $\varpi_{2}$ , $2\varpi_{1}$

$D_{l}$ $(l\geqq 4)$ $\{\alpha_{l}\}$
$\varpi_{1}$ $\varpi_{1}$ $0,\varpi_{2}$ , $2\varpi_{1}$

$D_{l}$ $(l\geqq 4)$ $\{\alpha_{1}\}$
$\varpi_{1}$ $\varpi_{1}$ 0, $\varpi_{2}$ , $2\varpi_{1}$

$D5$ $\{\alpha_{5}\}$
$\varpi_{5}$ $\varpi_{4}$

$2\varpi_{4}$ , $\varpi_{3}$ , $\varpi_{1}$

$D5$ $\{\alpha_{4}\}$
$\varpi_{5}$ $\varpi_{4}$

$2\varpi_{4}$ , $\varpi_{3}$ , $\varpi_{1}$

$D5$ $\{\alpha_{1}\}$
$\varpi_{5}$ $\varpi_{4}$

$2\varpi_{4}$ , $\varpi_{3}$ , $\varpi_{1}$

$E_{6}$ $\{\alpha_{1}\}$
$\varpi_{6}$ $\varpi_{1}$ $\varpi_{3}$ , $2\varpi_{1}$ , $\varpi_{6}$

$E_{6}$ $\{\alpha_{6}\}$
$\varpi_{6}$ $\varpi_{1}$ $\varpi_{3}$ , $2\varpi_{1}$ , $\varpi_{6}$
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(6) $(D(1), \triangle_{1}, \Lambda_{-1})=(A_{l}\times A_{n}, \{\alpha_{i}\}, \varpi_{l}+\pi_{1})$

$(3\leqq i\leqq l-1, 0\leqq n\leqq 1)$ , $r=1,2$ .

(7) $(D(\mathfrak{l}), \triangle_{1}, \Lambda_{-1})=(A_{l}\times A_{n}, \{\alpha_{i}\}, \varpi_{l}+\pi_{1})(3\leqq i\leqq l-1,2\leqq n)$ ,
$r=2$ .

(8) $(D(\mathfrak{l}), \triangle_{1}, \Lambda_{-1})=(A_{2}, \{\alpha_{2}\}, \varpi_{2})$ , $r=1,2,3$ .

(9) $(D(\downarrow), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{l}\}, \varpi_{l})(l \geqq 3)$ , $r=2,3$ .

(10) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{l}\times A_{n}, \{\alpha_{l}\}, \varpi_{l}+\pi_{1})(l\geqq 2, n\geqq 1)$ ,

$r=1,2,3$ .

(11) $(D(t), \triangle_{1}, \Lambda_{-1})=(A_{1}, \{\alpha_{1}\}, 2\varpi_{1})$ , $r=2,3,4$ .

(12) $(D(t), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{1}\}, 2\varpi_{l})(l\geqq 2)$ , $r=1,2$ .

(13) $(D((), \triangle_{1}, \Lambda_{-1})=(A_{2}, \{\alpha_{2}\}, 2\varpi_{2}),$ $r=1,2,3,4$ .

(14) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{2}\}, 2\varpi_{l})(l\geqq 3),$ $r=1,2$ .

(15) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{l}\}, 2\varpi_{l})(l\geqq 3),$ $r=1,2,3,4$ .

(16) $(D(\mathfrak{l}), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{2}\}, 2\varpi_{l})(l\geqq 3,3\leqq i\leqq l-1)$ , $r=2$ .

(17) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{3}, \{\alpha_{1}\}, \varpi_{2}),$ $r=1,2,3$ .

(13) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{3}, \{\alpha_{2}\}, \varpi_{2}),$ $r=1,2,3,4$ .

(18) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{1}\}, \varpi_{l-1})(l \geqq 4)$ , $r=1,2,3$ .

(20) $(D([), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{i}\}, \varpi_{l-1})(2\leqq i\leqq l-3),$ $r=2,3$ .

(21) $(D(t), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{l-2}\}, \varpi_{l-1})$ , $r=2,3$ .

(22) $(D(\mathfrak{l}), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{l-1}\}, \varpi_{l-1})(l \geqq 4)$ , $r=2,3,4$ .

(23) $(D(1), \triangle_{1}, \Lambda_{-1})=(A_{l}, \{\alpha_{l}\}, \varpi_{l-1})(l \geqq 4)$ , $r=2,3$ .

(24) $(D(1), \triangle_{1}, \Lambda_{-1})=(B_{l}, \{\alpha_{1}\}, \varpi_{1})(l \geqq 2)$ , $r=1,2,3,4$
(25) $(D(1), \triangle_{1}, \Lambda_{-1})=(D_{l}, \{\alpha_{l}\}, \varpi_{1})(l \geqq 4)$ , $r=1,2,3$ .

(26) $(D([), \triangle_{1}, \Lambda_{-1})=(D_{l}, \{\alpha_{1}\}, \varpi_{1})(l \geqq 4)$ , $r=1,2,3,4$ .

(27) $(D([), \triangle_{1}, \Lambda_{-1})=(D_{5}, \{\alpha_{5}\}, \varpi_{5}),$ $r=2,3,4$ .

(28) $(D(1), \triangle_{1}, \Lambda_{-1})=(D_{5}, \{\alpha_{4}\}, \varpi_{5})$ , $r=2,3$ .

(29) $(D(\mathfrak{l}), \triangle_{1}, \Lambda_{-1})=(D_{5}, \{\alpha_{1}\}, \varpi_{5})$ , $r=2$ .

(30) $(D(\mathfrak{t}), \triangle_{1}, \Lambda_{-1})=(E_{6}, \{\alpha_{1}\}, \varpi_{6})$ , $r=2$ .

(31) $(D([), \triangle_{1}, \Lambda_{-1})=(E_{6}, \{\alpha_{6}\}, \varpi_{6}),$ $r=2,3,4$ .

In this case, by Theorem 5.2, $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is the prolongation of
$\mathfrak{m}$ or $(\mathfrak{m}, g_{0})$ . Hence we include the following theorem (Proposition 6.2
[Yam99] $)$ for $H^{2}(\mathfrak{m}, \epsilon)$ .

Theorem 6.3. Let 6 be a pseudo-product $GLA$ of type $(I, S)$

such that: (i)
$\wedge$

[ is an SGLA of type $(X_{l}, \triangle_{1});(ii)S$ is an irreducible
$D([)$ -module with highest weight—; (iii) $H^{1}(6)_{1,,,1}\neq 0$ . Then the follow-
ing are the triplet $(D([), \triangle_{1,\cup}--)$ and the set of $r$ such that $H^{2}(\mathfrak{m}, \epsilon)_{r}\neq 0$

$(r\geqq 1)$ .

(1) $(D([), \triangle_{1\cup},--)=(A_{1}, \{\alpha_{1}\}, \varpi_{1}),$ $r=4$ .

(2) $(D(t), \triangle_{1,-}--)=(A_{1}\times A_{1}, \{\alpha_{1}\}, \varpi_{1}+\pi_{1})$ , $r=1,2,3$ .

(3) $(D((), \triangle_{1-},--)=(A_{1}\times A_{n}, \{\alpha_{1}\}, \varpi_{1}+\pi_{1})(n\geqq 2),$ $r=2,3$ .

(4) $(D(\mathfrak{l}), \triangle_{1,\cup}--)=(A_{l}\times A_{n}, \{\alpha_{1}\}, \varpi_{l}+\pi_{1})(l\geqq 2, n \geqq 0)$ , $r=1,2$ .
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(5) $(D((), \triangle_{1,-}--)=(A_{l}\times A_{n}, \{\alpha_{2}\}, \varpi_{l}+\pi_{1})(l\geqq 3, n\geqq 0),$ $r=1$ .

(6) $(D(t), \triangle_{1-},--)=(A_{l}\times A_{n}, \{\alpha_{i}\}, \varpi\iota+\pi_{1})$

$(3\leqq i\leqq l-1,0\leqq n\leqq 1)$ , $r=1$ .

(7) $(D(1), \triangle_{1\cup},--)=(A_{2}, \{\alpha_{2}\}, \varpi_{1})$ , $r=1,2,3$ .

(8) $(D(t), \triangle_{1,-}--)=(A_{l}, \{\alpha_{l}\}, \varpi_{1})(l \geqq 3)$ , $r=2,3$ .

(9) $(D([), \triangle_{1-},--)=(A_{l}\times A_{n}, \{\alpha_{l}\}, \varpi_{l}+\pi_{1})(l\geqq 2, n\geqq 1),$ $r=1$ .

(10) $(D((), \triangle_{1,-}--)=(A_{1}, \{\alpha_{1}\}, 2\varpi_{1}),$ $r=3,4$ .

(11) $(D(1), \triangle_{1,-}--)=(A_{l}, \{\alpha_{1}\}, 2\varpi\iota)(l \geqq 2)$ , $r=1$ .

(12) $(D(1), \triangle_{1,-}--)=(A_{2}, \{\alpha_{2}\}, 2\varpi_{2})$ , $r=1$ .

(13) $(D(\mathfrak{l}), \triangle_{1,-}--)=(A_{l}, \{\alpha_{2}\}, 2\varpi_{l})(l\geqq 3)$ , $r=1$ .

(14) $(D(t), \triangle_{1}, \Xi)=(A_{l}, \{\alpha_{l}\}, 2\varpi_{l})(l\geqq 3)$ , $r=1$ .

(15) $(D([), \triangle_{1,-}--)=(A_{3}, \{\alpha_{1}\}, \varpi_{2}),$ $r=1$ .

(16) $(D([), \triangle_{1,-}--)=(A_{3}, \{\alpha_{2}\}, \varpi_{2}),$ $r=1,2$ .

(17) $(D([), \triangle_{1,-}--)=(A_{l}, \{\alpha_{1}\}, \varpi_{l-1})(l \geqq 4)$ , $r=1$ .

(18) $(D(t), \triangle_{1,-}--)=(B_{l}, \{\alpha_{1}\}, \varpi_{1})(l \geqq 2)$ , $r=1,2$
(19) $(D(1), \triangle_{1,-}--)=(D_{l}, \{\alpha_{l}\}, \varpi_{1})(l \geqq 4)$ , $r=1$ .

(20) $(D((), \triangle_{1,-}--)=(D_{l}, \{\alpha_{1}\}, \varpi_{1})(l \geqq 4)$ , $r=1,2$ .

6.3.2. The case $dim\check{b}=\infty$ . By the theorem of Kobayashi and
Nagano [KN65], $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ is isomorphic to one of $W(n;1)$ and

$CH(l;1; 2)$ $(l \geqq 2)$ . On the other hand, if $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ is isomorphic to

$W(n;1)$ , then $H^{1}(6)_{1,,,1}\neq 0$ and the triple $(D([), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{i}\}, \varpi_{1})$ .

In this case, our problem is reduced to Theorem 6.2. Hence we may con-
sider only the case where $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}\cong CH(l;1;2)(l\geqq 2)$ . Thus we
assume that the triple $(D(\mathfrak{l}), \triangle_{1,-}--)$ is $(C_{l}, \{\alpha_{l}\}, \varpi_{1})$ . Since $c\epsilon \mathfrak{p}(b_{-1})$ is
an involutive subalgebra of $g((b_{-1})$ (cf. [KN66]), we have

(6.1) $H^{i}(b_{-},\check{b})_{s}=0$ for $i\leqq s$ .

By Theorem 4.1,

$H^{2}(6)_{r,,,1}\cong H^{0}(1_{-}, H^{2}(b_{-}, g)_{1})_{r}\oplus H^{1}(\mathfrak{l}_{-}, H^{1}(b_{-}, g)_{1})_{r}$ .

Clearly, $ch_{\mathfrak{l}}(H^{1}(b_{-}, g)_{1})=ch_{1}(\check{b}_{1})$ . By (6.1), we obtain

$ch_{\mathfrak{l}}(H^{2}(b_{-}, g)_{1})=ch_{1}(\wedge^{2}b_{-1}^{*}\otimes b_{-1})-ch_{1}(b_{-1}^{*}\otimes b_{0})+ch_{\mathfrak{l}}(\check{b}_{1})$ .

Using the tables of [OV90] and [Kac68], we have the following decom-
position into irreducible [-modules.

$\check{b}_{1}\cong L(3\varpi_{1})$

$Hom$ $(\wedge^{2}b_{-1}$ , $b_{-1})\cong 2L(\varpi_{1})\oplus L(\varpi_{1}+\varpi_{2})\oplus L(\varpi_{3})$ ,

$Hom(b_{-1}, b_{0})\cong L(\varpi_{1})\oplus L(\varpi_{1}+\varpi_{2})\oplus L(3\varpi_{1})$ .
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Therefore $ch_{1}(H^{2}(b_{-}, \mathfrak{g})_{1})=ch_{1}(L(\varpi_{3}))$ . Here $ch_{1}(L(\varpi_{3}))=0$ in case
$l$ $=2$ . Moreover

$\langle\xi_{r_{l}}^{1}(3\varpi_{1}), E\rangle=1$ , $\langle\xi_{1}^{1}(\varpi_{3}), E\rangle=0$ .

By Theorem 4.1,

$H^{2}(6)_{r,,,2}\cong H^{0}((_{-}, H^{2}(b_{-}, g)_{2})_{r}$ .

By (6.1), we obtain

$ch_{1}(H^{2}(b_{-}, g)_{2})=ch_{\mathfrak{l}}(\check{b}_{1}\otimes b_{-1}^{*})-ch_{1}(\check{b}_{2})$ .

By the tables of [OV90] (also see [AG93]) and [Kac68] $)$ ,

$\check{b}_{1}\otimes b_{-1}^{*}\cong L(2\varpi_{1})\oplus L(2\varpi_{1}+\varpi_{2})\oplus L(4\varpi_{1})$

$\check{b}_{2}\cong L(4\varpi_{1})$ .

Hence

$ch_{\mathfrak{l}}(H^{2}(b_{-}, \mathfrak{g})_{2})=ch_{\iota}(L(2\varpi_{1}+\varpi_{2}))+ch_{1}(L(2\varpi_{1}))$ .

Moreover

$\langle\xi_{1}^{2}(2\varpi_{1}+\varpi_{2}), E\rangle=1$ , $\langle\xi_{1}^{2}(2\varpi_{1}), E\rangle=2$ ,

where 1 denotes the unit element of Weyl group of $D(1)$ .

Theorem 6.4. Let 6 be a PPGLA of type $([, S)$ such that the
triple $(D(1), \triangle_{1,-}--)$ is $(C_{l}, \{\alpha_{l}\}, \varpi_{1})(l \geqq 2)$ . Then we obtain the follow-
ing list of pairs $(r, s)$ such that $H^{2}(6)_{r,,,s}\neq 0(r\geqq 1, s=1,2)$ .

(i) $l$ $=2$ , $(r, s)=(1,1)$ , $(1, 2)$ , $(2, 2)$ .

(ii) $l$ $\geqq 3$ , $(r, s)=(0,1)$ , $(1, 1)$ , $(1, 2)$ , $(2, 2)$ .

6.3.3. The general case. Let $\Lambda$ be the highest weight of the [-module

$H^{2}(b_{-}, g)_{s}$ . Then

(6.2) $\langle\xi_{1}^{s}(\Lambda), E\rangle\leqq s\langle\chi, \varpi_{i}^{\vee}\rangle+s$ .

Hence we have

Proposition 6.3. Let 6 be a PPGLA of type $([, S)$ . Then:

(1) For $s=1,2$ ,

$H^{0}((_{-}, H^{2}(b_{-}, g)_{s})_{r}=0$ for $r\geqq s(\mu-1)+1$ .
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(2) If $X_{l}=B_{l}$ , $C_{l}$ or E7, then

$H^{0}(\downarrow-, H^{2}(b_{-}, g)_{s})_{r}=0$ for $r\geqq[\frac{s(\mu+1)}{2}]+1$ .

Proof. (1) Since $\mu=\langle\chi-w_{0}(\chi), \varpi_{\check{i}}\rangle+1$ and $\langle w_{0}(\chi), \varpi_{i}^{\vee}\rangle<0$ , we
have $s(\langle\chi, \varpi_{\check{i}}\rangle+1)=s(\mu+\langle w_{0}(\chi), \varpi_{\check{i}}\rangle\leqq s(\mu-1)$ , which proves our
assertion.

(2) If $X_{l}=B_{l}$ , $C_{l}$ or E7, then $ w_{0}(\chi)=-\chi$ , so $\mu=2\langle\chi, \varpi_{i}^{\vee}\rangle+1$ .

By (6.1), we have $\langle\xi_{1}^{s}(\Lambda), E\rangle\leqq s(\mu+1)/2$ , which proves our assertion.
Q.E.D.

\S 7. The symbol algebras of the Pl\"ucker embedding equations

In this section we will calculate $H^{2}(6)$ when the PPGLA
$g$ $=\oplus_{p\in \mathbb{Z}}\mathfrak{g}_{p}$ of type $([, S)$ is associated with the Pl\"ucker embedding

equations for $M=Gr(i, l+1)$ . Namely let 6 be a pseudo-product
GLA of type $([, S)$ such that the triple $(D(\mathfrak{l}), \triangle_{1-},--)$ is $(A_{l}, \{\alpha_{i}\}, \varpi_{l-i+1})$

$(1\leqq i\leqq l-i+1)$ , i.e., [ $=[_{-1}\oplus|_{0}\oplus 1_{1}$ is a reductive GLA such that

(1) [is isomorphic to $g((l+1, \mathbb{C})$ .

(2) $\wedge|$ is an SGLA of type $(X_{l}, \triangle_{1})=(A_{l}, \{\alpha_{i}\})(1\leqq i\leqq l)$ ,

and $S$ is an irreducible [-module with highest weight $\chi=\varpi_{l-i+1}$

(i.e., $S=\wedge^{l-i+1}(\mathbb{C}^{l+1})$ ). We set $b_{0}=[,$ $b_{-1}=S$ ; then $g=b_{-1}\oplus b_{0}$ .

Let $\check{b}=\oplus_{p\in \mathbb{Z}}\check{b}_{p}$ be the prolongation of $b_{-1}\oplus b_{0}$ . Also, we use the
notation in \S 4.

7.1. The case $i=1$ or 2 (the case $\check{\mathfrak{b}}_{1}\neq 0$ )

In this subsection, we assume $\check{b}_{1}\neq 0$ . Then by Theorem 5.1 and
Table 1, we see that $H^{1}(6)_{1,,,1}\neq 0$ and the triple $(D(1), \triangle_{1}, \Lambda_{-1})$ is either
$(A_{l}, \{\alpha_{1}\}, \varpi\iota)$ or $(A_{l}, \{\alpha_{2}\}, \varpi_{l-1})(l \geqq 3)$ . By Theorem 6.2 (1), (4), (18),
(20) and (21), we obtain the following theorem.

Theorem 7.1. Let 6 be a PPGLA of type $(\mathfrak{l}, S)$ such that the
triple $(D(1), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{i}\}, \varpi_{l-i+1})$ . If $\check{b}_{1}\neq 0$ , then the triple
$(D(1), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{1}\}, \varpi_{l})(l \geqq 1)$ or $(A_{l}, \{\alpha_{2}\}, \varpi_{l-1})(l \geqq 3)$ and
we have

(1) We assume that $(D([), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{1}\}, \varpi_{l})(l \geqq 1)$ . Then the
set of integers such that $H^{2}(6)_{r}\neq 0(r\geqq 1)$ is the following.

(i) $l$ $=1$ , $r=2,3,4$ .
(ii) $l$ $\geqq 2$ , $r=1,2$ .

(2) We assume that the triple $(D([), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{2}\}, \varpi_{l-1})$

$(l \geqq 3)$ . Then the set of integers $r$ such that $H^{2}(6)_{r}\neq 0(r\geqq 1)$

is the following.
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(i) $l$ $=3$ , $r=1,2,3,4$ .
(ii) $l$ $=4$ , $r=2,3$ .

(iii) $l$ $\geqq 5$ , $r=2$ .

In these cases, $\emptyset=\oplus_{p\in \mathbb{Z}}g_{p}$ is a parabolic graded subalgebra of

a simple GLA $\epsilon=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ such that $\mathfrak{g}_{p}=\epsilon_{p}$ for all $p\leqq 0$ . In fact
$\epsilon$ $=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is of type $(A_{l+1}, \{\gamma_{1}, \gamma_{l+1}\})$ and is the prolongation of
$(\mathfrak{m}, g_{0})$ when $i=1$ and $\epsilon$

$=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ is of type $(D_{l+1}, \{\gamma_{2}, \gamma_{l+1}\})$ and
is the prolongation of $\mathfrak{m}$ when $i=2$ . Hence we obtain the following
theorem for $H^{2}(\mathfrak{m},\epsilon)$ (Proposition 6.2 [Yam99]).

Theorem 7.2. Notations being as above.

(1) We assume that $(D(1), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{1}\}, \varpi_{l})(l \geqq 1)$ . Then the
set of integers such that $H^{2}(\mathfrak{m},\epsilon)_{r}\neq 0(r\geqq 1)$ is the following.

(i) $l$ $=1$ , $r=4$ .

(ii) $l$ $\geqq 2$ , $r=1,2$ .

(2) We assume that the triple $(D([), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{2}\}, \varpi_{l-1})$

$(l \geqq 3)$ . Then the set of integers $r$ such that $H^{2}(\mathfrak{m},\epsilon)_{r}\neq 0$

$(r\geqq 1)$ is the following.
(i) $l$ $=3$ , $r=1,2$ .

7.2. The case $i$ $\geqq 3$ (the case $\check{\mathfrak{b}}_{1}=0$ )

Let
$\wedge$

[ be a simple GLA of type $(A_{l}, \{\alpha_{i}\})(l\geqq 5,3\leqq i\leqq l-i+1)$ .

7.2.1. The computation of $H^{2}(6)_{r,,,-1}$ . We have

$\langle\xi_{r_{i}r_{i-1}}^{-1}(\varpi_{l-i+1}), E\rangle=\langle\xi_{r_{i}r_{i+1}}^{-1}(\varpi_{l-i+1}), E\rangle$

$=-(i-1)+1=-i+2\leqq 0$ .

7.2.2. The computation of $H^{2}(6)_{r,,,0}$ .
We have already known that

$H^{2}(6)_{r,,,0}\cong H^{1}((_{-}, H^{1}(b_{-}, g)_{0})_{r}$ .

Also $H^{1}(b_{-}, \mathfrak{g})_{0}$ is isomorphic to $EIom(b_{-1}, b_{-1})/\delta^{0}(b_{0})$ as a $b_{0}$-module.
By the table of [OV90], we have

$Hom(b_{-1}, b_{-1})\cong L(\varpi_{l-i+1})\otimes L(\varpi_{i})=\oplus L(\varpi_{l-i+j+1}j\geqq 0+\varpi_{i-j})$

$b_{0}\cong L(\varpi_{1}+\varpi_{l})\oplus L(0)$ .

Hence
$i-2$

$H^{1}(b_{-}, g)_{0}\cong\oplus L(\varpi_{l-i+j+1}j=0+\varpi_{i-j})$
.
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We get

$\langle\xi_{1}^{0}(\varpi_{l-i+j+1}+\varpi_{i-j}), E\rangle=\langle r_{i}(w_{0}(\varpi_{l-i+j+1}+\varpi_{i-j})-\rho)+\rho, \varpi_{i}^{\vee}\rangle$

$=-\langle\varpi_{i-j}+\varpi_{l-i+j+1}, \varpi_{i}^{\vee}\rangle+\langle\varpi_{i-j}+\varpi_{l-i+j+1}, \alpha_{i}\rangle$

$=\frac{-1}{l+1}((i-j)(l-i+1)+(i-j)i)+\delta_{j,0}+\delta_{l-i+j+1,i}+1$

$=j-i+\delta_{j,0}+\delta_{l-i+j+1,i}+1\leqq 0$

7.2.3. The computation of $H^{2}(6)_{r,,,1}$ .

We have already known that

$H^{2}(6)_{r,,,1}\cong H^{0}(t_{-}, H^{2}(b_{-}, g)_{1})_{r}$ .

Also $H^{2}(b_{-}, g)_{1}$ is isomorphic to $Hom(\wedge^{2}b_{-1}, b_{-1})/\delta^{0}(Hom(b_{-1}, b_{0}))$

as a $b_{0}$-module. By the table [OV90] and the Young tableau method,

we have

$[(i-1)/2]$

$\wedge^{2}b_{-1}^{*}=$

$\oplus j=0$

$L(\varpi_{i+2j+1}+\varpi_{i-2j-1})$

$b_{0}\otimes b_{-1}^{*}\cong(L(\varpi_{1}+\varpi_{l})\otimes L(\varpi_{i}))\oplus L(\varpi_{i})$

$=L(\varpi_{1}+\varpi_{i}+\varpi_{l})\oplus L(\varpi_{1}+\varpi_{i-1})$

$\oplus L(\varpi_{i+1}+\varpi\iota)\oplus 2L(\varpi_{i})$

$[(i-1)/2]$

$b-1\otimes\wedge^{2}b_{-1}^{*}\cong$ $\oplus$ $\oplus$ $L(\varpi a+\varpi_{i-2j}-1+b+\varpi_{i+2j+1+c})$ ,
$j=0$ $(a,b,c)\in A(j)$

where $A(j)=\{(a, b, c)\in \mathbb{Z}^{3}|0\leqq a\leqq i-2j-1,0\leqq b\leqq 4j+2$ ,
$0\leqq c\leqq l-i-2j$ , $a+b+c=l-i+1\}$ .

Case 1: $i<l-i$ $-2j-c\leqq l-i+2j+2-b\leqq l-a+1$ .

$\langle\xi_{1}^{1}(\varpi_{a}+\varpi_{i-2j-1+b}+\varpi_{i+2j+c+1}), E\rangle$

$=-\frac{1}{l+1}((l+i+1)i-i^{2})+1=-i+1\leqq 0$

Case 2: $l$ $-i-2j$ $-c<i\leqq l-i+2j+2-b\leqq l-a+1$ .

$\langle\xi_{1}^{1}(\varpi_{a}+\varpi_{i-2j-1+b}+\varpi_{i+2j+c+1}), E\rangle$

$=-(l-i-2j-c)+1\leqq-l+i+2j+1+l-i$ $-2j=1$

Case 3: $l$ $-i-2j-c\leqq l-i+2j+2-b<i\leqq l-a+1$ .

$\langle\xi_{1}^{1}(\varpi_{a}+\varpi_{i-2j-1+b}+\varpi_{i+2j+c+1}), E\rangle$

$=-l-a+2i\leqq-l-a+i+l-i+1=-a+1\leqq 1$
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Case 4: $l$ $-i-2j-c\leqq l-i+2j+2-b\leqq l-a+1<i$ .

$\langle\xi_{1}^{1}(\varpi_{a}+\varpi_{i-2j-1+b}+\varpi_{i+2j+c+1}), E\rangle$

$=-2l+3i-1\leqq-2l+i+2(l-i+1)-1\leqq-i+1\leqq 0$ .

Proposition 7.1.

(1) $H^{2}(6)_{r,,,-1}=0$ for all $r\geqq 1$ .

(2) $H^{2}(6)_{r,,,0}=0$ for all $r\geqq 1$ .

(3) $H^{2}(6)_{r,,,1}=0$ for all $r\geqq 2$ . Furthermore $H^{2}(6)_{1,,,1}=0$ when
$i=3$ .

Proof We need to show the case $i=3$ . By the above results, we
have

$H^{2}(b_{-}, g)_{1}\cong L(\varpi_{2}+\varpi_{3}+\varpi_{l-1})\oplus L(2\varpi_{2}+\varpi_{l})$

$\oplus L(\varpi_{1}+\varpi_{4}+\varpi_{l-1})\oplus L(\varpi_{4}+\varpi_{l})$

$\oplus L(\varpi_{2}+\varpi_{4}+\varpi_{l-2})(l\geqq 6)\oplus L(\varpi_{5}+\varpi_{l-1})(l\geqq 7)$

$\oplus L(\varpi_{6}+\varpi_{l-2})(l\geqq 8)$ .

Hence we obtain
$H^{2}(6)_{r,,,1}=0$ for all $r\geqq 1$ .

Q.E.D.

7.3. The computation of $H^{2}(\mathfrak{G})_{r,2}$ when $i=3$ and $l$ $\geqq 5$

In what follows, we consider the case where $b_{0}$ $=g\mathfrak{l}(V)$ and
$b_{-1}=\wedge^{l-2}V$ , where $V=\mathbb{C}^{l+1}(l\geqq 5)$ . We see that

$H^{2}(6)_{r,,,2}\cong H^{0}([_{-}, H^{2}(b_{-}, g)_{2})_{r},$ $H^{2}(b_{-}, g)_{2}\cong Ker\delta_{2}$ ,

where $\delta^{2}$ is the coboundary operator $\delta^{2}$ : $C^{2}(b_{-}, g)_{2}\rightarrow C^{3}(b_{-}, g)_{2}$ .

We investigate a relation between the coboundary opera-
tors $\delta^{0}$ : $b_{0}$ $\rightarrow$ $Hom(b_{-1}, b_{-1})$ and $\delta^{2}$ : $Hom(\wedge^{2}b_{-1}, b_{0})$

$Hom(\wedge^{3}b_{-1}, b_{-1})$ . Recall that for $\varphi\in b_{0}$ , $\omega\in Hom(\wedge^{2}b_{-1}, b_{0})$ and
$v_{1}$ , $v_{2}$ , $v_{3}\in b_{-1}$ ,

$\delta_{0}(\varphi)(v_{1})=[v_{1}, \varphi]=-\varphi(v_{1})$

and

$\delta_{2}(\omega)(v_{1}, v_{2}, v_{3})=[v_{1}, \omega(v_{2}, v_{3})]-[v_{2}, \omega(v_{1}, v_{3})]+[v_{3}, \omega(v_{1}, v_{2})]$

$=-\omega(v_{2}, v_{3})(v_{1})+\omega(v_{1}, v_{3})(v_{2})-\omega(v_{1}, v_{2})(v_{3})$ .

In particular, if $\omega=\varphi\otimes w_{1}^{*}\wedge w_{2}^{*}$ , $\delta^{2}(\varphi\otimes w_{1}^{*}\wedge w_{2}^{*})=\delta^{0}(\varphi)\wedge w_{1}^{*}\wedge w_{2}^{*}$ .

We use the following notation: Let $\{e_{1}, \ldots, e_{l+1}\}$ be the canonical
basis of $V$ and let $\{e_{1}^{*}, \ldots, e_{l+1}^{*}\}$ be the dual basis. Let $E_{ij}$ be the element
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of $b_{0}$ such that $E_{ij}e_{k}=\delta_{jk}e_{i}$ . Also we put $e_{i_{1}i_{l-2}}\ldots=e_{i_{1}}\wedge\cdots\wedge e_{i_{l-2}}$

and $e_{i_{1}i_{l-2}}^{*}\ldots=e_{i_{1}}^{*}\wedge\cdots\wedge e_{i_{l-2}}^{*}$ .

Let $\mathfrak{h}$ be the canonical Cartan subalgebra of $b_{0}$ (i.e., $\mathfrak{h}=\sum_{i=1}^{l+1}\mathbb{C}E_{ii}$ ).
We define a linear form $\lambda_{i}$ of $\mathfrak{h}$ by $\lambda_{i}(E_{jj})=\delta_{ij}$ . Then

$\varpi_{i}=\sum_{j=1}^{i}\lambda_{j}-\frac{i}{l+1}\sum_{j=1}^{l+1}\lambda_{j}$ .

and $ e_{i_{1}i_{l-2}}^{*}\ldots$ is a weight vector of [-module $S$ with weight $-\lambda_{i_{1}}-\cdots-$

$\lambda_{i_{l-2}}$ . Note that if $\Lambda$ is a weight of the $D([)$-module $Ker\delta^{2}$ , then $\Lambda+2\sigma$

is a weight of the [-module $Ker\delta^{2}$ . Since $ad(I_{l+1})|S=(l-2)1_{S}$ and

$ad(J)|S=-1_{S}$ , we have $I_{l+1}=-(l-2)J$ , where $I_{l+1}=\sum_{i=1}^{l+1}E_{ii}$ .

Hence $\sigma=-\frac{l-2}{l+1}\sum_{i=1}^{l+1}\lambda_{i}$ and

$\Lambda+2\sigma=\sum_{i=1}^{l}\sum_{j=1}^{i}m_{i}\lambda_{j}-\frac{1}{l+1}\{\sum_{i=1}^{l}m_{i}i+2(l-2)\}\sum_{j=1}^{l+1}\lambda_{j}$ .

The highest weight vectors $v_{\Lambda}$ of $Ker\delta^{2}$ with highest weight $\Lambda+2\sigma$ have
the following forms:

$ v_{\Lambda}=\sum a_{i,,,j,i_{1},,i_{l-2},j_{1},j_{l-2}}\ldots\ldots,E_{ij}\otimes e_{i_{1},,,..,i_{l-2}}^{*}\wedge e_{j_{1}j_{l-2}}^{*}\ldots$

’

where the summation is taken over all $i$ , $j$ , $i_{1}$ , $\ldots$ , $i_{l-2}$ , $j_{1}$ , $\ldots$ , $j_{l-2}$ such

that $\Lambda+2\sigma=\lambda_{i}-\lambda_{j}-\sum_{k=1}^{l-2}(\lambda_{i_{k}}+\lambda_{j_{k}})$ . Since $v_{\Lambda}$ is a highest weight
vector, $E_{k,,,k+1}v_{\Lambda}=0$ for $1\leqq k\leqq l$ , we get the relations between the
coefficients $\{a_{i,,,j,i_{1},i_{l-2},j_{1},j_{l-2}}\ldots,\ldots,\}$ of $v_{\Lambda}$ . By these methods, we can

calculate $\delta^{2}(v_{\Lambda})$ .

I.S.I. The case $l$ $=5$ .

We first consider the case $l$ $=5$ . By the table of [OV90] and the
Young tableau method, we have

$b_{0}\otimes\wedge^{2}b_{-1}^{*}\cong L(\varpi_{3}+\varpi_{4}+\varpi_{5})\oplus L(2\varpi_{3})$

$\oplus 3L(\varpi_{2}+\varpi_{4})\oplus L(\varpi_{1}+\varpi_{2}+\varpi_{3})$

$\oplus L(\varpi_{2}+2\varpi_{5})\oplus 2L(\varpi_{1}+\varpi_{5})$

$\oplus L(\varpi_{1}+\varpi_{2}+\varpi_{4}+\varpi_{5})\oplus L(2\varpi_{1}+\varpi_{4})$

$\oplus L(0)$ .

By a direct inspection, we see that $Ker\delta^{2}\cong L(\varpi_{1}+\varpi_{5})$ and

$\langle\xi_{1}(\varpi_{1}+\varpi_{5}), E\rangle=-\langle\varpi_{1}+\varpi_{5}, \varpi_{3}^{\vee}\rangle+2(\langle\varpi_{3}, \varpi_{3}^{\vee}\rangle+1)=3$ .
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Also a lowest weight vector of $H^{2}(b_{-}, g)_{2}$ is the following (This vector
is also a generator of $H^{2}(6)_{3,,,2})$ .

$\omega_{15}=E_{65}\otimes e_{641}^{*}\wedge e_{321}^{*}-E_{65}\otimes e_{631}^{*}\wedge e_{421}^{*}+E_{65}\otimes e_{621}^{*}\wedge e_{431}^{*}$

$-E_{64}\otimes e_{651}^{*}\wedge e_{321}^{*}+E_{64}\otimes e_{631}^{*}\wedge e_{521}^{*}-E_{64}\otimes e_{621}^{*}\wedge e_{531}^{*}$

$+E_{63}\otimes e_{651}^{*}\wedge e_{421}^{*}-E_{63}\otimes e_{641}^{*}\wedge e_{521}^{*}+E_{63}\otimes e_{621}^{*}\wedge e_{541}^{*}$

$-E_{62}\otimes e_{651}^{*}\wedge e_{431}^{*}+E_{62}\otimes e_{641}^{*}\wedge e_{531}^{*}-E_{62}\otimes e_{631}^{*}\wedge e_{541}^{*}$

$+2E_{61}\otimes e_{654}^{*}\wedge e_{321}^{*}-2E_{61}\otimes e_{653}^{*}\wedge e_{421}^{*}+2E_{61}\otimes e_{652}^{*}\wedge e_{431}^{*}$

$-E_{61}\otimes e_{651}^{*}\wedge e_{432}^{*}+2E_{61}\otimes e_{643}^{*}\wedge e_{521}^{*}-2E_{61}\otimes e_{642}^{*}\wedge e_{531}^{*}$

$+E_{61}\otimes e_{641}^{*}\wedge e_{532}^{*}+2E_{61}\otimes e_{632}^{*}\wedge e_{541}^{*}-E_{61}\otimes e_{631}^{*}\wedge e_{542}^{*}$

$+E_{61}\otimes e_{621}^{*}\wedge e_{543}^{*}+E_{55}\otimes e_{541}^{*}\wedge e_{321}^{*}-E_{55}\otimes e_{531}^{*}\wedge e_{421}^{*}$

$+E_{55}\otimes e_{521}^{*}\wedge e_{431}^{*}+2E_{54}\otimes e_{531}^{*}\wedge e_{521}^{*}-2E_{53}\otimes e_{541}^{*}\wedge e_{521}^{*}$

$+2E_{52}\otimes e_{541}^{*}\wedge e_{531}^{*}+E_{51}\otimes e_{543}^{*}\wedge e_{521}^{*}-E_{51}\otimes e_{542}^{*}\wedge e_{531}^{*}$

$-E_{51}\otimes e_{541}^{*}\wedge e_{532}^{*}-2E_{45}\otimes e_{431}^{*}\wedge e_{421}^{*}-2E_{43}\otimes e_{541}^{*}\wedge e_{421}^{*}$

$+2E_{42}\otimes e_{541}^{*}\wedge e_{431}^{*}+E_{44}\otimes e_{541}^{*}\wedge e_{321}^{*}+E_{44}\otimes e_{531}^{*}\wedge e_{421}^{*}$

$-E_{44}\otimes e_{521}^{*}\wedge e_{431}^{*}+E_{41}\otimes e_{543}^{*}\wedge e_{421}^{*}-E_{41}\otimes e_{542}^{*}\wedge e_{431}^{*}$

$-E_{41}\otimes e_{541}^{*}\wedge e_{432}^{*}-2E_{35}\otimes e_{431}^{*}\wedge e_{321}^{*}+2E_{34}\otimes e_{531}^{*}\wedge e_{321}^{*}$

$+2E_{32}\otimes e_{531}^{*}\wedge e_{431}^{*}-E_{33}\otimes e_{541}^{*}\wedge e_{321}^{*}-E_{33}\otimes e_{531}^{*}\wedge e_{421}^{*}$

$-E_{33}\otimes e_{521}^{*}\wedge e_{431}^{*}+E_{31}\otimes e_{543}^{*}\wedge e_{321}^{*}-E_{31}\otimes e_{532}^{*}\wedge e_{431}^{*}$

$-E_{31}\otimes e_{531}^{*}\wedge e_{432}^{*}-2E_{25}\otimes e_{421}^{*}\wedge e_{321}^{*}+2E_{24}\otimes e_{521}^{*}\wedge e_{321}^{*}$

$-2E_{23}\otimes e_{521}^{*}\wedge e_{421}^{*}-E_{22}\otimes e_{541}^{*}\wedge e_{321}^{*}+E_{22}\otimes e_{531}^{*}\wedge e_{421}^{*}$

$+E_{22}\otimes e_{521}^{*}\wedge e_{431}^{*}+E_{21}\otimes e_{542}^{*}\wedge e_{321}^{*}-E_{21}\otimes e_{532}^{*}\wedge e_{421}^{*}$

$-E_{21}\otimes e_{521}^{*}\wedge e_{432}^{*}$

We summarize the above results in the following theorem.

Theorem 7.3. Let 6 be a PPGLA of type $(|, S)$ such that the
triple $(D(1), \triangle_{1-},--)$ is $(A_{5}, \{\alpha_{3}\}, \varpi_{3})$ . Then we have

(1) $H^{2}(6)_{r,,,-1}\neq 0$ if and only if $r=-1$ .

(2) $H^{2}(6)_{r,,,0}\neq 0$ if and only if $r=-1,0$ .

(3) $H^{2}(6)_{r,,,1}\neq 0$ if and only if $r=-1,0$ .

(4) $H^{2}(6)_{r,,,2}\neq 0$ if and only if $r=3$ .

Consequently $H^{2}(6)_{r}\neq 0$ if and only if $r=-1,0,3$ .
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7.3.2. The case l $\geqq 6$ . In this case, by the table of [VG90] and the
Young tableau method, we have

$\wedge^{2}b_{-1}^{*}\cong L(\varpi_{2}+\varpi_{4})\oplus L(\varpi_{6})$

$b_{0}\otimes\wedge^{2}b_{-1}^{*}\cong L(\varpi_{3}+\varpi_{4}+\varpi_{l})\oplus L(2\varpi_{3})$

$\oplus L(\varpi_{1}+\varpi_{2}+\varpi_{3})\oplus L(\varpi_{7}+\varpi_{l})$

$\oplus 3L(\varpi_{2}+\varpi_{4})\oplus L(\varpi_{1}+\varpi_{6}+\varpi_{l})$

$\oplus L(\varpi_{2}+\varpi_{5}+\varpi_{l})\oplus 2L(\varpi_{1}+\varpi_{5})$

$\oplus L(\varpi_{1}+\varpi_{2}+\varpi_{4}+\varpi_{l})\oplus L(2\varpi_{1}+\varpi_{4})$

$\oplus 2L(\varpi_{6})$ .

By a direct inspection, we see that $Ker\delta^{2}=0$ . Hence we obtain the
following theorem.

Theorem 7.4. Let 6 be a PPGLA of type $(\mathfrak{l}, S)$ such that the
triple $(D([), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{3}\}, \varpi_{l-2})(l \geqq 6)$ . Then $H^{2}(6)_{r,,,2}=0$ for
all $r$ .

Thus, by Proposition 7.1 and Theorem 7.4, we obtain the vanishing
$H^{2}(6)_{r}=0(r\geqq 1)$ for the second cohomology when $l$ $\geqq 6$ .

Summarizing the discussion above, we have the following rigidity
theorem for the Pl\"ucker embedding equations for $M=Gr(k, l+1)$ , when
$k=2$ $(l \geqq 4)$ and $k=3(l \geqq 6)$ : Let $g$ $=\oplus_{p\in \mathbb{Z}}\mathfrak{g}_{p}$ be the pseudo-product

GLA of type $(1, S)$ such that the triple $(D(1), \triangle_{1-},--)$ is $(A_{l}, \{\alpha_{2}\}, \varpi_{l-1})$

or $(A_{l}, \{\alpha_{3}\}, \varpi_{l-2})$ . In case $k=2$ , the prolongation of $\mathfrak{m}=\oplus_{p<0}g_{p}$

becomes a simple GLA $\epsilon$ $=\oplus_{p\in \mathbb{Z}}\epsilon_{p}$ of type $(D_{l+1}, \{\gamma_{2}, \gamma_{l+1}\})$ and we

have $H^{2}(\mathfrak{m},\epsilon)_{r}=0$ for $r\geqq 1$ when $l$ $\geqq 4$ . In case $k=3$ , $g$ is the
prolongation of $\mathfrak{m}$ and we have $H^{2}(6)_{r}=0$ for $r\geqq 1$ when $l$ $\geqq 6$ . Thus
in both cases, the pseudo-product structure reduces to that of the regular
differential system of type $\mathfrak{m}$ . Here $\mathfrak{m}$ is a subalgebra of $C^{k}(V, W)$ as in
Lemma 2.1. A submanifold $R$ of $J^{k+1}$ is called a system of differential
equation of type $\mathfrak{m}$ , when $(R, D)$ is a regular differential system of type
$\mathfrak{m}$ , where $D$ is the pullback of the canonical differential system $C^{k}$ on
$J^{k}$ by $p:R\rightarrow J^{k}$ .

Then, utilizing the Tanaka-Morimoto theory of normal Cartan con-
nections [Tan79] [Mor93], we obtain the following rigidity theorem for
the Pl\"ucker embedding equations.

Theorem 7.5. Let 6 be a PPGLA of type $(t, S)$ such that the triple
$(D([), \triangle_{1,-}--)$ is $(A_{l}, \{\alpha_{2}\}, \varpi_{l-1})(l \geqq 4)$ or $(A_{l}, \{\alpha_{3}\}, \varpi_{l-2})(l \geqq 6)$ .
Then every system $R$ of differential equation of type $\mathfrak{m}$ is locally isomor-
phic to the model system $R_{S}$ of type $(1, S)$ .
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Contact Weyl Manifold
over a Symplectic Manifold

Akira Yoshioka

Abstract.

We give a brief review on Weyl manifolds and thier Poincar\’e-

Cartan classes. A Weyl manifold is a Weyl algebra bundle over a
symplectic manifold which is a geometrization of deformation quan-

tization and the Poincar\’e-Cartan class is a complete invariant ofWeyl
manifolds.

We introduce a concept of a contact Weyl manifold, which
is a contact algebra bundle over a symplectic manifold containing
a Weyl manifold as a subbundle. We show the existence of contact
Weyl manifolds for a symplectic manifold.

We construct a connection on a contact Weyl manifold which

gives a Fedosov connection when it is restricted to a Weyl mani-
fold. With the help of the connection, we show that the cohomology
class given by the curvature of Fedosov connection coincides with the
Poincar\’e-Cartan class.

\S 1. Introduction

A contact manifold is embedded into a symplectic manifold compat-
ible with the symplectic structure (cf. the concept of symplectification
and contactification in [AG], \S 2). However, as to the converse direc-
tion, we have some obstruction as follows. A linear symplectic manifold
$(R^{2n}, \sigma_{0})$ is embedded into a canonical contact manifold $(R^{2n+1}, \theta_{0})$

compatible with the contact structure $d\theta_{0}=\sigma_{0}$ , but in general an arbi-
trary symplectic manifold is not necessarily embedded into a contact
manifold in a compatible way. For such an embedding, we need at least
a vanishing cohomology class of the symplectic structure.

Received October 30, 2000.
Revised August 20, 2001.
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In this paper, we show in quantum world the embedding is always
possible, namely, a quantized symplectic manifold is embedded into
a quantized contact manifold. Here a quantized symplectic manifold
means a Weyl manifold defined by Omori-Maeda-Yoshioka ([OMYI]),
which is a Weyl algebra bundle over a symplectic manifold, and a quan-
tized contact manifold means a contact Weyl manifold, a contact alge-
bra bundle over a symplectic manifold containing the Weyl manifold as
a subbundle.

The purpose of this paper is two fold. First we give a brief review on
Weyl manifold and its Poincar\’e-Cartan class, which are given in [OMYI]
and in Omori-Maeda-Miyazaki-Yoshioka [OMMYI], respectively.

The second purpose is to give a concept of contact Weyl manifold,
and to show the existence of contact Weyl manifold. We also construct a
connection on a contact Weyl manifold, which is an extension of Fedosov
connection. Using this connection, we show the Poincar\’e-Cartan class
is equal to the cohomology class of the curvature of Fedosov connection.

The Weyl algebra $W$ is the space of all formal power series of ele-
ments $iJ$ , $Z^{1}$ , $\ldots$ , $Z^{2n}$ with coefficients in $R$ having the Moyal type prod-
uct $\wedge*$ (see equation (2.3) below). The algebra $W$ is equipped with the
formal power series topology under which $(W,\wedge*)$ is a complete topolog-
ical algebra.

In a word, a Weyl manifold $W_{M}$ is a locally trivial fiber bundle
over a symplectic manifold $(M, \sigma)$ with fibers consisting of the Weyl
algebra $W$ and the transition functions of local trivializations are given
by Weyl diffeomorphisms (see Definition 2.9). Locally trivial bundles
can be regarded as quantized Darboux charts and Weyl diffeomorphisms
can be regarded as quantized symplectomorhpisms. In this way, a Weyl
manifold $W_{M}$ is considered as a quantization of symplectic manifold.

It is shown in Theorem 6.1 in [OMYI], a star product is made
from sections of a Weyl manifold and conversely a Weyl manifold is
constructed by a star product. In this sense a Weyl manifold $W_{M}$ is
also viewed as a geometrization of deformation quantization. It is also
proved that every symplectic manifold has Weyl manifolds over itself,
which yields the existence of deformation quantization for a symplectic
manifold (see, Theorem A and Theorem $B$ in [OMYI]).

For constructing $W_{M}$ , one needs to handle the center of $W$ . In
order to extract information of the center, the contact algebra is intro-
duced in [OMYI]. The contact algebra $C$ is a Lie algebra given as the
direct sum $C=R\tau\oplus W$ , where $\tau$ is an element such that $[\tau, \iota/]=2I/^{2}$ ,

$[\tau, Z^{i}]=\iota/Z^{i}$ . In [OMMYI], by means of the contact algebra, it is also
shown that the equivalence classes of the bundle $W_{M}$ have a bijection
to the set of all formal power series in $\iota/^{2}$ with coefficients in $H^{2}(M)$ of
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the form

$c=[\sigma]+l/^{2}c_{2}+\cdots+l/^{2k}c_{2k}+\cdots\in H^{2}(M)[[\nu^{2}]]$ .

The element $c(W_{M})\in H^{2}(M)[[\iota/^{2}]]$ corresponding to $W_{M}$ is called a
Poincar\’e-Cartan class of $W_{M}$ .

In this paper, we will establish the following. Using a $\check{C}ech2$-cocycle
giving the class $c(W_{M})$ we extend the transition functions of $W_{M}$ to
gluing maps of locally trivial contact algebra bundles and construct a
contact algebra bundle $C_{M}$ over $M$ with fiber $C$ in \S 3. The bundle $C_{M}$

contains $W_{M}$ as a subbundle and will be called a contact Weyl manifold,
and then we regard $C_{M}$ as a contactification of a Weyl manifold $W_{M}$ .

Thus we have

Theorem A. For every symplectic manifold there exists a contact
Weyl manifold $C_{M}$ .

This theorem means that in quantum world contactification is always
possible for a symplectic manifold.

On the other hand, we can take a closed 2-form $\Omega_{M}\in\Lambda^{2}(M)[[l/^{2}]]$

such that $[\Omega_{M}]=c(W_{M})\in H^{2}(M)[[l/^{2}]]$ according to the deRham
theorem. We will construct a connection on $C_{M}$ having a curvature
form $\Omega_{M}$ in 3.2. We show the connection gives a Fedosov connection if
it is restricted to a subbundle $W_{M}$ , which indicates that $\Omega_{M}$ is equal to
the curvature of Fedosov connection.

Theorem B. On $C_{M}$ there is a connection $\partial$ whose curvature

form is $\Omega_{M}$ . When restricted to a Weyl manifold $W_{M}$ , the connection
$\partial$ gives a Fedosov connection.

Then, using this connection we prove that a Poincar\’e-Cartan class $c(W_{M})$

coincides with the class given by the curvature form of Fedosov connec-
tion (cf. the conjecture in Introduction of [OMMYI]).

Theorem C. The deRham cohomomology class of the curvature
$\Omega_{M}$ of Fedosov connection is equal to the Poincar\’e-Cartan class $c(W_{M})$

of the Weyl manifold $W_{M}$ .

We remark that Theorems $A$ , $B$ and $C$ are already given in
Yoshioka [Y1]. Also in [Y2] we gave a proof of Theorem C. In this
paper, we describe contructions in more detail. Especially, we improve
the description of the transformation from Weyl charts to classical charts
of [Y2] explicitly, which shows the restriction of the connection $\partial$ to $W_{M}$

is equal to the Fedosov connection in \S 4.
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\S 2. Weyl manifold

A Weyl manifold emerges naturally from deformation quantiza-
tion $([0MY1])$ and it is considered as a quantized symplectic manifold.
In this section, we give a review on Weyl manifolds.

2.1. Deformation quantization

Deformation quantization is proposed by Bayen-Flato-Fronsdal-
Lichnerowicz-Sternheimer ([BFFLS]), which is an idea to quantize clas-
sical mechanical systems on a Poisson manifold without using operators
in the following way.

2.1.1. Definition. Let $(M, \{, \})$ be a Poisson manifold. Introduce
a parameter $\nu$ and consider the space of formal power series $\alpha_{l/}(M)=$

$C^{\infty}(M)[[\nu]]$ with coefficients in $\alpha(M)=C^{\infty}(M)$ , the space of all real val-
ued smooth functions on $M$ . Here we only consider real valued smooth
functions for simplicity, although the argument is directly extened to
complex valued functions. Let us consider a $R[[\nu]]$ -bilinear product
$\alpha_{1J}(M)\times\alpha_{\iota/}(M)\rightarrow\alpha_{\iota/}(M)$ .

Definition 2.1. A product $*is$ called a star product if

(i) For any $f$ , $g\in\alpha(M)=C^{\infty}(M)$ , the product $f*g$ is expanded as

(2.1) $ f*g=fg+\frac{\nu}{2}\{f, g\}+\cdots+\nu^{k}\pi_{k}(f, g)+\cdots$

where $fg$ is the pointwise multiplication of functions on $M$ , $\{f, g\}$

is the Poisson bracket and $\pi_{k}$ : $\alpha(M)\times\alpha(M)\rightarrow\alpha(M)$ is a bidif-
ferential operator $(k=2,3, \ldots)$ ,

(ii) $f*1=1*f=f$ for $\forall f\in\alpha(M)$ ,
(iii) $*is$ associative.

For a star $product*$ , the associative algebra $(\alpha_{\iota/}(M), *)$ is called a defor-
mation quantization of the Poisson manifold $(M, \{, \})$ .

The existence of star products is proved by De Wilde-Lecomte
for symplectic manifolds ([DL]) and for general Poisson manifolds by
Kontsevich ([K]).

In this paper, we consider the case where $M$ is a symplectic manifold
with symplectic structure $\sigma$ . A typical example is the Moyal product
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on the canonical symplectic manifold $(R^{2n}, \sigma_{0})$ . We write the canonical
coordinates as $z=(z^{1}, \ldots, z^{2n})$ and the canonical symplectic structure
as $\sigma_{0}=\frac{1}{2}\sum_{i,,,j}\omega_{ij}dz^{i}\wedge dz^{j}$ where $\omega_{ij}$ are the components of the constant
$2n\times 2n$ matrix $\omega=(\omega_{ij})=$ $\left(\begin{array}{ll}0 & 1_{n}\\-1_{n} & 0\end{array}\right)$ . The Poisson bracket is then
written as

$\{f, g\}_{0}=\sum_{i,,,j}\Lambda^{ij}\partial_{z^{i}}f\partial_{z^{j}}g$
, $f$ , $g\in\alpha(R^{2n})=C^{\infty}(R^{2n})$

where $\Lambda=(\Lambda^{ij})=-\omega^{-1}$ . With the notation

$\{f, g\}_{0}=f(\sum_{i,,,j}\Lambda^{ij}\overline{\partial_{z^{i}}}\vec{\partial_{z^{j}}})g=f\overline{\partial_{z}}\wedge\vec{\partial_{z}}g$ ,

the Moyal $product*_{0}$ is a star product given by

(2.2) $f*_{0}g=f(\exp\frac{\nu}{2}\overline{\partial_{z}}\wedge\vec{\partial_{z}})g$

$=fg+\frac{\iota/}{2}\{f, g\}_{0}+\cdots+\frac{1}{n!}(\frac{\nu}{2})^{n}f(\overline{\partial_{z}}\wedge\vec{\partial_{z}})^{n}g+\cdots$

We sometimes refer to the deformation quantization $(\alpha_{\iota/}(R^{2n}), *_{0})$ as the
Moyal algebra.

A star product can be restricted to an open subset $V\subset M$ and gives
a star product on $\alpha_{\nu}(V)=C^{\infty}(V)[[l/]]$ , since $\pi_{k}$ in (2.1) are bidifferential
operators. Due to the following theorem, star products on a symplectic
manifold are locally isomorphic to the Moyal product (cf. Gutt [G],
Lichnerowicz [L] $)$ .

Theorem 2.2. Assume $U$ be an open subset of $R^{2n}$ with
$H^{2}(U)=0$ . Then a star product $*onU$ is equivalent to $*_{0}$ , that is,

there exists an $R[[I/]]$ -linear isomorphism $T:\alpha_{\iota/}(U)\rightarrow\alpha_{\iota/}(U)$ satisfying
$f*g=T^{-1}(Tf*_{0}Tg)$ for $\forall f$ , $g\in\alpha(U)$ , where $T$ is given in the form

$ Tf=f+\nu T_{1}(f)+\cdots+\nu^{k}T_{k}(f)+\cdots$ , $\forall f\in\alpha(U)$

and $T_{k}$ : $\alpha(U)\rightarrow\alpha(U)$ , $(k=1,2, \ldots)$ are differential operators. Thus,

deformation quantizations $(\alpha_{l/}(U), *)$ and $(\alpha_{\iota/}(U), *_{0})$ are isomorphic.

2.1.2. System of the Moyal algebras. By Theorem 2.2, a star

product induces a system of local Moyal algebras and their isomor-
phisms as follows. Let $\{(V_{\alpha}, \varphi_{\alpha})\}_{\alpha\in A}$ be a symplectic atlas: $\bigcup_{\alpha}V_{\alpha}=M$

and each $\varphi_{\alpha}$ : $V_{\alpha}\rightarrow U_{\alpha}\subset R^{2n}$ is a homeomorphism such that
$\varphi_{\alpha}=(z_{\alpha}^{1}, z_{\alpha}^{2}, \ldots, z_{\alpha}^{n})$ is a canonical coordinate system of $U_{\alpha}$ and
$\varphi_{\alpha}^{*}\sigma_{\alpha,,,0}=\sigma$ where $\sigma_{\alpha,,,0}=\frac{1}{2}\sum\omega_{ij}dz_{\alpha}^{i}\wedge dz_{\alpha}^{j}$ is the canonical
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symplectic structure. Here one may assume $H^{2}(V_{\alpha})=0$ for every
$\alpha\in A$ . A star product $*onM$ is reduced to every $V_{\alpha}$ and produces
a deformation quantization $(\alpha_{\nu}(U_{\alpha}), *_{\alpha})$ of a linear symplectic manifold
$(U_{\alpha}, \sigma_{\alpha},o)$ by the local coordinate expression. Theorem 2.2 yields an iso-
morphism $T_{\alpha}$ : $(\alpha_{\nu}(U_{\alpha}), *_{\alpha})\rightarrow(\alpha_{\nu}(U_{\alpha}), *_{0})$ . Then we have a Moyal alge-
bra isomorphism $T_{\alpha\beta}=T_{\beta}\circ T_{\alpha}^{-1}$ : $(\alpha_{\nu}(U_{\alpha\beta}), *_{0})\rightarrow(\alpha_{\nu}(U_{\beta\alpha}), *o)$ , where
$U_{\alpha\beta}=\varphi_{\alpha}(V_{\alpha}\cap V_{\beta})$ . Thus, a star $product*onM$ gives a picture that a
system of local Moyal algebras $\{(\alpha_{\nu}(U_{\alpha}), *_{0})\}_{\alpha\in A}$ is glued together by a
system of algebra isomorphisms $\{T_{\alpha\beta} : (\alpha_{\nu}(U_{\alpha\beta}), *_{0})\rightarrow(\alpha_{\nu}(U_{\beta\alpha}), *_{0})\}$ .

We can consider the local Moyal algebra $(\alpha_{\nu}(U_{\alpha\beta}), *o)$ as a quan-
tized Darboux coordinate and the transformation $T_{\alpha\beta}$ : $(\alpha_{\nu}(U_{\alpha\beta}), *_{0})\rightarrow$

$(\alpha_{\nu}(U_{\beta\alpha}), *_{0})$ as the quantized symplectormorphism.
2.1.3. Motivation of Weyl manifold. Using the Weyl algebra $W$ ,

we can attach to the system $\{((\alpha_{\nu}(U_{\alpha}), *_{0}), T_{\alpha\beta})\}$ a geometric picture,
that is, a bundle over $M$ and its sections. Although the details will be
given in the next sections, we see here an idea of Weyl manifold. We
consider a locally trivial bundle $W_{U_{\alpha}}=U_{\alpha}\times W$ and consider the space of
all smooth sections of $W_{U_{\alpha}}$ , which is denoted by $\Gamma(W_{U_{\alpha}})$ . By the point-
wise multiplication, $\Gamma(W_{U_{\alpha}})$ is an associative algebra. We will see that
there exists a subalgebra $\mathcal{F}(W_{U_{\alpha}})\subset\Gamma(W_{U_{\alpha}})$ , whose elements are called
local Weyl functions, isomorphic to the local Moyal algebra $(\alpha_{\nu}(U_{\alpha}), *_{0})$ .

With the identification of $(\alpha_{\nu}(U_{\alpha}), *_{0})$ and $F(W_{U_{\alpha}})$ , the isomorphism
$T_{\alpha\beta}$ of local Moyal algebras naturally induces an algebra isomorphism
$\hat{T}_{\alpha\beta}$ : $\mathcal{F}(W_{U_{\alpha\beta}})\rightarrow \mathcal{F}(W_{U_{\beta\alpha}})$ . This algebra isomorphism is given as
the pullback map of certain algebra bundle isomorphism $\Phi_{\beta\alpha}$ : $ W_{U_{\beta\alpha}}\rightarrow$

$W_{U_{\alpha\beta}}$ , $\Phi_{\beta\alpha}^{*}=\hat{T}_{\alpha\beta}$ (see for a proof, Lemma 3.2 in [OMYI]). Such a bun-
dle isomorphism will be called a Weyl diffeomorphism (see 2.2.3). Then,
a Weyl manifold $W_{M}$ will be given as a bundle over $M$ by gluing trivial
bundles $\{W_{U_{\alpha}}\}$ with Weyl diffeomorphisms $\{\Phi_{\alpha\beta}\}$ . Since the local Weyl
function algebra $F(W_{U_{\alpha}})\cong(\alpha_{\nu}(U_{\alpha}), *o)$ can be regarded as a quantized
Darboux chart and also the Weyl diffeomorphism $\Phi_{\alpha\beta}$ can regarded as
a quantized symplectomorphism, the Weyl manifold $W_{M}$ is considered
as a quantized symplectic manifold, and also considered as a geometric
picture of a star product on $M$ .

2.2. Review of Weyl manifold

In this section, we give a brief review of Weyl manifold defined
in [OMYI]. Let us consider a $2n$-dimensional symplectic manifold $M$

with symplectic structure $\sigma$ .

2.2.1. Weyl algebra. Introducing $2n+1$ elements $\nu$ , $Z^{1}$ , $Z^{2}$ , $\ldots$ , $Z^{27l}$ ,

we consider a formal power series with coefficients in $R$ , $a=\sum a_{l\alpha}\nu^{l}Z^{\alpha}$ ,
where $a_{l\alpha}\in R$ , $l$ $=0,1$ , 2, $\ldots$ and $\alpha=(\alpha_{1}, \alpha_{2}, \ldots, \alpha_{2n})$ is a multi-index.
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We put the set of all formal power series

$W=\{a=\sum a_{l\alpha}\nu^{l}Z^{\alpha}|a_{l\alpha}\in R\}$ .

We introduce the formal power series topology in $W$ and $W$ is complete
under this topology. Using a $2n\times 2n$ constant matrix $\Lambda=$ $\left(\begin{array}{ll}0 & 1_{n}\\-1_{n} & 0\end{array}\right)$

where $1_{n}$ is the $n\times n$ identity matrix, we put a $R[[\nu]]$ -bilinear Poisson
bracket in $W$

$\{a, b\}=\sum_{ij}\Lambda^{ij}\partial_{Z^{i}}a\partial_{Z^{j}}b=a\overline{\partial}_{Z}\wedge\vec{\partial}_{Z}b$
.

Similarly as in (2.2), we consider a $R[[\iota/]]$ -bilinear product $\wedge*inW$ of
Moyal type

(2.3) $ a*b\wedge=a(\exp\frac{\nu}{2}\overline{\partial}_{Z}\wedge\vec{\partial}_{Z})b=ab+\frac{\nu}{2}\{a, b\}+\cdots$

The product $\wedge*is$ continuous. We call the space $W$ with $\wedge*the$ Weyl
algebra.

We can introduce an anti-involution $a\mapsto\overline{a}$ in $W$ by putting

(2.4) $\overline{a\wedge_{*}b\wedge\wedge}=\overline{b}\wedge*\overline{a}$ , $\overline{\nu}=-\nu$ , $\overline{Z}^{i}=Z^{i}$

, $\overline{a}_{l\alpha}=a_{l\alpha}$ .

It is easy to see the generators satisfy the canonical commutation
relations (CCR for short)

(2.5) $\{$

$[\nu, Z^{i}]=\nu*Z^{i}\wedge-Z^{i}*\nu\wedge=0$

$[Z^{i}, Z^{j}]=Z^{i}*Z^{j}\wedge-Z^{j_{*}^{\wedge}}Z^{i}=\nu\Lambda^{ij}$ .

Remark 2.3. By (2.3), we have $Z^{i}Z^{j}=Z^{i}*Z^{j}\wedge-\frac{\nu}{2}\Lambda^{ij}$ , and induc-

tively we see that every monomial $\nu^{l}Z^{\alpha}$ is written as a linear combina-
tion of the $\wedge*products$ of the genrators $\nu$ , $Z^{1}$ , $\ldots$ , $Z^{2n}$ . Thus, the Weyl
algebra $W$ is also described as an algebra over $R$ formally generated
by the elements $\nu$ , $Z^{1}$ , $Z^{2}$ , $\ldots$ , $Z^{2n}$ satisfying the CCR relations (2.5)
(see [OMYI], 1.1-1.2).

We introduce the degrees of monomials of $W$ . We put the degrees
for generators and monomials as

(2.6) $d(\nu)=2$ , $d(Z^{i})=1$ , $(i=1, \ldots, 2n)$ , $d(\nu^{l}Z^{\alpha})=2l+|\alpha|$ ,

respectively. We set $W_{0}=W$ and

(2.7) $W_{k}=\{a\in W|a=\sum_{2l+|\alpha|\geq k}a_{l\alpha}\nu^{l}Z^{\alpha}\}$ , $k=1,2$ , $\ldots$ .
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Using the conjugation, we can decompose $W$ as a dirct sum of the
set of hermitian, skewhermitian elements, respectively a

$W=W^{+}\oplus W^{-}$ , $W^{+}=\{a\in W|\overline{a}=a\}$ , $W^{-}=\{a\in W|\overline{a}=-a\}$ .

It is obvious the center is $R[[\nu]]$ , the set of all formal power seires
in $\nu$ . We also put the set of noncentral elements

(2.8) $W^{o}=\{a\in W|a=\sum_{|\alpha|>0}a_{l\alpha}\nu^{l}Z^{\alpha}\}$ .

We set the intersections as

(2.9) $W_{k}^{o+}=W_{k}\cap W^{O}\cap W^{+}$ , $W_{k}^{o-}=W_{k}\cap W^{o}\cap W^{-}$

Definition 2.4. An $R$-linear isomorphism $\Phi:W\rightarrow W$ satisfying

(i) $\Phi(a*b\wedge)=\Phi(a)\wedge*\Phi(b)$ , $\forall a$ , $b\in W$, (ii) $\Phi(\nu)=\nu$

is called a $\nu$-automorphism of the Weyl algebra $W$ .

A $\nu$-automorphism $\Phi$ is hermitian if and only if

(2.10) $\overline{\Phi(a)}=\Phi(\overline{a})$ , $\forall a\in W$.

We give two basic examples. Let $A=(a_{ij})$ be a $2n\times 2n$ sym-
plectic matrix. We set $AZ^{i}=\sum_{j}a_{ij}Z^{i}$ and $ A\nu=\nu$ . Then it holds
$[AZ^{i}, AZ^{j}]=A[Z^{i}, Z^{j}]$ and $[A\nu, AZ^{i}]=A[\nu, Z^{i}]$ and hence the matrix $A$

naturally acts on $W$ as a $\nu$-automorphism. Also let us consider $F\in W_{3}$ .

Notice $[F, W]\subset\nu W_{2}$ , and $[F, G]$ can be divided by $\nu$ for every $G\in W$ .

Then $\frac{1}{\nu}adF=\frac{1}{\nu}[F, ]$ gives a derivation of $W$ . By exponentiating

this derivation we have a $\nu$-automrophism $\exp\frac{1}{\nu}adF$ , which satisfies
$\exp\frac{1}{\nu}adF(Z^{i})=Z^{i}+O(2)$ where $O(2)$ means the collection of the
terms belonging to $W_{2}$ .

Now as to the structure of $\nu$-automorphisms, we have

Proposition 2.5. For a $\nu$ -automorphism $\Phi:W\rightarrow W$ , there exist
uniquely a $2n\times 2n$ symplectic matrix $A=(a_{ij})$ and $F\in W_{3}^{O}$ such that

$\Phi=A\circ\exp\frac{1}{\nu}adF$.

If $\Phi$ has the hermitian property (2.10), then $F\in W_{3}^{o+}$ .

Proof. Notice $W_{1}$ is the maximal ideal of $W$ and then $\Phi(W_{1})\subset W_{1}$ .

We put

$\Phi(Z^{i})=\sum_{j=1}^{2n}a_{ij}Z^{j}+O(2)$ , $a_{ij}\in R$ , $i=1,2$ , $\ldots$ , $2n$ .
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Form the identity $[\Phi(Z^{i}), \Phi(Z^{j})]=\Phi([Z^{i}, Z^{j}])$ , one sees $A=(a_{ij})$ is
a $2n\times 2n$ symplectic matrix. Consider the $\nu$-automorphism $ A^{-1}\circ\Phi$ and
apply to each $Z^{i}$ . We have

$A^{-1}\circ\Phi(Z^{i})=Z^{i}+g_{(2)}^{i}+O(3)$ , $i=1$ , $\ldots$ , $2n$

where $g_{(2)}^{i}$ is the term of homogeneous degree 2. Then the identity
$[A^{-1}\circ\Phi(Z^{i}), A^{-1}\circ\Phi(Z^{j})]=A^{-1}\circ\Phi([Z^{i}, Z^{j}])$ gives the equation

$[Z^{iJ}, g_{(2)}]=[Z^{j}, g_{(2)}^{i}]$ , $i$ , $j=1,2$ , $\ldots$ , $2n$ . The Poincar\’e lemma yields

an element $F_{(3)}$ of homogenous degree 3 such that $\frac{1}{\nu}[Z^{i}, F_{(3)}]=g_{(2)}^{i}$ ,

$i=1$ , $\ldots$ , $2n$ . Thus we have

$\Phi(Z^{i})=A\circ\exp\frac{1}{\nu}adF_{(3)}(Z^{i})+O(3)$ , $i=1$ , $\ldots$ , $2n$ .

Repeating this process, we have a sequence $\{F_{(k)}\}$ of elements of homoge-
nous degree $k$ such that

$\Phi(Z^{i})=A\circ\exp\frac{1}{\nu}adF_{(3)}\circ\cdots\circ\exp\frac{1}{\nu}adF_{(k)}(Z^{i})+O(k)$ ,

for $i=1$ , $\ldots$ , $2n$ . By Campbell-Hausdorff formula there is an element
$F\in W_{3}^{o}$ such that $\lim_{k\rightarrow\infty}\square _{l=3}^{k}\exp\frac{1}{\nu}adF_{(l)}=\exp\frac{1}{\nu}adF_{3}$ which com-
pletes the existence proof of $A$ and $F$ . The uniqueness is inductively
checked by looking at the lawest degree term of $\exp\frac{1}{\nu}adF_{(k)}(Z^{i})-Z^{i}$ ,

$i=1,2$ , $\ldots$ , $2n$ . For the case $\Phi$ is hermitian, we obtain a proof by the
similar manner. Q.E.D.

2.2.2. Weyl functions. Suppose $U\subset R^{2n}$ be an open subset and let
$W_{U}=U\times W$ be a trivial bundle over $U$ . We set $\Gamma(W_{U})$ the space of
all smooth sections of $W_{U}$ . By the pointwise multiplication, $\Gamma(W_{U})$ is
equipped with the associative product $\wedge*$ . Under the smooth topology,
$\Gamma(W_{U})$ becomes a complete topological algebra. Consider a formal power
series in $\nu$ with coefficients in $C^{\infty}(U)$

$\overline{f}=f_{0}+\nu f_{1}+\cdots\in\alpha_{\nu}(U)=C^{\infty}(U)[[\nu]]$ .

Definition 2.6. We define a section $\overline{f}^{\neq}\in\Gamma(W_{U})$ in a Taylor
expansion fashion

$\overline{f}^{\#}(z)=\sum_{|\alpha|\geq 0}\frac{1}{\alpha!}\partial_{z}^{\alpha}f(z)Z^{\alpha}$
, $(z\in U)$ .

We call $\overline{f}^{\neq}$ a Weyl continuation of $\overline{f}$.
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We put the space $F(W_{U})=\{\overline{f}^{\neq}|\overline{f}\in\alpha_{\nu}(U)\}$ and we call an
element of $F(W_{U})$ a Weyl function.

We have the following (see Theorem 2.6, [OMYI]).

Theorem 2.7.

(i) The Weyl continuation gives an $R[[\nu]]$ -linear isomorphism
$\neq:\alpha_{\nu}(U)\rightarrow F(W_{U})$ .

(ii) $(\overline{f}*_{0}\overline{g})^{\#}=\overline{f}^{\neq}\wedge*\overline{g}\neq for$ $\forall\overline{f},\overline{g}\in\alpha_{\nu}(U)$ .

The above theorem indicates $\mathcal{F}(W_{U})$ is a subalgebra of $\Gamma(W_{U})$ and
$\#$ is an algebra isomorphism between the local Moyal algebra $(\alpha_{\nu}(U), *o)$

and the algebra of local Weyl functions $(\mathcal{F}(W_{U}),\wedge*)$ . It is easy to see

Proposition 2.8. Let $F$ be a section of $\Gamma(W_{U})$ satisfying

$[F^{\#}, g]\in \mathcal{F}(W_{U})$ for $\forall g^{\#}$ .

Then there exist a local Weyl function $f^{\neq}\in F(W_{U})$ and a formal power
series $a\in\alpha_{\nu}(U)$ such that

$F=f^{\#}+a$ .

If $F$ is a hermitian element, $\overline{F}=F$ , then we can take as hermitian,
$i.e.$ , $f=f(\nu^{2})$ , $a=a(\nu^{2})\in\alpha_{\nu^{2}}(U)=C^{\infty}(U)[[\nu^{2}]]$ .

Proof. Set $g^{i\#}=$ $\frac{1}{\nu}[F, z^{i\#}]$ , $i=1$ , $\ldots$ , $2n$ . Then the Jacobi

identity of the commutator togher with the relation $[z^{i\not\simeq\neq}, z^{j\#}]=l/\Lambda^{ij}$

yields $[z^{i\not\simeq\neq}, g^{j\#}]=[z^{j\#}, g^{i\#}]$ , which is equivalent to $\sum_{l}\Lambda^{il}\partial g^{i}/\partial z^{l}=$

$\sum_{l}\Lambda^{jl}\partial g^{j}/\partial z^{l}$ for $i$ , $j=1$ , $\ldots$ , $2n$ . Then, the Poincar\’e lemma shows
there exists $f\in\alpha_{\nu}(U)$ such that $g^{i}=\{f, z^{i}\}$ . Hence $F-f^{\not\simeq\neq}\in\Gamma(W_{U})$

belongs to the center and we have $F=f^{\not\simeq\neq}+a$ for certain $a\in\alpha_{\nu}(U)$ .

If $F$ is hermitian, it is obvious that we can take $f$ and $a$ as elements
of $\alpha_{\nu^{2}}(U)$ . Q.E.D.

2.2.3. Weyl diffeomorphism. Consider a bundle isomorphism
$\Phi:W_{U}\rightarrow W_{U’}$ .

Definition 2.9. $\Phi$ is called a Weyl diffeomorphism if and only
if it satisfies the following three conditions.

(i) $\Phi_{z}$ : $W_{z}\rightarrow W_{\varphi(z)}$ is a $\nu$-automorphism for every $z\in U$ where $W_{z}$

is a fiber of $W_{U}$ at $z$ and $\varphi:U\rightarrow U’$ is the induced diffeomor-
phism.

(ii) The pullback map $\Phi^{*}$ satisfies $\Phi^{*}F(W_{U’})=\mathcal{F}(W_{U})$ .

(iii) $\Phi$ has the hermitian property $\overline{\Phi(a)}=\Phi(\overline{a})$ , $\forall a\in W_{U}$ .
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As to the induced map, we have (cf. Lemma 3.3, [OMYI])

Lemma 2.10. The induced map $\varphi:U\rightarrow U’$ of a Weyl diffeomor-
phism is a symplectic diffeomorphism.

On the other hand, the converse direction also holds (see Theo-
rem 3.7, [OMYI] $)$ .

Theorem 2.11. For a symplectic diffeomorphism $\varphi:U\rightarrow U’$ ,

there exists a Weyl diffeomorphism $\Phi:W_{U}\rightarrow W_{U’}$ whose induced dif-
feomorphism is $\varphi$ .

2.2.4. Definition of Weyl manifold. Now, gluing $\{W_{U}=U\times W\}$

with Weyl diffeomorphisms we can define a Weyl algebra bundle over $M$

called a Weyl manifold in the following way.
Suppose we have a locally trivial bundle $W_{M}\rightarrow M$ with fibers

isomorphic to the Weyl algebra. Let $\{(V_{\alpha}, \varphi_{\alpha})\}_{\alpha\in A}$ be an atlas of $M$

such that $\varphi_{\alpha}$ : $V_{\alpha}\rightarrow U_{\alpha}\subset R^{2n}$ is a local canonical coordinate for every
$\alpha\in A$ . We denote by $\Phi_{\alpha}$ : $W_{V_{\alpha}}\rightarrow W_{U_{\alpha}}=U_{\alpha}\times W$ a local bundle
chart and by $\Phi_{\alpha\beta}=\Phi_{\beta}\circ\Phi_{\alpha}^{-1}$ : $W_{U_{\alpha\beta}}\rightarrow W_{U_{\beta\alpha}}$ the overlap map, where
$W_{V_{\alpha}=\pi^{-1}(V_{\alpha})}$ and $W_{U_{\alpha\beta}}=\Phi_{\alpha}(V_{\alpha}\cap V_{\beta})=U_{\alpha\beta}\times W$ , $U_{\alpha\beta}=\varphi_{\alpha}(V_{\alpha}\cap V_{\beta})$ .

Definition 2.12. A locally trivial Weyl algebra bundle $ W_{M}\rightarrow M\pi$

is called a Weyl manifold if the overlap maps $\Phi_{\alpha\beta}$ are Weyl diffeomor-
phisms.

The sets $\{(W_{V_{\alpha}}, W_{U_{\alpha}}, \Phi_{\alpha} : W_{V_{\alpha}}\rightarrow W_{U_{\alpha}})\}_{\alpha}$ is called local Weyl
charts.

We showed the existence of Weyl manifolds (Theorem $A$ , [OMYI]).

Theorem 2.13. For a symplectic manifold $M$ , there exists a Weyl

manifold $W_{M}$ .

The set of all smooth sections $\Gamma(W_{M})$ becomes an algebra by the
pointwise multiplication at each fiber. The overlap map $\Phi_{\alpha\beta}$ of a Weyl
manifold preserves the class of local Weyl functions and then we can
introduce a concept of global Weyl functions of $W_{M}$ as follows.

Definition 2.14. A smooth section $F\in\Gamma(W_{M})$ is called a Weyl
function of $W_{M}$ if $\Phi_{\alpha}^{*-1}F\in \mathcal{F}(W_{U_{\alpha}})$ for every $\alpha\in A$ .

We denote by $F(W_{M})$ the set of all Weyl functions of $W_{M}$ . It is

easy to see $F(W_{M})$ forms a subalgebra of $\Gamma(W_{M})$ .

2.2.5. Weyl manifold and deformation quantization. As is seen in
Theorem 2.7, the algebra of local Weyl functions $F(W_{U_{\alpha}})$ is isomor-
phic to the local Moyal algebra $(\alpha_{\nu}(U_{\alpha}), *_{0})$ . Also for globally defined
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Weyl functions, we have an $R[[\nu]]$ -linear isomorphism with the following
property (see, Theorems 3.10 and 6.1, [OMYI]).

Theorem 2.15. For a Weyl manifold $W_{M}$ , there exists an
$R[[\nu]]$ -linear isomorphism $\rho:\alpha_{\nu}(M)\rightarrow \mathcal{F}(W_{M})$ such that

$\rho^{-1}(\rho(f)\wedge*\rho(g))=fg+\frac{\nu}{2}\{f, g\}+\cdots+\nu^{k}\pi_{k}(f, g)+\cdots$ ,

for $f$ , $g\in\alpha_{\nu}(M)$ where $\{f, g\}$ is the Poisson bracket of the symplectic

manifold $M$ and $\pi_{k}$ is a bidifferential operator on $M$ .

If we define a product on $\alpha_{\nu}(M)$ by

(2.11) $f*g=\rho^{-1}(\rho(f)\wedge*\rho(g))$ , $f$ , $g\in\alpha_{\nu}(M)$ ,

$then*is$ obviously associative and becomes a star product, which induces
an existence of star products on $M$ (Theorem $B$ , [OMYI]). Thus, by
virtue of Theorem 2.13 and Theorem 2.15, we have obtained another
proof of the existence of deformation quantization for symplectic mani-
fold by De Wilde-Lecomte [DL].

2.3. Poincar\’e-Cartan class

In [OMMYI], we obtained a complete invariant $c(W_{M})$ of Weyl
manifolds over a symplectic manifold $M$ , called the Poincar\’e-Cartan

class. The invariant $c(W_{M})$ of a Weyl manifold $W_{M}$ is an element
of $H^{2}(M)[[\nu^{2}]]$ , the set of all formal power series in $\nu^{2}$ with coefficients
in $H^{2}(M)$ . We derived a $\check{C}ech2$-cocycle with values in the hermit-
ian center $R[[\nu^{2}]]$ through patching $\{W_{U_{\alpha}}\}$ and this 2-cocycle gave the
Poincar\’e-Cartan class. Thus, we need to extract certain information
from the center $R[[\nu]]$ of $W$ in order to define $c(W_{M})$ , and the contact
algebra $C$ was indeed introduced as a tool for this purpose. In this sec-
tion, we recall the definition of the contact algebra $C$ and give a review
on the Poincar\’e-Cartan class.

2.3.1. Contact algebra. Let us introduce an element $\tau$ and set rela-
tions

(2.12) $[\tau, \nu]=2\nu^{2}$ , $[\tau, Z^{i}]=\nu Z^{i}$ , $(i=1,2, \ldots, 2n)$ .

It is easy to see

$[\tau, [\nu, Z^{i}]]=[[\tau, \nu]$ , $Z^{i}]+[\nu, [\tau, Z^{i}]]$

and
$[\tau, [Z^{i}, Z^{j}]]=[[\tau, Z^{i}]$ , $Z^{j}]+[Z^{i}, [\tau, Z^{j}]]$ .
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Then the bracket $[\tau, ]$ is extended on the Weyl algebra as a derivation
$a\mapsto[\tau, a]$ , $a\in W$ . We then consider a direct sum

(2.13) $C=R\tau\oplus W$

and define a bracket by

(2.14) $[\lambda_{1}\tau+a_{1}, \lambda_{2}\tau+a_{2}]=\lambda_{1}[\tau, a_{2}]-\lambda_{2}[\tau, a_{1}]+[a_{1}, a_{2}]$

where $\lambda_{i}\in R$ , $a_{i}\in W$ and $[a_{1}, a_{2}]=a_{1}*a_{2}-\wedge a_{2}*a_{1}\wedge$ is the commutator of
the Weyl algebra $W$ . The derivation property yields the Jacobi identity
of $[, ]$ and $(C, [, ])$ becomes a Lie algebra.

Definition 2.16. The Lie algebra $(C, [, ])$ is called a contact
algebra.

We put the product topology of $R$ and $W$ into $C=R\tau\oplus W$ and $(C, [, ])$

is a complete topological algebra. We consider an anti-involution of $C$

by setting

(2.15) $\overline{\tau}=\tau$ , $\overline{\lambda\tau+F}=\lambda\tau+\overline{F}$ , $\lambda\in R$ , $F\in W$

We remark here the derivation $a\mapsto[\tau, a]$ of $W$ counts the degree of
monomials, i.e., it holds

$[\tau, \nu^{l}Z^{\alpha}]=\nu(2l+|\alpha|)\nu^{l}Z^{\alpha}$

and hence we have

(2.16) $[\tau, F]=2\iota/^{2}\partial_{\nu}F+\nu\sum_{k=1}^{2n}Z^{k}\partial_{Z^{k}}F$, $F\in W$.

Now, we consider an automorphism group of the contact algebra.
First we consider a derivation; for $F\in W$ , we set

(2.17) $ad\frac{1}{\nu}F(a)=\frac{1}{\nu}adF(a)$ , $\forall a\in W$,

(2.18) $ad\frac{1}{\nu}F(\tau)=2F+\frac{1}{\nu}[F, \tau]$ .

Definition 2.17. An algebra isomorphsim $\Psi:C\rightarrow C$ is called
a $\nu$-autormorphism if it gives a $\nu$-automorphism of Weyl algebra
when restricted to $W$ . A $\nu$ automorphism $\Psi$ is hermitian if it satisfies
$\overline{\Psi(P)}=\Psi(\overline{P})$ , $P\in C$ .

We have
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Proposition 2.18. For a hermitian $\nu$ -automorphism $\Psi:C\rightarrow C$ ,
there exist uniquely a $2n\times 2n$ symplectic matrix $A$ , a $he7mitian$ central
element $c(\nu^{2})\in R[[\nu^{2}]]$ and $F\in W_{3}^{o+}$ such that

$\Psi=Ao\exp ad\frac{1}{\nu}(F+c(\nu^{2}))$ .

Proof. For the restriction $\Psi|_{W}$ , Proposition 2.5 gives a symplectic
matrix $A$ and $F\in W_{3}^{o+}$ such that $\Psi|_{W}=Ao\exp\frac{1}{\nu}adF$ . Then, the
$\nu$-automorphisms $\Psi$ and $\psi=A\circ\exp ad(\frac{1}{\nu}F)$ coincide when restricted
to $W$ , and it holds $\psi^{-1}o\Psi(Z^{i})=Z^{i}$ , $i=1$ , $\ldots$ , $2n$ . As to $\psi^{-1}o\Psi(\tau)\in$

$C=R\tau\oplus W$ , we apply $\psi^{-1}\circ\Psi$ to the identities $[\tau, Z^{i}]=\nu Z^{i}$ and we
have $\psi^{-1}o\Psi(\tau)=\tau+b$ for certain central element $b$ . The the hermitian
property induces

$b=b(\nu^{2})=b_{0}+\nu^{2}b_{2}+\cdots+\nu^{2k}b_{2k}+\cdots\in R[[\nu^{2}]]$ .

A central element $c(\nu^{2})=\sum_{k=0}^{\infty}\nu^{2k}c_{2k}$ with $c_{2k}=1/(2(1-2k))b_{2k}$

satisfies $\exp ad\frac{1}{\nu}c(\nu^{2})(\tau)=\tau+b(\nu^{2})$ , which shows the existence. The
uniqueness is a direct consequence of Proposition 2.5 and the uniqueness
of $c(\nu^{2})$ . Q.E.D.

2.3.2. Contact Weyl diffeomorphism. Let $U$ be an open subset
of $R^{2n}$ and consider a trivial bundle $C_{U}=U\times C$ . We denote by $\Gamma(C_{U})$

the set of all smooth sections of $C_{U}$ . Then $\Gamma(C_{U})$ forms a Lie algebra
by the pointwise multiplication and becomes a complete topological Lie
algebra under smooth topology. We consider a section $\tau_{U}\in\Gamma(C_{U})$ such
that

(2.19) $\tau_{U}(z)=\tau+\sum_{i,,,j=1}^{2n}\omega_{ij}z^{i}Z^{j}$ , $(z\in U)$ .

Recall the derivation $[\tau, ]$ satisfies $[\tau, F]=2\nu^{2}\partial_{\nu}F+\nu\sum_{k=1}^{2n}Z^{k}\partial_{Z^{k}}F$

in (2.16) and notice $[\sum_{ij}\omega_{ij}z^{i}Z^{j}, F]=\nu\sum_{k}z^{k}\partial_{Z^{k}}F$ , $F\in W$ for each
$z\in U$ . Then we see easily the fiberwise derivation $[\tau_{U}, ]$ acts on $\Gamma(W_{U})$

in the form

(2.20) $[\tau_{U}(z), F(z)]=2\nu^{2}\partial_{\nu}F(z)+\nu\sum_{k=1}^{2n}z^{k\#}\partial_{Z^{k}}F(z)$ , $F\in\Gamma(W_{U})$ .

The identity $\partial_{Z^{k}}f^{\not\simeq\neq}=(\partial_{z^{k}}f)^{\neq}$ yields

$[\tau_{U}(z), f^{\#}(z)]=2\nu^{2}\partial_{\nu}f^{\neq}(z)+\nu\sum_{k=1}^{2n}(z^{k}\partial_{z^{k}}f)^{\neq}(z)$ , $f^{\#}\in F(W_{U})$ .
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Here we use the identity $z^{k\#}(\partial_{z^{k}}f)^{\neq}=(z^{k}\partial_{z^{k}}f)^{\neq}$ . In fact, using the
definition of $\wedge*we$ calculate $z^{k\#}*g\wedge\neq=z^{k\#}g^{\#}+\frac{\nu}{2}\sum_{m}\Lambda^{km}(\partial_{z^{m}}g)^{\neq}$ , and
using the formula given in Proposition 2.7 we see

$z^{k\not\simeq\neq}*g\wedge\neq=(z^{k}*_{0}g)^{\neq}=(z^{k}g)^{\neq}+\frac{\nu}{2}\sum_{m}\Lambda^{km}(\partial_{z^{m}}g)^{\neq}$

which shows $z^{k\not\simeq\neq}g^{\#}=(z^{k}g)^{\neq}$ for $\forall g^{\#}\in \mathcal{F}(W_{U})$ . Thus, we have

Lemma 2.19.

$[\tau_{U}(z), f^{\#}(z)]=2\nu^{2}\partial_{\nu}f^{\neq}(z)+\nu(Ef)^{\neq}(z)$ , $f^{\not\simeq\neq}\in F(W_{U})$ ,

where $E=\sum_{k=1}^{2n}z^{k}\partial_{z^{k}}$ is the Euler vector field.

Now remark $W_{U}$ is a subbundle of $C_{U}$ .

Definition 2.20. We call a bundle isomorphism $\overline{\Phi}:C_{U}\rightarrow C_{U’}$

a contact extension ofWeyl diffeomorphism, or CEWD for short,

if the restriction $\overline{\Phi}|_{W_{U}}$ is a Weyl diffeomorphism.

For a contact extension of a Weyl diffeomorphism $\overline{\Phi}$ , the pullback
$\overline{\Phi}^{*}\tau_{U’}$ is obviously a section of $C_{U}$ and is written in the form

$\overline{\Phi}^{*}\tau_{U’}=\lambda\tau_{U}+H$ , $\lambda\in C^{\infty}(U)$ and $H\in\Gamma(W_{U})$ .

Applying $\overline{\Phi}^{*}$ to the identity $[\tau_{U’}, l/]=2\nu^{2}$ induces $\lambda\equiv 1-\cdot$ Applying $\overline{\Phi}^{*}$

to the identity $[\tau_{U’}, z^{i\#}]=\iota/z^{i\#}$ shows $[H,\overline{\Phi}^{*}z^{i\not\simeq\neq}]=\nu\Phi^{*}z^{i\#}$ and hence
$[\overline{\Phi}^{*-1}H, z^{i\#}]=\nu z^{i\#}$ , $i=1$ , $\ldots$ , $2n$ which induces $[\overline{\Phi}^{*-1}H, F(W_{U’})]\subset$

$\nu F(W_{U’})$ . Proposition 2.8 then shows $\overline{\Phi}^{*-1}H$ is a sum of a certain Weyl
function and an element of $\alpha_{\nu^{2}}(U’)$ . Thus, for a contact extension of

Weyl diffeomorphism $\overline{\Phi}:C_{U}\rightarrow C_{U’}$ , we have

Lemma 2.21. The pullback of $\tau_{U’}$ is written as $\overline{\Phi}^{*}\tau_{U’}=\tau_{U}+f^{\neq}+$

$a(\nu^{2})$ , for certain $f^{\neq}\in \mathcal{F}(W_{U})$ with $\overline{f\#}=f^{\neq}and$ $a(\nu^{2})\in\alpha_{\nu^{2}}(U)$ .

Further, if $a(\nu^{2})$ is a constant, i.e., $a(\nu^{2})\in R[[\nu^{2}]]$ , we can view
$f^{\neq}+a(\nu^{2})=(f^{\neq}+a(\nu^{2}))^{\#}$ as a Weyl function. We define (cf. Defini-
tion 4.6, [OMYI] $)$

Definition 2.22. A contact extension of Weyl diffeomorphism
$\Psi:C_{U}\rightarrow C_{U’}$ is called a contact Weyl diffeomorphism if and only
if $\Psi^{*}\tau_{U’}=\tau_{U}+f^{\not\simeq\neq}$ for certain $f^{\neq}\in \mathcal{F}(W_{U})$ .

Notice a contact Weyl diffeomorphism $\Psi$ yields a Weyl diffeomor-
phism $\Psi|_{W_{U}}$ , and then by Lemma 2.10 the induced map $\varphi:U\rightarrow U’$ is
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a symplectic diffeomorphism. As to the existence we have (see Theo-
rem 4.7, [OMYI] $)$

Theorem 2.23. (i) For a Weyl diffeomorphism $\Phi:W_{U}\rightarrow W_{U’}$ ,

there exists a contact Weyl diffeomorphism $\Psi:C_{U}\rightarrow C_{U’}$ such that
$\Psi|_{W_{U}}=\Phi$ . (ii) For a symplectic diffeomorphism $\varphi:U\rightarrow U’$ , there
exists a contact Weyl diffeomorphism $\Psi:C_{U}\rightarrow C_{U’}$ whose induced map
is $\varphi$ .

Now we proceed to consider a contact Weyl diffeomorphism with
the identity base map. Consider a hermitian, local Weyl function with

the constant leading term

(2.21) $ g^{\neq\neq}(\nu^{2})=g_{0}+\nu^{2}g_{2}^{\#}+\cdots+\nu^{2k}g_{2k}^{\#}+\cdots$ ,

where $g_{0}\in R$ , $g_{2k}\in C^{\infty}(U)$ , $(k=1,2, \ldots)$ . Obviously we have a decom-
position $g^{\not\simeq\neq}=a(\nu^{2})+F$ with $a(\nu^{2})\in\alpha_{\nu^{2}}(U)$ , $F\in\Gamma(U\times W_{3}^{o+})$ . Then
due to Proposition 2.18, $\Psi=\exp ad(\frac{1}{\nu}g^{\neq})$ gives a bundle isomorphism
of $C_{U}$ which clearly satisfies $\Psi^{*}\mathcal{F}(W_{U})=F(W_{U})$ . It is easy to see

$\Psi^{*}\tau_{U}=\tau_{U}+2g_{0}+\nu^{2}A_{(1)}^{\#}(\nu^{2})$ , $\Psi^{*}z^{i\#}=z^{i\#}+\nu^{2}A_{(2)}^{\#}(\nu^{2})$

where $ A_{(i)}^{\#}(\nu^{2})=A_{(i),0}^{\#}+\nu^{2}A_{(i),2}^{\#}+\cdots+\nu^{2k}A_{(i),2k}^{\#}+\cdots$ , $A_{(i),2k}\in C^{\infty}(U)$ ,

$i=1,2$ . Thus, we have contact Weyl diffeomorphism $\Psi$ with the identity
base map. Moreover, one sees that a contact Weyl diffeomorphism of
the above form is general as follows (cf. Corollary 2.5, [OMMYI]).

Proposition 2.24. (i) If a contact Weyl diffeomorphism $\Psi:C_{U}\rightarrow$

$C_{U}$ indueces the identity base map, there exists uniquely a Weyl function
$g^{\neq}(\nu^{2})$ of the $fo7m(2.21)$ such that $\Psi=\exp ad(\frac{1}{\nu}g(\#\nu^{2}))$ . (ii) If a con-

tact Weyl diffeomorphism $\Psi$ yields the identity map $\overline{\Phi}|_{W_{U}}=1$ on $W_{U}$ ,

then there exists uniquley a hermitian central element

(2.22) $ c(\nu^{2})=c_{0}+\nu^{2}c_{2}+\cdots+\nu^{2k}c_{2k}+\cdots$ , $c_{2k}\in R$

such that $\Psi=\exp ad(\frac{1}{\nu}c(\nu^{2}))$ .

In what follows we consider the relation between contact exten-
sions of Weyl diffeomorphism and contact Weyl diffeomorphisms. Let
$\overline{\Phi}:C_{U}\rightarrow C_{U’}$ be a contact extension of Weyl diffeomorphism, CEWD.

Then Lemma 2.21 gives that $\overline{\Phi}^{*}\tau_{U’}=\tau_{U}+f^{\neq}+b(\nu^{2})$ for certain
$f^{\neq}\in F(W_{U})$ and $ b(\nu^{2})=b_{0}+\nu^{2}b_{2}+\cdots+\nu^{2k}b_{2k}+\cdots$ , $b_{2k}\in C^{\infty}(U)$ .

It is easy to see $a(\nu^{2})=\frac{1}{2}b_{0}-\frac{\nu^{2}}{2}b_{2}+\cdots+\frac{\nu^{2k}}{2(1-2k)}b_{2k}+\cdots\in\alpha_{\nu^{2}}(U)$

satisfies $\exp ad(\frac{1}{\nu}a(\nu^{2}))\tau_{U}$ $=$ $\tau_{U}+b(\nu^{2})$ . Then the composition
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$\overline{\Psi}=\overline{\Phi}o\exp(-ad\frac{1}{\nu}a(\nu^{2})):C_{U}\rightarrow C_{U}$ satisfies $\overline{\Psi}^{*}\tau_{U’}=\tau_{U}+f^{\neq}$ and
$\overline{\Psi}$ is a contact Weyl diffeomorphism. Thus, we have

$Pr\underline{o}$position 2.25. For a contact extension of Weyl diffeomor-
$\underline{p}hism\Phi:C_{U}$

$\rightarrow$ $C_{U’}$ , there exists a contact Weyl diffeomorphism
$\Psi:C_{U}\rightarrow C_{U’}$ and $a(\nu^{2})\in\alpha_{\nu^{2}}(U)$ such that $\overline{\Phi}=\overline{\Psi}\circ\exp ad(\frac{1}{\nu}a(\nu^{2}))$ .

2.3.3. $\check{C}ech2$ -cocycle of $W_{M}$ and the Poincar\’e-Cartan class. Con-
sider a Weyl manifold $ W_{M}\rightarrow M\pi$ . We have a system of local Weyl charts
$\Phi_{\alpha}$ : $\pi^{-1}(V_{\alpha})=W_{V_{\alpha}}\rightarrow W_{U_{\alpha}}=U_{\alpha}\times W$ and a system of overlap maps
$\Phi_{\alpha\beta}=\Phi_{\beta}o\Phi_{\alpha}^{-1}$ : $W_{U_{\alpha\beta}}\rightarrow W_{U_{\beta\alpha}}$ , $U_{\alpha\beta}=\varphi_{\alpha}(V_{\alpha}\cap V_{\beta})$ .

According to Theorem 2.23,-we take a contact Weyl diffeomorphism
$\overline{\Phi}_{\alpha\beta}$ : $C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}$ such that $\Phi_{\alpha\beta}|_{W_{U_{\alpha\beta}}}=\Phi_{\alpha\beta}$

$fr$ each overlap map.

Here we may assume $\overline{\Phi}_{\beta\alpha}\circ\overline{\Phi}_{\alpha\beta}=1$ on $C_{U_{\alpha’\beta},-}$ . In fact, $\Phi_{\beta\alpha}\circ\Phi_{\alpha\beta}=1$

on $W_{U_{\alpha\beta}}$ and Proposition 2.24 yields $\overline{\Phi}_{\beta\alpha}o\Phi_{\alpha\beta}=\exp ad(\frac{1}{\nu}d_{\alpha\beta}(\nu^{2}))$ for

certain $d_{\alpha\beta}(\nu^{2})\in R[[\nu^{2}]]$ . Notice

$\overline{\Phi}_{\alpha\beta}o\overline{\Phi}_{\beta\alpha}o\overline{\Phi}_{\alpha\beta}=\exp ad(\frac{1}{\nu}d_{\beta\alpha}(\nu^{2}))o\overline{\Phi}_{\alpha\beta}$

$=\overline{\Phi}_{\alpha\beta}\circ\exp ad(\frac{1}{\nu}d_{\alpha\beta}(\nu^{2}))$

which shows $d_{\beta\alpha}(\iota/^{2})=d_{\alpha\beta}(\nu^{2})$ . Then we can assume $\overline{\Phi}_{\beta\alpha}\circ\overline{\Phi}_{\alpha\beta}=1$ by

replacing $\overline{\Phi}_{\alpha\beta}$ by $\overline{\Phi}_{\alpha\beta}\circ\exp(-ad\frac{1}{2\nu}d_{\alpha\beta}(\nu^{2}))_{-}on-$
$C_{U_{\underline{\alpha}\beta}}$ .

We set a bundle isomorphism $\Phi_{\alpha\beta\gamma}=\Phi_{\gamma\alpha}o\Phi_{\beta\gamma}\circ\overline{\Phi}_{\alpha\beta}$ of $C_{U_{\alpha\beta\gamma}}$

where $U_{\alpha\beta\gamma}=\varphi_{\alpha}(V_{\alpha}\cap V_{\beta}\cap V_{\gamma})$ , $ V_{\alpha}\cap V_{\beta}\cap V_{\gamma}\neq\emptyset$ . Since the restriction
$\overline{\Phi}_{\alpha\beta\gamma}|_{W_{U_{\alpha\beta\gamma}}}=\Phi_{\gamma\alpha}o\Phi_{\beta\gamma}o\Phi_{\alpha\beta}$ is the identity of $W_{U_{\alpha\beta}\gamma}$ , there exists

$c_{\alpha\beta\gamma}$ ( $\nu^{2}\underline{)}\in R[[\nu^{2}]]$ such that $\overline{\Phi}$

$-^{\alpha\beta\gamma},$

$=\exp ad\underline{(}\frac{1}{\nu}c_{\alpha\beta\gamma}(\nu^{2})$ ). The identities
$\overline{\Phi}_{\alpha\beta\gamma}o\Phi_{\alpha\gamma\beta}=1$ and $\overline{\Phi}_{\alpha\beta\gamma}=\Phi_{\gamma\alpha}\circ\overline{\Phi}_{\gamma\alpha\beta}\circ\Phi_{\alpha\gamma}$ induce

$c_{\alpha\beta\gamma}(\nu^{2})+c_{\alpha\gamma\beta}(\nu^{2})=0$ , $c_{\alpha\beta\gamma}(\nu^{2})=c_{\gamma\alpha\beta}(\nu^{2})$ ,

respectively, which mean $\{c_{\alpha\beta\gamma}(\nu^{2})\}$ is a $\check{C}ech2$-cochain for the covering
$\mathcal{U}=\{V_{\alpha}\}_{\alpha\in A}$ . An easy calculation yields

$\overline{\Phi}_{\beta\alpha}o\overline{\Phi}_{\beta\delta\gamma}o\overline{\Phi}_{\alpha\beta}o\overline{\Phi}_{\alpha\delta\beta}o\overline{\Phi}_{\alpha\gamma\delta}o\overline{\Phi}_{\alpha\beta\gamma}=1$

on $C_{U_{\alpha\beta\gamma}\delta}$ , $U_{\alpha\beta\gamma\delta}=\varphi_{\alpha}(V_{\alpha}\cap V_{\beta}\cap V_{\gamma}\cap V_{\delta})$ which induces

$c_{\beta\delta\gamma}(\nu^{2})+c_{\alpha\delta\beta}(\nu^{2})+c_{\alpha\gamma\delta}(l/^{2})+c_{\alpha\beta\gamma}(\nu^{2})=-\delta c_{\alpha\beta\gamma\delta}(\nu^{2})=0$ .

Thus $\{c_{\alpha\beta\gamma}(\nu^{2})\}$ is a $\check{C}ech2$-cocycle with values in $R[[\nu^{2}]]$ , or each
$\{c_{\alpha\beta\gamma,2k}\}$ of the expansion $c_{\alpha\beta\gamma}(\nu^{2})$ $=\sum_{k=0}^{\infty}\nu^{2k}c_{\alpha\beta\gamma,2k}$ is a $\check{C}ech$
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2-cocycle with values in $R$ $(k=0,1, 2, \ldots)$ . Then we obtain an element
of $H^{2}(M)[[\nu^{2}]]$ which is denoted by $c(W_{M})$ and is called the Poincar\’e-

Cartan class of the Weyl manifold $W_{M}$ . We write the expansion as

$ c(W_{M})=c_{0}(W_{M})+\nu^{2}c_{2}(W_{M})+\cdots+\nu^{2k}c_{2k}(W_{M})+\cdots$ ,

where $c_{2k}(W_{M})\in H^{2}(M)$ . As to $c(W_{M})$ we have the following (Theo-
rem 3.5, [OMMYI] $)$ .

Proposition 2.26. (i) The leading term $c_{0}(W_{M})$ of $c(W_{M})$ is
equal to $[\sigma]$ , the cohomology class of the symplectic structure $\sigma$ of $M$ .

(ii) $c(W_{M})$ depends on the equivalence class of $W_{M}$ , $i.e.$ , if $W_{M}’$ is equiv-
alent to $W_{M}$ as Weyl manifold, then $c(W_{M}’)=c(W_{M})$ .

Theorem 2.27. The Poincar\’e-Cartan class is a complete invari-
ant of Weyl manifolds, $i.e.$ , the map $[W_{M}]\mapsto c(W_{M})$ is bijective from
all equivalence classes of Weyl manifolds to the set of all elements of
$H^{2}(M)[[\nu^{2}]]$ with the leading term $[\sigma]$ .

\S 3. Contact algebra bundle and connection

In this section, using a Poincar\’e-Cartan class $c(W_{M})$ of Weyl man-
ifold $W_{M}$ , we will construct a contact algebra bundle $C_{M}\rightarrow M$ and
a connection $\partial$ on $C_{M}$ .

Let $\{c_{\alpha\beta\gamma}(\nu^{2})\}$ be a $\check{C}ech2$-cocycle giving $c(W_{M})$ . Then by def-

inition, contact Weyl diffeomorphisms $\overline{\Phi}_{\alpha\beta}$ : $C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}$ for overlap
maps of local Weyl charts $\Phi_{\alpha\beta}$ : $W_{U_{\alpha\beta}}\rightarrow W_{U_{\beta\alpha}}$ satisfy

$\overline{\Phi}_{\gamma\alpha}o\overline{\Phi}_{\beta\gamma}o\overline{\Phi}_{\alpha\beta}=\exp ad(\frac{1}{\nu}c_{\alpha\beta\gamma}(\nu^{2}))$ ,

which is not the identity transformation in general. Hence the system
$\{\overline{\Phi}_{\alpha\beta}\}$ is $nt$ useful for gluing $\{C_{U_{\alpha\beta}}\}$ . Our idea for constructing $C_{M}$ is

to use contact extensions of Weyl diffeomorphisms instead of $\{\overline{\Phi}_{\alpha\beta}\}$ . By
means of $\{c_{\alpha\beta\gamma}(\nu^{2})\}$ , we construct an appropriate 1-cochain $\{h_{\alpha\beta}(\nu^{2})\}$ ,
$h_{\alpha\beta}(l/^{2})\in C^{\infty}(U_{\alpha\beta})[[\nu^{2}]]$ and using this cochain and the system of con-

tact Weyl diffeomorphisms $\{\overline{\Phi}_{\alpha\beta}\}$ , we obtain a certain system of contact
extensions of Weyl diffeomorphisms $\{\Psi_{\alpha\beta} : C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}\}$ . We will then
have a contact algebra bundle by gluing $\{C_{U_{\alpha}}\}$ by means of $\{\Psi_{\alpha\beta}\}$ .

As to the connection $\partial$ , we first consider a closed 2-form
$\Omega_{M}(\nu^{2})\in\Lambda_{M}^{2}[[\nu^{2}]]$ whose cohomology class is equal to the Poincar\’e-

Cartan class $[\Omega_{M}(\nu^{2})]=c(W_{M})$ . Then we take a system of local1-forms
$\{\xi_{\alpha}(\nu^{2})\}$ , $\xi_{\alpha}\in\Lambda^{1}(V_{\alpha})[[\nu^{2}]]$ such that $d\xi_{\alpha}(\nu^{2})=\Omega_{M}(I/^{2})$ on $V_{\alpha}$ . Using
this system $\{\xi_{\alpha}(\nu^{2})\}$ , we construct a connection 1-form and then we will
obtain a connection $\partial$ whose curvature form is $\Omega_{M}(\nu^{2})$ .
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3.1. Construction of $C_{M}$ ; proof of Theorem A

Let $W_{M}$ be a Weyl manifold and $c(W_{M})$ be its Poincar\’e-Cartan

class. Suppose $\{c_{\alpha\beta\gamma}(\nu^{2})\}$ is a $\check{C}ech2$-cocycle giving $c(W_{M})$ . Recall the
cocycle has the form $ c_{\alpha\beta\gamma}(\nu^{2})=c_{\alpha\beta\gamma,0}+\nu^{2}c_{\alpha\beta\gamma,2}+\cdots+\nu^{2k}c_{\alpha\beta\gamma,2k}+\cdots$ ,
$c_{\alpha\beta\gamma,2k}\in R$ . We denote by $\Phi_{\alpha\beta}$ : $W_{U_{\alpha\beta}}\rightarrow W_{U_{\beta\alpha}}$ the overlap map of

local Weyl charts and by $\overline{\Phi}_{\alpha\beta}$ : $C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}$ its lift as a contact Weyl
diffeomorphism. Then by definition, we have the identity

$\overline{\Phi}_{\alpha\beta\gamma}=\tilde{\Phi}_{\gamma\alpha}o\overline{\Phi}_{\beta\gamma}o\overline{\Phi}_{\alpha\beta}=\exp ad(\frac{1}{\nu}c_{\alpha\beta\gamma}(\nu^{2}))$

$\overline{\Phi}_{\alpha\beta}o\overline{\Phi}_{\beta\alpha}=1_{U_{\alpha\beta}}$ .

In what follows, we construct $\check{C}ech1$-cocycle $\{H_{\alpha\beta}(\nu^{2})\}$ and a sys-
tem of 1-forms $\{\xi_{\alpha}(\iota/^{2})\}$ on $M$ related to $\{c_{\alpha\beta\gamma}(\nu^{2})\}$ by the standard
argument. The 1-cocycle $\{H_{\alpha\beta}(\nu^{2})\}$ is used in this section to con-
struct a gluing map system of contact extension ofWeyl diffeomorphisms
$\{\Psi_{\alpha\beta} : C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}\}$ $fr$ the contact algebra bundle $C_{M}$ . The system
$\{\xi_{\alpha}(\nu^{2})\}$ will be used for constructing a connection $\partial$ on $C_{M}$ in the next
section.

Now we define a formal power seires in $\nu^{2}$ with coefficients in
$\alpha(M)=C^{\infty}(M)$ by

(3.1)
$H_{\alpha\beta}(\nu^{2})=\sum_{\lambda}c_{\alpha\beta\lambda}(\iota/^{2})\chi_{\lambda}\in\alpha_{M}[[\nu^{2}]]$

,

where $\{\chi_{\lambda}\}_{\lambda}$ is a partition of unity subbordinate to the covering $\{V_{\lambda}\}_{\lambda}$

of $M$ . Then we have

(3.2) $H_{\alpha\beta}(\nu^{2})=-H_{\beta\alpha}(\nu^{2})$

(3.3) $\delta H_{\alpha\beta\gamma}(\nu^{2})=H_{\alpha\beta}(\nu^{2})+H_{\beta\gamma}(\nu^{2})+H_{\gamma\alpha}(\nu^{2})=c_{\alpha\beta\gamma}(\nu^{2})$ .

We set a formal power seiries of one forms on $M$

(3.4)
$--\alpha-(\nu^{2})=\sum_{\lambda}dH_{\alpha\lambda}(\nu^{2})\chi_{\lambda}\in\Lambda_{M}^{1}[[\nu^{2}]]$

.

Then the identity (3.3) shows

Lemma 3.1. $--\beta-(\nu^{2})----\alpha(\nu^{2})=dH_{\beta\alpha}(\nu^{2})$ .

We set the local coordinate expressions,

(3.5) $h_{\alpha\beta}(\nu^{2})=\varphi_{\alpha}^{-1*}H_{\alpha\beta}(\nu^{2})\in\alpha_{U_{\alpha}}[[\nu^{2}]]$ .

Then the identities for $H_{\alpha\beta}(3.2)$ and (3.3) gives
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Lemma 3.2.

(i) $h_{\alpha\beta}(\iota/^{2})=-\varphi_{\alpha\beta}^{*}h_{\beta\alpha}(\nu^{2})$

(ii) $h_{\alpha\beta}(\nu^{2})+\varphi_{\alpha\beta}^{*}h_{\beta\gamma}(\nu^{2})+\varphi_{\alpha\gamma}^{*}h_{\gamma\alpha}(\nu^{2})=c_{\alpha\beta\gamma}(\nu^{2})$ .

We also set the local coordinate expression

(3.8) $\xi_{\alpha}(\nu^{2})=\varphi_{\alpha}^{-1*-}--\alpha(\nu^{2})\in\Lambda_{U_{\alpha}}^{1}[[\nu^{2}]]$ .

The $identity---\beta(\nu^{2})----\alpha(\nu^{2})=dH_{\beta\alpha}(\nu^{2})$ induces

(3.7) $\xi_{\beta}(\nu^{2})=\varphi_{\beta\alpha}^{*}\xi_{\alpha}(\nu^{2})+dh_{\beta\alpha}(\nu^{2})$ .

Now using $h_{\alpha\beta}(\nu^{2})=\varphi_{\alpha}^{-1*}H_{\alpha\beta}(\nu^{2})$ we set a contact extension of
Weyl diffeomorphism (CEWD) of $\Phi_{\alpha\beta}$ as

(3.8) $\Psi_{\alpha\beta}=\overline{\Phi}_{\alpha\beta}\circ\exp(-ad\frac{1}{\nu}h_{\alpha\beta}(\nu^{2})):C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}$

where $\overline{\Phi}_{\alpha\beta}$ is a contact Weyl diffeomorhpism lift of $\Phi_{\alpha\beta}$ . Then we have

(3.9) $\Psi_{\alpha\beta}\circ\Psi_{\beta\alpha}=1_{U_{\alpha\beta}}$ : $C_{U_{\alpha\beta}}\rightarrow C_{U_{\beta\alpha}}$ .

In fact, the skew symmetry of $h_{\alpha\beta}(\nu^{2})$ in Lemma 3.2 (i) yields

$\Psi_{\alpha\beta}o\Psi_{\beta\alpha}=\overline{\Phi}_{\alpha\beta}o\exp(-ad\frac{1}{\nu}h_{\alpha\beta}(\nu^{2}))o\overline{\Phi}_{\beta\alpha}o\exp(-ad\frac{1}{\nu}h_{\beta\alpha}(\nu^{2}))$

$=\overline{\Phi}_{\alpha\beta}o\overline{\Phi}_{\beta\alpha}\circ\exp(-ad\frac{1}{\nu}h_{\beta\alpha}(\nu^{2})+\frac{1}{\nu}\varphi_{\beta\alpha}^{*}h_{\alpha\beta}(\nu^{2}))$

$=1_{U_{\alpha\beta}}$ .

The cyclic condition (ii) in the same lemma also gives

$\Psi_{\alpha\beta\gamma}=\Psi_{\gamma\alpha}o\Psi_{\beta\gamma}o\Psi_{\alpha\beta}$

$=\overline{\Phi}_{\alpha\beta\gamma}\circ\exp(-ad\frac{1}{\nu}h_{\alpha\beta}(\nu^{2})+\frac{1}{\nu}\varphi_{\alpha\beta}^{*}h_{\beta\gamma}(\nu^{2})+I\underline{1},\varphi_{\alpha\gamma}^{*}h_{\gamma\alpha}(\nu^{2}))$

$=\exp ad(\frac{1}{\nu}c_{\alpha\beta\gamma}(\nu^{2}))o\exp(-ad\frac{1}{\nu}c_{\alpha\beta\gamma}(\nu^{2}))=1_{U_{\alpha\beta\gamma}}$ .

Thus, by gluing local trivial contact algebra bundles $\{C_{U_{\alpha}}\}$ by means
of the system $\{\Psi_{\alpha\beta}\}$ we have a locally tirivial contact algebra bundle
$C_{M}\rightarrow M$ . By construction it is obvious that $C_{M}$ contains the Weyl
manifold $W_{M}$ as a subbundle and hence we have a proof of Theorem A.

Finally we prepare for some basic identities for $\{\tau_{U_{\alpha}}\}$ . The iden-
tities will be used in the next sections for contructing a connection
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on $C_{M}$ , where $\tau_{U}=\tau+\sum_{ij}\omega_{ij}z^{i}Z^{j}$ (see (2.19)). For simplicity, we
write $\tau_{\alpha}=\tau_{U_{\alpha}}$ .

Proposition 3.3. We have on $U_{\alpha\beta}$

$\Psi_{\alpha\beta}^{*}\tau_{\beta}=\tau_{\alpha}+f_{\alpha\beta}^{\#}-\hat{h}_{\alpha\beta}(\nu^{2})$

where $f_{\alpha\beta}^{\#}-$ is a local Weyl function given by the contact Weyl diffeomor-
phism $\Phi_{\alpha\beta}$ as

(3.10) $\overline{\Phi}_{\alpha\beta}^{*}\tau_{\beta}=\tau_{\alpha}+f_{\alpha\beta}^{\#}$

and $\hat{h}_{\alpha\beta}(\nu^{2})\in\alpha_{U_{\alpha}}[[\nu^{2}]]$ is given by

(3.11) $ad(\frac{1}{\nu}h_{\alpha\beta}(\nu^{2}))\tau_{\alpha}=\hat{h}_{\alpha\beta}(\nu^{2})$ .

Proof It is obvious by $\Psi_{\alpha\beta}=\overline{\Phi}_{\alpha\beta}\circ\exp(-ad\frac{1}{\nu}h_{\alpha\beta}(\nu^{2}))$ . Q.E.D.

3.2. Construction of connection $\partial$ : proof of Thoerem B

The connection $\partial$ is defined as a twisted exterior derivation. For
this, we introduce a tensor product bundle $\Lambda_{M}\otimes C_{M}$ , where $\Lambda_{M}$ is the
exterior algebra bundle over $M$ , similarly as Fedosov [F].

3.2.1. Tensor product bundles. We consider the tensor product bun-
dles $\Lambda_{M}\otimes W_{M}$ and $\Lambda_{M}\otimes C_{M}$ , where $\Lambda_{M}$ is the exterior algebra bundle
over $M$ . Obviously $\Lambda_{M}\otimes W_{M}$ is a subbundle of $\Lambda_{M}\otimes C_{M}$ . Local triv-
ializations are given by $\Lambda_{U_{\alpha}}\otimes W_{U_{\alpha}}\subset\Lambda_{U_{\alpha}}\otimes C_{U_{\alpha}}$ for each $\{U_{\alpha}\}$ , and
gluing maps are given by

${}^{t}d\varphi\alpha\beta\otimes\Phi_{\alpha\beta}$ : $\Lambda_{U_{\alpha\beta}}\otimes W_{U_{\alpha\beta}}\rightarrow\Lambda_{U_{\beta\alpha}}\otimes W_{U_{\beta\alpha}}$

and
${}^{t}d\varphi_{\alpha\beta}\otimes\Psi_{\alpha\beta}$ : $\Lambda_{U_{\alpha\beta}}\otimes C_{U_{\alpha\beta}}\rightarrow\Lambda_{U_{\beta\alpha}}\otimes C_{U_{\beta\alpha}}$ ,

respectively.
The algebra structure of these bundles is given in the following

way: Let $U\subset R^{2n}$ be an open subset and let us consider elements
$P$ , $Q\in\Lambda_{U}\otimes C_{U}$ given by $P=\sum_{I}dz^{I}P_{I}$ , $Q=\sum_{J}dz^{J}Q_{J}$ , $P_{I}$ , $Q_{J}\in C_{U}$,
$dz^{I}=dz^{i_{1}}\wedge\cdots\wedge dz^{i_{k}}$ where $I$ $=\{i_{1}, \ldots, i_{k}\}$ , $k=|I|$ , etc. We introduce
a bracket

(3.12)
$[P, Q]=\sum_{I,,,J}dz^{I}\wedge dz^{J}[P_{I},Q_{J}]$

.
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For $F=\sum_{I}dz^{I}F_{I}$ , $G=\sum_{J}dz^{J}G_{J}\in\Lambda_{U}\otimes W_{U}$ we also set a product

(3.13)
$F*G\wedge=\sum_{I,,,J}dz^{I}\wedge dz^{J}F_{I}\wedge*G_{J}$

.

Then we have the following super algebra identities:

Lemma 3.4. Let $P$ , $Q$ , $R$ be monomials of $\Lambda_{U}\otimes C_{U}$ and $|P|$ , $|Q|$ ,
$|R|$ be their degrees as forms, respectively. Then we have the skewsym-
metry

(i) $[P, Q]=(-1)^{|P|}|Q|+1[Q, P]$

and the super-Jacobi identity

(ii) $[P, [Q, R]]+(-1)^{|P||R|+|Q||R|}[R, [P, Q]]$

$+(-1)^{|P||Q|+|Q||R|}[Q, [R, P]]=0$ .

Proof. For (i), consider $dz^{I}\wedge dz^{J}=(-1)^{|I||J|}dz^{J}\wedge dz^{I}$ and the
skewsymmetry of the bracket of $C$ . The second identity (ii) is obtained
by using

$dz^{P}\wedge dz^{Q}\wedge dz^{R}=(-1)^{pr+qr}dz^{R}\wedge dz^{P}\wedge dz^{Q}$

$=(-1)^{pq+qr}dz^{Q}\wedge dz^{R}\wedge dz^{P}$

and the Jacobi identity. Q.E.D.

3.2.2. Derivations. Now we consider derivations on $\Lambda_{U_{\alpha}}\otimes C_{U_{\alpha}}$ .

Let $\delta_{\alpha}$ be a fiberwise derivation defined by

(3.14) $\delta_{\alpha}=ad(\frac{1}{\nu}\sum_{ij}dz_{\alpha}^{i}\omega_{ij}Z^{j}):\Lambda_{U_{\alpha}}^{p}\otimes C_{U_{\alpha}}\rightarrow\Lambda_{U_{\alpha}}^{p+1}\otimes C_{U_{\alpha}}$

for each $p=0,1$ , $\ldots$ , $2n$ . It is easy to see

Lemma 3.5. For every $dz_{\alpha}^{I}=dz_{\alpha}^{i_{1}}\wedge\cdots\wedge dz_{\alpha}^{i_{k}}$ , $I$ $=\{i_{1}, \ldots, i_{k}\}$ ,

it holds for any $Q\in\Lambda_{U_{\alpha}}\otimes C_{U_{\alpha}}$

(3.15) $\delta_{\alpha}(dz_{\alpha}^{I}\wedge Q)=(-1)^{|I|}dz_{\alpha}^{I}\wedge\delta_{\alpha}Q$ .

For $P\in\Lambda_{U_{\alpha}}^{p}\otimes C_{U_{\alpha}}$ , it holds for any $Q\in\Lambda_{U_{\alpha}}\otimes C_{U_{\alpha}}$

(3.16) $\delta_{\alpha}[P, Q]=[\delta_{\alpha}P, Q]+(-1)^{p}[P, \delta_{\alpha}Q]$ .

Proof. First equation is a direct consequence of definition of

the bracket (3.12). As to the second, set $P=dz_{\alpha}^{I}P_{I}\in\Lambda_{U_{\alpha}}^{|I|}\otimes C_{U_{\alpha}}$ ,
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$Q=dz_{\alpha}^{J}\wedge Q_{J}\in\Lambda_{U_{\alpha}}^{|J|}\otimes C_{U_{\alpha}}$ and use also the definiton (3.12) then we

have $[P, Q]=dz_{\alpha}^{I}\wedge dz_{\alpha}^{J}[P_{I}, Q_{J}]$ . A direct calculation gives

$\delta_{\alpha}[P, Q]=(-1)^{|I|+|J|}dz_{\alpha}^{I}\wedge dz_{\alpha}^{J}\wedge\{[\delta_{\alpha}P_{I}, Q_{J}]+[P_{I}, \delta_{\alpha}Q_{J}]\}$

$=[(-1)^{|I|}dz_{\alpha}^{I}\wedge\delta_{\alpha}P_{I}, dz_{\alpha}^{J}Q_{J}]$

$+(-1)^{|I|}[dz_{\alpha}^{I}P_{I}, (-1)^{|J|}dz_{\alpha}^{J}\wedge\delta_{\alpha}Q_{J}]$ .

Then the first identity shows the desired relation. Q.E.D.

Now take an arbitrary 1-form $\kappa_{\alpha}(\nu^{2})\in\Gamma(\Lambda_{U_{\alpha}}^{1}[[\nu^{2}]])$ and consider

a derivation $\partial_{\alpha}$ : $\Gamma(\Lambda_{U_{\alpha}}^{p}\otimes C_{U_{\alpha}})\rightarrow\Gamma(\Lambda_{U_{\alpha}}^{p+1}\otimes C_{U_{\alpha}})$ , $(p=0,1, \ldots, 2n)$ ,

given by

(3.17) $\partial_{\alpha}=d-\delta_{\alpha}+ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2}))$ .

Obviously $\partial_{\alpha}$ induces a derivation from $\Gamma(\Lambda_{U_{\alpha}}^{p}\otimes W_{U_{\alpha}})$ to $\Gamma(\Lambda_{U_{\alpha}}^{p\dagger 1}\otimes W_{U_{\alpha}})$

when restricted the subbundle $\Lambda_{U_{\alpha}}\otimes W_{U_{\alpha}}$ . We see easily

Proposition 3.6.

(a) $\partial_{\alpha}f=df$ , $f\in C^{\infty}(U_{\alpha})$

(b) $\partial_{\alpha}Z^{i}=-dz_{\alpha}^{i}$ , $i=1,2$ , $\ldots$ , $2n$

(c) $\partial_{\alpha}\nu=0$

(d)
$\partial_{\alpha}\tau=-\sum_{ij}dz_{\alpha}^{i}\omega_{ij}Z^{j}+\hat{\kappa}_{\alpha}(\nu^{2})$

where $\hat{\kappa}_{\alpha}(\nu^{2})=ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2}))\tau\in\Gamma(\Lambda_{U_{\alpha}}^{1}[[\nu^{2}]])$ .

Proof. The identities (a) and (c) are obvious. For (b) we calculate
as

$\partial_{\alpha}Z^{i}=(d-\delta_{\alpha}+ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2})))Z^{i}=-\delta_{\alpha}Z^{i}+\frac{1}{\nu}[\kappa_{\alpha}(\nu^{2}), Z^{i}]$

$=-\frac{1}{\nu}\sum_{kl}dz_{\alpha}^{k}\omega_{kl}[Z^{l}, Z^{i}]=-\sum_{kl}dz_{\alpha}^{k}\omega_{kl}\Lambda^{li}=-dz_{\alpha}^{i}$ .

As to (d), we remark the identity (2.18) and we see

$[\frac{1}{\nu}\sum_{kl}dz_{\alpha}^{k}\omega_{kl}Z^{l}$ , $\tau]=\sum_{kl}dz_{\alpha}^{k}\omega_{kl}Z^{l}$ .

Thus, we have

$\partial_{\alpha}\tau=-\delta_{\alpha}\tau+ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2}))\tau=-\sum_{kl}dz_{\alpha}^{k}\omega_{kl}Z^{l}+\hat{\kappa}_{\alpha}(\nu^{2})$ ,
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which gives (d). Q.E.D.

We have also the following formulae:

Lemma 3.7. Let us consider a $p$-form $P\in\Gamma(\Lambda_{U_{\alpha}}^{p}\otimes C_{U_{\alpha}})$ . Then
it holds for any $Q\in\Gamma(\Lambda_{U_{\alpha}}\otimes C_{U_{\alpha}})$

(i) $\partial_{\alpha}[P, Q]=[\partial_{\alpha}P, Q]+(-1)^{p}[P, \partial_{\alpha}Q]$ .

For $F\in\Gamma(\Lambda_{U_{\alpha}}^{f}\otimes W_{U_{\alpha}})$ , it holds for any $G\in\Gamma(\Lambda_{U_{\alpha}}\otimes W_{U_{\alpha}})$

(ii) $\partial_{\alpha}(F\wedge*G)=\partial_{\alpha}F\wedge*G+(-1)^{f}F\wedge*\partial_{\alpha}G$ .

Proof. We remark

(3.18) $\partial_{\alpha}(dz_{\alpha}^{I}P_{I})=(-1)^{|I|}dz_{\alpha}^{I}\wedge\partial_{\alpha}P_{I}$ .

For (i), we show first for monomials $P=dz_{\alpha}^{I}P_{I}$ and $Q=dz_{\alpha}^{J}Q_{J}$ . Using
the identity above we calculate as $[P, Q]=dz_{\alpha}^{I}\wedge dz_{\alpha}^{J}[P_{I},Q_{J}]$ and

$\partial_{\alpha}[P, Q]=(-1)^{|I|+|J|}dz_{\alpha}^{I}\wedge dz_{\alpha}^{J}\wedge\partial_{\alpha}[P_{I}, Q_{J}]$ .

For sections of $\Gamma(C_{U_{\alpha}})$ , $\partial_{\alpha}$ acts as derivation and hence

$\partial_{\alpha}[P_{I}, Q_{J}]=[\partial_{\alpha}P_{I}, Q_{J}]+[P_{I}, \partial_{\alpha}Q_{J}]$ .

Thus,

$\partial_{\alpha}[P, Q]=[(-1)^{|I|}dz_{\alpha}^{I}\wedge\partial_{\alpha}P_{I}, dz^{J}Q_{J}]$

$+(-1)^{|I|}[dz_{\alpha}^{I}P_{I}, (-1)^{|J|}dz_{\alpha}^{J}\wedge\partial_{\alpha}Q_{J}]$

which yields the desired result. For (ii), replacing $[P_{I}, Q_{J}]$ with $ F_{I}*G_{J}\wedge$

gives the equation similarly. Q.E.D.

3.2.3. Construction of connection. First we set

(3.19) $\hat{\xi}_{\alpha}(\nu^{2})=ad(\frac{1}{\nu}\xi_{\alpha}(\nu^{2}))\tau_{\alpha}\in\Lambda_{U_{\alpha}}^{1}[[\nu^{2}]]$

where we take $\xi_{\alpha}(\nu^{2})=\varphi_{\alpha}-1*---\alpha(\nu^{2})$ and $--\alpha-(\nu^{2})=\sum_{\lambda}dH_{\alpha\lambda}(\nu^{2})\chi_{\lambda}$

in (3.6), (3.4) respctively. Then we have a relation

Lemma 3.8.

$\hat{\xi}_{\beta}(\nu^{2})=\varphi_{\beta\alpha}^{*}\hat{\xi}_{\alpha}(\nu^{2})+d\hat{h}_{\beta\alpha}(\nu^{2})$

where $\hat{h}_{\beta\alpha}(\nu^{2})=ad(\frac{1}{\nu}h_{\beta\alpha}(\nu^{2}))\tau_{\beta}\in\alpha_{U_{\beta\alpha}}[[\nu^{2}]]$ .
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Proof. Recall $\xi_{\beta}(\nu^{2})=\varphi_{\beta\alpha}^{*}\xi_{\alpha}(\nu^{2})+dh_{\beta\alpha}(\nu^{2})$ in (3.7). Then we
calculate as

$\hat{\xi}_{\beta}(\nu^{2})=[\frac{1}{\nu}\xi_{\beta}(\nu^{2}),$ $\tau_{\beta}]=[\frac{1}{\nu}\varphi_{\beta\alpha}^{*}\xi_{\alpha}(I/^{2})$ , $\tau_{\beta}]+[\frac{1}{\nu}dh_{\beta\alpha}(\nu^{2})$ , $\tau_{\beta}]$ .

Notice that $[\frac{1}{\nu}\varphi_{\beta\alpha}^{*}\xi_{\alpha}(\nu^{2}), \tau_{\beta}]=\Psi_{\beta\alpha}^{*}[\frac{1}{\nu}\xi_{\alpha}(I/^{2}), \Psi_{\alpha\beta}^{*}\tau_{\beta}]$ . Since $\xi_{\alpha}(\nu^{2})$ is
a one form with values in the center of the algebra $W$ , the identity
$\Psi_{\alpha\beta}^{*}\tau_{\beta}=\tau_{\alpha}+f_{\alpha\beta}^{\#}-h_{\alpha\beta}(\nu^{2})$ shows that $[\frac{1}{\nu}\xi_{\alpha}(\nu^{2}), \Psi_{\alpha\beta}^{*}\tau_{\beta}]$ is equal to

$[\frac{1}{\nu}\xi_{\alpha}(\nu^{2})$ , $\tau_{\alpha}+f_{\alpha\beta}^{\#}-h_{\alpha\beta}(\nu^{2})]=[\frac{1}{\nu}\xi_{\alpha}(\nu^{2})$ , $\tau_{\alpha}]=\hat{\xi}_{\alpha}(\nu^{2})$ .

Using $[\frac{1}{\nu}dh_{\beta\alpha}(\nu^{2}), \tau_{\beta}]=d\hat{h}_{\beta\alpha}(\nu^{2})$ , we obtain the desired result. Q.E.D.

For an arbitrary 1-form $\kappa_{\alpha}(\nu^{2})\in\Lambda_{U_{\alpha}}^{1}[[\nu^{2}]]$ we have

Lemma 3.9.
$\partial_{\alpha}\tau_{\alpha}=-2\theta_{\alpha}+\hat{\kappa}_{\alpha}(\nu^{2})$

where $\theta_{\alpha}=\frac{1}{2}\sum_{ij}z_{\alpha}^{i}\omega_{ij}dz_{\alpha}^{j}$ is a canonical 1-form and $\hat{\kappa}_{\alpha}(\nu^{2})\in\Lambda_{U_{\alpha}}^{1}[[\nu^{2}]]$

is given by $\hat{\kappa}_{\alpha}(\nu^{2})=ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2}))\tau_{\alpha}$ .

Proof. By Proposition 3.6 (a) and (d), we see $\partial_{\alpha}\tau_{\alpha}=\partial_{\alpha}\tau+$

$\partial_{\alpha}\sum_{ij}z_{\alpha}^{i}\omega_{ij}Z^{j}$ is computed as

$\partial_{\alpha}\tau_{\alpha}=-\sum_{ij}dz_{\alpha}^{i}\omega_{ij}Z^{j}+\hat{\kappa}_{\alpha}(\nu^{2})$

$+\sum_{ij}\partial_{\alpha}z_{\alpha}^{i}\omega_{ij}Z^{j}+\sum_{ij}z_{\alpha}^{i}\omega_{ij}\partial_{\alpha}Z^{j}$

which gives the desired result. Q.E.D.

Now we can set a connection. For $\hat{\xi}_{\alpha}(\nu^{2})$ defined in (3.19) we con-
sider to find $\kappa_{\alpha}(\nu^{2})$ so that the derivation $\partial_{\alpha}=d-\delta_{\alpha}+ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2}))$

satisfies

(3.20) $\partial_{\alpha}\tau_{\alpha}=\hat{\xi}_{\alpha}(\nu^{2})$ .

We have

Lemma 3.10. The equation (3.20) has a unique solution $\kappa_{\alpha}(\nu^{2})$ .

Proof. By Lemma 3.9, the equation is equivalent to

(3.21) $\hat{\kappa}_{\alpha}(\nu^{2})=2\theta_{\alpha}+\hat{\xi}_{\alpha}(\nu^{2})$ ,
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where $\hat{\kappa}_{\alpha}(\nu^{2})=ad(\frac{1}{\nu}\kappa_{\alpha}(\nu^{2}))\tau_{\alpha}$ . Since

$ad(\frac{1}{\nu}\sum_{k=0}^{\infty}\iota/^{2k}\kappa_{\alpha,,,2k})\tau_{\alpha}=\sum_{k=0}^{\infty}(2-4k)\nu^{2k}\kappa_{\alpha,,,2k}$ ,

a 1-form $\kappa_{\alpha}(\nu^{2})=\sum_{k=0}^{\infty}\nu^{2k}\kappa_{\alpha,,,2k}$ is uniquely determined from (3.21).
Q.E.D.

We have

Lemma 3.11.

(i) The restriction of $\partial_{\alpha}$ satisfies $\partial_{\alpha}^{2}|_{W_{U_{\alpha}}}=0$ .

(ii) A section $F\in\Gamma(W_{U_{\alpha}})$ satisfies $\partial_{\alpha}F=0$ if and only if
$F\in F(W_{U_{\alpha}})$ .

(iii) It holds $\partial_{\alpha}^{2}\tau_{\alpha}=\hat{\Omega}_{M}(\nu^{2})$ , where $\hat{\Omega}_{M}(\nu^{2})=ad(\frac{1}{\nu}\Omega_{M}(\nu^{2}))\tau_{\alpha}$ .

Proof. The first statement is a dirct consequence of Proposition 3.6.
For (iii), we use the equation (3.20) and we see

$\partial_{\alpha}^{2}\tau_{\alpha}=\partial_{\alpha}\hat{\xi}_{\alpha}=d\hat{\xi}_{\alpha}=\hat{\Omega}_{M}(\nu^{2})=ad(\frac{1}{\nu}\Omega_{M}(\nu^{2}))\tau_{\alpha}$ .

As to (ii), we calculate for $F=\sum_{\mu}\frac{1}{\mu^{1}}F_{\mu}(\nu)Z^{\mu}$ , $F_{\mu}(l/)\in\alpha_{U_{\alpha}}[[\nu]]$ ,

$\partial_{\alpha}F=\sum_{\mu}\frac{1}{\mu!}dF_{\mu}(\nu)Z^{\mu}+\sum_{\mu}\frac{1}{\mu!}F_{\mu}(\nu)\partial_{\alpha}Z^{\mu}$ .

Notice here $\partial_{\alpha}Z^{\mu}=-\sum_{i}\mu_{i}dz_{\alpha}^{i}Z^{\mu-e_{i}}$ , and hence

$\sum_{\mu}\frac{1}{\mu!}F_{\mu}(\nu)\partial_{\alpha}Z^{\mu}=\sum_{\mu}\sum_{i=1}^{2n}\frac{1}{\mu!}F_{\mu+e_{i}}(\nu)dz_{\alpha}^{i}Z^{\mu}$ .

We then have

$\partial_{\alpha}F=\sum_{\mu}\sum_{i=1}^{2n}\frac{1}{\mu!}(\frac{\partial}{\partial z_{\alpha}^{i}}F_{\mu}(\nu)-F_{\mu+e_{i}}(\nu))dz_{\alpha}^{i}Z^{\mu}$

which yields the desired result. Q.E.D.

In what follows, we fix $\kappa_{\alpha}(\nu^{2})$ given by (3.20) for each $\alpha$ . Then, we

have a derivation $\partial_{\alpha}$ : $\Gamma(\Lambda_{U_{\alpha}}^{p}\otimes C_{U_{\alpha}})\rightarrow\Gamma(\Lambda_{U_{\alpha}}^{p+1}\otimes C_{U_{\alpha}})$ for each local
trivialization.

We set a transformation as

(3.20) $\Psi_{\alpha\beta*}\partial_{\alpha}=\Psi_{\alpha\beta}^{-1*}\partial_{\alpha}\Psi_{\alpha\beta}^{*}$ : $\Gamma(\Lambda_{U_{\beta\alpha}}^{p}\otimes C_{U_{\beta\alpha}})\rightarrow\Gamma(\Lambda_{U_{\beta\alpha}}^{p+1}\otimes C_{U_{\beta\alpha}})$ .
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Then we have

Proposition 3.12. $\Psi_{\alpha\beta}^{*}\partial_{\alpha}=\partial_{\beta}$

A proof follows from the following identities:

Lemma3.13.

(i) $(\Psi_{\alpha\beta*}\partial_{\alpha})f=df$ , $f\in\alpha_{U_{\beta\alpha}}[[\nu^{2}]]$ ,

(ii) $(\Psi_{\alpha\beta*}\partial_{\alpha})Z^{j}=-dz_{\beta}^{j}$ , $j=1,2$ , $\ldots$ , $2n$ ,

(iii) $(\Psi_{\alpha\beta*}\partial_{\alpha})\nu=0$ ,

(iv) $(\Psi_{\alpha\beta*}\partial_{\alpha})\tau_{\beta}=\hat{\xi}_{\beta}$ .

Proof. For the first identity, we apply the definiton of the transfor-
mation (3.22) and we see

$(\Psi_{\alpha\beta*}\partial_{\alpha})f=\Psi_{\alpha\beta}^{-1*}\partial_{\alpha}(\varphi_{\alpha\beta}^{*}f)=\varphi_{\alpha\beta}^{-1*}d\varphi_{\alpha\beta}f*=df$ .

For (ii), we notice $Z^{j}=z_{\beta}^{j\#}-z_{\beta}^{j}$ , $j=1$ , $\ldots$ , $2n$ and we calculate

$(\Psi_{\alpha\beta*}\partial_{\alpha})Z^{j}=\Psi_{\alpha\beta}^{-1*}\partial_{\alpha}\Psi_{\alpha\beta}^{*}(z_{\beta}^{j\#}-z_{\beta}^{j})=-\Psi_{\alpha\beta}^{-1*}\partial_{\alpha}\Psi_{\alpha\beta}^{*}z_{\beta}^{j}=-dz_{\beta}^{j}$

since $\Psi_{\alpha\beta}^{*}z_{\beta}^{j\#}$ is a Weyl function and then vanished by $\partial_{\alpha}$ . The third

one is obvious. As to (iv), we notice the identity in Proposition 3.3 and
we have

$(\Psi_{\alpha\beta*}\partial_{\alpha})\tau_{\beta}=\Psi_{\alpha\beta}^{-1*}\partial_{\alpha}(\tau_{\alpha}+f_{\alpha\beta}^{\#}-\hat{h}_{\alpha\beta})=\Psi_{\alpha\beta}^{-1*}(\hat{\xi}_{\alpha}-d\hat{h}_{\alpha\beta})$ .

Hence Lemma 3.2 (i) gives $\Psi_{\alpha\beta}^{-1*}(\hat{\xi}_{\alpha}-d\hat{h}_{\alpha\beta})=\varphi_{\beta\alpha}^{*}\hat{\xi}_{\alpha}+d\hat{h}_{\beta\alpha}$ . Thus,

Lemma 3.8 yields the desired equation. Q.E.D.

Now, by virtue of Proposition 3.12 we define

Definition 3.14. We set a globally defined derivation

$\partial:\Gamma(\Lambda_{M}^{p}\otimes C_{M})\rightarrow\Gamma(\Lambda_{M}^{p+1}\otimes C_{M})$

by
$\partial F=\Psi_{\alpha*}^{-1}\partial_{\alpha}F=\Psi_{\alpha}^{*}\partial_{\alpha}\Psi_{\alpha}^{-1*}F$, $F\in\Gamma(\Lambda_{M}\otimes C_{M})$ .

Now, we consider the curvature of the covariant exterior derivative $\partial$ .

From Lemma 3.11, we have

Theorem 3.15.

(i) $\partial^{2}|_{W_{U_{\alpha}}}=0$ .
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(ii) A section $F\in\Gamma(W_{M})$ satisfies $\partial F=0$ if and only if
$F\in \mathcal{F}(W_{M})$ .

(iii) $\partial^{2}=ad(\frac{1}{\nu}\Omega_{M}(\nu^{2}))$ , $i.e.$ , the curvature form of $\partial$ is equal

to $\Omega_{M}(\nu^{2})$ .

As a corollary of the theorem, we have

Corollary 3.16.

(i) The restriction $\partial|_{W_{M}}$ is a Fedosov connection.
(ii) The curvature of the connection $\partial$ is given by the adjoint of

a 2-form which is a curvature form of Fedosov connection.
(iii) The Poincar\’e-Cartan class is equal to the cohomology class of

Fedosov connection; $[\Omega_{M}(\nu^{2})]=c(W_{M})$ .

The statements (ii) and (iii) are direct consequences of the above theo-
rem and (i). A proof of (i) will be given in the next section.

\S 4. Weyl charts and Classical charts

Recall that a Weyl manifold is obtained by gluing locally trivial
bundles $\{W_{U_{\alpha}}\}$ with Weyl diffeomorphisms $\Phi_{\alpha\beta}$ : $W_{U_{\alpha\beta}}\rightarrow W_{U_{\beta\alpha}}$ and

local trivializations $\Phi_{\alpha}$ : $W_{V_{\alpha}}\rightarrow W_{U_{\alpha}}$ such that $\Phi_{\beta}\Phi_{\alpha}^{-1}=\Phi_{\alpha\beta}$ are called
local Weyl charts.

Let $\Psi_{\alpha}$ : $C_{V_{\alpha}}\rightarrow C_{U_{\alpha}}$ be a locally trivialization of $C_{M}$ given in \S 3.1
such that the restriction $\Phi_{\alpha}=\Psi_{\alpha}|_{W_{U_{\alpha}}}$ is a local Weyl chart. For sim-
plicity, we also call $\Psi_{\alpha}$ : $C_{V_{\alpha}}\rightarrow C_{U_{\alpha}}$ a local Weyl chart of $C_{M}$ .

In this section, we introduce another system of local trivializations
of $C_{M}$ , called classical charts of $C_{M}$ . We also obtain an expression of the
connection $\partial$ with respect to classical charts, which shows the restriction
to a Weyl manifold $\partial|_{W_{M}}$ gives Fedosov connection explicitly.

4.1. Basic Lemma

The essential part of the contruction of classical charts depends on
the following lemma for a $\nu$-automorphism of the contact algebra $C$ .

Before stating the basic lemma, we remark first the following. For
a $\nu$-automorphism $\Psi:C\rightarrow C$ , there exist $t(\nu^{2})\in R[[\nu^{2}]]$ and $T\in W_{3}^{o+}$

such that
$\Psi(\tau)=\tau+T+t(\nu^{2})$

due to Proposition 2.18. We also have the converse direction.

Lemma 4.1. For $T\in W_{3}^{o+}$ , $t(\nu^{2})\in R[[\nu^{2}]]$ , there exist uniquely
$F\in W_{3}^{o+}$ and $c(\nu^{2})\in R[[\nu^{2}]]$ such that

$\exp ad(\frac{1}{\nu}F+\frac{1}{\nu}c(\nu^{2}))(\tau)=\tau+T+t(\nu^{2})$ .
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Proof. Notice $[\frac{1}{\nu}F_{(3)}, \tau]=-F_{(3)}$ $fr$ an element $F_{(3)}$ of homoge-
neous degree 3. Write $T=T_{(3)}+O(4)$ where $T_{(3)}$ is the terms of
homogenous degree 3. Then putting $F_{(3)}=T_{(3)}$ we have

$\exp ad(\frac{1}{\nu}F_{(3)})(\tau+T+t(\nu^{2}))=\tau+T_{4}+t’(\nu^{2})$ ,

where $T_{4}\in W_{4}^{o+}$ , $t’(\nu^{2})\in R[\nu^{2}]]$ . Similarly we put $T_{4}=T_{(4)}+O(5)$

where $T_{(4)}$ is the term of homogeneous degree 4. Then taking a certain
$F_{(4)}\in W_{4}^{o+}$ of homogeneous degree 4, we can eliminate $T_{(4)}$ by means

of $\exp ad(\frac{1}{\nu}F_{(4)})(\tau+T_{4}+t’(\nu^{2}))=\tau+T_{5}+t’’(\nu^{2})$ where $T_{5}\in W_{5}^{o+}$ ,
$t’’(\nu^{2})\in R[\nu^{2}]]$ . Repeating this procedure with the Campbell-Hausdorff
formula gives

$\exp ad(-\frac{1}{\nu}F)(\tau+T+t(\nu^{2}))=\tau+\tilde{t}(\nu^{2})$

for certain $F\in W_{3}^{o+}$ and $\tilde{t}(\nu^{2})\in R[[\nu^{2}]]$ . By the similar argument
as in the proof of Proposition 2.18, there exists $c(\nu^{2})\in R[[\nu^{2}]]$ such

that $\exp ad(-\frac{1}{\nu}c(\nu^{2}))(\tau+\tilde{t}(\nu^{2}))=\tau$ . Hence $\exp ad(\frac{1}{\nu}F+\frac{1}{\nu}c(\nu^{2}))$ is

the desired $\nu$-automorphism. The uniqueness is obtained by the similar
argument in the proof of Proposition 2.18. Q.E.D.

4.2. Section $\hat{\tau}\in\Gamma(C_{M})$ and classical charts

Regarding $\tau$ as a constant section for each $C_{U_{\lambda}}$ , we set a global
section of $C_{M}$ by

(4.1)
$\hat{\tau}=\sum_{\lambda}\chi_{\lambda}\Psi_{\lambda}^{*}\tau$

where $\{\chi_{\lambda}\}_{\lambda}$ is a partition of unity. On each local Weyl chart, we set
the local expression as

(4.2)
$\hat{\tau}_{\mu}=\Psi_{\mu}^{-1*}\hat{\tau}=\sum_{\lambda}\varphi_{\mu}^{-1*}\chi_{\lambda}\Psi_{\mu}^{-1*}\Psi_{\lambda}^{*}\tau\in\Gamma(C_{U_{\mu}})$

.

Since $\Psi_{\mu}^{-1*}\Psi_{\lambda}^{*}\tau$ $=$ $\Psi_{\mu\lambda}^{*}\tau$ , as we see at the begining of the pre-

vious subsection there exist $t_{\mu}(\nu^{2})=\sum_{k=0}^{\infty}t_{\mu}^{(2k)}\nu^{2k}\in\alpha_{\nu^{2}}(U_{\mu})$ and
$T_{\mu}\in\Gamma(U_{\mu}\times W_{3}^{o+})$ such that $\hat{\tau}_{\mu}=\tau+t_{\mu}(\nu^{2})+T_{\mu}$ . Hence, by Lemma 4.1
there exists an algebra bundle isomorphism $\psi_{\mu}$ : $C_{U_{\mu}}\rightarrow C_{U_{\mu}}$ such that
$\psi_{\mu}^{*}\tau=\hat{\tau}_{\mu}$ . Thus, we have a local trivialization

(4.3) $\overline{\Psi}_{\mu}=\psi_{\mu}o\Psi_{\mu}$ : $C_{V_{\mu}}\rightarrow C_{U_{\mu}}$
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$\underline{gi}ving$ a contact algebra isomorphism at each fiber and satisfying
$\Psi^{*}\tau=\hat{\tau}$ . We remark here the algebra bundle isomorphism $\psi_{\mu}$ does
not give a Weyl diffeomorphism when restricted to Weyl algebra bundle
$W_{U_{\mu}}$ in general. Thus a local trivialization $\overline{\Psi}_{\mu}$ : $C_{V_{\mu}}\rightarrow C_{U_{\mu}}$ is not nec-
essarily a Weyl chart, and hence the $\underline{a1}$gebra of local Weyl functions are
not preserved by the transformation $\Psi_{\mu}o\overline{\Psi}_{\lambda}^{-1}$ .

Definition 4.2. The local trivialization $\overline{\Psi}_{\mu}$ : $C_{V_{\mu}}\rightarrow C_{U_{\mu}}$ is re-
ferred to as a classical chart.

4.3. Expression of $\partial$ in the classical charts

In this section we will give the explicit form of $\overline{\Psi}_{\mu*}\partial$ .

We denote transition functions between classical charts by

$\overline{\Psi}_{\lambda\mu}=\overline{\Psi}_{\mu}o\overline{\Psi}_{\lambda}^{-1}$ : $C_{U_{\lambda\mu}}\rightarrow C_{U_{\mu\lambda}}$ , $U_{\lambda\mu}=\varphi_{\lambda}(V_{\lambda}\cap V_{\mu})$ .

We consider the transformation rule for $\overline{\Psi}_{\lambda\mu}^{*}\tau$ and $\overline{\Psi}_{\lambda\mu}^{*}Z^{i}$ , $i=1$ , $\ldots$ , $2n$ .

By the $identitie\underline{s}(4.2)$ and (4.3), the constant section $\tau\in\Gamma(C_{U_{\lambda}})$ is

transfered to $\hat{\tau}$ , $\Psi_{\lambda}^{*}\tau=\hat{\tau}$ which yields $\overline{\Psi}_{\lambda\mu}^{*}\tau=\tau$ . We put the expansion

$\overline{\Psi}_{\lambda\mu}^{*}Z^{i}=\sum_{j}A_{\lambda\mu,j}^{i}Z^{j}+G_{(2)}+G_{(3)}+\cdots+G_{(k)}+\cdots$
,

where $A_{\lambda\mu,j}^{i}\in\alpha_{\nu^{2}}(U_{\lambda\mu})$ , $i$ , $j=1$ , $\ldots$ , $2n$ give a symplectic matirx at

each point of $U_{\lambda\mu}$ and $G_{(k)}\in\Gamma(W_{U_{\lambda\mu}}^{+})$ is the terms of homogeneous

degree $k$ . Applying $\overline{\Psi}_{\lambda\mu}^{*}$ to the identities $[\tau, Z^{i}]=\nu Z^{i}$ , $i=1$ , $\ldots$ , $2n$

gives

$\nu\sum_{j}A_{\lambda\mu,j}^{i}Z^{j}+\cdots+k_{lJ}G_{(k)}+\cdots=\nu\sum_{j}A_{\lambda\mu,j}^{i}Z^{j}+\cdots+\nu G_{(k)}+\cdots$

since $[\tau, G_{(k)}]=k\nu G_{(k)}$ , which shows $G_{(k)}=0$ for $k\geq 2$ . Then we have
a transformation formula of classical charts

(4.4) $\overline{\Psi}_{\lambda\mu}^{*}\nu=\nu$ ,
$\overline{\Psi}_{\lambda\mu}^{*}Z^{i}=\sum_{j}A_{\lambda\mu,j}^{i}Z^{j}$

, $\overline{\Psi}_{\lambda\mu}^{*}\tau=\tau$ .

In what follows, we see the functions $A_{\lambda\mu,j}^{i}$ is expressed by means of
the symplectic transformation $\varphi_{\lambda\mu}$ . Notice the Weyl chart transforma-

tion $\Psi_{\lambda\mu}$ and classical chart transformation $\overline{\Psi}_{\lambda\mu}$ have the relation

(4.5) $\overline{\Psi}_{\lambda\mu}\psi_{\lambda}=\psi_{\mu}\Psi_{\lambda\mu}$ .
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We put the expansion

(4.6) $\psi_{\mu}^{*}Z^{i}=Z^{i}+\frac{1}{2}\sum_{j_{1},j_{2}}B_{\mu,j_{1}j_{2}}^{i}Z^{j_{1}}Z^{j_{2}}+O(3)$

where $B_{\mu,j_{1}j_{2}}^{i}\in C^{\infty}(U_{\mu})$ and $O(3)$ indicates the terms of $\Gamma(U_{U_{\mu}}\times W_{3}^{+})$ .

As for calculating $\Psi_{\lambda\mu}^{*}Z^{i}$ we remark $Z^{i}=z_{\mu}^{i\#}-z_{\mu}^{i}$ on $U_{\mu}$ and $\Psi_{\lambda\mu}^{*}z_{\mu}^{i\#}=$

$\psi_{\lambda\mu}^{i\#}+\nu^{2}g^{i\#}$ for some $g^{i\#}\in \mathcal{F}(W_{U_{\lambda\mu}})$ . Then we have

$\Psi_{\lambda\mu}^{*}Z^{i}=\Psi_{\lambda\mu}^{*}(z_{\mu}^{i\#}-z_{\mu}^{i})$

(4.7) $=\sum_{j}\frac{\partial\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{j}}Z^{j}+\frac{1}{2}\sum_{j_{1},j_{2}}\frac{\partial^{2}\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{j_{1}}\partial z_{\lambda}^{j_{2}}}Z^{j_{1}}Z^{j_{2}}+O(3)$ .

Using the identities (4.6) and (4.7) for $\Psi_{\lambda\mu}^{*}\psi_{\mu}^{*}Z^{i}$ we have

(4.8) $\Psi_{\lambda\mu}^{*}\psi_{\mu}^{*}Z^{i}=\sum_{j}\frac{\partial\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{j}}Z^{j}+\frac{1}{2}\sum_{j_{1},j_{2}}C_{\lambda\mu,j_{1}j_{2}}^{i}Z^{j_{1}}Z^{j_{2}}+O(3)$

where

(4.9) $C_{\lambda\mu,j_{1}j_{2}}^{i}=\frac{\partial^{2}\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{j_{1}}\partial z_{\lambda}^{j_{2}}}+\sum_{lm}\varphi_{\lambda\mu}^{*}B_{\mu,lm^{\frac{\partial\varphi_{\lambda\mu}^{l}}{\partial z_{\lambda}^{j_{1}}}\frac{\partial\varphi_{\lambda\mu}^{m}}{\partial z_{\lambda}^{j_{2}}}}}^{i}$ .

Also we calculate

(4.10) $\psi_{\lambda}^{*}\overline{\Psi}_{\lambda\mu}^{*}Z^{i}=\sum_{l}A_{\lambda\mu,l}^{i}(Z^{l}+\frac{1}{2}\sum_{j_{1},j_{2}}B_{\lambda,,,j_{1}j_{2}}^{l}Z^{j_{1}}Z^{j_{2}})+O(3)$ ,

which shows $A_{\lambda\mu,j}^{i}=\partial\varphi_{\lambda\mu}^{i}/\partial z_{\lambda}^{j}$ .

Thus we have the transformation formula of classical charts:

Lemma 4.3.

$\overline{\Psi}_{\lambda\mu}^{*}\nu=\nu$ , $\overline{\Psi}_{\lambda\mu}^{*}Z^{i}=\sum_{j}\frac{\partial\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{j}}Z^{j}$ , $\overline{\Psi}_{\lambda\mu}^{*}\tau=\tau$ .

Remark $4\cdot 4$ . Substituting (4.8), (4.10) into (4.5) shows $B_{\lambda,,,j_{1}j_{2}}$ ’s

are transformed as

$\sum_{j=l}^{2n}\frac{\partial\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{l}}B_{\lambda,,,j_{1}j_{2}}^{l}=\frac{\partial^{2}\varphi_{\lambda\mu}^{i}}{\partial z_{\lambda}^{j_{1}}\partial z_{\lambda}^{j_{2}}}+\sum_{l,,,m=1}^{2n}\varphi_{\lambda\mu}^{*}B_{\mu,lm^{\frac{\partial\varphi_{\lambda\mu}^{l}}{\partial z_{\lambda}^{j_{1}}}\frac{\partial\varphi_{\lambda\mu}^{m}}{\partial z_{\lambda}^{j_{2}}}}}^{i}$ .
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4.4. Expression of $\partial$ in classical charts

In this subsection, we give a local expression of the connection with
respect to the classical chart.

By the Definition 3.14, the local expression of the connection in the
Weyl chart is given by (3.17), $\Psi_{\lambda*}\partial=\partial_{\lambda}=d-\delta_{\lambda}+ad(\frac{1}{\nu}\kappa_{\lambda}(\nu^{2}))$ , where
$\delta_{\lambda}=ad(\frac{1}{\nu}\sum_{ij}dz_{\lambda}^{i}\omega_{ij}Z^{j})$ and $\kappa_{\lambda}(\nu^{2})$ is given in Lemma 3.10. According
to the definition (4.3), the local expression in the classical chart is given
$\underline{b}y\overline{\partial}_{\lambda}=\overline{\Psi}_{\lambda*}\partial=\psi_{\lambda*}\partial_{\lambda}=\psi_{\underline{\lambda}}^{-1*}\partial_{\lambda}\psi_{\lambda}^{*}$

$.$ -In what follows, we will calculate
$\partial_{\lambda}f$ for $ f\in C^{\infty}(U_{\lambda}),\overline{\partial}_{\lambda}\tau$ , $\partial_{\lambda}\nu$ and $\partial_{\lambda}Z^{i}$ for $i=1,2$ , $\ldots$ , $2n$ , in order

to determine the form of $\partial_{\lambda}$ .

Since $f$ belongs to the center of $\Gamma(W_{U_{\lambda}})$ , we have $\overline{\partial}_{\lambda}f=df$ . It is

obvious that $\overline{\partial}_{\lambda}\nu=0$ by the same reason.
$4\cdot 4\cdot 1$ . Calculation of $\overline{\partial}_{\lambda}Z^{i}$ . In this subsection, we will determine

the form $\overline{\partial}_{\lambda}$ up to the central component, which calculus is mainly given

by $\overline{\partial}_{\lambda}Z^{i}$ .

Now we put $\Gamma_{\lambda,,,jk}^{i}=B_{\lambda,,,jk}^{i}$ . Then the identity in Remark 4.4 means
$\{\Gamma_{\lambda,,,jk}^{i}\}$ defines a connection $\nabla$ . Substituting (4.6) into $[\psi_{\lambda}^{*}Z^{i}, \psi_{\lambda}^{*}Z^{i}]=$

$\nu\Lambda^{ij}$ induces $\sum_{l}\Lambda^{il}B_{\lambda,,,lk}^{j}=\sum_{l}\Lambda^{jl}B_{\lambda,,,lk}^{i}$ which means $\nabla$ is a symplectic
connection on $M$ . Hence we have

Lemma 4.5. The expansion (4.6) gives

(4.11) $\psi_{\lambda}^{*}Z^{i}=Z^{i}+\frac{1}{2}\sum_{j_{1},j_{2}}\Gamma_{\lambda,,,j_{1}j_{2}}^{i}Z^{j_{1}}Z^{j_{2}}+O(3)$ ,

where $\Gamma_{\mu,j_{1}j_{2}}$ is the Chirstofell symbol of a symplectic connection $\nabla$ with
respect to a canonical coordinate $(z_{\lambda}^{1}, \ldots, z_{\lambda}^{2n})$ .

Notice $\overline{\partial}_{\lambda}Z^{i}=\psi_{\lambda}^{-1*}\partial_{\lambda}\psi_{\lambda}^{*}Z^{i}$ . Then Lemma 4.5 induces

(4.12) $\overline{\partial}_{\lambda}Z^{i}=-dz_{\lambda}^{i}-\sum_{jk}\Gamma_{\lambda,,,jk}^{i}dz_{\lambda}^{j}Z^{k}+\frac{1}{2}\sum_{jj_{1}j_{2}}S_{\lambda,,,jj_{1}j_{2}}^{i}dz_{\lambda}^{j}Z^{j_{1}}Z^{j_{2}}$

$+O(3)$

where $S_{\underline{\lambda,}jj_{1}j_{2}}^{i}=\partial\Gamma_{\lambda,,,j_{1}j_{2}}^{i}/\partial z_{\lambda}^{j}+\sum_{m}\Gamma_{\lambda,,,jm}^{i}\Gamma_{\lambda,,,j_{1}j_{2}}^{m}$ .

Set $L_{\lambda,,,2}^{i}=\frac{1}{2}\sum_{jj_{1}j_{2}}S_{\lambda,,,jj_{1}j_{2}}^{i}dz_{\lambda}^{j}Z^{j_{1}}Z^{j_{2}}+O(3)$ and apply $\overline{\partial}_{\lambda}$ to the

identity $[Z^{i}, Z^{j}]=\nu\Lambda^{ij}$ . Then, we have $[\overline{\partial}_{\lambda}Z^{i}, Z^{j}]+[Z^{i},\overline{\partial}_{\lambda}Z^{j}]=0$ ,

which yields $[Z^{i},\overline{L}_{\lambda,,,2}^{j}]=[Z^{j},\overline{L}_{\lambda,,,2}^{i}]$ . The Poincar\’e Lemma for formal

power seires gives the unique section $\gamma_{\lambda}$ in the space $\Gamma(\Lambda^{1}(U_{\lambda})\otimes(W_{3,,,\mathring{U}_{\lambda}}^{+}))$

such that

(4.13) $\overline{L}_{\lambda,,,2}^{i}=\frac{1}{\nu}ad(\gamma_{\lambda})(Z^{i})$
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where $W_{3,,,U_{\lambda}}^{+\circ}=U_{\lambda}\times W_{3}^{+\circ}$ .

The transformation rule in Lemma 4.3 shows the term $\sum_{ij}dz_{\lambda}^{i}\omega_{ij}Z^{j}$

given in classical charts defines a global section of $C_{M}$ and hence we have
a globally defined fiberwise derivation $\delta$ of $C_{M}$ such that

(4.14) $\overline{\Psi}_{\lambda*}\delta=\overline{\delta}_{\lambda}=\frac{1}{\nu}ad(\sum_{ij}dz_{\lambda}^{i}\omega_{ij}Z^{j})$ .

Notice $\overline{\delta}_{\lambda}Z^{i}=-dz_{\lambda}^{i}$ on $C_{U_{\lambda}}$ . Also we can extend the classical connection
$\nabla$ as a globally defined derivation of $\Gamma(W_{M})$ by

(4.15) $\overline{\Psi}_{\lambda*}\nabla Z^{i}=-\sum\Gamma_{\lambda,,,jk}^{i}dz_{\lambda}^{j}Z^{k}$ .

Thus, in terms of (4.14) and (4.15), the connection is expressed as

$\overline{\Psi}_{\lambda*}\partial=\overline{\partial}_{\lambda}=\nabla-\overline{\delta}_{\lambda}+\frac{1}{\nu}ad(\gamma_{\lambda})$

on the classical chart $W_{U_{\lambda}}$ .

$4\cdot 4\cdot 2$ . Proof of Corollary 3.16. Notice the transformation $\overline{\Psi}_{\lambda\mu*}\overline{\partial}_{\lambda}=$

$\overline{\partial}_{\mu},\overline{\Psi}_{\lambda\mu*}\overline{\delta}_{\lambda}=\overline{\delta}_{\mu}$ . Since the section $\gamma_{\lambda}$ is unique for each $W_{U_{\lambda}}$ , we have

the identity $\overline{\Psi}_{\lambda\mu}^{*}\gamma_{\mu}=\gamma_{\lambda}$ . Thus, we have

Proposition 4.6. There exists a section $\gamma$ of $W_{M}$ such that
$\gamma=\overline{\Psi}_{\lambda}^{*}\gamma_{\lambda}$ and

$\partial|_{W_{M}}=\nabla-\delta+\frac{1}{\nu}ad(\gamma)$ ,

where $\nabla$ , $\delta$ and $\gamma_{\lambda}$ are given by (4.15), (4.14) and (4.13), respectively.

Now we are in a position to prove Corollary 3.16. By Theorem 3.15,
$\partial^{2}=0$ shows $\partial|_{W_{M}}^{2}=0$ where $\partial|_{W_{M}}$ is of the form in Proposition 4.6
and hence the restricted connection $\partial|_{W_{M}}$ is a Fedosov connection.

$4\cdot 4\cdot 3$ . Central components of $\partial$ . We proceed to determine the shape
of $\partial$ . First we remark on the classical chart $C_{U_{\lambda}}$

$\overline{\Psi}_{\lambda*}\partial=\overline{\partial}_{\lambda}=\nabla-\overline{\delta}_{\lambda}+ad(\frac{1}{\nu}\gamma_{\lambda})+ad(\frac{1}{\nu}\overline{\sigma}_{\lambda}(\nu^{2}))$

for certain central section $\overline{\sigma}_{\lambda}(\nu^{2})$ $\in$ $\alpha_{\nu^{2}}(U_{\lambda})$ . In fact, on classical
chart $C_{U_{\lambda}}$ , we consider the difference

$\overline{\partial}_{\mathring{\lambda}}=\overline{\partial}_{\lambda}-\nabla+\overline{\delta}_{\lambda}-ad(\frac{1}{\nu}\gamma_{\lambda})$
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Since $\overline{\partial}_{\underline{\mathring{\lambda}}}Z^{i}=0$ for $i=1$ , $\ldots$ , $2n$ , applying $\overline{\partial}_{\mathring{\lambda}}$ to the identity $[\tau, Z^{i}]=\nu Z^{i}$

shows $\partial_{\mathring{\lambda}}\tau$ is a central section. Thus, we see $\overline{\partial}_{\mathring{\lambda}}\tau=\rho_{\lambda}(\nu^{2})$ for certain
$\rho_{\lambda}(\nu^{2})\in\alpha_{\nu^{2}}(U_{\lambda})$ . Similary as in the proof of Lemma 3.10, we can take
$\overline{\sigma}_{\lambda}(\nu^{2})\in\alpha_{\nu^{2}}(U_{\lambda})$ such that

$ad(\frac{1}{\nu}\overline{\sigma}_{\lambda}(\nu^{2}))\tau=\rho_{\lambda}(\nu^{2})$ .

Notice the connection is written as $\overline{\Psi}_{\lambda*}\nabla=d+ad(\frac{1}{\nu}\Gamma_{\lambda,,,(2)})$ where
$\Gamma_{\lambda,,,(2)}=\frac{1}{2}\sum_{m}\omega_{jm}\Gamma_{\lambda,,,kl}^{m}Z^{j}Z^{k}dz_{\lambda}^{l}$ . Thus, one can easily check $\nabla\tau=0$ .

Then, we have

$\overline{\partial}_{\lambda}\tau=-\sum_{ij}dz_{\lambda}^{i}\omega_{ij}Z^{j}+2\gamma_{\lambda}-[\tau, \gamma_{\lambda}]+2\overline{\sigma}_{\lambda}(\nu^{2})-[\tau, \overline{\sigma}_{\lambda}(\nu^{2})]$

.

On the other hand, we calculate as

$\psi_{\lambda}^{*-1}\partial_{\lambda}\psi_{\lambda}^{*}\tau=\psi_{\lambda}^{*-1}\partial_{\lambda}(\tau+t_{\lambda}(\nu^{2})+T_{\lambda})$

$=\psi_{\lambda}^{*-1}\partial_{\lambda}\tau+dt_{\lambda}(\nu^{2})+\psi_{\lambda}^{*-1}\partial_{\lambda}T_{\lambda}$

$=-\sum_{ij}dz_{\lambda}^{i}\omega_{ij}\psi_{\lambda}^{*-1}Z^{j}+\hat{\kappa}_{\lambda}(\nu^{2})+dt_{\lambda}(\nu^{2})+\psi_{\lambda}^{*-1}\partial_{\lambda}T_{\lambda}$
.

Comparing the central terms of the both equation we see

$2\overline{\sigma}_{\lambda}(\nu^{2})-[\tau,\overline{\sigma}_{\lambda}(\nu^{2})]$

$=-(\sum_{ij}dz_{\lambda}^{i}\omega_{ij}\psi_{\lambda}^{*-1}Z^{j})^{O}+\hat{\kappa}_{\lambda}(\nu^{2})+dt_{\lambda}(\nu^{2})+(\psi_{\lambda}^{*-1}\partial_{\lambda}T_{\lambda})^{o}$

where $N^{o}$ means the central terms of $N$ of $N\in\Gamma(C_{U_{\lambda}})$ . Similary as in
the proof of Lemma 3.10, the equation above gives the unique $\overline{\sigma}_{\lambda}(\nu^{2})$ .
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