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Semiprojectivity in Simple

$C^{\star}$

-Algebras

Bruce Blackadar
Abstract.
-algebras, includWe show that certain purely infinite simple
, are semiprojective. Some related results
ing the Cuntz algebra
and conjectures are discussed, and some crossed product examples
constructed.
$C^{*}$

$O_{\infty}$

\S 1.

Introduction

The notions of projectivity and semiprojectivity were introduced in
-algebras ([EK86], [Bla85]) as
the development of shape theory for
noncommutative analogs of the topological notions of absolute retract
(AR) and absolute neighborhood retract (ANR) respectively. Semiprojective
-algebras have rigidity properties which make them conceptu-algebra theory;
ally and technically important in several aspects of
this is reflected especially in the work of Loring and his coauthors (see,
-algebra to be semiprofor example, [Lor97].) It is not too easy for a
jective, but there does seem to be a reasonable supply of such algebras.
-algebras are far from simple. (InMost known semiprojective
deed, a projective
-algebra must be contractible, so cannot be simple.)
-algebras have been the
In fact, the only known simple semiprojective
finite-dimensional matrix algebras and the (simple) Cuntz-Krieger algebras [Bla85]. In this paper, we will give a few more examples of simple
semiprojective
-algebras (and more are given in [Szy]), but also obtain
some structure results which show that the class of infinite-dimensional
semiprojective simple
-algebras may not be too much larger than the
class of Cuntz-Krieger algebras (in fact, it might consist exactly of the
-algebras with finitely generseparable purely infinite simple nuclear
$K$
ated -theory.)
The work of this paper was largely inspired by the remarkable recent
classification theorem of Kirchberg, also in part proved independently
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$
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by Phillips ([KirOO], [KPOOa], [KPOOb], [PhiOO].) The theorem asserts
that the following class of
-algebras is classified up to isomorphism
$K$
by -theory:
$C^{*}$

Definition 1.1. A separable, nuclear, simple, unital, purely in-algebra in the bootstrap class for the Universal Coeﬃcient
finite
Theorem ([RS87], [Bla98, 23]) is called a Kirchberg algebra.
$C^{*}$

It was (and is) hoped that the notion of semiprojectivity, and results
such as those of this paper, will lead to a simplification and clarification
of the proof of this theorem. Although this hope has yet to be fully
realized, there are obvious close connections between semiprojectivity
and some of the ingredients of the proof; see 2.15.
Our main results are:
(1.) The Cuntz algebra
is semiprojective (3.2).
$A$
(2.) If is simple, semiprojective, and properly infinite, then $A\otimes K$
is also semiprojective (4.1).
(3.) If $A$ is a semiprojective Kirchberg algebra, then $K_{*}(A)$ is finitely
generated (2. 11).
(4.) The class of semiprojective (simple)
-algebras is not closed
under crossed products by finite groups, even
.
$O_{\infty}$

$C^{*}$

$\mathbb{Z}_{2}(6.3)$

Semiprojective

\S 2.

$C^{\star}$

-Algebras

We recall the definition of a semiprojective
-algebra, which first
appeared in this form in [Bla85] (a somewhat diﬀerent, less restrictive,
definition previously appeared in [EK86].)
$C^{*}$

algebra $A$ is semiprojective if, for
Definition 2.1. A separable
any
algebra $B$ , increasing sequence
of (closed two-sided) ideals
$B$
$and*$
$J=[\cup
J_{n}]^{-}$
of , with
-homomorphism : $A\rightarrow B/J$ , there is an
,
: $A\rightarrow B/J_{n}$ such that $\phi=\pi\circ\psi$ , where
and a -homomorphism
: $B/J_{n}\rightarrow B/J$ is the natural quotient map.
A for which such a exists is said to be partially liftable. If there
is a :
with
, then is liftable; if every homomorphism
$A$
$A$
from
is liftable,
is said to be projective.
$C^{*}$

$C^{*}$

$\langle J_{7l}\rangle$

$\phi$

$*$

$\psi$

$n$

$\pi$

$\psi$

$\phi$

$\psi$

$A\rightarrow B$

$\phi=\pi\circ\psi$

$\phi$

Note that for convenience, we have only defined semiprojectivity for
separable
-algebras (although the same definition makes sense also for
nonseparable
-algebras, it is probably not the appropriate one.) Thus
in this paper all semiprojective
-algebras will implicitly be separable.
$B$
In the definition,
is not required to be separable; however:
$C^{*}$

$C^{*}$

$C^{*}$
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Proposition 2.2.
The defifinition of semiprojectivity does not
change if in 2.1 we make any or all of the following restrictions:
(i) $B$ is separable.
(ii)
is surjective.
(iii)
is injective.
$\phi$

$\phi$

can clearly be replaced by the -subalgebra $D$ generated
by any preimage of a dense set in $\phi(A)$ , proving (i) and (ii). (One
technical point:
is dense in $D\cap J$ , an easy consequence of
-algebra.) To prove (iii), replace $B$ by
the uniqueness of norm on a
$A\oplus B$ ,
.
Q.E.D.
,
, and by
by
by

Proof.

$B$

$C^{*}$

$\bigcup_{n}(D\cap J_{n})$

$C^{*}$

$0\oplus J_{n}$

$J_{n}$

$O\oplus J$

$J$

$ id_{A}\oplus\phi$

$\phi$

For the convenience of the reader, we recall some standard facts
-algebras which we will need to use.
about semiprojective
$C^{*}$

be as in 2.1,
, and
Proposition 2.3. [Bla85, 2.18] Let $B$ ,
and let ,
,
be mutually orthogonal projections in $B/J$ . Then for
suﬃciently large , there are mutually orthogonal projections ,
in $B/J_{n}$ with $\pi(p_{j})=q_{j}$ for all . If $B$ (and hence $B/J$ ) is unital and
$q_{1}+\cdots+q_{k}=1$ , then we may choose the
so that $p_{1}+\cdots+p_{k}=1$ .
$J$

$J_{n}$

$q_{1}$

$\ldots$

$q_{k}$

$n$

$p_{1}$

$\ldots,p_{k}$

$j$

$p_{j}$

Corollary 2.4. [Bla85, 2.16] If $A$ is unital, then the defifinition of
semiprojectivity for $A$ does not change if in 2.1 $B$ and are required to
be unital. In particular,
is semiprojective.
$\phi$

$\mathbb{C}$

-algebras
Note that is not projective (in the category of general
$a*$
-homomorphism from to $B/J$ is eﬀectively
and -homomorphisms):
just a choice of projection in $B/J$ , and projections do not lift from
quotients in general.
$C^{*}$

$\mathbb{C}$

$*$

$\mathbb{C}$

be as in 2.1. Let
,
Proposition 2.5. [Bla85, 2.23] Let $B$ ,
be a partial isometry in $B/J$ , and set $q_{1}=v^{*}v$ , $q_{2}=vv^{*}$ . Suppose
there are projections $p_{1},p_{2}\in B/J_{n}$ for some with $\pi(p_{j})=q_{j}$ . Then,
after increasing if necessary, there isa partial isometry $u\in B/J_{n}$ with
$\pi(u)=v$ and $p_{1}=u^{*}u$ , $p_{2}=uu^{*}$ .
$J$

$J_{n}$

$v$

$n$

$n$

Proposition 2.6. ([Bla85, 2.18], [Lor97])
$sem\dot{\iota}projectiveC^{*}$-algebras is semiprojective.

$A$

fifinite

direct sum

of

Proposition 2.7. ([Bla85, 2.28-2.29], [Lor97]) If $A$ is semiprojective, then $M_{n}(A)$ is semiprojective for all . If $A$ is semiprojective, then
any unital
-algebra strongly Morita equivalent to $A$ is also semiprojective.
$n$

$C^{*}$

The unital cases of 2.6 and 2.7 are simple consequences of 2.3 and
2.5, but the nonunital cases are more delicate.
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Examples 2.8. Simple repeated applications of 2.3-2.7 show that
-algebras are semiprojective:
the following
$C^{*}$

(i)

(ii)
(iii)

$M[_{n}=M_{n}(\mathbb{C})$

, and more generally any finite-dimensional

$C^{*}-$

algebra.
$C(rF)$ , where
is a circle (the universal
-algebra generated by
one unitary.)
Generalizing (ii), $C^{*}(F_{n})$ , the full
-algebra of the free group
on generators for fifinite (the universal
-algebra generated
by unitaries.)
The Toeplitz algebra $T$ (the universal
-algebra generated by
an isometry.)
The Cuntz-Krieger algebras
for a finite square 0–1 matrix
$A$
$(n \neq\infty)$ .
[CK80], and in particular the Cuntz algebras
Any
-algebra which is the universal
-algebra generated by
a finite number of partial isometries, where the only relations
(finitely many) are order and orthogonality relations among the
source and range projections of the partial isometries; this includes all the above examples.
$C^{*}$

$rF$

$C^{*}$

$C^{*}$

$n$

$n$

$n$

(iv)
(v)

$C^{*}$

$O_{A}$

$O_{n}$

(vi)

$C^{*}$

$C^{*}$

Some potential or actual non-examples are:
, the universal
-algebra generated by a sequence of
unitaries. The problem is that, in the setting of 2.1 with $B$
and
unital, the
might have to be increased each time an
additional generator is partially lifted. In fact,
violates
the conclusion of 2.10 (and obviously satisfies the hypothesis), so
is not semiprojective.
(viii) The Cuntz algebra
, the universal
-algebra generated by
a sequence of isometries with mutually orthogonal range projections, has the same potential diﬃculty as
. However, it
turns out that
is semiprojective (3.2). (Note that
is finitely generated.)
is the universal
(ix) $C(’F^{n})$ for
-algebra generated by commuting unitaries. Commutation relations are diﬃcult to lift in
general, and it can be shown that $C(\mathbb{T}^{n})(n\geq 2)$ fails to satisfy
the conclusion of 2.9 and is thus not semiprojective.

(vii)

$C^{*}$

$C^{*}(F_{\infty})$

$n$

$\phi$

$C^{*}(F_{\infty})$

$C^{*}$

$O_{\infty}$

$C^{*}(F_{\infty})$

$K_{*}(O_{\infty})$

$O_{\infty}$

$n$

$C^{*}$

$\geq 2$

$n$

We recall the following important approximate factorization property for semiprojective
algebras
$C^{*}$

Proposition 2.9. [Bla85, 3.1] Let $A$ be a semiprojective
-algebra,
and
be an inductive system of -algebras with $B=\lim_{\rightarrow}(B_{n}$ ,
. If :
is a homomorphism, then for all suﬃciently large
there are homomorphisms
:
such that
is homotopic
$C^{*}$

$C^{*}$

$(B_{n}, \beta_{m,,,n})$

$\beta_{m,,,n})$

$\phi$

$A\rightarrow B$

$n$

$\phi_{n}$

$A\rightarrow B_{n}$

$\beta_{n}\circ\phi_{n}$

Semiprojectivity in Simple

to and converges pointwise to
map from
to $B$ .
$\phi$

$\phi$

as

$n$

$C^{*}$

$\rightarrow\infty$

-Algebras

, where

$\beta_{n}$

is the standard

$B_{n}$

2.9 almost implies that a semiprojective
erated $K$ -theory:

$C^{*}$

-algebra has finitely gen-

-algebra. If $A$ can
Corollary 2.10. Let $A$ be a semiprojective
-algebras with fifinitely generated
be written as an inductive limit of
$A$
$K$ -theory, then
itself has fifinitely generated $K$ -theory.
$C^{*}$

$C^{*}$

Corollary 2.11. If $A$ is a semiprojective Kirchberg algebra, then
$K_{*}(A)$ is fifinitely generated.

If $A$ is a Kirchberg algebra, then by the results of [KirOO]
can be written as an inductive limit of (Kirchberg) algebras with
finitely generated $K$ -theory, since $K_{*}(A)$ can be written as an inductive
limit of finitely generated groups and every map on $K$ -theory can be
implemented by an algebra homomorphism between the corresponding
Q.E.D.
Kirchberg algebras.

Proof.

$A$

The pointwise approximation part of 2.9 also applies to inductive
limits in the generalized sense of [BK97] (it is unclear how an analog
of the homotopy result might be phrased.) This generalization follows
from the next fact about continuous fields, using [BK97, $2.2A$ ].
algebra,
Proposition 2.12. Let $A$ be a semiprojective
-algebras over a locally compact Hausdorﬀ space
a continuous fifield of
$X$ , and
a point of
a countable neighborhood base. If is
$A$
$B(t_{0})$
, then there is a compact neighborhood
homomorphism from
to
$Z$
$X$
of in and a homomorphism from $A$ to the continuous fifield
. In particular, if
algebra defifined by $\{B(t) : t \in Z\}$ such that
$x\in A$ with $\phi(x)\neq 0$ , then
for each in some neighborhood of there
: $A\rightarrow B(t)$ with $\phi_{t}(x)\neq 0$ .
is a homomorphism
$C^{*}$

$\langle B(t)\rangle$

$C^{*}$

$Xw\dot{\iota}th$

$t_{0}$

$\phi$

$C^{*}-$

$\psi$

$t_{0}$

$a$

$\phi=\pi_{t_{O}}\circ\psi$

$t$

$t_{0}$

$\phi_{t}$

Let
be a sequence of open sets in $X$ with
compact and contained in $U_{n-1}$ for all , and $\cap U_{n}=\{t_{0}\}$ . Let $B$ be
the ideal
the continuous field algebra defined by $\{B(t) : t\in X\}$ ,
the sections vanishing at . Apply
of sections vanishing on
, and
Q.E.D.
2.1.

Proof.

$Z_{n}=\overline{U}_{n}$

$(U_{n})$

$n$

$J_{n}$

$J$

$Z_{n}$

$t_{0}$

,
algebra, and
Corollary 2.13.
Let $A$ be a semiprojective
$B=$
-algebras [BK97] with
be a generalized inductive system of
. If
:
is a homomorphism, then for all suﬃ:
such that
ciently large there are homomorphisms
is the standard map from
, where
converges pointwise to as
$B$
to .
$C^{*}$

$C^{*}$

$\beta_{m,,,n})$

$\lim_{\rightarrow}(B_{n}, \beta_{m,,,n})$

$\phi$

$A\rightarrow B$

$\phi_{n}$

$n$

$\phi$

$B_{n}$

$(B_{n}$

$n$

$\rightarrow\infty$

$\beta_{n}$

$A\rightarrow B_{n}$

$\beta_{n}o\phi_{n}$
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Corollary 2.14. Let $A$ be a semiprojective $MF$ algebra [BK97].
Then $A$ is residually fifinite-dimensional (has a separating family offifinitedimensional representations). If $A$ is simple, then $A$ is fifinite-dimensional matrix algebra.
$a$

Proof.

Apply 2.12 and [BK97, 3.2.2(v)].

Q.E.D.

Another consequence of 2.12 is that every asymptotic morphism
-algebra to any other
-algebra (in the sense
from a semiprojective
$E$
of Connes-Higson -theory ([CH90], [Bla98, \S 25]) can be realized up to
homotopy by an actual homomorphism. This has potentially important
consequences in the classification of purely infinite simple
algebra.
$C^{*}$

$C^{*}$

$)$

$C^{*}$

Corollary 2.15. [Bla98, 25.1.7] Let $A$ and $B$ be separable
algebras, with A semiprojective. Then the canonical map from the set
$[A, B]$
of homotopy classes of homomorphisms into the set $[[A, B]]$ of
homotopy classes of asymptotic homomorphisms is a bijection.
$C^{*}-$

\S 3.

Examples of Semiprojective Simple

$C^{\star}$

-Algebras

In this section, we show that certain purely infinite simple nuclear
-algebras such as the Cuntz algebra
are semiprojective.
The main technical fact used in the proofs of this section and those
of section 4 is the following sharpening of a well-known lifting property
for unitaries (cf. [Bla98, 3.4.5].) If $A$ is a
-algebra, we write A\dagger for
its unitization.
$C^{*}$

$O_{\infty}$

$C^{*}$

Proposition 3.1. Let $B$ be a
algebra $Ja$ (closed 2-sided)
$B$
ideal of , and
: $B\rightarrow B/J$ the quotient map. Let
be a projection in $B/J$ and a unitary in (B/J)\dagger such that
(1) $qv=vq=q$
(2) $(1-q)v=(1-q)v(1-q)$ is in the connected component of the
identity in $\mathcal{U}((1-q)(B/J)^{\uparrow}(1-q)$ .
If there is a projection in $B$ with $\pi(p)=q$ , then there is a unitary
$\pi(u)=v$ and $pu=up=p$ .
in
$C^{*}$

$\pi$

$q$

$v$

$u$

$p$

$B^{\uparrow}with$

Proof.

map $(1-p)B(1-p)$ onto $(1-q)(B/J)(1-q)$ , so by [Bla98,
3.4.5] there is a unitary $w$ in $(1-p)B^{\uparrow}(1-p)$ with $\pi(w)=(1-q)v$ . Set
Q.E.D.
$u=p+w$ .
$\pi$

Theorem 3.2.

$s_{j}$

is semiprojective.

Let
be the standard generators of
, i.e. the
are isometries with mutually orthogonal ranges. Let $B$ ,
, , and
$B$
be as in 2.1. By 2.2 and 2.4 we may assume
is unital and is an

Proof.

$\phi$

$O_{\infty}$

$\{s_{1}, s_{2}, \ldots\}$

$O_{\infty}$

$J_{n}$

$J$

$\phi$

Semiprojectivity in Simple
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isomorphism, and identify
with $B/J$ . Using 2.3 and 2.5, we may
to isometries with mutually
partially lift any finite number of the
orthogonal ranges in $B/J_{n}$ , for some ; the diﬃculty is that a priori we
might have to increase each time we partially lift another generator.
(with $A=O_{\infty}$ and
But by using the next lemma inductively on
$p_{0}=q_{0}=0)$ , once we partially lift the first two generators we can lift
all the rest without further increasing the . Note that at each step we
correct the provisional lift of the last of the previous generators, but do
Q.E.D.
not change the lifts of the earlier ones.
$O_{\infty}$

$s_{j}$

$n$

$n$

$k$

$n$

a projection in $A$ ,
algebra,
Lemma 3.3. Let $A$ be a unital
and
a sequence of isometries in A whose range projections
are mutually orthogonal and all orthogonal to . Let $D$ be a unital
: $D\rightarrow A$ a surjective homomorphism, and let $k\geq 2$ .
algebra, and
are isometries in
,
,
Suppose
is a projection in $D$ and ,
$D$ whose range projections are mutually orthogonal and all orthogonal
to
, with $\pi(p_{0})=q_{0}$ , $\pi(r_{j})=s_{j}$ for $1\leq j\leq k-1$ , and $\pi(t_{k})=$
. Then there are isometries
and
in $D$ , such that the ranges
, and
are mutually orthogonal and orthogonal to
of , , ,
$\pi(r_{k})=s_{k}$ , $\pi(t_{k+1})=s_{k+1}$ .
$C^{*}$

$q_{0}$

$\{s_{1}, s_{2}, \ldots\}$

$C^{*}-$

$q_{0}$

$\pi$

$r_{1}$

$p_{0}$

$\ldots$

$t_{k}$

$r_{k-1}$

$p_{0}$

$s_{k}$

$r_{k}$

$r_{1}$

$\ldots$

$r_{k}$

$t_{k+1}$

$t_{k+1}$

$p_{0}$

and
. Then $A$
We may assume $A$ is generated by
(if $q_{0}=0$ ) or to a split essential extension
is isomorphic either to
of
by $K$ (if $q_{0}\neq 0.$ ) In either case, the unitary group of $A$ , or any
, and if is
corner in $A$ , is connected: this follows from [Cun81] for
under a
a unitary in the extension) let be the image of
cross section; then is in the connected component of 1, and so is vu
since it is a unitary in
.
$p=p_{0}+\sum_{j=1}^{k-1}r_{j}r_{j}^{*}$
and
and $q=q_{0}+\sum_{j=1}^{k-1}s_{j}s_{j}^{*};$ then
Set
$A$
$\pi(p)=q$
in
generated by
are projections, and
. In the copy of
the
and
are orisometries
, the range projections of
and
thogonal to each other and to , and are equivalent to
via partial isometries
and $v_{2}=s_{k+1}s_{k}^{*2}$ respectively. Also,
the projections
and $=1-q-s_{k}s_{k}^{*}-s_{k+1}s_{k+1}^{*}$ are
equivalent via a partial isometry , since these projections are nonzero
and have the same
-class. Set $v=q+v_{1}+v_{2}+v_{3}$ . Then is a
, $qv=vq=q$ , and $vs_{k}s_{1}=s_{k}$ , $vs_{k}^{2}=s_{k+1}$ . Also, the
unitary in
unitary group of $(1 -q)A(1-q)$ is connected; thus by 3.1 there is a
unitary in $D$ with $\pi(u)=v$ and $pu=up=p$ . Set $r_{k}=ur_{1}t_{k}$ and
$t_{k+1}=ut_{k}^{2}$ .
Q.E.D.

Proof

$\{s_{n}\}$

$q_{0}$

$O_{\infty}$

$O_{\infty}$

$O_{\infty}$

$u$

$\pi(u^{*})\in O_{\infty}$

$v$

$v$

$K^{\uparrow}$

$p$

$q$

$O_{\infty}$

$\{s_{1}, s_{2}, \ldots\}$

$s_{k}s_{1}$

$s_{k}s_{k}^{*}$

$q$

$s_{k}^{2}$

$s_{k+1}s_{k+1}^{*}$

$v_{1}=s_{k}s_{1}^{*}s_{k}^{*}$

$1-q-s_{k}s_{1}s_{1}^{*}s_{k}^{*}-s_{k}^{2}s_{k}^{*2}$

$v_{3}$

$K_{0}$

$v$

$O_{\infty}$

$u$

We next consider a non-simple example, which will be used to obtain
a generalization of 3.2.

B. Blackadar

Proposition 3.4. Let $T$ be the Toeplitz algebra, the universal
algebra generated by a single isometry . Let be a primitive ’th root
of unity, and let be the automorphism of I which sends to . Then
is semiprojective.
$C^{*}-$

$s$

$n$

$\omega$

$\omega s$

$s$

$\alpha$

$\mathcal{T}\times_{\alpha}\mathbb{Z}_{n}$

is the universal unital

algebra generated
,
by $\{s, v\}$ , with relations $\{s^{*}s=1, v^{n}=v^{*}v=1, v^{*}sv=\omega s\}$ . Let $B$ ,
$B$
be as in 2.1; as usual, assume is unital and is an isomorphism, and
identify $A$ with $B/J$ . We can partially lift to a unitary $u\in B/J_{m}$ for
some $m$ . If $x\in B/J_{m}$ is a preimage of , then $y=n^{-1}\sum_{k=1}^{n}\omega^{k}u^{-k}su^{k}$
is a preimage for with $u^{*}yu=\omega y$ .
commutes with , and since
$\pi(y^{*}y)=1$ we may assume
is close to 1 and therefore invertible, by
increasing $m$ if necessary. Then $t=y(y^{*}y)^{-1/2}$ is an isometry, $\pi(t)=s$ ,
Q.E.D.
and $u^{*}tu=\omega t$ , so $\{t, u\}$ generate the partial lift of $A$ .

Proof.

$A=\mathcal{T}\times_{\alpha}\mathbb{Z}_{n}$

$C^{*}$

$J_{n}$

$J$

$\phi$

$v$

$s$

$y^{*}y$

$s$

$u$

$y^{*}y$

Theorem 3.5. Let
be a primitive ’th root of unity, and let
and $\alpha(s_{k})=s_{k}$ for
be the automorphism of
such that
. Then
all $k>1$ . Let
(i) $A$ is the (unique) Kirchberg algebra with $K_{0}(A)=\mathbb{Z}^{n}$ with $[1]=$
$(1, 0, \cdots, 0))$ and $K_{1}(A)=0$ .
(ii) $A$ is semiprojective.
$n$

$\omega$

$\alpha$

$\alpha(s_{1})=\omega s_{1}$

$O_{\infty}$

$A=O_{\infty}\times_{\alpha}\mathbb{Z}_{n}$

(i): This can be proved directly using arguments very similar to those in [CE81]. A more elegant approach, though, is to write
as a graph
-algebra as in [Kum98, 2.3(h)] . then $A$ is the graph
-algebra of the skew product graph [KP99], and hence is purely infinite (and simple) by [KPR98, 3.9] and in the UCT bootstrap class by
[KP99, 2.6]. The $K$ -theory can be calculated as in [PR96].
(ii): Let $w$ be the unitary in $A$ or order
implementing . Let $B$ ,
be as in 2.1, with $B$ unital and
an isomorphism (2.2,
, , and
2.4.) Identify $A$ with $B/J$ . By 3.4 we can partially lift
and $w$ to
an isometry
and a unitary of order in $B/J_{m}$ for some $m$ , with
. Let $D$ be the commutant of in $B/J_{m}$ . Then the image
of $D$ in $A$ contains
for all $k>1$ , since if $x\in B/J_{m}$ with $\pi(x)=s_{k}$ ,
then $y=n^{-1}\sum_{j=1}^{n}z^{-j}s_{k}z^{j}\in D$ satisfies $\pi(y)=s_{k}$ . Also,
.
By increasing $m$ if necessary, we can find isometries , $r_{3}\in D$ with
range projections orthogonal to
and with $\pi(r_{j})=s_{j}$ for $j=2,3$ ,
by 2.3 and 2.5. Now we can, by inductively using 3.3 with
and $p_{0}=r_{1}r_{1}^{*}$ , find a lift $r_{k}\in D$ for
for each , such that the
range projections are all mutually orthogonal and also orthogonal to
.
Q.E.D.

Proof.

$C^{*}$

$O_{\infty}\otimes K$

$)$

$C^{*}$

$n$

$J_{n}$

$J$

$\phi$

$\alpha$

$\phi$

$s_{1}$

$n$

$z$

$r_{1}$

$z^{*}r_{1}z=\omega r_{1}$

$z$

$s_{k}$

$r_{1}r_{1}^{*}\in D$

$r_{2}$

$r_{1}r_{1}^{*}$

$q_{0}=s_{1}s_{1}^{*}$

$s_{k}$

$k$

$r_{1}r_{1}^{*}$

This example has been generalized in [Szy] to include all Kirchberg
algebras $A$ where $K_{0}(A)$ is finitely generated, $K_{1}(A)$ is finitely generated
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and torsion-free, and $rank(K_{1}(A))\leq rank(K_{0}(A))$ . [See note added in
proof.]
The results of this section, [Szy] , 2.8, and 2.11 suggest the following
conjecture:
Conjecture 3.6. A Kirchberg algebra is semiprojective if and
only if its $K$ -theory is finitely generated.

Note that if $A$ is a Kirchberg algebra, $K_{0}(A)$ is finitely generated,
and $K_{1}(A)$ is isomorphic to the torsion-free part of $K_{0}(A)$ , then $A$ is
,
stably isomorphic to a Cuntz-Krieger algebra (and conversely)
and therefore semiprojective. Thus the most important test algebras for
this conjecture, besides the examples of this section, include:
$[R\emptyset r95]$

$O_{n}\otimes O_{n}$

(the Kirchberg algebra

$B$

with

$ K_{0}(B)\cong=K_{1}(B)\cong$

$\mathbb{Z}_{n-1})$

$P_{\infty}$

(the Kirchberg algebra

$B$

with

$K_{0}(B)=0$

and

$K_{1}(B)=\mathbb{Z}.$

)

[See note added in proof.]
is semiprojective is that
The diﬃculty in proving that
the two copies of
must be partially lifted so that the lifts exactly
commute. One can come frustratingly close to proving that this can be
containing the first $n-1$
is a copy of
done: for example, inside
can be partially lifted
generators of
, and the subalgebra
since it is isomorphic to
and is therefore semiprojective.
It appears that the results and techniques of [DE] can be used to
show that a Kirchberg algebra with finitely generated $K$ -theory is weakly
semiprojective in the sense of [Lor97] (I am indebted to M. Dadarlat for
this observation.) The best approach to the conjecture might be to solve
the following problem (if it has a positive solution.)
$O_{n}\otimes O_{n}$

$O_{n}$

$O_{n}$

$O_{\infty}$

$O_{\infty}\otimes O_{n}$

$O_{n}$

$O_{n}$

Problem 3.7. If $B$ is a Kirchberg algebra with finitely generated
$K$ -theory, find a finite presentation for $B$ as in [Bla85], preferably with
stable (partially liftable) relations.
The only Kirchberg algebras for which such a presentation is known
and their matrix algebras.
are the (simple) Cuntz-Krieger algebras
, and certain crossed
Finite tensor products of these, such as
products by finite groups, also have obvious finite presentations, but
the relations include ones such as commutation relations, which are not
(obviously) stable. No finite presentation for
or
is known (B.
Neub\"user has obtained a non-finite presentation of
as a graph
$O_{A}$

$O_{n}\otimes O_{n}$

$O_{\infty}$

$P_{\infty}$

$P_{\infty}$

algebra.)

$C^{*}-$

B. Blackadar

10

\S 4.

Stable Semiprojective
algebras

$C^{\star}$

-Algebras and Hereditary Sub-

In this section, we examine conditions related to when a stable
-algebras is fairly
algebra is semiprojective. Semiprojectivity in stable
exceptional.
algebra $A$ is properly infifinite if $A$ contains
Recall that a unital
two isometries with orthogonal range projections; $A$ then contains a uni-algebra which is infinite (contains a
tal copy of
. A simple unital
nonunitary isometry) is automatically properly infinite ([Cun81], [Bla98,
6.11.3]). The main result of this section is:
$C^{*}-$

$C^{*}$

$C^{*}$

$C^{*}$

$O_{\infty}$

$C^{*}$

Theorem 4.1. Let $A$ be a semiprojective properly infifinite unital
-algebra. Then its stable algebra $A\otimes K$ is also semiprojective.

The proof is quite similar in spirit to the proof of 3.2, based
on the fact that inside $A$ is a nicely embedded copy of $A\otimes K$ . Let
be a sequence of isometries in $A$ with mutually orthogonal $rangeS_{)}$ and
. $=Then\{f_{ij}\}$ is a set of matrix units in $A$ . Let
be
set
the standard matrix units in K.
, and be as in 2.1, with : $A\otimes K\rightarrow B/J$ an isomorphism.
Let $B$ ,
Fix an $m$ such that there is a projection $h_{11}\in B/J_{m}$ with $\pi(h_{11})=$
and such that lifts to a unital : $A\otimes e_{11}\cong A\rightarrow h_{11}(B/J_{m})h_{11}$ ,
using 2.3 and semiprojectivity of $A$ . It suﬃces to show that the matrix
.
lift to matrix units $\{h_{ij}\}B/J_{m}$ including the chosen
units
For each , , let $r_{j}=\psi(s_{j})$ , and $g_{ij}=r_{i}r_{j}^{*}=\psi(f_{ij})$ . We now induc, as follows. Let
tively choose unitaries
and , and projections
be a unitary in the connected component of the identity of
[Bla98, 4.3.1, 4.4.1], and let
with
lift
.
so that
Increasing $m$ if necessary, we may choose
be a
of

Proof.

$\{s_{j}\}$

$\{e_{ij}\}$

$f_{ij}=s_{i}s_{j}^{*}$

$J$

$J_{n}$

$1\otimes e_{11}$

$\phi$

$\psi$

$\phi$

$h_{11}$

$\{1\otimes e_{ij}\}$

$i$

$j$

$v_{k}$

$h_{kk}$

$u_{k}$

$v_{1}$

$\mathcal{U}((A\otimes K)\dagger)$

$u_{1}\in \mathcal{U}((B/J_{m})^{\mathfrak{s}})$

$v_{1}^{*}f_{11}v_{1}=1\otimes e_{11}$

$u_{1}$

$v_{1}$

$u_{1}^{*}g_{11}u_{1}=h_{11}(2.5)$

.

If projections
,
, $h_{kk}\in B/J_{m}$ and unitaries ,
, $ u_{k}\in(B/J_{m})\dagger$ , set
have been defined, with lifts
$h_{11}$

$K)\dagger$

$e_{jj}$

$v_{1}$

$\ldots$

$u_{1},$

and

$p=\sum_{j=1}^{k}h_{jj}$

.

$\ldots$

$\ldots$

, $ v_{k}\in(A\otimes$

$ q=\sum_{j=1}^{k}1\otimes$

We have that

$v_{k}^{*}\cdots v_{2}^{*}v_{1}^{*}f_{k+1,k+1}v_{1}v_{2}\cdots v_{k}$

is orthogonal to . Let
of the identity in
$q$

$v_{k+1}$

be a unitary in the connected component
with $v_{k+1}q=qv_{k+1}=q$ and

$\mathcal{U}((A\otimes K)\dagger)$

$v_{k+1}^{*}v_{k}^{*}\cdots v_{1}^{*}f_{k+1,k+1}v_{1}\cdots v_{k}v_{k+1}=1\otimes e_{k+1,k+1}$

Semiprojectivity in Simple

and let
$(3.1)$ . Then

$u_{k+1}\in \mathcal{U}((B/J_{m})\dagger)$

be a lift of

$C^{*}$

$v_{k+1}$
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with

$u_{k+1}p=pu_{k+1}=p$

$h_{k+1,k+1}=u_{k+1}^{*}u_{k}^{*}\cdots u_{1}^{*}g_{k+1,k+1}u_{1}\cdots=u_{k}u_{k+1}$

.
is a lift of $1\otimes e_{k+1,k+1}$ to a projection in
,
,
orthogonal to
let $w_{k}=g_{kk}u_{k}u_{k-1}\cdots u_{1}$ . Then
Now for each
is a partial
isometry in $B/J_{m}$ with $w_{k}^{*}w_{k}=h_{kk}$ and $w_{k}w_{k}^{*}=g_{kk}$ . Set $z_{k}=w_{k}^{*}g_{k1}w_{1}$ ;
is a partial isometry with
then
. We have
and
$A\otimes
e_{11}\cong
A$
$h_{k1}=z_{k}\psi(y_{k})^{*}$
that
is a unitary
in
,
, and if
is a partial isometry in $B/J_{m}$ from
then
to
which is a lift of
. For each , , set $h_{ij}=h_{i1}h_{j1}^{*}$ ; then the
are the desired
.
lifts of
Q.E.D.
$B_{m}$

$h_{11}$

$k$

$h_{kk}$

$w_{k}$

$z_{k}^{*}z_{k}=h_{11}$

$z_{k}$

$(1\otimes e_{1k})\pi(z_{k})$

$z_{k}z_{k}^{*}=h_{kk}$

$y_{k}$

$h_{k1}$

$h_{kk}$

$h_{11}$

$i$

$1\otimes e_{k1}$

$\ldots$

$\{h_{ij}\}$

$j$

$\{1\otimes e_{ij}\}$

This result is false if $A$ is stably finite: for example,
is
not semiprojective, as is easily seen from 2.9 (or 2.14). In fact, a partial
converse to 4.1 (a full converse, at least stably, in the simple unital case)
is a special case of the next result.
$K\cong \mathbb{C}\otimes K$

Proposition 4.2. Let $A$ be a nonunital semiprojective
-algebra.
$A$ has an
$A$
approximate identity of projections, then
contains an
If
infifinite projection.
$C^{*}$

This follows easily from 2.9. Let
be a strictly increas$A$
pnApn, and
ing approximate unit of projections in . Then
$A$
so the identity map on
is homotopic to a homomorphism through
$p_{n}Ap_{n}$ for some
. In particular, $p_{n+1}$ is homotopic, hence equivalent,
Q.E.D.
to a subprojection of .

Proof.

$\{p_{n}\}$

$A\cong\lim_{\rightarrow}$

$n$

$p_{n}$

Corollary 4.3. Let $A$ be (separable) unital
is semiprojective, then $A$ is not stably fifinite.
$a$

$C^{*}$

-algebra.

If

$A\otimes K$

This result is probably not the best possible; in fact,
is not
semiprojective (if it were, a nontrivial homomorphism from
to
, and hence to
, could be constructed for some by 2.9), and
the full converse (stably) of 4.1 may well hold.
Note that if $A$ is unital and $A\otimes K$ is semiprojective, then $A$ is
semiprojective (2.7). This should be true even if $A$ is nonunital. In fact,
the following conjecture seems likely:
$\mathcal{T}\otimes K$

$\mathcal{T}\otimes K$

$M_{n}(\mathcal{T})$

$\beta M_{n}$

Conjecture 4.4. Let A be a semiprojective
any full corner in A is also semiprojective.

$n$

$C^{*}$

-algebra.

Then

To prove this, it would suﬃce (and be essentially equivalent) to
prove:
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Conjecture 4.5.
sequence of separable

Let
-algebras. If

be a split exact
is semiprojective, then so is $B$ .

$O\rightarrow A\rightarrow B\rightarrow \mathbb{C}\rightarrow 0$

$C^{*}$

$A$

subalgebra
It is plausible, but less clear, that a full hereditary
of a semiprojective
-algebra should be semiprojective. Fullness is
$T$
-subalgebra (closed ideal) isomorphic to
essential:
has a hereditary
K.
If it is true that full hereditary
-subalgebras of semiprojective
-algebras are semiprojective, then a stably finite semiprojective simalgebra
ple
-algebra must be nearly projectionless: by 4.2, such a
could not contain a strictly increasing or decreasing sequence of projections.
It is quite conceivable that there could be semiprojective simple
-algebras which are projectionless. However, 2.14 strongly suggests
that there cannot be such examples which are nuclear. Some evidence
is described in the next section to suggest that semiprojective simple
-algebras are at least exact, if not nuclear; thus there is some modest
evidence for a positive answer to the following question:
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

Question 4.6. Is every semiprojective simple
-algebra either a
finite-dimensional matrix algebra, or a Kirchberg algebra or stabilized
Kirchberg algebra with finitely generated $K$ -theory?
$C^{*}$

-subalgebra of a purely infinite simRecall that every hereditary
ple
-algebra is either unital or stable [Zha90].
$C^{*}$

$C^{*}$

Exactness of Semiprojective Simple

\S 5.

$C^{\star}$

-Algebras

algebra is
It is quite possible that every simple semiprojective
algebra $A$ is $(C^{*}-)exact$ if forming the min-exact. Recall that a
imal tensor products by $A$ preserves exact sequences, and that a
is the free
subalgebra of an exact
-algebra is exact [Kir94]. If
$C^{*}(F_{2})$
is not exact [Was76], hence cangroup on two generators, then
algebra,
not be embedded in an exact
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}-$

$C^{*}$

$F_{2}$

$C^{*}$

in

Conjecture 5.1. Every semiprojective simple
and is therefore exact.

$C^{*}$

-algebra embeds

$O_{2}$

-algebra embeds into
Note that by [KPOOb] every separable exact
, so the first conclusion follows from the second. However, the likely
,
proof of 5.1 would show exactness by directly embedding $A$ into
using the following conjecture of Kirchberg, for which there seems to be
good evidence:
$C^{*}$

$O_{2}$

$O_{2}$

Semiprojectivity in Simple

Conjecture 5.2. Every separable
algebra

$C^{*}$

$C^{*}$

-algebra embeds in the corona

$(\prod O_{2})/(\oplus O_{2})$

the quotient of the bounded sequences in
to 0.
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$O_{2}$

,

by the sequences converging

This conjecture can be slightly modified by replacing the corona
. In fact, it seems likely that
for
algebra with an ultrapower of
separable
embeds in these corona algebras or ultraproducts.
the sequences in $B$
To prove 5.1 from 5.2, let $B=\prod O_{2}$ , and
which are 0 after the n’th term. Then
, and $B/J_{n}\cong\prod O_{2}$ .
Let be an embedding of $A$ into the corona algebra, and partially lift
to an embedding of $A$ into
. Since $A$ is simple, composing this
embedding with a suitable coordinate projection gives an embedding of
$A$ into
.
algebra, e.g. $C^{*}(F_{2})$ , need
Note that a nonsimple semiprojective
not be
-exact. This proof of 5.1 would show that any semiprojective
. A separable simple
algebra which
-algebra embeds into
is not exact cannot embed into
, although it would embed in the
-algebra can be constructed by
corona algebra if 5.2 is true; such a
$C^{*}(F_{2})$
embedding
into the hyperfinite
factor and applying [Bla78,
2.2].
$O_{2}$

$l3(\mathcal{H})$

$\prime H$

$J_{n}$

$[\cup J_{n}]^{-}=\oplus O_{2}$

$\phi$

$\prod O_{2}$

$\phi$

$O_{2}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$\prod O_{2}$

$\prod O_{2}$

$C^{*}$

$II_{1}$

\S 6.

Finite Group Actions

One might hope (or expect) from 2.7 that a crossed product of a
semiprojective
-algebra by a finite group, or more generally a sub-algebra, would be
algebra of finite Jones index in a semiprojective
semiprojective, since these operations are the “square root” of a Morita
-actions on a
equivalence. However, we will give examples here of
-algebra such that the crossed product is not semiprosemiprojective
jective.
-actions on
such that the
In fact, we show that there are
crossed product, which is a Kirchberg algebra, does not have finitely
generated $K$ -theory. It is a bit surprising that the crossed product can
is $K$ -contractible and thus Keven have nontrivial $K$ -theory, since
such that
theoretically trivial. The first example of a symmetry of
$K$
the crossed product has nontrivial -theory appeared in [CE81]. This
gives yet another indication that -actions can be badly behaved from a
$K$ -theoretic point of view; cf. [Bla98, 10.7], [Bla90], [E1195]. It may even
be true that the bootstrap class for the Universal Coeﬃcient Theorem
(in fact, this appears to be
is not closed under crossed products by
$C^{*}$

$C^{*}$

$\mathbb{Z}_{2}$

$C^{*}$

$O_{2}$

$\mathbb{Z}_{2}$

$O_{2}$

$O_{2}$

$\mathbb{Z}_{2}$

$\mathbb{Z}_{2}$

B. Blackadar
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algebra
equivalent to the question of whether every separable nuclear
is in the bootstrap class).
We will use the next example, which is a special case of [Bla90,
6.3.3].
$C^{*}$

Proposition 6.1. Let $B$ be the $UHF$ algebra with
Then there is a symmetry
of $B$ such that, if
and $K_{1}(D)$ is the dyadic rationals D.

$K_{0}(B)\cong \mathbb{Q}$

$D=B\times_{\sigma}\mathbb{Z}_{2}$

$\sigma$

.

, then

$K_{0}(D)\cong \mathbb{Q}$

and
be countable abeli an torsion groups
Theorem 6.2. Let
in which every element has odd order. Then there is a symmetry
of
such that
for $=0,1$ .
$G_{1}$

$G_{0}$

$\alpha$

$K_{n}(O_{2}\times_{\alpha}\mathbb{Z}_{2})\cong G_{n}$

$O_{2}$

$n$

By [ER95] there is a Kirchberg algebra $A$ such that $ K_{0}(A)\cong$
and $K_{1}(A)\cong G_{0}$ . If $B$ is the UHF algebra of 6.1, then $A\otimes B$ has
trivial $K$ -theory by the K\"unneth theorem for tensor products ([Sch82],
by [ER95]. Let be the
[Bla98, 23.1.3] , and hence is isomorphic to
$O_{2}\cong
A\otimes
B$
. Then
is isomorphic to $A\otimes D$
of
symmetry
$(6.1)$ , so
by the K\"unneth
and
Q.E.D.
Theorem.

Proof.

$G_{1}$

$O_{2}$

$)$

$ id\otimes\sigma$

$\alpha$

$O_{2}\times_{\alpha}\mathbb{Z}_{2}$

$K_{1}(O_{2}\times_{\alpha}\mathbb{Z}_{2})\cong G_{1}$

$K_{0}(O_{2}\times_{\alpha}\mathbb{Z}_{2})\cong G_{0}$

algebra $A$ and
Corollary 6.3. There is a simple semiprojective
is not semiprojective.
a symmetry of $A$ such that
$C^{*}$

$A\times_{\alpha}\mathbb{Z}_{2}$

$\alpha$

In 6.2, choose
finite.) Apply 2.10.

Proof.

$G_{0}$

or

$G_{1}$

to be not finitely generated (i.e. not
Q.E.D.

(and,
It would be interesting to study and classify symmetries of
more generally, finite group actions on Kirchberg algebras, or subalgebras of finite index in Kirchberg algebras). It is worth noting that 6.2
exhausts the possibilities for the $K$ -theory of the crossed product of
by a symmetry if these $K$ -groups are torsion groups:
$O_{2}$

$O_{2}$

Proposition 6.4. Let be a symmetry of . Then the $K$ groups
are 2-divisible countable abelian groups with no 2-torsion.
$O_{2}$

$\alpha$

of

$O_{2}\times_{\alpha}\mathbb{Z}_{2}$

The proof is very similar to the arguments in [Bla90, 2.2.1].
is separable. For the rest,
The groups are countable because
is trivial by the Pimsner-Voiculescu exact
first note that
sequence [Bla98, 10.2.1]. It then follows from the exact sequence of
:
is an
[Bla98, 10.7.1] that 1
isomorphism. Then from
it follows that
$1+\hat{\alpha}_{*}=0,\hat{\alpha}_{*}=-1$ , so
Q.E.D.
is multiplication by 2.

Proof.

$O_{2}\times_{\alpha}\mathbb{Z}_{2}$

$K_{*}(O_{2}\times_{\alpha}\mathbb{Z})$

$-\hat{\alpha}_{*}$

$K_{*}(O_{2}\times_{\alpha}\mathbb{Z}_{2})\rightarrow K_{*}(O_{2}\times_{\alpha}\mathbb{Z}_{2})$

$0=1-\hat{\alpha}_{*}^{2}=(1+\hat{\alpha}_{*})(1-\hat{\alpha}_{*})$

$1-\hat{\alpha}_{*}$

a
Question 6.5. Is the $K$ -theory of the crossed product by
complete outer conjugacy or stable conjugacy invariant for symmetries
?
of
$\mathbb{Z}_{2}$

$O_{2}$

Semiprojectivity in Simple

$C^{*}$
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Example 6.6. The $K$ -theory, or even the isomorphism class, of
the crossed product is not a complete conjugacy invariant for symmetries
of
. If
which sends each generator to its
is the symmetry of
; but if is
negative, then the fixed-point algebra is isomorphic to
,
the stabilized version of , i.e. $\beta=ad$ diag(l, -1)\otimes \mbox{\boldmath $\alpha$} on
$M_{3}(O_{4})$
isomorphic
to
,
then the fixed-point algebra of is
so and
, then the fixed-point
are not conjugate. If
on
algebra of is also $M_{3}(O_{4})$ . We do not know if and are conjugate or
by each of these symmetries
outer conjugate. The crossed products of
$M_{3}(O_{4})$
is isomorphic to
.
$O_{2}$

$O_{2}$

$\alpha$

$O_{4}$

$\beta$

$MI_{2}\otimes O_{2}\cong O_{2}$

$\alpha$

$\beta$

$\gamma=id\otimes\alpha$

$\alpha$

$\beta$

$M[_{3}\otimes O_{2}\cong O_{2}$

$\beta$

$\gamma$

$\gamma$

$O_{2}$

Note Added in Proof.
J. Spielberg [Spi] has recently shown that Conjecture 3.6 is true if
, as well as the
is torsion-free. This includes the test case of
examples of 3.5 and [Szy]. The question remains open for such Kirchberg
algebras as
.
$K_{1}(A)$

$P_{\infty}$

$O_{n}\otimes O_{n}$

References
-algebras. Indiana
[Bla78] Bruce Blackadar. Weak expectations and nuclear
Univ. Math. J., 27(6):1021-1026, 1978.
-algebras. Math. Scand.,
[Bla85] Bruce Blackadar. Shape theory for
56(2):249-275, 1985.
[Bla90] Bruce Blackadar. Symmetries of the CAR algebra. Ann. of Math. (2),
131 (3):589-623, 1990.
[Bla98] Bruce Blackadar. $K$ -theory for operator algebras. Cambridge University Press, Cambridge, second edition, 1998.
[BK97] Bruce Blackadar and Eberhard Kirchberg. Generalized inductive lim-algebras. Math. Ann., 307(3):343-380,
its of finite-dimensional
1997.
[CH90] Alain Connes and Nigel Higson. D\’eformations, morphismes asymptotiques et $K$ -th\’eoriebivariante. C. R. Acad. Sci. Paris S\’er. I Math.,
311 (2):101-106, 1990.
[Cun81] Joachim Cuntz. $K$ -theory for certain
-algebra. Ann. of Math. (2)
113(1):181-197, 1981.
[CE81] Joachim Cuntz and David E. Evans. Some remarks on the
algebras associated with certain topological Markov chains. Math.
Scand., 48(2):235-240, 1981.
-algebras and
[CK80] Joachim Cuntz and Wolfgang Krieger. A class of
topological Markov chains. Invent. Math., 56(3):251-268, 1980.
[DE] Marius D3d3rlat and S{?}ren Eilers. On the classification of nuclear
algebras. Proc. Lon. Math. Soc, 85, 168-210, 2002.
$C^{\star}$

$C^{\star}$

$C^{\star}$

$C^{\star}$

$,$

$C^{\star}$

-

$C^{\star}$

$C^{\star}$

-

B. Blackadar

16

[EK86] E. G. Eﬀros and J. Kaminker. Homotopy continuity and shape theory
-algebras. In Geometric methods in operator algebras (Kyoto,
for
1983), pages 152-180. Longman Sci. Tech., Harlow, 1986.
[Ell95] George A. Elliott. The classification problem for amenable
algebras. In Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Z\"urich, 1994), pages 922-932, Basel, 1995. Birkh\"auser.
[ER95] George A. Elliott and Mikael R{?}rdam. Classification of certain infinite
simple
-algebras. II. Comment. Math. Helv., 70(4):615-638, 1995.
[Kir94] Eberhard Kirchberg. Commutants of unitaries in UHF algebras and
functorial properties of exactness. J. Reine Angew. Math., 452:39-77,
1994.
-algebras
[Kir00] Eberhard Kirchberg. The classification of purely infinite
using Kasparov ’s theory. Fields Institute Communications series, 2000.
[KP00a] Eberhard Kirchberg and N. Christopher Phillips. Embedding of con. J. Reine Angew.
tinuous fields of -algebras in the Cuntz algebra
Math., 525:55-94, 2000.
[KP00b] Eberhard Kirchberg and N. Christopher Phillips. Embedding of exact
. J. Reine Angew. Math., 525:17-algebras in the Cuntz algebra
53, 2000.
[Kum98] A. Kumjian. Notes on
algebras of graphs. In Operator algebras
and operator theory (Shanghai, 1997), pages 189-200. Amer. Math.
Soc, Providence, RI, 1998.
-algebras of directed graphs and
[KP99] Alex Kumjian and David Pask.
group actions. Ergodic Theory Dynam. Systems, 19(6):1503-1519, 1999.
[KPR98] Alex Kumjian, David Pask, and Iain Raeburn. Cuntz-Krieger algebras of directed graphs. Pacific J. Math., 184(1):161-174, 1998.
[Lor97] Terry A. Loring. Lifting solutions to perturbing problems in
algebras. American Mathematical Society, Providence, RI, 1997.
[PR96] David Pask and Iain Raeburn. On the if-theory of Cuntz-Krieger
algebras. Publ. Res. Inst. Math. Sci., 32(3):415-443, 1996.
[Phi00] N. Christopher Phillips. A classification theorem for nuclear purely
infinite simple
-algebras. Doc. Math., 5:49-114 (electronic), 2000.
-algebras.
[R{?}r95] Mikael R{?}rdam. Classification of certain infinite simple
Anal,
J. Fund.
131 (2):415-458, 1986.
[RS87] Jonathan Rosenberg and Claude Schochet. The K\"unneth theorem and
the universal coeﬃcient theorem for Kasparov’s generalized $K$-functor.
Duke Math. J.,55(2):431-474, 1987.
-algebras. II. Geometry
[Sch82] Claude Schochet. Topological methods for
resolutions and the K\"unneth formula. Pacific J. Math., 98(2):443-458,
1982.
[Spi] Jack Spielberg. Semiprojectivity for certain purely infinite
-algebras.
To appear.
[Szy] Wojciech Szymanski. On semiprojectivity of
-algebras of directed
graphs. Proc. Amer. Math. Soc, 130, 1391-1399, 2002.
$C^{\star}$

$C^{\star}$

-

$C^{\star}$

$C^{\star}$

$C^{\star}$

$\mathcal{O}_{2}$

$C^{\star}$

$\mathcal{O}_{2}$

$C^{\star}-$

$C^{\star}$

$C^{\star}$

$C^{\star}$

$C^{\star}$

$C^{\star}$

$C^{\star}$

$C^{\star}$

-

Semiprojectivity in Simple

$C^{*}$

17

-Algebras

[Was76] Simon Wassermann. On tensor products of certain group
algebras. J. Functional Analysis, 23(3):239-254, 1976.
[Zha90] Shuang Zhang. A property of purely infinite simple
-algebras. J.
Amer. Math. Soc, 109(3):717-720, 1990.
$C^{\star}$

$C^{\star}$

Department of Mathematics/084
University of Nevada Reno
Reno
NV 89557
USA
E-mail address: bruceb@math.unr.edu

-

Advanced Studies in Pure Mathematics 38, 2004
Operator Algebras and Applications
pp. 19-64

On quasidiagonal

$C^{\star}$

-algebras

Nathanial P. Brown
Abstract.
We give a detailed survey of the theory of quasidiagonal
algebras. The main structural results are presented and various functorial questions around quasidiagonality are discussed. In particular
we look at what is currently known (and not known) about tensor
products, quotients, extensions, free products, etc. of quasidiagonal
-algebras. We also point out how quasidiagonality is connected to
some important open problems.
$C^{*}-$

$C^{*}$

\S 1.

Introduction

Quasidiagonal
-algebras have now been studied for more than 20
years. They are a large class of algebras which arise naturally in many
algebras.
contexts and include many of the basic examples of finite
Notions around quasidiagonality have also played an important role in
$BDF/KK$ -theory and are connected to some important open questions.
-algebra satisfies the Universal
For example, whether every nuclear
Coeﬃcient Theorem, Elliott’s Classification Program and whether or
not $Ext(C_{r}^{*}(F_{2}))$ is a group.
In these notes we give a detailed survey of the basic theory of qua-algebras. At present there is only one survey article in
sidiagonal
the literature which deals with this subject (cf. [Vo4]). While there is
certainly overlap between this article and [Vo4], the focus of the present
paper is quite diﬀerent. We will spend a fair amount of time giving dealgebras.
tailed proofs of a number of basic facts about quasidiagonal
Some of these results have appeared in print, some are well known to
the experts but have not (explicitly) appeared in print and some of them
are new. Moreover, there have been a number of important advances
since the writing of [Vo4]. We will not give proofs of most of the more
diﬃcult recent results. However, we have tried to at least give precise
statements of these results and have included an extensive bibliography
so that the interested reader may track down the original papers.
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

2000 Mathematics Subject

Classifification.

Primary

$46L$ ;

Secondary

$46L05$ .
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In this paper we are primarily concerned with basic structural questions. In particular this means that many interesting topics have been
left out or only briefly touched upon. For example, we do not explore the
connections between (relative) quasidiagonality and $BDF/KK$ theory
(found in the work of Salinas, Kirchberg, S. Wassermann, DadarlatEilers, Schochet and others) or the generalized inductive limit approach
(introduced by Blackadar and Kirchberg). But, for the interested reader,
we have included a section containing references to a number of these
topics.
Throughout the main body of these notes we will only be concerned
-algebras and representations on separable Hilbert
with separable
spaces. It turns out that one can usually reduce to this case so we
don’t view this as a major loss of generality. However, it causes one
problem in that certain nonseparable
-algebras naturally arise in the
(separable) theory. Hence we have included an appendix which deals
with the nonseparable case.
A brief overview of this paper is as follows. In section 2 we collect
a number of facts that will be needed in the rest of these notes. This is
an attempt to keep the paper self contained, but these results include
some of the deepest and most important tools in
-algebra theory and
no proofs of well known results are given.
Section 3 contains the definitions and some basic properties of quasidiagonal operators, quasidiagonal sets of operators and quasidiagonal
(QD)
-algebras. We also give some examples of $QD$ and non-QD
-algebras. We end the section with the well known fact that quasidiagonality implies stable finiteness.
In section 4 we prove the abstract characterization of $QDC^{*}$ algebras
which is due to Voiculescu.
Section 5 deals with the local approximation of $QDC^{*}$ -algebras. We
show that every such algebra can be locally approximated by a residually
finite dimensional algebra. We also state a result of Dadarlat showing
that every exact $QDC^{*}$ -algebra can be locally approximated by finite
-algebras.
dimensional
Section 6 contains the simple fact that every unital $QDC^{*}$ algebra
has a tracial state.
Sections 7- 11 deal with how quasidiagonality behaves under some
of the standard operator algebra constructions. Section 7 discusses the
easiest of these questions. Namely what happens when taking subalgebras, direct products and minimal tensor products of $QDC^{*}$ -algebras.
Quotients of $QD$ algebras are treated in section 8, inductive limits in
section 9, extensions in section 10 and crossed products in section 11.
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$
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Section 12 discusses the relationship between quasidiagonality and
nuclearity. We state a result of Popa which led many experts to believe that simple $QDC^{*}$ -algebras with ’suﬃciently many projections’
are always nuclear. We then state a result of Dadarlat which shows that
this is not the case. We also discuss a certain converse to this question
and it’s relationship to the classification program. Namely the question
(due to Blackadar and Kirchberg) of whether every nuclear stably finite
-algebra must be $QD$ .
Section 13 contains miscellaneous results which didn’t quite fit anywhere else. We state results of Boca and Voiculescu which concern full
free products and homotopy invariance, respectively. We observe that all
projective algebras and semiprojective $MF$ algebras must be residually
finite dimensional. Finally, we discuss how quasidiagonality relates to
the question of when the classical BDF $Ext(\cdot)$ semigroups are actually
-algebras satisfy the
groups and the question of whether all nuclear
Theorem.
Universal Coeﬃcient
In section 14 we point out where the interested reader can go to
learn more about some of the things that are not covered thoroughly
here.
Finally at the end we have an appendix which treats the case of
-algebra
nonseparable $QDC^{*}$ -algebras. The main result being that a
-subalgebras are $QD$ .
is $QD$ if and only if all of it’s separable
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

\S 2.

Preliminaries

Central to much of what will follow is the theory of completely positive maps. We refer the reader to [Pa] for a comprehensive treatment of
these important maps. Perhaps the single most important result about
these maps is Stinespring’s Dilation Theorem (cf. [Pa, Thm. 4.1]). We
will not state the most general version; for our purposes the following
result will suﬃce.
-algebra
Theorem 2.1. (Stinespring) Let $A$ be a unital separable
$A\rightarrow
B(H)$
:
map.
completely
positive
Then there
and
be a unital
and a unital
exists a separable Hilbert space $K$ , an isometry $V$ :
representation : $A\rightarrow B(K)$ such that $\varphi(a)=V^{*}\pi(a)V$ for all $a\in A$ .
$C^{*}$

$\varphi$

$H\rightarrow K$

$\pi$

Throughout most of [Pa], only the unital case is treated. The following result shows that this is not a serious problem.
: $A\rightarrow B$ be
Proposition 2.2. (cf. [CE2, $Lem$ . 3.9]) Let
contractive completely positive map. Then the unique unital extension
-algebras
:
are the
is also completely positive, where
obtained by adjoining new units.

$a$

$\varphi$

$\tilde{A}\rightarrow\tilde{B}$

$\tilde{\varphi}$

$\tilde{A},\tilde{B}$

$C^{*}$
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Another fundamental result concerning completely positive maps
is Arveson’s Extension Theorem. To state the theorem we need the
following definition.
Definition 2.3. Let $A$ be a unital
-algebra and $X\subset A$ be a
$X$
closed linear subspace. Then
is called an operator system if $1_{A}\in X$
$C^{*}$

and

$X=X^{*}$ .

Theorem 2.4. (Arveson’s Extension Theorem) If $A$ is a unital
-algebra, $X\subset A$ is an operator system and
: $X\rightarrow C$ is a contractive completely positive map with $C=B(H)$ or $ dim(C)<\infty$ then
.
there exists a completely positive map :
which extends
$X$
-subalgebra of A then there always exists a unital
. If
is a
completely positive extension of (whether or not $X$ contains the unit
of $A$ ).

$C^{*}$

$\varphi$

$\Phi$

$A\rightarrow C$

$\varphi(i.e$

$C^{*}$

$\Phi|_{X}=\varphi)$

$\varphi$

A proof of the unital statement above can be found in [Pa] while
the nonunital statement is due to Lance [Lai, Thm. 4.2].
Representations of quasidiagonal
-algebras will be important in
what follows and hence we will need Voiculescu’s Theorem (cf. [Vol]).
In fact, we will need a number of diﬀerent versions of this result. It will
be convenient to have Hadwin’s formulation in terms of rank.
$C^{*}$

Definition 2.5.

If

$T\in B(H)$

then let rank(T)

$=dim(\overline{TH})$

.

: $A\rightarrow B(H_{i})$
Theorem 2.6. Let $A$ be a unital
-algebra and
be unital -representations for $i=1,2$ . Then there exists a net of
:
unitaries
such that
for all
$a\in A$ if and only if $rank(\pi_{1}(a))=rank(\pi_{2}(a))$ for all $ a\in$ A. If
$A$ is nonunital then there exists such
a net of unitaries if and only if
$rank(\pi_{1}(a))=rank(\pi_{2}(a))$ for all $a\in A$ and $dim(H_{1})=dim(H_{2})$ .
$C^{*}$

$\pi_{i}$

$*$

$U_{\lambda}$

$H_{1}\rightarrow H_{2}$

$||\pi_{2}(a)-U_{\lambda}\pi_{1}(a)U_{\lambda}^{*}||\rightarrow 0$

When such unitaries exist we say that
and
are approximately
$A$
unitarily equivalent. When both
and the underlying Hilbert spaces
are separable one can even arrange the stronger condition that $\pi_{2}(a)-$
is a compact operator for each $a\in A$ ,
(of course,
we can take a sequence of unitaries when $A$ is separable). When this
and
is the case we say that
are approximately unitarily equivalent
modulo the compacts. A proof of this stronger (in the separable case)
result can be found in [Dav, Thm. II.5.8] or a proof of the general result
can be found in [Hadl].
It turns out that one can usually reduce to the case of separable
-algebras and Hilbert spaces. In this case, the following version of
Voiculescu’s theorem will be convenient (cf. [Dav, Cor. II.5.5]).
$\pi_{1}$

$U_{n}\pi_{1}(a)U_{n}^{*}$

$n$

$\pi_{1}$

$C^{*}$

$\pi_{2}$

$\pi_{2}$

$\in \mathbb{N}$
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Theorem 2.7. Let $H$ be a separable Hilbert space and $C\subset B(H)$
be a unital separable
-algebra such that $1_{H}\in C$ . Let : $Cc_{-\succ}B(H)$
: $C\rightarrow B(K)$ be any unital
denote the canonical inclusion and let
$\rho(C\cap
\mathcal{K}(H))=0$
. Then
is approximately
representation such that
.
unitarily equivalent modulo the compacts to
$C^{*}$

$\iota$

$\rho$

$\iota$

$\iota\oplus\rho$

We will be particularly interested in the case that

$C\cap \mathcal{K}(H)=0$

.

Definition 2.8. Let : $A\rightarrow B(H)$ be a faithful representation of
a
-algebra $A$ . Then is called essential if $\pi(A)$ contains no nonzero
finite rank operators.
$\pi$

$C^{*}$

$\pi$

:
-algebra and
Corollary 2.9. Let $A$ be a separable
$B(H_{i})$ be
faithful essential representations with separable for $i=1,2$ .
$A$ is
are unital then
and
are approximately
unital and both ,
If
and
unitarily equivalent modulo the compacts. If $A$ is nonunital then
are always approximately unitarily equivalent modulo the compacts.
$ A\rightarrow$

$C^{*}$

$\pi_{i}$

$H_{i}$

$\pi_{1}$

$\pi_{1}$

$\pi_{2}$

$\pi_{2}$

$\pi_{1}$

$\pi_{2}$

We will need one more form of Voiculescu’s Theorem. We have not
been able to find the following version written explicitly in the literature.
However, the main idea is essentially due to Salinas (see the proofs of
[Sal, Thm. 2.9] and [DHS, Thm. 4.2] .
-algebra and
If $A$ is a separable, unital
: $A\rightarrow B(H)$ (with $H$
separable and infinite dimensional) is a unital completely positive map
:
then we say that is a representation modulo the compacts if
$a-*$
$Q(H)$ is
homomorphism, where is the quotient map onto the Calkin
algebra. If
is injective then we say that is a faithful representation
by
modulo the compacts. In this situation we define constants
$)$

$C^{*}$

$\varphi$

$ A\rightarrow$

$\pi\circ\varphi$

$\varphi$

$\pi$

$\pi\circ\varphi$

$\varphi$

$\eta_{\varphi}(a)$

$\eta_{\varphi}(a)=2\max(||\varphi(a^{*}a)-\varphi(a^{*})\varphi(a)||^{1/2}, ||\varphi(aa^{*})-\varphi(a)\varphi(a^{*})||^{1/2})$

for every

$a\in A$ .

:
-algebra and
Theorem 2.10. Let $A$ be a separable, unital
$A\rightarrow B(H)$ be a
the
:
modulo
compacts.
If
faithful representation
$B(K)$ is any faithful, unital, essential representation then there exist
:
unitaries
such that
$C^{*}$

$\varphi$

$\sigma$

$U_{n}$

$ A\rightarrow$

$H\rightarrow K$

$\lim_{n\rightarrow}\sup_{\infty}||\sigma(a)-U_{n}\varphi(a)U_{n}^{*}||\leq\eta_{\varphi}(a)$

for every $a\in A$ .
Proof. Note that

by Corollary 2.9 it suﬃces to show that there exists a
representation satisfying the conclusion of the theorem since all such
representations are approximately unitarily equivalent.
$\sigma$
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Let : $A\rightarrow B(L)$ be the Stinespring dilation of ; i.e. is a unital
such that
representation of $A$ and there exists an isometry $V$ :
$\varphi(a)=V^{*}\rho(a)V$ , for all $a\in A$ . Let $P=VV^{*}\in B(L)$ and $P^{\perp}=1_{L}-P$ .
We claim that for every $a\in A$ ,
$\varphi$

$\rho$

$\rho$

$H\rightarrow L$

$||P^{\perp}\rho(a)P||\leq||\varphi(a^{*}a)-\varphi(a^{*})\varphi(a)||^{1/2}$

.

This follows from a simple calculation:
$(P^{\perp}\rho(a)P)^{*}(P^{\perp}\rho(a)P)=P\rho(a^{*})P^{\perp}\rho(a)P$

$=VV^{*}\rho(a^{*}a)VV^{*}-VV^{*}\rho(a^{*})VV^{*}\rho(a)VV^{*}$

$=V(\varphi(a^{*}a)-\varphi(a^{*})\varphi(a))V^{*}$

.

Now write $L=PL\oplus P^{\perp}L$ and decompose the representation
accordingly. That is, consider the matrix decomposition
,

$\rho(a)=\left(\begin{array}{ll}\rho(a)_{11} & \rho(a)_{12}\\\rho(a)_{21} & \rho(a)_{22}\end{array}\right)$

where $\rho(a)_{21}=P^{\perp}\rho(a)P$ and
matrix

$\rho(a)_{12}=\rho(a^{*})_{21}^{*}$

.

$\rho$

Hence the norm of the

$\left(\begin{array}{ll}0 & \rho(a)_{12}\\\rho(a)_{21} & 0\end{array}\right)$

is bounded above by

$1/2\eta_{\varphi}(a)$

because of

$||P^{\perp}\rho(a)P||\leq||\varphi(a^{*}a)-\varphi(a^{*})\varphi(a)||^{1/2}$

.

Now comes the trick. We consider the Hilbert space $P^{\perp}L\oplus PL$ and
: $A\rightarrow B(P^{\perp}L\oplus PL)$ given in matrix form as
the representation
$\rho’$

$\rho’(a)=\left(\begin{array}{ll}\rho(a)_{22} & \rho(a)_{21}\\\rho(a)_{12} & \rho(a)_{11}\end{array}\right)$

.

Now using the obvious identification of the Hilbert spaces
$PL\oplus(\oplus_{\mathbb{N}}P^{\perp}L\oplus PL)$

and

$\oplus_{\mathbb{N}}L=\oplus_{\mathbb{N}}(PL\oplus P^{\perp}L)$

a standard calculation shows that
$||\rho(a)_{11}\oplus\rho^{;\infty}(a)-\rho^{\infty}(a)||\leq\eta_{\varphi}(a)$

for all

$a\in A$ ,

where

$\rho(a)_{11}=V\varphi(a)V^{*}$

.

$\rho^{J\infty}=\oplus_{\mathbb{N}}\rho’$

and

$\rho^{\infty}=\oplus_{\mathbb{N}}\rho$

.

Note also that
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Now, let $C$ be the linear space $\varphi(A)+\mathcal{K}(H)$ . Note that $C$ is actually a separable, unital
-subalgebra of $B(H)$ with $\pi(C)=A$ where
: $B(H)\rightarrow Q(H)$ is the quotient map onto the Calkin algebra. By
Theorem 2.7 we have that
is approximately unitarily equiv, $B(H)$ is the inclusion.
alent modulo the compacts to , where :
:
Let
be unitaries such that
$C^{*}$

$\pi$

$\iota\oplus\rho^{J\infty}\circ\pi$

$W_{n}$

$C\subseteq-$

$\iota$

$\iota$

$H\rightarrow H\oplus(\oplus_{\mathbb{N}}(P^{\perp}L\oplus PL))$

$||\varphi(a)\oplus\rho^{\prime\infty}(a)-W_{n}\varphi(a)W_{n}^{*}||\rightarrow 0$

for all $a\in A$ .
We now let
$\tilde{V}$

be the unitary
$(P^{\perp}L\oplus PL))$

$V\oplus 1$

and

:

$H\oplus(\oplus_{\mathbb{N}}(P^{\perp}L\oplus PL))\rightarrow\oplus_{\mathbb{N}}L$

(again using the obvious identification of
). Note that
. We now complete the proof by defining

$PL\oplus(\oplus_{\mathbb{N}}$

$\tilde{V}(\varphi(a)\oplus\rho^{\prime\infty}(a))\tilde{V}^{*}=V\varphi(a)V^{*}\oplus$

$\oplus_{\mathbb{N}}L$

$\rho^{J\infty}(a)=\rho(a)_{11}\oplus\rho^{\prime\infty}(a)$

$K=\oplus_{\mathbb{N}}L$

,

$\sigma=\rho^{\infty}=\oplus_{\mathbb{N}}\rho$

,

$U_{n}=\tilde{V}W_{7l}$

:

$H\rightarrow\oplus_{\mathbb{N}}L=K$

.

Q.E.D.

Finally, we will need a basic result concerning quotient maps of locally reflexive
-algebras. The notion of local reflexivity in the category
-algebras was first introduced by Eﬀros and Haagerup (cf. [EH]).
of
$C^{*}$

$C^{*}$

-algebra $A$ is called locally reflexive
Definition 2.11. A unital
:
is the limit (in
if each unital completely positive map
the point-weak* topology) of a net of unital completely positive maps
:
, where $X$ is an arbitrary finite dimensional operator system
and
denotes the enveloping von Neumann algebra of $A$ .
$C^{*}$

$X\rightarrow A^{**}$

$\varphi$

$X\rightarrow A$

$\varphi_{\lambda}$

$A^{**}$

be a surjective -homomorphism
Definition 2.12. Let :
with $A$ unital. Then is called locally liftable if for each finite dimensional operator system $X\subset B$ there exists a unital completely positive
.
map :
such that
$\pi$

$*$

$A\rightarrow B$

$\pi$

$X\rightarrow A$

$\varphi$

$\pi\circ\varphi=id_{X}$

Of course, if either $A$ or $B$ is nuclear then the Choi-Eﬀros Lifting
Theorem (cf. [CE2, Thm. 3.10]) implies that is more than just locally
liftable; there then exists a completely positive splitting defined on all
of $B$ . However, local liftability is usually all we will need. The following
result will be used several times and is a consequence of $[EH;3.2,5.1$ ,
5.3 and 5.5].
$\pi$

be an exact sequence
Theorem 2.13. Let
with $E$ unital. Then $E$ is locally reflexive if and only if both I and $B$
are locally reflexive and the morphism is locally liftable.
$0\rightarrow I\rightarrow\iota E\rightarrow\pi B\rightarrow 0$

$\pi$
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Local reflexivity plays an important role in the theory of operator
spaces. We will not need any more results about local reflexivity. However, we do wish to point out the following implications:
$Nuclear\Rightarrow Exact\Rightarrow Locally$

Reflexive.

These results (together with the definitions of nuclear and exact
algebras) can essentially be found in S. Wassermann’s monograph [Wa3].
([Wa3] Propositions 5.5 and 5.4 give the first implication while [Wa3, Remark 9.5.2] states that exactness is equivalent to property of Archbold
and Batty. However, property implies property $C’’$ , as defined in $[EH$ ,
$pg$ . 120], which in turn is equivalent to local reflexivity by [ $EH$ , Thm.
5.1].) Since the pioneering work of E. Kirchberg, exactness has played a
-algebras. However, since we will only need the local
central role in
liftability statement of Theorem 2.13, we will also consider the class of
locally reflexive
-algebras. (It is not known if this is really a larger
$-i.e$
-algebra
. it is not known if every locally reflexive
class of algebras
is exact $[Kir2,pg. 75].)$
$C^{*}-$

$C$

$C$

$C^{*}$

$C^{*}$

$C^{*}$

Definitions, Basic Results and Examples

\S 3.

Recall that throughout the body of these notes all Hilbert spaces
and
-algebras are assumed to be separable.
We begin this section by recalling the notions of block diagonal and
quasidiagonal operators on a Hilbert space. In Proposition 3.4 we show
that the notion of a quasidiagonal operator can be expressed in terms
of a local finite dimensional approximation property. This local version
-algebra
then extends to a suitable definition of a quasidiagonal (QD)
(Definition 3.8). In Theorem 3.11 we prove a fundamental result about
representations of $QDC^{*}$ -algebras. At the end of this section we give
-algebras and observe that $QD$
some examples of $QD$ (and non-QD)
-algebras are always stably fifinite (cf. Proposition 3.19).
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

Definition 3.1. A bounded linear operator $D$ on a Hilbert space
$H$ is called block diagonal if there exists an increasing sequence of finite
rank projections, $ P_{1}\leq P_{2}\leq P_{3}\cdots$ , such that $||[D, P_{n}]||=||DP_{n}-$
$P_{n}D||=0$ for all
(in the strong operator topology)
and
as
.
$n$

$n$

$\in \mathbb{N}$

$P_{n}\rightarrow 1_{H}$

$\rightarrow\infty$

Note that if $||[D, P_{n}]||=0$ then $||[D, (P_{n}-P_{n-1})]||=0$ as well. Thus
the matrix for $D$ with respect to the decomposition $H=P_{1}H\oplus(P_{2}-$
$ P_{1})H\oplus(P_{3}-P_{2})H\oplus\cdots$ is block diagonal.
The notion of a quasidiagonal operator is due to Halmos and is a
natural generalization of a block diagonal operator.

On quasidiagonal
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Definition 3.2. A bounded linear operator $T$ on a Hilbert space
$H$ is called quasidiagonal if there exists an increasing sequence of finite
rank projections, $ P_{1}\leq P_{2}\leq P_{3}\cdots$ , such that $||[T, P_{n}]||=||TP_{n}-$
(in the strong operator topology) as
and
.
$P_{n}T||\rightarrow 0$

$P_{n}\rightarrow 1_{H}$

$n$

$\rightarrow\infty$

Halmos observed the following relationship between quasidiagonal
and block diagonal operators.
Proposition 3.3. If $T\in B(H)$ then $T$ is quasidiagonal if and
only if there exist a block diagonal operator $D\in B(H)$ and a compact
operator $K\in \mathcal{K}(H)$ such that $T=D+K$ .

We will not give the proof of this proposition here as it is a special
case of Theorem 5.2. Note, however, that one direction is easy. Namely,
if $T=D+K$ as above then $T$ must be quasidiagonal since any increasing
sequence of finite rank projections converging to $1_{H}(s.o.t.)$ will form an
and hence will asymptotically commute
approximate identity for
with every compact operator.
It is an important fact that the seemingly global notion of quasidiagonality can be expressed in a local way.
$\mathcal{K}(H)$

Proposition 3.4. Let $T\in B(H)$ . Then $T$ is quasidiagonal if and
$and\in>0$ there exists
only if for each fifinite set
fifinite rank
$||[T,
P]||\leq\in
and||P(x)-x||\leq\in$
: for all
projection $P\in B(H)$ such that
$\chi\subset H$

$ x\in\chi$

$a$

.

We may assume that $||T||\leq 1$ . It is clear that the definition of a
quasidiagonal operator implies the condition stated above. To prove the
converse, it suﬃces to show that for each finite set $\chi\subset Hand\in>0$ there
exists a finite rank projection $P$ such that $||[P, T]||<\in$ and $P(x)=x$ for
all $ x\in\chi$ . Having established this it is not hard to construct finite rank
and
in
projections $ P_{1}\leq P_{2}\leq P_{3}\cdots$ , such that
the strong operator topology.
So let $\chi\subset H$ be a finite set, $\in>0$ and let $R$ be the orthogonal
projection onto $K=span\{\chi\}$ . By compactness of the unit ball of $K$
there is a finite set
which
-dense in the unit ball of $K$ . Now let
$Q$ be a finite rank projection such that $||[Q, T]||<\in and||Q(x)-x||<\in$
for all
. Then for all $y\in K$ we have $||Q(y)-y||<3\in||y||$ and hence

Proof

$||[T, P_{n}]||\rightarrow 0$

$\tilde{\chi}\subset K$

$x\in\tilde{\chi}$

$||(1-R)QR||<3\in$ .

$is\in$

$P_{n}\rightarrow 1_{H}$
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Now consider the positive contraction $X=RQR+(1-R)Q(1-R)$ .
Observe that $X$ is actually very close to $Q$ :
$||Q-X||$

$=$

$||RQ(1-R)+(1-R)QR||$

$=$

$\max\{||RQ(1-R)||, ||(1-R)QR||\}$

$=$

$||(1-R)QR||$

$<$

$ 3\in$

.

is almost a projection (i.e. it’s spectrum is contained in [0, )
$(1-3\in, 1])$ . Let $P$ be the projection obtained from functional calculus on
$X$ . Then $||P-Q||\leq 6\in and$ hence $||[P, T]||\leq 13\in$ . Finally we claim that
$P(x)=x$ for all $ x\in\chi$ . To see this, first note that $X$ commutes with
$R$ and hence so does $P$ .
This implies that $PR=RPR$ is a projection
with support contained in $K$ . However, for each $y\in K$ we also have

Hence

$X$

$ 3\in$

$\cup$

$||PR(y)-y||=||R(P(y)-y)||\leq||P(y)-Q(y)||+||Q(y)-y||\leq 9\in||y||$ .

Q.E.D.
Hence the support of $PR$ is all of , i.e. $PR=R$ .
With this local characterization in hand we now define the following
generalization of a quasidiagonal operator.
$ K\cdot$

Definition 3.5. A subset $\Omega\subset B(H)$ is a called a quasidiagonal
, finite set $\chi\subset Hand\in>0$
set of operators if for each finite set
there exists a finite rank projection $P\in B(H)$ such that $||[T, P]||\leq\in$
and $||P(x)-x||\leq\in for$ all
and $ x\in\chi$ .
$\omega\subset\Omega$

$ T\in\omega$

It is easy to see that a set $\Omega\subset B(H)$ is a quasidiagonal set of
operators if and only if the
-algebra generated by , $C^{*}(\Omega)\subset B(H)$ ,
is a quasidiagonal set of operators.
The proof of the next proposition is a straightforward adaptation of
the proof of Proposition 3.4.
$C^{*}$

$\Omega$

Proposition 3.6. If $A\subset B(H)$ is separable then $A$ is a quasidiagonal set of operators if and only if there exists an increasing sequence
of fifinite rank projections, $ P_{1}\leq P_{2}\leq P_{3}\cdots$ , such that for all $a\in A$ ,
.
and $P_{n}\rightarrow 1_{H}(s.o.t.)$ as
$||[a, P_{n}]||\rightarrow 0$

$n$

$\rightarrow\infty$

Remark 3.7. The previous proposition is often used when defifin$ing$ quasidiagonal
-algebras. However, L. Brown has pointed out to us
that the previous proposition is not true if is not separable (even if $H$ is
separable). Defifinition 3.5 allows one to use Zorn’s lemma to construct
maximal quasidiagonal subsets of $B(H)$ and we claim that they provide counterexamples. The proof goes by contradiction. So assume that
$\Omega\subset B(H)$ is a maximal quasidiagonal set
of operators and there exist
$C^{*}$
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-algebras

. Construct
rank projections such that
for all
a block diagonal operator $T$ such that $[T, P_{2n}]=0$ and $||[T, P_{2n+1}]||=1$
. Since $[T, P_{2n}]=0$ for all we see that
is
for all
quasidiagonal set of operators and hence (by maximality)
. This
$||[T,
P_{2n+1}]||=1$
gives the contradiction since
. Hence it is
for all
important to take Defifinition 3.5 for general quasidiagonal questions.
$ x\in\Omega$

$||[x, P_{n}]||\rightarrow 0$

$n$

$\in \mathbb{N}$

$\Omega\cup\{T\}$

$n$

$a$

$ T\in\Omega$

$n$

$\in \mathbb{N}$

We finally come to the definition of a quasidiagonal

$C^{*}$

-algebra.

Definition 3.8. Let $A$ be a
-algebra. Then $A$ is called quasidiagonal (QD) if there exists a faithful representation : $A\rightarrow B(H)$ such
that $\pi(A)$ is a quasidiagonal set of operators.
$C^{*}$

$\pi$

Some remarks regarding this definition are in order. First we should
point out that some authors (e.g. [Had2]) refer to
-algebras satisfying Definition 3.8 as ’weakly quasidiagonal’
-algebras. There is good
reason for this terminology as it emphasizes the distinction between abstract and concrete
-algebras. It is important to make this distinction
-algebra has a representation such that $\pi(A)$ is a quasince every
sidiagonal set of operators (namely the zero representation). On the
other hand, it is possible to give examples of
-algebras $A$ and faithful
representations
: $A\rightarrow B(H)$ such that $A$ is $QD$ but $\pi(A)$ is not a
quasidiagonal set of operators. Perhaps the most extreme case of this
is an example of L. Brown. In $[BrL2]$ it was shown that there exists an
operator $T$ on a separable Hilbert space such that
is quasidiagonal
$T$
while is not! Hence $C^{*}(T)$ is a $QDC^{*}$ -algebra but is not a quasidiagonal set of operators in it’s natural representation. Thus it is indeed very
important to distinguish between abstract $QDC^{*}$ -algebras and concrete
quasidiagonal sets of operators. (The reader is cautioned that this is not
always done carefully in the literature.) Other authors prefer to say that
a representation is quasidiagonal if it’s image is a quasidiagonal set of
operators. Definition 3.8 then becomes equivalent to the statement that
$A$
admits a faithful quasidiagonal representation.
Definitions 3.5 and 3.8 are the correct definitions in the nonseparable
case as well (see the Appendix). We will see that certain nonseparable
-algebras (namely
) naturally arise in the separable theory
and hence it will be logically necessary to treat this case also.
Finally note that Definition 3.8 does not require the representation
to be nondegenerate. Of course, this can always be arranged. Note,
however, that this is actually a deep fact as the proof of Lemma 3.10
below depends on Voiculescu’s Theorem (at least in the nonunital case).
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$\pi$

$C^{*}$

$\pi$

$T\oplus T$

$C^{*}$

$\square M_{n}(\mathbb{C})$
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Definition 3.9. If : $A\rightarrow B(H)$ is a representation and $L\subset H$
: $A\rightarrow B(L)$ denotes the restricis a $\pi(A)$ -invariant subspace then
$\pi_{L}(a)=P_{L}\pi(a)|_{L}$
is the orthogonal
, where
tion representation (i.e.
).
projection from
$\pi$

$\pi_{L}$

$P_{L}$

$H\rightarrow L$

: $A\rightarrow B(H)$ be a faithful representation
Lemma 3.10. Let
and $L\subset H$ be the nondegeneracy subspace of $\pi(A)$ . Then $\pi(A)$ is
quasidiagonal set of operators if and only if $\pi_{L}(A)$ is a quasidiagonal set
of operators.
$\pi$

$a$

Assume first that $\pi_{L}(A)$ is a quasidiagonal set of operators. Then
write $H=L\oplus\tilde{L}$ . Since $\pi(a)=\pi_{L}(a)\oplus 0$ , any finite rank projection
$P\in B(L)$ can be extended to a finite rank projection
such that
$||[\pi(a), P\oplus\tilde{P}]||=||[\pi_{L}(a), P]||$ . From this one deduces that $\pi(A)$ must
also be a quasidiagonal set of operators.
Now assume that $\pi(A)$ is a quasidiagonal set of operators. If $A$ is
unital then $\pi(1_{A})=P_{L}$ . If $R\in B(H)$ is any finite rank projection that
almost commutes with $\pi(1_{A})=P_{L}$ then $P_{L}RP_{L}\in B(L)$ is very close to
. We leave the details to the
a projection which does commute with
reader, but some standard functional calculus then implies that $\pi_{L}(A)$
is also a quasidiagonal set of operators.
In the case that $\pi(A)$ is a quasidiagonal set of operators and $A$ is
nonunital, we have to call on Voiculescu’s Theorem (version 2.6). Since
it is clear that rank(n(a)) $=rank(\pi_{L}(a))$ for all $a\in A$ we have that
and
are approximately unitarily equivalent. However, it is an
easy exercise to verify that if and are two approximately unitarily
is a quasidiagonal set of operators
equivalent representations then
Q.E.D.
if and only if
is a quasidiagonal set of operators.
We now give the fundamental theorem on representations of $QD$
-algebras.

Proof.

$P\oplus\tilde{P}$

$P_{L}$

$\pi$

$\pi_{L}$

$\tilde{\rho}$

$\rho$

$\rho(A)$

$\tilde{\rho}(A)$

$C^{*}$

Theorem 3.11. (cf. $[Vo4,$ $1.7]$) Let : $A\rightarrow B(H)$ be a faithful
essential (cf. Defifiniti on 2.8) representation. Then $A$ is $QD$ if and only
if $\pi(A)$ is a quasidiagonal set of operators.
$\pi$

If $\pi(A)$ is a quasidiagonal set of operators then, of course, $A$ is
$QD$ . Conversely, if $A$ is $QD$ then there exists a faithful representation
: $A\rightarrow B(K)$ such that $\rho(A)$ is a quasidiagonal set of operators. In
light of Lemma 3.10, we may assume that both and are nondegener:
it is easy to see that
is
ate. Defining
also a quasidiagonal set of operators. But, since
is an essential representation, Voiculescu’s Theorem (version 2.9) implies that and
are
approximately unitarily equivalent. Hence $\pi(A)$ is also a quasidiagonal
set of operators.
Q.E.D.

Proof.

$\rho$

$\pi$

$\rho_{\infty}=\oplus_{\mathbb{N}}\rho$

$\rho$

$A\rightarrow B(\oplus_{\mathbb{N}}K)$

$\rho_{\infty}(A)$

$\rho_{\infty}$

$\pi$

$\rho_{\infty}$
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-algebras

$QDC^{*}$ -algebras

and non-QD

$C^{*}-$

-algebra is $QD$ . Indeed, if
Example 3.12. Every commutative
$x\in
X$
:
$A=C_{0}(X)$ and for each
we let
be evaluation at
$F\subset
X$
$\pi=\oplus_{x\in
F}ev_{x}$
then
is a countable dense set, is a faithful
, where
representation and it is easy to see that $\pi(A)$ is a quasidiagonal (in fact,
diagonal) set of operators.
$C^{*}$

$ev_{x}$

$A\rightarrow \mathbb{C}$

$x$

Example 3.13. Approximately fifinite dimensional (AF) algebras
be $AF$ with each $A_{n}\subset A_{n+1}$ fifinite dimensional.
are $QD$ . Let
Let : $A\rightarrow B(H)$ be a faithful nondegenerate representation and write
where each $H_{n}\subset H_{n+1}$ is fifinite dimensional subspace.
Then defifine $P_{n}\in B(H)$ to be the (fifinite rank) projection onto the subspace $\pi(A_{n})H_{n}$ . Then we evidently have that $||[\pi(a), P_{n}]||\rightarrow 0$ for all
$a\in A$ and
in the strong topology.
$A=\overline{\bigcup_{7l}A_{n}}$

$\pi$

$H=\overline{\bigcup_{7\iota}H_{n}}$

$a$

$P_{n}\rightarrow 1_{H}$

Example 3.14. Irrational rotation algebras are $QD$ . That is, if
is the universal
-algebra generated by two unitaries $U$ , $V$ subject to
the relation $UV=(\exp(2\pi\theta i))VU$ for some irrational number $\theta\in[0,1]$
then
is $QD$ . This was fifirst proved by Pimsner and Voiculescu when
into an $AF$ algebra (cf. $[PV2]$). This was
they showed how to embed
later generalized by Pimsner in $[Pi]$ (see also section 11 of these notes).
$C^{*}$

$A_{\theta}$

$A_{\theta}$

$A_{\theta}$

Example 3.15. Perhaps the most important class

of

$QDC^{*}$ -alge-

.
$AC^{*}- algebraRiscalledRFDifforeachx\in Rthereexistsa^{*}- brasaretheso- calledresiduallyfifinitedimensional(RFD)C^{*}- algebras$

: $R\rightarrow B$ such that $ dim(B)<\infty$ and $\pi(x)\neq 0$ .
homomorphism
That such algebras have a faithful representation whose image is a quasidiagonal (in fact, block diagonal) set of operators is proved similar to
the case of abelian algebras. Often times general questions about $QD$
-algebras can be reduced to the case of $RFD$ algebras.
$\pi$

$C^{*}$

Example 3.16. Both the cone $(CA=C_{0}((0,1])\otimes A)$ and sus-algebra $A$ are $QD$ . Since
pension $(SA=C_{0}((0,1))\otimes A)$ over any
$SA\subset CA$ and $CA$ is homotopic to {0}, this can be deduced
from the
$[Vo3]$
(cf.
or Theorem 13.1 of
homotopy invariance of quasidiagonality
-algebra is a quotient of
these notes). From this we see that every
$QDC^{*}$ -algebra (since $A\cong CA/SA$ ).
$C^{*}$

$C^{*}$

$a$

Example 3.17. A
-algebra which contains a proper ( . nonunitary) isometry is not $QD$ . Since it is clear that a subalgebra of
$QDC^{*}$ -algebra is again $QD$ , it suﬃces to show that the Toeplitz algebra is not $QD$ . (Recall that Coburn’s Theorem states that the
algebras generated by any two proper isometries are isomorphic.) We
$C^{*}$

$i.e$

$a$

$C^{*}-$
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let $C^{*}(S)$ denote the Toeplitz algebra, where is a proper isometry, and
: $C^{*}(S)\rightarrow B(H)$ be any faithful unital essential representation.
let
. On the other
Then $\pi(S)$ is a semi-Fredholm operator with index
hand, it follows from Proposition 3.3 that any semi-Fredholm quasidiagonal operator on $H$ must have index zero (since any semi-Fredholm
block diagonal operator must have index zero) and hence $\pi(S)$ is not
quasidiagonal operator. Hence, by Theorem 3.11, $C^{*}(S)$ is not $QD$ . (See
[Hall] for generalizations of this result.)
$S$

$\pi$

$-\infty$

$a$

The previous example implies a more general result.
-algebra. Then $A$ is said
Definition 3.18. Let $A$ be a unital
contains no proper isometries for all
to be stably fifinite if
$A$
$A$
. If
is called stably fifinite if the unitization
is nonunital, then
is stably finite.
$C^{*}$

$A\otimes M_{n}(\mathbb{C})$

$n$

$\in \mathbb{N}$

$\tilde{A}$

Proposition 3.19.

$QDC^{*}$

-algebras are stably fifinite.

It is easy to see that if $A$ is nonunital and $QD$ then the unitization
is also $QD$ . Furthermore, it is a good exercise to verify that if $A$ is $QD$
is also $QD$ . From these observations and
then for all
,
$A$
(or
in
Example 3.17 we see that if is $QD$ then
$A$
. Hence
the non-unital case) has no proper isometries for all
is
Q.E.D.
stable finite.
The converse is not true. S. Wassermann has given examples of
non-QD $MF$ algebras (cf. Definition 9.1 and Example 8.6 of these notes).
But every $MF$ algebras is stably finite (cf. $[BK1$ , Prop. 3.3.8]). Hence,
in general, $QD$ is not equivalent to stably finite. However, Blackadar
and Kirchberg have asked whether or not they are equivalent within the
-algebras (see Question 12.5).
category of nuclear

Proof.

$\tilde{A}$

$n$

$\in \mathbb{N}$

$M_{n}(\mathbb{C})\otimes A$

$M_{n}(\mathbb{C})\otimes\tilde{A}$

$M_{n}(\mathbb{C})\otimes A$

$\in \mathbb{N}$

$n$

$C^{*}$

\S 4. Voiculescu’s Abstract Characterization
In this section we prove an abstract (i.e. representation free) characterization of $QDC^{*}$ -algebras (cf. [Vo3, Thm. 1]). This fundamental
result will be crucial in sections 8-10.
-algebra $A$ .
Consider the following property of an arbitrary
$(*)$ For each finite set
$\subset Aand\in>0$ there exists a contrac: $A\rightarrow B$ such that ) $ dim(B)<\infty$ ,
tive completely positive map
$ii)||\varphi(x)||\geq||x||-\in for$ all
and ) $||\varphi(xy)-\varphi(x)\varphi(y)||\leq\in for$
all ,
.
For a unital algebra $A$ we have a related property.
$A$ and
$(**)$ For each finite set
$>0$ there exists a unital
such that )
for some
completely positive map :
$C^{*}$

$\mathcal{F}$

$i$

$\varphi$

$x\in \mathcal{F}$

$x$

$iii$

$y\in \mathcal{F}$

$\mathcal{F}\subset$

$A\rightarrow B$

$\varphi$

$\in$

$i$

$B\cong M_{n}(\mathbb{C})$

On quasidiagonal
$n$

$\in \mathbb{N}$

,

$ ii)||\varphi(x)||\geq||x||-\in$

for all

$C^{*}$

and

$x\in \mathcal{F}$
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-algebra
$iii$

)

$||\varphi(xy)-\varphi(x)\varphi(y)||\leq\in$

.
for all ,
We will refer to such maps as -isometric and -multiplicative on
$x$

$y\in \mathcal{F}$

Lemma 4.1. If
and only if A satisfifies

$A$

$\mathcal{F}$

$\in$

$\in$

is a unital

$C^{*}$

-algebra then A

satisfifies

$(*)$

.

if

$(**)$ .

This is obvious.
We only sketch the main idea. First, we identify $B$ with a unital
. Let
denote the unit
subalgebra of
for some
.
of $A$ and let $P\in M_{m}(\mathbb{C})$ be the projection onto the range of
$a\in
A$
. Moreover, if
Then one shows that $\varphi(a)=P\varphi(a)=\varphi(a)P$ for all
$P$
is close to .
is very multiplicative on
then
(for some $\leq m$ ) be given
:
Now let
has the same multiplicativity and
by $\psi(a)=P\varphi(a)P$ and clearly
is
does. Moreover, since
isometric properties (up $to\in$ ) that
$P$
. Thus, to get a
close to ,
is invertible in
unital complete positive map into a matrix algebra, we replace with
the map $a\mapsto(\psi(1_{A}))^{-1/2}\psi(a)(\psi(1_{A}))^{-1/2}$ . The multiplicativity and
isometric properties of this new map are not quite as good as those of
Q.E.D.
, but they are good enough.
We are now ready for Voiculescu’s abstract characterization of $QD$
-algebras. Our proof is based on the proof of [DHS, Thm. 4.2] and,
hopefully, is easier to follow than the original. However, the main ideas
are the same. We have simply isolated the hard part in Theorem 2.10.

Proof.

$(\Leftarrow)$

$(\Rightarrow)$

$m\in \mathbb{N}$

$M_{m}(\mathbb{C})=B(\mathbb{C}^{m})$

$1_{A}$

$\varphi(1_{A})$

$\varphi(1_{A})$

$1_{A}$

$\varphi$

$\psi$

$A\rightarrow PM_{m}(\mathbb{C})P\cong M_{n}(\mathbb{C})$

$n$

$\psi$

$\varphi(1_{A})$

$\varphi$

$PM_{m}(\mathbb{C})P\cong M_{n}(\mathbb{C})$

$\psi(1_{A})$

$\psi$

$\varphi$

$C^{*}$

$QD$

Theorem 4.2 (Voiculescu).
if and only if A satisfifies $(*)$ .

Let

$A$

be a

$C^{*}$

-algebra.

Then

$A$

is

From Proposition 2.2 it is easy to see that $A$ satisfies $(*)$ if and
only if satisfies $(*)$ . Similarly is it clear that $A$ is $QD$ if and only if
is $QD$ and hence we may assume that $A$ is unital.
Let : $A\rightarrow B(H)$ be a unital faithful essential representation
on a separable Hilbert space. We can then find an increasing sequence
of finite rank projections, $ P_{1}\leq P_{2}\leq P_{3}\cdots$ , such that for all $a\in A$ ,
$||[\pi(a), P_{n}]||\rightarrow 0$ and
in the strong topology. Then for all ,
$PnB(H)Pn$ is isomorphic to a matrix algebra and the unital completely
: $A\rightarrow P_{n}B(H)P_{n}$ , $a\mapsto P_{n}\pi(a)P_{n}$ are easily seen to
positive maps
be asymptotically multiplicative and isometric.
By Lemma 4.1 we can find a sequence of unital completely pos:
itive maps
which are asymptotically multiplicative
and asymptotically isometric. Let

Proof.

$\tilde{A}$

$\tilde{A}$

$(\Rightarrow)$

$\pi$

$P_{n}\rightarrow 1_{H}$

$n$

$\varphi_{n}$

$(\Leftarrow)$

$\varphi_{i}$

$A\rightarrow M_{n(i)}(\mathbb{C})$

$H_{m}=i=m\oplus \mathbb{C}^{n(i)}$

,

$\Phi_{m}=i=m\oplus\varphi_{i}$

:

$A\rightarrow B(H_{m})$

.
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is a faithful representation modulo the compacts (as
Evidently each
in Theorem 2.10). Let : $A\rightarrow B(K)$ be any faithful, unital, essential
:
representation and by Theorem 2.10 we can find unitaries
$||\sigma(a)-U_{m}\Phi_{m}(a)U_{m}^{*}||\rightarrow
0$
$a\in
A$ . Since
such that
as
for all
it is clear that $\Phi_{m}(A)$ is a quasidiagonal (in fact, block diagonal) set of
operators for every $m$ it is easy to see that
is also a quasidiagonal
$A$
set of operators and hence is $QD$ . Q.E.D.
In addition to being a very useful tool in establishing the quasidiagonality of a given
-algebra this result also shows that $QDC^{*}$ -algebra
are a very natural abstract class of algebras. Indeed, this result shows
that $QDC^{*}$ -algebras are precisely those which have ’good matrix models’ in the sense that all of the relevant structure (order, adjoints, multiplication, norms) can approximately be seen in a matrix.
We wish to note a minor generalization which will be useful later
on.
$\Phi_{m}$

$\sigma$

$U_{m}$

$H_{m}\rightarrow K$

$ m\rightarrow\infty$

$\sigma(A)$

$C^{*}$

Definition 4.3. If $A$ is a unital
-algebra and
is a finite set then we will let
denote the smallest operator system (cf.
Definition 2.3) containing
and {ab : ,
}.
$C^{*}$

$\mathcal{F}\subset A$

$X_{F\mathcal{F}}$

$\mathcal{F}$

$a$

$b\in \mathcal{F}$

Definition 4.4. If $F$, $B\subset B(H)$ are sets of operators then we say
-contained in $B$ if for each $x\in F$ there exists $y\in B$ such that
$||x-y||<\in$ . When this is the case we write
.

$ Fis\in$

$F\subset^{\Xi}B$

Corollary 4.5.
$\subset

$\mathcal{F}$

$\varphi$

:

Assume that $A$ is unital and for every fifinite subset
Aand\in>0$ there exists a contractive completely positive map
such that
-isometric $ and\in$ -multiplicative on
-contained in a $QDC^{*}$ -algebra $B\subset B(H)$ . Then $A$ is

$X_{F\mathcal{F}}\rightarrow B(H)$

and

$\mathcal{F}$

$\varphi is\in$

$\varphi(\mathcal{F})is\in$

$QD$ .

That $A$ satisfies $(*)$ follows from Arveson’s Extension Theorem
applied to and to the almost isometric and multiplicative maps from
$B$ to finite dimensional
-algebras.
Q.E.D.

Proof

$\varphi$

$C^{*}$

Remark 4.6. Note that the hypotheses of the previous corollary
can be relaxed further. Indeed, one only needs $ such\in$ -isometric and
multiplicative maps on a sequence of fifinite sets which are suitably dense
in $A$ (e.g. generate a dense -subalgebra of $A$ ).
$\xi i-$

$*$

\S 5.

Local Approximation

We observe that every $QDC^{*}$ -algebra can be locally approximated
by a residually finite dimensional (RFD)
-algebra (cf. Example 3.15).
The proof is a simple adaptation of Halmos’ original proof that every
quasidiagonal operator can be written as a block diagonal operator plus
$C^{*}$
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a compact. We also recall a result of M. Dadarlat which gives a much
stronger approximation in the case of exact $QDC^{*}$ -algebras.

Definition 5.1. (cf. Defifinition 3.1) Let $B\subset B(H)$ be a
algebra. Then $B$ is called a block diagonal algebra if there exists an
increasing sequence of finite rank projections, $ P_{1}\leq P_{2}\leq P_{3}\cdots$ , such
(s.o.t.).
and
that $||[b, P_{n}]||=0$ for all $b\in B$ ,
$C^{*}-$

$n$

$P_{n}\rightarrow 1_{H}$

$\in \mathbb{N}$

algebra $R$ is RFD if and only
It is relatively easy to see that a
if there exists a faithful representation : $R\rightarrow B(H)$ such that $\pi(R)$ is
a block diagonal algebra. The next result, which is well known to the
experts, shows that every $QDC^{*}$ -algebra can be locally approximated
by an RFD algebra.
$C^{*}$

$\pi$

-algebra. Then $A$ is a quaTheorem 5.2. Let $A\subset B(H)$ be a
and
sidiagonal set of operators if and only if for every fifinite set
$>0$ there exists a block diagonal algebra $B\subset B(H)$ such that
(cf. Defifinition 3.1) and $A+\mathcal{K}(H)=B+\mathcal{K}(H)$ .
$C^{*}$

$\mathcal{F}\subset A$

$\mathcal{F}\subset^{\Xi}B$

$\xi j$

Clearly we only have to prove the necessity since $B+\mathcal{K}(H)$ is
a quasidiagonal set of operators. Our proof follows closely the proof of
[Ar, Thm. 2] where a similar result is obtained for general quasicentral
approximate units.
$>0$ be given. We may assume that
is
and
So let
$A$
be a sequence of
contained in the unit ball of . Let
finite sets such that
and whose union is dense in the unit ball of
$A$ . Since $A$ is a
quasidiagonal set of operators we can use Proposition 3.6
(strongly)
converging to
to find finite rank projections
for all $a\in A$ . By passing to a subsequence
and such that
. Now, let $E_{n}=$
we may assume that $||[P_{n}, a]||<\in/(2^{n})$ for all

Proof.

$\mathcal{F}\subset A$

$\mathcal{F}$

$\in$

$\mathcal{F}_{1}\subset \mathcal{F}_{2}\subset \mathcal{F}_{3}\ldots$

$\mathcal{F}\subset \mathcal{F}_{1}$

$ P_{1}\leq P_{2}\ldots$

$1_{H}$

$||[P_{n}, a]||\rightarrow 0$

$a\in \mathcal{F}_{n}$

$P_{?l}-P_{n-1}$

for

$n$

$=1,2$ ,

$\ldots$

where

$P_{0}=0$ .

Note that

Then one defines completely positive maps
formula
$\delta_{k}(a)=\sum_{n=1}^{k}E_{n}aE_{n}$

$\delta_{k}$

:

$\sum_{n=1}^{\infty}E_{n}=1_{H}$

$A\rightarrow B(H)$

.

via the

.

We leave it to the reader to verify that the ’s converge in the point
is strongly convergent for each
strong operator topology (i.e.
$A)$ and hence
$\delta_{k}$

$ a\in$

$\delta_{k}(a)$

$\delta(a)=\sum_{n=1}^{\infty}E_{n}aE_{n}$

.

is a well defined completely positive map. Now let $B=C^{*}(\delta(A))$ and
clearly $B$ is a block diagonal set of operators. Moreover, for each $a\in A$

36

N. P. Brown

we have
$a-\delta(a)$

$=$

$\sum_{n=1}aE_{n}-\sum_{n=1}E_{n}aE_{n}$

$=$

$=$

$\sum_{n=1}(aE_{n}-E_{n}aE_{n})$

$\sum_{n=1}^{\infty}(aE_{n}-E_{n}a)E_{n}$

where convergence of these sums is again taken in the strong operator
the last summation above is actutopology. However, for each
’s are
ally convergent in the norm topology and is compact since the
finite rank. Note that by construction we have $||a-\delta(a)||\leq\sum\in/(2^{n})=\in$
. Now since
is norm continuous (being completely posifor all
$a-\delta(a)$
tive) we then conclude that
is a compact operator for all $a\in A$ .
It follows that $A+\mathcal{K}(H)=B+\mathcal{K}(H)$ .
Q.E.D.
Theorem 5.2 fails when $A$ is not separable (cf. Remark 3.7).
$a\in\cup \mathcal{F}_{n}$

$E_{n}$

$a\in \mathcal{F}_{1}$

$\delta$

Corollary 5.3. (cf. $[GM]$) Every (separable)
algebra $A$ is
quotient of an $RFD$ algebra. If $A$ is nuclear (resp. exact) then the $RFD$
algebra can be chosen nuclear (resp. exact).
$C^{*}$

$a$

Let : $CA\rightarrow B(H)$ be a faithful essential representation of the
cone over $A$ (cf. Example 3.16). If $A$ is nuclear (resp. exact) then so is
$CA$ and hence so is $\pi(CA)+\mathcal{K}(H)$ (cf. $[CE1$ , Cor. 3.3], [Kir2, Prop. 7.1]).
Let $R\subset B(H)$ be an RFD algebra such that $\pi(CA)+\mathcal{K}(H)=R+\mathcal{K}(H)$ .
Passing to the Calkin algebra we see that $CA$ , and hence $A$ , is a quotient
of $R$ . Since exactness passes to subalgebras ([Kir2, Prop. 7.1]), it is clear
that $R$ is exact whenever $A$ is exact. When $A$ is nuclear we deduce that
$R$ is also nuclear from [ $CE1$ , Cor. 3.3] and the exact sequence

Proof.

$\pi$

$O\rightarrow R\cap \mathcal{K}(H)\rightarrow R\rightarrow CA\rightarrow 0$

,

is type I and hence all of it’s subalgebras are nuclear (cf.
since
Q.E.D.
[Bll] .
The next result of Dadarlat is a vast improvement under the additional assumption of exactness. We will not prove this here; see [Dad3,
Thm. 6]. However we remark that the proof depends in an essential way
on Theorem 5.2 as it allows one to reduce to the case of RFD algebras.
$\mathcal{K}(H)$

$)$

$0$

Theorem 5.4 (Dadarlat). Let $A\subset B(H)$ be such that $A\cap \mathcal{K}(H)=$
. Then $A$ is exact and
and only if for every fifinite set
and
$QD\dot{\iota}f$

$\mathcal{F}\subset A$

On quasidiagonal

there exists

$\in>0$

$\mathcal{F}\subset^{\epsilon:}B$

$a$

$C^{*}$
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-algebra

dimensional subalgebra

fifinite

$B\subset B(H)$

such that

.

Note the similarity with the definition of an $AF$ algebra. The difference, of course, is that we have had to go outside the algebra to get
the finite dimensional approximation. We regard this as very strong evidence in favor of an aﬃrmative answer to the following conjecture. (See
also [ $BK1$ , Question 7.3.3]
$)$

Conjecture 5.5. Every (separable) exact
morphic to a subalgebra of an AF algebra.1

\S 6.

$QDC^{*}$

-algebra is iso-

Traces

Proposition 6.1. (cf.
then $A$ has a tracial state.

)

$[Vo4,$ $2.4]$

If

$A$

is a unital

$QDC^{*}$

-algebra

By Theorem 4.2 and Lemma 4.1 we can find a sequence of
:
such that $||a||=$
unital completely positive maps
for all , $b\in A$ . Let
and
and let $\tau\in S(A)$ be a weak limit
denote the tracial state on
. An easy calculation shows
point of the sequence
Q.E.D.
that is a tracial state.
One should not be tempted to think that the $trace$ constructed above
is faithful. Of course some very nice unital $QDC^{*}$ -algebras, like the
unitization of the compact operators, can’t have a faithful tracial state.
But we do have the following immediate corollary.

Proof.

$\varphi_{i}$

$\lim_{i}||\varphi_{i}(a)||$

$A\rightarrow M_{n(i)}(\mathbb{C})$

$||\varphi_{i}(ab)-\varphi_{i}(a)\varphi_{i}(b)||\rightarrow 0$

$a$

$\tau_{n(i)}$

$M_{n(i)}(\mathbb{C})$

$\{\tau_{n(i)}\circ\varphi_{i}\}\subset S(A)$

$\tau$

Corollary 6.2.
trace.
\S 7.

Every simple unital

$QDC^{*}$

-algebra has a

faithful

Easy Functorial Properties

The following two facts are immediate from the definition.
Proposition 7.1.

A subalgebra

Proposition 7.2.

The unitization

of a

$QDC^{*}$

of a

-algebra is also

$QDC^{*}$

$QD$ .

-algebra is also

$QD$ .

We need some notation before going further.
Some exciting progress on this conjecture has been made by Ozawa who
showed that the cone over any exact algebra is $AF$ -embeddable (cf. [Oz],
$[R\emptyset r3])$

.
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Definition 7.3.

be a sequence of
-algebras Then
$\square _{n\in \mathbb{N}}A_{n}=\{(a_{n}) : \sup_{n}||a_{n}|| <\infty\}$ ,
is an element of
where
the set theoretic product of the
’s. We let
denote the
ideal of
which consists of elements
with the property that

Let

$C^{*}$

$\{A_{n}\}$

$(a_{n})$

$A_{n}$

$(a_{n})$

$\square _{n\in \mathbb{N}}A_{n}$

$\lim_{n\rightarrow\infty}||a_{n}||=0$

$\oplus_{n\in \mathbb{N}}A_{n}$

.

If $A$ and $B$ are $QD$ and : $A\rightarrow B(H)$ , : $B\rightarrow B(K)$ are faithful
representations whose ranges are quasidiagonal sets of operators then
one easily checks that $A\oplus B$ is $QD$ by considering the representation
. The following fact is an easy extension of this argument.
$\pi$

$\rho$

$\pi\oplus\rho$

Proposition 7.4. The direct product of $QDC^{*}$ -algebras is $QD$ .
That is, if
is a sequence of
-algebras then
is $QD$ if and
only if each
is $QD$ .
$C^{*}$

$\{A_{n}\}$

$\Pi_{n\in \mathbb{N}}A_{7L}$

$A_{n}$

Recall that if $A$ and $B$ are
-algebras with faithful representations
: $A\rightarrow B(H)$ and : $B\rightarrow B(K)$ then the minimal (or ’spatial’) tensor
product is defined to be the
-algebra generated by the image of the
:
algebraic tensor product representation
$B(H\otimes K)$ . The following result, which appeared first in [Had2], is left
as an easy exercise. The proof only depends on the fact that the tensor
product of two finite rank projections is again a finite rank projection.
$C^{*}$

$\pi$

$\rho$

$C^{*}$

$\pi\ovalbox{\tt\small REJECT}\rho$

Proposition 7.5.
is again $QD$ .

$ A\ovalbox{\tt\small REJECT} B\rightarrow B(H)\ovalbox{\tt\small REJECT} B(K)\subset$

The minimal tensor product

of $QDC^{*}$ -algebras

If both $A$ and $B$ contain projections and $A\otimes_{\min}B$ is $QD$ then both
$A$
and $B$ must be $QD$ as well. But in general the converse of Proposition
7.5 is not true (since cones and suspensions are always $QD$ ).
When one of the algebras happens to be nuclear then there is only
one possible tensor product and hence quasidiagonality is always preserved in this case. In particular this fact implies that quasidiagonality
is even invariant under the weaker notion of stable isomorphism (cf.
[BrLl] . (Recall that $A$ and $B$ are stably isomorphic if
,
where
denotes the compact operators on an infinite dimensional separable Hilbert space. Recall also that for separable algebras this is the
same as strong Morita equivalence; cf. [BGR].)
It is not known whether or not Proposition 7.5 holds for other tensor
products. In particular the following question is still open.
$A\otimes \mathcal{K}\cong B\otimes \mathcal{K}$

$)$

$\mathcal{K}$

Question 7.6.

\S 8.

If A

and B are QD then is

$A\otimes_{\max}B$

also

?

$QD^{l}.$

Quotients

We already pointed out in Example 3.16 that every
-algebra is a
quotient of a $QDC^{*}$ -algebra. Thus quasidiagonality does not pass to
$C^{*}$

On quasidiagonal

$C^{*}$

-algebras
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quotients in general. In this section we give a suﬃcient condition for a
quotient of a $QD$ algebra to be $QD$ . However, this condition is far from
necessary and it is not clear what the real obstruction is. Also, at the
end of this section we give another proof of Corollary 5.3 (i.e. one which
does not depend on the fact that cones are always $QD$ ).
To state our result we first need a definition. The notion of relative quasidiagonality was introduced by Salinas in connection with KKtheory (cf. [Sa2]).

Definition 8.1. Let $A$ be a -algebra with (closed, 2-sided) ideal
. Then $A$ is said to be quasidiagonal relative to I if I has an approximate
unit consisting of projections which is quasicentral in $A$ .
$C^{*}$

$I$

Example 8.2. In general, an algebra can be quasidiagonal relative to an ideal without itself (or the ideal) being $QD$ . For example, let
-algebras. Then
be a sequence of unital (non-QD)
. But the terminology is
is quasidiagonal relative to the ideal
inspired by close connection in the case that the ideal is the compact
-algebra then it is easy to see
operators. Indeed, if $B\subset B(H)$ is a
$B$
that
is a quasidiagonal set of operators if and only if $B+\mathcal{K}(H)$ is
(cf. Proposition3.6).
quasidiagonal relative to
$C^{*}$

$\{A_{i}\}_{i\in \mathbb{N}}$

$I$

$A=\square _{i}A_{i}$

$=\oplus_{i}A_{i}$

$a$

$C^{*}$

$\mathcal{K}(H)$

Proposition 8.3. Assume $A$ is unital, $QD$ , quasidiagonal relative
to an ideal I and : $A\rightarrow A/I$ is locally liftable (cf. Defifinition 2.12).
Then $A/I$ is also $QD$ .
$\pi$

$>0$ . In the notation of
Let
be a finite set and
be a unital completely positive
:
Corollary 4.5 we let
splitting.
Now take a quasicentral approximate unit of projections, say
and consider the (isometric–though no longer unital) completely positive splittings $\varphi_{n}(x)=(1-p_{n})\varphi(x)(1-p_{n})$ . We claim that for suﬃciently
and hence from Corollary
large , these maps $are\in$ -multiplicative on
$QD$
$A/I$
4.5 we will have that
is
.
To see the -multiplicativity we first recall that if $ a\in$ $A$ and
is an
denotes it’s image in $A/I$ then $||\dot{a}||=\lim||(1-p_{n})a||$ since
’s are projections and
approximate unit for . However, since the
$A$
$||\dot{a}||=\lim||(1-p_{n})a(1-p_{n})||$
as well.
quasicentral for
we see that
$b\in
A$
Now for ,
consider the following estimates (see also the proof of
Lem. 3.1 in [Ar] where these estimates are given in greater generality):

Proof.

$\mathcal{F}\subset A/I$

$\in$

$X_{\mathcal{F}\mathcal{F}}\rightarrow A$

$\varphi$

$\{p_{n}\}$

$\mathcal{F}$

$n$

$\dot{a}$

$\in$

$\{p_{n}\}$

$I$

$a$

$p_{n}$
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$||\varphi_{n}(\dot{a}\dot{b})-\varphi_{n}(\dot{a})\varphi_{n}(\dot{b})||$

$=||(1-p_{n})\varphi(\dot{a}\dot{b})(1-p_{n})-(1-p_{n})\varphi(\dot{a})(1-p_{n})\varphi(\dot{b})(1-p_{n})||$

$\leq||(1-p_{n})(\varphi(\dot{a}\dot{b})-\varphi(\dot{a})\varphi(\dot{b}))(1-p_{n})||$

$+||(1-p_{n})((1-p_{n})\varphi(\dot{a})-\varphi(\dot{a})(1-p_{n}))\varphi(\dot{b})(1-p_{n})||$

.

Finally since is a splitting, $||\dot{x}||=\lim||(1-p_{n})x(1-p_{n})||$ and
is quasicentral we see that
is -multiplicative on
for suﬃciently
.
Q.E.D.
large
$\{p_{n}\}$

$\varphi$

$\mathcal{F}$

$\varphi_{n}$

$\in$

$n$

Corollary 8.4. If $A$ is united, locally reflexive (e.g. exact or nuclear), $QD$ and quasidiagonal relative to an ideal I then $A/I$ is also
$QD$ .

Proof.

Use the previous proposition together with Theorem 2.13. Q.E.D.

The proof of Proposition 8.3 given here is simply
a formalization of a well known argument in the case the ideal is the
compact operators, (cf. [Dddl, Prop.
)
Remark 8.5.

$4\cdot 5].$

Example 8.6. Proposition 8.3 is no longer true without the ’local
liﬄability hypothesis. Indeed, S. Wassermann gave the fifirst examples of
quasidiagonal sets of operators whose image in the Calkin algebra was
non-QD
algebra (cf. $[Was1,2]$). Hence, by the remarks in Example
8.2, Wassermann’s examples show that the ’local liftability’ hypothesis
can’ be dropped in Proposition 8.3.
’

$a$

$C^{*}$

$t$

In section 10 we will see that the ’right’ obstruction to look at for
extensions is probably given in $K$ -theoretic terms (for a large class of
algebras). However, the following example shows that this is not the
case for the quotient question. Indeed, it is not at all clear what type of
obstruction one should be looking at in relation to the quotient question.

Example 8.7. Let $A=O_{2}$ be the Cuntz algebra on two generators
(cf. $[Cu]$). Then we have the short exact sequence
, where SA and $CA$ denote the suspension and cone, respectively.
The point we wish to make is that any potential $K$-theoretic obstruction
would vanish for this example since the six term exact sequence is trivial.
However, $CA$ is $QD$ while $A$ is not.
$O\rightarrow SA\rightarrow CA\rightarrow$

$A\rightarrow 0$

On quasidiagonal
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Finally we give another proof of the fact that every separable
algebra is a quotient of an RFD algebra (cf. Corollary 5.3). The simplest
proof of this fact is the original (cf. [GM]), however it does not yield the
useful fact that this can be done within certain categories (e.g. nuclear,
exact, etc.) Rather than use Voiculescu’s result on the quasidiagonality
of cones, we now exploit a basic fact from noncommutative topology. We
will need the following generalization of the Tietze Extension Theorem.
$C^{*}-$

Theorem 8.8. (cf. [We, $Thm$ . 2.3.9]) Let $A$ be a separable
algebra and :
be surjective -homomorphism. Then extends
$M(A)\rightarrow M(B)$
to a surjective -homomorphism
of multipier algebras.
$C^{*}-$

$\pi$

$*$

$A\rightarrow B$

$a$

$\pi$

$*$

$\pi\sim:$

Proposition 8.9.
algebra, $M(R)$ , is also

Let

$R$

be an $RFD$ algebra. Then the multiplier

$RFD$ .

Let
:
be a sequence of surjective -homomorphisms
such that each
is unital and $QD$ (e.g. finite dimensional) and the map
: $M(R)\rightarrow A_{n}$ .
is faithful. Construct extending morphisms
(In this case the extensions are easy to construct. For each let $e_{n}\in R$
for all
be a lift of the unit of
and simply define

Proof.

$*$

$\pi_{n}$

$R\rightarrow A_{n}$

$A_{n}$

$\tilde{\pi}_{n}$

$\oplus_{n\in \mathbb{N}}\pi_{n}$

$n$

$\tilde{\pi}_{n}(x)=\pi_{n}(xe_{n})$

$A_{n}$

$x\in M(R).)$

:
is a
In general, if
is an essential ideal and
is injective then must be injective on all
homomorphism such that
$A$
of (since any nonzero ideal of $A$ must have nonzero intersection with
: $M(R)\rightarrow\square A_{n}$ is
. Hence we see that the -homomorphism
Q. E. D.
also
ective.
$I$

$\subset A$

$\varphi$

$\varphi|_{I}$

$A\rightarrow B$

$*-$

$\varphi$

$*$

$I)$

$\oplus_{n}\tilde{\pi}_{n}$

$inj$

Corollary 8.10. Let $H$ be
is a quotient of a $RFD$ algebra.

$a$

(separable) Hilbert space. Then $B(H)$

Since the compact operators on a separable Hilbert space are a
quotient of an RFD algebra (note that for $QDC^{*}$ -algebras we do not
have to use cones in the proof of Corollary 5.3), it follows from the
Tietze Extension Theorem and proposition 8.9 that $B(H)=M(\mathcal{K})$ is a
Q.E.D.
quotient of an RFD algebra.

Proof.

\S 9. Inductive Limits
It follows easily from Theorem 3.11 that an inductive limit of $QD$
-algebras where the connecting maps are all injective will again be
a $QDC^{*}$ -algebra. We will see that, in general, inductive limits of $QD$
algebras need not be $QD$ . However, if the algebras in the sequence are
also locally reflexive (e.g. exact or nuclear) then the limit algebra must
$C^{*}$

be

$QD$ .
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In [BK1] the notion of $MFC^{*}$ -algebra was introduced. There are a
number of characterizations of these algebras and hence we can choose
the most convenient as our definition (though it is actually a theorem).

Definition 9.1. (cf. $[BK1,$ $Thm$ . 3.2.2]) A
and only if $A$ is isomorphic to a subalgebra of
.
for some sequence

$C^{*}$

-algebra

is

$A$

$MF$

if

$\Pi M_{n(i)}(\mathbb{C})/\oplus M_{n(i)}(\mathbb{C})$

$\{n_{(i)}\}$

Proposition 9.2. (cf. $[BK1$ , Prop. 3.1.3]) Let $C\subset B(H)$ be
-algebra which is also a quasidiagonal set of operators and :
$Q(H)$ denote the quotient map onto the Calkin algebra. Then $\pi(C)$ is
$a$

$C^{*}$

$\pi$

$ B(H)\rightarrow$

$MF$ .

By Theorem 5.2 we can find a block diagonal algebra $B\subset B(H)$
such that $C+\mathcal{K}=B+\mathcal{K}$ . If $ P_{1}\leq P_{2}\leq P_{3}\leq\ldots$ are finite rank
projetions which commute with $B$ and converge to
then there is a
canonical identification
, where
$P_{0}=0$
–rank(Pi)
(and
).
Note
that under this
$n(i)=rank(Pi)$
.
identification we have
and
Hence

Proof.

$1_{H}$

$\square _{i}M_{n(i)}(\mathbb{C})=’ B(H)=B(\oplus_{i\in \mathbb{N}}\mathbb{C}^{n(i)})$

$\square M_{n(i)}(\mathbb{C})\cap \mathcal{K}=\oplus M_{n(i)}(\mathbb{C})$

$\pi(C)\cong B/(B\cap \mathcal{K})\subseteq-\rangle\square M_{n(x)}(\mathbb{C})/\oplus M_{n(i)}(\mathbb{C})$

$B\subset\Pi M_{n(i)}(\mathbb{C})$

Q.E.D.

.

Evidently every $MF$ algebra has such an extension by the compacts.
It follows that every $QDC^{*}$ -algebra is $MF$ (cf. Theorem 3.11). The
converse is not true by Example 8.6.
The following simple result shows that $MF$ algebras can also be
-algebras arising as inductive limits of RFD
described as the class of
algebras.
$C^{*}$

$C^{*}$

Proposition 9.3. A
-algebra $A$ is $MF$
morphic to an inductive limit of $RFD$ algebras.
$C^{*}$

if and

only

if

$A$

is iso-

That an inductive limit of $MF$ algebras (e.g. RFD algebras) is
again $MF$ is a bit out of the scope of this article. Please see [ $BK1$ , Cor.
3.4.4] for the proof. We will prove the converse however.
By pulling back the embedding
we can
find an RFD algebra $R$ with ideal
such that $A\cong R/I$ .
Consider the finite dimensional ideals
. Evidently
$R/I_{k}$ is again an RFD algebra (being a direct summand of $R$ ) and hence
the natural inductive system

Proof.

$A=’\square M_{n(i)}(\mathbb{C})/\oplus M_{n(i)}(\mathbb{C})$

$I$

$=\oplus M_{n_{(i)}}(\mathbb{C})$

$I_{k}=\oplus_{i=1}^{k}M_{n_{(i)}}(\mathbb{C})$

$ R\rightarrow R/I_{1}\rightarrow R/I_{2}\rightarrow R/I_{3}\rightarrow\cdots$

consists of RFD algebras. Moreover, since
it is routine to verify
that $A\cong R/I$ is isomorphic to the inductive limit of the above sequence.
Q.E.D.
$I$

$=\overline{\cup I_{k}}$

On quasidiagonal
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-algebras

Remark 9.4. It follows that inductive limits of $QDC^{*}$ -algebras
need not be $QD$ . To get such examples, we let $A\subset B(H)$ be a
algebra which is a quasidiagonal set of operators and such that the image,
$B\subset Q(H)$ , in the Calkin algebra is non-QD. (We mentioned in Example
8.6 that Wassermann has constructed such algebras.) By Propositions
9.2 and 9.3, $B$ is an inductive limit of $RFD$ algebras which is not $QD$ .
$C^{*}-$

In contrast to the previous remark, the next result shows that mild
assumptions will ensure the quasidiagonality of the limit.
$tal$

Theorem 9.5.
locally reflexive

be an inductive system of uni$QDC^{*}$ -algebras with limit
. Then $A$ is

Let

$\{A_{m}, \varphi_{n,,,m}\}_{m\in \mathbb{N}}$

$A=\lim_{\rightarrow}A_{i}$

$QD$ .

To clarify our notation, we mean that for each $n\geq m$ there is a
:
and we have the usual compatibility
-homomorphism
whenever $\leq m\leq n$ . We also let
condition that
:
denote the induced -homomorphism.
Unitizing the inductive system, if necessary, we may assume that all
:
be
the connecting maps are unit preserving. Now let
the*-monomorphism defined by

Proof
$*$

$\varphi_{n,,m}$

$A_{m}\rightarrow A_{n}$

$l$

$\varphi_{n,,,m}\circ\varphi m,l=\varphi_{n,,,l}$

$*$

$\Phi_{n}$

$A_{n}\rightarrow A$

$\Psi_{m}$

$A_{m}\rightarrow\square A_{i}$

$\Psi_{m}(x)=0\oplus\cdots\oplus 0\oplus x\oplus\varphi_{m+1,m}(x)\oplus\cdots$

and $B=C^{*}(\cup\Psi_{m}(A_{m}))+\oplus A_{i}\subset\square A_{i}$ . Then it is easy to see that $B$
is $QD$ , quasidiagonal relative to the $idea1\oplus A_{i}$ and $A\cong B/(\oplus A_{i})$ . Thus
it suﬃces to see (by Proposition 8.3 and Remark 4.6) that the quotient
map
is locally liftable on a dense set. But this follows
is locally reflexive (cf. Theorem 2.13), the
from the fact that each
maps
are injective, the exact sequences
’s is
and the fact that the union of the
.
dense in $A$ .
$B\rightarrow B/(\oplus A_{i})$

$A_{n}$

$ 0\rightarrow(\Psi_{n}(A_{n})\cap\oplus A_{i})\rightarrow$

$\Psi_{n}$

$\Phi_{n}(A_{n})$

$\Psi_{n}(A_{n})\rightarrow\Phi_{n}(A_{n})\rightarrow 0Q.E.D$

Remark 9.6. Blackadar and Kirchberg have shown that generalized inductive limits (where the connecting maps are completely positive contractions) of nuclear $QD$ algebras are again $QD$ (cf. $[BK1,$ $Cor$ .
5.3.5]).

Inductive
it decompositions have played a crucial role in (the
finite case of) Elliott’s Classification Program. The next result of Blackadar and Kirchberg may turn out to have important consequences in this
program. This theorem follows immediately from [ $BK1$ , Prop. 6.1.6] and
[ $BK2$ , Cor. 5.1].
$\lim$

Theorem 9.7. Let
Then
where
$A=\overline{\cup R_{i}}$

$A$

be a unital simple nuclear $QDC^{*}$ -algebra.
are nuclear $RFD$ algebras.

$R_{i}\subset R_{i+1}$

N. P. Brown
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The remarkable point of this theorem is that the connecting maps
in the inductive system are all injective. Indeed, if one relaxes this
condition then we can easily get every nuclear $QDC^{*}$ algebra.
Proposition 9.8. Let $A$ be a nuclear
-algebra. Then $A$ is $QD$
and only if $A$ is isomorphic to an inductive limit of nuclear $RFD$
-algebras
$C^{*}$

if
$C^{*}$

This follows from Theorem 9.5.
This follows from the proof of Proposition 9.3 since extensions
Q.E.D.
-algebras are nuclear.
of nuclear

Proof.

$(\Leftarrow)$

$(\Rightarrow)$

$C^{*}$

\S 10.

Extensions

Since the Toeplitz algebra is an extension of the compacts by $C(rF)$ , it
follows that extensions of $QD$ algebras need not be $QD$ . Indeed, as with
the quotient question, the general extension problem for $QD$ algebras
appears to be very hard. As we will see, it is not even clear whether or
not a split extension of $QD$ algebras should be $QD$ .
We begin, however, with two simple positive results. The first states
that if the ideal is suﬃciently quasidiagonal then the middle algebra
is always $QD$ . The second states that if the extension is suﬃciently
quasidiagonal then the middle algebra is always $QD$ .
Proposition 10.1. Assume
an $RFD$ algebra and $B$ a $QD$ algebra. Then

$0\rightarrow I\rightarrow E\rightarrow B\iota\pi\rightarrow 0$

$E$

is

is exact with

$I$

$QD$ .

be the natural extension of the inclusion
$M(I)$ (cf. [We, 2.2.14]). Then the map
: $E\rightarrow M(I)\oplus B$ is
injective. But Proposition 8.9 states that $M(I)$ is $QD$ (even RFD) and
Q.E.D.
hence $E$ is a $QDC^{*}$ -algebra.
Note that the proof of Proposition 8.9 actually shows that $M(I)$ is
$QD$ whenever I has a separating family of unital $QD$ quotients. Hence
the proposition above remains true for ideals of the form $=R\otimes_{\min}B$
where $R$ is RFD and $B$ is unital and $QD$ . Hence a natural question is
the following.

Proof.

$I$

$\leftarrow$

Let

$\varphi$

:

$E\rightarrow M(I)$

,

$\varphi\oplus\pi$

$I$

Question 10.2.
plier algebras.?

Which (nonunital)

$C^{*}$

-algebras have

$QD$

multi-

be a short exact
Definition 10.3. Let
sequence
is
called
a
sequence of
-algebras. Such a
quasidiagonal ex(cf. Definition 8.1).
tension if $E$ is quasidiagonal relative to
$0\rightarrow I\rightarrow\iota E\rightarrow\pi B\rightarrow 0$

$C^{*}$

$\iota(I)$

Remark 10.4. It is important to note that in general an extension
being quasidiagonal has nothing to do with whether or not the middle
algebra $E$ is $QD$ (see Example 8.2).

On quasidiagonal

Proposition 10.5. Let
extension where both I and $B$ are

$C^{*}$
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-algebras

$0-- I\rightarrow E\rightarrow\iota\pi B\rightarrow 0$

$QD$ .

Then

$E$

is

be a quasidiagonal

$QD$ .

and let
To ease notation somewhat, we identify I with
be an approximate unit of projections which is quasicentral
$E$
:
in . Now consider the contractive completely positive maps
$I\oplus B$ , $\varphi_{n}(x)=P_{n}xP_{n}\oplus\pi(x)$ . Evidently these maps are asymptotically
multiplicative. So we may appeal to Corollary 4.5 and deduce that $E$ is
$QD$ as soon as we verify the following assertion:
Claim. If $x\in E$ then $||x||=\max\{\lim\inf_{n}||P_{n}xP_{n}||, ||\pi(x)||\}$ .
. Let
To prove the claim we pass to the double dual
’s. Then $P$ is central in
and we
be the (weak) limit of the
have a decomposition $E^{**}=I^{**}\oplus B^{**}$ . Hence (regarding $E\subset E^{**}$ )
for each $x\in E$ we have $||x||=\max\{||PxP||, ||(1-P)x(1-P)||\}$ .
But $||\pi(x)||=||(1-P)x(1-P)||$ and $||PxP||\leq\lim\inf_{n}||P_{n}xP_{n}||$ since
$P_{n}xP_{n}\rightarrow PxP$ in the strong operator topology.
But this proves the
claim since the inequality $||x||\geq\max\{\lim\inf_{n}||P_{n}xP_{n}||, ||\pi(x)||\}$ is
Q.E.D.
obvious.

Proof.

$\iota(I)$

$\{P_{n}\}\subset I$

$ E\rightarrow$

$\varphi_{n}$

$E^{**}$

$E^{**}$

$ P\in I^{**}\subset$

$E^{**}$

$P_{n}$

Remark 10.6. As mentioned previously, Propositions 10.1 and
10.5 can be regarded as saying that quasidiagonality is always preserved,
provided that either the ideal or the extension is suﬃciently quasidiagonal. This is not true if only the quotient is highly $QD$ (e.g. the Toeplitz
algebra). Instead a $K$-theoretic obstruction appears to govern in general.
We would now like to discuss the general question of when quasidiagonality is preserved in extensions. However, to illustrate the diﬃculty
of this problem we first pose two basic (open) questions.

Question 10.7. Let 0
sequence ( . there exists $a*$-homomorphism
$\pi o\rho=id_{B})$ with I and $BQD$ . Is $E$ necessarily
$\rightarrow I$

$\rightarrow LE\rightarrow\pi B\rightarrow 0$

$i.e$

$\rho$

:

be

$a$

$B\rightarrow E$

split exact
such that

$QD$ ?

:
Question 10.8. Let I and $B$ be $QDC^{*}$ -algebras and
$a*$
$\pi(B)\cap(I\otimes
\mathcal{K})=\{0\}$
. Is
be
-monomorphism such that
?
$QD.$
necessarily
$\pi$

$ B\rightarrow$

$M(I\otimes \mathcal{K})$

$\pi(B)+I\otimes \mathcal{K}$

Clearly an aﬃrmative answer to Question 10.7 would imply an affirmative answer to Question 10.8. In fact the converse is true.

Lemma 10.9.

Questions 10.7 and 10.8 are equivalent.

Assume Question 10.8 has an aﬃrmative answer and let
:
be such
be a split exact sequence and
$E\rightarrow
B(H)$
$\pi
o\rho=id_{B}$
.
Let
:
be
faithful
Identify
.
with
a
that
I
is $QD$ .
essential representation. Then from Theorem 3.11,

Proof.

$I$

$ 0\rightarrow$

$\rightarrow\iota E\rightarrow\pi B\rightarrow 0$

$\rho$

$\iota(I)$

$B\rightarrow E$

$\eta$

$\eta(I)+\mathcal{K}$
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. So replacing I by
Moreover,
is an essential ideal in
$E$
and
we may further assume that I is essential
by
is still a split exact
in $E$ . But then
. Hence
may be regarded
sequence with
essential in
(cf. [We, 2.2.14]) and thus an aﬃrmative
as a subalgebra of
is $QD$ .
Q.E.D.
answer to Question 10.8 would imply that
In [BND] it is shown that Question 10.8 has an aﬃrmative answer
under the additional hypothesis that either I or $B$ is nuclear. Note,
, Question 10.8 is not trivial
however, that even in the case that
(an aﬃrmative answer still depends on the full power of Voiculescu’s
Theorem; cf. Theorem 3.11). Hence it is not clear whether or not we
should expect an aﬃrmative answer to these questions in general.
-algebras then some progress
If we restrict to the class of nuclear
can be made on the general extension problem. Blackadar and Kirch-algebra is
berg have asked whether or not every nuclear stably finite
$QD$ (cf. $[BK1$ , Question 7.3.1]). Hence one may ask whether the exten-algebras. J. Spielberg
sion problem can be solved for stably finite
has given a complete answer to this question in his work on the $AF$
embeddability of extensions of
-algebras.
$\eta(E)+\mathcal{K}$

$\eta(I)+\mathcal{K}$

$\eta(I)+\mathcal{K}$

$\eta(E)+\mathcal{K}$

$0\rightarrow I\otimes \mathcal{K}\rightarrow E\iota\otimes \mathcal{K}\rightarrow B\pi\otimes \mathcal{K}\rightarrow 0$

$E\otimes \mathcal{K}$

$E\otimes \mathcal{K}$

$I\otimes \mathcal{K}$

$M(I\otimes \mathcal{K})$

$E\otimes \mathcal{K}$

$I$

$=\mathbb{C}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

be
Proposition 10.10 (Sp, Lem. 1.5). Let
$B$
$K_{1}(B)\rightarrow
K_{0}(I)$
an exact sequence with both I and stably fifinite. If :
denotes the boundary map of this sequence then $E$ is stably fifinite if and
is the canonical positive
only if $\partial(K_{1}(B))\cap K_{0}^{+}(I)=\{0\}$ , where
cone of $K_{0}(I)$ .
$0\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\partial$

$K_{0}^{+}(I)$

Though the proof is fairly straightforward, we will not prove this
result here as we do not wish to introduce the $K$ -theory which is needed.
In light of the previous proposition and the question of whether
or not the notions of quasidiagonality and stable flniteness coincide in
the class of nuclear
algebras, the following question becomes quite
natural.
$C^{*}-$

be an exact sequence
Question 10.11. Let
with both I and $B$ nuclear $QDC^{*}$ -algebras. Is it true that $E$ is $QD$ if
and only if $\partial(K_{1}(B))\cap K_{0}^{+}(I)=\{0\}^{p}$.
$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

If one approaches this problem via $KK$ -theory then it is probably
necessary to further assume that $B$ satisfies the Universal Coeﬃcient
Theorem (UCT) of Rosenberg and Schochet (cf. [RS]). In [BND] it is
shown that this question is equivalent to some very natural questions
concerning the $K$ -theory of nuclear $QDC^{*}$ -algebras. Moreover, it seems
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likely that an aﬃrmative answer to the question above could have important consequences in the classification program (specifically to the
classification of Lin’s TAF algebras; $[Li1,2])$ .
In [BND] we also give a partial solution to the question above. The
techniques used to prove the following result are similar to those from
[Sp]. (See also [ELP] for the case that the quotient is $AF.$ )

be an exact
Theorem 10.12 (BND). Let
sequence with I $QD$ and $B$ nuclear, $QD$ and satisfying the $UCT$ . If
: $K_{1}(B)\rightarrow K_{0}(I)$ is the zero map then $E$ is $QD$
$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\partial$

\S 11.

Crossed Products

In this section we discuss when crossed products of $QDC^{*}$ algebras
are again $QD$ . This is not always the case since the (purely infinite)
Cuntz algebras are stably isomorphic to crossed products of $AF$ algebras
by . The basic theory of crossed products by locally compact groups
can be found in [Pel, Chpt. 7]. (See also [Dav, Chpt. 8] for a nice
treatment of the discrete case.)
We begin with a corollary of an imprimitivity theorem of P. Green.
To state the result we will need to introduce some notation. So, let $G$
be a separable locally compact group and $H\subset G$ be a closed subgroup.
Then $G/H$ (the space of left cosets) is a separable locally compact space.
There is a natural action of $G$ on $C_{0}(G/H)$ defined by $\gamma_{g}(f)(xH)=$
$f(g^{-1}xH)$ for all $xH\in G/H$ and $f\in C_{0}(G/H)$ . The crossed products
:
below are the full crossed products and all groups actions
$Aut(A)$ are assumed to be suitably continuous (i.e. for each $a\in A$ the
map
is continuous).
$\mathbb{Z}$

$\gamma$

$\alpha$

$ G\rightarrow$

$g\mapsto\alpha_{g}(a)$

: $G\rightarrow Aut(A)$ be
Theorem 11.1. $([Gr2, Cor. 2.8 ])$ Let
homomorphism from the separable locally compact group G. For each
closed subgroup $H\subset G$ there is an isomorphism
$a$

$\alpha$

$A\otimes C_{0}(G/H)x_{\alpha\otimes\gamma}G\cong(Ax_{\alpha 1_{H}}H)\otimes \mathcal{K}$

,

where denotes the compact operators on a separable (fifinite dimensional
if and only if $G/H$ is fifinite) Hilbert space.
$\mathcal{K}$

For the rest of this section we will only be dealing with amenable
groups (cf. [Pel, 7.3]) and hence we do not need to distinguish between
reduced and full crossed products (cf. [Pel, Thm. 7.7.7]).

Corollary 11.2. Let $A$ be $QD$ and : $G\rightarrow Aut(A)$ be a homois $QD$ .
morphism with $G$ a separable compact group. Then A
$\alpha$

$\lambda_{\alpha}G$
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Let $H\subset G$ be the zero subgroup. The previous theorem then
. But
is $QD$ and there
asserts that
,
since $G$ amenable
is a natural embedding
implies that the full and reduced crossed products are isomorphic (cf.
Q.E.D.
[Pel, 7.7.7 and 7.7.9] .
For non-compact discrete groups the problem is considerably harder.
However, Rosenberg has shown that we must restrict to the class of
amenable groups.

Proof.

$A\otimes \mathcal{K}$

$A\otimes C(G)\lambda_{\alpha\otimes\gamma}G\cong A\otimes \mathcal{K}$

$A>\triangleleft_{\alpha}Gc-$

$A\otimes C(G)\lambda_{\alpha\otimes\gamma}G$

$)$

$QD$

Theorem 11.3 (Ros, Thm. Al).
then $G$ is amenable.

If

$G$

is discrete and

$C_{r}^{*}(G)$

is

It is not known whether the converse of this theorem holds (cf.
[Vo4, 3.1] , but FOlner’s characterization of amenable groups in terms of
almost shift invariant finite subsets leads one to believe that the converse
should be true.
-algebras where we
For actions of there are only two classes of
;
currently have complete information on the quasidiagonality of
$A$
$AF$
. Before stating the theorems we first give a
when
is abelian or
definition.
$)$

$C^{*}$

$\mathbb{Z}$

$A>\triangleleft_{\alpha}\mathbb{Z}$

-algebra. Then $A$ is called $AF$
Definition 11.4. Let $A$ be a
where $B$ is $AF$ .
embeddable if there exists $a*$ -monomorphism :
$C^{*}$

$A\rightarrow B$

$\rho$

-algebras are $QD$ . However, it is a nonOf course $AF$ embeddable
trivial fact that the converse is not true. In fact, even RFD algebras need
not be $AF$ embeddable. The best known example is the full group
. This is RFD but is not exact and hence cannot be embed
algebra
into any nuclear (in particular, $AF$ ) algebra (cf. [Was3]). However, for
crossed products of abelian or $AF$ algebras by , quasidiagonality does
imply $AF$ embeddability.
$C^{*}$

$C^{*}-$

$C^{*}(F_{2})$

$\mathbb{Z}$

Theorem 11.5. $([Pi, Thm. 9])$ Let : $X\rightarrow X$ be a homeomorphism of the compact metric space $X$ and $\Phi\in Aut(C(X))$ denote the
induced automorphism. Then the following are equivalent:
1.
is $AF$ embeddable,
2.
is $QD$ ,
3.
is stably fifinite,
4.
compresses no open sets. ’ (That is, if $U\subset X$ is open and
then $\varphi(U)=U.)$
$\varphi$

$C(X)>\triangleleft_{\Phi}\mathbb{Z}$

$C(X)\lambda_{\Phi}\mathbb{Z}$

$C(X))\triangleleft_{\Phi}\mathbb{Z}$

$‘\varphi$

$\varphi(\overline{U})\subset U$

Theorem 11.6. ([BrNl, $Thm$ . 0.2]) Let $A$ be
be given. Then the following are equivalent:
1.
is $AF$ embeddable,
2. A
is $QD$ ,
$A>\triangleleft_{\alpha}\mathbb{Z}$

$\lambda_{\alpha}\mathbb{Z}$

$AF$

and $\alpha\in Aut(A)$

On quasidiagonal

3. A
4.

$\lambda_{\alpha}\mathbb{Z}$

$\zeta\alpha_{*}$

:

$C^{*}$

algebras

49

is stably fifinite,

compresses no elements.’ (That is, if
in the natural order then $\alpha_{*}(x)=x.)$

$K_{0}(A)\rightarrow K_{0}(A)$

$x\in K_{0}(A)$

and

$\alpha_{*}(x)\leq x$

We have chosen to formulate the above results in a way that illus.
trates their similarities. In both cases the hard implications are
proof
techniques
in the
Also in both cases it is not at all clear that the
will be of much use in general. Before going beyond actions of we wish
to point out that there is no harm in assuming unital algebras.
$4\Rightarrow 1$

$\mathbb{Z}$

Proposition 11.7. Let
unitization of $A$ and
A
is $QD$ if and only if

$A$

$\tilde{\alpha}\in Aut(\tilde{A})$

be nonunital, $\alpha\in Aut(A),\tilde{A}$ be the
the unique unital extension of . Then
is $QD$ .
$\alpha$

$\tilde{A}\lambda_{\overline{\alpha}}\mathbb{Z}$

$\lambda_{\alpha}\mathbb{Z}$

Proof.

Recall that we always have a split exact sequence
$0\rightarrow Ax_{\alpha}\mathbb{Z}\rightarrow\tilde{A}\lambda_{\overline{\alpha}}\mathbb{Z}\rightarrow C(’F)\rightarrow 0$

.

is immediate and
follows from Theorem
Thus the implication
10.12 since abelian algebras are nuclear, $QD$ and satisfy the Universal
Coeﬃcient Theorem (cf. [RS]). Q.E.D.
Another natural direction to consider would be to try crossed prod-algebras by more general groups. (We must
ucts of well behaved
stay within the class of amenable groups, though, because of Rosenthis is a
berg’s result; cf. Theorem 11.3) However, even for actions of
problem. Indeed the following question of Voiculescu remains open even
.
now–more than 15 years after Pimsner’s result for
$(\Rightarrow)$

$(\Leftarrow)$

$C^{*}$

$\mathbb{Z}^{2}$

$C(X)\lambda_{\Phi}\mathbb{Z}$

Question 11.8.
dable

(cf.

$[Vo4,$

) When is

$4\cdot 6]$

$C(X)\lambda_{\Phi}\mathbb{Z}^{2}AF$

embed-

$.p2$

For crossed products of certain simple
more manageable.

$AF$

algebras the question is

Theorem 11.9 ( $BrN2$ , Thm. 1). If $A$ is $UHF$ and :
is a homomorphism then there always exists $a*$ -monomorphism
$\alpha$

$\mathbb{Z}^{n}\rightarrow B$

where

$B$

is

$\mathbb{Z}^{n}\rightarrow Aut(A)$

$\rho$

: A

$\lambda_{\alpha}$

$AF$ .

The proof of this result (and Theorem 11.6 above) depends in an
essential way on a technical notion known as the Rohlin property for
automorphisms. This notion has been used by Connes, Kishimoto,
Evans, Nakamura and others (with great success!) in classifying automorphisms of operator algebras. Moreover, Kishimoto has used these
nice progress, in the case where
been made by Matui [Ma].
$2Some$

$X$

is a Cantor set, has recently
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ideas to prove that many crossed products of certain simple
algebras
by automorphisms with the Rohlin property will again be
(which is
much stronger than just saying they are $QD$ ). See, for example, [Kis1-4].
$A^{r}F$

$A^{\ulcorner}F$

Remark 11.10. One nice consequence of Green’s theorem (Theorem 11.1) is that understanding crossed products by
gives results
$G$
about much more general groups. For example, if is fifinitely generated discrete abelian group then
where $F$ is fifinite (hence
compact) abelian group then by Green’s result we have an embedding
(A
)
. Writinga general discrete abelian group as
A
an inductive limit of fifinitely generated such groups one can then handle
crossed products by arbitrary discrete abelian groups. One can then proceed to take extensions by arbitrary separable compact groups and build
a very large class of groups for which it suﬃces to consider crossed prod. (See $Def$ $34$ and the proof of $Thm$ . 2 in $[BrN2]$ for more
ucts by
details).
$\mathbb{Z}^{n}$

$a$

$G\cong \mathbb{Z}^{n}\oplus F$

$\lambda_{\alpha}G(-,$

$a$

$\otimes \mathcal{K}$

$\lambda_{\alpha 1_{\mathbb{Z}^{n}}}\mathbb{Z}^{n}$

$\mathbb{Z}^{n}$

\S 12.

Relationship with Nuclearity

It was an open question for quite some time whether or not quasidiagonality implied nuclearity. In [Had2], Hadwin asked whether or not
every ’strongly’ quasidiagonal (e.g. simple $QD$ )
-algebra was nuclear.
Then in [Po], Popa asked whether every simple unital $QDC^{*}$ -algebra
with ’suﬃciently many projections’ (e.g. real rank zero) was nuclear.
There was some evidence supporting a positive answer to these questions. The strongest was the following theorem of Popa.
$C^{*}$

-algebra
Theorem 12.1 (Po, Thm. 1.2). Let $A$ be a simple unital
with ’suﬃciently many projections ($e.g$ . real rank zero). Then $A$ is $QD$
if and only if for each fifinite set $\subset Aand\in>0$ there exists (nonzero) fifinite dimensional subalgebra $B\subset A$ with unit $P=1_{B}$ such that
$||[a, P]||\leq\in i$
(cf. Defifinition 44).
and
for all
$C^{*}$

’

$\mathcal{F}$

$a$

$a\in \mathcal{F}$

$P\mathcal{F}P\subset^{\Xi}B$

The necessity of the technical condition above is quite hard, however the suﬃciency is easily seen. Indeed, if one assumes the technical
condition then we can find a sequence of finite dimensional subalgebras
$B_{n}\subset A$ with units
such that
and $d(P_{n}aP_{n}, B)\rightarrow 0$
:
for all $a\in A$ . Now let
be a conditional expectation and
:
consider the maps
defined by $\varphi_{n}(a)=\Phi_{n}(P_{n}aP_{n})$ . This
sequence of maps is evidently asymptotically multiplicative and hence
defines $a*$ -homomorphism
$||[a, P_{n}]||\rightarrow 0$

$P_{n}$

$\Phi_{n}$

$\varphi_{n}$

$A\rightarrow B_{n}$

$A\rightarrow B_{n}$

$A\rightarrow\square B_{n}/\oplus B_{n}$

.
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Since $A$ is unital this morphism is nonzero and since $A$ is simple, this
are also asymptotically isomorphism is injective. Hence the maps
metric which implies (by Theorem 4.2) that $A$ is $QD$ . (Note that the
hypothesis of a unit can’t be dropped here. Indeed, the stabilization
of any unital
-algebra $A$ satisfies the technical condition stated
of the form
where
is almost orthogabove. Simply take
onal to a large part of )
The above result gave one hope of deducing nuclearity via the characterization in terms of injective enveloping von Neumann algebras (cf.
[CE1] . However, it turns out that this is not possible as the following
result of Dadarlat shows.
$\varphi_{n}$

$C^{*}$

$\mathcal{K}\otimes A$

$C_{n}\otimes 1_{A}$

$B_{n}$

$C_{n}$

$\mathcal{K}.$

$)$

Theorem 12.2 (Dad2, Prop. 9). There exists a unital, separable,
simple, $QDC^{*}$ -algebra with real rank zero, stable rank one and unique
tracial state which is not exact (and hence not nuclear).

The converse of the question we have been considering above is
also interesting and worth discussion. Namely, what sort of general
-algebra imply quasidiagonality?
conditions on a
$C^{*}$

(cf. $[Cu]$) is simple, separaExample 12.3. A Cuntz algebra
ble, unital, nuclear, has real rank zero and is not $QD$ (since it is purely
infifinite; cf. Proposition 3.19).
$O_{n}$

To get a finite non-QD example is a bit more delicate. Recall that
, where $G$ is a discrete group, is always stably finite since it has a
faithful tracial state. Also recall that Rosenberg has shown that if the
-algebra of a discrete group is $QD$ then the group must
reduced group
be amenable (cf. Theorem 11.3).
$C_{r}^{*}(G)$

$C^{*}$

Example 12.4. Let
denote the free group on two generators.
Then
is simple, unital, separable, exact, has stable rank one
(cf. $[DHR]$) and a unique tracial state but is not $QD$ since
is not
amenable.
$F_{2}$

$C_{r}^{*}(F_{2})$

$F_{2}$

To get an example with the added property of real rank zero one
,
can simply consider
, where $U$ is some UHF algebra (cf.
Thm. 7.2]).
It is also interesting to note that there are no known examples of
is only exact.)
finite nuclear non-QD
-algebras. (Recall that
In fact, as noted in Section 10, Blackadar and Kirchberg have formulated
the following question.
$C_{r}^{*}(F_{2})\otimes U$

$C^{*}$

Question 12.5 (BK1, Question 7.3.1).
fifinite then must A necessarily be $QD.$?

$[R\emptyset r$

$C_{r}^{*}(F_{2})$

If A

is nuclear and stably
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This question is of particular interest in Elliott’s classification program (cf. [Ell]). Indeed, if this question turns out to have an aﬃrmative
algebras may be
answer then classifying simple unital nuclear fifinite
$QDC^{*}$
-algebras. (One
equivalent to classifying simple unital nuclear
would still have to resolve the important open question of whether every
simple finite algebra is stably finite which is equivalent to the open
-algebra is purely $infifinite.$ )
question of whether every simple infinite
The point is that for simple $QD$ algebras (with enough projections) one
has the structure theorem of Popa to work with. In fact, Lin has intro-algebras (the so-called TAF algebras; [Lil]) whose
duced a class of
definition is inspired by and looks very similar to-Popa’s structure
theorem. Moreover, there are classification results for some of these
TAF algebras (cf. $[Li2,4]$ , [DE1]) and it is not unreasonable to think
that someday the general $QD$ case can be handled in ways similar to the
current strategies being applied to the TAF case.
$C^{*}$

-

$3$

$C^{*}$

$C^{*}$

-

\S 13.

More Advanced Topics

In our final section we will present some miscellaneous results which
don’t quite fit into any of the previous sections. The first is a very
important result of Voiculescu which shows that quasidiagonahty is a
algebras $A$ and $B$ are called
homotopy invariant. Recall that two
:
and :
homotopic if there exist -homomorphisms
(cf.
is homotopic to
and
is homotopic to
such that
[B12], [We] .
$C^{*}$

$*$

$A\rightarrow B$

$\varphi$

$id_{B}$

$\varphi\circ\psi$

$\psi$

$B\rightarrow A$

$id_{A}$

$\psi\circ\varphi$

$)$

Theorem 13.1. Let $A$ and
is $QD$ if and only if $B$ is $QD$ .

$B$

be homotopic

$C^{*}$

-algebras. Then

$A$

Voiculescu actually proved a more general result (cf. [Vo3, Thm.
5]). In [Dadl, Thm. 1.1] Dadarlat generalized this to show that quasidiagonahty is even an invariant of the weaker notion of ’asymptotic
completely positive homotopy equivalence’. As mentioned previously,
-algebra is $QD$ since cones
this result implies that the cone over any
are homotopic to {0}.
-algebras were introduced in [Av] and indepenFree products of
(See
in
also
[Vo5].
[VDN].) Reduced free products are rarely
dently
$QD$ . The standard example of a reduced free product is $C_{r}^{*}(F_{2})=$
, where the reduced free product is taken with respect
$C^{*}$

$C^{*}$

$C^{*}(\mathbb{Z})*C^{*}(\mathbb{Z})$

has recently answered this question-there exist simple, nuclear
algebras which are infinite (resp. finite) but not purely infinite (resp. stably
finite–hence not $QD$ )
.
$3R\emptyset rdam$

$[R\emptyset r2]$
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to Haar measure on the circle. The next result of F. Boca is in stark
contrast. (See also [ExLo] where the class of RFD algebras is shown to
be closed under full free products.)
Theorem 13.2 (Bo, Prop. 13). If $A$ and $B$ are unital $QDC^{*}-$
algebras, then the full free product (amalgamating over the units) $A*B$
is also $QD$ .

We next point out the connection between quasidiagonality and the
notions of projectivity and semiprojectivity. These notions are studied
at length in [Lo].
-algebra. Then $A$ is called proDefinition 13.3. Let $A$ be a
and
-algebra $B$ , closed 2-sided ideal
jective if for every
homomorphism
: $A\rightarrow B/I$ there exists a lifting $*homomorphism$
$A$
:
-algebra $B$ , closed
.
is called semiprojective if for every
for ideals
2-sided ideal
such that
$A\rightarrow
B/I$
:
there exists an
and a lifting
and $*homomorphism$
$A\rightarrow
B/I_{n}$
$*homomorphism$
:
(that is, a lifting for the canonical
quotient map $B/I_{n}\rightarrow B/I$ ).
$C^{*}$

$I$

$C^{*}$

$*-$

$\subset B$

$\varphi$

$\psi$

$A\rightarrow B$

$C^{*}$

$I$

$I$

$\subset B$

$=\overline{\bigcup_{7l}I_{n}}$

$ I_{1}\subset I_{2}\subset\ldots$

$n$

$\varphi$

$\psi$

The projective case in our next result is well known. The semiprojective case was pointed out by B. Blackadar, though his proof was
diﬀerent.

Proposition 13.4.
and semiprojective then

is projective then
is $RFD$ .

If
$A$

$A$

$A$

is $RFD$ .

If

$A$

is

$MF$

is projective. By Corollary 5.3 $A$ is a quotient
of an RFD algebra. But then the definition of projectivity implies that
$A$
embeds into an RFD algebra and hence is itself RFD.
Now assume that $A$ is semiprojective and $MF$ . By the proof of
Proposition 9.3 we can find an RFD algebra $R$ with finite dimensional
. The definition of
ideals
such that $A\cong R/I$ where
$A$ $c_{->}R/I_{n}\subset R$ for
some
semiprojectivity then provides an embedding
.
Q.E.D.
We now discuss a beautiful connection between quasidiagonality and
the question of whether or not ‘ $Ext$ is a group’. (See also the discussion
in [Vo4].) Here we mean the classical BDF $Ext$ semigroups. Recall that
if $A$ is nuclear then the Choi-Eﬀros lifting theorem implies that $Ext(A)$
is a group. (See [Ar] for a very nice treatment of this theory.) But
-algebras $A$ for which $Ext(A)$ is not a
it is known that there exist
group (cf. [An], $[Wasl,2]$ , [Kirl]). For example, Kirchberg has shown
then $Ext(A)$ is not a
that if $A$ is the unitization of the cone over
group. However, it has been a long standing open problem to determine

Proof. First assume that

$A$

$I$

$I_{n}\subset I_{n+1}$

$=\overline{\bigcup_{n}I_{n}}$

$n$

$C^{*}$

$C_{r}^{*}(F_{2})$
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whether or not $Ext(C_{r}^{*}(F_{2}))$ is a group. It is believed that $Ext(C_{r}^{*}(F_{2}))$
is not a group and we now outline one approach to proving this.
We described the class of $MF$ algebras in Section 9. Recall that
these algebras can be characterized as those which appear as the image
in the Calkin algebra of a quasidiagonal set of operators in $B(H)$ (cf.
Proposition 9.2).
Corollary 13.5.
Then $A$ is $QD$ .

Let

$A$

be

$MF$

and assume

$Ext(A)$

is a group.

If $Ext(A)$ is a group then every -monomorphism
:
has a completely positive lifting (cf. [Ar, $pg$ . 353]). But then
from Propositions 8.3 we see that $A$ must be $QD$ . Q.E.D.
It follows then that every nuclear $MF$ algebra is $QD$ . Recall, though,
that there exist non-QD $MF$ algebras. But it is not known whether
Wassermann’s examples are exact. The following question remains open.

Proof.

$*$

$ A\rightarrow$

$\varphi$

$B(H)/\mathcal{K}$

Question 13.6. Do there exist exact non-QD MF algebras. In
.
particular, is $C_{r}^{*}(F_{2})MF^{p4}$
Kirchberg has also proved some remarkable results connecting quasidiagonality, $Ext$ and various lifting properties of -algebras (see [Kirl]).
Finally, we wish to point out a connection with one of the most important questions in
-algebras. Namely, whether or not the Universal
Coeﬃcient Theorem (UCT) holds for all nuclear separable
algebras
(cf. [RS]). We will not formulate this question precisely as it is well out
of the scope of these notes. However, the experts will have no problem
following our argument. The main ingredient is the following ’two out
of three principle’ for the UCT.
$C^{*}$

$C^{*}$

$C^{*}$

Theorem 13.7. (cf. $[RS$, Prop. 2.3 and $Thm$ . 4 1]) Let
be a short exact sequence with $E$ nuclear and separable.
If any two of $\{/, E, B\}$ satisfy the $UCT$ then so does the third. In
particular, if I and $E$ satisfy the $UCT$ then so does $B$ .
$O\rightarrow I\rightarrow$

$\cdot$

$E\rightarrow B\rightarrow 0$

Our final result has been noticed by several experts.
Corollary 13.8. If the $UCT$ holds for all separable nuclear $RFD$
algebras then the $UCT$ holds for all separable nuclear
algebras.
$C^{*}$

By the two out of three principle, it suﬃces to show that every
separable nuclear
-algebra is a quotient of a separable nuclear RFD
algebra. But this is contained in Corollary 5.3 Q.E.D.

Proof.

$C^{*}$

have been informed that Haagerup and $Thorbj\emptyset rnsen$ have now resolved this question aﬃrmatively and hence $Ext(C_{r}^{*}(F_{2}))$ is not a group.
$4We$
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Further Reading

\S 14.

Below are references to some of the topics around quasidiagonality
which are only briefly discussed (or not discussed at all) in these notes.
$AF$

embeddability.
, [Sp], [Vo2].

$[BrN1,2]$ ,

$[D\dot{a}d4,5]$

, [Ka], [Li3], [Ma], [Oz], [Pi], [PV2],

$[R\emptyset r3]$

$Ext$

and

$[Wa1,2]$

$KK$-theory. $[BrL2]$ ,

$[Sa1,2]$

,

$[Sc1,2]$

,

.

Classifification.
$MF$,

[DE2], [DHS], [Kirl], [PV1],

(strong)

[DEI], [Ell],
$NF$,

$[Li2,4]$

and their bibliographies.

and inner quasidiagonal algebras.

$[BK1,2]$

, [KW].

General. [Had2], [Th], [Vo4].

{?}15.

Appendix: Nonseparable QD

$C^{\star}$

-algebras

In this appendix we treat the case of nonseparable
-algebras
Hence we no longer require the Hilbert spaces in this section to be separable either. The results of this section (in particular Corollary 15.7)
are necessary for the general case of Voiculescu’s characterization of $QD$
-algebras. Though we have seen some of these results stated in the
literature, we have been unable to find any proofs and hence complete
proofs will be given.
$C^{*}$

$C^{*}$

Definition 15.1. A subset $\Omega\subset B(H)$ is a called a quasidiagonal
, finite set $\chi\subset Hand\in>0$
set of operators if for each finite set
there exists a finite rank projection $P\in B(H)$ such that $||[T, P]||\leq\in$
and $ x\in\chi$ .
and $||P(x)-x||\leq\epsilon i$ for all
$\omega\subset\Omega$

$ T\in\omega$

It is still easy to see that a set $\Omega\subset B(H)$ is a quasidiagonal set of
-algebra generated by , $C^{*}(\Omega)\subset B(H)$ ,
operators if and only if the
is a quasidiagonal set of operators.
We may finally give the general definition of a quasidiagonal
algebra.
$C^{*}$

$\Omega$

$C^{*}-$

-algebra. Then $A$ is called quaDefinition 15.2. Let $A$ be a
sidiagonal (QD) if there exists a faithful representation : $A\rightarrow B(H)$
such that $\pi(A)$ is a quasidiagonal set of operators.
$C^{*}$

$\pi$

There is one subtle point that needs resolved here. Namely we must
show that the previous definition is equivalent to Definition 3.8 in the
-algebra.
case that $A$ is a separable
$C^{*}$

-algebra and assume that
Lemma 15.3. Let $A$ be a separable
there exists a faithful representation : $A\rightarrow B(H)$ such that $\pi(A)$ is
$C^{*}$

$\pi$

$a$
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quasidiagonal set of operators. Then there exists a faithful representation
: $A\rightarrow B(K)$ such that $K$ is a separable Hilbert space and $\rho(A)$ is
quasidiagonal set of operators.
$a$

$\rho$

: $A\rightarrow B(H)$ be a faithful representation such that $\pi(A)$
Let
is a quasidiagonal set of operators. We will show that there exists a
separable subspace $K\subset H$ which is $\pi(A)$ -invariant and such that the
restriction representation $\rho=\pi_{K}=P_{K}\pi(\cdot)P_{K}$ : $A\rightarrow B(K)$ (cf. Definition 3.9) is faithful and has the property that $\rho(A)$ is a quasidiagonal
set of operators.
The idea is to construct an increasing sequence of separable $\pi(A)-$
and finite rank projections
invariant subspaces
for all $a\in A$ and $||Q_{n}(\xi)-$
,
such that
. If we further arrange that the restriction of $\pi(A)$
for all
is the desired subspace.
is faithful then it is clear that
to
which is dense in the
We begin by choosing a sequence
$A$ . For
we then choose a sequence of unit vectors
unit ball of
each
$||\pi(a_{i})\xi_{i}^{(n)}||>||a_{i}||-1/2^{n}$
. Let $K_{1}\subset H$ be the
such that
and let
be the closure of $\pi(A)K_{1}$ .
closure of the span of
is separable, $\pi(A)$ -invariant and the restriction
Then it is clear that
).
of $\pi(A)$ to
is faithful (since it is isometric on
and
recursively as follows.
One then constructs the desired
. Choose a finite rank proLet
be an orthonormal basis for
.
jection $Q_{1}\in B(H)$ such that $||[Q_{1}, \pi(a_{1})]||<1/2$ and
that
arrange
3.4
we
can
the
proof
always
Proposition
from
the
of
Recall
.
stronger condition
$X_{2}=span\{Q_{1}(H),\tilde{K}_{1}\},\tilde{K}_{2}$ be the losure of $\pi(A)X_{2}$
Next let
and
. Now choose a finite rank
be an orthonormal basis for
let
projection $Q_{2}\in B(H)$ such that $||[Q_{2}, \pi(a_{i})]||<1/(2^{2})$ for $i=1,2$ ,
for , $j=1,2$ and $Q_{1}\leq Q_{2}$ (this is arranged by requiring
that $Q_{2}(h)=h$ for a (finite) basis of $Q_{1}(H))$ .
Next let $X_{3}=span\{Q_{2}(H),\tilde{K}_{2}\},\tilde{K}_{3}$ be the closure of $\pi(A)X_{3}$
be an orthonormal basis for
, etc. Proceeding in this
and let
way we get an increasing sequence of separable $\pi(A)$ invariant subspaces
and finite rank
with orthonormal bases
for $i,j=1$ ,
, and
projections $Q_{n}\leq Q_{n+1}$ such that
, $||[Q_{n}, \pi(a)]||\rightarrow 0$ for all $a\in A$ . Evidently this proves
Q.E.D.
the lemma.
Hence we see that Definitions 3.8 and 14.2 are equivalent for sep-algebras. Indeed, it clear that if $A$ is separable and satisfies
arable

Proof.

$\pi$

$\tilde{K}_{1}\subset\tilde{K}_{2}\subset\tilde{K}_{3}\ldots$

$Q_{n}(H)\subset\tilde{K}_{n+1}$

$Q_{n}$

$||[Q_{n}, \pi(a)]||\rightarrow 0$

$\xi\in\cup\tilde{K}_{i}$

$\xi||\rightarrow 0$

$K=\overline{\cup\tilde{K}_{i}}$

$\tilde{K}_{1}$

$\{a_{i}\}\subset A$

$n$

$\in \mathbb{N}$

$\{\xi_{i}^{(n)}\}_{i\in \mathbb{N}}\subset H$

$\{\xi_{i}^{(n)}\}_{i,,,n\in \mathbb{N}}$

$\tilde{K}_{1}$

$\tilde{K}_{1}$

$\tilde{K}_{1}$

$\{a_{i}\}$

$\tilde{K}_{i}$

$\{h_{i}^{(1)}\}$

$Q_{i}$

$\tilde{K}_{1}$

$Q_{1}(h_{1}^{(1)})=h_{1}^{(1)}$

$Q_{1}(h_{1}^{(1)})=h_{1}^{(1)}$

$\{h_{i}^{(2)}\}$

$Q_{2}(h_{i}^{(j)})=h_{i}^{(j)}$

$\tilde{K}_{2}$

$i$

$\{h_{i}^{(3)}\}$

$\tilde{K}_{1}\subset\tilde{K}_{2}\subset\tilde{K}_{3}\ldots$

$\tilde{K}_{3}$

$\{h_{i}^{(n)}\}_{i\in \mathbb{N}}$

$Q_{n}(h_{i}^{(j)})=h_{i}^{(j)}$

$\ldots$

$Q_{n}(H)\subset\tilde{K}_{n+1}$

$C^{*}$

$n$
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Definition 3.8 then $A$ also satisfies Definition 14.2. On the other hand, if
$A$ is separable and satisfies Definition 14.2 then by the previous lemma
we can find a representation of $A$ on a separable Hilbert space which
gives a quasidiagonal set of operators and hence $A$ satisfies Definition
3.8 as well.
We will need the following elementary, but technical, lemma.
: $A\rightarrow B(H)$ be a faithful representation
Lemma 15.4. Let
where $A$ is separable (but $H$ is not). Then there exists a separable $\pi(A)-$
: $A\rightarrow B(K)$ is
invariant subspace $K\subset H$ with the property that
$\pi_{K}(a)$
and only if $\pi(a)$ is fifinite
faithful,
is fifinite rank operator
rank operator and in this case $dim(\pi(a)H)=dim(\pi_{K}(a)K)$ .
$\pi$

$\pi_{K}$

$a$

$a$

$\dot{\iota}f$

The idea is to find a sequence of $\pi(A)$ -invariant separable subspaces,
, with the following properties:
is faithful.
1. The restriction of $\pi(A)$ to
2. If $a\in A$ is such that $\pi(a)$ is a finite rank operator then $\pi(a)H\subset$

Proof.

$\tilde{H}_{i}$

$\tilde{H}_{1}$

$\tilde{H}_{1}$

3.
4. If

.

$\tilde{H}_{m}\perp(\tilde{H}_{1}\oplus\tilde{H}_{2}\oplus\ldots\oplus\tilde{H}_{m-1})$

$P_{\overline{H}_{m}}\pi(a)P_{\overline{H}_{m}}=0$

then

$(1-P_{\overline{H}_{1}})\pi(a)(1-P_{\overline{H}_{1}}\oplus\overline{H}_{m-1})=0$

for all $a\in A$ , where for any subspace
orthogonal projection onto .
we define
Having the subspaces

$L\subset H$

,

$P_{L}$

denotes the

$L$

$\{\tilde{H}_{i}\}$

$K=\oplus_{i=1}^{\infty}\tilde{H}_{i}\subset H$

: $A\rightarrow B(K)$ is faithful (since this was already arranged
and note that
). Moreover, condition 2 ensures that if $\pi(a)$ is a finite rank
on
operator then $dim(\pi(a)H)=dim(\pi_{K}(a)K)$ . Finally, note that if
such that
is a finite rank operator then there exists some integer
. Hence
$\pi_{K}$

$\tilde{H}_{1}$

$\pi_{K}(a)$

$m\in \mathbb{N}$

$\tilde{\pi}_{m}(a)=P_{\overline{H}_{m}}\pi(a)P_{\overline{H}_{m}}=0$

$\pi(a)$

$=$

$\tilde{\pi}_{1}(a)\oplus\cdots\oplus\tilde{\pi}_{m-1}(a)$

$\oplus(1-P_{\overline{H}_{1}})\pi(a)(1-P_{\overline{H}_{1}}\oplus\overline{H}_{m-1})$

$=$

$\tilde{\pi}_{1}(a)\oplus\cdots\oplus\tilde{\pi}_{m-1}(a)\oplus 0$

$=$

$\pi_{K}(a)$

,

by condition 4 above. Hence $\pi(a)$ is also a finite rank operator and
clearly $dim(\pi(a)H)=dim(\pi_{K}(a)K)$ . So we now show how to construct
as above.
subspaces
$\tilde{H}_{i}$

N. P. Brown
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Begin by letting $\mathcal{F}(A)=\{a\in
countable dense subset
and define
to be the closure of

and choosing a
let $L_{i}=\pi(a_{i})H$

A : dim(\pi(a)H)<\infty\}$

$\{a_{i}\}_{i\in \mathbb{N}}\subset \mathcal{F}(A)$

. For each

$i\in \mathbb{N}$

$H_{1}$

$span\{\cup\pi(A)L_{i}\}i=1$

.

By throwing in a countable number of vectors (as in the proof of Lemma
15.3) we can replace
with a larger $\pi(A)$ -invariant subspace
such
$\pi(A)$
that the restriction of
to
is also faithful. We claim that this
also satisfies condition 2 above. Indeed, if
then we can find a
. But since
and
it is
subsequence
clear that
as well. Hence we have constructed
with the
desired properties.
Assume now that we have constructed
with the de,
we simply consider the separable
-algebra
sired properties. To get
$\tilde{H}_{1}$

$H_{1}$

$\tilde{H}_{1}$

$\tilde{H}_{1}$

$a\in \mathcal{F}(A)$

$\pi(a_{i_{j}})H\subset\tilde{H}_{1}$

$\pi(a_{i_{j}})\rightarrow\pi(a)$

$a_{i_{j}}\rightarrow a$

$\pi(a)H\subset\tilde{H}_{1}$

$\tilde{H}_{1}$

$\tilde{H}_{1}$

$\ldots,\tilde{H}_{m-1}$

$\tilde{H}_{m}$

$C^{*}$

$C=(1-P_{\overline{H}_{1}}\oplus\overline{H}_{m-1})\pi(A)(1-P_{\overline{H}_{1}}\oplus\overline{H}_{m-1})$

.

By the proof of Lemma 15.3 we can find a separable $C$ -invariant subspace
$(1 -P_{\overline{H}_{1}})H$ such that the restriction of $C$ to
is
$\tilde{H}_{m}\subset$

$\tilde{H}_{m}$

is also $\pi(A)$ invariant, perpendicular to
faithful. Evidently
and condition 4 above is nothing more than the statement
Q.E.D.
that the map
is faithful.
As in section 3 we want to resolve the technical issue of nondegeneracy of representations.
$\tilde{H}_{1}\oplus\tilde{H}_{2}\oplus$

$\tilde{H}_{m}$

$\oplus\tilde{H}_{m-1}$

$\ldots$

$C\rightarrow P_{\overline{H}_{m}}CP_{\overline{H}_{m}}$

: $A\rightarrow B(H)$ be
-algebra and
Lemma 15.5. Let $A$ be a
$L\subset
H$
be the nondegeneracy subspace of
faithful representation. Let
$A\rightarrow
B(L)$
$\pi(A)$ and
:
denote the restriction. Then $\pi(A)$ is a quasidiagonal set of operators if and only if $\pi_{L}(A)$ is a quasidiagonal set of
operators.
$C^{*}$

$\pi$

$a$

$\pi_{L}$

The implication
is proved exactly as in Lemma 3.10. Also,
if $A$ is unital, the implication
is the same and so we only have to
$A$
show
in the case that
is nonunital.
$A$
So assume that
is nonunital and $\pi(A)$ is a quasidiagonal set of
operators. Note that we cannot apply Voiculescu’s Theorem in this
may be diﬀerent. To resolve
setting since the dimensions of $H$ and
this problem we first note that since quasidiagonality is defined via finite
sets it suﬃces to show that $\pi_{L}(B)$ is a quasidiagonal set of operators for
every separable
-subalgebra $B\subset A$ .

Proof.

$(\Leftarrow)$

$(\Rightarrow)$

$(\Rightarrow)$

$L$

$C^{*}$
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, by Lemma 15.4, we can find a
Given a finite set of vectors
, $K$ is $\pi_{L}(A)-$
separable subspace $K\subset L$ with the property that
$K$
is finite rank if and only
is faithful,
invariant, the restriction to
if
is finite rank and in this case $rank(\pi_{L}(a))=rank(\pi_{K}(a))$ .
As in the proof of Lemma 15.3 we can now enlarge $K$ to a separable
$\pi(A)$ -invariant subspace
, of course)
(we do not have
is a quasidiagonal set of operators. Since we have been
such that
careful about separability and preservation of rank it now follows from
and
are approximately
Voiculescu’s theorem (version 2.6) that
$\pi_{K}(A)$
is a quasidiagonal set of operators.
unitarily equivalent and hence
Q.E.D.
$\chi\subset L$

$\chi\subset K$

$\pi_{L}(a)$

$\pi_{K}(a)$

$\tilde{K}\subset L$

$\tilde{K}\subset H$

$\pi_{\overline{K}}(A)$

$\pi_{K}$

$\pi_{\overline{K}}$

: $A\rightarrow B(H)$ be a faithful essential (cf.
Theorem 15.6. Let
Defifinition 2.8) representation. Then $A$ is $QD$ if and only if $\pi(A)$ is
quasidiagonal set of operators.
$\pi$

$a$

Clearly we only have to prove the necessity. As in the proof of
the previous lemma, it suﬃces to show that $\pi(B)$ is a quasidiagonal set
of operators for every separable subalgebra $B\subset A$ .
Let
be an arbitrary finite set and use Lemma 15.4 to construct a separable $\pi(B)$ -invariant subspace $K\subset H$ such that
and the restriction to $K$ is both faithful and essential. The remainder
Q.E.D.
of the proof is now similar to that of Theorem 3.11.
The next corollary shows that with care, one can usually just treat
the separable case when dealing with quasidiagonality.

Proof.

$\chi\subset H$

$\chi\subset K$

Corollary 15.7.
subalgebras are $QD$ .

$A$

is

$QD$

if and only if all of it ’s fifinitely generated

The necessity is obvious from the definition. So assume all finitely
generated subalgebras of $A$ are $QD$ and let : $A\rightarrow B(H)$ be a faithful
essential representation. Then for each finitely generated subalgebra
$B\subset A$ the restriction
is a faithful essential representation and hence
(by Theorem 15.6) $\pi(B)$ is a quasidiagonal set of operators. It then
Q.E.D.
follows that $\pi(A)$ is a quasidiagonal set of operators.
Finally we observe the nonseparable version of Theorem 4.2.

Proof.

$\pi$

$\pi|_{B}$

$QD$

Corollary 15.8 (Voiculescu).
if and only ifA satisfifies $(*)$ .

Let

$A$

be a

$C^{*}$

-algebra. Then

$A$

is

As in the proof of Theorem 4.2, we may assume that $A$ is unital.
From Arveson’s Extension Theorem it follows that $A$ satisfies $(*)$ if and
. Similarly,
only if every separable unital subalgebra of $A$ satisfies
$A$
$QD$
if and only if every separable
from Corollary 15.7 it follows that is
$A$
$QD$
. Hence this corollary follows from the
unital subalgebra of
is
separable case.
Q.E.D.

Proof.

$(*)$
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Abstract.
be a short exact sequence of
Let
$E$
is separable, I is quasidiagonal (QD) and $B$ is
algebras where
nuclear, $QD$ and satisfies the UCT. It is shown that if the boundary
map : $K_{1}(B)\rightarrow K_{0}(I)$ vanishes then $E$ must be $QD$ also.
of $QDC^{*}$ algebras is
A Hahn-Banach type property for
also formulated. It is shown that every nuclear $QDC^{*}$ -algebra has
this
-Hahn-Banach property if and only if the boundary map
$K_{1}(B)\rightarrow
K_{0}(I)$ (from above) always completely determines when
:
$E$ is $QD$ in the nuclear case.
$C^{*}-$

$o\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\partial$

$K_{0}$

$K_{0}$

$\partial$

\S 1.

Introduction

-algebras are those which enjoy a certain fiQuasidiagonal (QD)
nite dimensional approximation property. (See [Vo2], [Br3] for surveys of
the theory of $QDC^{*}$ -algebras.) While these finite dimensional approximations have certainly lead to a better understanding of the structure of
$QDC^{*}$ -algebras, there are a number of very basic open questions. For
is a split exact sequence
example, assume that
$a*$
such that $\pi o\varphi=id_{B}$ )
-homomorphism :
(i.e. there exists
where both I and $B$ are $QD$ . It is not known whether $E$ must be $QD$
(and, in fact, it is not even clear what to expect).
In this paper we study the extension problem for $QDC^{*}$ algebras
and it’s relation to some natural questions concerning $K$ -theory of $QD$
-algebras. Our techniques rely heavily on Kasparov’s theory of extensions and thus we will always need some nuclearity assumptions.
For example, adapting techniques found in [Sp] we will show (Theois short exact where $E$ is separable,
rem 3.4) that if
$C^{*}$

$0\rightarrow I\rightarrow E\rightarrow\pi B\rightarrow 0$

$B\rightarrow E$

$\varphi$

$C^{*}$

$0-- I\rightarrow E\rightarrow B\rightarrow 0$
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I is $QD$ , $B$ is nuclear, $QD$ and satisfies the Universal Coeﬃcient Theorem
(UCT) and the boundary map : $K_{1}(B)\rightarrow K_{0}(I)$ vanishes then $E$ must
be $QD$ also. It follows that if $K_{1}(B)=0$ then $E$ is always $QD$ , which
generalizes work of Eilers, Loring and Pedersen ([ELP]). As another
application we observe that in the case that I is the compact operators
our result implies that $E$ is $QD$ if and only if the (class of the) extension
is in the kernel of the natural map $Ext(B)\rightarrow Hom(K_{1}(B), \mathbb{Z})$ , where
$Ext(B)$ denotes the classical BDF group (recall that we are assuming $B$
is nuclear and hence $Ext(B)$ is a group). Also, we verify a conjecture
of [BK], stating that an asymptotically split extension of $NF$ algebras is
$NF$ , under the additional assumption that the quotient algebra satisfies
the UCT of [RS].
We then study the general extension problem. Now let
be exact where $E$ is separable and nuclear, I is $QD$ and $B$
is $QD$ and satisfies the UCT. Based on previous work of Spielberg ([Sp])
it is reasonable to expect that in this case $E$ will be $QD$ if and only
if $\partial(K_{1}(B))\cap K_{0}^{+}(I)=\{0\}$ , where $K_{0}^{+}(I)=\{0\}$ denotes the positive
cone of $K_{0}(I)$ . Though we are unable to resolve this question we do
show that it is equivalent to some other natural questions concerning
the $K$ -theory of $QDC^{*}$ -algebras and that in order to solve the general
extension problem it suﬃces to prove the special case that $B=C(T)$
(see Theorem 4.11).
The first equivalent $K$ -theory question is: If $A$ is nuclear, separable
and $QD$ and $G\subset K_{0}(A)$ is a subgroup such that $G\cap K_{0}^{+}(A)=0$ then
can one always find an embedding
: A , $C$ where $C$ is $QD$ and
$\rho_{*}(G)=0$ ? The condition $G\cap K_{0}^{+}(A)=0$ is easily seen to be necessary
and hence the question is whether or not it is suﬃcient. The second
$K$ -theory question asks whether every nuclear $QDC^{*}$ -algebra
satisfies
what we call the
-Hahn-Banach property (see Definition 4.7). Roughly
speaking this
-Hahn-Banach property states that if $\in K_{0}(A)$ and
then one can always find finite dimensional approximate
from $K_{0}^{+}(A)$ . (Due
morphisms (i.e. $‘(functionals’’ )$ which separate
to possible perforation in $K_{0}(A)$ this statement is not quite correct,
but it conveys the main idea.) Determining whether every nuclear $QD$
-Hahn-Banach property is of independent interest
algebra satisfies the
as our inability to understand how well finite dimensional approximate
morphisms read $K$ -theory has been a major obstacle in the classification
program.
In section 2 we review the necessary theory of extensions and prove
a few simple results needed later. In section 3 we handle the case when
: $K_{1}(B)\rightarrow K_{0}(I)$ vanishes. In section 4 we turn to the general
$\partial$

$O\rightarrow I\rightarrow$

$E\rightarrow B\rightarrow 0$

$\rho$

$c-$

$K_{0}$

$K_{0}$

$x$

$\pm x\not\in K_{0}^{+}(A)$

$x$

$K_{0}$

$\partial$
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extension problem and show equivalence with the $K$ -theory questions
described above.
The present work is related to work of Salinas [Sal], [Sa2] and
Schochet [Sch]. Those authors study the quasidiagonality of extensions
(i.e. the question of whether or not I contains
an approximate unit of projections which is quasicentral in $E$ ) whereas
we study the $QD$ of the
-algebra $E$ . The two questions are diﬀerent
even if I is the compact operators. Indeed, while the quasidiagonality of
does imply the $QD$ of $E$ , the converse implication
is false (see Section 3).
$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$C^{*}$

$O\rightarrow \mathcal{K}\rightarrow E\rightarrow B\rightarrow 0$

\S 2.

Preliminaries and Trivial Extensions.

Most of this section is devoted to reviewing definitions, introducing notation and recalling some standard facts about extensions of
algebras. However, at the end we prove a few simple facts which will be
needed later. The main result states that quasidiagonality is preserved
in split extensions provided that either the ideal or the quotient is a
-algebra (see Proposition 2.5).
nuclear
For a comprehensive introduction to the aspects of extension theory
which we will need we recommend looking at [Bl, Section 15]. For any
-algebra I we will let $M(I)$ be it’s multiplier algebra and $Q(I)=$
: $M(I)\rightarrow Q(I)$ be the quotient
$M(I)/I$ be it’s corona algebra. Let
map.
-algebra containing I as an ideal and $B=E/I$ then
If $E$ is any
there exists a unique -homomorphism : $E\rightarrow M(I)$ such that $\rho(I)=I$
: $B\rightarrow Q(I)$ . The map is
and hence an induced -homomorphism
injective if and only if is in injective if and only if I sits as an essential
-algebra $B$ and a -homomorphism
ideal in $E$ . Conversely, given a
: $B\rightarrow Q(I)$ we can construct the pullback which, by definition, is the
-algebra
$C^{*}-$

$C^{*}$

$C^{*}$

$\pi$

$C^{*}$

$*$

$\rho$

$*$

$\gamma$

$\gamma$

$\rho$

$*$

$C^{*}$

$\gamma$

$C^{*}$

$E(\gamma)=\{x\oplus b\in M(I)\oplus B:\pi(x)=\gamma(b)\}$

.

. Moreover,
This gives a short exact sequence
if $B=E/I$ with induced map : $B\rightarrow Q(I)$ then there is an induced
-isomorphism :
with commutativity in the diagram
$O\rightarrow I\rightarrow E(\gamma)\rightarrow B\rightarrow 0$

$\gamma$

$*$

$\Phi$

0

$E\rightarrow E(\gamma)$

$\rightarrow I\rightarrow$

$||$

$E$

$\Phi\downarrow$

$\rightarrow B\rightarrow 0$

$||$

$0\rightarrow I\rightarrow E(\gamma)\rightarrow B\rightarrow 0$ .
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Hence there is a one to one correspondence between extensions of I by
$B$ and
-homomorphisms : $B\rightarrow Q(I)$ . As is standard, we will refer
$a*$
-homomorphism : $B\rightarrow Q(I)$ as a Busby invariant and freely use
to
the above correspondence between Busby invariants and extensions.
, where denotes the compact operWhen I is stable (i.e.
ators on a separable infinite dimensional Hilbert space) there is a natural
way of adding two extensions which we now describe. Any isomorphism
induces an isomorphism
and
which then gives isomorphisms
we
are
invarigiven
Busby
. Thus if
two
:
we can define a new Busby invariant
ants ,
by
$*$

$\gamma$

$\gamma$

$I$

$\cong \mathcal{K}\otimes I$

$\mathcal{K}$

$M_{2}(\mathbb{C})\otimes \mathcal{K}\otimes I\cong \mathcal{K}\otimes I$

$M_{2}(\mathbb{C})\otimes \mathcal{K}\cong \mathcal{K}$

$M_{2}(\mathbb{C})\otimes M(\mathcal{K}\otimes I)\cong M(\mathcal{K}\otimes I)$

$M_{2}(\mathbb{C})\otimes Q(\mathcal{K}\otimes I)\cong Q(\mathcal{K}\otimes I)$

$\gamma_{1}$

$\gamma_{2}$

$B\rightarrow Q(\mathcal{K}\otimes I)$

$\gamma_{1}\oplus\gamma_{2}$

$(\gamma_{1}\oplus\gamma_{2})(b)=\left(\begin{array}{ll}\gamma_{1}(b) & 0\\0 & \gamma_{2}(b)\end{array}\right)$

$\in M_{2}(\mathbb{C})\otimes Q(\mathcal{K}\otimes I)\cong Q(\mathcal{K}\otimes I)$

.

constructed in this way will
Of course the Busby invariant
. To remedy this
depend on the particular isomorphism
are strongly equivalent if there
we say that two Busby invariants ,
$Ad\pi(u)(\gamma_{1}(b))=\pi(u)\gamma_{1}(b)\pi(u^{*})=$
$u\in
M(I)$
exists a unitary
such that
: $M(I)\rightarrow Q(I)$ is the quotient map.
, for all $b\in B$ , where
Note that if
and
and
are strongly equivalent then
,
-algebras. Indeed, the map
are isomorphic
$uxu^{*}\oplus b$ is easily seen to be an isomorphism.
Since any isomorphism
is implemented by a unitary we see that
is
unique up to strong equivalence. In particular, the isomorphism class of
-algebra
the
does not depend on the choice of isomorphism
$\gamma_{1}\oplus\gamma_{2}$

$M_{2}(\mathbb{C})\otimes \mathcal{K}\cong \mathcal{K}$

$\gamma_{1}$

$\gamma_{2}(b)$

$\gamma_{2}$

$\pi$

$E(\gamma_{1})$

$\gamma_{2}$

$\gamma_{1}$

$C^{*}$

$E(\gamma_{2})$

$E(\gamma_{1})\rightarrow E(\gamma_{2})$

$M_{2}(\mathbb{C})\otimes \mathcal{K}\cong \mathcal{K}$

$C^{*}$

$ x\oplus b\mapsto$

$\gamma_{1}\oplus\gamma_{2}$

$E(\gamma_{1}\oplus\gamma_{2})$

$M_{2}(\mathbb{C})\otimes \mathcal{K}\cong \mathcal{K}$

.

A Busby invariant is called trivial if it lifts to $a*$ -homomorphism
: $B\rightarrow M(I)$ (i.e.
is
). A Busby invariant :
to
for
equivalent
every
called absorbing if
is strongly
trivial .
for any . In particular if
Note that if is absorbing then so is
and
are both
is absorbing then is injective. Note also that if
and
are all strongly equivalent.
trivial and absorbing then ,
Thus we get the following fact.
$\tau$

$\pi\circ\varphi=\gamma$

$\varphi$

$B\rightarrow Q(\mathcal{K}\otimes I)$

$\gamma$

$\gamma\oplus\tau$

$\tau$

$\gamma$

$\tilde{\gamma}\oplus\gamma$

$\tilde{\gamma}$

$\gamma$

$\tau_{1}$

$\gamma$

$\gamma$

$\tau_{1}\oplus\tau_{2}$

$\tau_{1}$

Lemma 2.1.
sorbing then

If

$\tau_{1}$

,

$\tau_{2}$

$E(\tau_{1})\cong E(\tau_{2})$

:

$\tau_{2}$

$\tau_{2}$

$B\rightarrow Q(\mathcal{K}\otimes I)$

are both trivial and ab-

.

Another simple fact we will need is the following.
:
Lemma 2.2. If ,
trivial then there is a natural embedding
$\gamma$

$\tau$

$\tau$

$B\rightarrow Q(\mathcal{K}\otimes I)$

are Busby invariants with

$E(\gamma)c_{-\succ}E(\gamma\oplus\tau)$

.

Extensions

Proof.

Let
by

$\varphi$

:

of quasidiagonal

$B\rightarrow M(I)$

$C^{*}$

-algebras and

be a lifting of

$\tau$

$K$

Define a map

.
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$ E(\gamma)\rightarrow$

$E(\gamma\oplus\tau)$

$x\oplus b\mapsto\left(\begin{array}{ll}x & 0\\0 & \varphi(b)\end{array}\right)$

$\oplus b$

.

Evidently this map is an $injective*$ -homomorphism.
The following generalization of Voiculescu’s Theorem, which is due
to Kasparov, will be crucial in what follows.
$\square $

Theorem 2.3. ([Bl, Thm. 15.12.4]) Assume that $B$ is separable,
I is -unital and either $B$ or I is nuclear. Let : $B\rightarrow B(H)$ be
faithful representation such that $H$ is separable, $\rho(B)\cap \mathcal{K}(H)=\{0\}$ and
the orthogonal complement of the nondegeneracy subspace of $\rho(B)(i.e$ .
is infifinite dimensional. Regarding $ B(H)\cong B(H)\otimes 1\subset$
as scalar operators we get a short exact sequence
$\sigma$

$a$

$\rho$

$H\ominus\overline{\rho(B)H})$

$M(\mathcal{K}\otimes I)$

0-

$\rightarrow \mathcal{K}\otimes I\rightarrow\rho(B)\otimes 1+\mathcal{K}\otimes I\rightarrow B\rightarrow 0$

denotes the induced Busby invariant then
sorbing.

If

$\tau$

$\tau$

.

is both trivial and ab-

We define an equivalence relation on the set of Bubsy invariants
by saying is related to if there exist trivial Busby
. Taking
invariants
such that
is strongly equivalent to
. The
the quotient by this relation yields the semigroup
is denoted
. Note
in
image of a map :
that all trivial Busby invariants give rise to the same class denoted by
$O\in Ext(B, \mathcal{K}\otimes I)$ and this class is a neutral element (i.e. identity) for
the semigroup. Note also that if $[\gamma]=0\in Ext(B, \mathcal{K}\otimes I)$ then it does
not follow that is trivial. However, it does follow that if is a trivial
.
absorbing Busby invariant then so is
main
result of this section. We
the
We are almost ready to prove
just need one more definition.
$B\rightarrow Q(\mathcal{K}\otimes I)$

$\tilde{\gamma}$

$\gamma$

$\tau,\tilde{\tau}$

$\tilde{\gamma}\oplus\tilde{\tau}$

$\gamma\oplus\tau$

$Ext(B, \mathcal{K}\otimes I)$

$\gamma$

$B\rightarrow Q(\mathcal{K}\otimes I)$

$Ext(B, \mathcal{K}\otimes I)$

$[\gamma]$

$\tau$

$\gamma$

$\gamma\oplus\tau$

is an exact sequence
Definition 2.4. If
:
denote
with Busby invariant
then we let
is the Busby invariant of the exact
the stabilization of . That is,
.
sequence
$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\gamma^{s}$

$\gamma$

$\mathcal{K}\otimes B\rightarrow Q(\mathcal{K}\otimes I)$

$\gamma^{s}$

$\gamma$

$0\rightarrow \mathcal{K}\otimes I\rightarrow \mathcal{K}\otimes E\rightarrow \mathcal{K}\otimes B\rightarrow 0$

Note that there is always an embedding
Proposition 2.5. Let
invari ant . If both I and $B$ are
I or $B$ is nuclear and

$E\cong E(\gamma)c->E(\gamma^{s})$

be exact with Busby
is separable, I is -unital, either
then $E$ is also $QD$ .

$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\gamma$

$QD$ ,

$B$

.

$[\gamma^{s}]=0\in Ext(\mathcal{K}\otimes B, \mathcal{K}\otimes I)$

$\sigma$
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Proof. Since

quasidiagonality passes to subalgebras, it suﬃces to show
that if :
is a trivial absorbing Busby invariant (which
exists by Theorem 2.3) then $E(\tau)$ is $QD$ . Indeed, by Lemmas 2.1, 2.2
and the definition of
we have the inclusions
$\tau$

$\mathcal{K}\otimes B\rightarrow Q(\mathcal{K}\otimes I)$

$Ext(\mathcal{K}\otimes B, \mathcal{K}\otimes I)$

$Ec->E(\gamma^{s})c_{-E(\gamma^{s}}’\oplus\tau)\cong E(\tau)$

.

To prove that $E(\tau)$ is $QD$ we may assume (again by Lemma 2.1)
arises from the particular extension described in Theorem 2.3.
that
,
However for that extension it is easy to see that $E(\tau)c-$,
$\rho(B)\cap
\mathcal{K}=\{0\}$
where is the unitization of . But since
it follows that
$QD$
is
is also $QD$ as
([Br3, Thm. 3.11]). Hence
a minimal tensor product $QDC^{*}$ -algebras ([Br3, Prop. 7.5] ).
Note that the above proposition covers the case of split extensions
(i.e. when is trivial).
$\tau$

$(\rho(B)+\mathcal{K})\otimes\tilde{I}$

$\tilde{I}$

$I$

$(\rho(B)+\mathcal{K})\otimes\tilde{I}$

$\rho(B)+\mathcal{K}$

$\square $

$\gamma$

{?}3.

When

$\partial:K_{1}(B)\rightarrow K_{0}(I)$

is zero.

The main result of this section (Theorem 3.4) states that if the
boundary map
: $K_{1}(B)\rightarrow K_{0}(I)$ coming from an exact sequence
is zero then $E$ will be $QD$ whenever I is $QD$ and
$B$ is nuclear, $QD$ and satisfies the Universal Coeﬃcient Theorem (UCT)
of Rosenberg and Schochet ([RS]). The main ideas in the proof are
inspired by work of Spielberg ([Sp]). We also discuss a few consequences
of our result, including generalization of work of Eilers-Loring-Pedersen
([ELP]) and a partial solution to a conjecture of Blackadar and Kirchberg
[BK].
$\partial$

$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

Definition 3.1. An embedding $I=$
is called approximately
unital if it takes an approximate unit of I to an approximate unit of .
$J$

$J$

In this case there is a natural inclusion $M(I)C_{-};M(J)$ which induces
, $Q(J)$ [Pe, 3.12.12]. Hence for any Busby invariant
an inclusion
: $B\rightarrow Q(I)$ there is an induced Busby invariant : $B\rightarrow Q(J)$ with
commutativity in the diagram
$Q(I)\subseteq-$

$\gamma$

$\eta$

$0\rightarrow I$

$\downarrow$

$\rightarrow E(\gamma)\rightarrow B\rightarrow 0$

$\downarrow$

$||$

$0\rightarrow J\rightarrow E(\eta)\rightarrow B\rightarrow 0$ .

Moreover, the two vertical maps on the left are injective.
There are two ways of producing approximately unital embeddings
which we will need. The first is I ,
, for some unital
-algebra
$c-$

$I\otimes A$

$C^{*}$
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will be
is an approximate unit of I then, of course,
. The other is to start with an arbitrary
an approximate unit of
$=\succ J’$
embedding
to be the hereditary subalgebra in
and define
.
generated by . That is, define
to be the closure of
and the
One easily checks that is then a hereditary subalgebra of
embedding $I=J$ is approximately unital.
In the theory of separable $QDC^{*}$ -algebras there are some nonseparable algebras which play a key role. The first is the direct product
. This algebra is the multifor some sequence of integers
. If $H$ is any separable Hilbert
plier algebra of the direct sum
and then
space then we can always find a decomposition
,
we have natural inclusions
and $Q(\oplus_{i}M_{n_{i}}(\mathbb{C}))=Q(\mathcal{K}(H))$ . Another algebra which we will need is
$A$

. If

$e_{\lambda}\otimes 1_{A}$

$\{e_{\lambda}\}$

$I\otimes A$

$J$

$I$

$J’$

$J$

$I$

$\bigcup_{\lambda}e_{\lambda}J^{/}e_{\lambda}$

$J’$

$J$

$\{n_{i}\}$

$\square _{i}M_{n_{i}}(\mathbb{C})$

$\oplus_{i}M_{r\iota_{i}}(\mathbb{C})$

$H=\oplus_{i}\mathbb{C}^{n_{i}}$

$\oplus_{i}M_{n_{i}}(\mathbb{C})=\mathcal{K}(H)$

$\square _{i}M_{7l_{\dot{l}}}(\mathbb{C})+\mathcal{K}(H)$

$\square _{i}M_{r\iota_{i}}(\mathbb{C})=B(H)$

.

Lemma 3.2. Let
. Then
containing
$\mathcal{K}(H)$

$J\subset\Pi_{i}M_{7l_{\dot{t}}}(\mathbb{C})+\mathcal{K}(H)$

be a hereditary subalgebra

$K_{1}(J)=0$ .

: $B(H)\rightarrow Q(H)$ be the quotient map we have that
Letting
$\pi(J)$ is a hereditary subalgebra of
(use the fact that if
and 0 $\leq b\leq\pi(a)$ then there exists
0 $\leq a\in J$,
$0\leq c\in\Pi_{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$ such that $c\leq a$ and $\pi(c)=b$ ;
[Da, Cor.
is
IX.4.5]. Also, the exact sequence
contains an approximate unit of
a quasidiagonal extension (i.e.
projections which is quasicentral in ). Hence [ $BD$ , Thm. 8], states that
we have a short exact sequence

Proof.

$\pi$

$Q(\oplus_{i}M_{n_{x}}(\mathbb{C}))$

$b\in Q(\oplus_{i}M_{n_{i}}(\mathbb{C}))$

$O\rightarrow \mathcal{K}(H)\rightarrow J\rightarrow\pi(J)\rightarrow 0$

$\mathcal{K}(H)$

$J$

$0\rightarrow K_{1}(\mathcal{K}(H))\rightarrow K_{1}(J)\rightarrow K_{1}(\pi(J))\rightarrow 0$

.

Thus it suﬃces to show that $K_{1}(X)=0$ for any hereditary subalgebra
.
of
But if
is a hereditary subalgebra then we can
find a quasidiagonal extension
$X$

$Q(\oplus_{i}M_{n_{x}}(\mathbb{C}))$

$X\subset Q(\oplus_{i}M_{n_{i}}(\mathbb{C}))$

$0\rightarrow\oplus_{i}M_{n_{i}}(\mathbb{C})\rightarrow Y\rightarrow X\rightarrow 0$

,

where
is a hereditary subalgebra. Applying [ $BD$ , Thm.
8] again it suﬃces to show that every hereditary subalgebra of
has trivial
-group.
But, if
is a hereditary -unital subalgebra then $Y$
has an increasing approximate unit consisting of projections, say
$([BP])$ . Hence
$K_{1}(Y)=\lim K_{1}(e_{n}\square _{i}M_{n_{i}}(\mathbb{C})e_{n})$ ,
$Y\subset\square _{i}M_{n_{i}}(\mathbb{C})$

$\Pi_{i}M_{n_{i}}(\mathbb{C})$

$K_{1}$

$Y\subset\Pi_{i}M_{n_{i}}(\mathbb{C})$

$\sigma$

$\{e_{n}\}$
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since
that
and consequently

(by heredity). But, for each , it is clear
is isomorphic to
for some integers

$Y=\lim e_{n}\square _{i}M_{n_{i}}(\mathbb{C})e_{n}$

$e_{n}\square _{i}M_{n_{i}}(\mathbb{C})e_{n}$

$n$

$\{k_{i}\}$

$\Pi_{i}M_{k_{i}}(\mathbb{C})$

$K_{1}(e_{n}\Pi_{i}M_{n_{i}}(\mathbb{C})e_{n})=0$

.

$\square $

Proposition 3.3. Let I be a separable $QDC^{*}$ -algebra. Then there
exists an approximately unital embedding $I=J$ , where
is a unital
$QDC^{*}$ algebra with $K_{1}(J)=0$ .
$J$

Let

$\sigma$

be a nondegenerate faithful representation such
that $\rho(I)\cap \mathcal{K}(H)=\{0\}$ . By [Br3, Prop. 5.2], there exists a decomposition
such that
. Let be the hereditary
. The conclusion
generated by
subalgebra of
follows from the previous lemma.
For the remainder of this section we will let
be the
). For
Universal UHF algebra (i.e. the UHF algebra with
any Busby invariant : $B\rightarrow Q(J)$ we let
denote the Busby invariant
coming from the short exact sequence

Proof.

$\rho$

:

$I$

$\rightarrow B(H)$

$H=\oplus_{i}\mathbb{C}^{n_{i}}$

$J$

$\rho(I)\subset\square _{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$

$\square _{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$

$\rho(I)$

$\square $

$\mathcal{U}=\otimes_{n}M_{n}(\mathbb{C})$

$K_{0}(\mathcal{U})=\mathbb{Q}$

$\gamma^{\mathbb{Q}}$

$\gamma$

$0\rightarrow J\otimes \mathcal{U}\rightarrow E(\gamma)\otimes \mathcal{U}\rightarrow B\otimes \mathcal{U}\rightarrow 0$

.

Theorem 3.4. Let
be a short exact se$E$
$B$
$QD$
is separable, I is
quence where
and is nuclear, $QD$ and satisfifies
$K_{1}(B)\rightarrow
K_{0}(I)$ is zero then $E$ is $QD$ .
$UCT$
. If the induced map :
the
$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\partial$

Let be the Busby invariant of the exact sequence in question.
By the previous proposition we can find an approximately unital embedding $I=J$ , where is $QD$ with $K_{1}(J)=0$ . By the remarks following
Definition 3.1 we have an inclusion $E=E(\eta)$ where : $B\rightarrow Q(J)$ is
the induced Busby invariant. By naturality we then have that both index maps : $K_{1}(B)\rightarrow K_{0}(J)$ and : $K_{0}(B)\rightarrow K_{1}(J)$ are zero. Hence
the index maps arising from the stabilization
:
are also zero.
Now, if it happens that $K_{0}(J)$ is a divisible group then the Universal
Coeﬃcient Theorem would imply that
and so by Proposition 2.5 we would be done. Of course this will not be
true in general and so may have to replace
. But applying
with
naturality one more time, both boundary maps on $K$ -theory arising from
will also vanish. Hence the theorem follows from the inclusions
$E=E(\eta)=E(\eta^{s})=E((\eta^{s})^{\mathbb{Q}})$ together with Proposition 2.5 applied
.
to
In the case that the ideal is nuclear and the quotient is an $AF$
algebra, the next result was obtained by Eilers, Loring and Pedersen
([ELP, Cor. 4.6]).

Proof.

$\gamma$

$J$

$\eta$

$\partial$

$\partial$

$\eta^{s}$

$B\otimes \mathcal{K}\rightarrow Q(J\otimes \mathcal{K})$

$[\eta^{s}]=0\in Ext(B\otimes \mathcal{K}, J\otimes \mathcal{K})$

$\eta^{s}$

$(\eta^{s})^{\mathbb{Q}}$

$(\eta^{s})^{\mathbb{Q}}$

$(\eta^{s})^{\mathbb{Q}}$

$\square $
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Corollary 3.5. Assume that $B$ is a separable nuclear $QDC^{*}-$
algebra satisfying the $UCT$ and with $K_{1}(B)=0$ . For any separable $QD$
is
-algebra I and Busby invariant : $B\rightarrow Q(I)$ we have that

$C^{*}$

$E(\gamma)$

$\gamma$

$QD$ .

This corollary actually extends to the case where $K_{1}(B)$ is a torsion
group since we can tensor any short exact sequence with and
in this case. For example, this would cover the case that $B=$
denotes the Cuntz algebra on
, $(2\leq n\leq\infty)$ , where
generators. Similarly, it is clear that Theorem 3.4 is valid under the
weaker hypothesis that $\partial(K_{1}(B))$ is contained in the torsion subgroup
of $K_{0}(I)$ .
$\mathcal{U}$

$ K_{1}(B\otimes$

$\mathcal{U})=0$

$O_{n}$

$C_{0}(\mathbb{R})\otimes O_{n}$

$n$

Definition 3.6.

For any two $QDC^{*}$ -algebras , $B$ let $Ext_{QD}(B$ ,
denote the set of classes of Busby invariants
$I$

$\mathcal{K}\otimes I)\subset Ext(B, \mathcal{K}\otimes I)$

such that

$E(\gamma)$

is

$\gamma$

$QD$ .

then
It is easy to check that if
is
$Ext_{QD}(B,
\mathcal{K}\otimes
I)$
$QD$ if and only if
is well deis $QD$ and hence
$Ext_{QD}(B,
\mathcal{K}\otimes
I)$
is a sub-semigroup
fined. It is also easy to see that
. Finally, we remark that in the case
of
we do not
get the semigroup
defined by Salinas; it follows from Corollary 3.7 below, however, that we do get what he called
in
this case (see [Sal, Definitions 2.7, 2.12 and Thm. 2.14]). One has
$Ext_{qd}(B, \mathcal{K})\subset Ext_{QD}(B, \mathcal{K})$ .
The elements of $Ext_{QD}(B, \mathcal{K})$ corresponds to
-algebras
that are $QD$ whereas
if the only if the extension
is $QD$ i.e. the
concrete set
is $QD$ .
Recall that there is a natural group homomorphism : $Ext(B,$
$I)\rightarrow Hom(K_{1}(B), K_{0}(I))$ taking a Busby invariant to the corresponding
boundary map on $K$ -theory. From Theorem 3.4 it follows that we always
have an inclusion $Ker(\Phi)\subset Ext_{QD}(B, \mathcal{K}\otimes I)$ , when $B$ is nuclear, $QD$
and satisfies the UCT. In general this inclusion will be proper, but we
now describe a class of algebras for which we have equality.
There is a natural semigroup $K_{0}^{+}(I)\subset K_{0}(I)$ , called the positive
cone, given by
$[\gamma]=[\tilde{\gamma}]\in Ext(B, \mathcal{K}\otimes I)$

$E(\gamma)$

$E(\tilde{\gamma})$

$I$

$Ext(B, \mathcal{K}\otimes I)$

$=\mathbb{C}$

$Ext_{qd}(B, \mathcal{K})$

$Ext_{bqt}(B, \mathcal{K})$

$C^{*}$

$[\gamma]\in Ext_{qd}(B, \mathcal{K})$

$E(\gamma)$

$O\rightarrow \mathcal{K}\rightarrow E(\gamma)\rightarrow B\rightarrow 0$

$E(\gamma)\subset M(\mathcal{K})$

$\Phi$

$ K_{0}^{+}(I)=n\in \mathbb{N}\cup$

{ $x\in K_{0}(I)$

: $x=[p]$ , for some projection

$p\in M_{n}(I)$

$\mathcal{K}\otimes$

}.

When I is unital this semigroup generates $K_{0}(I)$ but can also be trivial
in general (e.g. if I is stably projectionless). The natural isomorphism
, where
induced by an embedding
is a minimal projection in , preserves the positive cones. We say
$I$

$K_{0}(I)\cong K_{0}(\mathcal{K}\otimes I)$

$\mathcal{K}$

$e_{11}$

$=e_{11}\otimes I\subset \mathcal{K}\otimes I$
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that $K_{0}(I)$ is totally ordered if for every
.
element of

$x\in K_{0}(I)$

either

$x$

or

$-x$

is an

$K_{0}^{+}(I)$

Corollary 3.7. Assume I is separable, $QD$ and $K_{0}(I)$ is totally
ordered. For any separable, nuclear, $QD$ algebra $B$ which satisfifies the
$UCT$ we have that $Ext_{QD}(B, \mathcal{K}\otimes I)=Ker(\Phi)$ .

We only have to show $Ext_{QD}(B, \mathcal{K}\otimes I)\subset Ker(\Phi)$ . So let
. If
is a stably finite
-algebra then a result
of Spielberg (see Proposition 4.1 of the next section), together with the
assumption that $K_{0}(I)$ is totally ordered, implies that $[\gamma]\in Ker(\Phi)$ .
But since $QD$ implies stably finite ([Br3, Prop. 3.19]) we have that if
then $[\gamma]\in Ker(\Phi)$ .
The classic example for which $K_{0}(I)$ is totally ordered is the case
. In this setting the corollary above is very similar to a
when
result of Salinas’ which describes the closure of $O\in Ext(B, \mathcal{K})$ in terms
of quasidiagonality ([Sal, Thm. 2.9]). See also [Sal, Thm. 2.14] for
another characterization of $Ext_{QD}(B, \mathcal{K})$ in terms of -quasitriangular
operators. For a $K$ -theoretical characterization of
see [Sch,
Theorem 8.3].
The class of $NF$ algebras introduced in [BK] coincides with the class
-algebras. It was conjectured in [ $BK$ , Conj.
of separable $QD$ nuclear
7.1.6] that an asymptotically split extension of $NF$ algebras is $NF$ . We
can verify the conjecture under an additional asumption.

Proof.

$[\gamma]\in Ext(B, \mathcal{K}\otimes I)$

$C^{*}$

$E(\gamma)$

$[\gamma]\in Ext_{QD}(B, \mathcal{K}\otimes I)$

$I$

$\square $

$=\mathcal{K}$

$bi$

$Ext_{qd}(B, \mathcal{K})$

$C^{*}$

Corollary 3.8. Let
split extension with I and $BNF$ algebras.
$E$ is $NF$ .

be an asymptotically
satisfifies the $UCT$, then

$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

If

$B$

Both index maps are vanishing since the extension is asymptotically split. The conclusion follows from Theorem 3.4.

Proof.

$\square $

\S 4.

Extensions and

$K$

-theory

In this section we show that the general extension problem for nuclear $QDC^{*}$ -algebras is equivalent to some natural $K$ -theoretic questions.
We begin by recalling a result of Spielberg which solves the extension
problem for stably finite
-algebras and shows that it is completely
$K$
governed by -theory.
$C^{*}$

Proposition 4.1. [Sp, Lemma 1.5] Let
be
short exact where both I and $B$ are stably fifinite. Then $E$ is stably fifinite
if and only if $\partial(K_{1}(B))\cap K_{0}^{+}(I)=\{0\}$ , where : $K_{1}(B)\rightarrow K_{0}(I)$ is
the boundary map of the sequence.
$O\rightarrow I\rightarrow E\rightarrow B\rightarrow 0$

$\partial$
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In [ $BK$ , Question 7.3.1], it is asked whether every nuclear stably finite
-algebra is $QD$ . Support for an aﬃrmative answer to this question
is provided by a number of nontrivial examples ([Pi], [Sp], [Brl], [Br2]).
In fact, Corollary 3.7 above also provides examples since the proof shows
the equivalence of quasidiagonality and stable finiteness (in fact we did
not even assume nuclearity of $E$ in that corollary). Hence it is natural to
wonder if Spielberg’s criterion completely determines quasidiagonality in
extensions as well. The following result gives some more evidence for an
-algebra, let $SI=C_{0}(\mathbb{R})\otimes I$ denote the
aﬃrmative answer. If I is a
contains no
suspension of . Note that $K_{0}(SI)^{+}=\{0\}$ since
nonzero projections.
$C^{*}$

$C^{*}$

$I$

$SI\otimes \mathcal{K}$

Proposition 4.2. Let
-unital and $B$ is separable,

$0\rightarrow SI\rightarrow E\rightarrow B\rightarrow 0$

is

$\sigma$

$QD$ ,

nuclear. Then

$E$

be exact, where
is $QD$ .

$I$

The suspension SI of I is $QD$ by [Vol]. We may assume that
: SI $=$ SI be a null-homotopic approximately
I is stable. Let
: $Q(SI)=Q(SI)$ be the corresponding
unital embedding and let
: $B\rightarrow M(SI)$ ,
-monomorphism. Then for any Busby invariant
$[\hat{\alpha}o\gamma]=0\in Ext$ ( $B$ , SI) by the homotopy invariance of $Ext$ ( $B$ , SI)
is $QD$ by
in the second variable [Kas]. It follows that
Proposition 2.5.

Proof.

$\alpha$

$\hat{\alpha}$

$*$

$\gamma$

$E(\gamma)=E(\hat{\alpha}\circ\gamma)$

$\square $

Definition 4.3. Say that a $QDC^{*}$ -algebra $A$ has the $QD$ extension property if for every separable, nuclear, $QD$ algebra $B$ which sat:
isfies the UCT and Busby invariant
we have that
is $QD$ if and only if
is stably finite (which is if and only if
$\partial(K_{1}(B))\cap K_{0}^{+}(\mathcal{K}\otimes A)=\{0\}$
, by Proposition 4.1).
$\gamma$

$E(\gamma)$

$B\rightarrow Q(\mathcal{K}\otimes A)$

$E(\gamma)$

The $QD$ extension property is closely related to a certain embedding
property for the $K$ -theory of $A$ which we now describe. The interest in
-algebras goes back to the
controlling the $K$ -theory of embeddings of
$AF$
on
embeddings of irrational
seminal work of Pimsner and Voiculescu
rotation algebras ([PV]). Since then other authors have studied the
$K$ -theory of (AF) embeddings ([Lo], [EL], [DL], [Brl], [Brl]).
$C^{*}$

embedding
Definition 4.4. Say that a $QDC^{*}$ -algebra $A$ has the
property if for every subgroup $G\subset K_{0}(A)$ such that $G\cap K_{0}^{+}(A)=\{0\}$
there exists an embedding : $A=C$ , where $C$ is also $QD$ , such that
$K_{0}$

$\rho$

$\rho_{*}(G)=0$

.

It is not hard to see that if $C$ is a stably finite
-algebra and $p\in C$
is a nonzero projection then
must be a nonzero element of $K_{0}(C)$ .
From this remark it follows that the condition $G\cap K_{0}^{+}(A)=\{0\}$ is
necessary. Hence the
-embedding property states that this condition
is also suﬃcient.
$C^{*}$

$[p]$

$K_{0}$
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-embedding property.
A number of $QDC^{*}$ -algebras have the
For example, commutative
-algebras, $AF$ algebras ([Sp, Lem. 1.14]),
$AF$
algebras by ([Brl, Thm. 5.5]) and simple nucrossed products of
-algebras with unique $trace$ .
clear unital
embedding
Our next goal is to connect the $QD$ extension and
properties. But we first need a simple lemma.
$K_{0}$

$C^{*}$

$\mathbb{Z}$

$C^{*}$

$K_{0}$

Lemma 4.5. Let $C$ be a hereditary subalgebra of a unital
algebra D. If $C$ has an approximate unit consisting of projections and
$K_{0}(D)$ has cancellation then the inclusion $C=D$ induces an injective
map $K_{0}(C)=K_{0}(D)$ .
$C^{*}-$

By cancellation we mean that if , $q\in M_{n}(D)$ are projections
with $[p]=[q]$ in $K_{0}(D)$ then there exists a partial isometry $v\in M_{n}(D)$
such that $vv^{*}=p$ and $v^{*}v=q$ .
Let $x=[p]-[q]\in K_{0}(C)$ be an element such that $x=0\in K_{0}(D)$ .
, we may assume
Since $C$ has an approximate unit of projections, say
for suﬃciently
that and are projections in
large and . Since $[p]=[q]$ in $K_{0}(D)$ and this group has cancellation
we can find a partial isometry $v\in M_{n}(D)$ such that $vv^{*}=p$ and $v^{*}v=q$ .
We claim that actually $v\in M_{n}(C)$ (which will evidently prove the
lemma). To see this we first note that $v=vv^{*}(v)v^{*}v=pvq$ and hence

Proof.

$p$

$\{e_{\lambda}\}$

$p$

$(e_{\lambda}\otimes 1)C\otimes M_{n}(\mathbb{C})(e_{\lambda}\otimes 1)$

$q$

$\lambda$

$n$

$v=pvq=(e_{\lambda}\otimes 1)pvq(e_{\lambda}\otimes 1)=(e_{\lambda}\otimes 1)v(e_{\lambda}\otimes 1)$

Hence

$v\in(e_{\lambda}\otimes 1)D\otimes M_{n}(\mathbb{C})(e_{\lambda}\otimes 1)$

$C\otimes M_{n}(\mathbb{C})$

is hereditary in

. But since

$D\otimes M_{n}(\mathbb{C})$

$C$

.

is hereditary in

$D$

,

and thus

$v\in(e_{\lambda}\otimes 1)D\otimes M_{n}(\mathbb{C})(e_{\lambda}\otimes 1)\subset C\otimes M_{n}(\mathbb{C})$

.
$\square $

Proposition 4.6. Let $A$ be a separable $QDC^{*}$ -algebra. Then
satisfifies the $QD$ extension property if and only if A satisfifies the
embedding property.

$A$

$K_{0^{-}}$

We begin with the easy direction. Assume that $A$ has the
$QD$ extension property and let $G\subset K_{0}(A)$ be a subgroup such that
$G\cap K_{0}^{+}(A)=\{0\}$ . Since abelian
-algebras satisfy the UCT we can
construct an extension

Proof.

$C^{*}$

0–

$\mathcal{K}\otimes A\rightarrow E\rightarrow\oplus_{\mathbb{N}}C(T)\rightarrow 0$

,

. But since $A$ has the $QD$
such that
extension property $E$ must be a $QDC^{*}$ -algebra. Thus the six-term K-embedding property
theory exact sequence implies that $A$ has the
$E$
(i.e. the embedding into
will work).
$\partial(K_{1}(\oplus_{\mathbb{N}}C(T)))=\partial(\oplus_{\mathbb{N}}\mathbb{Z})=G$

$K_{0}$

of quasidiagonal

Extensions

Conversely, assume that

$A$

$C^{*}$

has the

-algebras and
$K_{0}$

$K$
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-embedding property and let

$0\rightarrow \mathcal{K}\otimes A\rightarrow E\rightarrow B\rightarrow 0$

be a short exact sequence where $B$ is separable, nuclear, $QD$ , satisfies
the UCT and $E$ is stably finite.
Let $G=\partial(K_{1}(B))\subset K(\mathcal{K}\otimes A)\cong K_{0}(A)$ . Since $E$ is stably finite,
$G\cap K_{0}^{+}(A)=\{0\}$ . By the
-embedding property we can find a $QD$
-algebra $C$ and an embedding : $A=C$ such that $\rho_{*}(G)=0$ . Since
$A$ is
separable we may assume that $C$ is also separable. Indeed $K_{0}(A)$
(and hence $G$ ) is countable. Thus it only takes a countable number of
.
projections and partial isometries in matrices over $C$ to kill oﬀ
$C$
is
From this observation it is easy to see that we may assume that
also separable.
Let : $C=\Pi_{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$ be an embedding (the existence of
which is ensured by the separability of $C$ ) as in the proof of Proposibe the hereditary subalgebra genertion 3.3. Let
. Since
has real rank zero and stable
ated by
rank one it follows from Lemma 4.5 that the inclusion $J=\Pi_{i}M_{n_{i}}(\mathbb{C})+$
induces an injective map $K_{0}(J)=K_{0}(\square _{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H))$ . Since
$G$ is in the kernel of the $K$ -theory map induced by the embedding
:
it follows that $G$ is also in the ker:
. But
nel of the $K$ -theory map induced by the embedding
the embedding into is approximately unital by construction and so we
get a commutative diagram
$K_{0}$

$C^{*}$

$\rho$

$\rho_{*}(G)$

$\pi$

$J\subset\square _{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$

$\pi\circ\rho(A)$

$\square _{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$

$\mathcal{K}(H)$

$A\rightarrow\Pi_{i}M_{n_{i}}(\mathbb{C})+\mathcal{K}(H)$

$\pi\circ\rho$

$\pi o\rho$

$A\rightarrow J$

$J$

$ 0\rightarrow \mathcal{K}\otimes A\rightarrow$

$E$

$\rightarrow B\rightarrow 0$

$\downarrow$

$\downarrow$

$||$

$0\rightarrow \mathcal{K}\otimes J\rightarrow E(\eta)\rightarrow B\rightarrow 0$

,

where is the induced Busby invariant and the two vertical maps on
the left are injective.
Now we are done since naturality of the boundary map implies that
is zero and hence $E(\eta)$ is
the homomorphism :
$QD$ by Theorem 3.4.
We now wish to point out a connection between extensions of $QD$
-algebras and another very natural $K$ -theoretic question. For brevity,
is $ccp$ if it is contractive and completely
we say a linear map :
positive ([Pa]). We recall a theorem of Voiculescu.
$\eta$

$\partial$

$K_{1}(B)\rightarrow K_{0}(\mathcal{K}\otimes J)$

$\square $

$C^{*}$

$A\rightarrow B$

$\varphi$

-algebra.
Theorem 4.7. [ $Vol$ , Thm. 1] Let $A$ be a separable
$A$
$QD$
multiplicative,
asymptotically
an
only
and
exists
Then is
if
if there
:
asymptotically isometric sequence of $ccp$ maps
for
$C^{*}$

$\varphi_{n}$

$A\rightarrow M_{k_{n}}(\mathbb{C})$
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some sequence
and

of natural numbers
for all , $b\in A$ ).

$k_{n}(i.e.$

$||\varphi_{n}(a)||\rightarrow||a||$

$||\varphi_{n}(ab)-\varphi_{n}(a)\varphi_{n}(b)||\rightarrow 0$

$a$

Given this abstract characterization of $QDC^{*}$ -algebras it is natural to ask how well these approximating maps capture the relevant
$K$ -theoretic data.
-HahnDefinition 4.8. Say that a $QDC^{*}$ -algebra $A$ has the
$\mathbb{Z}x\cap
K_{0}^{+}(A)=\{0\}$
,
Banach property if for each $x\in K_{0}(A)$ such that
$\mathbb{Z}x=\{kx
:
k\in
\mathbb{Z}\}$
, there exists a sequence of asymptotically
where
:
multiplicative, asymptotically isometric $ccp$ maps
such that $(\varphi_{n})_{*}(x)=0$ for all large enough.
$K_{0}$

$\varphi_{n}$

$A\rightarrow M_{k_{n}}(\mathbb{C})$

$n$

It is easy to see that if $y\in K_{0}(A)$ and there exists a nonzero integer
such that $ky\in K_{0}^{+}(A)$ then for every asymptotically multiplicative,
:
we
asymptotically isometric sequence of $ccp$ maps
$(\varphi_{n})_{*}(y)<0$
(if $k<0$ ), for all suﬃhave $(\varphi_{n})_{*}(y)>0$ (if $k>0$ ) or
-Hahn-Banach property states that one
ciently large . Hence this
$x\in
K_{0}(A)$
can separate elements
such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ from (finite subsets of) the positive cone using finite dimensional approximate
morphisms.
Another way of thinking about this property is that $A$ has the
Hahn-Banach property if and only if finite dimensional approximate
morphisms determine the order on $K_{0}(A)$ to a large extent. A more
precise formulation is contained in the next proposition (not needed for
the rest of the paper).
$k$

$\varphi_{n}$

$A\rightarrow M_{k_{n}}(\mathbb{C})$

$K_{0}$

$n$

$K_{0^{-}}$

-Hahn-Banach property is equivalent to
Proposition 4.9. The
the following property: If $x\in K_{0}(A)$ and for every sequence of asymp:
totically multiplicative, asymptotically isometric $ccp$ maps
then there exists
we have that $(\varphi_{n})_{*}(x)>0$ for all large
$kx\in
K_{0}^{+}(A)$
.
positive integer such that
$K_{0}$

$ A\rightarrow$

$\varphi_{n}$

$n$

$M_{k_{n}}(\mathbb{C})$

$a$

$k$

We first show that the (contrapositive of the) second property
-Hahn-Banach property. So assume we are
above follows from the
given an element $x\in K_{0}(A)$ and assume that there is no positive integer
such that $kx\in K_{0}^{+}(A)$ . We must exhibit a sequence of asymptotically
:
multiplicative, asymptotically isometric $ccp$ maps
such that
for all suﬃciently large . There are two cases.
such that $kx\in K_{0}^{+}(A)$ then
If there exists a negative integer
we have $(\varphi_{n})_{*}(x)<0$ for all
for every sequence
:
suﬃciently large
(see the discussion following definition 4.7). The
second case is if $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ . This case is obviously handled by
the
-Hahn-Banach property.

Proof.

$K_{0}$

$k$

$\varphi_{n}$

$(\varphi_{n})_{*}(x)\leq 0$

$n$

$k$

$\varphi_{n}$

$n$

$K_{0}$

$A\rightarrow M_{k_{n}}(\mathbb{C})$

$A\rightarrow M_{k_{n}}(\mathbb{C})$
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Now we show how the second property above implies the
-HahnBanach property. So let $x\in K_{0}(A)$ be such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ .
the second property implies
Since no positive multiple of is in
:
such that
that we can find some sequence
for all suﬃciently large . Similarly, since no positive multiple of
$-x$ is in $K_{0}^{+}(A)$ we can find a sequence
:
such that
$(\psi_{n})_{*}(x)\geq 0$ for all suﬃciently large
. If either of
or
contains a subsequence with equality at 0 then we are done so we assume
that $(\varphi_{n})_{*}(x)=-s_{n}<0$ and $(\psi_{n})_{*}(x)=t_{n}>0$ for all (suﬃciently
large) . It is now clear what to do: we simply add up appropriate
and
so that these positive and negative
numbers of copies of
ranks cancel. More precisely we define maps
$K_{0}$

$K_{0}^{+}(A)$

$x$

$\varphi_{n}$

$0$

$(\varphi_{n})_{*}(x)\leq$

$A\rightarrow M_{k_{n}}(\mathbb{C})$

$n$

$\psi_{n}$

$A\rightarrow M_{j_{n}}(\mathbb{C})$

$\{\varphi_{n}\}$

$n$

$\{\psi_{n}\}$

$n$

$\varphi_{n}$

$\psi_{n}$

$\Phi_{n}=(\oplus_{1}t_{n}\varphi_{n})\oplus(\oplus_{1}\psi_{n})s_{n}$

and regard these maps as taking values in the
matrices.

Proposition 4.10. If a separable
extension property or, equivalently, the
also has the
-Hahn-Banach property.

$(t_{n}k_{n}+s_{n}j_{n})\times(t_{n}k_{n}+s_{n}j_{n})\square $

-algebra $A$ has the $QD$
-embedding property then $A$

$QDC^{*}$
$K_{0}$

$K_{0}$

-embedding property and we are given
Assume that $A$ has the
$x\in K_{0}(A)$ such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ , where $\mathbb{Z}x=\{kx : k\in \mathbb{Z}\}$ .
By the
-embedding property we can find an embedding : $A=C$ ,
$C$
where is $QD$ and $\rho_{*}(x)=0$ . As in the proof of Proposition 4.6 we may
assume that $C$ is also separable. But then take any asymptotically multiplicative, asymptotically isometric sequence of contractive completely
:
positive maps
and we get that $(\varphi_{n}o\rho)_{*}(x)=0$ for
all suﬃciently large .
We do not know if the converse of the previous proposition holds.
However our final result will complete the circle for the class of nuclear
-algebras. Moreover, the next theorem also states that in order to
prove that every separable, nuclear, $QDC^{*}$ -algebra has any of the properties we have been studying, it actually suﬃces to consider very special
-embedding problem.
cases of either the $QD$ extension problem or

Proof.

$K_{0}$

$K_{0}$

$\rho$

$\varphi_{n}$

$C\rightarrow M_{k_{n}}(\mathbb{C})$

$\square $

$n$

$C^{*}$

$K_{0}$

Theorem 4.11. The following statements are equivalent.
1. Every separable, nuclear, $QDC^{*}$ -algebra has the $QD$ extension
property.
embedding
2. Every separable, nuclear, $QDC^{*}$ -algebra has the
property.
$K_{0}$
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-Hahn3. Every separable, nuclear, $QDC^{*}$ -algebra satisfifies the
Banach property.
4. If $A$ is any separable, nuclear, $QDC^{*}$ -algebra and $x\in K_{0}(A)$
is such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ then there exists an embedding
: $A=C$ , where $C$ is $QD$ (but not necessarily separable or
nuclear), such that $\rho_{*}(x)=0$ .
5. If $A$ is any separable, nuclear, $QDC^{*}$ -algebra and $x\in K_{0}(A)$
is such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ then there exists a short exact
where $E$ is $QD$ and
sequence
$K_{0}$

$\rho$

$O\rightarrow \mathcal{K}\otimes A\rightarrow E\rightarrow C(T)\rightarrow 0$

$x\in\partial(K_{1}(C(T)))=\partial(\mathbb{Z})$

.

Proof. The proof of Proposition 4.6 carries over verbatim to show the
equivalence of 1 and 2. That proof also shows the equivalence of 4 and
5. The previous proposition shows that 2 implies 3 and hence we are
left to show that 3 implies 5 and 4 implies 2.
2. So, let $A$ be any
We begin with the easier implication 4
separable, nuclear, $QDC^{*}$ -algebra and $G\subset K_{0}(A)$ be a subgroup such
that $G\cap K_{0}^{+}(A)=\{0\}$ . As in the proof of Proposition 4.6 we can
construct a short exact sequence
$\Rightarrow$

0–

$\mathcal{K}\otimes A\rightarrow E\rightarrow\oplus_{1}C(T)\rightarrow 0$

,

. We will prove that $E$ is
such that
, this will show 2.
and, by exactness of
For each there is a short exact sequence
$\partial(K_{1}(\oplus_{\mathbb{N}}C(T)))=\partial(\oplus_{\mathbb{N}}\mathbb{Z})=G$

$QD$

$\oplus_{\mathbb{N}}\mathbb{Z}\rightarrow K_{0}(A)\partial\rightarrow K_{1}(E)$

$n$

$n$

0–

$\mathcal{K}\otimes A\rightarrow E_{n}\rightarrow\oplus_{1}c(T)\rightarrow 0$

,

. Note also that each
where each $E_{n}\subset E$ is an ideal and
is nuclear since extensions of nuclear algebras are again nuclear. Since
is
a locally $QD$ algebra is actually $QD$ it suﬃces to show that each
$E$
$QD$ . Since
is stably finite (being a subalgebra of ) we have that the
: $K_{1}(C(T))\rightarrow K_{0}(E_{1})$ takes no positive values. But
boundary map
will
then the proof of Proposition 4.6 shows that if we assume 4 then
be $QD$ . Proceeding by induction we may assume that $E_{n-1}$ is $QD$ . Since
is also stably finite, $E_{n-1}$ is an ideal in
and $E_{n}/E_{n-1}=C(T)$ ,
applying the same argument to the exact sequence
$C(T)\rightarrow 0$ we see that
is also $QD$ .
We now show that $3\Rightarrow 5$ , which will complete the proof. So let $A$
be any separable, nuclear, $QDC^{*}$ -algebra and $x\in K_{0}(A)$ be such that
$E=\overline{\bigcup_{n}E_{n}}$

$E_{n}$

$E_{n}$

$E_{1}$

$\partial$

$E_{1}$

$E_{n}$

$E_{n}$

$ 0\rightarrow E_{n-1}\rightarrow E_{n}\rightarrow$

$E_{n}$
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. Construct a short exact sequence
such that $\partial(1)=x$ . We will show that $E$ must be

$\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$
$E\rightarrow C(T)\rightarrow 0$
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$O\rightarrow \mathcal{K}\otimes A\rightarrow$

$QD$ .

We can use the
-Hahn-Banach property to construct an embed:
such that $\rho_{*}(x)=0$ . Let
ding
.
be the hereditary subalgebra generated by
$C(T)\rightarrow
B(H)$
:
unital
such
that
representation
any
Let
be
faithful
$\pi(C(T))\cap \mathcal{K}(H)=\{0\}$ . We first claim that there is an embedding of $E$
is the unitization of $D$ . Indeed,
into $(\pi(C(T))+\mathcal{K}(H))\otimes\tilde{D}$ , where
is approximately unital we get a
since the embedding :
commutative diagram
$K_{0}$

$ D\subset$

$\mathcal{K}\otimes A\rightarrow Q(\oplus_{i}M_{n_{i}}(\mathbb{C}))$

$\rho$

$Q(\oplus_{i}M_{n_{i}}(\mathbb{C}))$

$\rho(\mathcal{K}\otimes A)$

$\pi$

$\tilde{D}$

$\mathcal{K}\otimes A\rightarrow D$

$\rho$

$0\rightarrow \mathcal{K}\otimes A\rightarrow E\rightarrow C(T)\rightarrow 0$

$\downarrow$

$\downarrow$

$ 0\rightarrow$

$D$

$||$

$\rightarrow F\rightarrow C(T)\rightarrow 0$ ,

is injective. Since $\rho_{*}(x)=0\in$
for some algebra $F$ and the map
$K_{0}(D)$ (by Lemma 4.5) and $K_{1}(D)=0$ (by the proof of Lemma 3.2) it
follows that both boundary maps arising from the sequence
$F\rightarrow C(T)\rightarrow 0$ are zero.
Hence we may appeal to the UCT, add on a
trivial absorbing extension and eventually find an embedding of $F$ into
$E\rightarrow F$

$O\rightarrow D\rightarrow$

$\pi(C(T))\otimes 1+\mathcal{K}(H)\otimes D\subset(\pi(C(T))+\mathcal{K}(H))\otimes\tilde{D}$

.

Since is nuclear it now suﬃces to show that every nuclear subalgebra of $(\pi(C(T))+\mathcal{K}(H))\otimes\tilde{D}$ is $QD$ . Hence, by [Br3, Prop. 8.3] and the
Choi-Eﬀros lifting theorem ([CE]) it suﬃces to show that there exists a
short exact sequence
$E$

$0\rightarrow J\rightarrow C\rightarrow(\pi(C(T))+\mathcal{K}(H))\otimes\tilde{D}\rightarrow 0$

,

where $C$ is $QD$ and contains an approximate unit consisting of projections which is quasicentral in $C$ (i.e. the extension is quasidiagonal).
implies that there
However, this is now trivial since
is a quasidiagonal extension
$J$

$D\subset Q(\oplus_{i}M_{n_{i}}(\mathbb{C}))$

$0\rightarrow\oplus_{i}M_{n_{i}}(\mathbb{C})\rightarrow R\rightarrow\tilde{D}\rightarrow 0$

where
sequence

$R\subset\square _{i}M_{n_{i}}(\mathbb{C})$

. But since

,

$X=\pi(C(T))+\mathcal{K}(H)$

is nuclear the

$0\rightarrow(\oplus_{i}M_{n_{i}}(\mathbb{C}))\otimes X\rightarrow R\otimes X\rightarrow\tilde{D}\otimes X\rightarrow 0$

is exact and since $X$ is unital the extension is also quasidiagonal.
Though Theorem 4.11 is stated for the class of nuclear $QDC^{*}-$
algebras a close inspection of the proof shows that this assumption was
$\square $
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. Hence we also have the following
only used in the proof of 4
-algebras.
result which applies to individual nuclear
$\Rightarrow$

$2$

$C^{*}$

Theorem 4.12. Let $A$ be a separable nuclear
consider the following statements.

$QDC^{*}$

-algebra and

1. A has the QD extension property.
2. A has the
-embedding property.
3. A has the
-Hahn-Banach property.
4. If $x\in K_{0}(A)$ is such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ then there exists
an embedding : $A=C$ , where $C$ is $QD$ (but not necessarily
separable or nuclear), such that $\rho_{*}(x)=0$ .
5. If $x\in K_{0}(A)$ is such that $\mathbb{Z}x\cap K_{0}^{+}(A)=\{0\}$ then there exists
where $E$ is
short exact sequence
$QD$ and $x\in\partial(K_{1}(C(T)))=\partial(\mathbb{Z})$ .
$K_{0}$

$K_{0}$

$\rho$

$a$

$O\rightarrow \mathcal{K}\otimes A\rightarrow E\rightarrow C(T)\rightarrow 0$

Then

$ 1=2\Rightarrow$

$3=4=5$ .

Remark. There is another version of Theorem 4.11 where the class
-algebra
of nuclear
-algebras is replaced by a class $A$ of separable
If
is exact
with the following closure property.
with $A\in A$ and $B$ separable abelian, then $E\in A$ . For instance $A$ can be
the class of all separable
-algebras or the class of all separable exact
-algebras. Then the statements 1-5 of Theorem 4.11 formulated for
-algebras) are related
the class $A$ (rather then for the class of nuclear
$1=2=4=5\Rightarrow
3$
.
as follows:
$C^{*}$

$C^{*}$

$O\rightarrow A\otimes \mathcal{K}\rightarrow E\rightarrow B\rightarrow 0$

$C^{*}$

$C^{*}$

$C^{*}$
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The ideal structure of graph algebras
Jeong Hee Hong

\S 1.

Introduction

For an $n\times n\{0,1\}$ matrix $A=[A(i, j)]$ without zero rows or columns
is defined in [4] as a
the corresponding Cuntz-Krieger algebra
$\{s_{i}|i=1,
\ldots, n\}$ on a Hilbert
algebra generated by partial isometries
. Almost from the start it was
space satisfying
observed [25] that instead of a matrix we can use a directed graph to
encode this data. It took a little bit longer though before it was realized
that graphical approach may be equally successfully applied to infinite
graphs. This extension (cf. [16, 15, 6, 2, 19] and references there) allows
us to study by similar tools and within the same framework objects as
,
, $AF$ algebras, and
diverse as classical Cuntz-Krieger algebras
many other
algebras.
A variety of methods have been employed in the investigations of
graph algebras. The arguments in [16] and several subsequent papers
( $eg$ see [17]) rely heavily on the machinery of groupoids. A diﬀerent
approach is based on the realization of graph algebras as Cuntz-Pimsner
algebras (cf. [18, 13, 7]) corresponding to suitable Hilbert bimodules
over discrete abelian
-algebras. However it may well be that the
direct approach yields the sharpest results (cf. [2, 19]).
The structure of graph algebras is fairly well-known by now. Indeed, after several earlier partial results a criterion for their simplicity
has been found [21] (see also [17]). Their $K$ -theory is readily computable $[19, 23]$ . Their stable rank can be determined from the graph
[5]. A number of other questions, like injectivity of their homomorphisms
(cf. [24]) or direct sum decomposability (cf. [8]) can now be easily answered. Modelling with graph algebras has been employed in the studies
of semiprojectivity (cf. [22, 20]) and pure-infiniteness (cf. [10]).
We begin this article with a brief overview of basic facts about graph
algebras, illustrated with a number of examples. Then we move to our
$C^{*}-$

$O_{A}$

$s_{i}^{*}s_{i}=\sum_{j=1}^{n}A(i, j)s_{j}s_{j}^{*}$

$O_{n}$

$O_{\infty}$

$C^{*}$

$C^{*}$

2000 Mathematics Subject
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Primary

$46L05$ .
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main point of interest, the discussion of the structure of their ideals.
First fundamental results about ideals of Cuntz-Krieger algebras were
obtained in [3]. A complete discussion of the primitive spectrum of a
Cuntz-Krieger algebra corresponding to a finite {0, 1}-matrix (and hence
a finite graph) was later given in [12]. However the ideal structure of
graph algebras corresponding to infinite graphs is much more complicated. Most previously obtained results in this direction dealt with the
case of ideals of row-finite graphs ( such that each vertex emits only
finitely many edges) which are invariant under the canonical gauge action of the circle group [16, 15, 2].
Similar results for row-finite graph algebras were obtained in [13] by
viewing graph algebras as Cuntz-Pimsner algebras of suitable Hilbert bimodules. Very recently a complete description of ideals of all graph algebras has been obtained $[1, 9]$ . That is, all primitive ideals together with
the hull-kernel topology on the primitive spectrum are known. These
results cover the most general countable directed graphs, with no restrictive assumptions whatever. In this article we present without proofs the
description of gauge invariant ideals and then briefly indicate how other
ideals arise. For the complete results, see $[1, 9]$ .
Acknowledgements: I would like to thank Professors Kosaki and
Blackadar for inviting me to participate in the US-Japan Seminar at
Fukuoka. I am grateful to the Korea Science and Engineering Foundation for their financial support. It is also my pleasure to thank all
members of the Mathematics Department at the University of Newcastle, where the final version of this article was completed, for their warm
hospitality during my sabbatical leave stay there.
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\S 2.

Cuntz-Krieger algebras of directed graphs

2.1. Definitions and examples
A directed graph $E$ is a quadruple $(E^{0}, E^{1}, r, s)$ with
the set of
the set of edges, and , :
vertices,
the range and source
function, respectively. In what follows we always assume that both
and
are at most countable.
If $n\geq 1$ then a path of length in $E$ is a sequence $\alpha=(e_{1}, \ldots, e_{n})$
with
and $r(e_{i})=s(e_{i+1})$ for $i=1$ ,
, $n-1$ . Then $s(\alpha)=s(e_{1})$ ,
$r(\alpha)=r(e_{n})$ , and we say that
is a path from
to
. A path
$r(\alpha)=s(\alpha)$
. It is a vertex simple loop if
(of length at least 1) is a loop if
the vertices
are distinct. The loop has no exits if $s^{-1}(s(e_{i}))=\{e_{i}\}$
for $i=1$ ,
, . A vertex is called sink if $ s^{-1}(v)=\emptyset$ .
The following concept of a Cuntz-Krieger $E$ -family for a given directed graph $E$ was introduced in [15].
$E^{0}$

$E^{1}$

$r$

$s$

$E^{1}\rightarrow E^{0}$

$E^{0}$

$E^{1}$

$n$

$\alpha$

$e_{i}\in E^{1}$

$\ldots$

$\alpha$

$s(e_{i})$

$\ldots$

$n$

$v$

$s(\alpha)$

$r(\alpha)$

$\alpha$

The ideal structure

of graph

87

algebras

-algebra
Definition 1. Let $E$ be a directed graph and let $B$ be a
$B$
inside
A Cuntz-Krieger $E$ -family
consists of a collection of
partial isometri es $\{S_{e}\in B|e\in E^{1}\}$ and a collection of projections
$\{P_{v}\in B|v\in E^{0}\}$ such that the following conditions are
satisfified.
$C^{*}$

$\{S_{e}, P_{v}\}$

(G1)
(G1)
(G3)
(G4)

$P_{v}P_{w}=0$
$S_{e}^{*}S_{f}=0$

if
if

$v$

$e\neq f$

$S_{e}^{*}S_{e}=P_{r(\epsilon i)}$

.

$S_{e}S_{e}^{*}\leq P_{s(e)}$

.

(G5)

$\neq w$

.

.

$S_{e}S_{e}^{*}=Pv$

$\sum$

if

,

$v$

emits fifinitely many (and at least one)

$e\in E^{1},s(e)=v$

edges.

The following definition of graph algebras was given in [6].

-algebra $C^{*}(E)$ of a directed graph $E$ is
Definition 2. The
-algebra generated by partial isometries $\{s_{e}|e\in E^{1}\}$ and projections
$\{p_{v}|v\in E^{0}\}$ , which is universal
for Cuntz-Krieger $E$ -families. That
inside a
is, for any Cuntz-Krieger $E$ -family
-algebra $B$ there
: $C^{*}(E)\rightarrow B$ such that
-algebra homomorphism
exists a unique
$e\in
E^{1}$
$\pi_{S,,,P}(s_{e})=S_{e}$
and $\pi_{S,,,P}(p_{v})=P_{v}$ for all $v\in E^{0}$ .
for all
$C^{*}$

$a$

$C^{*}$

$C^{*}$

$\{S_{e}, P_{v}\}$

$C^{*}$

$\pi_{S,,,P}$

with small $s,p$ for
Throughout this article we use symbols
the generators of the
-algebra $C^{*}(E)$ . Universality of graph algebras
implies that there exists a canonical action of the circle group $T$ on
$C^{*}(E)$ , called the gauge action,
$\{s_{e}, p_{v}\}$

$C^{*}$

$\gamma$

$\gamma$

such that

$\gamma_{t}(p_{v})=p_{v}$

Example 3.

$E_{1}$

and

Let

$E_{i},$

:

$T\rightarrow$

Aut(C*(E))

$\gamma_{t}(s_{e})=ts_{e}$

$i=1,2,3$ ,

for all

$v$

$\in E^{0}$

,

$e\in E^{1}$

,

$t\in T$ .

be the following directed graphs.

$E_{3}$

$E_{2}$

$v$

We have $C^{*}(E_{1})\cong M_{2}\otimes C(T)$ and $C^{*}(E_{3})$ is isomorphic to the
Toeplitz algebra generated by a unilateral shift. Also $C^{*}(E_{2})\cong C(T)$
for $n=1$ and $C^{*}(E_{2})\cong O_{n}$ for $n\geq 2$ , including $ n=\infty$ .
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2.2. Basic properties of graph algebras
One of the great advantages of working with graph algebras is the
ease with which we can read all basic properties of these complicated
objects from the underlying graphs. For example, $C^{*}(E)$ is unital if
and only if
is finite. Below we show how to recognize from directed
graphs such properties of the corresponding algebras as Cuntz-Krieger
uniqueness, simplicity, being $AF$ , pure infiniteness, and $K$ -theory.
Since graph algebras are defined via a universal property, it is not too
diﬃcult to construct homomorphisms from these algebras to other
algebras. However, it is usually much more diﬃcult to verify whether
such a homomorphism is injective or not. To this end we often use
the following gauge invariant uniqueness theorem, which essentially says
that the universality in the definition of $C^{*}(E)$ is equivalent to the existence of the gauge action. This result was proved in [2] for row-finite
graphs, and in full generality in [19].
$E^{0}$

$C^{*}-$

Theorem 4. Let $E$ be a directed graph,
be a Cuntz-Krieger
$E$ -family, and
$C^{*}(E)\rightarrow
C^{*}(\{S_{e},
P_{v}\})$
:
be a
-algebra homomorphism such that $\pi_{S,,,P}(s_{e})=S_{e}$ and $\pi_{S,,,P}(p_{v})=P_{v}$ for all $e\in E^{1}$ and all
$v\in E^{0}$
. Suppose that each
is non-zero, and that there is a strongly
$T$
continuous action of on $C^{*}(\{S_{e}, P_{v}\})$ such that
is injective.
for all $t\in T$ . Then
$\{S_{e}, P_{v}\}$

$C^{*}$

$\pi_{S,,,P}$

$P_{v}$

$\beta_{t}\circ\pi_{S,,,P}=\pi_{S,,,P}\circ\gamma_{t}$

$\beta$

$\pi_{S,,,P}$

The classical Cuntz-Krieger uniqueness has also been generalized to
the context of graph algebras. The following result was proved in [16]
for row-finite graphs, and in full generality in [6].
Theorem 5. Let $E$ be a directed graph in which every loop has an
exit. Then for all Cuntz-Krieger $E$ -family
such that each
is diﬀerent from 0, the corresponding
-algebra homomorphism
:
$C^{*}(E)\rightarrow C^{*}(\{S_{e}, P_{v}\})$
(with $\pi_{S,,,P}(s_{e})=S_{e}$ and $\pi_{S,,,P}(p_{v})=P_{v}$ for all
$e\in E^{1}$
$v\in
E^{0})$
,
is an isomorphism.
$\{S_{e}, P_{v}\}$

$P_{v}$

$C^{*}$

$\pi_{S,,,P}$

An easy consequence of Theorem 5 is the uniqueness of the
algebra, generated by a proper isometry ( the classical result due to
Coburn), corresponding to the graph
. A common generalization of
Theorems 4 and 5 is given in [24].
A convenient criterion of simplicity of graph algebras is known [21].
It is formulated in terms of hereditary and saturated sets of vertices,
which also play a crucial role in our description of ideals in the next
section. A subset
is called;
(i) saturated if any $v\in E^{0}$ , emitting finitely many (and at least one)
edges and such that $r(e)\in H$ for all $e\in E^{1}$ with $s(e)=v$ ,
belongs to $H$ ,
$C^{*}-$

$ie$

$E_{3}$

$H\subseteq E^{0}$

(ii) hereditary if

$r(e)\in H$

algebras

of graph
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$e\in E^{1}$

such that
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$s(e)\in H$ .

Theorem 6. Let $E$ be a directed graph. Then $C^{*}(E)$ is simple
and only if the following two conditions are satisfified.
1. All loops in $E$ have exits.
.
are and
2. The only hereditary and saturated subsets of
$E^{0}$

if

$E^{0}$

$\emptyset$

The graphs $E_{2}(n\geq 2)$ satisfy the conditions of Theorem 6, thus
are simple. But the Toeplitz alCuntz algebras $O_{n}(n\geq 2)$ and
has a nontrivial proper hereditary and
gebra is not, since the graph
. Earlier partial results in this direction may be
saturated subset
found in [4, 16, 7, 6, 2]. A diﬀerent (based on the groupoid approach)
of an equivalent simplicity criterion has been recently found in [17].
It turns out that all simple graph algebras are either $AF$ or purely
infinite (cf. [15, 2, 19]). In fact, $C^{*}(E)$ is $AF$ if and only if $E$ has no
loops, and $C^{*}(E)$ is purely infinite in the sense of [15] (but not necessarily
simple) if and only if all loops in $E$ have exits and every vertex connects
to a loop by a directed path (cf. [15, 2, 10]).
The $K$ -theory of graph algebras is readily computable by the Cuntz
method. Namely, the crossed product of $C^{*}(E)$ by the gauge action of
the circle group $T$ is known as an $AF$-algebra ([14, 19]). Thus $C^{*}(E)$ is
stably isomorphic to a crossed product of an $AF$ -algebra by an action
(dual to the gauge action), which allows us to apply
of the integers
the Pimsner-Voiculescu exact sequence.
The following thoerem was obtained in [19] for row-finite graphs,
and then extended to the directed graphs with finitely many edges in
[22]. These and several other results about the $K$ -theory of graph or
Cuntz-Krieger algebras are all based on the original calculation in [3].
$O_{\infty}$

$E_{3}$

$\{v\}$

$Z$

Theorem 7. Let $E$ be a directed graph and let $V$ denote the collection of all those vertices which emit at least one but at most fifinitely
many edges. Let $ZV$ and $ZE^{0}$ be free abelian groups on free generators
$V$ and
, respectively. Then
$E^{0}$

$K_{0}(C^{*}(E))\cong coker(\triangle_{E})$

where

$\triangle_{E}$

:

$ZV\rightarrow ZE^{0}$

is the map

and

$K_{1}(C^{*}(E))\cong ker(\triangle_{E})$

defifined

,

as

$\triangle_{E}(w)=\sum_{e\in E^{1},s(e)=w}r(e)-w$

.

groups of graph algebras must
It follows from Theorem 7 that
only restriction. Namely, for
is
the
be free abelian. It turns out that this
with
free abelian, there
,
any pair of countable abelian groups
$K_{1}$

$A_{0}$

$A_{1}$

$A_{1}$
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exists a stable, purely infinite and simple graph algebra $C^{*}(E)$ such that
$K_{i}(C^{*}(E))\cong A_{i}$ for $i=0,1$ $[23]$ .
An easy way to check criterion for
stability of graph algebras is given in [8].
Note that all graph algebras are separable according to our definition, since we only deal with countable graphs. All of them are also
nuclear and satisfy the Universal Coeﬃcient Theorem. Therefore purely
infinite and simple algebras $C^{*}(E)$ serve as convenient models of a large
subclass of the classifiable algebras. This fact has been recently exploited
finitely genin [22] and [20] to show that all Kirchberg algebras with
erated and
finitely generated free abelian are semiprojective.
$K_{0}$

$K_{1}$

\S 3.

Ideals of graph algebras

In this section we present the ideal structure of graph algebras. We
focus primarily on gauge invariant ideals of $C^{*}(E)$ such that $\gamma_{t}(J)=J$
for all $t\in T$ . We begin by recalling the classification of gauge invariant
ideals for algebras of row-finite graphs. Then we discuss the general case
of arbitrary graphs, and conclude with a brief indication of how other
ideals,
non gauge invariant ideals, arise.
$J$

$ie$

3.1. Gauge invariant ideals
3.1.1. Row-fifinite directed graphs It turns out that that gauge invariant ideals of algebras of row-finite graphs are in a one-to-one correspondence with hereditary and saturated sets of vertices. For a directed
graph $E$ we denote by
the collection of all hereditary and saturated
. If
subsets of
then We denote by
the smallest hereditary and saturated subset of
containing $X$ . If is a closed two-sided
ideal of $C^{*}(E)$ then we define $V_{J}:=\{v\in E^{0}|p_{v}\in J\}$ . It is easy to
see that
is hereditary and saturated. For a hereditary and saturated
set
we define
to be the closed two-sided ideal of $C^{*}(E)$
generated by $\{p_{v}|v\in K\}$ .
The following theorem is given in [2]. Its earlier versions, with some
additional restrictions on the underlying directed graphs, are in [4, 13,
16].
$\Sigma_{E}$

$E^{0}$

$X\subseteq E^{0}$

$\Sigma(X)$

$E^{0}$

$J$

$V_{J}$

$K\subseteq E^{0}$

$J_{K}$

Theorem 8. If $E$ is a row-fifinite directed graph then there is
one-to-one correspondence between the collecti on of closed, two-sided,
gauge invariant ideals of $C^{*}(E)$ and
and
.
, via

$a$

$\Sigma_{E}$

$J\rightarrow V_{J}$

$J_{K}\leftarrow K$

The key fact used in the proof of Theorem 8 is that for a gauge invariant ideal of $C^{*}(E)$ the quotient $C^{*}(E)/J$ is again a graph algebra,
corresponding to the graph obtained by restriction of $E$ to
.
It is also possible to identify those directed graphs $E$ such that all
ideals of $C^{*}(E)$ are gauge invariant. For Cuntz-Krieger algebras of finite
$J$

$E^{0}\backslash V_{J}$

The ideal structure
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{0, 1}-matrices, this situation is captured by condition

91

of Cuntz. Its
analogue for row-finite graphs was introduced in [16] by the so-called
condition $K$ (an analogue of Cuntz’s condition $II$ ). Condition $K$ relies on either none or at least two distinct
quires that any vertex in
vertex simple loops. If a row-finite graph $E$ satisfies condition $K$ then
all ideals of $C^{*}(E)$ are automatically gauge invariant, and consequently
Theorem 8 describes all ideals of $C^{*}(E)$ in this case.
$II$

$E^{0}$

Example 9. The graph $E$ below satisfifies condition K. Thus
, we have
gives all ideals of $C^{*}(E)$ . Since
(compact operators on a separable Hilbert space) is the only nontrivial
ideal of $C^{*}(E)$ . Note that the quotient $C^{*}(E)/J_{\{w\}}$ is isomorphic to
$C^{*}(E_{2})$
.
(with $n=2$ ), which is Cuntz algebra
$\Sigma_{E}$

$\Sigma_{E}=\{\emptyset, \{w\}, E^{0}\}$

$J_{\{w\}}\cong \mathcal{K}$

$O_{2}$

$w$

Unfortunately, even for graphs as simple as
or
Theorem 8
does not give the full description of ideals. The reason is that non gauge
invariant ideals are present.
3.1.2. The general case We now give a brief outline of the results
obtained recently by the author in collaboration with the group from
the University of Newcastle. Proofs of these results will be published in
[1].
Unlike in the previously discussed much simpler case of row-finite
graphs, the collection of hereditary and saturated subsets is not suﬃcient
to describe all gauge inariant ideals in general. In order to do this we
must first understand quotients of graph algebras by gauge invariant
ideals. We first introduce the notion of the quotient graph.
be a hereditary
Let $E$ be an arbitrary directed graph and let
and saturated subset. We denote by
the collection of all those
$s^{-1}(v)\cap
r^{-1}(K)$
vertices
is infinite and $ s^{-1}(v)\cap$
such that
is finite and non-empty. We then define the quotient graph
$E/K$ as follows.
$E_{1}$

$E_{3}$

$K\subseteq E^{0}$

$fK_{\infty}^{ifin}$

$v\in E^{0}\backslash K$

$r^{-1}(E^{0}\backslash K)$

,

$(E/K)^{0}$

$=$

$(E^{0}\backslash K)\cup\{\beta(v)|v\in fK_{\infty}^{ifin}\}$

$(E/K)^{1}$

$=$

$r^{-1}(E^{0}\backslash K)\cup\{\beta(e)|e\in E^{1}, r(e)\in fK_{\infty}^{ifin}\}$

,
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is just a symbol
with $s(\beta(e))=s(e)$ and $r(\beta(e))=\beta(r(e))$ . The
$e\in
E^{1}$ from the
$v\in
E^{0}$
and an edge
helping to distinguish a vertex
in $E/K$ , respectively. Note
extra vertex
and the extra edge
$E$
, and this is always the case
if
that $E/K$ is a subgraph of
when $E$ is row-finite.
$\beta$

$\beta(e)$

$\beta(v)$

$fK_{\infty}^{ifin}=\emptyset$

Example 10. Let $E$ be the graph below. It is assumed here that
$K\in\Sigma_{E}$ and
emits infifinitely many edges into K. We have
and the quotient graph $E/K$ looks as follows.
$fK_{\infty}^{ifin}=\{v\}$

$v$

$E/K$
$\sim\backslash K$

$\backslash $

$v$

$w$

$//|$

.

.
.

$\cdot$

$\backslash $

$\backslash $

$\sim-/$
$\beta_{0}(v)$

The following lemma provides a key tool for analyzing gauge invariant ideals of arbitrary graph algebras.

Lemma 11. Let $E$ be a directed graph and let
there is a natural isomorphism
$C^{*}(E)/J_{K}\cong C^{*}(E/K)$

$K\in\Sigma_{E}$

.

Then

.

. We define
as the closed
Now let $K\in\Sigma_{E}$ and
and $\{p_{v}-q_{v}|v\in X\}$ , where
two-sided ideal of $C^{*}(E)$ generated by
$q_{v}=\sum_{s(e)=v,r(e)\not\in K}s_{e}s_{e}^{*}$ is a subprojection of
. As a special case we
have
, which always occurs in row-finite graphs. Clearly the
the collection of all
ideal
is gauge invariant. We denote by
.
subsets of
$X\subseteq fK_{\infty}^{ifin}$

$J_{K,,,X}$

$J_{K}$

$p_{v}$

$J_{K,,,\emptyset}=J_{K}$

$\wp(fK_{\infty}^{ifin})$

$J_{K,,,X}$

$fK_{\infty}^{ifin}$

Theorem 12. If $E$ is an arbitrary directed graph then there is
and the colone-to-one correspondence between
lection of all closed, two-sided gauge invariant ideals of $C^{*}(E)$ , given by
the map
$a$

$\bigcup_{K\in\Sigma_{E}}\{K\}\times\wp(fK_{\infty}^{ifin})$

$(K, X)\mapsto J_{K,,,X}$

.

Theorem 8 is then an immediate consequence of Theorem 12.
Lemma 11 says that quotients of graph algebras by gauge invariant ideals are themselves graph algebras. Thus, in order to describe
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primitive gauge invarinat ideals it suﬃces to know what graphs $E$ result
algebra by a
in primitive algebras $C^{*}(E)$ , since the quotient of a
primitive ideal is a primitive
-algebra. We have the following.
$C^{*}$

$C^{*}$

Proposition 13. If $E$ is an arbitrary directed graph then $C^{*}(E)$
is primitive if and only if $E$ satisfifies the following two conditions.
1. All loops in $E$ have exits.
2.
for any , $w\in E^{0}$ .
$\Sigma(v)\cap\Sigma(w)\neq\emptyset$

$v$

We remark that an easy double application of Lemma 11 gives an
isomorphism
$C^{*}(E)/J_{K,,,X}\cong C^{*}((E/K)/\beta(X))$ ,
. Thus, combining Theorem 12 with
for all $K\in\Sigma_{E}$ and
Proposition 13 we get a criterion of primitivity of gauge invariant ideals
of $C^{*}(E)$ is primitive if
of $C^{*}(E)$ . Namely, a gauge invariant ideal
and only if the quotient graph $(E/K)/\beta(X)$ satisfies the conditions of
Proposition 13.
$X\subseteq fK_{\infty}^{ifin}$

$J_{K,,,X}$

3.2. Other idelas
In many cases, the graph algebra $C^{*}(E)$ may contain non gauge inis the
,
variant ideals. For example, since
only nontrivial gauge invariant ideal of $C^{*}(E_{3})$ . However, since the quowith $n=1$ , $ C^{*}(E_{3})/J_{\{w\}}\cong C^{*}(E_{3}/\{w\})\cong$
tient graph $E_{3}/\{w\}$ is
$C(T)$ and consequently we see that $C^{*}(E_{3})$ contains a circle of non gauge
invariant primitive ideal.
For an arbitrary directed graph $E$ it may be shown that all non gauge
invariant primitive ideals arise essentially in the same way as described
be a non gauge invariant
in the preceding paragraph. Namely, let
$C^{*}(E)$
. Then there exists a unique maximal gauge
primitive ideal of
$C^{*}(E)$
contained in . Furthermore, the quotient
invariant ideal
of
$C^{*}(E)/J’$ is isomorphic to $C^{*}(F)$ for a suitable graph $F$ . It is that $F$
must contain a unique vertex simple loop with no exits in $F$ and that
the ideal corresponds to a point on that loop.
A complete discussion of all primitive ideals of $C^{*}(E)$ for an arbitrary directed graph $E$ , including the hull-kernel topology on the primitive spectrum, are presented in articles $[1, 9]$ .
$\Sigma_{E_{3}}=\{\emptyset, \{w\}, E^{0}\}$

$J_{\{w\}}\cong \mathcal{K}$

$E_{2}$

$J$

$J’$

$J$

$J$
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Stable rank and real rank of graph

$C^{\star}$

-algebras

Ja A Jeong
Abstract.
For any row finite directed graph $E$ there exists a universal
algebra $C^{*}(E)$ ([KPR, KPRR]) generated by projections and partial
isometries satisfying the Cuntz-Krieger $E$ -relations. This class of
graph algebras includes the Cuntz-Krieger algebras and all $AF$ algebras up to stable isomorphisms([D]). In this paper we give conditions
for $E$ under which the algebra $C^{*}(E)$ has stable rank one or real rank
-algebra is either $AF$ or purely infinite, hence
zero. A simple graph
it is always extremally rich. We discuss the extremal richness of some
-algebras and present several examples of prime ones with
graph
finitely many closed ideals.
$C^{*}-$

$C^{*}$

$C^{*}$

\S 1.

Introduction

As a generalization of Cuntz-Krieger algebras, a class of -algebras
generated by projections and partial isometries subject to the relations
determined by directed graphs has been studied in [KPRR], [KPR] and
-algebras Since
later in [BPRS], and these algebras are called graph
they are basically generated by partial isometries and projections one
may expect that most of them must have real rank zero like $AF$ algebras
-algebra for a row
or Cuntz algebras. In fact if the associated graph
$E$
$C^{*}(E)$
always has real rank zero since it is
finite graph is simple then
$AF$
either
or purely infinite ([KPR]). On the other hand, the Toeplitz
-algebra but its real rank is not zero,
algebra can occur as a graph
hence we want to know when the graph algebra has real rank zero. We
will answer the question in terms of the loop structure of a graph in
Theorem 3.2 and Theorem 3.4.
algebra $A$ is said to be infifinite if
Recall that a projection in a
it is Murray-von Neumann equivalent to its proper subprojection. We
algebra $A$ infifinite if the unit projection is infinite, and
call a unital
fifinite otherwise. An infinite -algebra whose every nonzero hereditary
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$p$

$C^{*}$

$C^{*}$

$C^{*}$

2000 Mathematics Subject
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subalgebra contains an infinite projection is called purely infifinite. If
algebra $A$ has stable rank one ( $sr(A)=1$ , see [Rf]), that
a unital
of all invertible elements is dense in $A$ , then one can
is, the set
see that $A$ should be finite. All $AF$ -algebras ([Rf]), irrational rotation
algebras([Pt]) are those known to have stable rank one. We will give a
suﬃcient and necessary condition for a graph $E$ that $C^{*}(E)$ has stable
rank one in Theorem 3.1.
As an attempt to extend notions and results for finite
-algebras to
infinite cases Brown and Pedersen ([BP2]) considered the quasi-invertible
elements
in a unital
algebra $A$ and call $A$ extremally rich if the
set
is dense in $A$ since it turns out in [BP2] that this condition is
equivalent to say that the closed unit ball
contains enough extreme
points so that the convex hull of its extreme points coincides with the
;
whole
conv((A))=
,
$C^{*}$

$A^{-1}$

$C^{*}$

$C^{*}$

$A_{q}^{-1}$

$A_{q}^{-1}$

$A_{1}$

$A_{1}$

$A_{1}$

where
denotes the extreme points of
. Since
for any
$A$
$A$
unital
we see that a unital
with $sr(A)=1$
algebra
algebra
extremally
rich.
is always
On the other hand it is a nontrivial fact that
purely infinite simple
-algebras (for example, Cuntz algebras) are also
extremally rich (see [LO], [Pd]). Therefore a simple graph
algebra is
always extremally rich. Recall that a graph
algebra $C^{*}(E)$ is simple if
$E$
and only if is cofinal and satisfies condition (L). We show the cofinality
of a graph $E$ is in fact a suﬃcient condition for the algebra $C^{*}(E)$ to
be extremally rich and also provide an example of non-extremally rich
prime graph
-algebra that has only three proper ideals and has real
rank zero.
$A_{1}$

$\mathcal{E}(A)$

$C^{*}$

$A^{-1}\subset A_{q}^{-1}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

\S 2.

Preliminaries

We recall definitions and results from [KPR], [KPRR], and [BPRS]
on directed graphs and graph
-algebras. A directed graph $E=(E^{0},$
,
(or simply $E=(E^{0}$ ,
)) consists of countable vertices
,
, edges
$E$
range,
source
:
maps
and the
.
,
is row fifinite if each vertex $v\in E^{0}$ emits at most finitely many edges, and a row finite graph is
locally fifinite if each vertex receives only finitely many edges. If ,
,
$(n \geq 2)$ are edges with $r(e_{i})=s(e_{i+1})$ , $1\leq i\leq n-1$ , then one can form
a (finite) path $\alpha=(e_{1}, \ldots, e_{n})$ of length $|\alpha|=n$ , and extend the maps
, by $r(\alpha)=r(e_{n})$ , $s(\alpha)=s(e_{1})$ . Similarly one can think of infinite
paths.
Let
be the set of all finite paths of length
(so vertices in
are regarded as finite paths of length zero) and let
be the set of all
$E^{1}$

$C^{*}$

$r$

$E^{1}$

$s)$

$E^{1}$

$E^{0}$

$r$

$s$

$E^{1}\rightarrow E^{0}$

$e_{1}$

$r$

$\ldots$

$e_{7l}$

$s$

$E^{r\iota}$

$n$

$E^{*}$

$E^{0}$

Stable rank and real rank

of graph

$C^{*}$

99

-algebras

finite paths, and
the set of infinite paths. A vertex $v\in E^{0}$ with
is called a sink.
For a row finite directed graph $E$ , a Cuntz-Krieger $E$ -family consists
of mutually orthogonal projections $\{P_{v}|v\in E^{0}\}$ and partial isometries
$\{S_{e}|e\in E^{1}\}$ satisfying the Cuntz-Krieger relations
$E^{\infty}$

$ s^{-1}(v)=\emptyset$

$S_{e}^{*}S_{e}=P_{r(e)}$

,

$e\in E^{1}$

, and

$P_{v}=$

$\sum S_{e}S_{e}^{*}$

,

$v\in s(E^{1})$

.

$s(e)=v$

From these relations, it can be shown that every non-zero word in
for some ,
and
reduces to a partial isometry of the form
with $r(\alpha)=r(\beta)$ ([KPR], Lemma 1.1).
$\alpha$

$S_{\alpha}S_{\beta}^{*}$

$S_{f}^{*}$

$S_{e}$

,

$P_{v}$

$\beta\in E^{*}$

Theorem 2.1. ([KPR]) Theorem 1.2) For a row fifinite directed
-algebra $C^{*}(E)$ generated by
graph $E=(E^{0}, E^{1})$ , there exists a
Cuntz-Krieger $E$ -family $\{s_{e},p_{v}|v\in E^{0}, e\in E^{1}\}$ of non-zero elements
such that for any Cuntz-Krieger $E$ -family $\{S_{e)}P_{v}|v\in E^{0}e)\in E^{1}\}$ of
partial isometries acting on a Hilbert space $H$ , there existsa representation : $C^{*}(E)\rightarrow B(H)$ such that
$C^{*}$

$a$

$\pi$

$\pi(s_{e})=S_{e}$

for

all

$e\in E^{1}$

, and

$\pi(p_{v})=P_{v}$

, $v\in E^{0}$ .

Let $\{s_{e)}p_{v}|e\in E^{1}, v\in E^{0}\}$ be a Cuntz-Krieger $E$ -family genwe have anerating the
-algebra $C^{*}(E)$ . Then for each
$E$
$\{zs_{e},p_{v}|e\in
E^{1},
v\in
E^{0}\}$
in $C^{*}(E)$ ,
other Cuntz-Krieger -family
and by the universal property of $C^{*}(E)$ there exists an isomorphism
. In fact,
: $C^{*}(E)\rightarrow C^{*}(E)$ such that $\gamma_{z}(s_{e})=zs_{e}$ and
$z\mapsto\gamma_{z}\in
Aut(C^{*}(E))$
:
is a strongly continuous action of on $C^{*}(E)$
and called the gauge action ([BPRS]).
A finite path with $|\alpha|>0$ is called a loop at if $s(\alpha)=r(\alpha)=v$ .
It turns out that the distribution of loops in a graph $E$ is very important
-algebra $C^{*}(E)$ , in particular
to understand the structure of a graph
$E$
if has no loops then $C(E)$ is $AF$ .
A graph $E$ is said to satisfy condition (L) if every loop in $E$ has an
exit, and condition (K) if for any vertex on a loop there exist at least
two distinct loops based at . Note that condition (K) is stronger than
(L) and if $E$ has no loops then the two conditions are trivially satisfied.
For two vertices , $w$ we simply write $v\geq w$ if there is a path
is said to be hereditary if $v\geq w$ and
from to $w$ . A subset $H$ of
$v\in H$ imply $w\in H$ , and a hereditary set $H$ is saturated if
and $\{r(e)|s(e)=v\}\subset H$ imply $v\in H$ . The saturation of a hereditary
containing $H$ .
set $H$ is the smallest saturated subset of
$z\in \mathbb{T}$

$C^{*}$

$\gamma_{z}(p_{v})=p_{v}$

$\gamma_{z}$

$T$

$\gamma$

$v$

$\alpha$

$C^{*}$

$v$

$v$

$\alpha\in E^{*}$

$v$

$v$

$E^{0}$

$ s^{-1}(v)\neq\emptyset$

$E^{0}$
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be a saturated hereditary subset of
. Then the ideal $I(H)=$
is clearly gauge-invariant and
$I(H)$ is generated by $\{p_{v}|v\in H\}$ .
In case $E$ has no sinks, in [KPRR], an isomorphism of the lattice of saturated hereditary subsets $V$ of
into the lattice of ideals
$I(V)$ in $C^{*}(E)$ was established and it is shown that the quotient algebra $C^{*}(E)/I(V)$ is isomorphic to a graph algebra $C^{*}(G)$ for a certain
subgraph $G$ of $E$ . More generally, the following was proved in [BPRS].

Let

$H$

$E^{0}$

$\overline{span}\{s_{\alpha}s_{\beta}^{*}|\alpha, \beta\in E^{*}, r(\alpha)=r(\beta)\in H\}$

$E^{0}$

Theorem 2.2. ([KPRR] [BPRS, Theorem 4.1]) Let $E=(E^{0},$
,
be a row fifinite directed graph. For each subset $H$ of
,
, let $I(H)$
be the ideal in $C^{*}(E)$ generated by $\{p_{v}|v\in H\}$ .
(a) The map $H\mapsto I(H)$ is an isomorphism of the lattice of saturated
hereditary subsets of
onto the lattice of closed gauge-invariant ideals
$E^{1}$

$r$

$E^{0}$

$s)$

$E^{0}$

of $C^{*}(E)$ .
(b) Suppose

$H$

is saturated and hereditary.

If

$G^{0}:=E^{0}\backslash H$

,

$G^{1}:=$

and $G:=(G^{0}, G^{1}, r, s)$ , then $C^{*}(E)/I(H)$ is
canonically isomorphic to $C^{*}(G)$ and the ideal $I(H)$ is strong Morita
equivalent to $C^{*}(K)$ , where $K:=(H, \{e|s(e)\in H\})$ .

$\{e\in E^{1}|r(e)\not\in H\})$

Note that if a graph $E$ satisfies condition (K) then the isomorphism
of Theorem 2.2.(a) maps onto the lattice of all closed ideals in $C^{*}(E)$ ,
that is, every ideal is gauge-invariant. It is known ([BPRS], [JPS]) that
for a row-finite graph $E$ , the graph
algebra $C^{*}(E)$ is simple if and
only if $E$ is a cofinal graph satisfying condition (L), here we say that $E$
is cofifinal if every vertex connects to every infinite path.
$C^{*}$

Proposition 2.3. ([KPR], Corollary 3.11) Let $E$ be a locally fifinite
graph which has no sinks, is cofifinal, and satisfifies condition (L). Then
$C^{*}(E)$ is simple, and
(i) if $E$ has no loops, then $C^{*}(E)$ is
(ii) if $E$ has a loop, then $C^{*}(E)$ is purely infifinite.
$ AF,\cdot$

\S 3.
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$C^{\star}$

-algebra

If a graph $E$ has no loops at all then the resulting algebra $C^{*}(E)$
is $AF$ ([KPR, Theorem 2.4]), hence its stable rank is one. To see if a
graph with loops can have stable rank one consider the simple graph $E$
consisting of a single vertex and a single loop at . Then the graph
algebra $C^{*}(E)$ is the commutative
-algebra with the spectrum , the
unit circle, and it also has stable rank one. But if we add an edge ranging
at other vertex than , the resulting graph algebra is the Toeplitz algebra
whose stable rank is 2. The following shows precisely when the graph
algebra has its stable rank one. Actually if a loop has an exit then there
$v$

$v$

$C^{*}$

$v$

$\mathbb{T}$

Stable rank and real rank
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$C^{*}$

-algebras
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are infinite projections in the graph algebra and so the stable rank is
not one anymore.
Theorem 3.1. ([JPS, Theorem 3.3]) Let $E=(E^{0}, E^{1})$ be a row
fifinite directed graph. Then $E$ has no loop with an exit if and only if
$sr(C^{*}(E))=1$ .

-algebra $A$ (or if $A$ is non-unital)
Recall from [BP1] that a unital
has real rank zero if the set of invertible self adjoint elements is dense
in the whole set of self adjoint elements, or equivalently every non zero
hereditary
-subalgebra contains a non zero projection. So the
algebras with real rank zero (for example, $AF$ algebras, purely infinite
simple
-algebras, all von Neumann algebras) have been considered as
the ones containing reasonably many projections in some sense.
$\tilde{A}$

$C^{*}$

$C^{*}-$

$C^{*}$

$C^{*}$

Theorem 3.2. [JPS, Theorem 4.3] Let $E$ be a locally fifinite directed graph with no sinks. If $RR(C^{*}(E))=0$ then $E$ satisfifies condition
(K).
Corollary 3.3. Let $E$ be a locally fifinite directed graph with no
sinks. If $sr(C^{*}(E))=1$ and $RR(C^{*}(E))=0$ then $C^{*}(E)$ is $AF$ .

Theorem 3.4. [JPS, Theorem 4.6] Let $E$ be a locally fifinite directed graph with no sinks which satisfifies conditi on (K). If $C^{*}(E)$ has
only fifinitely many ideals then $RR(C^{*}(E))=0$ . In particular, if $E$ is
fifinite graph then $RR(C^{*}(E))=0$ .
$a$

Let $A$ be a {0, 1}-matrix with no zero row or column. Then $A$ can be
viewed as a vertex matrix of a finite graph $E$ with no sinks. If $A$ satisfies
Cuntz-Krieger’s condition (I) in [CK] then it clearly follows that $E$ satisfies (L) (or, equivalently condition (I) introduced for graphs in [KPR])
from their definitions. By Proposition 4.1 of [KPRR], the graph algebra
$C^{*}(E)$ is also generated by a Cuntz-Krieger $A$ -family of partial isomeis isomorphic to the graph
tries, hence the Cuntz-Krieger algebra
$C^{*}(E)$
. On the other hand, the graph algebra $C^{*}(E)$ is known
algebra
associated with the
to be isomorphic to the Cuntz-Krieger algebra
edge matrix $B$ of $E$ . Therefore those three algebras are all isomorphic.
Furthermore by Theorem 3.2, 3.4, and Lemma 6.1 of [KPRR], we have
the following corollary.
$\mathcal{O}_{A}$

$\mathcal{O}_{B}$

Corollary 3.5. Let $A$ be $a\{0,1\}$ -matrix with no zero row or column. Suppose A satisfifies Cuntz-Krieger’s condition (I) and let $E$ be
the fifinite graph having $A$ as its vertex matrix. Then the following are
equivalent:
(i) $RR(\mathcal{O}_{A})=0$ ,
(ii) A satisfifies Cuntz ’s condition(II),
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(iii)

\S 4.

$E$

satisfifies

condition (K).
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$C^{\star}$

-algebras

Let $A$ be a unital
-algebra. Then it is well known that an exin
treme point
is characterized as a partial isometry satisfying
$(1-vv^{*})A(1-v^{*}v)=0$ ([Pd, Proposition 1.4.7]). Let
be the set of
all positive invertible elements of $A$ . We call elements
quasi-invertible ([BP3]) and denotes the set of all quasi. If
invertible elements in $A$ by
is dense in $A$ $A$ is called
extremally rich. For a non-unital
algebra $A$ , $A$ is said to be extremally rich when its unitization
is so. Obviously a
algebra $A$
with $sr(A)$ $=1$ is extremally rich since
. In particular,
all $AF$ -algebras are extremally rich. Other examples are purely infinite simple
-algebras ([Pd, Theorem 10.1], $[LO$ , Lemma 3.3]), the
Toeplitz algebra ([Pd, Corollary 9.2]), commutative
algebras $C(X)$
with $dim(X)\leq 1$ (see [BP3, section 3]), and all von Neumann algebras
([Pd, Theorem 4.2]). Also a simple
algebra $A$ is extremally rich if
and only if it is purely infinite or it has stable rank one ([ $BP2$ , Corollary
10.5]). Thus from Proposition 2.3 it follows that every simple graph
algebra $C^{*}(E)$ (hence, $E$ should be cofinal and satisfy condition (L)) is
extremally rich. The following shows in fact that every graph
algebra
$C^{*}(E)$ associated to a cofinal graph $E$ is extremally rich.
$C^{*}$

$v$

$A_{1}$

$A_{+}^{-1}$

$x\in \mathcal{E}A_{+}^{-1}(=$

$A^{-1}\mathcal{E}A^{-1})$

$A_{q}^{-1}$

$A_{q}^{-1}$

$C^{*}$

$\tilde{A}$

$C^{*}$

$A^{-1}\subset A_{q}^{-1}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}-$

$C^{*}$

Proposition 4.1.
directed graph. If $G$ is
infifinite and simple.

([JPS, Proposition 3.7]) Let $G$ be a locally fifinite
cofifinal then either $sr(C^{*}(G))=1$ or it is purely

There are extremally rich graph
-algebras that are associated to
graphs which are not cofinal, for example the Toeplitz algebra (see Example 4.6 below) which is neither purely infinite simple nor of stable
rank one $(sr(I)=2)$ . These graph algebras will arise from directed
graphs containing some loops with exits, so that they should have many
infinite projections and hence their stable rank are not one any more.
To this end note the following corollary of Theorem 2.2.
$C^{*}$

Corollary 4.2. ([JPS, Theorem 3.5]) Let $E=(E^{0}, E^{1}, r, s)$ be
a row-fifinite directed graph with the set $V$ of sinks. Then there is
subgraph $G=(E^{0}\backslash H, \{e\in E^{1}|r(e)\not\in H\})$ of $E$ with no sinks such
that $C^{*}(E)/I(V)$ is isomorphic to $C^{*}(G)$ , where $H$ is the saturation of
$V$ and $I(V)=\overline{span}\{s_{\alpha}s_{\beta}^{*}|\alpha, \beta\in E^{*}, r(\alpha)=r(\beta)\in V\}$ .
$a$

We also need to review briefly the following useful results on extremally rich
algebras
$C^{*}$
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$C^{*}$
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Theorem 4.3. $([BP2],[BP3], [LO])$ $(a)$ Every quotient, every di-subalgebra of an exrect sum or direct product and every hereditary
tremally rich
-algebra is again extremally rich.
$A$
(b) If
is strong Morita equivalent (or stably isomorphic) to an extremally rich
-algebra $B$ then $A$ is also extremally rich.
-algebra and I be a closed two-sided ideal.
Let $A$ be a unital
(c) Suppose $sr(I)=1$ . Then $A$ is extremally rich if and only if $A/I$ is
extremally rich and extreme partial isometries lift.
(d) $sr(A)=1$ if and only if $sr(I)=sr(A/I)=1$ and every invertible
.
elements lifts, that is,
-algebras then $A$ is ex(e) If I and $A/I$ are purely infifinite simple
tremally rich.
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$(\tilde{A}/I)^{-1}=\tilde{A}^{-1}/I$

$C^{*}$

For a
-algebra $A$ and projections $P$ , $Q$ in $A$ , the extreme points
of the closed convex set PAiQ consists of elements $u\in PAiQ$
which is a partial isometry such that $(P-uu^{*})A(Q-u^{*}u)=\{0\}$ .
We say that the space $PAQ$ is extremally rich if either
or
and $(PAP)^{-1}\mathcal{E}(PAQ)(QAQ)^{-1}$ is dense in $PAQ$ . If
then $PAQ$ is extremally rich if and only if PAXQ=
conv $(\mathcal{E}(PAQ))$ (see [BP2]).
For any non-zero projections $P$ , $Q$ acting on a Hilbert space $H$ , one
can show that
and the space $PB(H)Q$ is extremally
-algebra with real rank
rich by Proposition 11.4 of [BP2]; if $A$ is a
zero and
for every pair of projections $P$, $Q$ in $A$ , then every
such a space $PAQiS_{)}$ in fact, extremally rich.
$C^{*}$

$\mathcal{E}(PAQ)$

$\mathcal{E}(PAQ)=\emptyset$

$\mathcal{E}(PAQ)\neq\emptyset$

$\mathcal{E}(PAQ)\neq\emptyset$

$\mathcal{E}(PB(\mathcal{H})Q)\neq\emptyset$

$C^{*}$

$\mathcal{E}(PAQ)\neq\emptyset$

Proposition 4.4. ( $[BP2$ , Proposition 11.7]) Let I be a closed
-algebra $A$ , such that $PIQ$ is
ideal with real rank zero in a unital
extremally rich for any pair of projections such that $P\in A$ and $Q\in I$ .
consists only of isometries and
If $A/I$ is extremally rich and
$A$
is extremally rich.
-isometries then
$C^{*}$

$\mathcal{E}(A/I)$

$co$

of compact
and its closed ideal
Note that the
-algebra
operators are known to have real rank zero. The following generalization
of Proposition 4.1 can be proved by applying proposition 4.4.
$C^{*}$

$B(\mathcal{H})$

$\mathcal{K}(H)$

Theorem 4.5. ([J]) Let $E=(E^{0}, E^{1})$ be a locally fifinite directed
graph and $V$ the set of sinks. If the subgraph $G$ in Corollary 4-2 is cofifinal
then $C^{*}(E)$ is extremally rich.
Example 4.6.

Consider the following graph E.
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$f$
$v$

The sink generates an ideal I which is isomorphic to , the compact
operators acting on an infinite dimensional separable Hilbert space. Set
$S=s_{e}+s_{f}$ . Then $S^{*}S=1$ and $SS^{*}=p_{w}<1=p_{w}+p_{v}$ . Thus
is a
$T$
proper isometry. Let be the
-subalgebra of $C^{*}(E)$ generated by .
, hence $C^{*}(E)=\mathcal{T}$ is the
Since $S(1-SS^{*})=s_{f}$ , it follows that
Toeplitz algebra. Note that the subgraph $G$ in Corollary 4.2 consists of
the simple loop , and so cofinal and by Theorem 4.5 we see that $T$ is
extremally rich, which is known in [Pd]. More generally, if a graph $E$
consists of a simple loop with vertices and each of the vertices emits
an edge then we can conclude that the resulting graph algebra $C^{*}(E)$ is
extremally rich.
$\mathcal{K}$

$v$

$S$

$S$

$C^{*}$

$s_{f}\in \mathcal{T}$

$e$

$n$

Recall from Theorem 4.3(e) that if I is a purely infinite and simple
closed ideal of a unital
-algebra $A$ such that the quotient algebra
$A/I$ is also purely infinite and simple then $A$ is extremally rich. Now
suppose a
-algebra $B$ has two proper ideals
such that every
possible simple quotient is purely infinite. Then one cannot conclude the
extremal richness of $B$ . In fact, it is known in [ $LO$ , Remark 4.10] that
-algebra $B$ (non-separable)
there exists a non-extremally rich unital
with two proper ideals
such that ,
and $B/I_{2}$ are all purely
infinite and simple.
In the following we give a separable unital graph
-algebra $B$ with
$RR(B)=0$ which has exactly three proper ideals and every possible
quotient is purely infinite and extremally rich, but $B$ is not.
$C^{*}$

$C^{*}$

$I_{1}\subset I_{2}$

$C^{*}$

$I_{1}\subset I_{2}$

$I_{1}$

$I_{2}/I_{1}$

$C^{*}$

Example 4.7.
$(E^{0}E^{1}))$

Consider the following finite directed graph E

$=$

.

Since $E$ satisfies condition (K) we see that the graph algebra $C^{*}(E)$
has real rank zero by Theorem 3.4 and $C^{*}(E)$ has exactly three proper
ideals by Theorem 2.2. Let $H$ be the smallest hereditary saturated
vertex subset containing . Then the ideal $I(H)$ corresponding to $H$ is
stably isomorphic to the graph algebra $C^{*}(G)$ , where $G$ is a subgraph of
$v$

Stable rank and real rank

of graph

$C^{*}$

105

-algebras

with three vertices in the middle of $E$ and four edges connecting them
(Theorem 2.2). Since $G$ is cofinal and satisfies (K) (hence (L)) $C^{*}(G)$
is purely infinite and simple by Proposition 2.3. Thus $I(H)$ is purely
infinite and simple since it is well known that being purely infinite and
simple is a stable property under a stable isomorphism. Moreover note
it has nonzero intersection with
that $I(H)$ is essential in $C^{*}(E))$ that
every other nonzero closed ideal. Thus the graph algebra $C^{*}(E)$ is prime
and hence its extreme point set of the unit ball consists of isometries or
$co$ -isometries.
Now consider the quotient algebra $C^{*}(E)/I(H)$ , then it
-algebra $C^{*}(F)$ by Theorem 2.2, where
is isomorphic to the graph
$F=(E^{0}\backslash H, \{e|r(e)\not\in H\})$ . Since $C^{*}(F)$ is isomorphic to the direct
of the Cuntz algebra
the quotient algebra is extremally
sum
. If
be two isometries generating the Cuntz algebra
rich. Let ,
$BP2$
$C^{*}(E)$ were extremally rich then by [
, Corollary 9.3] every extreme
partial isometry of $C^{*}(E)/I(H)$ should lift. But the partial isometry
$u=s_{i}\oplus s_{i}^{*}(i=1,2)$ is extremal in the quotient algebra $C^{*}(E)/I(H)$ and
cannot lift to an isometry or a $co$ -isometry. This proves the assertion.
Note that $C^{*}(E)$ (and so every ideal) is purely infinite since $E$ satisfies
(L) and every vertex connects to a loop ([BPRS, Proposition 5.3]).
$E$

$iS_{)}$

$C^{*}$

$\mathcal{O}_{2}\oplus \mathcal{O}_{2}$

$\mathcal{O}_{2}$

$\mathcal{O}_{2}$

$s_{1}$

$s_{2}$

Example 4.8. Let $E=(E^{0}, E^{1})$ be
fifinite graph with $E^{0}=$
$\{1, 2, 3\}$ and $E^{1}=\{e_{ij}|s(e_{ij})=r(e_{ij})=i, i=1,2,3, j=1,2\}\cup\{f_{i}|$
$s(f_{i})=i$ , $r(f_{i})=i+1_{)}i=1,2\}$ . Then the ideal generated by the vertex
)
set {3} is purely infifinite (in fact, isomorphic to the Cuntz algebra
and essential in $C^{*}(E)$ . The quotient (prime) algebra by the ideal is extremally rich by Theorem 4-3 (e) and has isometries and
isometries
as extreme points in its closed unit ball. Thus by [ $LO$ , Theorem 3.6] we
conclude that $C^{*}(E)$ is extremally rich. More generally one can deduce
an extremally rich prime graph
by induction that for each there
$B$
deals
and every
proper
with
precisely
algebra
possible quotient is purely infifinite.
$a$

$\mathcal{O}_{2}$

$co$

$n$

$n$

$C^{*}-$

$\dot{0}s$

$i$

$I_{1}\subset I_{2}\subset\cdots\subset I_{n}$
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Direct limit decomposition for
of minimal diﬀeomorphisms
$C^{\star}$

Qing Lin and N. Christopher Phillips

This article outlines the proof that the crossed product $C^{*}(Z, M, h)$
of a compact smooth manifold $M$ by a minimal diﬀeomorphism $h:M$
$M$ is isomorphic to a direct limit of subhomogeneous
algebras belonging to a tractable class. This result is motivated by the Elliott
algebras [9], and the obserclassification program for simple nuclear
vation that the known classification theorems in the stably finite case
mostly apply to certain kinds of direct limits of subhomogeneous
-algebras with related structural conditions.
algebras, or at least to
(See Section 1.) This theorem is a generalization, in a sense, of direct
limit decompositions for crossed products by minimal homeomorphisms
of the Cantor set (Section 2 of [32]), for the irrational rotation algebras
([10]), and for some higher dimensional noncommutative toruses ([13],
[14], [24], and [5] . (In [32], only a local approximation result is stated,
but the
-algebras involved are semiprojective.) Our theorem is not a
generalization in the strict sense for several reasons; see the discussion
in Section 1.
There are four sections. In the first, we state the theorem and discuss
some consequences and expected consequences. In the second section, we
describe the basic construction in our proof, a modified Rokhlin tower,
and show how recursive subhomogeneous algebras appear naturally in
our context. The third section describes how to prove local approximation by recursive subhomogeneous algebras, a weak form of the main
theorem. In Section 4, we give an outline of how to use the methods of
Section 3 to obtain the direct limit decomposition.
This paper is based on a talk given by the second author at the USJapan Seminar on Operator Algebras and Applications (Fukuoka, June
1999), which roughly covered Sections 2 and 3, and on a talk given by
$\rightarrow$

$C^{*}$

$C^{*}$

$C^{*}-$

$C^{*}$

$)$

$C^{*}$

Research of the second author partially supported by NSF grants DMS
9400904 and DMS 9706850.
2000 Mathematics Subject Classification. Primary $46L55$ ; Secondary
19K14, 46L35, 46L80.
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the second author at the 28th Canadian Annual Symposium on Operator
Algebras (Toronto, June 2000), which roughly covered Sections 1 and 2.
At the time of the first talk, only the local approximation result described
in Section 3 had been proved. We refer to the earlier survey paper [25]
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\S 1.

The main theorem, consequences, and conjectured consequences

The main theorem is as follows. Undefined terminology is discussed
after the statement.

Theorem 1.1. Let $M$ be a connected compact smooth manifold
with $dim(M)=d>0$ , and let $h:M\rightarrow M$ be a minimal diﬀeomorphism.
Then there exists an increasing sequence
$A_{0}\subset A_{1}\subset A_{2}\subset\cdots\subset C^{*}(Z, M, h)$

of

$C^{*}$

-subalgebras of

$C^{*}(Z, M, h)$

such that

$\overline{\bigcup_{n=0}^{\infty}A_{7L}}=C^{*}(Z, M, h)$

has a separable recursive subhomogeneous deand such that each
composition with topological dimension at most and strong covering
number at most $d(d+2)$ .
$A_{n}$

$d$

A recursive subhomogeneous algebra (a
-algebra with a recursive subhomogeneous decomposition) is a particularly tractable kind of
subhomogeneous
-algebra. See [29], [30], and [25], and also see the
consequences below. We will explain in Section 2 how recursive subhomogeneous algebras arise, and we will recall (informally) the definition
there (after Theorem 2.7). A finite direct sum
$C^{*}$

$C^{*}$

$l$

$\oplus C(X_{k}, M_{n(k)})k=0$

$C^{*}$
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of minimal

diﬀeomorphisms
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of (trivial) homogeneous
-algebras is a special case of a recursive subhomogeneous algebra, and the topological dimension is simply $max0\leq k\leq t$
$dim(Xfc)$ . (Dimension is taken to be covering dimension; see Definition
have topological
1.6.7 of [15].) The condition in the theorem that
dimension at most for all thus ensures that the resulting direct limit
decomposition $C^{*}(Z, M, h)\cong\lim_{\rightarrow}A_{n}$ has no dimension growth.
$C^{*}$

$A_{n}$

$d$

$n$

In general, it is not possible to find a representation as a direct
limit (with no dimension growth) of direct sums of corners of trivial
homogeneous
-algebras. A simple direct limit of this sort must even
be approximately divisible in the sense of [4], by Theorem 2.1 of [11].
However, a crossed product by a minimal diﬀeomorphism may have no
nontrivial projections (Corollary 3 and Example 4 of Section 5 of [7]).
We will not define the strong covering number here, although some
discussion will be given after Theorem 3.1. We have included it in the
conclusion because the proof of Theorem 3.1 suggests that a bound on
the strong covering number might be necessary for some classification
results.
The requirement that we have a diﬀeomorphism of a manifold is connected with the appearance of a condition on the strong covering number
in the hypotheses of Theorem 3.1. This also will be discussed after that
theorem. We certainly expect that the theorem will be true for minimal homeomorphisms of finite dimensional compact metric spaces (even,
presumably, compact metric spaces with infinite covering dimension).
We point out here that our theorem does not directly imply the
Elliott-Evans direct limit representation for the irrational rotation algebras [10]. Our theorem gives a representation of an irrational rotation algebra as a direct limit of recursive subhomogeneous algebras with
topological dimension at most 1, while the Elliott-Evans theorem gives
a representation as a direct limit of direct sums of homogeneous
algebras with topological dimension at most 1 (in fact, circle algebras).
We do not recover the results of [13], [14], and [24] (for certain higher
dimensional noncommutative toruses), not only because the algebras in
our direct system are more complicated but also because not all the algebras considered there are even crossed products by diﬀeomorphisms. We
also do not recover the direct limit decomposition for crossed products
by minimal homeomorphisms of the Cantor set (see Section 2 of [32] for
the local approximation result), because the Cantor set is not a manifold. (Our methods do specialize to this case, but that would be silly,
since our argument is much more complicated.)
Theorem 1.1 has the following consequences for crossed products by
minimal diﬀeomorphisms. These consequences all hold for an arbitrary
$C^{*}$

$C^{*}-$
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simple unital direct limit of recursive subhomogeneous algebras, assuming no dimension growth and that the maps of the system are unital
and injective. (Most don’t require the full strength of these hypotheses, but all require some restriction on dimension growth. None require
any hypotheses on the strong covering number.) The proofs are in [30],
and the statements can be found in Section 4 of [25] (except for the
last one, which is actually a consequence of stable rank one). In all of
these, $M$ is a connected compact smooth manifold with $dim(M)>0$ ,
and $h:M\rightarrow M$ is a minimal diﬀeomorphism.
Corollary 1.2. (Theorem 3.6 of [30].) The algebra $C^{*}(Z, M, h)$
has stable rank one in the sense of [33]. That is, the invertible group
$inv(C^{*}(Z, M, h))$ is dense in $C^{*}(Z, M, h)$ .
Corollary 1.3.

(Theorem 2.2 of [30].) The projections in

$M_{\infty}(C^{*}(Z, M, h))=n=1\cup M_{n}(C^{*}(Z, M, h))$

satisfy cancellation. That is, if , , $q\in M_{\infty}(C^{*}(Z, M, h))$ are projections, and if $p\oplus e\sim q\oplus e$ , then $p\sim q$ .
$e$

$p$

Corollary 1.4. (Theorem 2.3 of [30].) The algebra $C^{*}(Z, M, h)$
satisfies Blackadar’s Second Fundamental Comparability Question ([2],
1.3.1). That is, if , $q\in M_{\infty}(C^{*}(Z, M, h))$ are projections, and if $\tau(p)<$
for every normalized $trace\tau$ on $C^{*}(Z, M, h)$ , then
.
$p$

$\tau(q)$

$ p_{\sim}q\prec$

Corollary 1.5. (Theorem 2.4 of [30].) The group $K_{0}(C^{*}(Z, M, h))$
is unperforated for the strict order. That is, if $\eta\in K_{0}(C^{*}(Z, M, h))$ and
if there is $>0$ such that $n\eta>0$ , then $\eta>0$ .
$n$

(In the simple case, this is the same as saying that
is weakly unperforated in the sense of 2.1 of [8].)

Corollary 1.6.

$K_{0}(C^{*}(Z, M, h))$

(Theorem 2.1 of [30].) The canonical map

$U(C^{*}(Z, M, h))/U_{0}(C^{*}(Z, M, h))\rightarrow K_{1}(C^{*}(Z, M, h))$

is an isomorphism.

A small part of these results could already be obtained using the
weaker (and much simpler) methods described in Sections 1 and 5 of
[25]. It had already been shown that the order on $K_{0}(C^{*}(Z, M, h))$ is
determined by traces (a weak form of Corollary 1.4), and hence that
$K_{0}(C^{*}(Z, M, h))$ is unperforated for the strict order (Corollary 1.5).
Also, surjectivity in Corollary 1.6 (but not injectivity) was known.
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The criterion in [3], for when a simple direct limit of direct sums of
trivial homogeneous
-algebras with slow dimension growth has real
rank zero, is known to fail for simple direct limits of recursive subhomogeneous algebras with no dimension growth. (Indeed, it even fails for
crossed products by minimal diﬀeomorphisms; see Example 5.7 of [25].)
Nevertheless, it appears likely that a suitable strengthening of the condition will be equivalent to real rank zero for such direct limits, and that
the proof will not be diﬃcult. Specializing (for simplicity) to the case of
a unique $trace$ , we obtain the following, which we state as a conjecture.
$C^{*}$

Conjecture 1.7. Let $M$ be a connected compact smooth manibe a uniquely ergodic minimal
fold with $dim(M)>0$ , and let $h:M$
diﬀeomorphism. Let
$\rightarrow M$

$\tau:C^{*}(Z, M, h)\rightarrow C$

induced by the unique invariant probability measure. Then
$C^{*}(Z, M, h)$ has real rank zero ([6]) if and only if $\tau_{*}(K_{0}(C^{*}(Z, M, h)))$
is dense in R.

be the

$trace$

For methods for computing the ranges of traces on the $K$ -theory of
crossed products by , we refer to [16].
It might not be terribly diﬃcult to prove that if a simple
-algebra
$A$ is a direct limit of a system of recursive subhomogeneous algebras
with no dimension growth, and possibly also assuming that the maps of
the system are unital and injective, then real rank zero implies tracial
rank zero in the sense of H. Lin [20]. If so, then the following result of
H. Lin (Theorem 3.9 of [23]) implies classifiability:
$Z$

$C^{*}$

Theorem 1.8. Suppose $A$ and $B$ are separable simple unital
algebras with tracial rank zero in the sense of [20]. Suppose that each
has local approximation by subalgebras with bounded dimensions of
irreducible representations. That is, for every finite subset $F\subset A$ and
every
-subalgebra $D\subset A$ and an integer $N$ such that
, there is a
every element of $F$ is within of an element of $D$ and every irreducible
representation of $D$ has dimension at most $N$ ; and similarly for $B$ . Then
$C^{*}-$

$C^{*}$

$\epsilon>0$

$\epsilon$

$(K_{0}(A), K_{0}(A)_{+}$

implies

$A\cong B$

,

$[1_{A}]$

,

$K_{1}(A))\cong(K_{0}(B), K_{0}(B)_{+},$

$[1_{B}]$

,

$K_{1}(B))$

.

In particular, one would have a proof of the following conjecture:

Conjecture 1.9. Let $M$ be a connected compact smooth manifold with $dim(M)>0$ , and let $h:M$
be a uniquely ergodic minimal
$\rightarrow M$
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diﬀeomorphism. Let
$\tau:C^{*}(Z, M, h)\rightarrow C$

be the $trace$ induced by the unique invariant probability measure, and
assume that $\tau_{*}(K_{0}(C^{*}(Z, M, h)))$ is dense in R. Then the crossed prod-algebra $C^{*}(Z, M, h)$ is classifiable.
uct
$C^{*}$

We will not give a precise definition of “classifiable” here.
We note that H. Lin’s classification theorem has no hypotheses involving slow dimension growth, and does not even require a direct limit
representation; only local approximation is needed, and the condition
on the approximating algebras is weak. (Indeed, H. Lin has other classification theorems which don’ even require local approximation, but
do require further restrictions on the $K$ -theory.) However, at least with
our current state of knowledge, the direct limit representation in Theorem 1.1, including the no dimension growth condition, seems to be
needed to verify the other hypotheses of Theorem 1.8. For example,
simple direct limits that don’t have slow dimension growth need not
even have stable rank one [35].
Since $C^{*}(Z, M, h)$ always has stable rank one, if it doesn’t have real
rank zero then it has real rank one. However, most of the currently
known general classification theorems apply only to algebras with many
projections, and those that don’t are much too restrictive in other ways
algebras cov(such as assuming trivial $K$ -theory). In particular, the
ered by [17] and [12] are approximately divisible (as discussed above),
and the theorems of H. Lin (see [21] and [22]) require a finite value of
the tracial rank, the definition of which again requires the existence of
many nontrivial projections. However, as mentioned above, the example
of Connes shows that $C^{*}(Z, M, h)$ may have no nontrivial projections.
There is a classification theorem [19] for a special class of direct limits
-algebras with no nontrivial projections, but
which includes simple
the building blocks there are much more special than those appearing
in our theorem.
We are hopeful that the approach of [17] and [12], which now covers
simple direct limits, with no dimension growth, of direct sums of homo-algebras (actually, a slightly larger class), can be generalized
geneous
to cover simple direct limits, with no dimension growth, of recursive subhomogeneous algebras, possibly with the added restriction of no growth
of the strong covering number. One reason for optimism (as well as
for the belief that conditions on the strong covering number might be
necessary) is the successful generalization of exponential length results
$t$

$C^{*}$

$C^{*}$

$C^{*}$
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-algebras to recursive subhomofrom the case of trivial homogeneous
geneous algebras; see Theorem 3.1 below. The related results for the
trivial homogeneous case (see Theorems 3.3 and 4.5 of [28]) depended
heavily on the existence of many projections, but in the proof of Theorem 3.1 we had to learn to handle situations with no nontrivial projections at all. However, we do not know whether Theorem 3.1 is even
true without the condition on the strong covering number. (See the discussion after the statement of that theorem.) We included the bound
on the strong covering number in Theorem 1.1 because of the possibility that it might be necessary for our suggested approach to proving a
classification result, or perhaps even for a classification result to hold.
In any case, a generalization of the methods of [17] and [12] is likely
to be very diﬃcult. Possibly the situation will be improved by a generalization of H. Lin’s methods that is strong enough to apply to simple
-algebras which contain no nontrivial projections.
$C^{*}$

$C^{*}$

Modified Rokhlin towers

\S 2.

Throughout this section, $M$ is a compact metric space and
$M$ is a minimal homeomorphism. (The requirement that $M$ be a manifold will not be needed until the next section.) We let denote the implementing unitary in $C^{*}(Z, M, h)$ , so that $ufu^{*}=foh^{-1}$ for $f\in C(M)$ .
We start with a definition.
$ h:M\rightarrow$

$u$

Definition 2.1. Let $Y\subset M$ , and let $x\in Y$ . The first return time
(or
if $Y$ is understood) of to $Y$ is the smallest integer
such that $h^{n}(x)\in Y$ . We set $\lambda(x)=\infty$ if no such exists.
$\lambda_{Y}(x)$

$\lambda(x)$

$n$

$x$

$\geq 1$

$n$

The following result is well known in the area, and is easily proved:

Lemma 2.2.

If int

$(Y)\neq\emptyset$

, then

$\sup_{x\in Y}\lambda(x)<\infty$

.

Let $Y\subset M$ with int(Y)\neq \emptyset . Let $n(0)<n(1)<\cdots<n(l)$ (or, if the
dependence on $Y$ must be made explicit, $n_{Y}(0)<n_{Y}(1)<\cdots<n_{Y}(l_{Y}))$
be the distinct values of
for $\in Y$ . The Rokhlin tower based on a
subset $Y\subset M$ with int
consists of the partition
$\lambda(x)$

$x$

$(Y)\neq\emptyset$

$l$

$Y=\prod\{x\in Y:\lambda(x)=n(k)\}$
$k=0$

of

$Y$

(the sets here are the base sets), and the corresponding partition
$l$

$M=\square $

$n(k)-1$
$\square $

$k=0j=0$

$h^{j}(\{x\in Y:\lambda(x)=n(k)\})$
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of

$M$ .

Note that

$h$

acts like a cyclic shift except on the top space
$h^{n(k)-1}(\{x\in Y:\lambda(x)=n(k)\})$

of each “tower”
$7\iota(k)-1$

$h^{j}(\{x\in Y:\lambda(x)=n(k)\})$
$\prod_{j=0}$

.

Actually, for our purposes it is more convenient to use the partition
$n(k)$

$l$

$M=\prod_{k=0}\prod_{j=1}h^{j}(\{x\in Y:\lambda(x)=n(k)\})$

.

Note that
$l$

$Y=\prod_{k=0}h^{n(k)}(\{x\in Y:\lambda(x)=n(k)\})$

,

so that now acts like a cyclic shift on the towers, except on $Y$ itself.
We will be interested in arbitrarily small choices for $Y$ , in particular
with arbitrarily small diameter and for which the smallest first return
time $n_{Y}(0)$ is arbitrarily large. If $M$ is totally disconnected, then we
may choose $Y$ to be both closed and open. In this case, the sets
$h$

$Y_{k}=\{x\in Y:\lambda(x)=n(k)\}$

are all closed, and there is a composite homomorphism
$l$

$n(k)$

$\gamma_{0}$

given by

$l$

$C(M)\rightarrow\oplus k=0\oplus j=1C(h^{j}(Y_{k}))\rightarrow\cong\oplus C(Y_{k})^{n(k)}k=0$

,

which is in fact an isomorphism. The formula is
$\gamma 0(f)=((f\circ h|_{Y_{0}}, \ldots, f\circ h^{n(0)}|_{Y_{O}}), \ldots, (f\circ h|_{Y_{l}}, \ldots, f\circ h^{n(l)}|_{Y_{l}}))$

.

See [31] for the exploitation of this idea.
In order to have a
-algebraically sensible codomain for
, we
must insist that the sets
be closed. However, the spaces $M$ we are
interested in are connected, so we are forced to choose
$C^{*}$

$\gamma_{0}$

$Y_{k}$

$Y_{k}=\overline{\{x\in Y.\cdot\lambda(x)=n(k)\}}$

$C^{*}$
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are no longer disjoint (although they certainly

instead. The sets
cover $M$ ), so our map

$h^{j}(Y_{k})$

$l$

$\gamma_{0}$

:

$C(M)\rightarrow\oplus k=0C(Y_{k})^{n(k)}$

,

while still injective, is no longer an isomorphism.
Next, define
$s_{k}\in M_{n(k)}\subset C(Y_{k}, M_{n(k)})$

by

$s_{k}=$

$(]$

,

and define
$l$

$s=(s_{0}, s_{1}, \ldots, s_{l})\in\oplus Ck=0(Y_{k}, M_{n(k)})$

.

Then
is unitary. Identifying $C(Y_{k})^{n(k)}$ with the diagonal matrices
in $C(Y_{k}, M_{n(k)})$ in the obvious way, one can check that if $f\in C(M)$
vanishes on $Y$ , then
$s$

$\gamma 0(ufu^{*})=\gamma_{0}(f\circ h^{-1})=s\gamma_{0}(f)s^{*}$

.

The calculation uses the fact that
$l$

$Y=k=0\cup h^{n(k)}(Y_{k})$

,

was
and in fact our choice to start our towers at $h(Y_{k})$ rather than at
$Y$
(rather
made to have this formula work correctly when vanishes on
$h^{-1}(Y))$
.
than when vanishes on
This relation allows us to extend
to the following subalgebra of
$C^{*}(Z, M, h)$ :
$Y_{k}$

$f$

$f$

$\gamma_{0}$
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For any closed subset

Definition 2.3.

$Y\subset M$

, we define

$A(Y)=C^{*}(C(M), uC_{0}(M\backslash Y))\subset C^{*}(Z, M, h)$ ,

-subalgebra of $C^{*}(Z, M, h)$ generated by $C(M)$ and $uC_{0}(M\backslash Y)$ .
the
in the obvious way with the subalgebra of
Here, we identify
$C(M)$ consisting of those functions vanishing on $Y$ . We use the analogous convention throughout the paper.
$C^{*}$

$C_{0}(M\backslash Y)$

Proposition 2.4. Suppose $M$ is a compact metric space, and let
be a minimal homeomorphism. Let $Y\subset M$ be closed with
int
. Then there exists a unique homomorphism
$h:M\rightarrow M$
$(Y)\neq\emptyset$

$l$

$\gamma_{Y}$

such that if

$f\in C(M)$ ,

:

$A(Y)\rightarrow\oplus Ck=0(Y_{k}, M_{n(k)})$

then

$\gamma_{Y}(f)_{k}=diag(f\circ h|_{Y_{k}}, f\circ h^{2}|_{Y_{k}}, \ldots, f\circ h^{n(k)}|_{Y_{k}})$

and if

$f\in C_{0}(M\backslash Y)$

, then
$(\gamma_{Y}(uf))_{k}=s_{k}\gamma_{Y}(f)_{k}$

Moreover,

$\gamma_{Y}$

.

is unital and injective.

We now introduce a slight twist on these ideas.

Definition 2.5. Let $Y\subset M$ be closed with int $(Y)\neq\emptyset$ . Let
$S\subset int(Y_{0})$ be closed. Define
$ex(S)=\{h(S), h^{2}(S), \ldots, h^{n(0)}(S)\}$

,

which is a collection of disjoint closed subsets of $M$ . Define $C(M)_{ex(S)}$
to be the set of all $f\in C(M)$ such that is constant on $T$ for every
$T\in ex(S)$ . (The constant value is allowed to depend on $T.$ ) Define
$A(Y, S)$ to be the
-subalgebra of $C^{*}(Z, M, h)$ given by
$f$

$C^{*}$

$A(Y, S)=C^{*}(C(M)_{ex(S)}, u[C_{0}(M\backslash Y)\cap C(M)_{ex(S)}])\subset A(Y)$

.

As we will see below, the point of this definition is that (when
we can construct useful unitaries in $C^{*}(Z, M, h)$ which
int(S)
commute with (most of) $A(Y, S)$ . (See Step 9 in the proof outline in
Section 3.)
$\neq\emptyset)$

$C^{*}$

-algebras

of minimal
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diﬀeomorphisms

It is not obvious what the image
$l$

$\gamma_{Y}(A(Y, S))\subset\oplus Ck=0(Y_{k}, M_{n(k)})$

looks like, and working with it directly threatens to be very complicated.
Fortunately, the essential properties can be abstracted in a tractable
way; the result is what we call a recursive subhomogeneous algebra. (The
definition of a recursive subhomogeneous algebra was in fact invented for
exactly this purpose.) First, we recall the notion of a pullback.
-algebras, and let a third
Definition 2.6. Let $A$ and $B$ be
$C$ and homomorphisms
and $\psi:B\rightarrow C$ be given. The
algebra
pullback (also called fibered product or restricted direct sum) is
$C^{*}-$

$C^{*}$

$\varphi:A\rightarrow C$

$A\oplus_{C}B=A\oplus_{C,,,\varphi},\psi B=\{(a, b)\in A\oplus B:\varphi(a)=\psi(b)\}$

If the maps

$\varphi$

and

$\psi$

are understood, we will write

$A\oplus_{C}B$

.

.

Theorem 2.7. Let $M$ be a compact metric space, and let $h:M$
$M$ be a minimal homeomorphism. Let $Y\subset M$ be closed with int $(Y)\neq$
. Let $S\subset int(Y_{0})$ be closed. Then there exist closed subsets

$\rightarrow$

$\emptyset$

$Y_{k}^{(0)}\subset\partial Y_{k}\subset Y_{k}$

and
being just
(with
for $1\leq k\leq l$ , and homomorphisms
$\gamma_{Y}(A(Y,
S))$
is equal to the
the restriction map) such that the image
subalgebra
$\psi_{k}$

$\varphi_{k}$

$\psi_{k}$

$[\cdots[[C(Y_{0}, M_{n(0)})_{S}\oplus_{C(Y_{1},M_{n(1)})}(0),{}_{\psi_{1}}C\varphi_{1},(Y_{1}, M_{n(1)})]$

$\oplus_{c(Y_{2},M_{n(2)})}(0),{}_{\psi_{2}}C\varphi_{2},(Y_{2}, M_{n(2)})]\cdots]$

$\oplus_{c(Y_{l},M_{n(l)})}(0),{}_{\psi_{l}}C\varphi\iota,(Y_{l}, M_{n(l)})$

of

$\oplus_{k=0}^{l}C(Y_{k}, M_{n(k)})$

. Here, by analogy with Definition 2.5, we set

$C(Y_{0}, M_{n(0)})_{S}=$

{

$f\in C(Y_{0},$ $M_{n(0)})$

:

$f$

is constant on

$S$

}.

A
-algebra given as an iterated pullback as in the conclusion of
this theorem, in which the algebras have the form $C(X_{k}, M_{n(k)})$ , the
are unital and surjective, is called
maps
are unital, and the maps
a recursive subhomogeneous algebra. We refer to Section 2 of [25] for
a more careful definition, for some useful associated terminology, and
$C^{*}$

$\varphi_{k}$

$\psi_{k}$
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examples; to Section 3 of [25] for a discussion of the proof of Theorem 2.7
(in the case $ S=\emptyset$ ); and to Section 4 of [25] for a discussion of why
the concept of a recursive subhomogeneous decomposition is useful and
what can be done with it. We recall here that the topological dimension
is the largest dimension $dim(X/c)$ . Unfortunately, it depends on the
particular decomposition; see Example 2.9 of [25]. We will always have
a decomposition in mind, usually coming from Theorem 2.7.
The next diﬃculty we face is that the unitary
$l$

$s=(s_{0}, s_{1}, \ldots, s_{l})\in\oplus k=0C(Y_{k}, M_{n(k)})$

is not in the image of $A(Y)$ . (When $M$ is totally disconnected and $Y$
is both closed and open, there is no problem: the image of
is all of
$\oplus_{k=0}^{l}C(Y_{k}, M_{n(k)}).)$ The cure for this problem is the following lemma,
which however requires that we look at two nested subsets $Y$ and $Z$ ,
along with the associated subalgebras $A(Y)$ and $A(Z)$ .
$\gamma_{Y}$

Lemma 2.8. Let $M$ be a compact metric space with finite covering dimension , and let $h:M$
be a minimal homeomorphism.
Let $Y\subset M$ be closed with int $(Y)\neq\emptyset$ . Then every point of int(Y)
has a neighborhood $U\subset int(Y)$ such that for every closed set $Z\subset U$
with int
, and every closed subset $S\subset int(Z_{0})$ , there is a unitary
$v\in A(Z, S)$ such that $vf=uf$ in $C^{*}(Z, M, h)$ whenever $f\in C(M)$
vanishes on $Y$ .
$\rightarrow M$

$d$

$(Z)\neq\emptyset$

The condition on $U$ used in the proof is that there are at least
$\max(1, \frac{1}{2}d)$ images of
under positive powers
of , with less than
the smallest first return time of to itself, which are contained in int (Y).
Under this condition, the first step in the construction of is an approximate polar decomposition, in the recursive subhomogeneous algebra
$\gamma_{Z}(A(Z, S))$ , of $ug$ for a suitable function $g\in C(M)_{ex_{Z}(S)}$ which, in
particular, is required to be equal to 1 on $M\backslash int(Y)$ and to vanish on
$\overline{U}$

$h^{r}$

$h$

$r$

$\overline{U}$

$v$

$Z$

.

It isn’t in general true that int $(Z)\neq\emptyset$ implies int
, although it happens that the sets we use in the diﬀeomorphism case automatically have int
for all .
To sum up: We have what might be called the “basic construction”
for weak approximation in $C^{*}(Z, M, h)$ (not to be confused with the
basic construction of subfactor theory), namely a triple $(Y, Z, v)$ (or a
quadruple $(Y, Z, S, v))$ consisting of closed subsets with
$(Z_{0})\neq\emptyset$

$(Z_{k})\neq\emptyset$

$k$

$S\subset int(Z_{0})\subset Z\subset int(Y)\subset Y\subset M$
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), and a unitary $v\in A(Z, S)$
(or, if is not present, at least int
( $A(Z)$ if is not present) such that $vf=uf$ in $C^{*}(Z, M, h)$ whenever
$f\in C(M)$ vanishes on $Y$ . We say weak approximation here because we
have not approximated in norm; rather, we have a unitary $v\in A(Z, S)$
which “acts like ” (that is, like ) on most of the space $M$ . In particular,
this construction is not the same as what we call a “basic approximation”
in [26]. The basic approximation, of which we describe an easier form in
the next section, does permit the norm approximation of , but requires
two nested basic constructions and an additional unitary.
$S$

$(Z)\neq\emptyset$

$S$

$u$

$h$

$u$

$u$

\S 3.

An outline of the proof of local approximation

In this section, we outline the proof of a weak form of Theorem 1.1,
namely that if $h:M\rightarrow M$ is a minimal diﬀeomorphism of a connected
compact smooth manifold $M$ with $dim(M)>0$ , and if $F\subset C^{*}(Z, M, h)$
is a finite set and $\epsilon>0$ , then there is a recursive subhomogeneous
algebra $A\subset C^{*}(Z, M, h)$ which approximately contains $F$ to within .
This result requires most of the machinery needed for the proof of the
full direct limit decomposition result.
The crucial ingredient not yet mentioned is related to Loring’s version [27] of Berg’s technique [1]. This method (described in Step 7 below) requires a priori bounds on the lengths of paths connecting certain
elements in the unitary groups of hereditary subalgebras of recursive
subhomogeneous algebras. This is an exponential length problem in
the sense of [34]. We therefore begin by stating our exponential length
result; we require some terminology.
First, if $A$ is a unital
algebra and $B\subset A$ is a hereditary subalgebra, we define the unitary group $U(B)$ to be
$\epsilon$

$C^{*}$

$U(B)=\{u\in U(A):u-1\in B\}$ .

(This is the same as a common definition in terms of the unitization
of $B$ , namely

$B^{+}$

$U(B)=\{u\in U(B^{+}):u-1\in B\}$ .

Moreover, if $B$ is actually a corner, then this group can be canonically
identified with the usual unitary group of $B.$ ) Further, let
$A=[\cdots[[C(X_{0}, M_{n(0)})\oplus_{C(X_{1},M_{n(1)})}(0)C(X_{1}, M_{7l(1)})]$

$\oplus_{C(X_{2}^{(0)},M_{n(2)})}C(X_{2}, M_{n(2)})]\cdots]\oplus_{C(X_{l},M_{n(l)})}(O)C(X_{l}, M_{n(l)})$
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be a recursive subhomogeneous algebra. If $B\subset A$ is a hereditary subalgebra and $x\in X_{k}$ for some , then we define rankcc(5) to be the rank
algebra
of the identity in the image of $B$ in the finite dimensional
$x\in
X_{k}$
$M_{n(k)}$ under the map
given by point evaluation at
. If
$v\in U(A)$ , then we say that $\det(v)=1$ if $\det(ev_{x}(v))=1$ for all
and
all $x\in X_{k}$ . (Although determinants are not well defined in recursive
subhomogeneous algebras, one can show that the condition $\det(v)=1$
is well defined.)
$k$

$C^{*}$

$ev_{x}$

$k$

Theorem 3.1. Let , $d’\geq 0$ be integers. Then there is an integer
$R$ such that the following holds.
Let $A$ be a recursive subhomogeneous algebra which has a separable
recursive subhomogeneous decomposition with topological dimension at
most and strong covering number at most . Let $B\subset A$ be a hereditary subalgebra such that $rank_{x}(B)\geq R$ for every in the total space
of $A$ . Let $v\in U(B)$ satisfy $\det(v)=1$ and be connected to 1 by a
in $U(B)$ such that $\det(v_{t})=1$ for all . Then there is a
path
continuous path from to 1 in $U(B)$ with length less than $4\pi(d’+2)$ .
$d$

$d’$

$d$

$x$

$t\mapsto v_{t}$

$t$

$v$

At this point, we should give a brief indication of the significance of
the strong covering number. We explained in Section 4 of [25] how to
use relative versions of the subprojection and cancellation theorems for
$C(X, M_{n})$ to obtain analogous theorems for recursive subhomogeneous
algebras. Theorem 3.1, however, is an exponential length theorem, and,
at a crucial step in its proof, we have only been able to prove an approximate relative theorem for $C(X, M_{n})$ . (See Theorem 6.2 of [25].) Roughly
speaking, errors accumulate everywhere that the recursive subhomogeneous decomposition of $A$ specifies that two algebras be glued together.
The strong covering number gives a limit on how often a neighborhood
of a particular point in one of the base spaces is involved in such a gluing.
It is a strengthened version of the most obvious notion (the “covering
number”); the more obvious version proved to be technically too weak.
The definition of the strong covering number is somewhat complicated, and is omitted; instead, we illustrate with an example. Let $X$ be
a compact metric space, let $E$ be a locally trivial continuous field over $X$
, and let
with fiber
be the corresponding section algebra. Then
any finite cover
of $X$ by closed subsets, such that
,
,
,
is trivial for each , induces a recursive subhomogeneous decomposition
of
. (See the proof of Proposition 1.7 of [29] and Example 2.8 of
[25].) It can be shown that the strong covering number of this recursive subhomogeneous decomposition is the order (as in Definition 1.6.6
of [15] of the cover of $X$ by the sets
,
, that is, the largest
,
,
$M_{n}$

$\Gamma(E)$

$X_{0}$

$X_{1}$

$X_{l}$

$E|_{X_{k}}$

$\ldots$

$k$

$\Gamma(E)$

$)$

$X_{0}$

$X_{1}$

$\ldots$

$X_{l}$

$C^{*}$

number

$d$

of minimal

-algebras

such that there are distinct

diﬀeomorphisms

$r_{0}$

,

$r_{1}$

,

$\ldots$

,

$r_{d}$
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for which

$d$

$ j=0\cap X_{r_{j}}\neq\emptyset$

.

Note the parallel with the definition of the covering dimension (Definition 1.6.7 of [15] .
At this point, we can explain how we use the condition that we have
. Our
a diﬀeomorphism of a manifold. Let $Y\subset M$ satisfy int
method for bounding the strong covering number requires that there be
an integer $m$ such that, for any $m+1$ distinct integers , ,
, $r_{m}\in Z$ ,
we have
$)$

$(Y)\neq\emptyset$

$r_{0}$

$r_{1}$

$\ldots$

$m$

$ j=0\cap h^{r_{j}}(\partial Y)=\emptyset$

.

When
is a minimal diﬀeomorphism of a compact manifold, this is
be a smooth submanifold (of
arranged as follows. First, require that
by an arbitrarily small amount, so
codimension 1). Then perturb
that all finite sets
$h$

$\partial Y$

$\partial Y$

$h^{r_{0}}(\partial Y)$

,

$h^{r_{1}}(\partial Y)$

,

$\ldots$

,

$h^{r_{m}}(\partial Y)$

of distinct images of
under powers of are jointly mutually transand
are transverse (see
verse. This means, first, that
, so that
is
pages 28-30 of [18] whenever
a smooth submanifold (of codimension 2; see the theorem on page 30
of [18] ; that
are transverse whenever
and
is a
are all distinct, so that
, , and
smooth submanifold (of codimension 3); etc. These conditions guarantee
under powthat the intersection of any $dim(M)+1$ distinct images of
ers of will be empty. (Note, however, that the resulting upper bound
on the strong covering number turns out to be $dim(M)(dim(M)+2)$ ,
not $dim(M)$ . The situation is much more complicated than for section
algebras of locally trivial continuous fields.) We thus have:
$h$

$\partial Y$

$h^{r_{0}}(\partial Y)$

$r_{0}\neq r_{1}$

$)$

$r_{0}$

$h^{r_{0}}(\partial Y)\cap h^{r_{1}}(\partial Y)\cap h^{r_{2}}(\partial Y)$

$r_{2}$

$r_{1}$

$h^{r_{0}}(\partial Y)\cap h^{r_{1}}(\partial Y)$

$h^{r_{0}}(\partial Y)\cap h^{r_{1}}(\partial Y)$

$h^{r_{2}}(\partial Y)$

$)$

$h^{r_{1}}(\partial Y)$

$\partial Y$

$h$

Proposition 3.2. Let $M$ be a connected compact smooth manbe a minimal diﬀeoifold with $dim(M)=d>0$ , and let $h:M$
$U\subset
M$
with $x\in U$ , there is
morphism. For every $x\in M$ and open
$Y\subset
M$
a closed set
with $x\in int(Y)\subset Y\subset U$ such that for every
$S\subset
int(Y_{0})$
(notation as in Section 2) which is homeomorclosed set
phic to a closed ball in
, the subalgebra $A(Y, S)$ satisfies the following
properties:
$\rightarrow M$

$R^{d}$
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$\circ$

The recursive subhomogeneous decomposition of Theorem 2.7 has
topological dimension equal to .
The decomposition of Theorem 2.7 has strong covering number
at most $d(d+2)$ .
for all .
In the notation of Theorem 2.7, we have
$d$

$o$

$\circ$

$Y_{k}^{(0)}\subset\partial Y_{k}$

$k$

We hope that if is a minimal homeomorphism of a finite dimensional compact metric space, then one might be able to substitute a
dimension theory argument for transversality in the above. We have not
yet had time to look into this. What to do about infinite dimensional
) is less clear.
compact metric spaces (such as
Now we start the outline of the proof of local approximation. We
fix a connected compact smooth manifold $M$ with $dim(M)>0$ and a
minimal diﬀeomorphism $h:M\rightarrow M$ .
Step 1. It suﬃces to prove the following: Let
$h$

$(S^{1})^{Z}$

$f_{1}$

,

$f_{2}$

,

$\ldots$

,

$f_{m}\in C(M)\subset C^{*}(Z, M, h)$

be a finite collection of functions, and let $\epsilon>0$ . Then there is a recursive subhomogeneous algebra $A\subset C^{*}(Z, M, h)$ which approximately
contains $\{f_{1}, f_{2}, \ldots, f_{m}, u\}$ to within . (The reason is that $C(M)$ and
-algebra.)
generate $C^{*}(Z, M, h)$ as a
$\delta>0$
,
Step 2. Choose
so small that the functions , ,
$M$
on every subset of
with
are all approximately constant to within
diameter less than . Choose an integer $R$ following Theorem 3.1 for
the number $d=dim(M)$ and for $d’=d(d+2)$ , and also with $R$
$\max(1, \frac{1}{2}d)$ . Choose an integer $N$ so large that
$\epsilon$

$C^{*}$

$u$

$f_{1}$

$f_{2}$

$\ldots$

$f_{m}$

$\frac{1}{2}\epsilon$

$\delta$

$\geq$

$\frac{4\pi(d’+2)}{N}<\epsilon$

.

Step 3. Choose a quadruple $(Y^{(1)}, Z^{(1)}, S, v_{1})$ , as described at the
end of the previous section, consisting of closed subsets with
$\emptyset\neq int(S)\subset S\subset int(Z_{0}^{(1)})\subset Z^{(1)}\subset int(Y^{(1)})\subset Y^{(1)}\subset M$

and a unitary $v_{1}\in A(Z^{(1)}, S)$ such that $v_{1}f=uf$ in $C^{*}(Z, M, h)$ when. We also require that the conclusions
ever $f\in C(M)$ vanishes on
of Proposition 3.2 be satisfied. Let $n_{1}(0)<n_{1}(1)<\cdots<n_{1}(l_{1})$ be
the first return times $n_{Y^{(1)}}(0)<n_{Y^{(1)}}(1)<\cdots<n_{Y^{(1)}}(l_{Y^{(1)}})$ . We then
further require that the sets involved be so small that:
$Y^{(1)}$

$\circ$

The sets
, $h^{-1}(Y^{(1)})$ ,
(whence $n_{1}(O)>N$ ).
$Y^{(1)}$

$\ldots$

,

$h^{-N}(Y^{(1)})$

are pairwise disjoint

$C^{*}$

$\blacksquare$

The sets
than .
The sets

of minimal

-algebras

$Y^{(1)}$

,

,

$h^{-1}(Y^{(1)})$

$\ldots$

,
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diﬀeomorphisms

$h^{-N}(Y^{(1)})$

all have diameter less

$\delta$

$\circ$

$\delta$

$h(S)$

,

$h^{2}(S)$

,

$\ldots$

,

$h^{n_{1}(0)}(S)$

all have diameter less than

.

, $h^{n_{1}(0)}(S)$ is either contained in
Each of the sets $h(S)$ , $h^{2}(S)$ ,
one of
, $h^{-N}(Y^{(1)})$ or is disjoint from all of
, $h^{-1}(Y^{(1)})$ ,
them.
)
(Note that we choose after having chosen
$(Y^{(2)},
Z^{(2)},
v_{2})$
, as described at the end of
Step 4. Choose a triple
the previous section, consisting of closed subsets with
$\circ$

$\ldots$

$Y^{(1)}$

$\ldots$

$Y^{(1)}.$

$S$

$\emptyset\neq int$

$(Z^{(2)})\subset Z^{(2)}\subset int(Y^{(2)})\subset Y^{(2)}\subset int(S)$

and a unitary $v_{2}\in A(Z^{(2)}, S)$ such that $v_{2}f=uf$ in $C^{*}(Z, M, h)$ when. Again, we also require that the concluever $f\in C(M)$ vanishes on
sions of Proposition 3.2 be satisfied. Let $n_{2}(0)<n_{2}(1)<\cdots<n_{2}(l_{2})$ be
the first return times $n_{Y^{(2)}}(0)<n_{Y^{(2)}}(1)<\cdots<n_{Y^{(2)}}(l_{Y^{(2)}})$ . Let
$A(Z^{(2)})$ be the hereditary subalgebra generated by
(int $(Y^{(1)})$ )
$C(M)$ . We then further require that
be so small that
,
as a hereditary subalgebra of the recursive subhomogeneous algebra
$\gamma_{Z^{(2)}}(A(Z^{(2)}))$ , satisfies $rank_{x}(\gamma_{Z^{(2)}}(B))\geq R$ for all
(in the sense
discussed before Theorem 3.1). (This is accomplished by requiring that
there be at least $R$ images of
under positive powers
of , with
$(Y^{(1)}).)$
$r<n_{2}(0)$ , which are contained in int
Step 5. Observe that the relations $v_{j}f=uf$ in $C^{*}(Z, M, h)$ whenimply that $v_{1}^{*}v_{2}f=f$ whenever $ f\in$
ever $f\in C(M)$ vanishes on
. From this one can deduce that $v_{1}^{*}v_{2}\in U(B)$ .
$C(M)$ vanishes on
With the help of the condition $rank_{x}(\gamma_{Z^{(2)}}(B))\geq\max(1, \frac{1}{2}d)$ , it is possible to alter the choice of so that, in addition to the conditions we already have, also $z=\gamma_{Z^{(2)}}(v_{1}^{*}v_{2})\in U(\gamma_{Z^{(2)}}(B))$ satisfies $\det(z)=1$ and
in $U(\gamma_{Z^{(2)}}(B))$ such that $\det(z_{t})=1$
is connected to 1 by a path
for all . (For the meaning of these conditions, see the discussion before
satisfies these properties.
Theorem 3.1.) Then also
Step 6. Apply Theorem 3.1 to find a path in $U(B)$ from
to
1 with total length less than $4\pi(d’+2)$ . Using a suitable subdivision of
the domain of this path, find unitaries
$Y^{(2)}$

$ B\subset$

$C_{0}$

$\subset$

$Z^{(2)}$

$\gamma_{Z^{(2)}}(B)$

$x$

$Z^{(2)}$

$h^{r}$

$h$

$Y^{(j)}$

$Y^{(1)}$

$v_{2}$

$t\mapsto z_{t}$

$t$

$v_{2}^{*}v_{1}=(v_{1}^{*}v_{2})^{*}$

$v_{1}^{*}v_{2}$

$v_{2}^{*}v_{1}=w_{0}$

,

$w_{1}$

,

$\ldots$

,

$w_{N-1}$

, $w_{N}=1\in U(B)$

such that
$||w_{j}-w_{j-1}||<\frac{4\pi(d’+2)}{N}<\epsilon$
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for

$1\leq j\leq N$

.

Step 7. Define
$w=w_{0}(u^{-1}w_{1}u)(u^{-2}w_{2}u^{2})\cdots(u^{-N}w_{N}u^{N})$

Then

$w$

is a unitary in

$f\in C(M)$

$w$

,

$Y^{(1)}$

(2)
(3)

$w$

with the following properties:

$C^{*}(Z, M, h)$

commutes with every
the sets

(1)

$h^{-1}(Y^{(1)})$

commutes with

$||wv_{1}w^{*}-v_{2}||<\epsilon$

$uv_{2}^{*}$

.

,

$\ldots$

,

which is constant on each of

$h^{-N}(Y^{(1)})$

.

.

.

We will say something below about how these results follow. Some of
the ideas are related to calculations in Section 6 of [31] and Section 2 of
[32].
Step 8. Set
and

$D=C^{*}(uv_{2}^{*}, A(Z^{(1)}, S))\subset C^{*}(Z, M, h)$

$A=wDw^{*}$ .

We show that $A$ approximately contains
to
, ,
,
, and
within .
be the sets
Let
, ,
,
, $h^{-1}(Y^{(1)})$ ,
, $h^{-N}(Y^{(1)})$ , together with all of the sets $h(S)$ , $h^{2}(S)$ ,
, $h^{n_{1}(0)}(S)$ which are not contained in any of the images of
listed above. By the construction in
Step (3), the sets , ,
are pairwise disjoint and have diameter
,
less than . The functions , ,
,
are all approximately constant
to within
on every subset of $M$ with diameter less than (by Step 2),
so there exist functions , ,
, $g_{m}\in C(M)$ which are actually con,
, ,
stant on the sets
and satisfy $||g_{i}-f_{1}||<\epsilon$ for $1\leq i\leq m$ .
These functions are then constant on all of
$f_{1}$

$f_{m}$

$f_{2}$

$\ldots$

$u$

$\epsilon$

$T_{2}$

$T_{1}$

$Y^{(1)}$

$T_{r}$

$\ldots$

$\ldots$

$\ldots$

$Y^{(1)}$

$T_{1}$

$T_{2}$

$T_{r}$

$\ldots$

$\delta$

$f_{1}$

$f_{2}$

$\ldots$

$f_{m}$

$\delta$

$\frac{1}{2}\epsilon$

$g_{1}$

$g_{2}$

$\ldots$

$T_{r}$

$T_{2}$

$T_{1}$

$\ldots$

$Y^{(1)}$

Now
$g_{1}$

,

$g_{2}$

,

$h^{-1}(Y^{(1)})$

,

$\ldots$

,

$h^{-N}(Y^{(1)})$

$g_{i}\in A(Z^{(1)}, S)\subset D$

,

$\ldots$

,

$g_{m}$

, so

$g_{1}$

,

$g_{2}$

,

$\ldots$

,

$h(S)$

,

$h^{2}(S)$

and (by Step 7 (1))

$w$

,

$\ldots$

,

$h^{n_{1}(0)}(S)$

commutes with

We also have
. Using the relations
and $||wv_{1}w^{*}-v_{2}||<\epsilon$ from Step 7, we get

$w(uv_{2}^{*})w^{*}=$

$||w(uv_{2}^{*}\cdot v_{1})w^{*}-u||=||w(uv_{2}^{*})w^{*}\cdot wv_{1}w^{*}-uv_{2}^{*}\cdot v_{2}||<\epsilon$

So

$u$

is approximately in

$A$

.

$g_{m}\in wDw^{*}=A$ .

$w(uv_{2}^{*}\cdot v_{1})w^{*}\in A$

$uv_{2}^{*}$

and

.

.

$C^{*}$

-algebras

of minimal

diﬀeomorphisms
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Step 9. The algebra $D$ , and hence $A=wDw^{*}$ , is a recursive
subhomogeneous algebra with topological dimension and strong covering number at most $d’=d(d+2)$ (that is, no more complicated than
$A(Z^{(1)}, S))$ . This step is where
is used in an essential way.
is the whole unit circle
.
Let’s assume for simplicity that
$D$
Then it turns out that
is a pullback
$d$

$S$

$S^{1}$

$sp(uv_{2}^{*})$

$D\cong A(Z^{(1)}, S)\oplus_{M_{n_{1(o),\varphi,\psi}}}C(S^{1}, M_{r\iota_{1}(0)})$

.

is evaluation at $1\in S^{1}$ . The map
$\varphi:A(Z^{(1)}, S)\rightarrow M_{n_{1}(0)}$ is the evaluation on the set
in the recursive
in
subhomogeneous decomposition described
Theorem 2.7. (This is really a point evaluation, because the elements of $A(Z^{(1)}, S)$ are constant
corresponds to the pair
on ) The unitary
The map

$\psi:C(S^{1}, M_{n_{1}(0)})\rightarrow M_{n_{1}(0)}$

$S$

$S.$

$uv_{2}^{*}$

(1, diag

$(z,$

$1$

,

$\ldots$

, 1))

in which is the identity function
in $C(S^{1})$ .
The key relation here is that
acts as 1 oﬀ $h(S)$ . Thus, if $ f\in$
$C(M)$ vanishes on $h(S)$ , then $(uv_{2}^{*})f=f(uv_{2}^{*})=f$ . If in addition
vanishes on
, then $(uv_{2}^{*})(uf)=(uf)(uv_{2}^{*})=uf$ . These relations
imply, for example, that
commutes with all elements of
$\zeta\mapsto\zeta$

$z$

$uv_{2}^{*}$

$f$

$Z^{(1)}$

$Ker(\varphi)\subset$

$uv_{2}^{*}$

$A(Z^{(1)}, S)$

.

The verification of the isomorphism with the pullback requires lots of
functional calculus. For example, one needs to define suitable homomorphisms with domain $D=C^{*}(uv_{2}^{*}, A(Z^{(1)}, S))$ , or at least determine
-algebra. We omit further discussomehow all the elements of this
sion, except to note that it is much easier to demonstrate that there is
an exact sequence
$C^{*}$

$0\rightarrow Ker(\varphi)\rightarrow D\rightarrow C(S^{1}, M_{n_{1}(0)})\rightarrow 0$

,

as should certainly happen for a pullback with surjective maps. This
exact sequence implies (using Theorem 2.16 of [29]) that $D$ is a recursive
subhomogeneous algebra with topological dimension , but doesn’t give
anything about the strong covering number.
This finishes the outline of the proof of local approximation.
Let us now return to the explanation of Step 7. We first explain
the significance of , in a greatly simplified context–so much simplified
that it does not satisfy the hypotheses of this section. Then we give an
outline of how to prove the claimed properties in our case.
$d$

$w$
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For the simple context, let us assume that
$n$

$Z^{(1)}=Y^{(1)}$

and

$M$
$=\prod_{j=1}h^{j}(Z^{(1)})$

.

(We ignore , since it is not relevant for this step.) In this case, note
that $Z_{0}^{(1)}=Z^{(1)}$ , that $n=n_{1}(0)$ , and that
induces an isomorphism
$A(Z^{(1)})\cong M_{n}(C(Z^{(1)}))$ , under which functions constant on each of
the sets
$S$

$\gamma_{Z^{(1)}}$

$Y^{(1)}$

,

$h^{-1}(Y^{(1)})$

,

$\ldots$

,

$h^{-N}(Y^{(1)})$

are sent to the diagonal matrices in $M_{n}(C(Z^{(1)}))$ , the last $N+1$ diagonal entries of which are constants. (Our simplifying assumptions imply
that $h^{-j}(Z^{(1)})=h^{n-j}(Z^{(1)}).)$
Let us further assume we have an -invariant Borel probability
measure
on $M$ , and that $C^{*}(Z, M, h)$ is represented faithfully on
$L^{2}(M, \mu)$ with $C(M)$ acting as multiplication operators and
acting
$u\xi=\xi\circ
h^{-1}$
as
. There is a direct sum decomposition
$h$

$\mu$

$u$

$n$

$L^{2}(M, \mu)=j=1\oplus L^{2}(h^{j}(Z^{(1)}))$

,

which determines an identification of $L(L^{2}(M, \mu))$ with $M_{n}(L^{2}(Z^{(1)}))$
which is compatible in a suitable sense with the isomorphism
. Further let
be the projection onto $L^{2}(h^{j}(Z^{(1)}))$ . With respect to this
identification, we can write
$\gamma_{Z^{(1)}}$

$e_{j}$

$u=()$

,

with $u^{(0)}\in e_{1}L(L^{2}(M, \mu))e_{n}$ . (Note that it is equal to the shift matrix
considered in Section 2, except for the upper right corner.) Similarly,
$s_{0}$

$C^{*}$

-algebras

of minimal
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diﬀeomorphisms

we can write

$v_{j}=[00001.\cdot..\cdot.$

$v_{j,0}^{(0)}000’.\cdot..\cdot.)$
$00001..\cdot..$

$ 0000.\cdot..\cdot$

$ 00001.\cdot..\cdot$

$.....\cdot.....\cdot.....\cdot$

$\cdot....\cdot.\cdot...\cdot.\cdot...\cdot$

.

.

.

.

Again, the diﬀerence is in the the upper right corner, but note that
and
are now in $A(Z^{(2)})$ .
, and identify $w$ as
In this situation, we let

$v_{1}$

$v_{2}$

$w_{i}’=e_{0}w_{i}e_{0}$

$w=diag(1,1, \ldots, 1, w_{N}’, w_{N-1}’, \ldots, w_{1}’, w_{0}’)$

.

(We have used the fact that $n\geq N+1.$ ) Now Condition (1) of Step 7
follows from the fact that $w$ is block diagonal and that functions in
$C(M)$ constant on each of the sets
$Y^{(1)}$

,

$h^{-1}(Y^{(1)})$

,

$\ldots$

,

$h^{-N}(Y^{(1)})$

are diagonal matrices, the last $N+1$ diagonal entries of which are constants. For Condition (2) of Step 7, we calculate:
$uv_{2}^{*}=diag$

(

$u^{(0)}(v_{2}^{(0)})^{*}$

, 1, 1,

$\ldots$

,

$1$

).

This element clearly commutes with $w$ . (The worst case is $n=N+1$ ;
then, recall that $w_{N}=1.$ ) For Condition (3) of Step 7, we estimate
instead $||w-v_{2}wv_{1}^{*}||$ . (This is easily seen to be equivalent.) A computation shows that
$v_{2}wv_{1}^{*}=diag(v_{2}^{(0)}w_{0}’(v_{1}^{(0)})^{*},$

$1$

,

$\ldots$

, 1, 1,

$w_{N}’$

,

$=diag(1,1, \ldots, 1,1, w_{N}’, \ldots, w_{2}’, w_{1}’)$

$w_{2}’$

$\ldots,$

,

$w_{1}’)$

.

(The entries of $w$ have all been moved one space down the diagonal. In
addition, the new first entry has been modified. Since $w_{0}=v_{2}^{*}v_{1}$ , we
Therefore, using $w_{N}=1$ , we get
have
$w_{0}’=(v_{2}^{(0)})^{*}v_{1}^{(0)}.)$

$||w-v_{2}wv_{1}^{*}||=\max_{1\leq j\leq N}||w_{j}-w_{j-1}||<\epsilon$

.
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In the actual situation, we work inside $C^{*}(Z, M, h)$ . Let
$C^{*}(Z, M, h)$ be the hereditary subalgebra of Step 4.
For the matrix
decomposition, we substitute the fact that the hereditary subalgebras
$ B\subset$

$B$

are orthogonal in

,

,

$u^{-1}Bu$

$u^{-2}Bu^{2}$

$C^{*}(Z, M, h)$

,

$Y^{(1)}$

,

,

$\ldots$

$u^{-N}Bu^{N}$

. This follows from the fact that the sets

$h^{-1}(Y^{(1)})$

,

,

$\ldots$

$h^{-N}(Y^{(1)})$

are pairwise disjoint. As a consequence, the factors
$w_{0}$

,

$u^{-1}w_{1}u$

,

$u^{-2}w_{2}u^{2}$

,

$\ldots$

,

$u^{-N}w_{N}u^{N}$

of $w$ , which are in the unitary groups of these hereditary subalgebras, all
commute with each other, and also with any function $f\in C(M)$ which
is constant on each of the sets
$Y^{(1)}$

When proving that

$w$

,

$h^{-1}(Y^{(1)})$

,

$\ldots$

commutes with

,

$h^{-N}(Y^{(1)})$

$uv_{2}^{*}$

.

, it helps to show first that

$u^{-j}w_{j}u^{j}=v_{2}^{-j}w_{j}v_{2}^{j}$

for 0

In fact, this is true if
is replaced by any $ b\in$
$C^{*}(Z, M, h)$ which diﬀers by a scalar from an element of $B$ . For the
verification of the norm estimate in Condition (3) of Step 7, one needs
in addition the following fact, which is the analog of the estimate on the
diﬀerence of diagonal matrices above: if
,
,
are orthogonal
,
$A$
$z_{j}\in
U(C_{j})$ for
hereditary subalgebras in a
-algebra , and if ,
$0\leq j\leq N$ , then
$\leq j\leq N$ .

$w_{j}$

$C_{0}$

$C_{1}$

$\ldots$

$C_{N}$

$C^{*}$

$y_{j}$

$||y_{0}y_{1}\cdots y_{N}-z_{0}z_{1}\cdots z_{N}||=\max_{0\leq j\leq N}||y_{j}-z_{j}||$

\S 4.

.

Direct limit decomposition

We give here a very brief approximate outline of the modifications
necessary to achieve the direct limit decomposition of Theorem 1.1, as
opposed to merely local approximation. The previous section describes
the construction of a (simple version of) a single “basic approximation”,
and the problem is to arrange successively better ones so as to obtain
an increasing sequence of subalgebras of $C^{*}(Z, M, h)$ . As will be clear,
putting everything together requires complicated notation, and there are
interactions between the modifications described below which we do not
have room to discuss here.

$C^{*}$

-algebras

of minimal
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First, the unitary corresponding to $w$ in each new basic approximation must commute with all elements of the subalgebra $A(Z^{(2)})$ from the
previous one. This requires two changes. The old subalgebra $A(Z^{(2)})$
must be replaced by $A(Z^{(2)}, T)$ for some suitable $T$ , and the new set
must be contained in $T$ . Also, the sequence
$Y^{(1)}$

$v_{2}^{*}v_{1}=w_{0}$

,

$w_{1}$

,

$\ldots$

,

$w_{N-1}$

,

$w_{N}=1\in U(B)$

used to construct the new $w$ must now consist of constant subsequences,
the lengths of which are certain return times associated with the old
$Z^{(2)}$

.

,
Second, having constructed one approximating subalgebra, say
,
, will be slightly “twisted” with respect to
the next one, say
even with the adjustment above. To straighten this out, it is necessary
to modify
in the construction by a nearby unitary.
by replacing
Then, after constructing
, one must further modify the unitaries
and
, etc. Enough control must be mainassociated with both
tained that the sequences of modifications converge to unitaries not too
far from the original choices.
Third, even apart from the “twisting” referred to in the previous
paragraph, the use of the subsets leads to problems with the expected
inclusion relations between subalgebras. Suppose, for example, we have
closed subsets $Y$ and $Z$ , satisfying the conclusions of Proposition 3.2,
with associated first return times
$A_{0}$

$A_{0}$

$A_{1}$

$A_{0}$

$v_{2}$

$A_{2}$

$v_{2}$

$A_{0}$

$A_{1}$

$S$

$n_{Y}(0)<n_{Y}(1)<\cdots<n_{Y}(l_{Y})$

and

$n_{Z}(0)<n_{Z}(1)<\cdots<n_{Z}(l_{Z})$ ,

and with corresponding subsets
$Y_{0}$

,

$Y_{1}$

,

$\ldots$

,

$Y_{l_{Y}}\subset Y$

and

$Z_{0}$

,

$Z_{1}$

,

$\ldots$

,

$Z_{l_{Z}}\subset Z$

.

Suppose that
$\emptyset\neq S\subset int(Z_{0})\subset Z\subset int(Y_{0})$

(in particular, $Z\subset Y$ ), and that $n_{Z}(0)>n_{Y}(0)$ (this is the relevant
situation, because arbitrarily good approximations require arbitrarily
large values of the smallest first return time). We have $A(Y)\subset A(Z)$ ,
because every function in $C(M)$ which vanishes on $Y$ also vanishes on $Z$ .
However, it is not true that $A(Y, S)\subset A(Z, S)$ . In fact, $C(M)\cap A(Z, S)$
consists of those functions in $C(M)$ that are constant on the sets
$h(S)$

,

$h^{2}(S)$

,

$\ldots$

,

$h^{n_{Z}(0)}(S)$

,
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$C(M)\cap A(Y, S)$

consists of those functions in

$C(M)$

that are constant

on the sets
$h(S)$

,

$h^{2}(S)$

,

$\ldots$

,

$h^{n_{Y}(0)}(S)$

,

so $C(M)\cap A(Y, S)\neq\subset C(M)\cap A(Z, S)$ .
To fix this problem, it is necessary to replace the single set in the
construction of $A(Y, S)$ by a whole family of subsets. One must require
that whenever $h^{j}(S)\subset Y$ , with $0<j<n_{Z}(0)$ , then there is with
$h^{j}(S)\subset int(Y_{k})$ . Then one uses the collection of all such $h^{j}(S)$ , rather
than just itself, with the obvious modification to account for the fact
that they are no longer all subsets of $int(Y_{0})$ . The resulting subalgebra
is a proper subalgebra of $A(Y, S)$ .
In the inductive construction of an increasing sequence of approximating subalgebras of $C^{*}(Z, M, h)$ , this works out as follows. First,
. Then one constructs an
one constructs an approximating algebra
approximating algebra
, incorporating the first two modifications
discussed above, and using a suﬃciently small set . Next, one replaces
by a smaller algebra
, using the approach outlined in the previous paragraph on the algebra $A(Z^{(1)}, S)$ appearing in the definition
of
. That done,
, but with the set
from the construction of
. Then it is necessary to go back and replace both
one constructs
(in that order) by smaller subalgebras
and
, in a
and
similar way. This procedure continues for all .
There are two problems. First,
must still be large enough
to approximate not too badly the finite set that the first algebra
was
constructed to approximate. Second,
must still be a recursive subhomogeneous algebra with topological dimension at most and
strong covering number at most $d(d+2)$ . Since subalgebras of recursive
subhomogeneous algebras need not even be recursive subhomogeneous
algebras (see Example 3.6 of [29]), this requires work. The construction
of the subalgebra $A(Y, S)$ can be viewed as identifying the subset of $Y$
to a point. By the time the inductive process of the previous paragraph
is complete, one must identify infinitely many subsets of $Y$ to (distinct)
points, in such a way that the resulting space is not only Hausdorﬀ (there
is trouble even here) but in fact has dimension no greater than $dim(Y)$ .
The details are quite messy.
and

$n_{Y}(0)<n_{Z}(0)$ ,

$S$

$k$

$S$

$A_{0}^{(0)}$

$A_{1}^{(1)}$

$S$

$A_{0}^{(0)}$

$A_{0}^{(1)}$

$A_{0}^{(0)}$

$A_{1}^{(1)}$

$S$

$A_{2}^{(2)}$

$A_{1}^{(1)}$

$A_{0}^{(1)}$

$A_{1}^{(2)}$

$A_{0}^{(2)}$

$n$

$\bigcap_{k=n}^{\infty}A_{n}^{(k)}$

$A_{n}^{(n)}$

$\bigcap_{k=r\iota}^{\infty}A_{n}^{(k)}$

$d$

$S$

$C^{*}$

-algebras

of minimal

diﬀeomorphisms
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Masaru Nagisa

Introduction

\S 1.

-algebra $A$ in this article. Let be
We mainly treat a separable
-subalgebra $B$
a subset of
. We call
a generator of $A$ when any
of $A$ containing is equal to $A$ , and we denote $A=C^{*}(S)$ . If is finite,
then we call $A$ finitely generated and we define the number of generators
Qtn(A) by the minimum cardinality of which generates $A$ . We denote
-algebra $A$ singly
unless $A$ is finitely generated. We call a
. Indeed, if $A=C^{*}(x, y)$ for ,
, then
generated if
$A$
$B$
$x+\sqrt{-1}y$
is equal to
any
-subalgebra of containing the element
$S$

$C^{*}$

$C^{*}$

$S$

$A_{sa}$

$S$

$S$

$S$

$C^{*}$

$gc\mathfrak{n}(A)=\infty$

$gc\mathfrak{n}(A)\leq 2$

$x$

$y$

$\in A_{sa}$

$C^{*}$

$A$

.

There are many works on single generation of operator algebras.
Many of them concern to von Neumann algebras ([2], [6], [19], [19], [20],
[24] . Concerning to
-algebras, there are interesting works of D.
Topping([22]), C. L. Olsen and W. R. Zame([15]). With related to them,
algebras
we introduce the recent work ([11], [12]) of singly generated
in the next section and mention the relation between singly generated
-algebras and their ranks in the last section.
$C^{*}$

$)$

$C^{*}$

$C^{*}$

\S 2.

Single generation of

$C^{\star}$

-algebras

Let
be a subset of a
-algebra $A$ satisfying $A=C^{*}(S)$ . If $A$ is
unital, then $\{s+2||s|||s\in S\}$ also generates $A$ . So we may assume
that an element of is invertible. We mention about the fundamental
without the proof.
property of
$C^{*}$

$S$

$S$

$gc\mathfrak{n}(\cdot)$

Lemma 1.

[12] Let

$A$

2000 Mathematics Subject
46L35, 46L10.

and

$B$

be

$C^{*}$

algebras.

Classification.

Primary

$46L05$ ;

Secondary

M. Nagisa

136

(1)
(2)

is the
, where
are subalgebras of a
$\tilde{A}$

$gc\mathfrak{n}(A)=gc\mathfrak{n}(\tilde{A})$

If

$A$

and

$B$

-algebraic unitization of $A$ .
-algebra $C$ , then we have

$C^{*}$

$C^{*}$

$gc\mathfrak{n}(C^{*}(A, B))\leq gc\mathfrak{n}(A)+gc\mathfrak{n}(B)$

(3)

If one of

$A$

and

.

has a unit, then we have

$B$

$ge\mathfrak{n}(A\oplus B)=\max\{ge\mathfrak{n}(A), \mathfrak{g}c\mathfrak{n}(B)\}$

For a commutative
Qtn(A) as follows:

-algebra

$C^{*}$

$A$

.

, we can make clear the meaning of

Proposition 2. [12] Let $A$ be a unital commutative
and the spectrum of A. Then we have

$C^{*}$

-algebra

$\Omega$

$gc\mathfrak{n}(A)=\min$

{

there is an embedding

$m\in \mathbb{N}|$

of

$\Omega$

into

$\mathbb{R}^{m}$

}.

as a sort of nonThanks to this statement, we can consider
$A$
commutative topological dimension of a -algebra . So we investigate
.
the relation of gen(A) and gen(Mn(A)), where
$gc\mathfrak{n}(A)$

$C^{*}$

$M_{r\iota}(A)\cong M_{n}(\mathbb{C})\otimes A$

-algebra with
Theorem 3. [12] Let $A$ be a unital
$gc\mathfrak{n}(M_{n}(A))\leq
2$
.
. Then we have
$C^{*}$

$1$

$gc\mathfrak{n}(A)\leq n^{2}+$

$(n\in \mathbb{N})$

, , , ,
,
, , , ,
Outline of Proof
Let
, ,
$d_{n-1}$ be self-adjoint elements of $A$ .
We assume that they generate
and satisfy the following condition:
$b$

$a_{1}$

$b\geq 1$

and

$d_{1}$

,

$a_{2}$

$d_{2},$

$\ldots$

$a_{(n-1)^{2}}$

$\ldots$

,

$ d_{n-1}\geq\delta$

We define two self-adjoint elements

$x$

,

$y$

in

$c_{1}$

$c_{2}$

for some
$M_{n}(A)$

$\ldots$

$c_{r\iota}$

$\delta>0$

$d_{1}$

$d_{2}$

$\ldots$

.

as follows:

$x=(_{a2n-4}a_{2}-..\cdot\sqrt{-1}a_{3}-\sqrt{-1}a2n-3a_{1}0a_{4n-9}-\cdot.\cdot\sqrt{-1}a_{4n-8}a_{2}+\sqrt{-1}a_{3}a_{2n-2}0.\cdot.\cdot.\cdot....\cdot....a_{2n-4}+...\sqrt{-1},a_{2n-3}a_{4n-9}+\sqrt{-1}a_{4n-8}a_{(n-1)^{2},0}00\dot{0}b..)$

and
$c_{1}$

$d_{1}$

$y=\{$

$d_{1}$

$c_{2}$

$d_{2}$

.

$d_{2}$

.

$d_{n-1}c_{n})$

$ d_{n-1}..\cdot.\cdot$

.

.

,

$A$
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If we assume that
$\in 1\leq(x_{ij})_{i,,,j=1}^{n-1}\leq(1-\in)1$

then

$x$

and

$y$

generate

$A$

for $some\in>0$ ,
Q.E.D.

.

It is proved that $M_{n}(A)$ is singly generated if $gc\mathfrak{n}(A)\leq(n^{2}+3n)/2$
$([15])$ , and if $gcn(A)\leq(n -1)^{2}([14])$ .
The above result implies the
following estimation for unital
-algebra $A$ :
$C^{*}$

,

$gc\mathfrak{n}(M_{n}(A))\leq\lceil\frac{gc\mathfrak{n}(A)-1}{n^{2}}+1\rceil$

where
means “the least integer greater than or equal to”. We can see
that the above estimation is best possible. C. L. Olsen and W. R. Zame
.
[15] prove that $M_{2}(C([0,1]^{n}))$ is singly generated if and only if
$\lceil\cdot\rceil$

$n$

[12] Let

Theorem 4.

$n$

and

$m$

$\leq 5$

be positive integers. Then we have
.

$gc\mathfrak{n}(M_{m}(C[0,1]^{n}))=\lceil\frac{n-1}{m^{2}}+1\rceil$

Let
be an -dimensional compact manifold. By Whitney’s theorem,
is embeddable to
, so we have
$\Omega$

$n$

$\mathbb{R}^{2n}$

$\Omega$

$gc\mathfrak{n}(M_{m}(C(\Omega)))\leq\lceil\frac{2n-1}{m^{2}}+1\rceil$

$C^{*}$

.

Now we shall investigate generators for a simple
algebra.
-algebra which is tensored with a simple

$C^{*}$

-algebra or a

$C^{*}$

Theorem 5. [12] Let
algebra. Then we have

$A$

be a simple, infinitely dimensional

$C^{*}-$

$gc\mathfrak{n}(A\otimes_{\max}B)\leq gc\mathfrak{n}(A)+1$

for any

unital

$C^{*}$

-algebra

$B$

.

, $x_{n}\in A_{sa}$
Outline of Proof. We assume that $A$ is unital and , ,
generate $A$ . We choose $\{y_{k}|k=1,2, \ldots\}\subset B_{sa}$ such that $\{y_{k}|k=$
, 2,
} generates $B$ and $||y_{k}||=1$ . By the infinite dimensionality of
$A$ , we can choose a family of positive elements in $A$ satisfying $p_{i}p_{j}=0$
if $i\neq j$ . We set
$x_{1}$

$1$

$\ldots$

$s_{i}=x_{i}\otimes 1$

,

$t=\sum_{k=1}^{\infty}\frac{1}{k}p_{k}\otimes y_{k}$

.

$x_{2}$

$\ldots$
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Then we have
of $A$ , we have

$p_{k}^{2}\otimes y_{k}=k(p_{k}\otimes 1)t\in C^{*}(s_{1}, \ldots, s_{n}, t)$

. By the simplicity

$\sum_{i=1}^{m}a_{i}p_{k}^{2}b_{i}=1$

for suitable elements
$B$ .
ates

$a_{i}$

,

$b_{i}$

in

$A$

.

This means that

$\{s_{1}, \ldots, s_{n}, t\}$

$A\otimes_{\max}$

generQ.E.D.

Corollary 6. Let $A$ be a simple, singly generated, infinitely di-algebra. Then we have
mensional
$C^{*}$

$gc\mathfrak{n}(A\otimes_{\max}B)\leq 3$

for

any unital
algebra
In particular,
$C^{*}$

$B$

.

$M_{k}(\mathbb{C})\otimes A\otimes_{\max}B$

Examples. (1) Let K be a
separable Hilbert space. Then

is singly generated

for

$k\geq 2$

.

-algebra of all compact operators on a
$K$ is singly generated, and

$C^{*}$

(

$1/2$

1/3
..
$.$

)

$+\sqrt{-1}(^{1}0$

$1/20$
$\cdot.)$

$1./..20$
$..\cdot$

.

is a generator of K.
-algebra is also singly generated([22]). So we have
Every UHF
$A\otimes_{\min}K$ and $A\otimes_{\min}(UHF)$ are singly generated for any unital
algebra $A([15])$ by Corollary 6.
(2) Let $A$ be a unital
-algebra with a unitary $u\in A$ and $h\in A_{sa}$
satisfying $A=C^{*}(u, h)$ . Then $A$ is singly generated and $u(h+2||h||)$ is
a generator of $A$ .
-crossed product
For any compact subspace of , the
is also singly generated.
-algebra. Then
is
Let $A_{\theta}=C^{*}(u, v)$ be an irrational rotation
.
singly generated([10]) and $u(v+v^{*}+3)$ is a generator of
$AFC^{*}$
(3) Every simple
-algebra is singly generated([9]).
The
(4)
Cuntz algebra
has the property $Mn(On)\cong O_{n}$ . So
-algebras. In
we have $A\otimes_{\min}O_{n}$ is singly generated for any unital
algebra $A$ is singly
general, E. Kirchberg ([13],[12]) shows that a
generated if $A$ has two isometries with orthogonal ranges.
$C^{*}$

$C^{*}-$

$C^{*}$

$\Omega$

$\mathbb{R}$

$C^{*}$

$C(\Omega)x_{\alpha}\mathbb{Z}$

$C^{*}$

$A_{\theta}$

$A_{\theta}$

$O_{n}$

$C^{*}$

$C^{*}$
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is not singly generated, so the
(5) By Proposition 2,
with two gen-algebra $C^{*}(F_{2})$ of the free group
enveloping group
erators is not singly generated. By Theorem 3, $M_{2}(C^{*}(F_{2}))$ is singly
generated.
$C(’F\times \mathbb{T})$

$C^{*}$

\S 3.

Rank of

$C^{\star}$

$F_{2}$

-algebras

-algebra $A$ has a unit. The
In this section, we assume that a
notion of real rank is defined by L. G. Brown and G. K. Pedersen [4],
and that of stable rank is defined by M. A. Rieﬀel [18] as follows:
$C^{*}$

$RR(A)=\min\{n\in \mathbb{N}\cup\{0\}|$

$\{(a_{1}, a_{2}, \ldots, a_{n+1})\in(A_{sa})^{n+1}|Aa_{1}+Aa_{2}+\cdots+Aa_{n}=A\}$

is dense in

or

$\infty$

$(A_{sa})^{n+1}\}$

,

,

$sr(A)=\min\{n\in \mathbb{N}|$

$\{(a_{1}, a_{2}, \ldots, a_{n})\in A^{n}|Aa_{1}+Aa_{2}+\cdots+Aa_{n}=A\}$

is dense in

or
If

$A$

$\infty$

$A^{n}$

},

.

is commutative, then $RR(A)$ is equal to the covering dimension
of its spectrum , and

$dim(\Omega)$

$\Omega$

$sr(A)=\lceil\frac{dim(\Omega)+1}{2}\rceil$

In the case that

$A$

.

is not commutative, we have
$RR(A)\leq 2sr(A)-1$ .

E. J. Beggs and D. E. Evans [1] show that the following formula:
$RR(M_{m}(C(\Omega)))=\lceil\frac{dim(\Omega)}{2m-1}\rceil$

.

We shall construct an example of -algebra whose rank is infinite using
free products of -algebras([23]).
$C^{*}$

$C^{*}$
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Theorem 7. [14]
If -algebras
homomorphisms to $C[0,1]$ , then we have
$C^{*}$

$A$

and

$B$

have surjective

$*-$

$RR(A*B)=\infty$ ,

where $A*B$ is the enveloping

For any

Proof.

$n\in \mathbb{N}$

$C^{*}$

of the free product of

-algebra

$A$

and

$B$

.

, by Theorem 4, we have

$gc\mathfrak{n}(M_{n}(C[0,1]^{n^{2}}))=2$

.

Let , be invertible self-adjoint generators of $M_{n}(C[0,1]^{n^{2}})$ . There are
-homomorphisms from $A$ (resp. $B$ ) to $C^{*}(a)$ (resp. $C^{*}(b)$ ).
surjective
This means that there exists a surjective
-homomorphism from $A*B$
to $M_{n}(C[0,1]^{n^{2}})$ . By Beggs-Evans’ formula, we have
$a$

$b$

$C^{*}$

$C^{*}$

$RR(A*B)\geq\lceil\frac{n^{2}}{2n-1}\rceil$

for any

$n$

Q.E.D.

, that is, $RR(A*B)=\infty$ .

(in parBoth $C[0,1]$ $*C[0,1]$ and $C^{*}(F_{2})$ have their real rank
ticular, their stable rank
). The former is singly generated and the
latter is not as we have shown. M. A. Rieﬀel [18] show that $sr(A)=\infty$
when $A$ contains two isometries with orthogonal ranges. But, for unital
-algebras $A\subset B$ , it is not necessarily true that $sr(A)=\infty$ implies
$sr(B)=\infty$ . We give here such an example.
$\infty$

$\infty$

$C^{*}$

Lemma 8. Let $A$ be a unital, separable, residually finite
-algebra
and $M$ a factor of type
. Then there exists a unital embedding of $A$
to $M$ .
$C^{*}$

$II_{1}$

is residually finite, there exists a countable family
of finite-dimensional -representation of $A$ such that
is a faithful representation of $A$ . We can choose a family
of
orthogonal projections of $M$ such that

Proof. Since

$A$

$*$

$\{\pi_{n}\}_{n=1}^{\infty}$

$\oplus_{n=1}^{\infty}\pi_{n}$

$\{p_{n}\}_{n=1}^{\infty}$

$\sum_{n=1}^{\infty}p_{n}=1$

For each

$n$

,

$M_{dim\pi_{n}}(\mathbb{C})$

of

$A$

to

.

contains a unital -subalgebra which isomorphic to
. Using these isomorphisms, we can construct an embedding
Q.E.D.
.
$p_{n}Mp_{n}$

$\sum_{n=1}^{\infty}p_{n}Mp_{n}\subset M$

$*$
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$C^{*}$
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-algebras

M.-D. Choi [5] prove that
is residually finite. So $C^{*}(F_{2})$
. Every finite factor $M$ is
can be embedded in a factor $M$ of type
simple and has $RR(M)=0$ and $sr(M)=1$ . More precisely, using N.
C. Phillips’ argument [16], we can choose a unital, separable, simple
-algebra $A$ which contains $C^{*}(F_{2})$ and $RR(A)=0$ and $sr(A)=1$ .
such that
-algebra
Indeed, there exists a simple, separable
$C^{*}(F_{2})\subset A_{1}\subset M[3]$ . Let
be a positive decreasing sequence
tending to 0. We can choose a countable sequence
is dense in the unit
and
such that
). By the fact $RR(M)=0$ and $sr(M)=1$ , we
(resp.
ball of
can choose invertible elements $a_{n}’\in M_{sa}$ , $b_{n}’\in M$ such that
$C^{*}(F_{2})$

$II_{1}$

$C^{*}$

$C^{*}$

$A_{1}$

$\{\epsilon_{n}\}_{n=1}^{\infty}$

$\{a_{n}\}_{n=1}^{\infty}\subset(A_{1})_{sa}$

$\{a_{n}\}_{n=1}^{\infty}(resp.\{b_{n}\}_{n=1}^{\infty})$

$\{b_{n}\}_{n=1}^{\infty}\subset A_{1}$

$(A_{1})_{sa}$

$A_{1}$

,

$||a_{n}’||$

$||b_{n}’||\leq 1$

,

$||a_{n}-a_{n}’||<\epsilon_{1}$

,

$||b_{n}-b_{n}’||<\epsilon_{1}$

.

,
We put
the
and . Then there exists
-algebra generated by
such that $A_{2}\subset A_{3}\subset M$ . We also
-algebra
a simple, separable
and
such
choose a countable sequence
(resp.
that
(resp.
) is dense in the unit ball of
$b_{n}’’’\in
M$
$a_{n}’’’\in
M_{sa}$
,
such that
, and invertible elements
$C^{*}$

$A_{2}$

$A_{1}$

$C^{*}$

$a_{n}’$

$b_{n}’$

$A_{3}$

$\{a_{n}’’\}_{n=1}^{\infty}\subset(A_{3})_{sa}$

$\{a_{n}’’\}_{n=1}^{\infty}$

$\{b_{n}’’\}_{n=1}^{\infty}\subset A_{3}$

$(A_{3})_{sa}$

$\{b_{n}’’\}_{n=1}^{\infty}$

$A_{3})$

$||a_{n}’’’||$

,

$||b_{n}’’’||\leq 1$

,

$||a_{n}’’-a_{n}’’’||<\epsilon_{2}$

the
-algebra generated by
We put
argument, we can construct
$C^{*}$

$A_{4}$

$A_{3}$

,
,

$||b_{n}^{JJ}-b_{n}’’’||<\epsilon_{2}$

and

$a_{n}’’’$

$b_{n}’’’$

.

. Repeating this

$C^{*}(F_{2})\subset A_{1}\subset A_{2}\subset\cdots\subset A_{n}\subset\cdots\subset M$

.

is the desired one.
-algebra
Then the inductive limit
-algebra $A$ is simple and
We have no example that a separable
is not singly generated. Many researcher consider the reduced group
-algebra. K. Dykema,
as a candidate of such a
-algebra
U. Haagerup and M. $R\emptyset rdam[7]$ prove that $sr(C_{red}^{*}(F_{2}))=1$ . Since
does not have non-trivial projections, its real rank is one. We
-algebra of real rank zero is
do not know whether a separable, simple,
singly generated. This fact is related to the problem of a singly generated
factor of type
.
-algebra of real rank
We remark that, if any separable, simple
with the separable
zero is singly generated, then every factor of type
predual is singly generated as a von Neumann algebra. Indeed, we choose
generates $M$ as a von
, , $\ldots\in M$ such that
elements
, by
-algebra $A$ generated by
Neumann algebra. For the
-algebra $B$ of
the above argument, we can choose a separable, simple
real rank zero such that
$C^{*}$

$\lim_{n\rightarrow\infty}A_{n}$

$C^{*}$

$C^{*}$

$C^{*}$

$C_{red}^{*}(F_{2})$

$C_{red}^{*}(F_{2})$

$C^{*}$

$II_{1}$

$C^{*}$

$II_{1}$

$a_{1}$

$\{a_{1}, a_{2}, \ldots\}$

$a_{2}$

$C^{*}$

$\{a_{1}, a_{2}, \ldots\}$

$C^{*}$

$A\subset B\subset M$

.
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By the assumption, there exists an element $x\in B$ such that
$B$ . Then
generates $M$ as a von Neumann algebras.

$x$

generates

$x$
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$C^{\star}$

-algebras over spheres with fibres
noncommutative tori
Chun-Gil Park

Abstract.
-algebra bundles
-algebras of sections of locally trivial
over
with fibres
are constructed
under the assumption that each completely irrational noncommutative torus is realized as an inductive limit of circle algebras. It is
-algebra
-algebra of sections of a locally trivial
shown that each
with fibres
is stably
bundle over
.
isomorphic to
$cd$
-algebra over
Let
be a -homogeneous
$S^{2k_{j}-1}\times T^{r+2}$
of which no non-trivial matrix algebra can be factored
is defined by twistout. The spherical noncommutative torus

All

$C^{*}$

$C^{*}$

$M_{c}(A_{\omega})$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$C^{*}$

$C^{*}$

$M_{c}(A_{\omega})$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes M_{c}(A_{\omega})$

$C^{*}$

$A_{cd}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}$

$s_{\rho}^{cd}$

ing
plier

$C^{*}(\overline{T^{r+2}}\times \mathbb{Z}^{m-2})$

$\rho$

on

in

$\overline{T^{r+2}}\times \mathbb{Z}^{m-2}$

.

by a totally skew multiis isomorphic to

$A_{cd}\otimes C^{*}(\mathbb{Z}^{m-2})$

We prove that

$s_{\rho}^{cd}\otimes M_{p}\infty$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes C^{*}(\overline{T^{r+2}}\times \mathbb{Z}^{m-2}, \rho)\otimes M_{cd}(\mathbb{C})\otimes M_{p}\infty$

if and only if the set of prime factors of
those of .

$cd$

is a subset of the set of

$p$

\S 0.

Introduction

Given a locally compact abelian group $G$ and a multiplier on $G$ ,
, which
-algebra
one can associate to them the twisted group
is
is the universal object for unitary -representations of G.
$m$
.
by
and denoted
The
said to be a noncommutative torus of rank
of $G$ , called its symmetry group,
multiplier determines a subgroup
is
and the multiplier is called totally skew if the symmetry group
trivial. And
is called completely irrational if is totally skew (see
$[1, 12])$ . It was shown in [1] that if $G$ is a locally compact abelian group
is a simple
and is a totally skew multiplier on $G$ , then
of rank $m$ is the universal object
algebra. The noncommutative torus
$\omega$

$C^{*}$

$C^{*}(G, \omega)$

$C^{*}(\mathbb{Z}^{m}, \omega)$

$\omega$

$A_{\omega}$

$S_{\omega}$

$\omega$

$S_{\omega}$

$\omega$

$A_{\omega}$

$\omega$

$C^{*}(G, \omega)$

$\omega$

$C^{*}-$

$A_{\omega}$

2000 Mathematics Subject
ondary

$55R15$ .

Classifification.

Primary $46L87,46L05$ ; Sec-
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, so
for unitary -representations of
, $u_{m}|$
is realized as
are unitaries and
, where
are real numbers for
$\mathbb{Z}^{m}$

$\omega$

$u_{i}u_{j}=e^{2\pi i\theta_{ji}}u_{j}u_{i})$

$C^{*}(u_{1},$

$A_{\omega}$

$\cdots$

$\theta_{ji}$

$u_{i}$

$1\leq i,j\leq m$ .

Boca [4] showed that almost all completely irrational noncommutative tori are isomorphic to inductive limits of circle algebras, where the
term circle algebra” denotes a
-algebra which is a finite direct sum
. We will assume that each
of
-algebras of the form
completely irrational noncommutative torus appearing in this paper is
an inductive limit of circle algebras.
algebra $A$ over $M$ is isomorphic to the
Each $cd$ Homogeneous
algebra
of sections of a locally trivial
-algebra bundle with base
space $M$ , fibres
, and structure group Aut $(M_{cd}(\mathbb{C}))\cong PU(cd)$
(see [15, 18]). So each $cd$ Homogeneous
algebra over
is realized as the
algebra
of sections of
-algebra bundle over
a locally trivial
$T^{r+2}$
. Thus the spherical noncommutative torus
with fibres
, defined in Section 2, is realized as the
-algebra of sections of
a locally trivial
-algebra bundle over
with
, where
fibres
is defined in Section 2.
-algebras of sections of loWe are going to show that the set of all
cally trivial
-algebra bundles over
with fibres
is in bijective correspondence with the set of all spherical
noncommutative tori with primitive ideal space
, that
and fibres
is isomorphic to
$C^{*}$

$C^{*}$

$C(T^{1})\otimes M_{q}(\mathbb{C})$

$C^{*}-$

$C^{*}$

$C^{*}$

$\Gamma(\eta)$

$\eta$

$M_{cd}(\mathbb{C})$

$C^{*}$

$\prod_{i=1}^{e}S^{27l_{i}}\times$

$C^{*}$

$\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r+2}$
$C^{*}$

$\zeta$

$\Gamma(\zeta)$

$\prod_{i=1}^{e}S^{2r\iota_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times$

$M_{cd}(\mathbb{C})$

$C^{*}$

$S_{\rho}^{cd}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$P_{\rho}^{d}$

$C^{*}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times$

$S_{\rho}^{cd}\otimes M_{p^{\infty}}$

if and only if
the set of prime factors of
is a subset of the set of prime factors
is stably isomorphic to
of , and that
$\prod_{j=1}^{s}S^{2k_{j}-1})\otimes C^{*}(\overline{T^{r+2}}\times \mathbb{Z}^{m-2}, \rho)\otimes M_{cd}(\mathbb{C})\otimes M_{p^{\infty}}$

$cd$

$p$

$C(\prod_{i=1}^{e}S^{2r\iota_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})$

$S_{\rho}^{cd}$

$\otimes C^{*}(\overline{T^{r+2}}\times \mathbb{Z}^{m-2}, \rho)\otimes M_{cd}(\mathbb{C})$

\S 1. Homogeneous

$C^{\star}$

.

-algebras over a product space of spheres

An important problem, in the bundle theory of geometry, is to compute the set $[M, BPU(cd)]$ of homotopy classes of continuous maps of
a compact $CW$ -complex $M$ into the classifying space $BPU(cd)$ of the
Lie group PU(cd). The set $[M, BPU(cd)]$ is in bijective correspondence
with the set of equivalence classes of principal PU(cd)-bundles over $M$ ,
which is in bijective correspondence with the set of $cd$ Homogeneous
algebras over $M$ (see [15, 18]). $[S^{2n}, BPU(cd)]=$ [ $S^{2n-1}$ , PU(cd)
if $n>1,$
if $n=1$ , which are the cyclic groups. So each group
has a generator, and there is a unitary $U(z)\in PU(cd)$ such that the
$C^{*}-$

$\cong \mathbb{Z}$

$\cong \mathbb{Z}_{cd}$

$C^{*}$

-algebras with

fifibres

161

noncommutative tori

can be realized as the
generating $cd$-homogeneous
-algebra over
-algebra bundle over
-algebra of sections of a locally trivial
with fibres
characterized by the unitary $U(z)\in PU(cd)$ over
$S^{2n-1}$
. If $(cd, k)=p(p>1)$ , then consider the $cd$-homogeneous
or
as the tensor
algebra over
corresponding to each
, which
-algebra
over
product of
homogeneous
with a
$S^{2n}$

$C^{*}$

$S^{2n}$

$C^{*}$

$C^{*}$

$M_{cd}(\mathbb{C})$

$C^{*}-$

$S^{2n}$

$k\in \mathbb{Z}$

$M_{p}(\mathbb{C})$

$\mathbb{Z}_{cd}$

$S^{2n}$

$C^{*}$

$\frac{cd}{p}$

is given by
. Consider $U(z)^{k}$ as $U(z)^{\frac{k}{p}}\otimes I_{p}\in PU(cd)$ ,
where
identity matrix. Then each $cd$-homogeneous
denotes the
-algebra
-algebra of sections
over
can be realized as the
with fibres
charof a locally trivial
-algebra bundle over
$S^{2n-1}$
for some
or
acterized by the unitary $U(z)^{k}\in PU(cd)$ over
(see [15]).
$U(z)^{\frac{k}{p}}\in PU(\frac{cd}{p})$

$p\times p$

$I_{p}$

$C^{*}$

$S^{2n}$

$B_{cd,,,k}$

$C^{*}$

$S^{2n}$

$C^{*}$

$M_{cd}(\mathbb{C})$

$k\in \mathbb{Z}$

$\mathbb{Z}_{cd}$

-algebra over $S^{2n-1}\times S^{1}$ ,
Lemma 1.1. Every $cd$ -homogeneous
whose $cd$ -homogeneous
-subalgebra restricted to the subspace
$S^{2n-1}\times S^{1}$
has the trivial bundle structure, is isomorphic to one of the
, of $C(S^{2n-1}\times[0,1], M_{cd}(\mathbb{C}))$ given
or
,
-subalgebra
as follows: if $f\in A_{cd,,,k}$ , then the following condition is satisfified
$C^{*}$

$S^{2n-1}c_{-\rangle}$

$C^{*}$

$C^{*}$

$k\in \mathbb{Z}$

$A_{cd,,,k}$

$\mathbb{Z}_{cd}$

$f(z, 1)=U(z)^{k}f(z, 0)U(z)^{-k}$

for all $z\in S^{2n-1}$ ,

where

$U(z)\in PU(cd)$

is the unitary given above.

-algebra over $S^{2n-1}\times S^{1}$
Let $A$ be a $cd$-homogeneous
-subalgebra restricted to the subspace $S^{2n-1}$
whose $cd$-homogeneous
has the trivial bundle structure. Since there is a map of
, the composite of the map of degree 1
degree 1 from
to
and the map representing each element of $[S^{2n}, BPU(cd)]$ gives an element of $[S^{2n-1}\times S^{1}, BPU(cd)]$ . Hence each element of $[S^{2n}, BPU(cd)]\cong$
in[ $S^{2n-1}$ , PU(cd)] representing a $cd$-homogeneous
-algebra over
$[S^{2n-1},
PU(cd)]\subset[S^{2n-1}\times
S^{1},
BPU(cd)]$
and the
duces an element of
$cd$-homogeneous
over $S^{2n-1}\times S^{1}$ corresponding to
-algebras
are constructed in the
over
-algebras
the $cd$-homogeneous
$cd$ -homogeneous
-subalgebra of $A$
statement. By the assumption, the
has the trivial bunrestricted to the subspace $S^{2n-1}\times(0,1)$ of
$A$
dle structure. Hence
corresponds to an element of [ $S^{2n-1}$ , PU (cd)],
and $A$ is characterized by the unitary $U(z)^{k}\in PU(cd)$ over $S^{2n-1}$ for
Q.E.D.
some
or
.

Proof

$C^{*}$

$C^{*}$

$c_{-\rangle}S^{2n-1}\times S^{1}$

$S^{2_{7l}-1}\times S^{1}$

$S^{2n}$

$S^{2n}$

$C^{*}$

$C^{*}$

$A_{cd,,,k}$

$C^{*}$

$B_{cd,,,k}$

$S^{2n}$

$C^{*}$

$S^{2n-1}\times S^{1}$

$k\in \mathbb{Z}$

$\mathbb{Z}_{cd}$

Lemma 1.2. Let
and
be integers greater than 1. Each cd$S^{n}\times S^{k}?.S$
isomorphic to a cd-homohomogeneous
-algebra over
geneous
-algebra characterized by the unitary $U(z)^{a}$ over $S^{n-1}$ in
and
, where
a $cd$ -homogeneous
over
-algebra
$n$

$k$

$C^{*}$

$C^{*}$

$C^{*}$

$P_{c}$

$e_{+}^{n}\times S^{k}$

$e_{-}^{n}\times S^{k}$
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or PU(c) if
is factored out of , and
-dimensional northern (resp. southern) hemisphere.

$U(z)\in PU(cd)$
$e_{-}^{r\iota})$

is the

$n$

$M_{c}(\mathbb{C})$

Proof. Since

$P_{c}$

(resp.

$e_{+}^{n}$

are contractible, each $cd$ homogeneous
-algeand
bra over
is essentially induced by a $cd$ homogeneous
. Each $cd$ homogeneous
algebra over
is
algebra over
$S^{n-1}\times S^{k}$
characterized by a projective unitary over the boundaries
of
. But $\pi_{1}(S^{n})=\{0\}$ and so the identification of
and
the boundaries
and
does give the trivial
algebra over
bundle structure. Hence the $cd$ homogeneous
is characterized by the unitary $U(z)^{a}$ ,
or
, over $S^{n-1}$
algebra over
in the $cd$ homogeneous
, where
and
$U(z)\in PU(cd)$ or PU(c).
Q.E.D.
$e_{+}^{n}$

,

$C^{*}$

$e_{-}^{n}$

$e_{-}^{n}\times S^{k}$

$e_{+}^{n}\times S^{k}$

$S^{k}$

$C^{*}$

$e_{+}^{n}\times S^{k}$

$S^{n}\times S^{k}$

$C^{*}$

$e_{-}^{n}\times S^{k}$

$S^{k}c_{->}e_{-}^{n}\times S^{k}$

$S^{k}c_{-te_{+}^{n}}\times S^{k}$

$S^{n}\times S^{k}$

$C^{*}$

$a\in \mathbb{Z}$

$C^{*}$

$a\in \mathbb{Z}_{cd}$

$e_{-}^{n}\times S^{k}$

$e_{+}^{n}\times S^{k}$

For a $cd$ homogeneous
algebra $A$ over
there is a matrix algebra
such that
is isomorphic to $ C(S^{2n-1})\otimes$
. Since there is a map of degree 1 from $S^{2n+1}$ to
there are $cd$ homogeneous
algebras over
induced from cd$S^{2n+1}$
. Also there are $cd$ homogeneous
algebras over
homogeneous
algebras over
induced from $cd$ homogeneous
algebras
. But the tensor product of each $cd$ homogeneous
over
algebra
$cd$
induced from a
homogeneous
over
algebra over $S^{2n+1}$
has the trivial bundle structure for some integer
with
big
$[S^{2n+1},
BPU(cdq)]\cong\{0\}$
. And there is a map of deenough since
to
, and so there are $cd$ homogeneous
gree 1 from
algebras over $S^{2n-1}\times S^{1}$ induced from $cd$ homogeneous
algebras
$S^{2n-1}\times S^{1}$
$cd$
. Also there are
homogeneous
over
algebras over
$cd$
homogeneous
induced from
algebras over $S^{2n-1}$ . But $[S^{2n-1}\times$
, $BPU(cdq)]$ and $[S^{2n}, BPU(dq)]$ are the same for some integer since
$[S^{2n-1}, BPU(cdq)]\cong\{0\}$ . So the $cd$ homogeneous
-subalgebra of the
tensor product of a $cd$ homogeneous
algebra over $S^{2n-1}\times S^{1}$ with
restricted to the subspace $S^{2n-1}c-$,
has the trivial
bundle structure (see [17, 18]). From now on, we assume that each cdalgebra over
homogeneous
is isomorphic to the tensor prod$cd$ homogeneous
uct of a
with $C(S^{1})$ , and that the
algebra over
$cd$ homogeneous
-subalgebra of a $cd$ homogeneous
algebra over
$S^{2n-1}\times S^{1}$
$S^{2n-1}=’
S^{2_{7l}-1}\times
S^{1}$
restricted to the subspace
has the
trivial bundle structure.
Thomsen [19, Theorem 1.15] computed
(Aut
)
$cdp$
$UHF$
for
a
-algebra of type
and rela, and
be a $cd$ homogeneous
tively prime integers. Let
algebra over
$S^{2n-1}\times S^{1}$
of which no non-trivial matrix algebra can be factored out.
This result implies that for any positive integer
no matrix algebra
$S^{2_{7l}-1}$

$C^{*}$

$A\otimes M_{q}(\mathbb{C})$

$M_{q}(\mathbb{C})$

$S^{2n}\times S^{1}$

$M_{cdq}(\mathbb{C})$

$S^{2n}\times S^{1}$

$C^{*}$

$C^{*}$

$S^{2n}\times S^{1}$

$C^{*}$

$C^{*}$

$S^{2n}$

$C^{*}$

$S^{2n}\times S^{1}$

$C^{*}$

$M_{q}(\mathbb{C})$

$q$

$S^{2n}$

$S^{27\iota-1}\times S^{1}$

$C^{*}-$

$C^{*}$

$S^{2n}$

$C^{*}$

$C^{*}$

$S^{1}$

$q$

$C^{*}$

$C^{*}$

$S^{2r\iota-1}\times S^{1}$

$M_{q}(\mathbb{C})$

$S^{2n}\times S^{1}$

$C^{*}$

$C^{*}$

$S^{2n}$

$C^{*}$

$C^{*}$

$(M_{cdp}(\mathbb{C})\otimes M_{q^{\infty}})$

$\pi_{2n-1}$

$\cong \mathbb{Z}/cdp\mathbb{Z}$

$q^{\infty}$

$M_{q^{\infty}}$

$q$

$C^{*}$

$A_{cd,,,k}$

$p$

$C^{*}$

-algebras with

fifibres
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. So the natcan be factored out of
,
$C(S^{1})c-$
induces the canonical homomorphism
$K_{0}(C(S^{1}))\rightarrow K_{0}(A_{cd,,,k})$ such that
maps to
.

bigger than
ural inclusion

$A_{cd,,,k}\otimes M_{p}(\mathbb{C})$

$M_{p}(\mathbb{C})$

$A_{cd,,,k}$

$[1_{C(S^{1})}]$

$[1_{A_{cd,k}}]$

-algebra over $S^{2n-1}$
Lemma 1.3. Let
be a $cd$ -homogeneous
of which no non-trivial matrix algebra can be factored out. Then
, and $[1_{A_{cd,k}}]\in K_{0}(A_{cd,,,k})$ is primitive.
$C^{*}$

$A_{cd,,,k}$

$\times S^{1}$

$K_{0}(A_{cd,,,k})\cong K_{1}(A_{cd,,,k})\cong \mathbb{Z}^{2}$

is stably isomorphic to $C(S^{2n-1}$
We will show later that
. Since $K_{0}(C(S^{2n-1}\times S^{1}))\cong K_{1}(C(S^{2n-1}\times S^{1}))\cong \mathbb{Z}^{2}$ , $K_{0}(A_{cd,,,k})$
. Hence it is enough to show that $[1_{A_{cd,k}}]\in K_{0}(A_{cd,,,k})$
is primitive.
No matrix algebra bigger than
can be factored out of
$C(S^{2n-1})$
.
cannot be factored out of
, and so
$C(S^{2n-1})$
of
into
induces
an
Hence the canonical embedding
isomorphism
of $K_{0}(C(S^{2n-1}\times S^{1}))$ into $K_{0}(A_{cd,,,k})$ . But the unit
$1_{C(S^{2n-1})}$ maps to the unit
under the canonical embedding
of $C(S^{2n-1})$ into $C(S^{2n-1}\times S^{1})$ . Thus $[1_{C(S^{2n-1})}]\in K_{0}(C(S^{2n-1}))\cong$
maps to $[1_{C(S^{2n-1}\times S^{1})}]\in K_{0}(C(S^{2n-1}\times S^{1}))\cong \mathbb{Z}^{2}$ , primitive in
$K_{0}(C(S^{2n-1}\times S^{1}))$ (see [20, 13.3.1]). In the commutative diagram

Proof.

$A_{cd,,,k}$

$\times S^{1})$

$\cong K_{1}(A_{cd,,,k})\cong \mathbb{Z}^{2}$

$M_{q}(\mathbb{C})$

$ A_{cd,,,k}\otimes$

$A_{cd,,,k}\otimes M_{q}(\mathbb{C})$

$M_{q}(\mathbb{C})$

$A_{cd,,,k}$

$\phi$

$\mu$

$1_{C(S^{2n-1}\times S^{1})}$

$\psi$

$\mathbb{Z}$

$K_{0}(C(S^{2n-1}))\rightarrow\psi_{*}K_{0}(C(S^{2n-1}\times S^{1}))$

$(identity)_{*}\downarrow$

$\downarrow\mu(\cong)$

$K_{0}(C(S^{2n-1}))\rightarrow\phi_{*}$

$K_{0}(A_{cd,,,k})$

,

$\mu([1_{C(S^{2n-1}\times S^{1})}])=\phi_{*}o(identity)_{*}\circ\psi_{*}^{-1}([1_{C(S^{2n-1}\times S^{1})}])=[1_{A_{cdk}}]$

.

is the image of the primitive element
$\in K_{0}(C(S^{2n-1}\times S^{1}))$ under the isomorphism
. Therefore,
is primitive.
Thus,
,
, and $[1_{A_{cdk}}]\in K_{0}(A_{cd,,,k})$ is
Q.E.D.
primitive.
Consequently

$[1_{A_{cdk}}]$

$[1_{C(S^{2r\iota-1}\times S^{1})}]$

$[1_{A_{cd,k}}]\in$

$\mu$

$K_{0}(A_{cd,,,k})\cong \mathbb{Z}^{2}$

$K_{0}(A_{cd,,,k})\cong \mathbb{Z}^{2}$

$K_{1}(A_{cd,,,k})\cong \mathbb{Z}^{2}$

-algebra over
be a $cd$ -homogeneous
Lemma 1.4. Le
of which no non-trivial matrix algebra can be factored out. Then
is primitive.
$C^{*}$

$B_{cd,,,k}$

$S^{2n}$

$[1_{B_{cd,k}}]$

$\in K_{0}(B_{cd,,,k})\cong \mathbb{Z}^{2}$

is stably isomorphic to $C(S^{2n})$
We will show later that
. But
. So
corresponds
on
to
with respect to the conditions
sections over the boundaries
$S^{2n-1}$
of
and $S^{2n-1}\times[0,1]$ , and the canonical embedding of
$C(S^{2n-1})$ into
which induces the isomorphism of $ K_{0}(C(S^{2n-1}\times$
into $K_{0}(A_{cd,,,k})$ corresponds to the imbedding of $C(S^{2n-1})$ into

Proof.

$\otimes M_{cd}(\mathbb{C})$

$B_{cd,,,k}$

$K_{0}(B_{cd,,,k})\cong K_{0}(C(S^{2n}))\cong \mathbb{Z}\oplus \mathbb{Z}$

$B_{cd,,,k}$

$A_{cd,,,k}$

$e_{+}^{2n}IIe_{-}^{2n}$

$A_{cd,,,k}$

$S^{1}))$

$\phi$
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. The canonical imbedding

of

into
induces an
isomorphism of $K_{0}(C(S^{2n}))$ into $K_{0}(B_{cd,,,k})$ , where
. The
unit $1_{C(S^{2n-1})}$ maps to the unit
under the canonical embedding
$C(S^{2n})$
$[1_{C(S^{2n-1})}]\in
K_{0}(C(S^{2n-1}))\cong \mathbb{Z}$ maps to
$C(S^{2n-1})$
of
into
.
$[1_{C(S^{2n})}]\in K_{0}(C(S^{2n}))\cong \mathbb{Z}^{2}$ , primitive in $K_{0}(C(S^{2r\iota}))$ (see [20, 13.3.1]).
In the commutative diagram
$B_{cd,,,k}$

$\phi$

$C(S^{2n-1})$

$B_{cd,,,k}$

$S^{2n-1}=\partial e_{\pm}^{2n}$

$\mu$

$1_{C(S^{2n})}$

$\psi$

$K_{0}(C(S^{2n-1}))\rightarrow\psi_{*}K_{0}(C(S^{2n}))$

$(identity)_{*}\downarrow$

$\downarrow\mu(\cong)$

$K_{0}(C(S^{2n-1}))\rightarrow\phi_{*}$

$K_{0}(B_{cd,,,k})$

,

$\mu([1_{C(S^{2n})}])=\phi_{*}\circ(identity)_{*}\circ\psi_{*}^{-1}([1_{C(S^{2n})}])=[1_{B_{cd,k}}]$

. So

the image of the primitive element $[1_{C(S^{2n})}]\in K_{0}(C(S^{2n}))$
isomorphism . Hence $[1_{B_{cd,k}}]\in K_{0}(B_{cd,,,k})$ is primitive.
Therefore,
is primitive.

is
under the
$[1_{B_{cd,k}}]$

$\mu$

$[1_{B_{cd,k}}]\in K_{0}(B_{cd,,,k})\cong \mathbb{Z}^{2}$

Q.E.D.

For each 4-dimensional factor of
every d-homogeneous
-algebra over can be constructed by combining Lemma 1.1
and Lemma 1.2. If $s+r$ is odd, one can make the integer even by
tensoring with $C(S^{1})$ . So one can assume that $s+r$ is even, and that
is greater than or equals to and big enough. And one can rearrange
if needed.
and
$\prod^{e}S^{2}\times\prod^{s+r+2}S^{1}$

$S$

$S$

$C^{*}$

$r$

$s$

$T^{r}$

$\prod_{j=1}^{s}S^{2k_{j}-1}$

Theorem 1.5. Let

$A_{cd}$

be a $cd$ -homogeneous
-algebra over
$cd$
whose -homogeneous
-subalgebra re$C^{*}$

$\prod_{i=1}^{e}$

$C^{*}$

$S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

stricted to the subspace
is realized as
bra. Then
is isomorphic to one

$T^{r}\times T^{2}C_{-\rangle\prod_{i=1}^{e}S^{2n_{i}}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

for
of the

$C(T^{r})\otimes A_{\frac{\iota}{d}}\otimes M_{c}(\mathbb{C})$

$A_{cd}$

$a_{1}$

,

$\cdots$

,

$a_{e}$

,

$b_{1}$

,

$\cdots$

,

$b_{\frac{s+r}{2}}\in \mathbb{Z}$

,

$A_{\frac{l}{d}}$

$C^{*}-$

a rational rotation algesubalgebras
,
$A_{b_{1},,,b_{2},\cdot\cdot,b_{\frac{s+re}{2}}}^{a_{1},a_{2},,a}$

of

$C(\prod_{i=1}^{e}(e_{+}^{2n_{i}}IIe_{-}^{2n_{\dot{x}}})\times\frac{s+r}{\prod_{j=1}^{2}}(S^{2k_{j}-1}\times[0,1])\times T^{1}\times[0,1], M_{cd}(\mathbb{C}))$

consisting

of those functions

$f$

that satisfy

$(f|_{e_{+}^{2n_{i}}\square e_{-}^{2n_{\dot{t}}}})_{+}(z_{i})=U(z_{i})^{a_{i}}(f|_{e_{+}^{2n_{i}}LIe_{-}^{2n_{i}}})_{-}(z_{i})U(z_{i})^{-a_{i}}$

$(f|_{s^{2k_{j}-1}}\times[0,1])(w_{j}, 1)=U(w_{j})^{b_{j}}(f|_{s^{2k_{j}-1}}\times[0,1])(w_{j}, 0)U(w_{j})^{-b_{j}}$

$(f|_{T^{1}\times[0,1]})(x, 1)=U(x)^{cl}(f|_{T^{1}\times[0,1]})(x, 0)U(x)^{-cl}$

$C^{*}$

for

all

-algebras with

fifibres
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,
-algebras of the type above,

$(z_{1}, \cdots, z_{e}, w_{1}, \cdots, w_{\frac{s+r}{2}}, x)\in\prod_{i=1}^{e}S^{2n_{i}-1}\times\prod^{\frac{s+r}{j=^{2}1}}S^{2k_{j}-1}\times T^{1}$

one of the tensor products of homogeneous
or one of the
-algebras given by replacing
in
or the tensor products with suitable
$C^{*}$

$C^{*}$

$(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times$

$T^{r}\times T^{2})$

$c’d’$

$ A_{b_{1},,,\cdot\cdot,b_{\frac{s+re}{2}}}^{a_{1},,a}\cdots$

neous
-algebras in the same sense as above, when
tored out of
or the tensor products, where
$C^{*}$

are

defifined

in the statement

are

$M_{c’d’}(\mathbb{C})$

,

$U(z_{i})$

$ A_{b_{1},,,,b_{\frac{s+r}{2}}}^{a_{1},,a_{e}}\cdots$

$U(x)\in PU(cd)$

-homoge-

of Lemma

$U(w_{j})$

fac-

, and

1.1.

By Lemma 1.1, each $cd$ homogeneous
-algebra over
$cd$
. By Lemma
-algebra over
corresponds to a
homogeneous
$cd$
1.2, each
homogeneous
-algebra over the product space of two even
dimensional spheres can be constructed. Combining Lemma 1.1 and
and
with
and
does
Lemma 1.2 yields that replacing
not give any change in the relation, associated with bundle structure,
. Hence each
among the factors of
$cd$
can
homogeneous
-algebra over
be given by [5, Theorem 2.5], which is exactly stated in the statement
Q.E.D.
for the case $n_{i}=1$ and $k_{j}=1$ .

Proof.

$S^{2k_{j}-1}$

$C^{*}$

$\times S^{1}$

$S^{2k_{j}}$

$C^{*}$

$C^{*}$

$S^{2n_{i}}$

$S^{2k_{j}-1}$

$S^{1}$

$S^{2}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

-algebra over
be a
Let
constructed in Theorem 1.5. Assume that no
.
Then $ K_{0}(A_{cd})\cong$
non-trivial matrix algebra can be factored of
, and $[1_{A_{cd}}]\in K_{0}(A_{cd})$ is primitive.
Theorem 1.6.

$A_{cd}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times$

$\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

$A_{cd}$

$K_{1}(A_{cd})\cong \mathbb{Z}^{2^{e+s+r+1}}$

Proof.

We are going to show in Lemma 3.1 that

$A_{cd}$

morphic to
K\"unneth theorem [2, Theorem 23.1.3]

is stably iso. By the

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2})\otimes M_{cd}(\mathbb{C})$

$K_{0}(A_{cd})$

$\cong$

$K_{0}(C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}))$

$\cong$

$K_{0}(C(\prod_{i=1}^{e}S^{2n_{i}}))\otimes K_{0}(C(\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}))$

$\oplus K_{1}(C(\prod_{i=1}^{e}S^{2n_{i}}))\otimes K_{1}(C(\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}))$

$\cong$

$\mathbb{Z}^{2^{e}}\otimes \mathbb{Z}^{2^{s+r+1}}\oplus\{0\}\cong \mathbb{Z}^{2^{e+s+r+1}}$

.
Similarly, one obtains that
It is enough to show that $[1_{A_{cd}}]\in K_{0}(A_{cd})$ is primitive. But the
proof is similar to the proof given in [17, Theorem 1.2]. Since the
$K_{1}(A_{cd})\cong \mathbb{Z}^{2^{e+s+r+1}}$

C. Park
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is just given by replacing each
-algebra
-homogeneous
-algebra over
subalgebra $C(S^{2})$ (resp. $C(S^{1})$ ) of the $cd$-homogeneous
$C(S^{2n_{i}})$
(resp. $C(S^{2k_{j}-1})$ ),
given in [17] with
the proof is just given by replacing $C(S^{2})$ and $C(S^{1})$ given in the proof
of [17, Theorem 1.2] with $C(S^{2n_{x}})$ and $C(S^{2k_{j}-1})$ .
Therefore, $K_{0}(A_{cd})\cong K_{1}(A_{cd})\cong \mathbb{Z}^{2^{e+s+r+1}}$ , and $[1_{A_{cd}}]\in K_{0}(A_{cd})$
Q.E.D.
is primitive.
$cd$

$C^{*}$

$C^{*}-$

$A_{cd}$

$C^{*}$

$\prod_{i=1}^{e}S^{2}\times\prod_{i=1}^{s}S^{1}\times T^{r}\times T^{2}$

\S 2.

Spherical noncommutative tori

of rank $m$ is obtained by an iteration
The noncommutative torus
of $m-1$ crossed products by actions of , the first action on $C(T^{1})$ .
is obtained by an
is not simple, by a change of basis,
When
iteration of $m-2$ crossed products by actions of , the first action on a
. Since the fibre
of
is factored out
rational rotation algebra
can be obtained by an iteration of $m-2$ crossed
of the fibre of
,
, where the actions of
products by actions of , the first action on
on the fibre
of
are trivial. This assures us of the existence of
in the definition of
below. So one can assume that
such actions
in
by the
is given by twisting
$A_{\omega}$

$\mathbb{Z}$

$A_{\omega}$

$A_{\omega}$

$\mathbb{Z}$

$M_{d}(\mathbb{C})$

$A_{\frac{l}{d}}$

$A_{\omega}$

$A_{\frac{l}{d}}$

$A_{\omega}$

$\mathbb{Z}$

$\mathbb{Z}$

$A_{\frac{l}{d}}$

$M_{d}(\mathbb{C})$

$A\prime\overline{d}$

$P_{\rho}^{d}$

$\alpha_{i}$

$C^{*}(d\mathbb{Z}\times d\mathbb{Z}\times \mathbb{Z}^{m-2})$

$A_{\omega}$

restriction of the multiplier to
and
primitive ideal space of
(see [5] for details).

$A_{\frac{l}{d}}\otimes C^{*}(\mathbb{Z}^{m-2})$

$d\mathbb{Z}\times d\mathbb{Z}\times \mathbb{Z}^{m-2}$

$\omega$

$C^{*}$

$A_{\frac{l}{d}}$

Definition 2.1. Let

$A_{cd}$

(

$d\mathbb{Z}\times d\mathbb{Z}$

, where

, $res$ of

)

is the

$=C^{*}(d\mathbb{Z}\times d\mathbb{Z})$

be a $cd$ -homogeneous
-algebra over
$cd$
-subalgebra rewhose -homogeneous
$C^{*}$

$T^{r}\times T^{2}\subseteq-$

$\prod_{i=1}^{e}$

$C^{*}$

$S^{27L_{\dot{t}}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

stri cted to the subspace
is realized as

$\omega$

$\overline{d\mathbb{Z}}\times\overline{d\mathbb{Z}}$

,

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

$C(T^{r})\otimes A_{\frac{l}{d}}\otimes M_{c}(\mathbb{C})$

for

$A_{\frac{\prime}{d}}$

a rational rotation alge-

-algebra which is given by twisting
in
is
by a totally skew multiplier on
rank $(e, s+r, m)$ and
said to be a spherical $noncmmutative-$ torus
, where
( , $res$ of ) $=C^{*}(T^{2})$ ,
denoted by
is the primitive

bra. The

$C^{*}(\overline{T^{r}}\times\overline{T^{2}}\times \mathbb{Z}^{m-2})$

$C^{*}$

$\overline{T^{r}}\times\overline{T^{2}}\times \mathbb{Z}^{m-2}$

$A_{cd}\otimes C^{*}(\mathbb{Z}^{m-2})$

$\rho$

$\underline{of}$

$C^{*}$

$S_{\rho}^{cd}$

$T^{2}$

$T^{2}$

$\rho$

ideal space of
, and
noncommutative torus

$C^{*}(\overline{T^{r}}\times\overline{T^{2}}\times \mathbb{Z}^{m-2}, \rho)$

$A_{\frac{l}{d}}$

$A_{\rho}$

is a completely irrational

.

Then the fibre of , which is called a generalized noncommutative
torus of rank $r+m$ and denoted by
, can be obtained by an iteration
of , the first action on the
of $r+m-2$ crossed products by actions
on the fibre
of
rational rotation algebra
, where the actions
is realized
are trivial. Thus the spherical noncommutative torus
$S_{\rho}^{d}$

$P_{\rho}^{d}$

$\mathbb{Z}$

$\alpha_{i}$

$A_{\frac{l}{d}}$

$M_{d}(\mathbb{C})$

$\alpha_{i}$

$S_{\rho}^{cd}$

$A_{\frac{l}{d}}$

$C^{*}$

-algebras with

fifibres
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-algebra of sections of a locally trivial
-algebra bundle over
.
with fibres
is primitive.
We are going to show that

as the

$C^{*}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$[1_{S_{\rho}^{cd}}]\in K_{0}(S_{\rho}^{cd})$

Theorem 2.2. Let
be a spherical noncommutative torus of
rank $(e, s+r, m)$ . Assume no non-trivial matrix algebra can be fac, and
tored out of
. Then
is primitive.
$S_{\rho}^{cd}$

$K_{0}(S_{\rho}^{cd})\cong K_{1}(S_{\rho}^{cd})\cong \mathbb{Z}^{2^{e+s+r+m-1}}$

$A_{cd}$

$[1_{S_{\rho}^{cd}}]\in$

$K_{0}(S_{\rho}^{cd})$

The proof is by induction on $m$ . Assume that $m=2$ .
is stably isomorphic to
We will show later that
is a noncommutative torus of
, where
rank $r+2$ . By the K\"unneth theorem

Proof.

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times$

$S_{\rho}^{cd}$

$\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})$

$A_{\rho}$

$K_{0}(C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho})$

$\cong K_{0}(C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}))\otimes K_{0}(A_{\rho})$

$\oplus K_{1}(C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}))\otimes K_{1}(A_{\rho})$

$\cong \mathbb{Z}^{2^{e+s}}\otimes \mathbb{Z}^{2^{r+1}}\cong \mathbb{Z}^{2^{e+s+r+1}}$

, one obtains that

$ K_{1}(C(\prod_{i=1}^{e}S^{2n_{\dot{x}}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho})\cong$

$\mathbb{Z}^{2^{e+s+\tau+1}}Simi1ar1y$

So

$ K_{0}(S_{\rho}^{cd})\cong K_{1}(S_{\rho}^{cd})\cong K_{0}(C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes$

is primitive.
It is enough to show that
Combining the tricks given in Theorem 1.6 and [17, Theorem 2.2] yields
,
that
is primitive. So
is primitive.
and
Next, assume that the result is true for all spherical noncommu.
tative tori with $m=?$ –1. Write $S_{i}=C^{*}(S_{i-1}, u_{i})$ , where $S_{i}=$
is the case above, $m=2$ . Then the
, where
. Also, we can think of
as the
inductive hypothesis applies to
, where the generator of
crossed product by an action of on
by
corresponds to , which acts on
$j\neq
1,2$
sending
,
conjugation (sending
,
to
to
),
to
, and sending
. Here
and which acts trivially on
$A_{\rho})\cong \mathbb{Z}^{2^{e+s+r+1}}$

.

$[1_{S_{\rho}^{cd}}]\in K_{0}(S_{\rho}^{cd})$

$K_{0}(S_{\rho}^{cd})\cong K_{1}(S_{\rho}^{cd})\cong \mathbb{Z}^{2^{e+s+r+1}}$

$[1_{S_{\rho}^{cd}}]\in K_{0}(S_{\rho}^{cd})$

$[1_{S_{\rho}^{cd}}]\in K_{0}(S_{\rho}^{cd})$

$C^{*}(S_{\rho}^{cd}, u_{3}, \ldots, u_{i})$

$S_{\rho}^{cd}$

$S_{i-1}$
$\mathbb{Z}$

$\alpha$

$S_{i}$

$S_{i-1}$

$\mathbb{Z}$

$C^{*}(v_{1}, \cdots, v_{r}, u_{1}^{d}, u_{2}^{d}, u_{3}, \cdots, u_{i-1})$

$u_{i}$

$u_{j}$

$u_{i}u_{j}u_{i}^{-1}=e^{2\pi i\theta_{ji}}u_{j}$

$u_{i}u_{j}^{d}u_{i}^{-1}=e^{2\pi id\theta_{ji}}u_{j}^{d},j=1,2$

$u_{j}^{d}$

$u_{i}v_{j}u_{i}^{-1}=e^{2\pi i\beta_{ji}}v_{j}$

$v_{j}$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes M_{cd}(\mathbb{C})$

$C^{*}$

(

$T\overline{r}\times\overline{T^{2}}$

, $res$ of )
$\rho$

$\cong C^{*}(v_{1}, v_{2}, \cdots, v_{r}, u_{1}^{d}, u_{2}^{d})$

.

Note that this action
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to 0.
and
is homotopic to the trivial action, since we can homotope
$K$
. The Pimsner-Voiculescu
Hence acts trivially on the -theory of
exact sequence for a crossed product gives an exact sequence
$\theta_{ji}$

$\beta_{ji}$

$S_{i-1}$

$\mathbb{Z}$

$K_{0}(S_{i-1})1-\alpha_{*}\rightarrow K_{0}(S_{i-1})\rightarrow K_{0}(S_{i})\Phi\rightarrow K_{1}(S_{0-1})1-\alpha_{*}\rightarrow K_{1}(S_{i-1})$

, where the map
and similarly for
$\alpha_{*}=1$ and since the $K$ -groups of
split short exact sequence
$K_{1}$

$\Phi$

$S_{i-1}$

is induced by inclusion. Since
are free abelian, this reduces a

$\{0\}\rightarrow K_{0}(S_{i-1})\rightarrow K_{0}(S_{i})\Phi\rightarrow K_{1}(S_{i-1})\rightarrow\{0\}$

. So
and
are free abelian of rank
and similarly for
$\cdot
2^{e+s+r+i-2}=2^{e+s+r+i-1}$
. Furthermore, since the inclusion
2
, which is primitive in
to
is the image of
,
sends
$K_{0}(S_{i-1})$ by inductive hypothesis.
Hence the image is primitive, since
the Pimsner-Voiculescu exact sequence is a split short exact sequence of
torsion-free groups.
, and
Therefore,
Q.E.D.
is primitive.
$K_{0}(S_{i})$

$K_{1}$

$K_{1}(S_{i})$

$S_{i-1}\rightarrow S_{i}$

$1_{S_{i-1}}$

$1_{S_{i}}$

$[1_{S_{i-1}}]$

$[1_{S_{i}}]$

$K_{0}(S_{\rho}^{cd})\cong K_{1}(S_{\rho}^{cd})\cong \mathbb{Z}^{2^{e+s+r+m-1}}$

$[1_{S_{\rho}^{cd}}]\in K_{0}(S_{\rho}^{cd})$

Corollary 2.3. Let be a positive integer. Assume that no non. Then
trivial matrix algebra can be factored out of
is
$A$
any
algebra
any
not isomorphic to
and
integer
for
greater than 1. In particular, no non-trivial matrix algebra can be
and
.
factored out of ,
$q$

$A_{cd}$

$S_{\rho}^{cd}\otimes M_{q}(\mathbb{C})$

$C^{*}$

$A\otimes M_{pq}(\mathbb{C})$

$p$

$S_{\rho}^{cd}$

$P_{\rho}^{cd}$

$A_{\rho}$

. Then the
Assume
is isomorphic to
maps to the unit
. So
. Thus
unit
such that $q[1_{S_{\rho}^{cd}}]=(pq)[e]$ . But
is
there is a projection
torsion-free, so
. This contradicts Theorem 2.2 if $p>1$ .
. Q.E.D.
Therefore,
is not isomorphic to

Proof.

$A\otimes M_{pq}(\mathbb{C})$

$S_{\rho}^{cd}\otimes M_{q}(\mathbb{C})$

$1_{A}\otimes I_{pq}$

$1_{S_{\rho}^{cd}}\otimes I_{q}$

$[1_{S_{\rho}^{cd}}\otimes I_{q}]=[1_{A}\otimes I_{pq}]$

$K_{0}(S_{\rho}^{cd})$

$e\in S_{\rho}^{cd}$

$[1_{S_{\rho}^{cd}}]=p[e]$

$A\otimes M_{pq}(\mathbb{C})$

$S_{\rho}^{cd}\otimes M_{q}(\mathbb{C})$

\S 3.

The bundle structure of spherical noncommutative tori

cohomology group $H^{3}(M$ ,
For $M$ a compact $CW$ -complex the
algebra over $M$
classifies the tensor products of $cd$-homogeneous
with the
algebra
of compact operators on a separable Hilbert
(see [9]). The
space
cohomology group
is isomorphic
when $M$ is triangularizable
to the singular cohomology group
(see [7, Theorem15.8]).
$\check{C}ech$

$C^{*}$

$\mathbb{Z})$

$C^{*}$

$\prime H$

$\mathcal{K}(H)$

$\check{C}ech$

$H^{3}(M, \mathbb{Z})$

$H^{3}(M, \mathbb{Z})$

$C^{*}$

-algebras with

fifibres
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Lemma 3.1. Each $cd$ -homogeneous
is stably isomorphic to

$C^{*}$

-algebra over

$\prod_{i=1}^{e}S^{2n_{i}}\times$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s+r+2}S^{2k_{j}-1})\otimes$

$\prod_{j=1}^{s+r+2}S^{2k_{j}-1}$

.

$M_{cd}(\mathbb{C})$

cohomology group
Each non-trivial element in the
can be given by a non-trivial eleif there exist such
,
, or

Proof.

$\check{C}ech$

$H^{3}(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s+r+2}S^{2k_{j}-1}, \mathbb{Z})$

ment in
factors.
. By the Woodward theorem [21],
First,
, $BPU(cd)]$ is embedded into
-algebra over
. So each $cd$-homogeneous
is
$cd$
-algebra over
isomorphic to the tensor product of a -homogeneous
,
with $C(S^{1})$ , which is stably isomorphic to
-algebra over
since $H^{3}(S^{2}, \mathbb{Z})=\{0\}$ . Thus each $cd$-homogeneous
.
is stably isomorphic to
Similarly, one obtains the same result for the other cases.
-algebra over
Therefore, each $cd$-homogeneous
$H^{3}((S^{1})^{3}, \mathbb{Z})$

$H^{3}(S^{2}\times S^{1}, \mathbb{Z})$

$H^{3}(S^{3}, \mathbb{Z})$

$H^{3}(S^{2}\times S^{1}, \mathbb{Z})=\mathbb{Z}$

$S^{1}$

$[S^{2}\times$

$ H^{2}(S^{2}\times S^{1}, \mathbb{Z}_{cd})\oplus H^{4}(S^{2}\times S^{1}, \mathbb{Z})\cong$
$S^{2}\times S^{1}$

$C^{*}$

$H^{2}(S^{2}, \mathbb{Z}_{cd})\cong \mathbb{Z}_{cd}$

$C^{*}$

$S^{2}$

$C(S^{2})\otimes C(S^{1})\otimes M_{cd}(\mathbb{C})$
$C^{*}$

$S^{2}\times S^{1}$

$C(S^{2}\times S^{1})\otimes M_{cd}(\mathbb{C})$

$C^{*}$

$S^{2k_{j}-1}$

is stably isomorphic to

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s+r+2}$

$C(\prod_{i=1}^{e}S^{2n_{\dot{\tau}}}\times\prod_{j=1}^{s+r+2}S^{2k_{j}-1})\otimes M_{cd}(\mathbb{C})$

.

Q.E.D.
We are going to show that
ture.

$S_{\rho}^{cd}\otimes \mathcal{K}(H)$

has the trivial bundle struc-

Theorem 3.2. The spherical noncommutative torus
is stably
. In particular,
isomorphic to
.
is stably isomorphic to
$S_{\rho}^{cd}$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{S}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})$

$A_{\rho}\otimes M_{d}(\mathbb{C})$

$P_{\rho}^{d}$

Proof.

Let

$S_{\rho}^{cd}$

be defined by twisting

$C^{*}(\overline{T^{r}}\times\overline{T^{2}}\times \mathbb{Z}^{m-2})$

in

$ A_{cd}\otimes$

, where
on
by a totally skew multiplier
. By Lemma 3.1, the $cd$-homogeneous
( , $res$ of )
is stably isomorphic to
algebra
. In particular,
is factored out
,
. By the definition of
is
of
. So
is stably isomorphic to
factored out of
. But it was shown in [5, Theorem 3.4] that
.
is stably isomorphic to
Therefore,
is stably isomorphic to
Q.E.D.
.
$\overline{T^{r}}\times\overline{T^{2}}\times \mathbb{Z}^{m-2}$

$C^{*}(\underline{\mathbb{Z}^{m-2}})$

$\rho$

$=C^{*}(\overline{T^{2}})$

$T^{2}$

$C^{*}$

$C^{*}-$

$\rho$

$A_{cd}$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times$

$T^{2})\otimes M_{cd}(\mathbb{C})$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})$

$A_{cd}\otimes \mathcal{K}(\mathcal{H})$

$S_{\rho}^{cd}$

$S_{\rho}^{cd}\otimes \mathcal{K}(H)$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})$

$ C(\prod_{\dot{\iota}}^{e}S^{2n_{i}}\times$

$S_{\rho}^{cd}$

$\prod_{j=1}^{s}S^{2k_{j}-1})\otimes P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$A_{\rho}\otimes M_{d}(\mathbb{C})$

$P_{\rho}^{d}$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes$

$S_{\rho}^{cd}$

$A_{\rho}\otimes M_{cd}(\mathbb{C})$

is primitive, we are going to
Using the fact that
investigate the bundle structure of the tensor products of spherical non.
of type
with $UHF$ -algebras
commutative tori
$[1_{S_{\rho}^{cd}}]\in K_{0}(S_{\rho}^{cd})$

$S_{\rho}^{cd}$

$M_{p^{\infty}}$

$p^{\infty}$
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Theorem 3.3. Let
be a spherical noncommutative torus. As. Then
sume that no non-trivial matrix algebra can be factored out of
is isomorphic to
if and only if the set of prime factors of $cd$ is a subset of the set
of prime factors of .
$S_{\rho}^{cd}$

$A_{cd}$

$S_{\rho}^{cd}\otimes M_{p^{\infty}}$

$ C(\prod_{i=1}^{e}.S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})\otimes$

$M_{p^{\infty}}$

$p$

Assume that the set of prime factors of $cd$ is a subset of
the set of prime factors of . To show that
is isomorphic to
, it is enough to show
that
is isomorphic to
-algebra homomorphisms
. However, there exist the
which are the canonical inclusions

Proof

$S_{\rho}^{cd}\otimes M_{p^{\infty}}$

$p$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})\otimes M_{p^{\infty}}$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes$

$S_{\rho}^{cd}\otimes M_{(cd)^{\infty}}$

$C^{*}$

$M_{cd}(\mathbb{C})\otimes M_{(cd)^{\infty}}$

$S_{\rho}^{cd}\otimes M_{(cd)^{g}}(\mathbb{C})c_{-}’ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})\otimes M_{(cd)^{g}}(\mathbb{C})$

and the

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}$

-module maps
:

$ C(\prod_{x=1}^{e}S^{2n_{i}}\times$

$\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{(cd)^{g}}(\mathbb{C})c_{-\rangle}S_{\rho}^{cd}\otimes M_{(cd)^{g}}(\mathbb{C})$

$S_{\rho}^{cd}c-$

,

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})\leftarrow\succ S_{\rho}^{cd}\otimes M_{cd}(\mathbb{C})$

$\subseteq-\succ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{(cd)^{2}}(\mathbb{C})c_{->}\ldots$

The inductive limit of the odd terms
$\ldots$

is

$\rightarrow S_{\rho}^{cd}\otimes M_{(cd)^{g}}(\mathbb{C})\rightarrow S_{\rho}^{cd}\otimes M_{(cd)^{g+1}}(\mathbb{C})\rightarrow\cdots$

$S_{\rho}^{cd}\otimes M_{(cd)^{\infty}}$

, and the inductive limit of the even terms

$\ldots\rightarrow C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{(cd)^{g}}(\mathbb{C})$

$\rightarrow C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{(cd)^{g+1}}(\mathbb{C})\rightarrow\cdots$

is
theorem [11, Theorem 2.1],

Thus by the Elliott
is isomorphic to

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{(cd)^{\infty}}$

$S_{\rho}^{cd}\otimes M_{(cd)^{\infty}}$

$\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{(cd)^{\infty}}$

.

$ C(\prod_{i=1}^{e}S^{2n_{\dot{x}}}\times$

.

Conversely, assume that
$S_{\rho}^{cd}\otimes M_{p^{\infty}}\cong C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes A_{\rho}\otimes M_{cd}(\mathbb{C})\otimes M_{p^{\infty}}$

.

$C^{*}$

Then the unit
$\otimes 1_{M_{p}\infty}\otimes I_{cd}$

-algebras with

$1_{S_{\rho}^{cd}}\otimes 1_{M_{p}\infty}$

fifibres
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maps to the unit

$1_{C(\Pi_{i=1}^{e}S^{2n_{i}}\times\Pi_{j=1}^{s}s_{)\otimes A_{\rho}}^{2k_{j}-1}}$

. So

$[1_{S_{\rho}^{cd}}\otimes 1_{M_{p}\infty}]=[1_{C(\Pi_{i=1}^{e}S^{2n_{i}}\times\Pi_{j=1}^{s}s_{)\otimes A_{\rho}}^{2k_{j}-1}}\otimes 1_{M_{p}\infty}\otimes I_{cd}]$

$[1_{S_{\rho}^{cd}}\otimes 1_{M_{p}\infty}]=[1_{S_{\rho}^{cd}}]\otimes[1_{M_{p}\infty}]$

$[1_{C(\Pi_{i=1}^{e}S^{2n_{i}}\times\Pi_{j=1}^{s}s_{)\otimes A_{\rho}}^{2k_{j}-1}}\otimes 1_{M_{p}\infty}\otimes I_{cd}]$

$=cd([1_{C(\Pi_{i=1}^{e}S^{2n_{i}}\times\Pi_{j=1}^{s})\otimes A_{\rho}}]s^{2k_{j}-1}\otimes[1_{M_{p}\infty}])$

Under the assumption that

$1_{S_{\rho}^{cd}}\otimes 1_{M_{p}\infty}$

.

maps to

$1_{C(\Pi_{i=1}^{e}S^{2n_{i}}\times\Pi_{j=1}^{s}s_{)\otimes A_{\rho}}^{2k_{j}-1}}\otimes 1_{M_{p}\infty}\otimes I_{cd}$

,

if there is a prime factor of $cd$ such that
, then
for
a projection in
. So there is a projection
such that
. This contradicts Theorem 2.2. Thus the set of prime
$cd$
factors of
is a subset of the set of prime factors of .
Therefore,
is isomorphic to
if and only if the set of prime factors of $cd$ is a subset
of the set of prime factors of .
Q.E.D.
$q\uparrow p$

$q$

$e\in S_{\rho}^{cd}$

$M_{p^{\infty}}$

$e_{\infty}$

$[1_{M_{p}\infty}]\neq q[e_{\infty}]$

$[1_{S_{\rho}^{cd}}]=q[e]$

$p$

$ C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})\otimes$

$S_{\rho}^{cd}\otimes M_{p^{\infty}}$

$A_{\rho}\otimes M_{cd}(\mathbb{C})\otimes M_{p^{\infty}}$

$p$

\S 4.

Completely irrational noncommutative tori

It was proved in [3, Theorem 1.5] that every completely irrational
noncommutative torus has real rank 0, where the “ real rank 0” means
that the set of invertible self-adjoint elements is dense in the set of selfadjoint elements. Combining Theorem 3.2 and [8, Corollary 3.3] yields
that the generalized noncommutative torus
has real rank 0 since the
noncommutative torus
has real rank 0. The Lin and ROrdam theoProposition
3] says that the generalized noncommutative torus
rem [16,
is an inductive limit of circle algebras, since
is an inductive limit of circle algebras [16, Proposition]. Combining [11,
Theorem 7.1] and [13, Theorem 1.3] yields that the completely irrational
noncommutative tori
of rank $r+m$ and the generalized noncommutative tori
of rank $r+m$ are isomorphic if the ranges of the traces
equal.
$P_{\rho}^{d}$

$A_{\rho}$

$P_{\rho}^{d}\otimes \mathcal{K}(H)\cong A_{\rho}\otimes \mathcal{K}(H)$

$P_{\rho}^{d}$

$A_{\omega}$

$P_{\rho}^{d}$

Lemma 4.1.

([6, Lemma 4.1])

$tr(K_{0}(P_{\rho}^{d}))=\frac{1}{d}\cdot tr(K_{0}(A_{\rho}))$

.

Theorem 4.2. ([6, Theorem 4.2]) Let
be a completely irra.
tional noncommutative torus of rank $r+m$ with $tr(K_{0}(A_{\omega}))=$
$tr(K_{0}(A_{\rho}))$
for a completely irrational noncommutative torus of rank
is isomorphic to
.
$r+m$ . Then
$A_{\omega}$

$\frac{1}{d}$

$A_{\rho}$

$A_{\omega}$

$P_{\rho}^{d}$
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\S 5.

$C^{\star}$

-algebras over spheres with fibres noncommutative tori

We are going to show that the set of all spherical noncommutative tori with primitive ideal space
and fibres
is in bijective correspondence with the set of all
-algebra bundles over
algebras of sections of locally trivial
with fibres
for
a completely irrational noncommutative torus.
. Then
Let
be a noncommutative torus of rank $m$ with
-algebra
-algebra of sections of a locally trivial
is realized as the
for some totally skew mulbundle over
and fibres
a completely
tiplier
for
, where
irrational noncommutative torus of rank $m-1$ (see [1, 12]). By the
split. Since $[T^{1}, BPU(d)]\cong\{0\}$ , $C(T^{1})$
, $C(T^{1})$ and
definition of
also split. But by Corollary 2.3,
split. And
and
and
has a non-trivial bundle structure if $d>1$ . This implies that a
subalgebra of
plays a role as a base space in the bundle structure. In
fact,
can be obtained by an iteration of $m-2$ crossed products by
, and the
actions of , the first action on a rational rotation algebra
non-triviality of the bundle structure is given by a non-trivial element
of $[T^{2}, BPU(d)]\cong[T^{1}, PU(d)]\cong \mathbb{Z}_{d}$ , which represents
canonically
.
embedded into
Let be the biggest integer among the possible integers satisfying
. $tr(K_{0}(A_{\rho}))$ , i.e.,
. For a dthe condition
-algebra $A$ over $S^{2n+1}$ , there is a matrix algebra
homogeneous
such that
is isomorphic to $C(S^{2n+1})\otimes M_{dq}(\mathbb{C})$ . But there
is a matrix subalgebra
big enough satisfying the above condition
is an inductive limit of
is embedded into
, since
such that
circle algebras, which is simple.
$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$C^{*}-$

$A_{\omega}\otimes M_{c}(\mathbb{C})$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times$

$A_{\omega}\otimes M_{c}(\mathbb{C})$

$\prod_{j=1}^{s}S^{2k_{j}-1}$

$A_{\omega}$

$\overline{S_{\omega}}\cong T^{1}$

$A_{\omega}$

$C^{*}$

$C^{*}$

$A_{\omega}$

$\overline{d\mathbb{Z}}$

$C^{*}(\mathbb{Z}^{m}/S_{\omega}, \omega_{1})$

$C^{*}(\mathbb{Z}^{m}/S_{\omega}, \omega_{1})\cong A_{\rho}\otimes M_{d}(\mathbb{C})$

$\omega_{1}$

$A_{\omega}$

$A_{\rho}$

$A_{\rho}$

$M_{d}(\mathbb{C})$

$M_{d}(\mathbb{C})$

$A_{\rho}$

$C^{*}-$

$A_{\omega}$

$A_{\rho}$

$A_{\omega}$

$\mathbb{Z}$

$A_{\frac{l}{d}}$

$A_{\frac{\iota}{d}}$

$A_{\omega}$

$d$

$tr(K_{0}(A_{\omega}))=\frac{1}{d}$

$A_{\omega}\cong P_{\rho}^{d}$

$C^{*}$

$M_{q}(\mathbb{C})$

$A\otimes M_{q}(\mathbb{C})$

$M_{q}(\mathbb{C})$

$M_{q}(\mathbb{C})$

$P_{\rho}^{d}$

Lemma 5.1. Each
-algebra bundle
over
bundle structure.

-algebra
$S^{2n+1}$
with

$C^{*}$

$C^{*}$

$\eta$

$P_{\rho}^{d}$

of sections of a locally
has the
fifibres

$\Gamma(\eta)$

$P_{\rho}^{1}=A_{\rho}$

trivial
trivial

-algebra
. The
Let
homogeneis isomorphic to an inductive limit of direct sums of
$S^{2n+1}\times T^{1}$
$C(S^{2n+1}\times
T^{1})$
is canonically
, and each
algebras over
ous
. So there could be a canonical homomorphism of
embedded into
$C(S^{2n+1})\otimes M_{d}(\mathbb{C})$ into the
of sections of a locally triv-algebra
$S^{2n+1}$
ial
with fibres
such that the non-algebra bundle over
-algebra over $S^{2n+1}\times T^{1}$ .
triviality can be given by a homogeneous
Then
must be factored out of the circle algebra in each inductive
would be the form . $tr(A)$ for
step, and so the range of the $trace$ of

Proof

$C^{*}$

$P_{\rho}^{1}=\lim_{\rightarrow}(\oplus_{j=1}C(T^{1})\otimes M_{p_{i(j)}}(\mathbb{C}))$

$\Gamma(\eta)$

$p_{i(j)^{-}}$

$C^{*}$

$\Gamma(\eta)$

$C^{*}$

$\Gamma(\eta)$

$C^{*}$

$P_{\rho}^{1}$

$\eta$

$C^{*}$

$d$

$M_{d}(\mathbb{C})$

$P_{\rho}^{1}$

$\frac{1}{d}$

$C^{*}$

-algebras with

fifibres
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-algebra, which is impossible by the assumption.
a simple unital
-subalgebra of
We have two cases; one of them is the case that a
plays a role as a base space in the bundle structure, and the other is not.
plays a role as a base
-subalgebra of
For the first case, when a
is realized as a tensor product
space in the bundle structure and
of non-trivial completely irrational noncommutative tori, the torsionfree groups in
giving simple noncommutative tori which are
given by twisting the torsion-free groups by totally skew multipliers must
split, so all factors of
must split. The relation among factors of
in the
and base
is diﬀerent from the relation between fibres
given above, and so
fibres of the non-simple noncommutative torus
play roles as a base space in the
one can assume that all factors of
plays a role as a base space in the bundle
bundle structure. Hence
.
is isomorphic to
structure, and so
, there
For the other case, since
.
is a matrix algebra
big enough which is embedded into
split, i.e., any pSince $[S^{2n+1}, BPU(p)]\cong\{0\}$ , $C(S^{2n+1})$ and
$S^{2n+1}$
has the trivial bundle structure.
homogeneous
-algebra over
cannot be factored out of the
By the same reasoning as above)
has a locally trivial buncircle algebras in all inductive steps. But
$C(S^{2n+1})$
and
must split, and so
dle structure. Hence
has the trivial bundle structure.
of sections of a locally trivial
Therefore, each
-algebra
$S^{2n+1}$
has the trivial bundle strucalgebra bundle over
with fibres
Q.E.D.
ture.
$A$

$C^{*}$

$C^{*}$

$C^{*}$

$P_{\rho}^{1}$

$P_{\rho}^{1}$

$P_{\rho}^{1}$

$P_{\rho}^{1}=A_{\rho}$

$P_{\rho}^{1}$

$P_{\rho}^{1}$

$M_{d}(\mathbb{C})$

$A_{\rho}$

$A_{\omega}$

$P_{\rho}^{1}$

$P_{\rho}^{1}$

$C(S^{2n+1})\otimes P_{\rho}^{1}$

$\Gamma(\eta)$

$P_{\rho}^{1}=\lim_{\rightarrow}(\oplus_{j=1}C(T^{1})\otimes M_{p_{i(j)}}(\mathbb{C}))$

$M_{p}(\mathbb{C})$

$P_{\rho}^{1}$

$M_{p}(\mathbb{C})$

$C^{*}$

$M_{p}(\mathbb{C})$

$\Gamma(\eta)$

$(M_{p}(\mathbb{C})\leftarrow’)P_{\rho}^{1}$

$\Gamma(\eta)$

$C^{*}$

$C^{*}-$

$\Gamma(\eta)$

$P_{\rho}^{1}$

$\eta$

Now we want to show that each
trivial
-algebra bundle over
has the trivial bundle structure.
$C^{*}$

$C^{*}$

-algebra of sections of a locally
with fibres

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{1}=$

$A_{\rho}$

Proposition 5.2. Each
-algebra
trivial
over
-algebra bundle
has the trivial bundle structure.
$C^{*}$

$C^{*}$

$\eta$

$\Gamma(\eta)$

of

sections

a locally
with fifibres

of

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{1}=A_{\rho}$

.
Let
be an inductive limit of
-subalgebra of
For some pair $(2k_{j}-1,2k_{j’}-1)=(2k_{j}-1,1)$ , if the
with fibres
sections of a locally trivial -algebra bundle over
, has a non-trivial bundle
, which is canonically embedded into
, since
can be replaced by
structure, then the factor
. For each , there is
to
there is a map of degree 1 from
-subalgebra
of sections of a
a canonical homomorphism of the
.
over
with fibres
into
locally trivial
-algebra bundle

Proof.

$\oplus_{j=1}C(T^{1})\otimes M_{p_{i(j)}}(\mathbb{C})$

$P_{\rho}^{1}$

$C^{*}$

$S^{2k_{j}-1}\times S^{1}$

$C^{*}$

$\Gamma(\eta)$

$P_{\rho}^{1}$

$S^{2k_{j}-1}\times S^{1}$

$S^{2k_{7}}$

$S^{2k_{j}-1}\times S^{1}$

$C^{*}$

$\eta_{j}$

$j$

$\Gamma(\eta_{j})$

$S^{2k_{j}-1}$

$C^{*}$

$S^{2k_{j}}$

$P_{\rho}^{1}$

$\Gamma(\eta)$
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algebra
By Lemma 5.1, the
-algebra of sections of a locally trivial
with fibres
has the trivial bundle structure. Thus
bundle over
$C(S^{2k_{j}-1})$ are factored out of
, and so $C(\prod_{j=1}^{s}S^{2k_{j}-1})$ is factored
out of
.
, Aut
]. But there is a map
Next, $[S^{2n_{i}}, B(Aut(P_{\rho}^{1}))]=$ [
. So for each each
of degree 1 from
to
algebra of
with fibres
algebra bundle over
sections of a locally trivial
of sections of a locally trivial
is induced from the
algebra
. Consider the crossed
with fibres
algebra bundle over
for a suitable irrational number
product by the action
of on
$trace$
range of the
is not
of
such that the range of the
$trace$ of any simple irrational noncommutative torus of rank $m+1$ for any
on
positive integer $w$ greater than 1, where the action
. Then
is trivial and
is the irrational rotation algebra
-algebra of sections of a locally
is obviously realized as the
. But
with fibres
algebra bundle over
trivial
-algebra of sections of
has the trivial bundle structure. So each
has the
over
with
fibres
a locally trivial
algebra bundle
. Hence
trivial bundle structure. Thus $C(S^{2n_{i}})$ are factored out of
, and so
is factored out of
Q.E.D.
, as desired.
is factored out of
$C^{*}$

$C^{*}$

$S^{2k_{j}-1}$

$P_{\rho}^{1}$

$\Gamma(\eta)$

$\Gamma(\eta)$

$S^{2n_{i}-1}$

$(P_{\rho}^{1})$

$S^{2n_{i}-1}\times S^{1}$

$S^{2n_{i}}$

$S^{2n_{i}}$

$C^{*}$

$C^{*}$

$P_{\rho}^{1}$

$C^{*}-$

$\Gamma(\zeta_{i})$

$S^{2n_{i}-1}\times T^{1}$

$\zeta_{i}$

$C^{*}$

$i$

$\mathbb{Z}$

$\alpha_{\theta}$

$P_{\rho}^{1}$

$\Gamma(\zeta_{i})$

$\theta$

$\frac{1}{w}\times the$

$P_{\rho}^{1}\otimes A_{\theta}$

$C(S^{2n_{i}-1})\otimes P_{\rho}^{1}$

$\alpha_{\theta}$

$C(T^{1})\times_{\alpha_{\theta}}\mathbb{Z}$

$A_{\theta}$

$C^{*}$

$\Gamma(\zeta_{i})\times_{\alpha_{\theta}}\mathbb{Z}$

$S^{2n_{i}-1}$

$C^{*}$

$\Gamma(\zeta_{i})\times_{\alpha_{\theta}}$

$P_{\rho}^{1}\otimes A_{\theta}$

$C^{*}$

$\mathbb{Z}$

$S^{2n_{\dot{z}}}$

$C^{*}$

$P_{\rho}^{1}$

$\Gamma(\eta)$

$C(\prod_{i=1}^{e}S^{2n_{i}})$

$C(\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1})$

$\Gamma(\eta)$

$\Gamma(\eta)$

algebra over
Each $cd$-homogeneous
of sections of a locally trivial
algebra
is realized as the
with fibres
algebra bundle over
-algebra of sections of a
is realized as the
, and hence
with
algebra bundle over
locally trivial
.
fibres
$C^{*}$

$T^{r}\times T^{2}$

$C^{*}$

$C^{*}$

$\Gamma(\eta)$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times T^{r}\times T^{2}$

$\eta$

$M_{cd}(\mathbb{C})$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}\times$

$C^{*}$

$S_{\rho}^{cd}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

Theorem 5.3. The set of spherical noncommutative tori with primitive ideal space
and fifibres
is in
-algebras of sections of lobijective correspondence with the set of
with fifibres
cally trivial
-algebra bundles over
$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$C^{*}$

$C^{*}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

.

If $cd=1$ , we have obtained the result in Proposition 5.2.
So assume that $cd>1$ . Then one can assume that there is a matrix
subalgebra
which is factored out of each inductive step, even
. And
is isomorphic to
is not factored out of
though
. By Proposition 5.2, each
-algebra of sections
with
algebra bundle over
of a locally trivial
has the trivial bundle structure.
fibres

Proof.

$M_{cd}(\mathbb{C})$

$M_{d}(\mathbb{C})$

$P_{\rho}^{d}$

$P_{\rho}^{d}$

$C^{*}$

$A_{\frac{1}{d}}\times_{\alpha_{3}}\mathbb{Z}\times_{\alpha_{4}}\cdots\times_{\alpha_{r+m}}\mathbb{Z}$

$C^{*}$

$C^{*}(d\mathbb{Z}\times d\mathbb{Z})\times_{\alpha_{3}}\mathbb{Z}\times_{\alpha_{4}}\cdots\times_{\alpha_{r+m}}\mathbb{Z}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$C^{*}$

Hence each
over

$C^{*}$

-algebras with

fifibres

noncommutative tori
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-algebra bundle
-algebra of sections of a locally trivial
is given by twisting
with fibres
$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

by the totally skew multiplier
in
on
, which is a spherical noncommutative torus.
Therefore, the set of spherical noncommutative tori with primitive
and fibres
is in bijecideal space
-algebras of sections of locally
tive correspondence with the set of
with fibres
trivial
-algebra bundles over
Q.E.D.
.
$C^{*}(\overline{T^{r}}\times\overline{T^{2}}\times \mathbb{Z}^{m-2})$

$A_{cd}\otimes C^{*}(\mathbb{Z}^{m-2})$

$\overline{T^{r}}\times T^{2}\times \mathbb{Z}^{m-2}$

$\rho$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$

$C^{*}$

$C^{*}$

$\prod_{i=1}^{e}S^{2n_{i}}\times\prod_{j=1}^{s}S^{2k_{j}-1}$

$P_{\rho}^{d}\otimes M_{c}(\mathbb{C})$
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-algebras

Mikael Rrdam
Abstract.
We give a survey of known and a few new results on stable
-algebras are described, it is
algebras. Characterizations of stable
-algebras whether or not
decided for a number of operations on
-algebras invariant, and the relathey leave the class of stable
-algebras is
tion between this topic and the structure of simple
discussed.

$C^{*}-$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

\S 1.

Introduction

This article contains some new results and a survey of older results,
-algemostly from the articles [12], [16], [17], and [19], on stable
$A$
,
-algebra
bras. Recall that a
is stable if it is isomorphic to
where
-algebra of compact operators on a separable
denotes the
is stable for every
Hilbert space. Since
it follows that
-algebra $A$ . If
and
are full hereditary sub-C*-algebras of a
$A$
by Brown’s theorem, [4]. In other
-algebra , then
words, among full hereditary sub-C*-algebras the stable ones have the
distinguished property that they all are isomorphic to each other.
(for fixed
In BDF-theory, [5], extensions
-algebras $B$ ) are classified, and it is contained in this theory
(abelian)
that $A$ is stable if and only if $B$ is stable in any such extension. The
-algebras asked if for any extension
extension question for stable
-algebras one has that $A$ is stable if
of (separable)
and only if I and $B$ are stable. This question has recently been answered
in the negative in [19] (see Theorem 6.1). Some partial positive results
do however hold (see Section 6).
Blackadar has shown that an $AF$ -algebra is stable if and only if it
admits no bounded non-zero traces. This results can be generalized (see
Section 3), but the existence (established in [16], see Theorem 4.3) of a
$C^{*}$

$C^{*}$

$A\otimes \mathcal{K}$

$C^{*}$

$\mathcal{K}$

$A\otimes \mathcal{K}$

$\mathcal{K}\otimes \mathcal{K}\cong \mathcal{K}$

$C^{*}$

$B_{1}$

$C^{*}$

$B_{2}$

$B_{1}\otimes \mathcal{K}\cong B_{2}\otimes \mathcal{K}$

$O\rightarrow \mathcal{K}\rightarrow A\rightarrow B\rightarrow 0$

$C^{*}$

$C^{*}$

$I$

$\rightarrow A\rightarrow B\rightarrow 0$

2000 Mathematics Subject
46L35, 19K14.

$ 0\rightarrow$

$C^{*}$

Classifification.

Primary

$46L05$ ;

Secondary
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simple, stably finite, non-stable
-algebra $A$ such that $M_{2}(A)$ is stable
shows that Blackadar’s result is not valid for all (stably finite, simple)
-algebras.
The negative answer to the extension problem for stable
-algebras
was obtained using methods similar to those used in the recent article
[18] were an example of a simple
-algebra with a finite and an infinite
projection was constructed. It is no surprise that these two problems are
linked. In both cases one seeks
-algebras exhibiting exotic comparison
properties (as first found by Villadsen in [20]). Another link is given in
the observation by Kirchberg that a simple
-algebra is purely infinite
if and only if all its hereditary sub-C*-algebras contain a stable $sub- C^{*}-$
algebra.
The first version of this paper was written in December, 2000. The
paper was revised in July, 2001, to include the results from the papers
[18] and [19].
I thank Larry Brown for valuable information about the extension
problem, and I thank MSRI for its hospitality during the fall of 2000
and for its support from the NSF grant DMS-9701755.
$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$
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Characterizing stable

$C^{\star}$

-algebras

We begin this section by stating a result from [12] by Hjelmborg and the
-algebras. We need some notation to
author that characterizes stable
state the result.
-algebra $A$ , let $F(A)$ denote the set of positive elements in
In a
$A$
for which there exists in $A$ such that $ea=ae=a$ . (Every element
in $F(A)$ belongs to the Pedersen ideal of $A$ ; but the Pedersen ideal can
in some cases contain positive elements not in $F(A)$ . This is for example
the case whenever $A$ is an algebraically simple, non-unital
algebra.
A
-algebra is said to be -unital if it contains a countable approximate unit; and it is called
-unital if it contains a countable approximate unit consisting of projections. One can show that an approximate
unit of projections always can always be taken to be increasing and to
dominate any fixed projection in the
algebra.
$C^{*}$

$C^{*}$

$a$

$e$

$C^{*}$

$C^{*}$

$\sigma$

$\sigma_{p}$

$C^{*}$

Remark 2.1. (Equivalence of positive elements) Two positive elements , in a
-algebra $A$ are said to be equivalent, written
$a\sim b$ , if there is an element
in $A$ such that $x^{*}x=a$ and $xx^{*}=b$ .
Let $x=u(x^{*}x)^{1/2}$ be the polar decomposition for in
. Then $uc$
$c\mapsto ucu^{*}$
$A$
$aAa$
, and the map
for every in
belongs to
defines an isomorphism from
onto
which maps to . Moreover, for each
positive element in
we have $c\sim ucu^{*}$ because $=uc^{1/2}$ belongs
to $A$ , $y^{*}y=c$ , and $yy^{*}=ucu^{*}$ .
$a$

$b$

$C^{*}$

$x$

$A^{**}$

$x$

$c$

$\overline{aAa}$

$\overline{bAb}$

$a$

$b$

$\overline{aAa}$

$c$

$y$
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$C^{*}$

Write
if and are positive elements in $A$ such that
for some sequence
in $A$ . For in
and
let $(a-\xi i)_{+}$ denote
in the unitization of
the positive part of the self-adjoint element
$A$
. Then $(a-\in)_{+}$ belongs to
if and only if $(a-\in)_{+}\sim b_{\Xi}$
, and
for some
in
for $each\in>0$ (cf. [15, Proposition 2.4]).
$a_{\sim}\prec b$

$b$

$a$

$x_{n}^{*}$

$\{x_{n}\}$

$A^{+}$

$a$

$bx_{n}\rightarrow a$

$\epsilon:>0$

$a-\in\cdot 1$

$\overline{A}$

$a\prec\sim b$

$\overline{bAb}$

$b_{\in}$

Theorem 2.2. (Theorems 2.1 and 3.3 of [12]) The following
conditions are equivalent for every -unital
-algebra $A$ :
(i) $A$ is stable,
in $A$ and for every positive $\in>0$
(ii) for every positive element
there are positive elements , in $A$ such that $||a-b||\leq\in$ , $b\sim c$ ,
and $||ac||\leq\in$ ,
(iii) for every in $F(A)$ there is a positive element in $A$ such that
and $a\perp b$ ,
(iv) for every in $F(A)$ there is a unitary element in the unitization
of $A$ such that $a\perp uau^{*}$ ,
(v) there is a sequence
of mutually orthogonal, mutually
equivalent projections in the multiplier algebra
of $A$ such
(the sum converges in the strict topology).
that
If $A$ is further assumed to be -unital, then (i) $-(v)$ above are equivalent
to:
(vi) for every projection in $A$ there is a projection in $A$ such that
$p\sim q$ and $p\perp q$ .
$C^{*}$

$\sigma$

$a$

$b$

$c$

$b$

$a$

$a_{\sim}\prec b$

$u$

$a$

$\{E_{n}\}_{n=1}^{\infty}$

$\sqrt{}\vee l(A)$

$\sum_{n=1}^{\infty}E_{r\iota}=1$

$\sigma_{p}$

$p$

$q$

(Permanence)
Corollary 2.3.
(i) If $A$ isa -unital
-algebra and if $A$ is the inductive limit of an
-algebras, then $A$ is stable.
inductive system of -unital stable
(ii) If $A$ is stable, then so is every ideal in $A$ and every quotient of
$C^{*}$

$\sigma$

$C^{*}$

$\sigma$

$A$

.

-algebra and if is a positive conis a -unital, stable
$A$
$\overline{(1-a)A(1-a)}$
is stable.
traction in , then
$subC^{*}$
$B$
-unital,
-algebra $A$ and
is a
stable
(iv) If
-algebra of a
if $B$ contains an approximate unit for $A$ , then $B$ is stable.
-algebra and if $G$ is a countable dis(v) If $A$ is a -unital, stable
is stable.
crete group acting on $A$ , then

(iii)

If

$A$

$C^{*}$

$\sigma$

$a$

$C^{*}$

$\sigma$

$C^{*}$

$\sigma$

$A>\triangleleft G$

Parts (i), (iii), (iv), and (v) are proved in [12] (and the proof of (i)
and (iii) uses Theorem 2.2). To see that (ii) holds we may assume that
. If I is a closed two-sided ideal in
for some
-algebra
, and
of
, then
for some closed two-sided ideal
it follows that I and $A/I$ are stable.
-algebras need not be stable,
Extension of two ( -unital) stable
-algebra $B$ .
cf. Section 6. If $A$ is stable, then so is $A\otimes B$ for every
$C^{*}$

$A=A_{0}\otimes \mathcal{K}$

$A_{0}\otimes \mathcal{K}$

$I$

$A_{0}$

$=I_{0}\otimes \mathcal{K}$

$\sigma$

$I_{0}$

$C^{*}$

$C^{*}$

$A_{0}$
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In the converse direction one can clearly not conclude that $A$ is stable
is stable for some
knowing that
-algebra $B$ , perhaps surprisingly
not even in the case when $B=M_{2}(\mathbb{C})$ , cf. Theorem 4.3.
-algebra can admit a bounded $trace$ nor can it have
No stable
a unital quotient. The converse does not hold in general (see Corollary 4.4), but it does hold for certain well-behaved
-algebras, cf.
Proposition 2.7 below. Hjelmborg proved in [11] that Cuntz-Krieger
algebras arising from infinite graphs are stable if and only if they admit
no bounded $trace$ and have no unital quotient.
For a particularly well-behaved class of finite
-algebras, absence
of bounded traces is equivalent to stability (see Section 3); and absence
of unital quotients is equivalent to stability for purely infinite
-algebras in the sense of [14] (see Section 5). A precursor to these results is
given in Proposition 2.7 below.
$C^{*}$

$A\otimes B$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

Definition 2.4. (Large subalgebras) A hereditary $sub- C^{*}$ -al-algebra $A$ is said to be large in $A$ if for every positive
gebra $B$ of a
element in $A$ and for every $\in>0$ there is in $A$ such $ that||x^{*}x-a||\leq\in$
and
belongs to $B$ .
$C^{*}$

$x$

$a$

$xx^{*}$

Any large hereditary sub-C*-algebra is necessarily full, i.e., not contained in any proper ideal.
-algebra $A$ is large in itself.
Every
If $B$ is a large hereditary sub-C*-algebra of $A$ , then for each in
$F(A)$ there is
in $A$ such that $x^{*}x=a$ and
belongs to $B$ . Indeed, if
$A$
is a positive contraction in such that $ea=ae=a$ then $z^{*}(e-1/2)_{+}z=$
for some in $A$ (in the notation of Remark 2.1). Find in $A$ such that
$||x^{*}x-e||<1/2$ and
belongs to $B$ . By [13, Lemma 2.2] there is
in $A$ such that $y^{*}x^{*}xy=(e-1/2)_{+}$ . Put $w=xyz$ . Then $ww^{*}$ belongs
to $B$ and $w^{*}w=a$ .
The argument above also shows that for every projection in $A$
there is a projection in $B$ such that $p\sim q$ (whenever $B$ is large in $A$ ).
-algebra $A$ is called purely
Recall that a (possibly non-simple)
infifinite if for every pair of positive elements , in $A$ such that belongs
to the closed two-sided ideal generated by there is a sequence
of
$A$
elements in with
(see [14]).
$C^{*}$

$a$

$xx^{*}$

$x$

$a$

$e$

$x$

$z$

$xx^{*}$

$y$

$p$

$q$

$C^{*}$

$a$

$b$

$a$

$x_{n}^{*}$

$b$

$\{x_{n}\}$

$ax_{n}\rightarrow b$

Lemma 2.5. Every full, hereditary sub-C*-algebra
fifinite -algebra is large.

of a purely

in-

$C^{*}$

Suppose that $B$ be a full, hereditary sub-C*-algebra of a
purely infinite
-algebra $A$ . Let be a positive element in $A$ and let
$\in>0$ be given. Then
belongs to the closed two-sided ideal generated
$B$
by , hence $(a-\epsilon/3)_{+}$ belongs to the algebraic ideal generated by $B$ ,

Proof

$C^{*}$

$a$

$a$
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and hence $(a-2\in/3)_{+}$ belongs to the algebraic ideal generated by some
positive element in $B$ . Since $A$ is purely infinite, $(a-\in)_{+}=y^{*}by$
for some in $A$ . This shows that $(a-\in)_{+}=x^{*}x$ and $xx^{*}\in B$ when
$x=b^{1/2}y$ .
Q.E.D.
$b$

$y$

Lemma 2.6. Any full, stable, hereditary sub-C* -algebra
-algebra is large.
arable

of a

sep-

$C^{*}$

Let $B$ be a full, stable, hereditary sub-C*-algebra of a
algebra $A$ , let be a positive element in $A$ and let $\in>0$ be given. Since
$F(B)$ is dense in
and since $B$ is full in $A$ , the algebraic ideal in $A$
generated by $F(B)$ is dense in $A$ . It follows that we can find in $F(B)$
and ,
in $A$ such that
,

Proof

$C^{*}-$

$a$

$B^{+}$

$b$

$x_{1}$

$\ldots$

$x_{n}$

$||\sum_{j=1}^{n}x_{j}^{*}bx_{j}-a||\leq\in$

.

It follows from Theorem 2.2 that there are mutually orthogonal and
in $B$ . Find
,
mutually equivalent positive elements $b_{1}=b$ , ,
, so that $u_{i}^{*}u_{j}=0$
in $B$ such that $u_{j}^{*}u_{j}=b$ and
,
,
belongs to $B$ and $x^{*}x=$
when $i\neq j$ . Put $x=\sum_{j=1}^{n}u_{j}x_{j}$ . Then
Q.E.D.
.
$b_{n}$

$b_{2}$

$\ldots$

$u_{1}$

$\ldots$

$u_{j}u_{j}^{*}=b_{j}$

$u_{n}$

$xx^{*}$

$\sum_{j=1}^{n}x_{j}^{*}u_{j}^{*}u_{j}x_{j}=\sum_{j=1}^{n}x_{j}^{*}bx_{j}$

Proposition 2.7. (Proposition 5.1 of [12]) Let $A$ be a -unital
-algebra that has the property that any full, hereditary sub-C* -algebra
$A$ is
large if it admits no non-zero bounded trace. Then $A$ is stable if
of
and only if $A$ has no non-zero bounded trace and no non-trivial unital
quotient.
$\sigma$

$C^{*}$

-algebra $A$
Section 4 contains an example of a non-stable -unital
-alwithout bounded traces and unital quotients. Consequently, this
$A$
gebra has a full, hereditary sub-C*-algebra which is not large in and
which does not have a bounded $trace$ .
The example below is due to Ken Dykema.
$C^{*}$

$\sigma_{p}$

$C^{*}$

is not stable; hence the
Example 2.8. The full free product
-algebras is not closed under forming free products.
class of stable
Indeed,
be
has a unital quotient. To see this, let
-algebra and
the standard matrix units for . Observe that if $D$ is a
if , ,
is a sequence of mutually orthogonal and equivalent projec$D$
.
such that
tions in , then there is an embedding
and .
Take the Cuntz algebra
with its two canonical generators
are equivalent and any
Since every pair of non-zero projections in
non-zero projection in
has countably many mutually orthogonal non:
such that
,
zero sub-projections, there are embeddings
$\mathcal{K}*\mathcal{K}$

$C^{*}$

$\mathcal{K}*\mathcal{K}$

$\{e_{ij}\}_{i,,,j=1}^{\infty}$

$C^{*}$

$\mathcal{K}$

$f_{1}$

$f_{2}$

$\ldots$

$\varphi:\mathcal{K}\rightarrow D$

$\varphi(e_{jj})=f_{j}$

$O_{2}$

$s_{1}$

$O_{2}$

$O_{2}$

$\varphi_{1}$

$\varphi_{2}$

$\mathcal{K}\rightarrow O_{2}$

$s_{2}$

182

M.

$R\emptyset rdam$

. By the universal property of free
and
$a*$
-homomorphism
products there is
whose restriction to
the first and the second copy of is
. Accordingly,
, respectively,
belongs to the image of . Hence
has a unital
quotient.
$\varphi_{2}(e_{11})=s_{2}s_{2}^{*}$

$\varphi_{1}(e_{11})=s_{1}s_{1}^{*}$

$\varphi:\mathcal{K}*\mathcal{K}\rightarrow O_{2}$

$\mathcal{K}$

$\varphi_{1}$

$\varphi_{2}$

$\mathcal{K}*\mathcal{K}$

$1=s_{1}s_{1}^{*}+s_{2}s_{2}^{*}$

$\varphi$

Stability of finite

\S 3.

$C^{\star}$

-algebras

Blackadar proved in [1] that a (simple) $AF$ -algebra is stable if and only
if it admits no bounded $trace$ . We shall in this section pursue generalizations of this result. Let us first remark that any unital, properly
-algebra is traceless but not stable. One will therefore expect
infinite
the two properties, being stable and being traceless, to be equivalent
-algebras; and even here the equivalence does not hold
only for finite
without qualifications.
As in [1] it is convenient to consider also a third property of a
-group equals the entire positive cone.
algebra that the scale of its
The positive cone and the scale of the
group of a
algebra $A$ are
given by
$C^{*}$

$C^{*}$

$C^{*}-$

$K_{0}$

$C^{*}$

$K_{0}$

$K_{0}(A)^{+}=\{[p]_{0} :

p\in P(A\otimes \mathcal{K})\}$

,

$D_{0}(A)=\{[p]_{0} :

p\in P(A)\}$ .

It follows from Lemma 2.6 that $D_{0}(A)=K_{0}(A)^{+}$ for all stable
-algebras.
An axiomatic description of a scaled ordered Abelian group is given
in the following:
$C^{*}$

Definition 3.1. A triple $(G, G^{+}, \Sigma)$ will be called
scaled, or$(G,
G^{+})$
dered Abelian group if
is an ordered Abelian group and is an
upper directed, hereditary, full subset of
,
,
: $x_{1}\leq x$ , $x_{2}\leq x$ ,
(i)
,
:
(ii)
,
: $x\leq ky$ .
(ii)
$a$

$\Sigma$

$G^{+}$

$\forall x_{1}$

$i.e.$

$ x_{2}\in\Sigma\exists x\in\Sigma$

$\forall x\in G^{+}\forall y\in\Sigma$

$ x\leq y\Rightarrow x\in\Sigma$

$\forall x\in G^{+}\exists y\in\Sigma\exists k\in \mathbb{N}$

A ( unital
algebra $A$ is said to be fifinite if it contains no infinite
projections, and $A$ is stably fifinite if $M_{n}(A)$ is finite for every . (A
projection is infinite if it is Murray-von Neumann equivalent to a proper
subprojection of itself.) If
$C^{*}$

$\sigma_{p}$

$n$

$\forall p$

then

$A$

,

$q\in P(A\otimes \mathcal{K})$

$[p]_{0}=[q]_{0}$

in $K_{0}(A)=p\sim q$ ,

is said to have cancellation. We have
$A$

$sr(A)=1\Rightarrow$

for all

:

$C^{*}$

-algebras

$A$

.

has cancellation

$\Rightarrow A$

is stably finite,

Stable

$C^{*}$

algebras
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-algebra with the cancellation property,
Lemma 3.2. Let $A$ be a
let be a projection in $A$ , and let be an element in $K_{0}(A)$ .
(i) If $0\leq g\leq[p]_{0}$ , then there is a projection in $A$ such that $q\leq p$
and $[q]_{0}=g$ .
-unital, if $[p]_{0}\leq g$ , and if belongs to $D_{0}(A)$ , then
(ii) If $A$ is
there is a projection in $A$ such that $p\leq q$ and $[q]_{0}=g$ .
$C^{*}$

$p$

$g$

$q$

$g$

$\sigma_{p}$

$q$

(i). Find projections , in matrix algebras over $A$ such
that $[e]_{0}=g$ and $[f]_{0}=[p]_{0}-g$ . Then $[e\oplus f]_{0}=[p]_{0}$ and because $A$ is
assumed to have the cancellation property we conclude that $e\oplus f\sim p$ .
Find a rectangular matrix over $A$ such that $v^{*}v=e\oplus f$ and $vv^{*}=p$ ,
and set $q=v(e\oplus 0)v^{*}$ . Then belongs to $A$ , $q\leq p$ , and $[q]_{0}=g$ .
for $A$ where each
(ii). There is an approximate unit
is a projection dominating . Now, $[p_{n}]_{0}\geq g$ for some . Indeed,
in $A$ such that $g=[q’]_{0}$ and choose
such that
take a projection
$||(1-p_{n})q’||<1$ . Then
, and so $[p_{n}]_{0}\geq[q’]_{0}=g$ . Use (i) to
find a projection in $A$ such that $e\leq p_{n}-p$ and $[e]_{0}=g-[p]_{0}$ . The
Q.E.D.
projection $q=p+e$ will then be as desired.

Proof.

$e$

$f$

$v$

$q$

$\{p_{n}\}_{n=1}^{\infty}$

$p_{n}$

$n$

$p$

$q’$

$n$

$q’\sim\prec p_{n}$

$e$

Lemma 3.3. $TAe$ triple $(K_{0}(A), K_{0}(A)^{+}$ , $D_{0}(A))$ is a scaled, ordered, Abelian group if $A$ is a -unital
-algebra with the cancellation
property.
-algebra with the cancel-unital
Conversely, if $A$ is a stable,
lation property, and if
is a subset of $K_{0}(A)^{+}$ for which the triple
$(K_{0}(A), K_{0}(A)^{+}$ ,
is a scaled, ordered, Abelian group, then there is
full,
-unital, hereditary sub-C* -algebra $B$ of $A$ such that
$C^{*}$

$\sigma_{p}$

$C^{*}$

$\sigma_{p}$

$\Sigma$

$\Sigma)$

$a$

$\sigma_{p}$

$(K_{0}(B), K_{0}(B)^{+}$

, $D_{0}(B))\cong(K_{0}(A),

K_{0}(A)^{+},$

$\Sigma)$

.

-algebra with the cancellaAssume that $A$ is a -unital
tion property. Let
be an approximate unit for $A$ consisting of
for
projections, (i) in Definition 3.1 holds as we can take to be
some large enough . (ii) follows from Lemma 3.2 (i). If is a projection
in $M_{k}(A)$ , then is equivalent to a projection in $Mk$ (pnApn) for some
. Hence (iii) in Definition 3.1 holds.
large enough whence
To prove the second part of the lemma, use (i), (ii), and (iii) in
Definition 3.1 to find $ 0\leq x_{1}\leq x_{2}\leq x_{3}\leq\ldots$ in such that for every
in $K_{0}(A)^{+}$ the following two conditions are satisfied:
for some positive integers and , and
belongs to if and only if $g\leq x_{n}$ for some .
of projections
Use Lemma 3.2 (ii) to find an increasing sequence
. Then
in $A$ such that $[q_{n}]_{0}=x_{n}$ . Let $B$ be the closure of
$A$
$B$ is a full
-unital sub-C*-algebra of . By construction of $B$ , if

Proof.

$C^{*}$

$\sigma_{p}$

$\{p_{n}\}_{n=1}^{\infty}$

$x$

$n$

$[p_{n}]_{0}$

$q$

$q$

$[q]_{0}\leq k[p_{n}]_{0}$

$n$

$\Sigma$

$g$

$k$

$\blacksquare g\leq kx_{n}$

$\Sigma$

$\circ g$

$n$

$n$

$\{q_{n}\}_{n=1}^{\infty}$

$\bigcup_{n=1}^{\infty}q_{n}Aq_{n}$

$\sigma_{p}$

$g$
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is an element in $K_{0}(A)$ , then belongs to
if and only if there is a
$B$
such that $g=[e]_{0}$ . It follows that the isomorphism
projection in
$K_{0}(B)\rightarrow K_{0}(A)$ induced by the inclusion mapping $Bc->A$ maps $D_{0}(B)$
Q.E.D.
onto .
$\Sigma$

$g$

$e$

$\Sigma$

An ordered Abelian group $(G, G^{+})$ is said to be weakly unperforated if
in $G$ and for every positive integer .
$ng$ $>0$ implies $g>0$ for every
(Other texts have assigned other meanings to the term weak unperforation.)
$n$

$g$

Proposition 3.4. Let $A$ be a
-unital
-algebra with the cancellation property, and consider the following three conditions:
(i) $A$ is stable,
(ii) $D_{0}(A)=K_{0}(A)^{+}$ ,
(iii) $A$ admits no bounded trace.
Then
(i) $\Leftrightarrow(ii)\Rightarrow(iii)$ ,
$C^{*}$

$\sigma_{p}$

and $(iii)\Rightarrow(ii)$ if $A$ is exact,
ideal in $A$ is
-unital.

$K_{0}(A)$

is weakly unperforated, and every

$\sigma_{p}$

Proof

The implication
holds for all
-algebras (as noted
above). The assumption that $A$ is -unital implies that every non-zero,
densely defined $trace\tau$ on $A$ induces a non-zero state on $K_{0}(A)$ , and
$C^{*}$

$(i)\Rightarrow(ii)$

$\sigma_{p}$

$\hat{\tau}$

$||\tau||\geq\sup\{\hat{\tau}(g) :

g\in D_{0}(A)\}=\sup\{\hat{\tau}(g) :

g\in K_{0}(A)^{+}\}=\infty$

,

when (ii) holds. Therefore
.
: Assume that (ii) holds. Let be a projection in $A$ . Then
belongs to $D_{0}(A)$ , and so it follows from Lemma 3.2 (ii) that there
2
is a projection in $A$ with $p\leq q$ and $[q]_{0}=2[p]_{0}$ . Using again that $A$
has the cancellation property we find that $q-p$
. It now follows from
$A$
Theorem 2.2 that
is stable.
: Assume next that $K_{0}(A)$ is weakly unperforated, each
ideal in $A$ is -unital, $A$ is exact, and that (iii) holds. Take in $K_{0}(A)^{+}$
and find a projection in
such that $g=[p]_{0}$ . Let
be the
closed two-sided ideal in
generated by , and take an increasing
approximate unit
of projections for . Let $T$ be the compact
set of traces on I such that $\tau(p)=1$ . Then
$(ii)\Rightarrow(iii)$

$(ii)\Rightarrow(i)$

$p$

$[p]_{0}$

$q$

$\sim p$

$(iii)\Rightarrow(ii)$

$g$

$\sigma_{p}$

$A\otimes \mathcal{K}$

$p$

$A\otimes \mathcal{K}$

$I\otimes \mathcal{K}$

$p$

$I$

$\{p_{n}\}_{n=1}^{\infty}$

$\tau$

$\sup_{n\in \mathbb{N}}\tau(p_{n})=\infty$

for every in $T$ (otherwise would extend to a bounded
in turns to a bounded $trace$ on $A$ ).
$\tau$

$\tau$

$trace$

on I and

Stable
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$C^{*}$

) defines a continuous aﬃne
(or in
Each projection
in
function
is an increasing sequence of functions
, and
for some
tending pointwise to infinity. Since $T$ is compact we have
$T$
$\tau(p)<\tau(p_{n})$
$f([p]_{0})<$
. In other words,
for all in . We infer that
$(K_{0}(I),
K_{0}(I)^{+})$ with $f([p]_{0})=1$ .
Indeed,
for all states on
each such state lifts to a quasitrace on (by [3]) and each quasitrace
on an exact
-algebra is a $trace$ (by Haagerup’ theorem in [10]). By
Goodearl-Handelman’s extension theorem (see [9]), $k[p]_{0}<k[p_{n}]_{0}$ in
$K_{0}(I)$ (and hence in $K_{0}(A)$ ) for some natural number
. Since $K_{0}(A)$
is weakly unperforated we can conclude that $[p]_{0}<[p_{n}]_{0}$ . This entails
that $g=[p]_{0}$ belongs to $D_{0}(A)$ using Lemma 3.3 and Definition 3.1
Q.E.D.
(ii).
$I$

$q$

$\hat{q}:T\rightarrow \mathbb{R}$

$I\otimes \mathcal{K}$

$\{\hat{p}_{n}\}$

$\hat{p}_{n}>1$

$n$

$\tau$

$f([p_{n}]_{0})$

$f$

$f$

$I$

$\tau$

$C^{*}$

$s$

$k$

The three conditions of Proposition 3.4 are equivalent for all separable,
exact, real rank zero
-algebras with the cancellation property and
-group. This is a lot to ask for, but many
with weakly unperforated
commonly encountered
-algebras satisfy these properties. For exam$AF$
ple, all
-algebras, and more generally, all $AH$ -algebras of real rank
zero and of slow dimension growth have these properties (see [8] and
[2] .
-algebra can also be expressed in terms of
Stability of a finite
properties of its multiplier algebra as in the proposition below from [17].
-algebra is properly infinite if it contains two
Recall that a unital
mutually orthogonal projections , such that $1\sim p\sim q$ .
$C^{*}$

$K_{0}$

$C^{*}$

$)$

$C^{*}$

$C^{*}$

$p$

Proposition 3.5.
multipli er algebra.

Let

$A$

$q$

be a

$C^{*}$

-algebra and let

$\lambda\Lambda(A)$

denote its

is properly infifinite.
is stable, then
$A$
is
is -unital, $sr(A)=1$ , and $A$ is not stable, then
not properly infifinite.
(iii) If $A$ is -unital, simple, $sr(A)=1$ , and $A$ is not stable, then
is fifinite.

(i)
(ii)

If
If

$A$

$\mathcal{M}(A)$

$\mathcal{M}(A)$

$\sigma$

$\sigma$

$\Lambda\Lambda(A)$

(maxPart (i) is standard and follows from the fact that
. Parts (i) and (ii) say that
imal tensor product) maps into
$A$
-algebra
for unital
of stable rank one, $A$ is stable if and only if
is properly infinite.
$A$
If is a unital, properly infinite
-algebra then $\lambda\Lambda(A)=A$ , and
is properly infinite. On the other hand, $A$ is not stable.
hence
We can therefore not in general deduce that $A$ is stable knowing that
is properly infinite.
$\mathcal{M}(A)\otimes\Lambda 4(\mathcal{K})$

$\Lambda 4(A\otimes \mathcal{K})$

$\sigma$

$C^{*}$

$\mathcal{M}(A)$

$C^{*}$

$\mathcal{M}(A)$

$\mathcal{M}(A)$

M.
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Stability is not a stable property

\S 4.

-algebras as being stable if it is
One often refers to a property of
preserved by passing from $A$ to $M_{n}(A)$ and vice versa for each . Being
stable is not a stable property in this sense, as shown by the author in
[16] using techniques of Villadsen from [20].
We first state a result that limits how exotic this behavior can be:
$C^{*}$

$n$

Proposition 4.1. (Proposition 2.1 of [16]) Let $A$ be a -unital
-algebra If $M_{n}(A)$ is stable for some integer , then $M_{k}(A)$ is stable
for all $k\geq n$ .
$\sigma$

$C^{*}$

$n$

The proof uses Theorem 2.2.
Let us indicate at the level of scaled, ordered Abelian groups why
-algebra $A$ such that $M_{2}(A)$ is stable:
there should exists a non-stable
$C^{*}$

denote the group
Example 4.2. (Example 3.4 of [16]) Let
, with
, and let
denote the group of all sequences
$\mathbb{Z}_{2}$

$\mathbb{Z}_{2}^{(\infty)}$

$t=(t_{j})_{j=1}^{\infty}$

$\mathbb{Z}/2\mathbb{Z}$

$t_{j}\in \mathbb{Z}_{2}$

let

$d(t)$

and where
for at most finitely many
be the number of elements in the set
$t_{j}\neq 0$

$j$

.

For each

. Set

$\{j\in \mathbb{N}|t_{j}\neq 0\}$

$G=\mathbb{Z}\oplus \mathbb{Z}_{2}^{(\infty)}$

$G^{+}=\{(k, t)|d(t)\leq k\}$ ,

,

$t\in \mathbb{Z}_{2}^{(\infty)}$

$\Sigma=\{(k, t)|d(t)=k\}$ .

Then $(G, G^{+}, \Sigma)$ is a scaled, ordered Abelian group, cf. Definition 3.1.
To see this, let
be the generator of the $jth$ copy of
and set
$g_{j}=(1, e_{j})\in G^{+}$ . Then
$e_{j}\in \mathbb{Z}_{2}^{(\infty)}$

$\mathbb{Z}_{2}$

$\Sigma=j=1\cup\{x\in G^{+}|x\leq g_{1}+g_{2}+\cdots+g_{j}\}$

,

and in this picture it is easy to see that satisfies the axioms of Definition 3.1.
.
but not to , and so
belongs to
The element
$A$
-group is isomorphic
-algebra whose scaled ordered
If
is a
$(G,
G^{+},
\Sigma)$
group of $M_{2}(A)$ is isomorphic
to
, then the scaled ordered
for which
to
is the set of elements in
, where
there exist
in
,
such that $x\leq y_{1}+y_{2}$ . In the given example,
, then
, because if $g=(k, t)$ belongs to
$\Sigma$

$G^{+}$

$(2, e_{1})$

$\Sigma\neq G^{+}$

$\Sigma$

$C^{*}$

$K_{0}$

$K_{0}$

$\Sigma+\Sigma\wedge$

$(G, G^{+}, \Sigma+\Sigma)\wedge$

$x$

$G^{+}$

$\Sigma$

$y_{1}$

$y_{2}$

$\Sigma+\Sigma\wedge=G^{+}$

$G^{+}$

$g\leq g+g=(2k, 0)=2(g_{1}+g_{2}+\cdots+g_{k})$ .

-algebra $A$ with the cancellation propIf we can find a -unital
erty such that the scaled ordered
,
-group of $A$ is isomorphic to $(G,$
, then $A$ will be non-stable and $M_{2}(A)$ will be stable by Proposi-algebra found in Theorem 4.3 below, corresponding to
tion 3.4. The
$C^{*}$

$\sigma_{p}$

$K_{0}$

$\Sigma)$

$C^{*}$

$G^{+}$

Stable

$C^{*}$
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-algebras

$n=2$ , has the property that a subgroup of its
to $(G, G^{+}, \Sigma)$ .

$K_{0}$

-group is isomorphic

For the formulation of the next result, recall that an $AH$ -algebra is a
-algebras of the
algebra that is the inductive limit of a sequence of
$X$
$p(C(X)\otimes
\mathcal{K})p$
form
is a (not necessarily connected) compact
, where
.
Hausdorﬀ space and is a projection in
$C^{*}-$

$C^{*}$

$C(X)\otimes \mathcal{K}$

$p$

(Theorem 5.3 and Corollary 4.2 of [16])

Theorem 4.3.

-unital
(i) For each natural number there is a simple, separable,
$AH$-algebra $A$ of stable rank one such that $M_{n}(A)$ is stable but
$M_{n-1}(A)$ is not stable.
there is continuous fifield
-algebra
(ii) For each natural number
$A=(A_{x})_{x\in X}$ , where $X$ is a compact
Hausdorﬀ space and where
each fifiber
is isomorphic to , such that $M_{n-1}(A)$ is not stable
and $M_{n}(A)$ is stable.
$n$

$\sigma_{p}$

$C^{*}$

$n$

$\mathcal{K}$

$A_{x}$

We indicate here the proof of part (ii) in the case where $n=2$ . As
mentioned above, the proof follows ideas of Villadsen.
Let
be the real projective plane and recall that its cohomology (over ) is given as:
$Y=\mathbb{R}\mathbb{P}^{2}$

$\mathbb{Z}$

$H^{0}(Y;\mathbb{Z})\cong \mathbb{Z}$

,

$H^{1}(Y;\mathbb{Z})=0$

,

$H^{2}(Y;\mathbb{Z})\cong \mathbb{Z}/2\mathbb{Z}$

.

We have
$C(Y)=$

{ $f\in C(D)$

: $f(z)=f(-z)$ for all

$z\in T$

}.

be a complex line bundle over $Y$ with non-trivial Euler class
in
. This line bundle corresponds to the projection in
$M_{2}(C(Y))$ given by

Let

$\xi_{0}$

$e(\xi_{0})$

$H^{2}(Y;\mathbb{Z})$

$p$

$e^{it}\sqrt{r(1-r)}1-r)$

$p(re^{it})=(_{e^{-it}\sqrt{r(1-r)}}^{r}$

,

$r\in[0,1]$

,

$t\in[0,2\pi]$

.

Also,
, the trivial 2-dimensional complex bundle over $Y$ .
:
be the coordinate map onto
Put $X=\prod_{n=1}^{\infty}Y$ and let
$Y$
$nth$
so that each
the
is a complex line
copy of . Put
$X$
for every . An
bundle over . We have
K\"unneth’s
has nonapplication of
theorem shows that
trivial Euler class for every . It follows that there for no is a complex
since that would entail
bundle such that
$\xi_{0}\oplus\xi_{0}\cong\theta_{2}$

$\pi_{n}$

$X\rightarrow Y$

$\xi_{n}=\pi_{n}^{*}(\xi_{0}))$

$\xi_{n}$

$\xi_{n}\oplus\xi_{n}=\pi_{7l}^{*}(\xi_{0}\oplus\xi_{0})\cong\theta_{2}$

$n$

$\xi_{1}\oplus\xi_{2}\oplus\cdots\oplus\xi_{n}$

$n$

$n$

$\eta$

$\xi_{1}\oplus\eta\cong\xi_{2}\oplus\cdots\oplus\xi_{n}$

$\theta_{2}\oplus\eta\cong\xi_{1}\oplus\xi_{1}\oplus\eta\cong\xi_{1}\oplus\xi_{2}\oplus\cdots\oplus\xi_{n}$

.
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has trivial Euler class, whereas
This cannot be because
was constructed to have non-trivial Euler class.
in
such
,
Choose mutually orthogonal projections
and let be a projection in
corresponds to the line bundle
that
corresponding to the trivial bundle . Then
(a)
for all , and
is not equivalent to a sub-projection of $p_{2}+p_{3}+\cdots+p_{n}$ for
(b)
any .
Put $q_{n}=p_{1}+\cdots+p_{n}$ and set
$\xi_{1}\oplus\xi_{2}\oplus$

$\theta_{2}\oplus\eta$

$\ldots$

$\oplus\xi_{n}$

$p_{1},p_{2}$

$\xi_{n)}$

$p_{n}$

$C(X)\otimes \mathcal{K}$

$\ldots$

$C(X)\otimes \mathcal{K}$

$e$

$\theta_{1}$

$p_{n}\oplus p_{n}\sim e\oplus e$

$n$

$p_{1}$

$n$

$A=n=1\cup q_{n}(C(X)\otimes \mathcal{K})q_{n}$

.

:
the restriction to $A$ of the evaluation mapping $ C(X)\otimes$
algebra with
at , $A$ gets the structure of a continuous field
base space $X$ and with each fiber isomorphic to .
By (b) above, there is no projection in $A$ such that $q\sim p_{1}$ and
, and it follows from (a) that $M_{2}(A)$ is stable.

With

$A\rightarrow \mathcal{K}$

$\rho_{x}$

$\mathcal{K}\rightarrow \mathcal{K}$

$C^{*}$

$x$

$\mathcal{K}$

$q$

$\square $

$q\perp p_{1}$

We can now conclude that there are non-stable
have bounded traces or unital quotients:

$C^{*}$

-algebras that do not

Corollary 4.4. There is a non-stable, non-unital, separable, nuclear, simple,
unital
algebra $A$ that admits no bounded traces.
$C^{*}$

$\sigma_{p}$

Take $A$ as in Theorem 4.3 (i) corresponding to $=2$ . Then
$A$ is non-stable, separable, nuclear, simple and
unital Since $M_{2}(A)$
Q.E.D.
is stable, $A$ is not unital, nor can it have a bounded $trace$ .

Proof.

$n$

$\sigma_{p}$

The corollary below (or a modification of it) was in [18] used to construct
algebra $B$ such that $M_{2}(B)$ is infinite. Cuntz
a simple, unital, finite
-algebra is properly infinite, so
has shown that every infinite simple
$M_{2}(B)$ is necessarily properly infinite. A non-simple unital, finite
algebra $A$ such that $M_{2}(A)$ is infinite has been known to exist for a long
time (see [6]), but in this (and related) examples, $M_{2}(A)$ is not properly
infinite.
$C^{*}$

$C^{*}$

$C^{*}-$

Corollary 4.5.
algebra $B$ such that

For each natural number there is a unital
$M_{n}(B)$ is properly infifinite, but $M_{k}(B)$ is fifinite
$n$

$C^{*}-$

for

$k<n$ .

-algebra constructed in Theorem 4.3
to be the
(i). Let $B=\mathcal{M}(A)$ be the multiplier algebra of $A$ . Then $ M_{k}(B)\cong$
$\mathcal{M}(M_{k}(A))$ . We can now apply Proposition 3.5 to conclude that $B$ is as
Q. E. D.
desired.

Proof.

Take

$A$

$C^{*}$
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-algebra

-algebra $B$ constructed in Corollary 4.5 is not separable, not
The
simple, and not nuclear. It is easy to make $B$ separable: Take two
. Let $s_{k}(i, j)\in B$ be
in $M_{n}(B)$ such that
isometries ,
be the separable subthe matrix entries for
, $k=1,2$ , and let
$B$
elements $s_{k}(i, j)$ . Then ,
-algebra of
generated by the
belong to $M_{n}(B_{0})$ , and this makes $M_{n}(B_{0})$ properly infinite. Being a
-algebra $M_{k}(B)$ , $M_{k}(B_{0})$ is finite when
sub-C*-algebra of the finite
$C^{*}$

$s_{1}$

$s_{1}s_{1}^{*}\perp s_{2}s_{2}^{*}$

$s_{2}$

$B_{0}$

$s_{k}$

$2n^{2}$

$C^{*}$

$s_{1}$

$s_{2}$

$C^{*}$

$k<n$ .

We can rephrase Corollary 4.5 as follows: There is a unital, properly
infinite
-algebra $A$ such that $(1-e)A(1-e)$ is finite for some projection
$e\neq 1$ in $A$ , and
can be chosen to have size $1/n$ . The next corollary
says that the example can be sharpened in that can be chosen to have
infinitesimal size.
$C^{*}$

$e$

$e$

-algebra $A$
Corollary 4.6. There is a properly infifinite, unital
and an embedding
such that for every non-zero projection
$(1-\varphi(e))A(1-\varphi(e))$
is fifinite.
-algebra
in , the corner
$C^{*}$

$\varphi:\mathcal{K}\rightarrow A$

$e$

$C^{*}$

$\mathcal{K}$

By Corollary 4.5 there is for each natural number a unital
-algebra
such that $M_{n}(B_{n})$ is properly infinite and $M_{n-1}(B_{n})$ is
finite. Put

Proof.

$n$

$C^{*}$

$B_{n}$

$A=\prod_{n=1}^{\infty}M_{n}(B_{n})/\sum_{n=1}^{\infty}M_{n}(B_{n})$

,

where
is the -algebra of all bounded sequences
$x_{n}\in
M_{n}(B_{n})$
is the ideal of those
, and
such that
.
denote the quotient
for which
Let
mapping.
and hence $A$
Since each $M_{n}(B_{n})$ is properly infinite,
are properly infinite.
Let
be a set of matrix units for the compact operators .
$\prod_{n=1}^{\infty}M_{n}(B_{n})$

$C^{*}$

$\{x_{n}\}_{n=1}^{\infty}$

$\sum_{n=1}^{\infty}M_{n}(B_{n})$

$||x_{n}||\rightarrow 0$

$\{x_{n}\}_{n=1}^{\infty}$

$\pi:\prod_{n=1}^{\infty}M_{n}(B_{n})\rightarrow A$

$\prod_{n=1}^{\infty}M_{n}(B_{n})$

$\mathcal{K}$

$\{e_{ij}\}_{i,,,j=1}^{\infty}$

be the
in
and for $1\leq i$ , $j\leq n$ , let
$(i,j)th$ standard matrix unit ( $wrt$ . the natural embedding of
into
$g_{ij}^{(n)}=0$
$M_{n}(B_{n})$ defined by the unit of
if or is greater than
). Set
. Put
$f_{ij}=\pi(g_{ij})$ .
,

For

$n$

$g_{ij}^{(n)}\in M_{n}(\mathbb{C})\subseteq M_{n}(B_{n})$

$\mathbb{N}$

$M_{n}(\mathbb{C})$

$i$

$B_{n}$

$j$

$n$

$g_{ij}=(g_{ij}^{(1)}, g_{ij}^{(2)}, g_{ij}^{(3)}, \ldots)$

are matrix units for , and so there is a -homomorgiven by $\varphi(e_{ij})=f_{ij}$ . We proceed to check that
$(1 -\varphi(e))A(1-\varphi(e))$ is finite for all non-zero projections
in . It
suﬃces to consider the case $e=e_{11}$ .
Suppose, to reach a contradiction, that $(1-\varphi(e_{11}))A(1-\varphi(e_{11}))$ is
infinite and take a non-unitary isometry in that algebra. Lift to an
Then
phism

$*$

$\mathcal{K}$

$\{f_{ij}\}_{i,,,j=1}^{\infty}$

$\varphi:\mathcal{K}\rightarrow A$

$\mathcal{K}$

$e$

$s$

$s$

M.

190

element

. Upon replacing each
in
by
we may assume that each $x_{n}=(1-g_{11}^{(n)})x_{n}(1-g_{11}^{(n)})$ .

$x=(x_{1}, x_{2}, \ldots)$

$(1-g_{11}^{(n)})x_{n}(1-g_{11}^{(n)})$

$R\emptyset rdam$

$\prod_{n=1}^{\infty}M_{n}(B_{n})$

$x_{n}$

Since
$\pi(1-g_{11}^{(1)}, 1-g_{11)}^{(2)}\ldots)=1-\varphi(e_{11})=\pi(x_{1}^{*}x_{1}, x_{2}^{*}x_{2}, \ldots)$

,

, and so
is invertible (in
we conclude that
the corner algebra $(1-g_{11}^{(n)})M_{n}(B_{n})(1-g_{11}^{(n)}))$ for all suﬃciently large
-algebra is
. As $(1-g_{11}^{(n)})M_{n}(B_{n})(1-g_{11}^{(n)})\cong M_{n-1}(B_{n})$ and this
is invertible for all large enough
finite, we can further conclude that
Q.E.D.
. But then is invertible, a contradiction.
$||x_{n}^{*}x_{n}-(1-g_{11}^{(n)})||\rightarrow 0$

$x_{n}^{*}x_{n}$

$C^{*}$

$n$

$x_{n}$

$n$

$s$

By an argument similar to the one outlined below Corollary 4.5, the
algebra $A$ in Corollary 4.6 can be taken to be separable. One cannot take
$A$ to
-algebra that admits an embedding
be simple: any simple, unital
of is properly infinite (cf. [7]); and there are embeddings
$C^{*}-$

$C^{*}$

$\mathcal{K}$

$\mathcal{K}=$

\S 5.

,

$(1-e)\mathcal{K}(1-e)c-$ , $(1-\varphi(e))A(1-\varphi(e))$

Stability of infinite

$C^{\star}$

.

-algebra

A (simple or non-simple)
-algebra $A$ is said to be purely infifinite if it
has no Abelian quotient and if for every pair of positive elements ,
in $A$ , such that belongs to the closed two-sided ideal generated by ,
(see [14]).
there is a sequence
of elements in $A$ with
algebras, and he
This notion was introduced by Cuntz for simple
above,
simple
-algebra
defined, in agreement with the definition
a
to be purely infinite if each of its non-zero hereditary sub-C*-algebras
contain an infinite projection.
There are nice characterizations of stability for purely infinite
algebras, and conversely, one can characterize pure infiniteness in terms
of stability.
-algebras. Here we have the
We look first at the case of simple
following classical result of of S. Zhang from [21] (that also can be derived
from Theorem 2.2 using that every purely infinite, simple, unital
algebra has an (increasing) approximate unit consisting of projections,
-algebra
and that for any pair of non-zero projections , in such a
):
one has
$C^{*}$

$a$

$b$

$b$

$a$

$\{x_{n}\}$

$x_{n}^{*}$

$ax_{n}\rightarrow b$

$C^{*}$

$C^{*}$

$C^{*}-$

$C^{*}$

$C^{*}-$

$\sigma$

$p$

$C^{*}$

$q$

$\prec$

$p_{\sim}q$

Proposition 5.1. (Zhang’s Dichotomy) A
fifinite, simple
-algebra is either unital or stable.

$\sigma$

-unital, purely in-

$C^{*}$

The result below is an observation of Kirchberg and it is a special case
of Proposition 5.4 below for which we include a proof.

Stable

$C^{*}$
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-algebra

-algebra $A$ is purely infifinite if and
Proposition 5.2. A simple
only if every non-zero hereditary sub-C*-algebra of $A$ contains (nonzero) stable sub-C*-algebra.
$C^{*}$

$a$

Purely infinite
-algebras (simple and non-simple alike) have no traces.
The proposition below, proved in [14, Theorem 4.24] and which is an
easy consequence of Proposition 2.7, extends Zhang’s Dichotomy. There
-algebras that are neither stable nor
are (non-simple) purely infinite
.
unital. Take for example
$C^{*}$

$C^{*}$

$C_{0}(\mathbb{R})\otimes O_{2}$

Proposition 5.3.
(possibly non-simple) purely infifinite,
-algebra is stable if and only if it has no unital quotients.
$A$

$C^{*}$

$\sigma$

-unital

George Elliott suggested that the following result holds:
Proposition 5.4. Let $A$ be (possibly non-simple) separable
algebra A. Then the following three conditions are equivalent:
(i) $A$ is purely infifinite,
(ii) every non-zero hereditary sub-C*-algebra of $A$ contains a full,
stable, hereditary sub-C*-algebra,
(iii) every non-zero hereditary sub-C*-algebra of $A$ contains a full,
stable (not necessarily hereditary) sub-C*-algebra.

$C^{*}-$

$a$

be a non-zero hereditary sub-C*-algebra
. Take a countable dense subset $X$ of the unit ball of
and put

Proof
of

$A$

$(i)\Rightarrow(ii)$

: Let

$B$

$B^{+}$

$Y=\{(b-1/n)_{+} :

b\in X, n \in \mathbb{N}\}$

,

cf. Remark 2.1. Let $Y=\{b_{1}, b_{2}, \ldots\}$ be an enumeration of $Y$ . We
in $B$
proceed to find mutually orthogonal positive elements , ,
is full in $B$ for
(cf. Remark 2.1) and
such that
$B$
for every natural
every . The set $\{c_{n}, c_{n+1}, \ldots\}$ will then be full in
by induction and to do
number . We construct the sequence
so it suﬃces to justify the first step, i.e., to find .
By construction, $b_{1}=(b-\in)_{+}$ for some $\in>0$ and some positive
contraction in $B$ . The element is properly infinite because $A$ is purely
with
infinite and we can therefore find , in
$c_{1}$

$c_{2}$

$\ldots$

$B\cap\{c_{1}, \ldots, c_{n}\}^{\perp}$

$c_{j}\sim b_{j}$

$n$

$\{c_{n}\}_{n=1}^{\infty}$

$n$

$c_{1}$

$b$

$b$

$\overline{bAb}$

$x$

$y$

$x^{*}x=y^{*}y=(b-\in/2)_{+}$ ,

$xx^{*}\perp yy^{*}$

,

(see [14, Lemma 3.2]). Let $x=u|x|$ be the polar decomposition for
as in Remark 2.1. There is a positive contraction in the hereditary
sub-C*-algebra generated by $x^{*}x=(b-\in/2)_{+}$ such that $fb_{1}=b_{1}f=b_{1}$ .
Put $c_{1}=ub_{1}u^{*}$ , put $e=ufu^{*}$ , and let I be the closed two-sided ideal in
$B$ generated by
. Then
, cf. Remark 2.1, and it remains
$x$

$f$

$B\cap\{c_{1}\}^{\perp}$

$c_{1}\sim b_{1}$
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to show that $=B$ . Because
we conclude
belongs to
that $y^{*}y=(b-\in/2)_{+}$ belongs to . It follows that and hence belong
to . By construction, $ec_{1}=c_{1}e=c_{1}$ and so $(1-e)a(1-e)$ belongs to
for all in $B$ . Now, each element in $B$ belongs to the ideal
generated by $\{eaa^{*}e, (1-e)aa^{*}(1-e)\}$ and hence to . This proves that
$I$

$B\cap\{c_{1}\}^{\perp}$

$yy^{*}$

$I$

$f$

$e$

$I$

$B\cap\{c_{1}\}^{\perp}$

$a$

$a$

$I$

$I$

$=B$ .

Let $D$ and
be hereditary sub-C*-algebras of $B$ generated by
, respectively, by
, ,
and $D=$
,
, . Then
$D$
. Since
contains , ,
, the closed two-sided ideal of $B$
generated by $D$ contains , ,
, and this set generates $B$ . Therefore
$D$ is full in $B$ . We must also show that $D$ is stable. This follows by an
application of Theorem 2.2, but it can be seen more easily by first noting
that $D$ is purely infinite, being a hereditary sub-C*-algebra of $A$ , and $D$
has no unital quotient. Indeed, assume that is a proper ideal in $D$ and
that $D/J$ is unital. The unit of $D/J$ will then belong to $Dn/(J\cap D_{n})$
for some suﬃciently large . In that case
belongs to for all $k>n$ ;
but
is full in $D$ (by construction of
,
and ), and hence
$J=D$ , a contradiction. Proposition 5.3 now yields that $D$ is stable.
is trivial.
$(iii)\Rightarrow(i)$ :
Suppose that (iii) holds. Take a positive element
$A$
in
and find a full, stable sub-C*-algebra $D$ of $aAa$ . Let $\in>0$ be
given. Being separable and stable, $D$ contains a sequence of mutually
orthogonal and equivalent elements , ,
so that belongs to the
ideal generated . (To see this, write $D=D_{0}\otimes \mathcal{K}$ , take a strictly
positive element in
and put $c_{j}=c\otimes e_{jj}.$ ) Let , $j\geq 2$ , be partial
isometries in
implementing the equivalence between
and
so
$i\neq
j$ .
, cf. Remark 2.1, and such that
that
when
Find and elements ,
in $D$ such that $(a-\in)_{+}=\sum_{j=1}^{n}x_{j}^{*}c_{1}x_{j}$ .
,
Put
$D_{n}$

$c_{2}$

$c_{1}$

$c_{1}$

$\ldots$

$\ldots$

$ D_{1}\subseteq D_{2}\subseteq\cdots$

$c_{n}$

$\overline{\bigcup_{n=1}^{\infty}D_{n}}$

$c_{2}$

$c_{1}$

$\ldots$

$b_{2}$

$b_{1}$

$\ldots$

$J$

$n$

$c_{n+1}$

$J$

$c_{k}$

$b_{n}$

$ c_{n+2)}\ldots$

$c_{n}$

$(ii)\Rightarrow(iii)$

$a$

$c_{1}$

$c_{2}$

$a$

$\ldots$

$c_{1}$

$c$

$D_{0}$

$u_{j}$

$A^{**}$

$c_{1}$

$u_{j}^{*}c_{j}u_{j}=c_{1}$

$n$

$x_{1}$

$e=\sum_{j=1}^{n}c_{j}$

,

$c_{j}$

$u_{i}u_{i}^{*}\perp c_{j}$

$x_{n}$

$\ldots$

$f=\sum_{j=n+1}^{2n}c_{j}$

,

$x=\sum_{j=1}^{n}u_{j}x_{j}$

,

$y$

$=\sum_{j=1}^{n}u_{n+j}x_{j}$

.

are mutually orthogonal positive elements in
and
$x^{*}ex=y^{*}fy=(a-\in)_{+}$ . This shows that
is properly infinite, cf. [14,
Proposition 3.3], and since was arbitrary we conclude that $A$ is purely
infinite.
Q.E.D.
Then

$e$

and

$\overline{aAa}$

$f$

$a$

$a$

\S 6.

Extensions of stable

$C^{\star}$

-algebras

Extensions of two stable
-algebras need not be stable as the following
theorem, proved recently in [19], shows:
$C^{*}$

Stable

$C^{*}$
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-algebras

There is an extension

Theorem 6.1.

$0\rightarrow C(Z)\otimes \mathcal{K}\rightarrow A\rightarrow \mathcal{K}\rightarrow 0$

-algebras, where
over, $A$ can be chosen to be

of

$C^{*}$

, such that
-unital.

$Z=\prod_{n=1}^{\infty}S^{2}$

$\sigma_{p}$

$A$

is non-stable. More-

The proof of Theorem 6.1 is somewhat similar to the proof of Theo-alrem 4.3. Some special cases of the extension problem for stable
gebras remain open:
$C^{*}$

Givena split-exact sequence

Question 6.2.
gebras

of (separable)

$C^{*}$

-al-

$0\rightarrow J\rightarrow A\leftarrow\rightarrow B\pi\lambda\rightarrow 0$

Does it follow that

$A$

is stable

if I

and

$B$

are known to be stable?

Question 6.3. Given two stable closed two-sided ideals I and
(separable)
-algebra A. Does it follow that their sum $I+J$ is
in
stable
$J$

$C^{*}$

$a$

$.p$

If I and are stable ideals in a
of two stable ideals:
$J$

$C^{*}$

-algebra

$A$

, then $I+J$ is an extension

$0\rightarrow I\rightarrow I+J\rightarrow(I+J)/I\rightarrow 0$ .

(Note that $(I+J)/I\cong J/(I\cap J)$ is stable being (isomorphic) to a
quotient of the stable
-algebra )
Given a partially ordered set $(P, \leq)$ . An element in $P$ is called
maximal if $x\leq y$ implies $x=y$ for all in $X$ . An element is called a
for every in $X$ . A greatest element is also a
greatest element if
maximal element (but not conversely); a partially ordered set can have
at most one greatest element, but it can have several maximal elements.
$C^{*}$

$J.$

$x$

$x$

$y$

$y$

$\leq x$

$y$

-algebra has a maximal staProposition 6.4. Every separable
$ble$
ideal( , a stable ideal not properly contained in any other stable
ideal).
$C^{*}$

$i.e.$

Use Zorn’s Lemma to choose a maximal totally ordered famof stable ideals in $A$ (counting 0 as a stable ideal) and set
ily
. Then I is an ideal in $A$ and I is not properly contained in
. It follows from
any stable ideal in $A$ by maximality of the set
Q.E.D.
Corollary 2.3 (i) that I is stable.

Proof.

$\{I_{i}\}_{i\in I}$

$I$

$=\overline{\bigcup_{i\in I}I_{i}}$

$\{I_{i}\}_{i\in I}$

-algebra A have a greatQuestion 6.5. Does every (separable)
est stable ideal (i.e., a stable ideal that contains all other stable ideals)
$C^{*}$

$.p$
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It can be shown that the canonical ideal
is a greatest stable
$A$
ideal in the
from Theorem 6.1. Notice that the quotient
-algebra
by this ideal is stable. Hence the quotient of a separable
-algebra by
its greatest stable ideal (whenever it exists) can have stable ideals.
It follows from Proposition 6.4 (and its proof) that any stable ideal
-algebra is contained in a maximal stable ideal. We
of a separable
can therefore rephrase Question 6.5 as follows: Does every (separable)
-algebra have a unique maximal stable ideal?
-algebras, Question 6.5 is equivalent to Question 6.3.
For separable
It is trivial that Question 6.3 will have aﬃrmative answer if Question 6.5
has aﬃrmative answer. To see the converse direction, let $A$ be a separa-algebra, and let
ble
be the collection of all stable ideals in $A$
(including 0). If Question 6.3 has aﬃrmative answer, then
be. It follows that
longs to this collection for all ,
is an
$A$
$A$
ideal in , and every stable ideal in is contained in . Corollary 2.3 (i)
shows that I is stable.
$C(Z)\otimes \mathcal{K}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$C^{*}$

$\{I_{i}\}_{x\in I}$

$\underline{I_{i_{1}}+I}_{i_{2}}$

$i_{1}$

$I$

$i_{2}\in I$

$=\bigcup_{i\in I}I_{i}$

$I$

Consider the continuous field
-algebra $A=(A_{x})_{x\in X}$ constructed in
Theorem 4.3 (ii). Each open subset $U$ of $X$ defines an ideal $A_{U}=$
of $A$ consisting of those section $a=(a_{x})$ in $A$ such that $a_{x}=0$
; and every ideal in $A$ is of this form. In the given case,
whenever
each fiber
and hence is stable, but no ideal
is isomorphic to
is
stable–roughly because each non-empty open subset $U$ of $X$ contains
an open cylinder set:
$C^{*}$

$(A_{x})_{x\in U}$

$x\not\in U$
$A_{x}$

$A_{U}$

$\mathcal{K}$

$V_{1}\times V_{2}\times\cdots\times V_{n}\times Y\times Y\times\cdots\subseteq U$

,

.

$V_{j}\subseteq Y$

We give in Propositions 6.8 and 6.12 below a partial positive answer to
Question 6.2.
Lemma 6.6. Let $A$ be a
-algebra and let I be a closed twosided ideal in A. If I and $A/I$ have no (non-trivial) unital quotients,
then neither has $A$ .
$C^{*}$

Suppose, to reach a contradiction, that is a proper closed
two-sided ideal in $A$ such that $A/J$ is unital. Then $A/(I+J)$ is a unital
quotient of $A/I$ and therefore $I+J=A$ . Hence

Proof.

$J$

$\frac{I}{I\cap J}\cong\frac{I+J}{J}=\frac{A}{J}$

,

so that $I/(I\cap J)$ is unital. This entails that $I\cap
and consequently $J=A$ , a contradiction.
$I$

$\subseteq J$

J=I$ .

It follows that
Q.E.D.
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-algebra, let I be a closed two-sided
Lemma 6.7. Let $A$ be a
ideal in $A$ , and assume that neither I nor $A/I$ have (non-trivial) unital
-algebra $\overline{(1-a)I(1-a^{*})}$ is full
quotients. Then for each in $A$ , the
in I and has no (non-trivial) unital quotients.
$C^{*}$

$C^{*}$

$a$

Let
denote the unitization of $A$ . Let
be the closed
be the closed two-sided
generated by $1-a$ , let
two-sided ideal in
be the closed twoideal in $A$ generated by $\overline{(1-a)A(1-a^{*})}$ , and let
sided ideal in I generated $by\overline{(1-a)I(1-a^{*})}-\cdot$ Then $J_{0}=J\cap A$ and
$I_{0}=J\cap I=J_{0}\cap I$ . Let
be the quotient mapping. Then
$\pi(a)=\pi(1)$ , and so $\pi(A)$ is unital. The kernel of the restriction of
. Hence $A/J_{0}$ is unital. By Lemma 6.6 and the
to $A$ is equal to
assumption that I and $A/I$ have no unital quotients we conclude that
$J_{0}=A$ . It follows that $I_{0}=I$ so that $\overline{(1-a)I(1-a^{*})}$ is full in
.
is a proper ideal in
Assume next, to reach a contradiction, that
$\overline{(1-a)I(1-a^{*})}$ such that $\overline{(1-a)I(1-a^{*})}/L_{0}$ is unital. Let
be the
so that
closed two-sided ideal in I generated by

Proof.

$\overline{A}$

$J$

$\overline{A}$

$J_{0}$

$I_{0}$

$\pi:A\rightarrow\overline{A}/J$

$J_{0}$

$\pi$

$I$

$L_{0}$

$L$

$L_{0}$

$L_{0}=\overline{(1-a)I(1-a^{*})}\cap L$

.

Let $\pi:A\rightarrow A/L$ be the quotient mapping. Find in $\overline{(1-a)I(1-a^{*})}$
such that $\pi(e)$ is the unit for $\overline{(1-a)I(1-a^{*})}/L_{0}$ , and put $=e+a-ea$ .
Then belongs to $A$ and
$e$

$y$

$y$

$(1-y)I(1-y^{*})=(1-e)(1-a)I(1-a^{*})(1-e^{*})\subseteq L$ ,

contradicting the first part of the lemma saying that
full in .

is
Q.E.D.

$\overline{(1-y)I(1-y^{*})}$

$I$

Proposition 6.8. Let I be a stable, closed, two-sided ideal in
separable
-algebra $A$ , and suppose that $A/I$ is stable. Then the following three conditions are equivalent:
(i) $A$ is stable,
(ii) for each positive contraction in $A$ , the hereditary sub-C* -algebra
$\overline{(1-a)I(1-a)}$ is large in
(cf. Definition 2.4),
(iii) $\overline{(1-a)I(1-a)}$ is stable for each positive contraction in $A$ .
$a$

$C^{*}$

$a$

$I$

$a$

is stable) then so is $\overline{(1-a)A(1-a)}$ by
Corollary 2.3 (iii). Hence $\overline{(1-a)I(1-a)}$ is stable by Corollary 2.3 (ii)
-algebra,
being an ideal in a stable
follows from Lemmas 2.6 and 6.7.
. Suppose that (ii) holds. To show that $A$ is stable we use
in $A$ such
Theorem 2.2 and find to each in $F(A)$ a positive element

Proof.

$(i)\Rightarrow(iii)$

.

If

$A$

$C^{*}$

$(iii)\Rightarrow(ii)$

$(ii)\Rightarrow(i)$

$a$

$a_{1}$
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(cf. Remark 2.1). Let $\pi:A\rightarrow A/I$ denote the
that
and
quotient mapping.
There is a positive contractions in $F(A)$ such that $ea=a=ae$ .
Set $f=\pi(e)$ . Since $A/I$ is stable and belongs to $F(A/I)$ there is
in $F(A/I)$ with $f\sim f’$ and $f\perp f’$ (by Theorem 2.2). Because
$f’=(1-f)f’(1-f)$ we get
$a\perp a_{1}$

$ a\prec a_{1}\sim$

$e$

$f$

$f’$

$f’\in(1-f)A/I(1-f)=\pi(\overline{(1-e)A(1-e)})$ ,

in $\overline{(1-e)A(1-e)}$
and we can therefore find a positive contraction
such that $\pi(e’)=f’$ . Since $\pi(e’)\sim\pi(e)$ there is a positive element
in I such that $(e-1/3)_{+}\sim\prec e’\oplus c$ , cf. [14, Lemma 4.2]. It follows that
$(e-2/3)_{+}\sim\prec(e’-\delta)_{+}\oplus(c-\delta)_{+}$ for some $\delta>0$ , cf. [15, Proposition
2.4]. Put $c_{0}=(c-\delta)_{+}\in F(I)$ and $e_{0}’=(e’-\delta)_{+}\in F(A)$ . Then
. Let be a positive contraction in $A$ such that $ge_{0}’=$
$e_{0}’g=e_{0}’$ . By assumption (and by the remarks below Definition 2.4) there
.
in $\overline{(1-e-g)I(1-e-g)}$ such that
is a positive element
Now, , , and
are mutually orthogonal, positive elements in $A$ , and
$e’$

$c$

$ a\sim\prec$

$(e-2/3)_{+}\sim\prec_{e_{0}’\oplus c_{0}}$

$g$

$c_{0}\sim c_{1}$

$c_{1}$

$a$

$e_{0}’$

$c_{1}$

$a\sim\prec e_{0}’\oplus c_{0}\sim\prec e_{0}’\oplus c_{1}\sim\prec e_{0}’+c_{1}$

We can therefore take

$a_{1}$

to be

$e_{0}’+c_{1}$

.

Q.E.D.

.

-algebra, and let I be a stable, closed
Lemma 6.9. Let $A$ be a
$A$
two-sided ideal in
such that the quotient $A/I$ does not have (nonbe a positive contraction in A. Then
trivial) unital quotients. Let
$\overline{(1-a)I(1-a)}$ admits no non-zero bounded trace.
$C^{*}$

$a$

Assume to reach a contradiction that is a bounded (positive) $trace$ on the hereditary sub-C*-algebra $\overline{(1-a)I(1-a)}$ . This hereditary sub-C*-algebra is full in I by Lemma 6.7. We can therefore extend
) densely defined $trace\tau$ on .
to an unbounded (because I is
Now, I is an ideal in the unitization $A$ of $A$ , and we can extend to
. Let
be the
a lower semi-continuous $trace$ function
closed two-sided ideal in generated by all positive elements in with
. A positive element in
will then belong to if and only if
for $a11\in>0$ .
Now, I is contained in
because is densely defined on . Since
. The
is not bounded on I we cannot have $\tau(1)<\infty$ ; thus
assumption that is bounded on $\overline{(1-a)I(1-a)}$ leads to $\tau(1-a)<\infty$ ,
and hence $1-a$ belongs to .
be the quotient mappings.
Let
and
Then $\psi(1)=\psi(a)$ because 1-a belongs to , and it follows that $\psi(A)$

Proof.

$\tau$

$I$

$\tau$

$stab\underline{le}$

$\tau$

$J$

$\overline{\tau}:\overline{A}^{+}\rightarrow[0, \infty]$

$\overline{A}$

$\overline{A}$

$b$

$\overline{A}$

$J$

$b$

$\overline{\tau}(b)<\infty$

$\overline{\tau}((b-\in)_{+})<\infty$

$J$

$I$

$\tau$

$J\neq\overline{A}$

$\tau$

$\tau$

$J$

$\psi:\overline{A}\rightarrow\overline{A}/J$

$\pi:\overline{A}/I\rightarrow\overline{A}/J$

$J$

Stable

is unital. Since $\pi(A/I)=\psi(A)$ ,
our assumptions.

$C^{*}$
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-algebras

$A/I$

has a unital quotient contrary to
Q.E.D.

To state Proposition 6.12 in general terms the following definition is
convenient.

Definition 6.10. A
-algebra I is called regular if every full,
hereditary sub-C*-algebra of , that has no unital quotients and no bounded
traces, is stable
$C^{*}$

$I$

-algebras are regular. On
It follows from Corollary 4.4 that not all
the other hand, many
-algebras are regular:
$C^{*}$

$C^{*}$

-algebra I is regular
Lemma 6.11. A
(i) if I is an exact
-algebra with the cancellation property,
$=0$ , and $K_{0}(I)$ is weakly unperforated, or
(ii) ifI is purely infifinite.
$C^{*}$

$C^{*}$

$RR(/)$

be a full, hereditary sub-C*-algebra of . Then
(i). Let
is -unital because I has real rank zero. The cancellation property,
-group are all properties
exactness, and having weakly unperforated
has these properties.
that pass to full hereditary sub-C*-algebras, so
has no bounded
is stable if
Proposition 3.4 therefore yields that

Proof.

$I$

$I_{0}$

$I_{0}$

$\sigma_{p}$

$K_{0}$

$I_{0}$

$I_{0}$

$I_{0}$

$trace$ .

-algebra
(ii). Every hereditary sub-C*-algebra of a purely infinite
is again purely infinite ([14, Proposition 4.17]) and hence is stable if it
Q.E.D.
has no unital quotient, cf. Proposition 5.3.
$C^{*}$

Proposition 6.12.

Let

$0\rightarrow I\rightarrow A\rightarrow B\rightarrow 0$

be a short exact sequence
regular. Then $A$ is stable

of separable -algebras and suppose
if and only if I and are stable.
$C^{*}$

that I is

$B$

All $AF$ -algebras, and more generally all $AH$ -algebras of real rank zero
and of slow dimension growth, are regular (see the comments below
Proposition 3.4). In particular, for every extension 0–
-algebras one has that $A$ is stable if and only if $B$ is
of separable
stable, a fact that implicitly is contained in the BDF-paper [5].
$\mathcal{K}\rightarrow A\rightarrow B\rightarrow$

$C^{*}$

$0$

If $A$ is stable, then so are I and $A/I$ (by Corollary 2.3 (ii)).
Assume now that I and $A/I$ are stable and that I is regular. As
$(1-a)I(1-a)$ is a full hereditary sub-C*-algebra of I that has no unital quotient (by Lemma 6.7) and no bounded traces (by Lemma 6.9)
for every positive contraction in $A$ , the assumption that I is regular

Proof.

$a$
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implies that
is stable.

$\overline{(1-a)I(1-a)}$

$A$

$R\emptyset rdam$

is stable. Proposition 6.8 then yields that
Q.E.D.
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Non-commutative Markov operators
arising from subfactors
Masaki Izumi

\S 1.

Introduction

It is well-known that there exists a close relationship between subfactor theory and (ordinary or non-commutative) probability theory. Indeed, one may observe it already in V. F. R. Jones’ original paper [12],
where
-estimate of conditional expectations plays an important role
in his proof of reducibility of Jones subfactors of index larger than 4.
Since then, several authors discussed the relationship between these two
fields [1] [2] [8] [9] [10] [15] [16] [17] [18]. Among other notions in probability theory, the most suitable one for subfactors so far is the theory
of Poisson boundaries of random walks. It is well-known that the center
-space of the
of the core of a subfactor can be identified with the
Poisson boundary of some random walk on the principal graph.
In [11], the author obtained a precise description of the relative commutant of the fixed point subalgebra under the infinite tensor product
action of the quantum group $SU_{q}(2)$ on the Powers factor. Indeed, it
may be regarded as “the function algebra” over “the Poisson boundary” of a non-commutative Markov operator (synonymously, a unital
completely positive operator) on “the group algebra” of $SU_{q}(2)$ .
Following the same philosophy, in this note we provide a general machinery to determine the structure of the (higher) relative commutants
of the core inclusions of (not necessarily strongly amenable) subfactors.
These relative commutants also may be regarded as “the function algebras” of “the Poisson boundaries” of some non-commutative Markov
operators of finite type I von Neumann algebras. As an easy application,
we give a new proof, based on a random walk on some ladder-like graph,
to the above mentioned fact about Jones inclusions.
$L^{1}$

$L^{\infty}$

2000 Mathematics Subject

Classification.

Primary $46L37,46L53,60J50$ .
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Preliminaries

In this section, we give a quick introduction to two main ingredients of this note: (1) Poisson boundaries for Markov operators (2) a
bimodule description of higher relative commutants of subfactors. Our
basic reference for the boundary theory of (ordinary) random walks is
$V.A$ . Kaimanovich’s review article [13]. Here, we give an algebraic description of the Poisson boundaries, and also give their extension to the
non-commutative setting. For subfactors, we freely use definitions and
notations in D. E. Evans and Y. Kawahigashi’s book [5].

2.1.

Poisson Boundaries

We start with a simple and classical case. Let
be a countable
$P$
set. A Markov operator
on the state space
is a unital normal
to itself. For a given Markov operator, the
positive map from
corresponding transition probability $p(s, t)$ from
to
is given
by
$\mathcal{X}$

$\mathcal{X}$

$l^{\infty}(\mathcal{X})$

$s\in \mathcal{X}$

$P(\delta_{t})=\sum_{s\in \mathcal{X}}p(s, t)\delta_{s}$

$t$

$\in \mathcal{X}$

,

where
is the characteristic function of the one point set
. A function is called harmonic if the right-hand side of the following makes
sense and it is satisfied:
$\{s\}$

$\delta_{s}$

$f$

$f(s)=\sum_{t\in \mathcal{X}}p(s, t)f(t)$

,

which is equivalent to $P(f)=f$ for bounded . We denote by
the set all bounded harmonic functions.
The Poisson boundary of
is, roughly speaking, a measure
space
, as in an analogous manner that the
describing
boundary values on the unit circle determines harmonic functions on
the unit disc through the classical Poisson integral formula. Though one
can find in [13] a decent measure theoretic construction of the Poisson
, in this note we adopt the following characterization
boundary of
as a local definition [14, pp. 462], which is more suitable for the noncommutative situation: For every pair ,
, strong limit
$f$

$H^{\infty}(\mathcal{X}, P)$

$(\mathcal{X}, P)$

$H^{\infty}(\mathcal{X}, P)$

$(\Omega, \mu)$

$(\mathcal{X}, P)$

$f$

$g$

$\in H^{\infty}(\mathcal{X}, P)$

$s-\lim P^{n}(fg)$
$ n\rightarrow\infty$

always exists and harmonic. This introduces a new associative product
into
, and equips it with abelian von Neumann algebra structure. The Poisson boundary is characterized as a measure space
$H^{\infty}(\mathcal{X}, P)$

$(\Omega, \mu)$
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such that

$L^{\infty}(\Omega, \mu)$

$H^{\infty}(\mathcal{X}, P)$

is isomorphic to the abelian von Neumann algebra

.

Now we consider the notion of “Poisson boundaries” in a more general situation. Let $A$ be a von Neumann algebra and $P$ be a normal
unital completely positive map from $A$ to itself. Sometimes, we call
$P$ a non-commutative Markov operator for an obvious reason.
We say
$P$
if is fixed
that $x\in A$ is $P$ -harmonic or harmonic with respect to
$P$
$H^{\infty}(A,
P)$
by P.
denotes the set of -harmonic elements. Note that
$H^{\infty}(A, P)$ is a weakly closed operator system [4]: namely it is a unital
self-adjoint subspace of $A$ .
We show that $H^{\infty}(A, P)$ has a von Neumann algebra structure as
in the classical case, though it is in general non-commutative and no
underlying measure theoretic object exists. We fix a free ultrafilter
and define a norm one projection
from $A$ to $H^{\infty}(A, P)$ by
the weak limit
$x$

$\omega\in$

$E_{\omega}$

$\beta N\backslash N$

$E_{\omega}(x)=w-\lim_{n\rightarrow\omega}\frac{1}{n}\sum_{k=0}^{n-1}P^{k}(x)$

.

Then, we can introduce von Neumann algebra structure into $H^{\infty}(A, P)$
for , $\in H^{\infty}(A, P)[4]$ . The
by using the Choi-Eﬀros product
resulting von Neumann algebra may be considered as a non-commutative
analogue of the function algebra over “the Poisson boundary” associfor ,
ated with $(A, P)$ . Note that the Choi-Eﬀros product
$H^{\infty}(A, P)$ does not depend on
because every completely positive surjective isometry between two von Neumann algebras is actually an isomorphism.
As in the classical case, a natural and tempting question would be to
identify this von Neumann algebra with known one for a given concrete
example of $P$ . The goal of this note is to show that some von Neumann
algebra naturally appearing in a subfactor problem happens to be “the
function algebra” of “the Poisson boundary” of some non-commutative
Markov operator, and $H^{\infty}(A, P)$ with the Choi-Eﬀros product gives a
better description of the algebra.
$E_{\omega}(xy)$

$x$

$y$

$E_{\omega}(xy)$

$x$

$y$

$\in$

$\omega$

2.2.
$II_{1}$

Core Inclusions

Throughout this note, $N\subset M$ denotes an extremal inclusion of type
factors with a finite Jones index $[M : N]$ . Let
$ N=M_{-1}\subset M=M_{0}\subset M_{1}\subset M_{2}\subset M_{3}\subset\cdots$

,

,
be the Jones tower for $N\subset M$ . We set $A_{n}:=M’\cap M_{n}$ , $n=0,1$ , 2,
. Then, the standard invariant of the
and $B_{n}:=N’\cap M_{n}$ , $n=-1,0,1$ ,
$\cdots$

$\cdots$

M. Izumi
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inclusion introduced by S. Popa [17] is the following nested commuting
squares:
$A_{0}$

$\subset$

$\cap$

$B_{-1}$

$A_{2}$

$\subset$

$\cap$

$B_{0}$

$\subset$

$A_{1}$

$\subset$

$B_{1}$

$\subset$

$\cdots$

$\subset$

$\cdots$

$\cap$

$B_{2}$

$\subset$

and
the weak closures of
reWe denote by
and
spectively in the GNS representations with respect to the natural traces.
is called the core of $M\subset M_{1}$ , which is known
The inclusion
to be anti-isomorphic to the original one if $M$ is hyperfinite and $N\subset M$
is strongly amenable (See [17] for these terms). However, we focus on
the non-strongly amenable case in this note.
As in [5], we identify
and
with appropriate endomorphism
spaces of bimodules
; more precisely, we have the following identification:
$A_{2n}=End_{M}(M_{n})_{M}$ ,
$A_{\infty}$

$B_{\infty}$

$\bigcup_{n}A_{n}$

$\bigcup_{n}B_{n}$

$A_{\infty}\subset B_{\infty}$

$A_{n}$

$B_{n}$

$M_{j}$

$A_{2n+1}=End_{M}(M_{n})_{N}$ ,
$B_{2n}=End_{N}(M_{n})_{M}$

,

$B_{2n+1}=End_{N}(M_{n})_{N}$

.

These spaces have natural inclusion relations coming from taking tensor
products with the basic bimodules $NMM$ and $MMN$ from either left
or right, which are of course compatible with the inclusion relations of
and
.
$H$
Let and
be the principal graphs of $N\subset M$ . We denote by
the set of vertices of and respectively. and are bipartite
and
,
, $H^{even}$ , $H^{odd}$ their even and odd
graphs and we denote by
(respectively
vertices respectively. We identify
, $H^{even}$ , $H^{odd}$ )
with the set of irreducible $M-M$ (respectively $M$ $-N$ , $N-N$ , $N-M$ )
bimodules contained in MMnM (respectively MMnN, NMnN, NMnM)
for some . For even (respectively odd) , we denote by
the set
(respectively
even
odd) vertices with distance from the distinguished
of
vertex $*_{M}=MM_{M}$ less than or equal to . Note that each element of
is identified with a simple component of
.
It is well-known that the centers
(respectively
) of
) can be identified with the
(respectively
-space of the Poisson
boundaries of some random walk on (respectively ) $[10]$ $[17]$ . In this
note, we give a similar description of the relative commutant
using a non-commutative Markov operator. While the random walk on
is determined only by the $trace$ vector [10] [17], the Markov operator
$\{B_{n}\}_{n}$

$\{A_{n}\}_{n}$

$\mathcal{G}^{0}$

$\mathcal{G}$

$H^{0}$

$\mathcal{G}$

$\mathcal{G}^{even}$

$\prime\mu$

$\prime H$

$\mathcal{G}$

$\mathcal{G}^{odd}$

$\mathcal{G}^{odd}$

$\mathcal{G}^{even}$

$n$

$\mathcal{G}_{n}^{0}\subset \mathcal{G}^{0}$

$n$

$n$

$A_{n}$

$\mathcal{G}_{n}^{0}$

$Z(B_{\infty})$

$Z(A_{\infty})$

$A_{\infty}$

$L^{\infty}$

$B_{\infty}$

$\mathcal{G}$

$\mathcal{H}$

$A_{\infty}’\cap B_{\infty}$

$\mathcal{G}$
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describing
is much more involved. Indeed, it is described in
terms of intertwiners of bimodules.
In the rest of this section, we collect notations for bimodules and
string algebras that will be used in this note.
Let $A$ , $B$ , and $C$ be
factors. For an $A-B$ bimodules $AXB$ , we
defined the statistical dimension of $X$ by
$A_{\infty}’\cap B_{\infty}$

$II_{1}$

$d(_{A}X_{B})=\sqrt{dim_{A}XdimX_{B}}$ .

For irreducible bimodules
dimensions, we denote by

$AX_{B}$
$H_{X,,,Y}^{Z}$

,

, and $AZ_{C}$ with finite statistical
the space of bimodule maps
$BY_{C}$

$\prime H_{X,,,Y}^{Z}=Hom(_{A}X\otimes_{B}Y_{C,A}Z_{C})$

the multiplicity of $AZC$ in
and by
set $\beta:=d(_{N}M_{M})=d(_{M}M_{N})$ , and
$N_{X,,,Y}^{Z}$

,

$AX\otimes_{B}Y_{C}$

. In particular, we

$\Gamma_{Z,,,X}:=N_{X,,,M_{N}}^{Z}M$

for $A=B=M$ , $C=N$ and bimodules $X$ and $Z$ associated with the
be the element defined by
inclusion $N\subset M$ . Let $rx$
$\in\prime H_{X,,,\overline{X}}^{A}$

$r_{X}(\xi\otimes\overline{\eta})=\langle\xi, \eta\rangle_{A}$

,

is the $A$-valued
where , $\eta\in_{A}X$ are $A$ -bounded elements and
inner product. Note that this is, up to constant, the Frobenius dual of
. Then, the right hand side Frobenius dual
the identity map
is expressed as
of
$\xi$

$\langle\cdot, \cdot\rangle_{A}$

$1_{X}\in H_{A,,,X}^{X}$

$\sigma\in H_{X,,,Y}^{Z}$

$\sqrt{\frac{dimX_{B}}{dimZ_{C}}}(1_{X}\otimes r_{Y})\cdot(\sigma^{*}\otimes 1_{\overline{Y}})$

.

denote the
,
, and
For a graph
and a path on ,
source, the range, and the length of respectively. For a vertex
the set of paths on with source
and $n\in N$ , we denote by
the string algebra spanned by the
and length . We denote by
, $r(\xi)=r(\eta)$ .
with ,
strings
$\mathcal{G}$

$\mathcal{G}$

$\xi$

$s(\xi)$

$r(\xi)$

$|\xi|$

$v\in \mathcal{G}^{0}$

$\xi$

$Path_{v}^{n}(\mathcal{G})$

$n$

$(\xi, \eta)$

\S 3.

$\mathcal{G}$

$v$

$A_{v}^{n}(\mathcal{G})$

$\xi$

$\eta\in Path_{v}^{n}(\mathcal{G})$

Main Result

. We denote
, $C_{n}:=A_{n}’\cap B_{n}$ , $n=0,1$ , 2,
Let
$trace$
.
expectation
from
onto
the
by
preserving conditional
Thanks to the commuting square condition, for a given $x\in C_{\infty}$ ,
$x_{n}:=E_{n}(x)$ belongs to
. The sequence
converges to in
$C_{\infty}:=A_{\infty}’\cap B_{\infty}$

$\cdots$

$E_{n}$

$B_{\infty}$

$C_{n}$

$\{x_{n}\}_{n=0}^{\infty}$

$B_{n}$

$x$
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On the other hand, if
is a bounded sequence
satisfying $x_{n}\in C_{n}$ and $E_{n}(x_{n+1})=x_{n}$ , the sequence converges to some
element
such that $x_{n}=E_{n}(x)$ . Therefore, all information of
is encoded in the sequence
. Here, a possible diﬃculty
belong
in analyzing this sequence would be that all members of
. We start with a description
, $n=0,1$ , 2,
to diﬀerent algebras
of
in terms of bimodules. The following lemma is just a translation
from an algebra language to a bimodule language:
$strong*$ -topology.

$\{x_{n}\}_{n=0}^{\infty}$

$x\in C_{\infty}$

$x\in C_{\infty}$

$\{x_{n}\}_{n=1}^{\infty}$

$\{x_{n}\}_{n=1}^{\infty}$

$C_{n}$

$\cdots$

$C_{n}$

Lemma 3.1.

With the above notation, we have
$C_{2n}\cong\oplus End_{N}(_{N}MX\in \mathcal{G}_{2n}^{0}\otimes_{M}X_{M})_{M}$

,

.
$C_{2n+1}\cong\oplus End_{N}(_{N}MX\in \mathcal{G}_{2n+1}^{0}\otimes_{M}X_{N})_{N}$

Using the string algebra expression of
inclusions

Proof.

$C_{n}$

$A_{0}\subset A_{1}\subset\cdots\subset A_{n}\subset B_{n}$

we can see that every element in

$C_{n}$

with respect to the

,

has the following form:

$\sum_{|\sigma_{+}|=|\sigma_{-}|=1}\sum_{|\xi|=n}c_{\sigma\sigma_{-}}+,(\xi\cdot\sigma_{+}, \xi\cdot\sigma_{-})$

,

$c_{\sigma\sigma_{-}}+,\in C$

.

This means that we have isomorphisms
$C_{2n}\cong\oplus A_{X}^{1}(\mathcal{G})X\in \mathcal{G}_{2n}^{0}$

’

$C_{2n+1}\cong\oplus A_{X}^{1}(\mathcal{H})X\in \mathcal{G}_{2n+1}^{0}$

’

where
is identified with $H^{odd}$ though the contragredient map in the
second equation. Thus, we get the result. Q.E.D.
In view of the above lemma, we set
$\mathcal{G}^{odd}$

$D_{X}:=EndN(NM\otimes_{M}X_{M})_{M}$ ,
$D_{X}:=EndN(NM\otimes_{M}X_{N})_{N}$ ,

$D_{n}:=X\in \mathcal{G}_{\mathring{n}}\oplus D_{X}$

,

$X\in \mathcal{G}^{even}$

$X\in \mathcal{G}^{odd}$

,

,
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$D^{even}:=X\in \mathcal{G}^{even}\oplus D_{X}$

$D^{odd}:=X\in \mathcal{G}^{\circ dd}\oplus D_{X}$

$D:=D^{even}\oplus D^{odd}$

,

,

,

where the direct sums are understood as von Neumann algebra direct
sums. We regard
as a subalgebra of $D$ in a natural way, and denote
: $D_{n}\rightarrow C_{n}$ be
: $D\rightarrow D_{n}$ the natural projection. Let
by
is not
the isomorphism established in the above lemma. Note that
and
(in fact, there
compatible with the inclusion relations of
$D_{n+1}$
).
and
exists no inclusion relation between
We introduce a Markov operator $P$ of $D$ . For simplicity, the bimod,
ule $NM_{M}$ and $MM_{N}$ will be denote by and . For $x\in D_{X}$ ,
we set
$D_{n}$

$\theta_{n}$

$\pi_{n}$

$\theta_{n}$

$\{D_{n}\}$

$\{C_{n}\}$

$D_{n}$

$X\in \mathcal{G}^{even}$

$\overline{\rho}$

$\rho$

$P(x)=\frac{d(X)}{\beta}\oplus\frac{1}{d(Y)}\sum_{iY\in \mathcal{G}^{\circ dd}=1}^{\Gamma_{Y,X}}(1_{\rho}\otimes lJ_{Y,i},)\cdot(x\otimes 1_{\overline{\rho}})\cdot(1_{\rho}\otimes\nu_{Y,i}^{*},)$

where

$\{l/_{Y,i},\}_{i=i}^{\Gamma_{YX}}$

$x\in D_{X}$

and

is an orthonormal basis of
, we set

$H_{X,,,\overline{\rho}}^{Y}$

,

. In a similar way, for

$X\in \mathcal{G}^{odd}$

$P(x)=\frac{d(X)}{\beta}\oplus\frac{1}{d(Y)}\sum_{iY\in \mathcal{G}^{even}=1}^{\Gamma_{XY}}(1_{\rho}\otimes lJ_{Y,i},)\cdot(x\otimes 1_{\rho})\cdot(1_{\rho}\otimes\nu_{Y,i}^{*},)$

,

. It is easy to show that
where
is an orthonormal basis of
$D^{odd}$
$P$ restricted to $D^{even}$ and
are unital normal completely positive
maps from one to the other. In fact, this is the right Markov operator
that gives
as “the function algebra” of “the Poisson boundary”.
$\{l/_{Y,i},\}_{i=i}^{\Gamma_{XY}}$

$H_{X,,,\rho}^{Y}$

$C_{\infty}$

$s$

Lemma 3.2.
atisfy

Let

$E_{n}$

,

$\theta_{n}$

,

$\pi_{n}$

, and

$P$

$\theta_{n-1}\cdot\pi_{n-1}\cdot P=E_{n-1}\cdot\theta_{n}\cdot\pi_{n}$

,

be as above.
$n=1,2$ ,

Then, they

$\cdots$

. We may
It suﬃces to show the equality for $x\in D_{X}$ ,
and do further assume that is even, (the odd case can be treated in
, where
,
,
a similar way), and has the form
for some irreducible $NWM$ . Let
be an orthonormal basis of
Since $N\subset M$ is extremal, we have

Proof.

$X\in \mathcal{G}_{n}^{0}$

$n$

$x$

$x=\sigma_{+}^{*}\cdot\sigma_{-}$

$\{\xi\}_{i}$

$dim_{M}X=dim$ $X_{M}=d(X)$ ,

$\sigma_{+}$

$\sigma_{-}\in\prime H_{\rho,X}^{W}$

$\prime H_{Y,\rho}^{X},\cdot$
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,

$dim_{M}Y=\frac{d(Y)}{\beta}$

$dimY_{N}=(3d(Y)$ .

Thus, the right hand side Frobenius dual of

$\xi_{i}$

is given by

$\overline{\xi_{i}}=\sqrt{\frac{\beta d(Y)}{d(X)}}(1_{Y}\otimes r_{\rho})\cdot(\xi_{i}^{*}\otimes 1_{\overline{\rho}})$

Therefore, the

$D_{Y}$

-component of

$P(x)$

.

is given by

$\frac{d(X)}{\beta d(Y)}\sum_{i=1}^{\Gamma_{Y,X}}(1_{\rho}\otimes\overline{\xi_{i}})\cdot(x\otimes 1_{\overline{\rho}})\cdot(1_{\rho}\otimes\overline{\xi_{i}}^{*})$

$=$

$\sum_{i=1}^{\Gamma_{Y,X}}(1_{\rho\otimes Y}\otimes r_{\rho})\cdot(((1_{\rho}\otimes\xi_{i}^{*})\cdot\sigma_{+}^{*}\cdot\sigma_{-}\cdot(1_{\rho}\otimes\xi_{i}))\otimes 1_{\overline{\rho}})$

$.(1_{\rho\otimes Y}\otimes r_{\rho}^{*})$

,

Let $NVN$ be an irreducible $N-N$ bimodule contained in $NM\otimes_{M}Y_{N}$ . We
of
and
choose orthonormal bases
and
, respectively.
Using the connection and the basis of $Hom(_{N}M\otimes_{M}Y\otimes_{N}M_{MN},W_{N})$
coming from these, we get
$\{\eta_{j}\}_{j}$

$\{\zeta_{k}\}_{k}$

$H_{\rho,Y}^{V}$

$H_{V,\rho}^{W}$

$(1_{\rho}\otimes\xi_{i}^{*})\cdot\sigma_{+}^{*}\cdot\sigma_{-}\cdot(1_{\rho}\otimes\xi_{i})$

$\rightarrow\xi_{i}$

$-\succ\xi_{i}$

$X$

$Y$
$=$

$\downarrow\sigma_{+}$

$X$

$Y$
$\eta j’\downarrow$

$\downarrow\sigma_{-}(\eta_{j}^{*}\otimes 1_{\rho})\cdot\zeta_{k}^{*}\cdot\zeta_{k’}$

$\sum_{V,j,j’,k,k’}\eta_{j}\downarrow$

,

$W$

$V$

$.(\eta_{j’}\otimes 1_{\rho})$

$W$

$V$
$\vec{\zeta_{k’}}$

$\vec{\zeta_{k}}$

.

Using the Frobenius reciprocity again, we get
$(1_{\rho\otimes Y}\otimes r_{\rho})\cdot(((\eta_{j}^{*}\otimes 1_{\rho})\cdot\zeta_{k}^{*}\cdot\zeta_{k’}\cdot(\eta_{j’}\otimes 1_{\rho}))\otimes 1_{\overline{\rho}})\cdot(1_{\rho\otimes Y}\otimes r_{\rho}^{*})$

$=$

$\eta_{j}^{*}\cdot(1_{V}\otimes r_{\rho})\cdot(\zeta_{k}^{*}\cdot\zeta_{k’}\otimes 1_{\overline{\rho}})\cdot(1_{V}\otimes r_{\rho}^{*})\cdot\eta_{j’}$

$=$

$\frac{d(W)}{\beta d(V)}\eta_{j}^{*}\cdot\overline{\zeta_{k}}\cdot\overline{\zeta_{k’}}*$

$=$

$\frac{\delta_{k,k’}d(W)}{\beta d(V)}\eta_{j}^{*}\cdot\eta_{j’}$

,

.

$\eta_{j’}$
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where
is the right hand side Frobenius dual of
component of $P(x)$ is
$\overline{\zeta_{k}}$

$\zeta_{k}$

. Thus, the

$D_{Y^{-}}$

$\rightarrow\xi_{i}$

$\rightarrow\xi_{i}$

$X$

$Y$

$X$

$Y$

$\eta_{j}^{*}\cdot\eta_{j’}$

$,\sum_{V,i,,j,j’,k}\frac{d(W)}{\beta d(V)}\eta_{j}\downarrow V$
$W\downarrow\sigma_{+}$

$\eta_{j’}\downarrow V$

$W\downarrow\sigma_{-}$

.

$\vec{\zeta_{k}}$

$\vec{\zeta_{k}}$

. The string algebra expression
Now, we compute
$A_{n-1}\subset
A_{n}\subset B_{n}$ is
of
in terms of the inclusions
$E_{n-1}\cdot\theta_{n}\cdot\pi_{n}(x)$

$\theta_{n}\cdot\pi_{n}(x)$

$\sum(\xi\cdot\sigma_{+}, \xi\cdot\sigma_{-})$

.

$|\xi|=n$

The same element can be expressed in terms of
$X$

$W\downarrow\sigma_{+}$

$\sum_{|\iota/|=n-1V,i},\sum_{j,j’,k,k’}\eta_{j}\downarrow V$

as

$\rightarrow\xi_{i}$

$\rightarrow\xi_{i}$

$Y$

$A_{n-1}\subset B_{n-1}\subset B_{n}$

$X$

$Y$

$W\downarrow\sigma_{-}(\iota/\cdot\eta_{j}\cdot\zeta_{k}, \nu\cdot\eta_{j’}\cdot\zeta_{k’})$

$\eta j^{J\downarrow}V$

.

$\vec{\zeta_{k’}}$

$\vec{\zeta_{k}}$

Therefore, we can get the statement from the explicit formula of the
to $B_{n-1}$ in terms of the string algebra
conditional expectation from
[5, Lemma 11.7]. Q.E.D.
$B_{n}$

Theorem 3.3. There exists a unital completely positive surjective
:
satisfying
isometry
is given by
(1) For every $x\in H^{\infty}(D, P)$ ,
$\theta_{\infty}$

$H^{\infty}(D, P)\rightarrow C_{\infty}$

$\theta_{\infty}(x)$

$\theta_{\infty}(x)=s-\lim_{n\rightarrow\infty}\theta_{n}\cdot\pi_{n}(x)$

.

converges to an ele(2) For every pair , $y\in H^{\infty}(D, P)$ ,
ment in $H^{\infty}(D, P)$ in strong operator topology, and
$\{P^{n}(xy)\}_{n=1}^{\infty}$

$x$

$\theta_{\infty}(x)\theta_{\infty}(y)=\theta_{\infty}(s-\lim_{n}P^{n}(xy))$

.

, Theorem 3.3 is a direct consequence of
Except for surjectivity of
Lemma 3.2 and the non-commutative martingale convergence theorem
is surjective,
mentioned at the beginning of this section. To show that
we need the following Fougel’type estimate as usual:
$\theta_{\infty}$

$\theta_{\infty}$

Lemma 3.4.

For the Markov operator

$P$

$\lim_{n\rightarrow\infty}||P^{n+2}-P^{n}||=0$

as above, we have

.

in $D$ satisfying
In consequence, for every bounded sequence
. $P(x_{n+1})=x_{n}$ , $=0,1$ , 2,
$x_{n}\in D_{n}$ ,
, there exists $x\in H^{\infty}(D, P)$
such that $\pi_{n}(x)=x_{n}$ for all .
$\{x_{n}\}_{n=1}^{\infty}$

$\pi_{n}$

$n$

$n$

$\cdots$
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Proof.
from

For

, we define a normal completely positive map
to itself in a similar way as $P$ ; for $x\in D_{X}$ , we set

$V\in \mathcal{G}^{even}$

$D^{even}$

$\Phi_{V}(x)=Y\in \mathcal{G}^{even}\oplus\frac{d(X)}{d(Y)}\sum_{i=1}^{N_{X,\overline{V}}^{Y}}(1_{\rho}\otimes\xi_{Y,i},)\cdot(x\otimes 1_{\overline{\rho}})\cdot(1_{\rho}\otimes\xi_{Y,i}^{*},)$

where
work to show

is an orthonormal basis of
$\Phi_{V}(1)=d(V)$ and

$\{\xi_{Y,i},\}_{i=1}^{N_{X,\overline{V}}^{Y}}$

$\prime\mu_{X,,,\overline{V}}^{Y}$

$\Phi_{V}\cdot\Phi_{W}=\sum_{Z}N_{V,W}^{Z},\Phi_{Z}$

$\Phi_{V}$

,

. Then, it is a routine

.

In the same way, for $V\in H^{even}$ we define a normal completely positive
map
from $D^{odd}$ to itself.
For a probability measure on
or on $H^{even}$ , we set
$\Phi_{V}$

$\mathcal{G}^{even}$

$\mu$

$\phi_{\mu}=\sum_{V}\frac{\mu(V)}{d(V)}\Phi_{V}$

,

which is a non-commutative Markov operator. Then, we get
, where $\mu*\nu$ is the convolution product of two probability measure
and introduced in [10]. Moreover, the following holds:
$\phi_{\mu}\cdot\phi_{\iota/}=$

$\phi_{\mu*\iota/}$

$\mu$

$\nu$

$P^{2}=\frac{1}{\beta^{2}}(\Phi_{\overline{\rho},\rho},\oplus\Phi_{\rho\overline{\rho}})$

If we define two probability measures
$\mu=\sum_{V}\frac{d(V)N_{\overline{\rho},\rho}^{V}}{\beta^{2}}\delta_{V}$

,

$\mu$

on

.

$\mathcal{G}^{even}$

and

$\nu$

on

$\iota/=\sum_{V}\frac{d(V)N_{\rho,\overline{\rho}}^{V}}{\beta^{2}}\delta_{V}$

$H^{even}$

by

,

and
are the -fold convolution
we get
, where
product of and . Thanks to Fougel’s theorem [6] [10, Lemma 3.1],
we have the following -norm estimate:
$P^{2n}=\phi_{\mu^{n}}\oplus\phi_{\nu^{n}}$

$\mu$

$\mu^{n}$

$\nu^{n}$

$n$

$\nu$

$\ell^{1}$

$\lim_{n\rightarrow\infty}||\mu^{n+1}-\mu^{n}||_{1}=0$

,

$\lim_{n\rightarrow\infty}||\nu^{n+1}-\iota/^{n}||_{1}=0$

.

Therefore, we get $\lim_{n\rightarrow\infty}||P^{n+2}-P^{n}||=0$ . The rest of the statements
is standard (see [13] for example). Q.E.D.
(2) of Theorem 3.3 implies the following:
Corollary 3.5.

Remark.

If

$\mathcal{G}$

or

$H$

has no multi-edges,

$C_{\infty}$

is abelian.
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(1) Assume neither or has multi-edges. Then, since $D$ is abelian,
$P$ induces a random walk on a graph.
Let $MX_{M}$ , $MY_{N}$ , $NV_{N}$ ,
and $NWM$ be irreducible bimodules associated with the inclusion
$N\subset M$ and
be
,
’
normalized unique (up to phase) intertwiners. Then, we have
$\prime\mu$

$\mathcal{G}$

$\xi\in H_{Y,\rho}^{X},$

$\eta\in H_{\frac{V}{\rho},,Y},$

$\sigma\in H_{\rho,X}^{W}$

$\zeta\in\prime H_{V,\rho}^{W},$

’

.2
$\rightarrow\xi$

$X$

$Y$

$\downarrow\sigma$

$\eta\downarrow$

$\eta^{*}\cdot\eta$

$P(\sigma^{*}\sigma)=\sum_{\eta}\frac{d(W)}{\beta d(V)}$

.

$W$

$V$
$\rightarrow\zeta$

-space over the set of vertical
Therefore, if we regard $D$ as the
paths , the transition probability from to is given by
$ p\infty$

$\mathcal{X}$

$\eta$

$\sigma$

$\left|\begin{array}{llll} & Y & \rightarrow\xi & X\\\eta & V\downarrow & \rightarrow\zeta & \downarrow\sigma W\end{array}\right|$

$p(\eta, \sigma)=\frac{d(W)}{\beta d(V)}$

This is a reversible random walk in the sense of [19] thanks to
the renormalization rule of the connection. Let be the natural
$trace$ on
. Then, for $f\in H^{\infty}(D, P)$ we get
$\tau$

$B_{\infty}$

$\tau(\theta_{\infty}(f))=\tau(E_{0}(\theta_{\infty}(f)))=\tau(\theta_{0}\cdot\pi_{0}(f))$

.

Now we assume, for simplicity, that $N\subset M$ is irreducible and
is the path corresponding to the intertwiner in $Hom(\rho\otimes_{M}$
$M_{M}$ ,
. Since the dimension of
is one, the above equation
means that
is given by the evaluation of at . Thus,
is noththe measure corresponding to the restriction of to
ing but the harmonic measure on the Poisson boundary of the
.
Markov chain induce by $P$ with the initial distribution
(2) Let
$\sigma_{0}\in \mathcal{X}$

$D_{0}$

$\rho)$

$\tau(\theta_{\infty}(f))$

$f$

$\tau$

$\sigma_{0}$

$C_{\infty}$

$\delta_{\sigma_{0}}$

$\ldots M_{-2}\subset M_{-1}=N\subset M_{0}=M$

to be
be a tunnel. We set $A_{i,,,j}:=M_{-i}’\cap M_{j}$ and define
. Then, the same machinery works in
the weak closure of
. Indeed, there are obvious
order to obtain
, and what we really need
coming from
elements in
to obtain is
where and are minimal projections in
. Let $AY_{M}$ and $AZ_{M}$ be bimodules corresponding
and
$A$
is either $M$ or $N$ depending on the parity
respectively, where
$A_{i,,,\infty}$

$\bigcup_{j}A_{i,,,j}$

$C_{n,,,\infty}:=A_{0,,,\infty}’\cap A_{n,,,\infty}$

$A_{n,,,0}$

$C_{n,,,\infty}$

$pC_{n,,,\infty}q$

$A_{n,,,0}$

$p$

$q$

$p$

$q$
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of . Instead of
$n$

$D^{Y,Z}$

:

$D$

, we need to work on

$=$
$X\in \mathcal{G}^{even}\oplus Hom_{A}(Y\otimes_{M}X, Z\otimes_{M}X)_{M}$

$\oplus$

$X\in \mathcal{G}^{\circ dd}\oplus Hom_{A}(Y\otimes_{M}X, Z\otimes_{M}X)_{N}$

as an object that the Markov operator
an algebra, we can put it into
$\oplus D^{Y,Z}Y,Z$

$P$

,

acts on. Or to make it

,

where the product is given by the composition (the product of
not composable two elements is understood as 0).
(3) Let $A$ be a von Neumann algebra and $P$ be a unital normal
completely positive map form $A$ to itself. As we stated in the
last section, we can always discuss the “Poisson boundary” using
the Choi-Eﬀros product. However, those $P$ coming from natural
examples, such as the classical examples or the ones discussed
here, seem to have an additional property: namely, for every
pair , $y\in H^{\infty}(A, P)$ , the sequence $\{P^{n}(xy)\}_{n}$ converges to an
element in $H^{\infty}(A, P)$ in the strong operator topology. Does this
hold for every unital normal completely positive map? If it is not
the case, only those with the above property maybe deserve to
be called “non-commutative Markov operators”.
$x$

\S 4.

Examples

In this section, we take the most fundamental example among nontrivial ones: a subfactor with the principal graph
and index larger
than 4 (
should not be confused with the algebra
in the previous
two sections). Another example, for which $H^{\infty}(D, P)$ may be explicitly
obtained, would be the free composition of the
and
subfactors [3]
[7] (see also [10]), though computation would be more complicated.
Let $N\subset M$ be a subfactor with the principal graph
and index
larger than 4. Then, the core of this subfactor is the Jones inclusion,
whose reducibility was first proven in Jones paper [12]. Another proof
is available in Pimsner and Popa’s paper [15]. We choose $0<q<1$
satisfying $\beta=[2]_{q}$ , where
$A_{\infty}$

$A_{\infty}$

$A_{\infty}$

$A_{3}$

$A_{4}$

$A_{\infty}$

$[n]_{q}=\frac{q^{n}-q^{-n}}{q-q^{-1}}$

,

$n=1,2$ ,

$\cdots$
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For the edges of

$\mathcal{G}$

and

$H$

$\mathcal{G}$

, we use the following labeling:

: 1–2–3–4–

,

$\cdots$

H:1’-2’-3’-4’-. . .

’

The statistical dimension of the bimodules corresponding to
$[n]_{q}$
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$n$

and

$n’$

is

.

There exists only one connection, up to gauge freedom, for
graph, which is given by

$n$

$\rightarrow$

$\downarrow$

$n+1$
$\downarrow$

$n+1’$
$n$

$\rightarrow$

$\rightarrow$

$n-1’$
$n$

$\rightarrow$

$\rightarrow$

$\downarrow$

$\rightarrow$

$\frac{(-1)^{n+1}}{[n]_{q}}$

$=$

$\frac{(-1)^{n}}{[n]_{q}}$

,

$n’$

$n+2$

$n+1$
$=$

$\rightarrow$

$n+1$

$n+1’$

$n+2’$

$=1$ ,

$\downarrow$

$\downarrow$

$n’$

$\rightarrow$

$\rightarrow$

$\rightarrow$

$n+\downarrow 1$

$ n\downarrow$

,

$n-1$

$\downarrow$

$n+1’$

$=$

$n’$

$\downarrow$

$\downarrow$

$n-\downarrow 1$

$ n\downarrow$

$=\frac{\sqrt{[n-1]_{q}[n+1]_{q}}}{[n]_{q}}$

$=$
$n$

$-1’$

$\rightarrow$

$n+1’$

$n’$

$\rightarrow$

$n’$

We use the following labeling of the vertical paths of length 1:

$n+1$

$n$

$a_{n}=$
$n+\downarrow 1’$

Then,

$D$

$A_{\infty}$

is identified with the

’

$ p\infty$

$b_{n}=$
$ n\downarrow$

-space over

$\mathcal{X}=\{a_{n}\}_{n=1}^{\infty}\cup\{b_{n}\}_{n=1}^{\infty}$

.

,

.
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$a_{1}$

$a_{2}$

$a_{3}$

$a_{4}$

$b_{1}$

$b_{2}$

$b_{3}$

$b_{4}$

Fig. 1. Graph

$\overline{\mathcal{X}}$

Thanks to the formula obtained in the remark of the last section, the
transition probabilities corresponding to $P$ are given as follows:

$p(a_{n}, b_{n})$

$=$

$\frac{1}{[2]_{q}[n]_{q}[n+1]_{q}}$

$p(a_{n}, a_{n+1})$

$=$

$\frac{[n+2]_{q}}{[2]_{q}[n+1]_{q}}$

$p(a_{n}, a_{n-1})$

$=$

$\frac{[n-1]_{q}}{[2]_{q}[n]_{q}}$

$p(b_{n}, a_{n})$

$=$

$\frac{1}{[2]_{q}[n]_{q}[n+1]_{q}}$

$p(b_{n}, b_{n+1})$

$=$

$\frac{[n+2]_{q}}{[2]_{q}[n+1]_{q}}$

$p(b_{n}, b_{n-1})$

$=$

$\frac{[n-1]_{q}}{[2]_{q}[n]_{q}}$

,

,

,

,

$n\geq 1$

$n\geq 2$

,

$n\geq 1$

,

,

,

$n\geq 1$

$n\geq 1$

$n\geq 2$

,

,

,

.

All the other transition probabilities are 0. Therefore, we can regard
as the vertex set of the graph
as in Figure 1, such that transitions
occur only to the nearest neighbors.
An important feature of this random walk is that the vertical bonds
decay exponentially fast as tends to infinity, while we have asymptotics
$\mathcal{X}$

$\overline{\mathcal{X}}$

$n$

$p(a_{n}, a_{n+1})=p(b_{n}, b_{n+1})\sim\frac{1}{1+q^{2}}>\frac{1}{2}$

,

$(n\rightarrow\infty)$

.
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More intuitively, when is suﬃciently large, the graph looks like splitting into two straight lines, while our random walk quickly goes to infinity. In consequence, we get exactly two points in the Poisson boundary,
or in other words,
.
argument rigorous, we explicitly calintuitive
To make the above
culate the harmonic functions. There are exactly two independent (not
necessary bounded) harmonic functions (even when $q=1$ ). We choose
a basis of them consisting of the constant function 1 and satisfying
$h(a_{n})=-h(b_{n})$ , $n=1,2$ ,
, $h(a_{1})=1$ . Let $x_{n}=h(a_{n})$ and $x_{0}=0$ .
Then, the sequence
is determined by the following three-term
recurrence relation:
$n$

$C_{\infty}\cong C\oplus C$

$h$

$\cdots$

$\{x_{n}\}_{n=0}^{\infty}$

$x_{0}=0$ ,

(1)

$x_{1}=1$ .

$(1+[2]_{q}[n]_{q}[n+1]_{q})x_{n}$

$=[n+2]_{q}[n]_{q}x_{n+1}+[n+1]_{q}[n-1]_{q}x_{n-1}$

,

$n\geq 1$

,

We show that this sequence is monotone increasing, and obtain the limit
for $0<q<1$ . Equation (1) can be expressed as
$\lim_{n}a_{n}$

(2)

$2x_{n}$

$=$

$[n+2]_{q}[n]_{q}(x_{n+1}-x_{n})$

$-[n+1]_{q}[n-1]_{q}(x_{n}-x_{n-1})$ ,

$n$

$\geq 1$

.

is positive and monotone
Thus, by induction we can show that
. Then, Equation (2)
increasing. We set $y_{n}:=x_{n+1}-x_{n}$ , $n=0,1$ , 2,
implies
$\{x_{n}\}_{n=0}^{\infty}$

$\cdots$

$y_{0}=1$

(3)

,

$y_{1}=\frac{2}{[3]_{q}}$

,

2 $[n+1]_{q}y_{n}=[n+3]_{q}y_{n+1}+[n-1]_{q}y_{n-1}$ ,

$n\geq 1$

.

When $q=1$ , it is easy to solve Equation (3), and we can see that
is not bounded and
is trivial. When, $0<q<1$ , we introduce an
analytic function $g(z)$ defined on a neighborhood of 0 as follows (it is
easy to show that the radius of convergence is positive):
$\{x_{n}\}_{n=1}^{\infty}$

$C_{\infty}$

$g(z)=\sum_{n=0}y_{n}z^{n}$

.

Equation (3) implies that the following function equation holds:
(4)

$(z -q)^{2}g(qz)-(z-q^{-1})^{2}g(q^{-1}z)=(q^{2}-q^{-2})$ .
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This means that the radius of convergence of $g(z)$ is larger than or equal
(in fact it is
). Setting $z=q$ in Equation (4), we get
to
$q^{-2}$

$q^{-2}$

$g(1)=\frac{q+q^{-1}}{q^{-1}-q}$

,

and so,
$\lim_{n\rightarrow\infty}x_{n}=\sum_{n=0}^{\infty}y_{n}=g(1)=\frac{q+q^{-1}}{q^{-1}-q}$

Therefore,
We set

$h$

is bounded and

.

$dimC_{\infty}=2$ .

$f_{1}=\frac{g(1)+h}{2g(1)}$

,

.

$f_{2}=\frac{g(1)-h}{2g(1)}$

Then,
are two extremal positive harmonic functions of norm
and
. The
1, and so
and
are two minimal projections in
$trace$ evaluations of these projections are given by
$f_{1}$

$f_{2}$

$\theta_{\infty}(f_{1})$

$C_{\infty}$

$\theta_{\infty}(f_{2})$

$\tau(\theta_{\infty}(f_{1}))=f_{1}(a_{1})=\frac{q^{-1}}{q+q^{-1}}$

,

$\tau(\theta_{\infty}(f_{2}))=f_{2}(a_{1})=\frac{q}{q+q^{-1}}$

.

Of course, this agrees with the result in [15].
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Braiding and nets of factors on the circle
Yasuyuki Kawahigashi
Abstract.
We review various properties of braiding in subfactor theory and
particularly.
their connection to nets of factors on
$S^{1}$

\S 1.

Introduction

The notion of braiding has recently caught much attention in theory
of quantum groups, 3-dimensional topological quantum field theory, and
conformal field theory. Here we review the current status of results
related to braiding in subfactor theory. We particularly focus on nets of
here.
, or chiral conformal field theories on
factors on
$S^{1}$

$S^{1}$

\S 2.

Braiding in subfactor theory

Braiding plays an important role in subfactor theory. Rehren’s early
work [26] sets a fundamental base in the theory of braiding in the setting
of subfactors and algebraic quantum field theory. He defined the notion
of braiding and its non-degeneracy for a system of endomorphisms of a
factor and showed that we have a unitary representation of $SL(2, Z)$ if
and only if a braiding on a finite system of irreducible endomorphisms
is non-degenerate.
In subfactor theory, we work on a certain algebraic system which
is closed under algebraic operations such as “tensor product” and “conjugation”. In an axiomatic approach, our “object” is just something
satisfying certain set of axioms and one can study algebraic systems of
such objects independently from operator algebras, but we are interested
in operator algebraic viewpoints here. Then an object we study in such
a theory is an M-N bimodule or a -homomorphism from $N$ into $M$
where $M$ and $N$ are appropriate von Neumann algebras, usually factors
or type III. Considering bimodules over factors of type
of type
$*$

$II_{1}$

$II_{1}$
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and -homomorphisms form a factor of type III into another are essentially the same from a viewpoint of $algebraic/combinatorial$ structures,
but in this paper we deal with type III factors in connection to algebraic
quantum field theory.
Let $N$ be a factor of type III and $\triangle\subset End(N)$ a finite system of
endomorphisms of $N$ in the following sense.
is an irreducible endomorphism of $N$ and has a finite
1. Each
statistical dimension.
2. Endomorphisms in
are mutually inequivalent.
3. The identity morphism is in .
, we have a conjugate morphism in .
4. For any
, we have non-negative integers
satisfying
5. For any ,
denotes the unitary equivalence
, where
class of which is also called a sector.
A system of endomorphism naturally gives a fusion rule algebra
with composition of endomorphisms as its multiplication, but there is no
reason this multiplication is commutative (up to inner automorphisms)
and it is very easy to construct a non-commutative example from an
action of a finite non-commutative group, for example. But here we are
interested in the commutative case.
When the composition of the endomorphisms in the system is commutative up to inner automorphism of $N$ , a braiding, roughly speaking,
means a “compatible choice” of such unitary intertwiners in each space
. The following gives the precise definition of a
, ,
braiding on a system of endomorphisms. (Even when such a commutative system is given, we do not have existence nor uniqueness of a
braiding in general.)
$*$

$\lambda\in\triangle$

$\triangle$

$\triangle$

$\overline{\lambda}$

$\lambda\in\triangle$

$\lambda$

$\triangle$

$\mu\in\triangle$

$N_{\lambda,,,\mu}^{\iota/}$

$[\lambda]$

$[\lambda][\mu]=\sum_{l/\in\triangle}N_{\lambda,,,\mu}^{\iota/}[l/]$

$\lambda$

$\lambda$

$Hom(\lambda\mu, \mu\lambda)$

$\mu\in\triangle$

of endomorphisms of
Definition 2.1. We say that a system
there is a unitary operator
has a braiding if for any pair ,
satisfying the following properties.
.
1. We $have\in(id_{N}, \mu)=\in(\lambda, id_{N})=1$ , for any ,
2. Whenever $\in Hom(\lambda, \mu I/)$ we have
$\triangle$

$N$

$\lambda$

$\mu\in\triangle$

$\in(\lambda, \mu)\in Hom(\lambda\mu, \mu\lambda)$

$\lambda$

$\mu\in\triangle$

$t$

,

$\rho(t)\in(\lambda, \rho)$

$=$

$\in(\mu, \rho)\mu(\in(l/, \rho))t$

$t\in(\rho, \lambda)$

$=$

$\mu(\in(\rho, l/))\in(\rho, \mu)\rho(t)$

$\rho(t)^{*}\in(\mu, \rho)\mu(\in(l/, \rho))$

$=$

$\in(\lambda, \rho)t^{*}$

$t^{*}\mu(\in(\rho, l/))\in(\rho, \mu)$

$=$

$\in(\rho, \lambda)\rho(t)^{*}$

for any

$\lambda$

, ,
$\mu$

$ l/\in\triangle$

,

,

,

.

The $unitaries\in(\lambda, \mu)$ are called braiding operators. We sometimes
write
for with $convention\in-(\lambda, \mu)=(\in(\mu, \lambda))^{*}$ for the opposite
$\in^{+}$

$\in$
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of factors

braiding. The following definition of non-degeneracy of a braiding means
$that\in^{+}and\in-$ are “really diﬀerent”. This notion is quite important
for our study as well as study of topological invariants, since a braiding
corresponds to a crossing of a planar picture of a link. (If overcrossing
and undercrossing are not really distinguished, one can easily imagine
that such a topological study is rather limited.)
of endoDefinition 2.2. We say that a $braiding\in on$ a system
morphisms of $N$ is non-degenerate, if the $equa1ities\in^{+}(\lambda, \mu)=\in-(\lambda, \mu)$
imply $\lambda=id_{N}$ .
for all endomorphisms
$\triangle$

$\mu\in\triangle$

If we have a braiding on a finite system , we can define S- and Tmatrices whose sizes are the number of endomorphisms in , as in [26].
The above non-degeneracy is equivalent to unitarity of the -matrix as
proved in [26], and if it is non-degenerate, the S- and $T$ matrices give a
unitary representation of $SL(2, Z)$ .
The above setting is for endomorphisms of a single operator algebra
$N$ . We now discuss subfactors $N\subset M$ . Suppose we start with an arbitrary subfactor $N\subset M$ of type III with finite index. Let : $N\rightarrow M$
be the embedding map and : $M\rightarrow N$ be its conjugate morphism.
We choose sets of morphisms $N\mathcal{X}_{N}\subset Mor(M, N)$ , $N\mathcal{X}M\subset Mor(M, N)$ ,
$M\mathcal{X}N\subset Mor(N, M)$ and $M\mathcal{X}M\subset Mor(M, M)$ consisting of representa,
tive morphisms of irreducible subsectors of sectors of the form
respectively. (We may and do choose
and
,
,
in
as the endomorphisms representing the triv,
ial sectors.) Then
are systems of endomorphisms of $N$
and
is
and $M$ , respectively, in the above sense. We also assume that
$N\subset
M$
is of finite
finite. This automatically implies that the subfactor
depth. If
is braided in the above sense, we say that the subfactor
$N\subset M$ is braided.
(Note that this is not equivalent to the condition
that
is braided.) More generally, we also consider a finite system
strictly as a subsystem, and such an
of endomorphism containing
extension is important in many aspects, but we do not care this matter
very much in this article. Even when a subfactor $N\subset M$ is of type ,
we can consider a subfactor $N\otimes R\subset M\otimes R$ for any type III factor $R$
and this tensoring does not change any abstract structure of bimodules
arising from the subfactor in which we are interested, so if the resulting
subfactor $N\otimes R\subset M\otimes R$ is braided, we also say that $N\subset M$ is braided.
If we arbitrarily construct a subfactor, it is highly unlikely that
it is braided. However, natural constructions of a braiding are wellknown in theory of quantum groups and conformal field theory. We also
have natural appearance of braided subfactors in theory of subfactors as
follows.
$\triangle$

$\triangle$

$S$

$\iota$

$\overline{\iota}$

$[\overline{\iota}\iota\cdots \overline{\iota}\iota]$

$[\overline{\iota}\iota\cdots \overline{\iota}]$

$id_{M}$

$[\iota\cdots\overline{\iota}\iota]$

$id_{N}$

$N\mathcal{X}N$

$[\iota\overline{\iota}\cdots\iota\overline{\iota}]$

$M\mathcal{X}M$

$N\mathcal{X}_{N}$

$M\mathcal{X}M$

$N\mathcal{X}N$

$N\mathcal{X}N$

$M\mathcal{X}M$

$N\mathcal{X}N$

$II$

222

Y. Kawahigashi

1. Ocneanu’s asymptotic inclusions in $[22, 23]$ .
2. Longo-Rehren subfactors in [18].
3. Goodman-de la Harpe-Jones subfactors in [11, Sect. 4.5].
4. Wassermann’s loop group construction in [29].
The first and second construction give a new subfactor from a given
one, and from a categorical viewpoint, they are identified as in [19].
They are very general constructions to produce a braiding from an arbitrary finite system of endomorphisms. In this sense, these constructions
can be regarded as an analogue of the quantum double construction [7]
in subfactor theory. (See $[20, 21]$ for a more precise interpretation as a
quantum double construction.) Both of these are special cases of Popa’s
construction of symmetric enveloping inclusion [25]. For the third, we
need results from conformal field theory or quantum group theory in
order to show that the system of N-N bimodules is indeed braided.
For the fourth construction, we get more interesting examples in connection to conformal inclusions as in [30, 31, 2]. The non-degeneracy
of the resulting braiding was claimed for (1) in [23] and proved for (2)
in [12]. (Strictly speaking, we need connectedness of the fusion graph
as in [9, Theorem 12.29]. Otherwise, we need to extend the system of
endomorphisms in order to get the non-degeneracy. See [12] for more
on this matter.) For (3), if we just consider the usual system of N-N
bimodules, then the braiding on it is possibly degenerate, since the N-N
.
bimodules correspond to the even vertices of the Dynkin diagram
We need to extend the system of bimodules so that we have N-N bimod. Then the braiding there
ules corresponding to the odd vertices of
is non-degenerate.) For (4), non-degeneracy of the braiding is proved in
[29].
If we have a non-degenerate braiding on a finite system of endomorphism, we can produce an invariant of colored links up to regular isotopy
and a 3-dimensional topological quantum field theory of ReshetikhinTuraev type [27]. See [28] for more details on topological quantum field
theory. It has been extensively studied these years.
In subfactor theory, one of the most important applications of braiding is theory of -induction. This construction was defined by [18] and
used systematically in $[30, 31]$ . For further development and unification
with Ocneanu’s graphical method in [24], see [1, 2, 3, 4, 5, 6]. With this
method, one can pass from a braided system to a new system which is
not braided in general. Other studies of non-degeneracy of braiding in
subfactor theory can be found in [8, 12, 13]. Izumi [12] found that study
of the Longo-Rehren subfactors can also be made from a viewpoint of
extension (or restriction) of endomorphisms.
$A_{n}$

$A_{n}$

$\alpha$
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$S^{1}$

Longo $[16, 17]$ has found a deep relation of algebraic quantum field
theory to the Jones theory [14] of subfactors. Such a relation was also
,
studied in [10]. Here we explain algebraic quantum field theory on
which is regarded as a compactification of $R$ , and results in [15] in
connection to theory of braiding as described above.
We denote by I the set of non-empty open connected proper subsets
of
. Such a set is simply called an interval here. We study a local
, which is axiomatized as
irreducible conformal net $A$ of factors on
follows.
For each interval , we have a factor $A(I)$ on a fixed Hilbert space
$H$ . We also have a strongly continuous unitary representation $U$ on $H$
of the M\"obius group $PSU(1,1)=SU(1,1)/\{\pm 1\}$ which acts on
as
, we define
fractional linear transformations. For an arbitrary set
$A(E)$ to be the von Neumann algebra generated by all the $A(I)$ ’s with
, we denote the interior of the complement
contained in $E$ . For
$E’$ .
$E$
of by
We then require that they satisfy the following properties.
(Though there are slightly diﬀerent versions of requirements, here we
just list a simple set of axioms. Our results in [15] actually hold under
a weaker set of assumptions.)
$S^{1}$

$S^{1}$

$S^{1}$

$I$

$S^{1}$

$E\subset S^{1}$

$I$

$E\subset S^{1}$

$\circ$

$\circ$

$o$

$\blacksquare$

, we have $A(I)\subset A(J)$ .
Isotony: For intervals
Locality: For disjoint intervals I and , we have $A(I)\subset A(J)’$ .
Irreducibility: The von Neumann algebra generated by all $A(I)$ ’s
is $B(H)$ .
Covariance: For $g\in PSU(1,1)$ and an interval , we have
$I$

$\subset J$

$J$

$I$

$U(g)A(I)U(g)^{*}=A(gI)$ .
$\circ$

Positive energy: The generator of the rotation subgroup of $PSU$
$(1, 1)$ is positive.
Split property: If and do not intersect for intervals I and ,
then $A(I)\otimes A(J)$ are naturally isomorphic to $A(I)\vee A(J)$ .
Strong additivity: For an interval I and its interior point , we
have $A(I)=A(I\backslash \{p\})$ .
Unique existence of vacuum: All the vectors in $H$ fixed by the
action of $PSU(1,1)$ are multiples of a fixed non-zero vector .
$\overline{I}$

$\blacksquare$

$\circ$

$\blacksquare$

$J$

$\overline{J}$

$p$

$\Omega$

We then acutally have a stronger form of locality, Haag duality,
which says that for an interval , we have $A(I’)=A(I)’$ . Factors $A(I)$
. Important examples
are then automatically injective and of type
of such nets of factors on
have been constructed by A. Wassermann
[29] using loop groups of $SU(n)$ .
$I$

$III_{I}$

$S^{1}$

Y. Kawahigashi

224

, locality implies that $A(E)$ and $A(E’)$
For an arbitrary set
commute, thus we naturally have an inclusion $A(E)\subset A(E’)’$ . This
inclusion can be non-trivial if $E$ is not an interval. We are interested in
this inclusion for the case $E$ is a union of two intervals whose closures
have no intersection.
A representation
of a net $A$ on a Hilbert space $K$ is a family
is a representation of $A(I)$ on $K$ and we require
, where
. A representation
that
is an extension of
for intervals
is normal. Since we deal with
is called locally normal if each
spaces, the local normality
separable
Hilbert
representations
only
on
automatically holds. There is also a notion of covariance for such a
representation, which is defined as obvious compatibility with a unitary
representation of the M\"obius group on $K$ , but we do not assume such a
property on representations of a net. It turns out that this covariance
property automatically holds for representations of a net which we are
interested in.
Such a representation of a net is described as a localized trans-algebra as usual in the
portable endomorphism of the quasi-local
DHR-framework. See [10] for example. A unitary equivalence class of
such representations (or localized endomorphisms) is called a (superselection) sector of the net $A$ . For an interval , such gives a sector of
$A(I)$ , which is a unitary equivalence class of endomorphisms of $A(I)$ .
We are interested in structure of superselection sectors of a net $A$ .
whose closures have no
Let $E$ be any union of two intervals on
$E$
$\hat{A}(E)=A(E’)’$
for such
and consider the subfactor
intersection. Let
$A(E)\subset\hat{A}(E)$ . It turns out that if this subfactor has a finite index for
some $E$ , then we always have the same finite index for any $E$ . When
this finiteness holds, we say that the net $A$ is completely rational and
write
for the index value.
Let $A$ be a completely rational net of factors on
as above. Let
$E$ be a disjoint union of two intervals
,
whose closures have no intersection. Let
and
be irreducible endomorphisms of $A$ localized
in I and in , respectively. Then
restricts to an endomorphism of
$A(E)$ . Let
be the canonical endomorphism of
into $A(E)$ and
its restriction on $A(E)$ . We can prove as in [15] that
restricted on
$A(E)$ is contained in
if and only if and are mutually conjugate.
in
Moreovkr, in this case, the multiplicity of
is one. Using
this, we can prove the following result as in [15], which gives a reason
for the terminology “completely rational.
$E\subset S^{1}$

$\pi$

$\pi=\{\pi_{I}\}_{I\subset S^{1}}$

$\pi_{I}$

$\pi_{J}$

$I$

$\pi_{I}$

$\pi$

$\subset J$

$\pi_{I}$

$C^{*}$

$\lambda$

$I$

$\lambda$

$S^{1}$

$\mu_{A}$

$S^{1}$

$I$

$J$

$\lambda$

$\mu$

$J$

$\lambda\mu$

$\hat{A}(E)$

$\gamma_{E}$

$\theta_{E}$

$\lambda\mu$

$\theta_{E}$

$\lambda$

$\mu$

$\lambda\mu|_{A(E)}$

$\theta_{E}$

of factors
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as above.
Theorem 3.1. Let $A$ be a completely rational net on
Then the net $A$ is rational in the sense that we have only finitely many ir,
,
with finite dimension,
,
reducible superselection sectors
.
and furthermore, we have
$S^{1}$

$[\lambda_{0}]$

$[\lambda_{n}]$

$[\lambda_{1}]$

$\ldots$

$\sum_{i=0}^{n}d(\lambda_{i})^{2}=\mu_{A}$

,
,
Fix an interval I and regard
as sectors of $A(I)$ .
,
gives a system of endomorphisms of $A(I)$ in the
Then
sense defined above. The Longo-Rehren construction [18] applies to such
a system and we have a factor $A(I)\otimes A(I)^{opp}\subset B$ . The index of this
and this equality
Longo-Rehren subfactor is equal to
suggests some relation between $A(E)\subset\hat{A}(E)$ and the Longo-Rehren
subfactor. Actually, we have the following result [15], where the symbol
”
$‘‘ opp$
means the opposite algebra.
$[\lambda_{0}]$

$[\lambda_{1}]$

$[\lambda_{n}]$

$\ldots$

$\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{n}\}$

$\sum_{i=0}^{n}d(\lambda_{i})^{2}=\mu_{A}$

Theorem 3.2. The subfactor $A(E)\subset\hat{A}(E)$ is isomorphic to the
Longo-Rehren subfactor $A(I)\otimes A(I)^{opp}\subset B$ .
Now we discuss a relation of this result to theory of braiding. It
is well-known that we naturally have a braiding on the system of endoof $A(I)$ , and the construction of the braiding
morphisms
goes roughly as follows. (See [1, Section 2.2], for example.)
localized in an interval . Choose two
Take endomorphisms ,
intervals ,
with empty intersection, and Then there are unitaries
and
are
and
such that
.
localized in
and , respectively.
, and it depends only
This unitary does not depend on choices of ,
. In this way, we get two unitaries
on
on the “order” of
and
and these give a braiding on the system of endomorphisms
of a type III factor $A(I)$ .
On one hand, the above theorem says that the subfactor $ A(E)\subset$
is isomorphic to the Longo-Rehren subfactor arising from a braided
system of endomorphisms. As mentioned above, the Longo-Rehren construction produces a non-degenerate braiding, but if we have a nondegenerate braiding from the beginning, the Longo-Rehren construction just produces a direct product system of the original braided system and its opposite system as in [23, 8, 12]. So if the original syshas a non-degenerate braiding, then the systems
tem
are isomorphic for the subfactor
of endomorphisms of $A(E)$ and
$A(E)\subset\hat{A}(E)$ .
On the other hand, it is trivial from the construction
that the subfactor $A(E)\subset\hat{A}(E)$ is self-dual. In comparison to the study
of the Longo-Rehren subfactors (or asymptotic inclusions) arising from
a non-degenerate system as mentioned above, this self-duality suggests
$\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{n}\}$

$\lambda_{j}$

$I_{1}$

$U_{1}$

$I$

$\lambda_{k}$

$I_{2}$

$U_{2}$

$\lambda_{k}’=Ad(U_{2})\circ\lambda_{k}$

$\lambda_{j}’=Ad(U_{1})\circ\lambda_{j}$

$I_{1}$

$Set\in(\lambda_{j}, \lambda_{k})=\lambda_{k}(U_{1}^{*})U_{2}^{*}U_{1}\lambda_{j}(U_{2})$

$I_{2}$

$U_{1}$

$I_{1}$

$I_{2}$

$S^{1}$

$\in^{\pm}(\lambda_{j}, \lambda_{k})$

$\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{n}\}$

$\hat{A}(E)$

$\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{n}\}$

$\hat{A}(E)$

$U_{2}$
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is non-degenerate. We
that the braiding on the system
have proved in [15] that this is indeed the case.
$\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{n}\}$

Theorem 3.3. The braiding on the system
degenerate and thus we have a unitary representation

$\{\lambda_{0}, \lambda_{1}, \ldots, \lambda_{n}\}$

is non-

of $SL(2, Z)$ .

As a final remark, we note that it is not very easy to verify the
complete rationality since it involves the index computation, but Xu
has verified this condition in several cases. In the case of Wassermann’s
net [29] arising from loop groups of $SU(n)$ , Xu [32] computed the index
of the subfactor $A(E)\subset\hat{A}(E)$ using a brilliant idea and thus verified
the complete rationality. He then also applied the above our results in
various other contexts in $[33, 34]$ by verifying the complete rationality.
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A notion of Morita equivalence between subfactors
Nobuya Sato
Abstract.
We will review a notion of Morita equivalence between subfactors, which is a variation of Morita equivalence in ring and module
theory. The main result is stated as follows: for arbitrary two Morita
factors with finite Jones inequivalent subfactors of hyperfinite
dex and finite depth we can always choose a finite dimensional nondegenerate commuting square which gives rise to the subfactors isomorphic to the original ones. As an application of Morita equivalence
between subfactors in connection with recent developments of theory
-Hopf algebras, we will make a brief
of finite dimensional weak
comment about the 3-dimensional topological quantum field theories
obtained from subfactors with finite index and finite depth.
$II_{1}$

$C^{*}$

\S 1.

Introduction

factors with
A basic tool to construct inclusions of hyperfinite
finite Jones index would be the method of the commuting squares. From
a finite dimensional non-degenerate commuting square
$II_{1}$

$R_{00}$

$\subset$

$R_{10}$

$R_{01}$

$\cap$

$\cap$

$\subset$

$R_{11}$

we can make the double sequence of finite dimensional -algebras
by iterating the Jones’ basic construction. Then we get horizontal and
factors with finite Jones indices $N=$
vertical inclusions of hyperfinite
under
and
in the
of
the
initial
inclusions
the assumption that the Bratteli diagrams
commuting square are connected.
A natural question is whether there is any relationship between these
two inclusions. In particular, when one of the inclusions is of finite depth,
then it is of great interest to know whether so is the other. Such questions were first raised by V. Jones in 1995. This question was answered
$C^{*}$

$II_{1}$

$\bigvee_{n=0}^{\infty}R_{0n}\subset\bigvee_{n=0}^{\infty}R_{1n}=M$

2000 Mathematics Subject

$P=\bigvee_{n=0}^{\infty}R_{n0}\subset\bigvee_{n=0}^{\infty}R_{n1}=Q$

Classification.

Primary

$46L37$

$\{R_{ij}\}$
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aﬃrmatively using techniques of paragroup theory and the answer says
these inclusions have the same “size as
-tensor categories” [S1].
When we have an inclusion of hyperfinite
factors with finite Jones
index and finite depth, we can construct the topological quantum field
theory in three dimensions (TQFT) based on the triangulation of the
given 3-dimensional manifold $V$ . This method was first done by Ocneanu. In the case of a closed manifold, we get a complex number. The
simplest example will be the three dimensional sphere
. In this case,
the value of the theory is given by l/(the size of
-tensor category).
With this observation and the above relationship between the vertical
and horizontal inclusions, we can prove TQFT’s constructed from the
above vertical and horizontal inclusions are complex conjugate to each
other [S2]. This gives a finer answer to Jones’ question.
There should be a reasonable explanation for the above phenomenon. We will see this can be achieved by the notion of “Morita equivalence” between subfactors, which tells us that equivalent inclusions have
“equivalent representation theory” to each other. Actually, the notion
of Morita equivalence between subfactors is formulated in a quite similar
way as the one in ring and module theory. With this equivalence, we will
see there always exists some symmetry described by Morita equivalence
on the commuting squares in question.
$C^{*}$

$II_{1}$

$S^{3}$

$C^{*}$

\S 2.

Definition and examples of Morita equivalence between
subfactors

The following observation is fundamental for our formalism.
Let $N\subset M$ be an inclusion of
factors with finite Jones index and
$
N\subset
M\subset
M_{1}\subset
M_{2}\subset\cdots\subset
M_{k}\subset\cdots$ be the Jones’
finite depth and let
tower of
factors obtained by the basic construction. By the assumption of finite depth, we have finitely many irreducible bimodules when
decomposing a P-Q bimodule $PL^{2}(M_{k})_{Q}$ , where $P$ and $Q$ are either of
$M$ or $N$ . Hence, one gets a finite system of graded bimodules (called a
graded fusion rule algebra) consisting of irreducible N-N, N-M, M-N
and M-M bimodules in the sense that it is closed under the operations
of the relative tensor product, conjugation and direct sum decomposition of bimodules. We call a pair of these finite systems of four kinds of
bimodules and additional information about homomorphisms between
bimodules (called quantum $6j$ -symbols) a finite paragroup of $(M, N)-$
type. In other words, for finite systems of M-M and N-N bimodules,
a finite paragroup of $(M, N)$ -type is defined when there exists an N$M$ bimodule which generates a finite system of four kinds of graded
bimodules.
$II_{1}$

$II_{1}$
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This gives rise to the following definition. We denote a finite system
.
of P-Q bimodules with finite index by
$p\Lambda 4_{Q}$

Definition
system of A-A
bimodules
bimodules A-A,
relation by

2.1. Let $A$ and $B$ be
factors. We say that a finite
is Morita equivalent to that of B-B
bimodules
, if there exist A-B bimodules and the four kinds of
B-B, A-B, B-A make a finite system. We denote this
. (This is an equivalence relation.)
$II_{1}$

$A\mathcal{M}_{A}$

$B\Lambda 4_{B}$

$A\Lambda 4_{AB}\sim \mathcal{M}_{B}$

Note that finite system of four kinds of bimodules in Definition 2.1
gives a finite paragroup of $(A, B)$ -type.
We are ready to introduce the notion of Morita equivalence between
subfactors. See [K] in the case of strongly amenable paragroups.

Definition 2.2. Let $A\subset B$ and $C\subset D$ be inclusions of
with finite Jones index and finite depth. We say that these two
.
are Morita equivalent if

factors
subfactors

$II_{1}$

$B\mathcal{M}_{B}\sim c\lambda 4_{C}$

Since we have finite paragroups of $(A, B)$ -and $(C, D)$ -type from the
inclusions $A\subset B$ and $C\subset D$ respectively, we get
. This means that one may use, for instance,
instead in Definition 2.2. And the standard arguments in subfactor theory give the equalities $dim_{A}\Lambda 4_{A}=dim_{B}\Lambda 4_{B}=dim_{C}\lambda\Lambda_{C}=$
, where $dim_{A}\Lambda 4_{A}=\sum_{X\in_{A}J\Lambda_{A}}(dim_{A}X_{A})^{2}$ (Here, summation
is taken over a representative set of irreducible A-A bimodules) is a
.
global index (or dimension) for
$ A\lambda\Lambda_{A}\sim B\mathcal{M}_{B}\sim$

$c\Lambda 4_{C}\sim D\Lambda 4_{D}$

$ A\lambda\Lambda_{A}\sim$

$D\lambda\Lambda_{D}$

$dim_{D}\lambda\Lambda_{D}$

$A\Lambda 4_{A}$

Typical examples are in order.
Example 1 Let $G$ be a finite group and $H$ be its subgroup which
and $Nx$
is relatively simple. Two subfactors
factor $N$
obtained by the crossed product of an outer action of $G$ on a
bimodules
are Morita equivalent because the systems of the
arising from both subfactors are identified by the Mackey machine of
Ocneanu [KY].
$N\subset N>\triangleleft G$

$H\subset N>\triangleleft G$

$II_{1}$

$N\rangle\triangleleft G- N>\triangleleft G$

factors.
Example 2 More generally, let $P\subset Q\subset R$ be inclusions of
$P\subset
R$
has finite Jones index and finite depth.
Assume that the inclusion
It is known that the intermediate inclusion of $P\subset R$ is also of finite
depth. Then the system of the R-R bimodules arising from $Q\subset R$ is a
subsystem of that arising from $P\subset R$ . Moreover, assume that both of
the system of the R-R bimodules have the same global indices. Then
these two subfactors are Morita equivalent since both systems of the
R-R bimodules are identified. Hence, $P\subset R$ and $Q\subset R$ are Morita
equivalent in this case.
$II_{1}$
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factors with finite index
Example 3 Let $N\subset M$ be an inclusion of
$N\subset
M$
and $N\subset M_{k}$ are clearly
and finite depth. Then, inclusions
Morita equivalent.
When we take to be the least integer such that $N\subset M$ becomes
of depth two (this is possible since we are dealing with a finite depth
subfactor), one finds that there is an action of a finite dimensional bi-Hopf algebra $A$ on $N$ and a crossed product algebra
connected weak
$A$
, by a characterization of a depth two subfacis isomorphic to
tor due to Nikshych and Vainerman [NV1]. Roughly speaking, a finite
-Hopf algebra is a finite dimensional
algebra
dimensional weak
-Hopf algebra with non-unital coproduct
which satisfies axioms of a
and counit. See [BNS] for details. In [NV2], they proved a finite system
of N-N bimodules arising from
is equivalent to the category of unitary representations Rep(A*) as monoidal categories. Hence,
a finite system of M-M bimodules arising from $N\subset M$ and the finite
system of Rep(A*) are Morita equivalent in a broad sense.
$II_{1}$

$k$

$C^{*}$

$ N\lambda$

$M_{k}$

$C^{*}$

$C^{*}$

$C^{*}$

$N\subset N\rangle\triangleleft A$

Morita equivalence of subfactors is naturally associated with a finite
dimensional non-degenerate commuting square
$R_{00}$

$\subset$

$R_{01}$

$\cap$

$\cap$

$R_{10}$

$\subset$

$R_{11}$

.

As in Introduction, iterating the basic construction in the horizontal
and
,
and vertical directions, we get two subfactors
respectively. Instead of the language of commuting squares, we use the
paragroup theoretical one. Then, we have the biunitary connection on
the four finite bipartite connected graphs corresponding to the inclusion
matrices in the initial commuting square. And by the string algebra
construction, we have the following double sequence of finite dimensional
-algebras.
$M_{0}\subset M_{1}$

$Q_{0}\subset Q_{1}$

$C^{*}$

$\mathbb{C}=A_{0,,,0}$

$\subset$

$\cap$

$A_{1,,,0}$

$A_{0,,,1}$

$\subset$

$\cap$

$A_{1,,,1}$

$\subset$

’
$ A_{20}\cap$

$A_{1,,,2}$

$\subset$

$\subset$

$\cdots$

$\subset$

$\cdots$

$\subset M_{0}=A_{0,,,\infty}$
$\cap$

$\subset M_{1}=A_{1,,,\infty}$
$\cap$

’
$ A_{22}\cap$

’
$ A_{21}\cap$

..

$\subset M_{2}=A_{2,,,\infty}\cap$

..
.

.

$\cap$

$Q_{0}=A_{\infty,,,0}$

$\cdots$

$\cap$

$\cap$

$\subset$

$\subset$

$\cap$

$\cap$

$\subset$

$A_{0,,,2}$

$\cap$

$\cap$

$\subset$

$Q_{1}=A_{\infty,,,1}$

$\subset$

$Q_{2}=A_{\infty,,,2}$

$\subset$

$\cdots$

Assume that either
or
is of finite depth. (Hence,
by [SI, Corollary 2.2], both of them are of finite depth.) By Ocneanu’s
$M_{0}\subset M_{1}$

$Q_{0}\subset Q_{1}$
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compactness argument, the higher relative commutant $M_{0}’\cap M_{k}$ of the
for each . Denote
is contained in
inclusion
by
. See the following diagram.
$M_{0}\subset M_{1}$

$k$

$A_{k,,,0}$

$\bigvee_{k=0}^{\infty}M_{0}’\cap M_{k}$

$B_{k}$

$B_{0}$

$\subset$

$A_{0,,,0}$

$\subset$

$A_{1,,,0}$

$A_{0,,,1}$

$\subset$

$A_{1,,,1}$

$\cap$

$\cap$

$B_{1}$

$\subset$

$\cap$

$A_{0,,,2}$

$\subset$

$A_{1,,,2}$

$\cdots$

$\subset$

$M_{0}$

$\subset$

$\cdots$

$\subset$

$M_{1}$

$\subset$

$\cdots$

$\subset$

$\cap$

$\cap$

$\cap$

$\subset$

$\subset$

$\subset$

$\cap$

$\cap$

$\cap$

$\subset$

$\subset$

$\cap$

$ B_{2}\cap$

’
$ A_{20}\cap$

’
$ A_{21}\cap$

’
$ A_{22}\cap$

$ M_{2}\cap$

.

.
.

.

.

.
.

$\cap$

$\cap$

$B_{\infty}$

$Q_{0}$

$\subset$

$\cap$

$\cap$

$\subset$

$Q_{1}$

$Q_{2}$

$\subset$

$\subset$

$\cdots$

Then one can show that the system of the
bimodules arising
bimodules arising
from
is identified with that of the
$M_{0}\subset
M_{1}$
. This implies that the subfactor
is Morita
from
$M_{0}\subset
M_{1}$
equivalent to
. Since one can verify that
is Morita equivalent to
satisfy the assumption of example 2,
$B_{\infty}^{op}- B_{\infty}^{op}$

$M_{0^{-}}M_{0}$

$B_{\infty}^{op}\subset Q_{1}^{op}$

$B_{\infty}^{op}\subset Q_{1}^{op}$

$B_{\infty}^{op}\subset Q_{0}^{op}\subset Q_{1}^{op}$

$Q_{0}^{op}\subset Q_{1}^{op}$

$M_{0}\subset M_{1}$

.

\S 3. Reconstruction of a commuting square from the equivalent
subfactors
In Section 2, we saw that horizontal and vertical inclusions of hyperfinite
factors obtained from a finite dimensional non-degenerate
commuting square are “opposite equivalent”. Now, our main theorem
claims that opposite equivalence of subfactors has enough information to
insure that they certainly come from a finite dimensional non-degenerate
commuting square.
Let $Dgc$ be the D-C bimodule $DDC$ of the finite paragroup of
$(C, D)$ -type which canonically arises from $C\subset D$ , $Ah_{B}$ be the A-B bimodule $ABB$ of the A-B paragroup which canonically arises from $A\subset B$ .
Denote the direct sum of the unitarily inequivalent irreducible C-A bimodules by $cX_{A}$ . Construct the following inclusions of finite dimen-algebras.
sional
$II_{1}$

$C^{*}$

$End(g(\overline{g}g)^{n-1}\otimes_{C}X_{A}\otimes(h\overline{h})^{n-1}h)\subset End(g(\overline{g}g)^{n-1}\otimes_{C}X_{A}\otimes(h\overline{h})^{n})$

$\cap$

$\cap$

$End((\overline{g}g)^{n}\otimes_{C}X_{A}\otimes(h\overline{h})^{n-1}h)$

$\subset$

$End((\overline{g}g)^{n}\otimes_{C}X_{A}\otimes(h\overline{h})^{n})$

Then, one can show that this is a non-degenerate commuting square of
period two when is large enough. Thus we have the biunitary connection arising from the above commuting square. By the string algebra
$n$
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construction, we get the following double
-algebras $A_{k,,,l}=End$ (

$sequenc\underline{e}s$

$C^{*}$

$k-$ folds

$l-$

of finite dimensional
, where $c*_{A}$ is an

folds

irreducible C-A bimodule. See the following diagram.
$ A_{0,,,0}(=End(c*_{A}))\subset$
$\cap$

$A_{0,,,1}$

$\subset$

$A_{0,,,2}$

$\subset$

$A_{1,,,2}$

$\subset$

$A_{1,,,1}$

$\subset$

$A_{2,,,1}$

$\cap$

$\subset$

$A_{2,,,2}$

$\subset M_{0}=A_{0,,,\infty}$

$\subset$

$\cdots$

$\subset M_{1}=A_{1,,,\infty}$

$\subset$

$\cdots$

$\subset M_{2}=A_{2,,,\infty}$

$\cap$

$\cap$

$\cap$

$A_{2,,,0}$

$\cdots$

$\cap$

$\cap$

$A_{1,,,0}$

$\subset$

$\cap$

.

.

..

.
$\cap$

$\cap$

$\cap$

$\subset Q_{1}=A_{\infty,,,1}\subset Q_{2}=A_{\infty,,,2}$

$Q_{0}=A_{\infty,,,0}$

$\subset$

Then we have our main theorem.
Theorem 3.1. [S3] In the above notations, the subfactors
are isomorphic to
and $A\subset B$ , respectively.
and
$ M_{0}\subset$

$M_{1}$

$C^{op}\subset D^{op}$

$Q_{0}\subset Q_{1}$

obtained in the theoExample Assume that the inclusion
$R^{G}\subset R$
, where $R$ is the hyperfinite
rem is isomorphic to the inclusion
factor and $G$ is a finite group acting freely on $R$ by $\alpha\in A_{11}t(R)$ .
bimodules arising
Then, we know that the finite system of
from
is isomorphic to that of $R^{G}- R^{G}$ bimodules arising from
$R^{G}\subset R$
. In such a situation, Schaflitzel proved that
is isomorphic to
, where $H(\subset G)$ is a subgroup acting
is a projective representation of $H$ on
on
by
[Sc]. This characterization gives a restriction of the inclusion
. Namely, it is isomorphic to
in a good
situation (i.e., -flat case) and in general it is an intermediate inclusion
.
of
, i.e.,
$M_{0}\subset M_{1}$

$II_{1}$

$B_{\infty}^{op}- B_{\infty}^{op}$

$B_{\infty}^{op}\subset Q_{1}^{op}$

$B_{\infty}^{op}\subset Q_{1}^{op}$

$R^{G}\subset(R\otimes M_{n}(\mathbb{C}))^{H}$
$\alpha|_{H}\otimes Ad\Psi(\Psi$

$R\otimes M_{n}(\mathbb{C})$

$M_{n}(\mathbb{C}))$

$R^{G}\subset(R\otimes M_{n}(\mathbb{C}))^{H}$

$Q_{0}^{op}\subset Q_{J}^{op}$

$*$

$R^{G}\subset(R\otimes M_{n}(\mathbb{C}))^{H}$

\S 4.

$R^{G}\subset Q_{0}^{op}\subset Q_{1}^{op}=(R\otimes M_{n}(\mathbb{C}))^{H}$

A comment on topological quantum field theories in 3
dimensions constructed from subfactors

factors with finite index and fiFrom an inclusion $N\subset M$ of type
nite depth, we have two kinds of 3-dimensional topological quantum field
theories (TQFT for short). Let us recall briefly how they are obtained.
Since we have a finite paragroup of $(M, N)$ -type, we have a graded
fusion rule algebra. A space of homomorphisms $Hom(_{P}X_{Q}\otimes_{Q}Y_{R,P}Z_{R})$
for irreducible $X$ , $Y$ and $Z$ is a finite dimensional Hilbert space and
has an orthonormal basis with respect to the inner product defined by
$(\xi, \eta)=\xi\cdot\eta^{*}\in End(Z)=\mathbb{C}$ . Then, for each orthonormal basis of homomorphisms $\xi_{1}\in Hom(QAR\otimes_{R}Y_{S}, Cs))$ , $\xi_{2}\in Hom$ ( $X_{Q}\otimes_{Q}C_{SP}$
, Ds),
$II_{1}$
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Ds), where $P$ , $Q$ ,
, $\xi_{4}\in Hom$ (
, are either of $M$ or $N$ and $PX_{Q}$ , $RY_{SQ},A_{R,P}B_{R},{}_{Q}C_{S}$ , $PD_{S}$ are irreducible bimodules, we have a complex number $W(A,$ $B$ , $C$ , $D$ , $X$ ,
,
.
. Then,
, ,
defined by
the quantum $6j$ -symbol $Z$ is defined by $Z(A, B, C, D, X, Y|\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4})$
$=[B]^{-1/4}[C]^{-1/4}W(A, B, C, D, X, Y|\xi_{1}, \xi_{2}, \xi_{3}, \xi_{4})$ .
Now, we associate
each tetrahedron with a quantum $6j$ -symbol. See the following figure.
$\xi_{3}\in Hom(_{P}X_{Q}\otimes_{Q}A_{R,P}B_{R})$
$R$

$B_{R}\otimes_{R}Y_{S,P}$

$S$

$Y|\xi_{1}$

$\xi_{2}$

$\xi_{3}$

$\xi_{4})$

$\xi_{4}$

$(\xi_{3}\otimes id)\cdot(id\otimes\xi_{1})^{*}\cdot\xi_{2}^{*}\in End(_{P}D_{S})=\mathbb{C}$

$R$

$Q$

$S$

$P$

Let $V$ be a compact 3-dimensional manifold without boundaries
and I be a triangulation of V. For each vertex of
, we assign
$N$
$M$
the label either of
or
and fix it. Let
be the possible assignment of irreducible bimodules in a finite paragroup to each edge
of triangulation. Namely, we consider a face of a tetrahedron as a
space of homomorphisms. For each assignment of
be the
, let
assignment of an orthonormal basis of homomorphisms to each face
of a tetrahedron. Now,
is defined to be a complex number
(tetrahedron), where $dimP$ is the
global index of the finite paragroup , is the number of vertices and
$[X]=(dim_{N}X)(dimX_{N})$ . The important point here is that $\zeta(V, I)$
does not depend on neither the triangulation or labelings of $N$ and $M$
on each vertex. Hence, we get a topological invariant of $V$ and we may
write
instead of $\zeta(V, I)$ . (When $V$ has a boundary, some modification is needed.) Moreover,
can be extended to satisfy the axioms
of a (unitary) TQFT in the sense of M. Atiyah [A]. Namely,
is a
functor from the category of cobordisms of surfaces to the category of
finite dimensional Hilbert spaces with some properties for cut and gluing. This type of construction was first achieved by Turaev and Viro in
the case of data from a quantum group of $U_{q}(sl_{2})[TV]$ and the present
$(V, \mathcal{T})$

$C_{e}$

$C_{e}$

$C_{f}$

$\zeta(V, \mathcal{T})$

$(dimP)^{-a}\sum_{C_{e}}\sum_{C_{f}}\Pi_{X\cdot edges}[X]^{\frac{1}{2}}\square Z$

$P$

$a$

$\zeta(V)$

$\zeta(V)$

$\zeta$
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formalism using a paragroup is due to A. Ocneanu [O1]. We call our
the Turaev-Viro type TQFT obtained from a finite paragroup.
The notion of Morita equivalence between subfactors is remarkably
eﬃcient when one constructs topological quantum field theory of Turaev) Turaev-Viro type TQFT
(resp.
Viro type. Denote by
constructed from the data of M-M(resp. N-N) fusion rules and assoand
ciated quantum -symbols obtained from $N\subset M$ . Then,
give rise to the same TQFT’s. More generally, we have the same
TQFT’s for finite paragroups arising from Morita equivalent subfactors.
factors
Ocneanu introduced a new construction of an inclusion of
with finite depth and finite index, the asymptotic inclusion $ M\vee(M’\cap$
factors $N\subset M$ with finite index
, from an inclusion of
. He had noticed that the finite
and finite depth, where
of
bimodules arising from the asymptotic inclusystem
sion was an analogue of the quantum double in quantum group theory.
has a non-degenerate
Actually, he claimed that the finite system
braiding through TQFT of Turaev-Viro type [01], [EK]. In fact, one can
prove that
satisfies the axioms of modular tensor category. Hence,
with a general machinery of Turaev, one can construct a ReshetikhinTuraev type TQFT based on Dehn surgery of 3-dimensional manifolds
[O2], [T].
By the definition of the Morita equivalence of two finite depth subfactors, they give rise to the isomorphic Turaev-Viro type topological
quantum field theories. Since, by Example 3 in Section 2, a finite depth
subfactor $N\subset M$ is always Morita equivalent to an inclusion of the form
-Hopf algebra, one
, where $A$ is a finite dimensional weak
knows that TQFT’s obtained from the former and the latter are isomorphic on one hand. On the other hand, a system of N-N bimodules
arising from the latter inclusion is equivalent to the category of finite
-Hopf
dimensional unitary representations Rep(A*) of the dual weak
$A$ . Hence, we
TQFT
conclude
that
Turaev-Viro
type
may
algebra
of
obtained from a finite depth subfactor is always obtained from the data
of the category of finite dimensional unitary representations of a weak
-Hopf algebra with quantum -symbols.
Keeping the situation in the previous paragraph, when we take the
asymptotic inclusions for both $N\subset M$ and $N\subset N\lambda A$ , one can prove
bimodules arising from the former
that the tensor category of
inclusion is isomorphic to that of the latter because the original subfactors are Morita equivalent and modular tensor categories obtained
from the asymptotic inclusions are described by TQFT’s of Turaev-Viro
type [O2], [EK]. Moreover, one can prove the latter tensor category
is isomorphic to the category $RepD(A^{*})$ of finite dimensional unitary
$\zeta$

$\zeta_{M-M}$

$\zeta_{N-N}$

$6j$

$\zeta_{M-M}$

$\zeta_{N-N}$

$II_{1}$

$M_{\infty})\subset M_{\infty}$

$II_{1}$

$M_{\infty}=\bigvee_{n=1}^{\infty}M_{n}$

$\lambda 4_{\infty}$

$M_{\infty}- M_{\infty}$

$\lambda\Lambda_{\infty}$

$\lambda 4_{\infty}$

$N\subset N>\triangleleft A$

$C^{*}$

$C^{*}$

$A^{*}$

$C^{*}$

$6j$

$M_{\infty}- M_{\infty}$

Morita equivalence between

subfactors
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representations of $D(A^{*})$ as unitary modular tensor categories, where
$D(A^{*})$ is the quantum double weak
-Hopf algebra of $A^{*}[BS]$ , [NTV].
As a consequence, the Reshetikhin-Turaev type TQFT obtained from
$N\subset M$ through the asymptotic inclusion is isomorphic to the one obtained from the category of finite dimensional unitary representations of
-Hopf algebra. Hence, TQFT’s of both
the quantum double of a weak
Turaev-Viro and Reshetikhin-Turaev type constructed from subfactors
with finite Jones index and finite depth are obtained within the category
of finite dimensional unitary representations of finite dimensional weak
-Hopf algebras. See [S4] for more details.
$C^{*}$

$C^{*}$

$C^{*}$
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Amalgamated free product
over Cartan subalgebra, II
Supplementary Results & Examples
Yoshimichi Ueda

\S 1

Introduction

Let $A\supseteq D\subseteq B$ be two von Neumann algebras together with
a common Cartan subalgebra. Then the amalgamated free product
$M$ $=A*_{D}B$ with respect to the unique conditional expectations from $A$ ,
$B$ onto $D$ can be considered. In our previous paper [U1] , the questions
of its factoriality and type classification were discussed in detail, which
will be reviewed in \S 4. The main purpose of the paper is to give further supplementary results obtained after the completion of the previous
paper together with discussions on some examples.

The author would like to express his sincere gratitude to the organizers Bruce Blackadar&Hideki Kosaki for inviting him to the US-Japan
seminar 1999 held at Fukuoka, Japan and for giving opportunity to
present this work.

\S 2

Amalgamated Free Products of von Neumann algebras

:
be -finite von Neumann algebras, and let
:
be faithful normal conditional expectations. Then
,
one can consider the amalgamated free product of $A$ and $B$ over $D$ with
:
respect to the conditional expectations
,

Let

$A\rightarrow D$

$A\supseteq D\subseteq B$
$E_{D}^{B}$

$E_{D}^{A}$

$\sigma$

$B\rightarrow D$

$E_{D}^{A}$

$E_{D}^{B}$

$(M, E_{D}^{M})=(A, E_{D}^{A})*_{D}(B, E_{D}^{B})$

.

It is defined as a pair of a von Neumann algebra $M$ into which the triple
is embedded and a faithful normal conditional expectation
$M\rightarrow D$
:
, and characterized by the following three conditions:
$A\supseteq D\subseteq B$
$E_{D}^{M}$

$M$

is generated by the subalgebras

2000 Mathematical

Classification.

Primary

$A$

,

$B$

;

$46L54$ ;

Secondary

$37A20$ .
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;
,
are free with amalgamation over
,
space $(M\supseteq D, E_{D}^{M})$ , see [VDN], i.e.,

$E_{D}^{M}|_{A}=E_{D}^{A}$

$A$

$E_{D}^{M}|_{B}=E_{D}^{B}$

$B$

$E_{D}^{M}$

({alternating words in

where we denote

$A^{O}=KerE_{D}^{A}$

,

$A^{o}$

,

in the

$D$

$B^{o}\}$

)

$D$

-probability

$=0$ ,

as usual.
(see also [BD]).

$B^{O}=KerE_{D}^{B}$

For the details, we refer to [P2] , $[VDN],[U1]$

In analysis on type III factors, modular automorphisms are of central
importance so that we need to compute the modular automorphisms
$\sigma_{t}^{\varphi oE_{D}^{M}}$

for a faithful normal state

$(t \in R)$

Theorem 2.1.
(3.1)

$\varphi$

on

$D$

.

([Ul, Theorem 2.6]) We have

$\sigma_{t}^{\varphi oE_{D}^{M}}|_{A}=\sigma_{t}^{\varphi oE_{D}^{A}}$

,

$\sigma_{t}^{\varphi oE_{D}^{M}}|_{B}=\sigma_{t}^{\varphi oE_{D}^{B}}$

.

and the modular conjugation
The modular operator
be also computed explicitly. (See [Ul, Appendix )

$J^{M}$

$\triangle_{\varphi oE_{D}^{M}}$

can

$I].$

\S 3

Amalgamated Free Products over Cartan Subalgebras

Let $A$ and $B$ be von Neumann algebras with separable preduals, and
we suppose that they have a common Cartan subalgebra $D$ or equivalently that there is a common subalgebra $D$ satisfying:

is a MASA in both $A$ and $B$ ;
there are (automatically unique faithful) normal conditional ex:
;
:
,
pectations
the normalizers $N_{A}(D)$ , $N_{B}(D)$ generate the whole $A$ , $B$ , respectively.
$D$

$E_{D}^{A}$

$A\rightarrow D$

$E_{D}^{B}$

$B\rightarrow D$

(See [FM].) Let
$(M, E_{D}^{M})=(A, E_{D}^{A})*_{D}(B, E_{D}^{B})$

,

and we will write $M=A*_{D}B$ since there is no other choice of normal
conditional expectations from $A$ , $B$ onto $D$ .

The triple
produces two countable non-singular Borel
equivalence relations
over a common standard Borel probability
,
space $(X, \mu)$ in such a way that
$A\supseteq D\subseteq B$

$\mathcal{R}_{B}$

$\mathcal{R}_{A}$

(3.1)

$A=W_{\sigma_{A}}^{*}(\mathcal{R}_{A})$

,

$B=W_{\sigma_{B}}^{*}(\mathcal{R}_{B})$

,

$D=L^{\infty}(X, \mu)$

,

Amalgamated

free

product over Cartan subalgebra,
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$\Pi$

,
where
denote the von Neumann algebras con,
, re,
together with relevant 2-cocycles
structed from
spectively, by the Feldman-Moore construction ([FM]). After fixing a
is uniquely depoint realization $D=L^{\infty}(X, \mu)$ , such a pair
termined up to null set. (This fact will be discussed in [U2] in detail.)
Therefore, the countable non-singular Borel equivalence relation
$W_{\sigma_{A}}^{*}(\mathcal{R}_{A})$

$W_{\sigma_{B}}^{*}(\mathcal{R}_{B})$

$\mathcal{R}_{A}$

$\mathcal{R}_{B}$

$\sigma_{A}$

$\sigma_{B}$

$(\mathcal{R}_{A}, \mathcal{R}_{B})$

$\mathcal{R}_{M}:=\mathcal{R}_{A}\vee \mathcal{R}_{B}(\subseteq X\times X)$

, and we call this
is a canonical object attached to the triple
equivalence relation the canonical equivalence relation associated with
.
the amalgamated free product $M=A*_{D}B$ or the triple
$A\supseteq D\subseteq B$

$A\supseteq D\subseteq B$

Factoriality & Type Classification ([U1])

\S 4

In this section, we review our previous paper [U1].
Let
be as in \S 3, i.e., two von Neumann algebras (with
separable preduals) and a common Cartan subalgebra. We here discuss
the amalgamated free product $M=A*_{D}B$ . The first problem is its
factoriality, namely, to find a suitable suﬃcient condition for the amalgamated free product $M$ to be a factor. A satisfactory answer to the
problem was given in our previous paper.
$A\supseteq D\subseteq B$

Theorem 4.1. ([Ul, Theorem 4.3]) If either $A$ or $B$ is a factor
of non-type , then the amalgamated free product $M=A*_{D}B$ over
common Cartan subalgebra $D$ becomes a factor. More precisely, if $A$ (or
$B)$ is a
factor of non-type , then there is a faithful normal state on
$D$ such that
$I$

$a$

$I$

$\varphi$

(4.1)

$(A_{\varphi oE_{D}^{A}})’\cap M\subseteq A$

$(resp.$

$(B_{\varphi oE_{D}^{B}})’\cap M\subseteq B)$

Furthermore, if $A$ (or $B$ ) is further assumed to be of type
can be chosen in such a way that
, then the state
$1)$

(4.2)

.

$III_{\lambda}(0<\lambda\leq$

$\varphi$

$(A_{\varphi oE_{D}^{A}})’\cap A=C1$

$(resp.$ $(B_{\varphi oE_{D}^{B}})’\cap B=C1)$

.

This result can be generalized further. Such a generalization will be
discussed later, see Remark 4.8 $(2),(3)$ .
The second problem seems Murray-von Neumann-Connes’ type classification of the amalgamated free product $M$ . In this direction, we
obtained the following corollaries of Theorem 4.1:
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Corollary 4.2. [Ul, Corollary 4.5] Suppose that both $A$ and
are factors of non-type I. If $M=A*_{D}B$ is of type IIIo, then both $A$
.
and $B$ must also be of type
$)$

$B$

$III_{0}$

Corollary 4.3. ([Ul, p.377]) Suppose that both $A$ and $B$ are
factors of non-type I.
and if $M=A*_{D}B$ is semi-fifinite $(i.e.$ ,
(1) If either $A$ or $B$ of type
.
has a faithful semi-fifinite normal trace), then $M$ must be of type
$A$
$B$
(2) If either
or
is of type $III_{\lambda}(0<\lambda<1)$ , then $M=A*_{D}B$ must
.
be of type
or of type
$A$
$B$
is of type
or
, then $M=A*_{D}B$ must be of type
(3) If either
$II_{1}$

$II_{1}$

$III_{I}$

$III_{\lambda^{1/n}}$

$III_{I}$

$III_{1}$

.

(4)

If

$A$

$A*_{D}B$

is

of

type IIIA and

must be

of type

$III_{I}$

$B$

of

type

$III_{\mu}$

with

$\frac{1og\lambda}{1og\mu}\not\in \mathbb{Q}$

, then $M=$

.

For a while, we assume that $A\supseteq D\subseteq B$ is a general triple of
finite von Neumann algebras together with faithful normal conditional
:
:
,
expectations
, and let
$\sigma-$

$E_{D}^{A}$

$A\rightarrow D$

$E_{D}^{B}$

$B\rightarrow D$

$(M, E_{D}^{M})=(A, E_{D}^{A})*_{D}(B, E_{D}^{B})$

be the amalgamated free product. Choose and fix a faithful normal state
on $D$ , and we set:
$\varphi$

$\overline{A}:=A>\triangleleft_{\sigma^{\varphi oE_{D}^{A}}}R\supseteq\overline{D}:=D>\triangleleft_{\sigma^{\varphi}}R\subseteq\overline{B}:=B>\triangleleft_{\sigma^{\varphi oE_{D}^{B}}}R$

,

and
$\overline{M}:=M\rangle\triangleleft_{\sigma^{\varphi oE_{D}^{M}}}$

R.

Then there are faithful normal conditional expectations
:

$\overline{E_{D}^{A}}$

:

$\overline{E_{D}^{B}}$

$\overline{E_{D}^{M}}$

:

$\overline{A}\rightarrow\overline{D}$

$\overline{B}\rightarrow\overline{D}$

$\overline{M}\rightarrow\overline{D}$

;

$\overline{E_{D}^{A}}(\int_{-,,\infty}^{\infty}a(t)\lambda(t)dt):=\int_{-\infty}^{\infty}E_{D}^{A}(a(t))\lambda(t)dt$

;

$\overline{E_{D}^{B}}(\int_{-,,\infty}^{\infty}b(t)\lambda(t)dt):=\int_{-,,\infty}^{\infty}E_{D}^{B}(b(t))\lambda(t)dt$

;

$\overline{E_{D}^{M}}(\int_{-,,\infty}^{\infty}m(t)\lambda(t)dt):=\int_{-,,\infty}^{\infty}E_{D}^{M}(m(t))\lambda(t)dt$

Theorem 4.4.
ting, we have
(4.3)

,

,
.

([Ul, Theorem 5.1]) In the current general set-

$(\overline{M},\overline{E_{D}^{M}})\cong(\overline{A},$

$\overline{E_{D}^{A}})*-D(\overline{B}$

,

$\overline{E_{D}^{B}})$

.

Amalgamated
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$(t \in R)$ associated with $M$ is determined
Moreover, the dual action
by those
,
associated with $A$ , $B$ , respectively, in such a way that
$\theta_{t}^{M}$

$\theta_{t}^{A}$

$\theta_{t}^{B}$

(4.4)

$\theta_{t}^{M}|_{\overline{A}}=\theta_{t}^{A}$

,

$\theta_{t}^{M}|_{\overline{B}}=\theta_{t}^{B}$

.

Let us return to the original setting, namely, the triple
consists of two von Neumann algebras with separable preduals and a
common Cartan subalgebra. By Theorem 4.4, we have
$A\supseteq D\subseteq B$

(4.5)

$\overline{M}(=A*_{D}B)-\cong\overline{A}*_{\overline{D}}\overline{B}$

Since

.

is also a common Cartan subalgebra in both and , we write
as the amalgamated free product von Neumann algebra of and
$\overline{B}$

$\overline{A}$

$\overline{D}$

$\overline{A}$

$\overline{A}*_{\overline{D}}\overline{B}$

over with respect to the conditional expectations
confusion is possible.
$\overline{B}$

$\overline{D}$

$\overline{E_{D}^{A}}$

,

$\overline{E_{D}^{B}}$

since no

We further suppose that both $A$ and $B$ are factors of non-type I in
what follows. Theorem 4.4 (or (4.5)) together with the proof of Theorem
4.2 implies
Theorem 4.5.
have
(4.6)

([Ul, Theorem 5.4]) In the current setting, we

$Z(\acute{\overline{M}})=Z(\overline{A})\cap Z(\overline{B})\subseteq\overline{D}$

.

,
Let
be the flows of weights ([CT]) $cfA$ , $B$ ,
respectively. Fix a point realization $D=L^{\infty}(X, \mu)$ , and set $ X_{D}:=X\times$
$R$ equipped with the usual product measure
and $F_{t}^{D}(x, s):=$
$(x, s+t)$ . Then there are two factor maps
$(X_{A}, F_{t}^{A})$

$(X_{B}, F_{t}^{B})$

$d\mu\otimes e^{-t}dt$

$\pi_{A}^{D}$

:

,

$(X_{D}, F_{t}^{D})\rightarrow(X_{A}, F_{t}^{A})$

$\pi_{B}^{D}$

:

$(X_{D}, F_{t}^{D})\rightarrow(X_{B}, F_{t}^{B})$

. Let $(X_{M}, F_{t}^{M})$ be
since is a common Cartan subalgebra in both
the flow of weights of $M$ . Theorem 4.5 says that there are three factor
maps
$\overline{D}$

$\pi_{M}^{A}$

$\overline{A},\overline{B}$

:

$(X_{A}, F_{t}^{A})\rightarrow(X_{M}, F_{t}^{M})$

$\pi_{M}^{D}$

:

,

$\pi_{M}^{B}$

:

$(X_{B}, F_{t}^{D})\rightarrow(X_{M}, F_{t}^{M})$

$(X_{D}, F_{t}^{D})\rightarrow(X_{M}, F_{t}^{M})$

.

,
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Corollary 4.6. ([Ul, Corollary 5.6]) The flow $(X_{M}, F_{t}^{M})$ is determined as the unique maximal common factor flow of those
,
.
, and
$(X_{D}, F_{t}^{D})$

$(X_{B}, F_{t}^{B})$

$(X_{A}, F_{t}^{A})$

This corollary explains all the type classification results mentioned
before. Indeed, if $A$ (or $B$ ) is a factor of type
, then the flow of
(resp. (
weights
)) is trivial (see $[CT],[T2]$ ), i.e., the
,
one-point flow, and hence the corollary says that so is the flow of weights
$(X_{M}, F_{t}^{M})$ , which means that $M$ is of type IIIi. The others can be also
explained similarly.
$III_{I}$

$(X_{A}, F_{t}^{A})$

$X_{B}$

$F_{t}^{B}$

Corollary 4.7. ([Ul, Corollary 5.8]) If $A$ and $B$ coincide with
each other,
, $A=B$ , then the amalgamated free product $M=A*_{D}B$
$(=A*_{D}A)$ and $A(=B)$ have the same flow of weights. In particular, any ergodic flow can be realized as the flow of weights of a certain
amalgamated free product.
$i.e.$

Remarks 4.8. A few remarks are in order.
(1) Corollary 4.6 has the trivial reformulation: The flow of weights
$(X_{M}, F_{t}^{M})$ coincides with the associated flow $([HOO],[Kr],[FM])$ of the
canonical equivalence relation
introduced in \S 3.
(2) Based on Theorem 4.4, (4.3) (or (4.5)) together with the proof of
Theorem 4.1, we can show the following: Let $A$ and $B$ be von Neumann
algebras (with separable preduals) having no type I direct summand,
and let $D$ be a common Cartan subalgebra. Then we have
$\mathcal{R}_{M}$

(4.7)

$Z(A*_{D}B)=Z(\overline{A})\cap Z(\overline{B})(\subseteq\overline{D})$

.

This implies
(4.8)
$Z(A*_{D}B)=Z(A*_{D}B)^{\theta^{M}}-=Z(\overline{A})^{\theta^{A}}\cap Z(\overline{B})^{\theta^{B}}=Z(A)\cap Z(B)(\subseteq D)$

thanks to (4.4) and the continuous decomposition theorem [T2].
(3) The (4.8) in the above (2) can be reformulated as follows: Under
the assumption that both $A$ and $B$ have no type I direct summand, the
amalgamated free product $M=A*_{D}B$ is a factor if and only if the
canonical equivalence relation
is ergodic.
$\mathcal{R}_{M}$

\S 5

Miscellaneous Results

5.1. Let

$A\supseteq D\subseteq B$

and

$E_{D}^{A}$

:

$A\rightarrow D$

,

$E_{D}^{B}$

:

$B\rightarrow D$

$(M, E_{D}^{M})=(A, E_{D}^{A})*_{D}(B, E_{D}^{B})$

be as in \S 2, and let

product over Cartan subalgebra,

free
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be the amalgamated free product. Suppose that $M$ has separable predual, or equivalently that so do both $A$ and $B$ , and further that we have
known that
(5.1.1)

$Z(M)=Z(A)\cap Z(B)\subseteq Z(D)$ .

Then we have the following simultaneous direct integral decompositions:
$M=\int_{\Omega}^{\oplus}M(\omega)d\iota/(\omega)\supseteq A=\int_{\Omega}^{\oplus}A(\omega)d\iota/(\omega)\supseteq D=\int_{\Omega}^{\oplus}D(\omega)d\iota/(\omega)$

$M=\int_{\Omega}^{\oplus}M(\omega)d\iota/(\omega)\supseteq B=\int_{\Omega}^{\oplus}B(\omega)d_{I}/(\omega)\supseteq D=\int_{\Omega}^{\oplus}D(\omega)d\iota/(\omega)$

with

. Let

$Z(M)=L^{\infty}(\Omega, \nu)$

$\prime\mu=\int_{\Omega}^{\oplus}H(\omega)d\iota/(\omega)$

be the corresponding direct integral decomposition of $H$ $=L^{2}(M)$ . We
is a constant field of the separable
may and do assume that
,
infinite dimensional Hilbert space. The conditional expectations
,
are also decomposed as follows:
$\omega\mapsto H(\omega)$

$E_{D}^{M}$

$E_{D}^{A}$

$E_{D}^{B}$

$E_{D}^{M}=\int_{\Omega}^{\oplus}(E_{D}^{M})_{\omega}d\iota/(\omega)$

$E_{D}^{A}=\int_{\Omega}^{\oplus}(E_{D}^{A})_{\omega}d\nu(\omega)$

Theorem 5.1.

(5.1.2)
$/or$

,

,

$E_{D}^{B}=\int_{\Omega}^{\oplus}(E_{D}^{B})_{\omega}d\nu(\omega)$

,

Under the hypothesis (5.1.1), we have

$(M(\omega), (E_{D}^{M})_{\omega})\cong(A(\omega), (E_{D}^{A})_{\omega})*_{D(\omega)}(B(\omega), (E_{D}^{B})_{\omega})$

almost every

$\omega\in\Omega$

.

Before going to the proof, we provide a suitable (for our purpose)
reformulation of freeness. Let $(N\supseteq L, E : N\rightarrow L)$ be a -probability
space, i.e.,
is an inclusion of unital algebras with the same unit
$N\rightarrow L$
$E$
:
and
is a conditional expectation in the purely algebraic
are unital algebras containing in common.
,
sense. Assume that
We introduce the operation $x\in N\mapsto[x]^{o}:=x-E(x)$ , and the freeness
,
can be interpreted as
(with amalgamation over ) of the pair
follows:
$L$

$N\supseteq L$

$N_{1}$

$L$

$N_{2}$

$L$

$N_{1}$

$N_{2}$
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Lemma 5.2. The pair
and only if the mapping
:

$\Phi_{(N_{1},N_{2})}$

$N_{1}$

,

are free with amalgamation over

$N_{2}$

$L$

$(x_{1}, x_{2}, \cdots, x_{n})\in\Lambda(N_{1}, N_{2})\mapsto E([x_{1}]^{o}[x_{2}]^{o}\cdots[x_{n}]^{o})$

is identically zero. Here,
sequences

is the set
of elements in

$N_{1}\cup N_{2}$

$(x_{1}, x_{2}, \cdots, x_{n})$

$j(2)\neq\cdots\neq j(n)$

of those fifinite

$\Lambda(N_{1}, N_{2})$

with

alternating
, $ j(1)\neq$

$x_{i}\in N_{j(i)}$

.

In our case, the operation $m\in M\mapsto[m]^{o}:=m-E_{D}^{M}(m)\in M^{o}:=$
$KerE_{D}^{M}$ is normal and linear, and can be (direct integral) decomposed
as follows:
$[\cdot]^{o}=\int_{\Omega}^{\oplus}$ $[ \cdot]_{\omega}^{o}d\iota/(\omega)$

where
every

$[m(\omega)]_{\omega}^{o}=m(\omega)-(E_{D}^{M})_{\omega}(m(\omega))$
$\omega\in\Omega$

,

, a normal linear map, for almost

.

Since both $A$ and
one can choose countable families
,
they generate $A$ and $B$ , respectively. Let

Proof of Theorem 5.1.

$\{a_{k}\}_{k\in \mathbb{N}}$

$a_{k}=\int_{\Omega}^{\oplus}a_{k}(\omega)d\nu(\omega)$

Then we can choose a
for every

$co$

,

$B$

have separable preduals,
in such a way that

$\{b_{k}\}_{k\in \mathbb{N}}$

$b_{k}=\int_{\Omega}^{\oplus}b_{k}(\omega)d\nu(\omega)$

-null Borel subset

$\Omega_{1}$

of

.

in such a way that

$\Omega$

$\omega\in\Omega_{1}$

(a)
(b)

$M(\omega)$

is generated by
and
: $M(\omega)\rightarrow D(\omega)$ ,
:
:
,
are faithful normal conditional expectations and
$A(\omega)$

$(E_{D}^{M})_{\omega}$

$ B(\omega),\cdot$

$(E_{D}^{A})_{\omega}$

$A(\omega)\rightarrow D(\omega)$

$(E_{D}^{B})_{\omega}$

$B(\omega)\rightarrow D(\omega)$

$(E_{D}^{M})_{\omega}|_{A(\omega)}=(E_{D}^{A})_{\omega}$

(c)

and
respectively.

$B(\omega)$

$A(\omega)$

,

$(E_{D}^{M})_{\omega}|_{B(\omega)}=(E_{D}^{B})_{\omega}$

are generated by the

$a_{k}(\omega)$

;

’s and the

$b_{k}(\omega)$

’s,

’s (resp. the ’s) by all the finite products of them
Replacing the
and their adjoints from the beginning, we may and do assume, instead
of (c), that
$a_{k}$

(c)’

$b_{k}$

the linear span of the
’s (resp. the
weakly $dense*$ -subalgebra of
(resp.
$a_{k}(\omega)$

$A(\omega)$

The restriction of the map
to the subset
is identically zero by the freeness of the pair $A$ ,
$\Phi_{(A,B)}$

$b_{k}(\omega)$

$B(\omega)$

’s) forms a

$\sigma-$

).

$\Lambda(\{a_{k}\}_{k\in \mathbb{N}}, \{b_{k}\}_{k\in \mathbb{N}})$

$B$

(see Lemma 5.2).
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Therefore, there is a

$co$

-null Borel subset

$\Phi_{(A(\omega),B(\omega))}((m_{1}(\omega), m_{2}(\omega),$

$\cdots$

$\Omega_{0}$

of

$\Omega_{1}$
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such that

, $m_{n}(\omega)))$

$=(E_{D}^{M})_{\omega}([m_{1}(\omega)]_{\omega}^{o}[m_{2}(\omega)]_{\omega}^{o}\cdots[m_{n}(\omega)]_{\omega}^{o})=0$

for every $(m_{1}(x), m_{2}(x)$ ,
and
,
. Since the operation
is normal and linear,
for every
the mapping
itself is identically zero thanks to (c)’ with the
and
are free
aid of the Kaplansky density theorem. Hence,
by Lemma 5.2. Hence
with amalgamation over
for every
we have proved the assertion.
$\cdots$

$m_{n}(x))\in\Lambda(\{a_{k}(\omega)\}_{k\in \mathbb{N}}, \{b_{k}(\omega)\}_{k\in \mathbb{N}})$

$\omega\in\Omega_{0}$

$y\mapsto[y]_{\omega}^{o}$

$\Phi_{(A(\omega),B(\omega))}$

$A(\omega)$

$B(\omega)$

$\omega\in\Omega_{0}$

$D(\omega)$

$\square $

5.2. We would like to apply Theorem 5.1 to amalgamated free products
over Cartan subalgebras. In what follows, we suppose that the triple
consists of factors (with separable preduals) of non-type I
and a common Cartan subalgebra. The starting point of the discussion
is Theorem 4.5, (4.6):
$A\supseteq D\subseteq B$

$Z(\overline{M})=Z(\overline{A})\cap Z(\overline{B})\subseteq\overline{D}$

.

Theorem 5.1 implies

Corollary 5.3.
position

Almost every

factor

$\overline{M}(x)$

in the central decom-

$\overline{M}=\int_{X_{M}}^{\oplus}\overline{M}(x)d\mu(x)$

continuous core
can be written as an amalgamated free product
over a common Cartan subalgebra.

of the

$\overline{M}$

Here, we further suppose that $M$ is of type $III_{\lambda}(0<\lambda<1)$ , or
equivalently that the flow of weights $(X_{M}, F_{t}^{M})$ is an (essentially) tran(see [CT], [T2]) so that we may and do
sitive flow with period
assume that
$-\log\lambda$

$X_{M}=[0, -\log\lambda)$

,

$F_{t}^{M}=the$

translation by

$t$

$(mod:-\log\lambda)$

.

for every $x\in X_{M}=$
is transitive, we have
$[0, -\log\lambda)$
, and hence we may and do assume that $x\in X_{M}\mapsto\overline{M}(x)$ is
. Hence, we conclude
a constant field of the type
factor

Since

$\overline{M}(0)\cong\overline{M}(x)$

$F_{t}^{M}$

$II_{\infty}$

$\overline{M}(0)$
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Corollary 5.4. In the current setting, the (unique) type
factor
appearing in the discrete decomposition ([C1]) of $M$ is written as an
amalgamated free product over a common Cartan subalgebra.
$II_{\infty}$

5.3. We keep the setting and the notations as in 5.2. It is known that
an ergodic free action of a non-amenable discrete group may or may
not be amenable ([Z], see also \S 6), or equivalently the associated von
Neumann factor may or may not be injective (see [C2]) (or hyperfinite),
and hence it is somewhat non-trivial whether or not the amalgamated
free product $M=A*_{D}B$ is non-injective.
Theorem 5.5. In the current setting, there is a copy of the free
which is the range of
group factor $L(F_{2})$ in the continuous core
$M$ is not injective.
normal
conditional
In
particular,
expectation.
faithful
$\overline{M}$

$a$

The non-injectivity result follows also from a result in our resent
work [U2], where we have shown that the amalgamated free product
$M=A*_{D}B$ is not a McDuﬀ factor (under the assumption that both $A$
and $B$ are factors of non-type I). However, the proof below is still valid
even in the case that both $A$ and $B$ have no type I direct summand.
(See Remarks 4.8, $(2),(3).$ )

Proof.
$\overline{B},\overline{D}$

Let

$Tr_{\overline{M}}$

,

$Tr_{\overline{A}}$

,

$Tr_{\overline{B}}$

,

$Tr_{\overline{D}}$

be the canonical traces on

$\overline{M},\overline{A}$

,

, respectively, (scaled in the usual way under the dual actions). It

can be checked that
$Tr_{\overline{M}}=Tr_{\overline{D}}\circ\overline{E_{D}^{M}}$

,

$Tr_{\overline{A}}=Tr_{\overline{D}}\circ\overline{E_{D}^{A}}$

,

$Tr_{\overline{B}}=Tr_{\overline{D}}\circ\overline{E_{D}^{B}}$

,

:
:
:
where
are as in \S 4. As
,
in 6.1, we consider the simultaneous direct integral decompositions
of the inclusions
and the conditional expectations
$\overline{E_{D}^{M}}$

$\overline{M}\rightarrow\overline{D}$

$\overline{E_{D}^{A}}$

$\overline{A}\rightarrow\overline{D},\overline{E_{D}^{B}}$

$\overline{B}\rightarrow\overline{D}$

$\overline{M}\supseteq\overline{A},\overline{B}\supseteq\overline{D}$

:
,
decomposition
$\overline{E_{D}^{M}}$

$\overline{M}\rightarrow\overline{D}$

$\overline{E_{D}^{A}}$

:

$\overline{A}\rightarrow\overline{D}$

,

$\overline{E_{D}^{B}}$

:

$\overline{B}\rightarrow\overline{D}$

subject to the central

$\overline{M}=\int_{X_{M}}^{\oplus}\overline{M}(x)d\mu(x)$

thanks to Theorem 4.5, (4.6), and let
$Tr_{\overline{D}}=\int_{X_{M}}^{\oplus}(Tr_{\overline{D}})_{x}d\mu(x)$

be the corresponding direct integral decomposition.
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. (Recall
or of type
is of type
Note that the continuous core
that, the continuous core of a von Neumann algebra of type III must
be of type
, while there is no type change for the other types.) We
in what follows, since the quite similar
assume that $M$ is of type
(actually simpler) argument as below apparently works in the type
case.
$\overline{M}$

$II_{1}$

$II_{\infty}$

$II_{\infty}$

$II_{\infty}$

$II_{1}$

Let $X$ be a $co$ -null Borel subset of $X_{M}$ satisfying the same conditions
(a), (b), (c) as in the proof of Theorem 5.1 with the additional ones:
(e)

and
are von Neumann algebras of type
for
Both
every $x\in X$ . (This follows from the assumption that $A$ and $B$
have no type I direct summand.)

(f)

$II$

$\overline{B}(x)$

$\overline{A}(x)$

$(Tr_{\overline{D}})_{x}\circ(\overline{E_{D}^{M}})_{x}$

so are both

is a faithful normal semi-finite
,

$(Tr_{\overline{D}})_{x}\circ(\overline{E_{D}^{A}})_{x}$

$trace$

, and thus

$(Tr_{\overline{D}})_{x}\circ(\overline{E_{D}^{B}})_{x}$

By choosing a much smaller $co$ -null subset instead of $X$ if necessary, the
(on
set of those $(x,p)\in X\times B(H_{0})$ with the separable Hilbert space
act), satisfying
which almost every
$H_{0}$

$\overline{D}(\omega)$

$p=p^{2}=p^{*}\in\overline{D}(x)$

;

$(Tr_{\overline{D}})_{x}(p)=1$

can be assumed to be Borel. Therefore, the measurable selection principle enables us to choose a measurable field $x\in X\mapsto p_{x}\in\overline{D}(x)$ of
projections such that $(Tr_{D}-)_{x}(p_{x})=1$ for every $x\in X$ , and we set

$p:=\int_{X_{M}}^{\oplus}p_{x}d\mu(x)$

Since

$\overline{M}$

is of type

$II_{\infty}$

.

, we have

$\int_{X_{M}}^{\oplus}\overline{M}(x)d\mu(x)=\overline{M}=(p\overline{M}p)\otimes B(H_{0})$

$=\int_{X_{M}}^{\oplus}(p_{x}\overline{M}(x)p_{x})\otimes B(H_{0})d\mu(x)$

with the separable Hilbert space
both

$p_{x}\overline{A}(x)p_{x}$

and

$7\{_{0}$

.

Then we see that, for every

$p_{x}\overline{B}(x)p_{x}$

are of type

$II_{1}$

(thanks to

$x\in X$ ,
$(e),(f)$

);
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$p_{x}\overline{A}(x)p_{x}$

in the

(use

,

$p_{x}\overline{B}(x)p_{x}$

$\overline{D}(x)p_{x}$

$(b),(c)$

are free with amalgamation over

-probability space

$(p_{x}\overline{M}(x)p_{x},$

$\overline{D}(x)p_{x}$

$(\overline{E_{D}^{M}})_{x}|_{p_{x}\overline{M}(x)p_{x}})$

and the proof of Theorem 5.1).

case in the proof of [Ul, Lemma
Repeating the argument of the type
$x\in X\mapsto u_{x}\in p_{x}\overline{A}(x)p_{x}$
, $ x\in X\mapsto$
4.2], we choose two measurable fields
of unitaries satisfying
$III_{0}$

$v_{x}\in p_{x}\overline{B}(x)p_{x}$

$(\overline{E_{D}^{A}})_{x}((u_{x})^{n})=0$

for every

$n(\neq 0)\in \mathbb{Z}$

,

$(\overline{E_{D}^{B}})_{x}((v_{x})^{n})=0$

, and set

$u:=\int_{X_{M}}^{\oplus}u_{x}d\mu(x)$

,

$v:=\int_{X_{M}}^{\oplus}v_{x}d\mu(x)$

.

Then , are free Haar unitaries, and hence the von Neumann subalgeis isomorphic to the free group factor $L(F_{2})$ .
bra $N:=\{u, v\}’’$ of
Notice that $N$ is decomposable relative to $Z(\overline{M})=L^{\infty}(X_{M}, \mu)$ and that
,
also are free Haar unitaries for almost every $x\in X_{M}$ . Therefore,
we have
$u$

$v$

$p\overline{M}p$

$u_{x}$

$v_{x}$

$L(F_{2})\cong N(x)=\{u_{x}, v_{x}\}’’\subseteq p_{x}\overline{M}(x)p_{x}$

for almost every

$x\in X_{M}$

,

and thus
$L(F_{2})\otimes B(H_{0})\otimes C1\subseteq L(F_{2})\otimes B(H_{0})\otimes Z(\overline{M})$

$=\int_{X_{M}}^{\oplus}L(F_{2})\otimes B(H_{0})d\mu(x)$

$\subseteq\int_{X_{M}}^{\oplus}(p_{x}\overline{M}(x)p_{x})\otimes B(H)d\mu(x)$

$=\int_{X_{M}}^{\oplus}\overline{M}(x)d\mu(x)$

.

(or in
Since
is of type
, the copy of $L(F_{2})\otimes B(H_{0})$ in
for almost every $x\in X_{M}$ ) is clearly the range of a faithful normal
conditional expectation. Hence we are done.
$p\overline{M}p$

$\overline{M}$

$II_{1}$

$\overline{M}(x)$

$\square $

Since the copy of $L(F_{2})$ constructed in the proof is well-behaved
with the central decomposition of , we have
$\overline{M}$
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Corollary 5.6. We enjoy in the same setting as in Theorem 5.5.
If the amalgamated free product $M=A*_{D}B$ is of type IIIA, then the
type
factor appearing in the discrete decomposition of $M$ contains
a copy of the free group factor $L(F_{2})$ which is the range of a faithful
normal conditional expectation. Therefore, so does the $M$ itself.
$II_{\infty}$

Proof.

The first part of the assertion is clear from the proof of
Theorem 5.5 together with Corollary 5.4. The latter follows from the
first half and the discrete decomposition theorem ([C1]) for type
factors.
$III_{\lambda}$

$\square $

For a while, we assume that both $A$ and $B$ are general factors (not
necessary of non-type I) and that $D$ is a common Cartan subalgebra.
$=\infty$ , then both must
If either $A$ or $B$ is of type
with possibly
coincide, i.e., $A=B=M_{n}(C)$ or $B(H)$ . In this case, we can see that
$M=A*_{D}B(=A*_{D}A)$ is isomorphic to $L(F_{n-1})\otimes A$ . Therefore, we
obtain
$I_{n}$

$n$

Corollary 5.7. The amalgamated free product $M=A*_{D}B$ of
factors {with separable preduals) over a common Cartan subalgebra is
injective if and only if either $A$ or $B$ is of type
(and hence $A=B=$
$M_{2}(C)$ and $D$ is the diagonals).
$I_{2}$

This corollary can be thought of as an analogue of the following
classical group theoretical fact: A free product group $G*H$ is amenable
if and only if $G=H=\mathbb{Z}_{2}$ .

5.4. We keep the same setting and the notations as in \S \S 5.2 even in
this subsection. We would like here to show that the amalgamated free
product $M=A*_{D}B$ is not related to any free group factor as a simple
application of the striking result [V2] of D. Voiculescu with the aid of
Theorem 5.1 (or Corollary 5.3, Corollary 5.4). A similar application of
Voiculescu’s result was also given by D. Shlyakhtenko [SI] in a diﬀerent
context.

When the amalgamated free product $M$ $=A*_{D}B$ is of type
, we
can apply directly Voiculescu’s theorem to the case since the normalizer
$N_{M}(D)$ generates the whole $M$ , and hence $M$ is not isomorphic to any
(interpolated) free group factor $L(F_{r})$ with $ 0<r\leq\infty$ . Thus it suﬃces
to consider only the infinite cases, and we start with the following lemma:
$II_{1}$

Lemma 5.8. Let $N\supseteq C$ be a factor of type
and an abelian
von Neumann subalgebra. Let Tr be a faithful normal semi-fifinite trace
on $N$ such that $Tr|c$ is semi-fifinite. Suppose that the normalizer $N_{N}(C)$
$II_{\infty}$
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generates the whole N. Then, for each fifinite (in
$p\in C$ (such a projection indeed exists since
normalizer $N_{pNp}(Cp)$ generates the whole $pNp$ .

$N$

) non-zero projection
is semi-fifinite), the

$Tr|_{C}$

By assumption, we see that the linear span of $N_{N}(C)$ forms
a -weakly
in $N$ . Hence, the linear span of elements
of the form pup with $u\in N_{N}(C)$ also is -weakly dense in $pNp$ . Since
. Let us denote
and
is finite in $N$ , $pNp$ is a factor of type
the support and the range projections of pup, respectively. Then the
projections , are in $pNp$ since , $r\leq p$ . We here need the following
fact:

Proof.

$dense*$ -subalgebra

$\sigma$

$\sigma$

$II_{1}$

$p$

$q$

$r$

$q$

$r$

$q$

Fact. If $p\neq q$ (or equivalently $p\neq r$ thanks to the fact that $pNp$
is fifinite), then there is an element $w\in \mathcal{G}N_{pNp}(Cp)$ with $w^{*}w=p-q$ ,
$ww^{*}=p-r$ . Here, $\mathcal{G}N_{pNp}(Cp)$ denotes the normalizing groupoid,
,
, $vv^{*}\in C$ and
the set of those partial isometri es $v\in N$ such that
$vCv^{*}=Cvv^{*}$ , $v^{*}Cv=Cv^{*}v$ .
$i.e.$

$v^{*}v$

Since $N$ is a factor, we have $(p-r)N(p-q)\neq\{0\}$ ,
and hence there is a unitary $v\in N_{N}(C)$ such that $(p-r)v(p-q)$ is
not equal zero. Thus, there is a non-zero element $v_{0}\in \mathcal{G}N_{pNp}(Cp)$ such
that $v_{0}^{*}v_{0}\leq p-q$ and $v_{0}v_{0}^{*}\leq p-r$ . We can do the standard exhaustion
argument thanks to the fact that $pNp$ is finite. Hence we get a desired
partial isometry.

Proof of Fact.

$\square $

Let $w$ $:=pup$ with $u\in N_{N}(C)$ , and the above fact says that we
can choose a unitary $\overline{w}\in N_{pNp}(Cp)$ in such a way that $w=r\overline{w}q$ .
Moreover, , can be written as finite linear combinations of unitries
in $Cp$ , and hence
is a finite linear combinations of elements in
$N_{pNp}(Cp)$ .
Therefore, any element in $pNp$ can be approximated
weakly by finite linear combinations of elements in $N_{pNp}(Cp)$ . Hence
we complete the proof of the lemma.
$q$

$r$

$r\overline{w}q$

$\sigma-$

$\square $

Proposition 5.9.

We enjoy in the same setting as in Theorem

5.5.
, then $M$
(1) If the amalgamated free product $M=A*_{D}B$ is of type
$
0<r\leq\infty$
.
is not isomorphic to any
with
(2) If the amalgamated free product $M=A*_{D}B$ is of type III, then
almost every type
factor appearing in the central decomposition of
is not isomorphic to any $L(F_{r})\otimes B(H)$ with
the continuous core
$II_{\infty}$

$L(F_{r})\otimes B(\mathcal{H})$

$II_{\infty}$

$\overline{M}$

$ 0<r\leq\infty$

.

If the amalgamated free product $M=A*_{D}B$ is of type $III_{\lambda}(0<$
$\lambda<1)$ , then the type
factor appearing in the discrete decomposition
is not isomorphic to any $L(F_{r})\otimes B(H)$ with $ 0<r\leq\infty$ .
(3)

$II_{\infty}$
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All the assertions follow from [V2, 5,3 Theorem, 7.4 Corollary] with the aid of Lemma 5.8. When showing the assertions (2), (3),
we further need Corollary 5.3, Corollary 5.4, respectively.

Proof.

$\square $

Example I. Boundary Actions of Free Groups

\S 6

6.1. Let $X$ be a finite set with $|X|\geq 2$ , and we set $X^{-1}:=\{x^{-1} ; x\in X\}$ .
We consider the free group $\Gamma:=F(X)$ over the generators $X$ and its
. In this case, the boundary
is defined as the one-sided
boundary
$x\cup X^{-1}$
of
determined
by the forbidden blocks
shift space the alphabets
$(x^{-1}x)$ , $(xx^{-1})$ , equipped with the usual product topology.
It is plain
to see that
is identified with the set of semi-infinite reduced words
$x\cup X^{-1}$
in
. We will freely use these two diﬀerent descriptions in what
by the left
follows. The group acts topologically on the boundary
,
multiplication, i.e., for
and for
$\partial\Gamma$

$\partial\Gamma$

$\partial\Gamma$

$\partial\Gamma$

$\Gamma$

$\omega=\omega_{1}\omega_{2}\cdots\in\partial\Gamma$

$\gamma\in\Gamma$

$\gamma$

.

$\omega:=the$

reduced form of the word

$\gamma\omega_{1}\omega_{2}\cdots$

.

,
6.2. We decompose the set $X$ into two disjoint non-empty subsets
$X$ $=x_{1}ux_{2}$ .
$\Gamma_{1}=F(X_{1})$
have
with
,
with
Then we
$\Gamma_{2}=F(X_{2})$ . The boundaries
can be (topologically) embedded
,
as follows:
into
$x_{1}$

$\Gamma=\Gamma_{1}*\Gamma_{2}$

$X_{2}$

$\partial\Gamma_{2}$

$\partial\Gamma_{1}$

$\partial\Gamma$

$\partial\Gamma_{1}=the$

shift subspace of

$\partial\Gamma$

with extra forbidden blocks (x),
$\partial\Gamma_{2}=the$

subset of

$x\in x_{2}$

,

$x\in X_{1}$

.

$\partial\Gamma$

with extra forbidden blocks (x),

Therefore, the subspaces
are closed and invariant under the
,
actions of
, respectively. We consider the following disjoint de,
compositions:
$\partial\Gamma_{1}$

$\Gamma_{1}$

$\partial\Gamma_{2}$

$\Gamma_{2}$

$\partial\Gamma=(\partial\Gamma_{1})^{c}u\partial\Gamma_{1}$

,

$\partial\Gamma=(\partial\Gamma_{2})^{c}u\partial\Gamma_{2}$

,

,
and note that
are open and invariant under the actions
of ,
, respectively. We define
$(\partial\Gamma_{1})^{c}$

$\Gamma_{1}$

$(\partial\Gamma_{2})^{c}$

$\Gamma_{2}$

$(\partial\Gamma_{1})^{\perp}:=\{\omega=(\omega_{n})_{n=1}^{\infty}\in(\partial\Gamma)^{c} ; \omega_{1}\in x_{2}\cup(X_{2})^{-1}\}$

,

$(\partial\Gamma_{2})^{\perp}:=\{\omega=(\omega_{n})_{n=1}^{\infty}\in(\partial\Gamma)^{c} ; \omega_{1}\in x_{1}\cup(X_{1})^{-1}\}$

.
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Let us define the map
the action map

$\Phi_{1}$

:

$\Gamma_{1}\times(\partial\Gamma_{1})^{\perp}\rightarrow(\partial\Gamma_{1})^{c}$

$\Gamma\times\partial\Gamma\rightarrow\partial\Gamma$

, i.e.,

$(e, \omega)\mapsto\omega$

(6.2.1)

:

$\Phi_{1}$

as the restriction of

,

$\{$

$(\gamma_{1}\cdots\gamma_{2}, (\omega_{n})_{n=1}^{\infty})\mapsto(\gamma_{1}, \ldots, \gamma_{n}, \omega_{1}, \omega_{2}, \ldots)$

:
for each reduced word
. Similarly, the map
. We
is defined as the restriction of the action map
is generated by the family of clopen
here note that the topology on
sets of the form:
$\Phi_{2}$

$\gamma_{1}\cdots\gamma_{7\iota}$

$\Gamma_{2}\times(\partial\Gamma_{2})^{\perp}\rightarrow$

$\Gamma\times\partial\Gamma\rightarrow\partial\Gamma$

$(\partial\Gamma_{2})^{c}$

$\partial\Gamma$

$\Omega(\gamma)=\{\omega=(\omega_{n})_{n=1}^{\infty}\in\partial\Gamma ; \omega_{1}=\gamma_{1}, \ldots, \omega_{n}=\gamma_{n}\}$

with a reduced word

Lemma 6.1.

(6.2.2)

$\gamma=\gamma_{1}\cdots\gamma_{n}$

.

We have

$(\partial\Gamma_{1})^{c}=\gamma\in\Gamma_{1}\omega\in X_{2}\cup(3i_{2})^{-1}\square \square \Omega(\gamma\omega)$

(6.2.3)

,
.

$(\partial\Gamma_{1})^{c}=\square \square \Omega(\gamma\omega)\gamma\in\Gamma_{2}\omega\in 3i_{1}\cup(X_{1})^{-1}$

It is plain to check that
(1)
(2)

the maps

$\Phi_{1}$

,

$\Phi_{2}$

are bijections;

$\Phi_{k}(\{\gamma\}\times\Omega(\omega_{1}\cdots\omega_{n}))=\Omega(\gamma\omega_{1}\cdots\omega_{n})(k=1,2)$

with a reduced word

$\omega_{1}\cdots\omega_{n}$

.

send all the basic
,
Therefore, thanks to Lemma 6.1, we see that
clopen sets to all those, when the product topologies of the discrete
,
one and the induced one from
are considered on both
. It is also plain to check that
$\Phi_{1}$

$\Phi_{2}$

$\Gamma_{1}\times(\partial\Gamma_{1})^{\perp}$

$\partial\Gamma$

$\Gamma_{2}\times(\partial\Gamma_{2})^{\perp}$

$\Phi_{k}(\gamma_{1}\gamma_{2}, \omega)=\gamma_{1}\cdot\Phi_{k}(\gamma_{2}, \omega)$

$(k=1,2)$ ,

and hence we conclude
:
:
Proposition 6.2. The maps
,
are homeomorphisms, and via these homeomorphisms,
are conjugate to those of ,
,
the actions of ,
on
on
which are defifined as the product action of
,
the translation and the trivial one.
$\Phi_{1}$

$\Gamma_{1}\times(\partial\Gamma_{1})^{\perp}\rightarrow(\partial\Gamma_{1})^{c}$

$\Phi_{2}$

$\Gamma_{2}\times$

$(\partial\Gamma_{2})^{\perp}\rightarrow(\partial\Gamma_{2})^{c}$

$\Gamma_{1}$

$\Gamma_{1}\times(\partial\Gamma_{1})^{\perp}$

$\Gamma_{2}$

$(\partial\Gamma_{1})^{c}$

$\Gamma_{1}\times(\partial\Gamma_{2})^{\perp}$

$(\partial\Gamma_{2})^{c}$

$\Gamma_{1}$

$\Gamma_{2}$

Amalgamated

free

product over Cartan subalgebra, II

255

6.3. Let $=|X|$ and $n_{1}=|X_{1}|$ , $n_{2}=|X_{2}|$ . We discuss here the probadefined in such a way that
bility measure on the boundary
$n$

$\partial\Gamma$

$\mu$

$\mu(\Omega(\gamma)):=\frac{1}{2n}(\frac{1}{2n-1})^{\ell(\gamma)-1}$

. It is known that the measure
with the word length function
is quasi-invariant under the action of . (See [KS].) The non-singular
can be checked to be free
action of on the probability space
and ergodic (see [RR], [KS] , [PS]). Moreover, J. Ramagge&G. Robertson
so that the crossed[RR] showed that the action of is of type III
. Moreover,
product
is a factor of type III
S. Adams’ result [A] (see also [Ver, Example 2 in p. 89]) implies that
the factor is injective. (It should be remarked that the Cuntz-Krieger
algebra interpretation for boundary actions provided by J. Spielberg
[Sp] together with M. Enomoto, M. Fujii &Y. Watatani [EFW] also
)
shows that the crossed-product is the injective factor of type III
$\ell(\cdot)$

$\mu$

$\Gamma$

$\Gamma$

$(\partial\Gamma, \mu)$

$\Gamma$

$\frac{1}{2n-1}$

$ M=L^{\infty}(\partial\Gamma, \mu)\lambda$

$\Gamma$

$\frac{1}{2n-1}$

$\frac{1}{2n-1}.$

, and it is plain to see
,
Set
that, the crossed-product is written as an amalgamated free product
over a common Cartan subalgebra, that is, we have $M\cong A*_{D}B$ with
. Therefore, the boundary action of the free group
provides an example of an injective factor arising as an amalgamated
free product over a common Cartan subalgebra.
$A:=L^{\infty}(\partial\Gamma, \mu)x\Gamma_{1}$

$B:=L^{\infty}(\partial\Gamma, \mu)\lambda\Gamma_{2}$

$D:=L^{\infty}(\partial\Gamma, \mu)$

$\Gamma$

6.3. Since
$|\{\gamma\in\Gamma_{k} ; \ell(\gamma)=m\}|=2n_{k}(2n_{k}-1)^{m-1}$

$(k=1,2)$ ,

we have
$\mu((\partial\Gamma_{1})^{c})=\mu(_{\gamma\in\Gamma_{1}\omega\in X_{2}\cup(X_{2})^{-1}}\square \square \Omega(\gamma\omega))$

(Lemma 6.1)

$=\sum_{\omega\in X_{2}\cup(X_{2})^{-1}}\mu(\Omega(\omega))+\sum_{m=1}$
$\ell(\gamma)=’ m\sum_{\gamma\in\Gamma_{1}}\sum_{\omega\in X_{2}\cup(f_{2})^{-1}}\mu(\Omega(\gamma\omega))$

$=2n_{2}\frac{1}{2n}+\sum_{m=1}^{\infty}(2n_{1}(2n_{1}-1)^{m-1})2n_{2}(\frac{1}{2n}(\frac{1}{2n-1})^{m})$

$=\frac{n_{2}}{n}+\frac{2n_{1}n_{2}}{n(2n-1)}\cdot\sum_{m=1}^{\infty}(\frac{2n_{1}-1}{2n-1})^{m-1}$

$=1$

(by

$n$

$=n_{1}+n_{2}$

).
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Similarly, we have

$\mu((\partial\Gamma_{2})^{c})=1$

(6.4.1)

. Hence, we obtain

$\mu(\partial\Gamma_{1})=\mu(\partial\Gamma_{2})=0$

.

Furthermore, we have
$\mu(\Phi_{k}(\{\gamma\}\times\Omega(\omega_{1}\cdots\omega_{m})))=\frac{1}{2n}(\frac{1}{2n-1})^{\ell(\gamma)+m-1}$

$=(\frac{1}{2n-1})^{\ell(\gamma)}\times\frac{1}{2n}(\frac{1}{2n-1})^{m-1}$

,

and hence
(6.4.2)

$(\mu|_{(\partial\Gamma_{k})^{c}})\circ\Phi_{k}=\delta_{k}\otimes(\mu|_{(\partial\Gamma_{k})}\perp)$

with the measure

$\delta_{k}(\{\gamma\})=(\frac{1}{2n-1})^{\ell(\gamma)}$

$(k=1,2)$

equivalent to the counting

measure. From the discussions above, we conclude
Proposition 6.3.
(6.4.3)

We have

$L^{\infty}(\partial\Gamma, \mu)\lambda\Gamma_{1}=L^{\infty}((\partial\Gamma_{1})^{c}, \mu)>\triangleleft\Gamma_{1}$

$\cong(\ell^{\infty}(\Gamma_{1})x\Gamma_{1})\otimes L^{\infty}((\partial\Gamma_{1})^{\perp}, \mu|_{(\partial\Gamma_{1})^{\perp}})$

,

$L^{\infty}(\partial\Gamma, \mu))\triangleleft\Gamma_{2}=L^{\infty}((\partial\Gamma_{2})^{c}, \mu)\lambda\Gamma_{2}$

(6.4.4)
$\cong(\ell^{\infty}(\Gamma_{2}))\triangleleft\Gamma_{2})\otimes L^{\infty}((\partial\Gamma_{2})^{\perp}, \mu|_{(\partial\Gamma_{2})^{\perp}})$

.

,
, respectively. In
The isomorphisms are induced from the maps
.
particular, the crossed-products both are of homogeneous type
$\Phi_{1}$

$\Phi_{2}$

$I_{\infty}$

Therefore, we have seen that the free components of our injective
amalgamated free product $M=A*_{D}B$ both are of homogeneous type
$I_{\infty}$

.

6.5. At the end of this section, we give a criterion on injectivity of
amalgamated free products over Cartan subalgebras. Let $M=A*_{D}B$
be an amalgamated free product over a common Cartan subalgebra.
Here, we do not assume that $A$ and $B$ are factors nor that they have no
,
of $A$ , $B$
type I direct summand. We choose central projections
in such a way that both $Ap_{A}$ and $Bp_{B}$ have no type I direct summand.
,
Since $D$ is a Cartan subalgebra in both $A$ and $B$ , the projections
are in $D$ so that $p:=p_{A}p_{B}=p_{B}p_{A}$ is also a projection in $D$ . Suppose
here that is non-zero. Then the reduced von Neumann algebra $pMp$
$p_{A}$

$p_{B}$

$p_{A}$

$p$

$p_{B}$
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contains both pAp and $pBp$ , and their freeness can be easily checked
with respect to the conditional expectation
:

$(E_{D}^{M})_{p}:=E_{D}^{M}|_{pMp}$

$pMp\rightarrow Dp$ .

It can be easily checked that the continuous cores satisfy
(6.5.1)

$\overline{pMp}=p\overline{M}p$

,

$\overline{pAp}=p\overline{A}p$

,

$\overline{pBp}=p\overline{B}p$

,

$\overline{Dp}=\overline{D}p$

.

Hence we get the inclusion relations
(6.5.2)

$\overline{pMp}\supseteq\overline{pAp}\supseteq\overline{Dp}$

,

$\overline{pMp}\supseteq\overline{pBp}\supseteq\overline{Dp}$

.

We can easily see that the conditional expectation
$(E_{D}^{M})_{p}$

:

$\overline{pMp}\rightarrow\overline{Dp}$

coincides with
$(\overline{E_{D}^{M}})_{p}:=\overline{E_{D}^{M}}|_{p\overline{M}p}$

:

$p\overline{M}p\rightarrow\overline{D}p$

.

Hence we can show that, the von Neumann subalgebra
$N:=\overline{pAp}\vee\overline{pBp}(\subseteq\overline{pMp})$

is identified with the amalgamated free product over a common Cartan
subalgebra
$(\overline{pAp})*-Dp(\overline{pBp})$

.

Notice here that
both pAp and $pBp$ have no type I direct summand;
there is a faithful normal conditional expectation from

$\overline{pMp}$

$\psi o(\overline{E_{D}^{M})}_{p}$

since $N$ is invariant under the modular action
$(t\in R)$ with a faithful normal state
on
thanks to [T1]
and Theorem 1. 1.
onto

$N$

$\sigma_{t}$

$\overline{Dp}$

$\psi$

Thus we apply the same argument as in the proof of Theorem 5.5 (see
after the statement of that theorem) to the amalgamated free product
$N$ , and as a consequence we get a copy of the free group factor in
as the range of a faithful normal conditional expectation from $N$ (and
). Therefore, $pMp$ is not injective, and neither is $M$ .
hence from
Therefore, we conclude

$\overline{pMp}$

$\overline{pMp}$
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Proposition 6.4. In the current setting, if the amalgamated free
product $M=A*_{D}B$ is injective, then the non-type I direct summands
in $A$ and $B$ need not meet [in $D$ ),
, their support central projections
$D$
are disjoint (in ).
$i.e.$

Remark 6.5. One can construct two von Neumann algebras $A$ , $B$ with
a common Cartan subalgebra $D$ in such a way that (i) $A$ has the nontype I direct summand and $B\cong L^{\infty}(\Omega)\otimes B(H)$ (possibly with any
dimension $dimH\geq 2$ ); (ii) the amalgamated free product $A*_{D}B$ is
injective. (Compare with Proposition 6.3, 6.4.)
Example II. Number of Free Components

\S 7

Let $A\supseteq D\subseteq B$ be -finite von Neumann algebras with faithful
:
:
normal conditional expectations
,
, which are
assumed to be of the form:
$\sigma$

$A\rightarrow D$

$E_{D}^{A}$

$A=A_{0}\otimes B(\ell^{2}(\mathbb{N}))$

,

$B=B_{0}\otimes B(\ell^{2}(\mathbb{N}))$

$E_{D}^{A}(a\otimes e_{ij})=\delta_{ij}E_{D_{O}}^{A_{0}}(a)$

,

$E_{D}^{B}$

,

$B\rightarrow D$

$D=D_{0}\otimes\ell^{\infty}(\mathbb{N})$

,

$E_{D}^{A}(b\otimes e_{ij})=\delta_{ij}E_{D_{O}}^{B_{O}}(b)$

with
$B(\ell^{2}(\mathbb{N}))=\{e_{ij}\}’’\supseteq\ell^{\infty}(\mathbb{N})=\{e_{ii}\}’’$

,

where the
are the natural matrix units and will be denoted by
or
instead of
when regarded as elements in $A$ or $B$ , to avoid any
confusion. We further suppose that
(and hence $B$ itself) is injective
or hyperfinite, has no type I direct summand, and that
is a Cartan
A.
Connes,
subalgebra. Thanks to
J. Feldman &B. Weiss [CFW], we
may and do assume that there is a unitary $u\in B_{0}$ such that
)

$e_{ij}^{A}$

$e_{ij}s$

$e_{ij}^{B}$

$e_{ij}$

$B_{0}$

$D_{0}$

$B_{0}=<D_{0}$ , $u>’’$ ,

$E_{D_{0}}^{B_{O}}(u^{n})=0$

as long as

$n\neq 0$

,

and the automorphism $Adu\in Aut(D_{0})$ is denoted by .
In this setting, we will investigate the reduced von Neumann algebra
$pMp$ of the amalgamated free product:
$\alpha$

$(M, E_{D}^{M})=(A, E_{D}^{A})*_{D}(B, E_{D}^{B})$

by a minimal projection
$\ell^{\infty}(\mathbb{N})$

$p:=1\otimes e_{11}$

in the common subalgebra

.

We introduce the following notation rule:
$[a]_{ij}^{A}:=a\otimes e_{ij}^{A}$

in

$A$

,

and

$[b]_{xj}^{B}:=b\otimes e_{ij}^{B}$

in

$B$

,

$C1\otimes$
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and, in what follows, will freely use the identification:
$e_{ij}^{A}=1\otimes e_{ij}^{A}=[1_{A_{0}}]_{ij}^{A}$

Lemma 7.1.
(7.1)
(7.2)
(7.3)

,

$e_{ij}^{B}=1\otimes e_{ij}^{B}=[1_{B_{O}}]_{ij}^{B}$

.

We have
,

$[a_{1}]_{ij}^{A}\cdot[a_{2}]_{k\ell}^{A}=\delta_{jk}\cdot[a_{1}a_{2}]_{i\ell}^{A}$

$[b_{1}]_{ij}^{B}\cdot[b_{2}]_{k\ell}^{B}=\delta_{jk}\cdot[b_{1}b_{2}]_{i\ell}^{B}$

,

$e_{ij}^{A}\cdot[a]_{k\ell}^{A}=\delta_{jk}\cdot[a]_{i\ell}^{A}=[a]_{ij}^{A}\cdot e_{k\ell}^{A}$

$[a]_{ij}^{A*}=[a^{*}]_{ji}^{A}$

,

$[b]_{ij}^{B*}=[b^{*}]_{ji}^{B}$

$e_{ij}^{B}$

.

$[b]_{k\ell}^{B}=\delta_{jk}\cdot[b]_{i\ell}^{B}=[b]_{ij}^{B}\cdot e_{k\ell}^{B}$

Set

$u(n, i):=e_{1\dot{x}}^{A}\cdot[u^{n}]_{i1}^{B}$

Lemma 7.3.

$n$

,

We have,

.

.

Lemma 7.2. The von Neumann algebra $B$ is generated by
and partial isometries
, $ i=2,3\ldots$
,
$[u^{n}]_{i1}^{B}$

.

$D_{0}\otimes C1$

$\in \mathbb{Z}$

$n\in \mathbb{Z}$

, $i=2,3$ ,

each

for

$n\in \mathbb{Z}$

$\ldots$

, a unitary in $pMp$ .

, $i=2,3$ ,

$\ldots$

,

$E_{D}^{M}(u(n, i)^{k})=0$

whenever

$k\neq 0(\in \mathbb{Z})$

.

We may and do assume $k>0$ since
$E_{D}^{M}(u(n, i)^{k})^{*}$ . Notice that

Proof.

$E_{D}^{M}(u(n, i)^{-k})=$

$E_{D}^{M}(e_{1i}^{A})=E_{D}^{A}(e_{1i}^{A})=0$

as long as

$i\neq 1$

,

$E_{D}^{M}([u^{n}]_{i1}^{B})=E_{D}^{B}(u^{n}\otimes e_{i1}^{B})=\delta_{i1}\cdot E_{D_{0}}^{B_{0}}(u^{n})=0$

as long as

$\dot{?}\neq 1$

.

$\{$

Therefore) by the freeness, we have, for

$n$

$\in \mathbb{Z}$

,

$i\neq 1$

,

$E_{D}^{M}(u(n, i)^{k})=E_{D}^{M}(e_{1i}^{A}\cdot[u^{n}]_{i1}^{B}\cdots e_{1i}^{A}\cdot[u^{n}]_{i1}^{B})=0$

Hence we are done.

$\square $

We define the faithful normal conditional expectation
$(E_{D}^{M})_{p}:=E_{D}^{M}|_{pMp}$

(which is well-defined since

Lemma 7.4.

$p$

:

$pMp\rightarrow Dp=D_{0}\otimes Cp$

is in the smaller algebra

$D$

The family

$\{A_{0}\otimes Cp\}\cup\{u(n, i) :

n\in \mathbb{Z}, i=2,3, \ldots\}$

).

.
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free

with amalgamation over

Since all the

Proof.
since

$D_{0}\otimes Cp$

with respect to

$(E_{D}^{M})_{p}$

.

’s normalize the subalgebra
and
$(A_{0}^{O}\otimes
C1)(D_{0}\otimes
C1)$
and
are contained in
suﬃces
to
show that
, it
$u(n, i)$

$D_{0}\otimes Cp$

$(D_{0}\otimes Cp)(A_{\mathring{0}}\otimes Cp)$

$(A_{\mathring{0}}\otimes Cp)$

$E_{D}^{M}([a_{1}]_{11}^{A}u(n_{1}, i_{1})^{k_{1}}[a_{2}]_{11}^{A}u(n_{2}, i_{2})^{k_{2}}$

(7.4)
$\ldots$

$[a_{m}]_{11}^{A}u(n_{m}, i_{m})^{k_{m}}[a_{m+1}]_{11}^{A})=0$

whenever all ’s are not equal to 0, the beginning and the ending letters
’s are
, and the other
$a_{1},a_{m+1}$ are the identity 1 or in
$k_{j}$

$A_{0}^{o}:=KerE_{D_{O}}^{A_{O}}$

(7.5)

$a_{j}$

is

in

$A^{o}$

in

$A_{0}^{o}$

or the identity 1

$a_{j}$

if

$(n_{j-1}, i_{j-1})\neq(n_{j}, i_{j})$

,

if

$(n_{j-1}, i_{j-1})=(n_{j}, i_{j})$

.

$\{$

We have, for

$a\in A$ ,

$u(n_{1}, i_{1})^{-k_{1}}\cdot[a]_{11}^{A}u(n_{2}, i_{2})^{k_{2}}$

$=[u^{-n_{1}}]_{1i_{1}}^{B}e_{i_{1}1}^{A}\cdots[u^{-n_{1}}]_{1i_{1}}^{B}[a]_{i_{1}i_{2}}^{A}[u^{n_{2}}]_{i_{2}1}^{B}\cdots e_{1i_{2}}^{A}\cdot[u^{n_{2}}]_{i_{2}1}^{B}$

,

$u(n_{1}, i_{1})^{k_{1}}[a]_{11}u(n_{2}, i_{2})^{-k_{2}}$

$=e_{1i_{1}}^{A}[u^{n_{1}}]_{i_{1}1}^{B}\cdots e_{1i_{1}}^{A}[u^{n_{1}}]_{i_{1}1}^{B}[a]_{11}^{A}[u^{-n_{2}}]_{1i_{2}}^{B}e_{i_{2}1}^{A}\cdots[u^{-n_{2}}]_{1i_{2}}^{B}e_{i_{2}1}^{A}$

Thus, if

$k_{1}$

,

$k_{2}\neq 0$

and if

$a$

,

is such as in (7.5), we see that

$u(n_{1}, i_{1})^{-k_{1}}[a]_{11}^{A}u(n_{2}, i_{2})^{k_{2}}\in[u^{-n_{1}}]_{1i_{1}}^{B}A^{o}\cdots A^{o}[u^{n_{2}}]_{i_{2}1}^{B}$

alternating
$\subseteq B^{o}A^{o}\cdots A^{o}B^{O}$

,

$u(n_{1}, i_{1})^{k_{1}}[a]_{11}u(n_{2}, i_{2})^{-k_{2}}\in u(n_{1}, i_{1})A^{o}\cdots A^{o}u(n_{2}, i_{2})^{*}\tilde{a1ternating}$

$\subseteq A^{o}\cdot B^{o}\cdot A^{o}\cdots A^{o}\cdot B^{o}\cdot A^{o}$

.

Notice that
$[u^{n_{1}}]_{1i_{1}}^{B}[u^{-n_{2}}]_{1i_{2}}^{B}=[u^{n_{1}-n_{2}}]_{i_{1}i_{2}}^{B}\in B^{o}$

,

$[u^{-n_{1}}]_{1i_{1}}^{B}e_{i_{1}i_{2}}^{A}[u^{n_{2}}]_{i_{2}1}^{B}\in B^{o}A^{o}B^{o}$

$(i_{1}\neq i_{2})$

$[u^{n_{2}-n_{1}}]_{11}^{B}\in B^{O}$

$(i_{1}=i_{2})$

,

$u(n_{1}, i_{1})^{*}u(n_{2}, i_{2})=\{$

as long as
, and one can easily check the desired equality
(7.4) based on the above facts.
$(n_{1}, i_{1})\neq(n_{2}, i_{2})$

$\square $
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Thanks to Lemma 7.2 together with $[VI, 3.1.Lemma]$ , we see that
the reduced von Neumann algebra $pMp$ is generated by
.

$e_{1i}^{A}$

$(a\otimes 1)\cdot e_{j1}^{A}=\delta_{ij}\cdot(a\otimes p)$

$e_{1i}^{A}\cdot e_{k\ell}^{A}\cdot e_{j1}^{A}=\delta_{ik}\cdot\delta_{\ell j}\cdot p$

.

$e_{1i}^{A}$

,

$a$

$\in A$

;

;

$[u^{n}]_{k1}^{B}\cdot e_{j1}^{A}=\delta_{ik}\cdot\delta_{j1}\cdot u(ni))’ n\in \mathbb{Z}$

, $i=2,3$ ,

$\ldots$

.

We set
(thanks to Lemma 7.3)

$N(n, i).--\{D_{0}\otimes Cp, u(n, i)\}’’\cong D_{0})\triangleleft_{\alpha^{n}}\mathbb{Z}$

with the conditional expectation
$E_{(n,i)}=E_{D}^{M}|_{N(n,i)}$

:

$N(n, i)\rightarrow D_{0}\otimes Cp\cong D_{0}$

which coincides with the canonical one from
Summing up the discussions above) we conclude

$D_{0}\rangle\triangleleft_{\alpha^{n}}\mathbb{Z}$

Theorem 7.5.
(7.6)

,

onto

$D_{0}$

.

We have

$(pMp, (E_{D}^{M})_{p})\cong(A_{0}, E_{D_{0}}^{A_{0}})*_{D_{0}}(_{i=2}n*_{3}\in,\mathbb{Z},$

Here, the amalgamated

.

$(N(n, i))E_{(n,i)}))$

free product
$(N(n, i),$

$E_{(n,i)})$

$i=2,3n\in \mathbb{Z}*$

, .

is noting less than the crossed product of
countably many generators, whose action is

$D_{0}$

(7.7)

free group
defifined as follows:
by the

$(Id)^{*\mathbb{N}}*(\alpha)^{*\mathbb{N}}*(\alpha^{-1})^{*\mathbb{N}}*\cdots*(\alpha^{n})^{*\mathbb{N}}*(\alpha^{-n})^{*\mathbb{N}}*\cdots$

Here,
means the
automorphism .
$(\beta)^{*\mathbb{N}}$

free

product

of

countably

infifinite

with

$F_{\infty}$

.

copies

of

an

$\beta$

We further suppose that $A=B$ , that is, $A_{0}=B_{0}=D_{0}x_{\alpha}\mathbb{Z}$ . Theorem 7.5 says that the reduced von Neumann algebra $pMp$ is isomorphic
whose action is
to the crossed product of
by the free group
$D_{0}$

$F_{\infty}$

$\alpha*((Id)^{*\mathbb{N}}*(\alpha)^{*\mathbb{N}}*(\alpha^{-1})^{*\mathbb{N}}*\cdots*(\alpha^{n})^{*\mathbb{N}}*(\alpha^{-n})^{*\mathbb{N}}*\cdots)$

$=(Id)^{*\mathbb{N}}*(\alpha)^{*\mathbb{N}}*(\alpha^{-1})^{*\mathbb{N}}*\cdots*(\alpha^{n})^{*\mathbb{N}}*(\alpha^{-n})^{*\mathbb{N}}*\cdots$

Here, this equality follows from the simple fact:

$\alpha*(\alpha)^{*\mathbb{N}}=(\alpha)^{*\mathbb{N}}$

.

.
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Remark 7.6. The result obtained in this section is thought of as a negative evidence towards generalizing the work [G] on the invariant “cost”
of D. Gaboriau to general non-singular discrete measured groupoids.
Roughly speaking, the “cost” counts the number of free components
in a given finite-measure preserving countable equivalence relation, and
recently D. Shlyakhtenko [S2] generalized further to finite-measure preserving discrete groupoids from the free entropic viewpoint. Our result
here says that the number of free components cannot be determined in
the general non-singular case. Indeed, we suppose that our $A=B$ is a
) and that $D$ is a Cartan subalgebra as
factor of type III (or of type
before. Then the amalgamated free product $M$ is also a factor of type
III and captured as a groupoid von Neumann algebra (see [Ks]). We
can then choose an isometry $v\in A$ in such a way that $vDv^{*}=Dp$ with
$vv^{*}=p\in D$ . The $Adv$ gives rise to an isomorphism between $M$
and $pMp\supseteq Dp$ . Moreover, we can show
$II_{\infty}$

$\supseteq D$

(7.8)

$(E_{D}^{M})_{p}\circ Adv=Adv\circ E_{D}^{M}$

,

and hence $(M\supseteq D, E_{D}^{M})$ can be identified with $(pMp \supseteq Dp, (E_{D}^{M})_{p})$ ,
and the former has two free components, but the latter has infinite
ones.

The discussions here (with trivial changes) also implies
Corollary 7.7. Let $N$ be an infifinite injective factor
with a Cartan subalgebra D. Then we have
(7.8)

of non-type I

$ N*_{D}N\cong N*_{D}N*_{D}N\cong\cdots\cong N*_{D}N*_{D}N*_{D}\cdots$

.

Remark 7.8. One may replace
by
matrix algebra $M_{k}(C)$
in the setting, and the discussion here still works without any essential
change and the assertion (7.6) should be changed to
$B(\ell^{2}(\mathbb{N}))$

(7.10)

$k\times k$

$(pMp, (E_{D}^{M})_{p})\cong(A_{0}, E_{D_{0}}^{A_{O}})*_{D_{O}}(_{i=2,,,3}n\in,\mathbb{Z}*,k(N(n, i),$ $E_{(n,i)}))$

so that if $A_{0}=B_{0}$ then $pMp$ is the crossed-product of
group
whose action is:

$D_{0}$

by the free

$F_{\infty}$

(7.11)

(Id)$ *(k-1)*(\alpha)^{*k}*(\alpha^{2})^{*(k-1)}*\cdots*(\alpha^{n})^{*(k-1)}*\cdots$ .

This is in particular thought of as a reduction formula of the amalgamated free product $R*_{D}R$ of two copies of the injective
factor $R$
$II_{1}$
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over a common Cartan subalgebra $D$ thanks to [CFW]. The result says
that, if the amalgamated free product $R*_{D}R$ had the whole fundamen, then the number
tal group (defined as in [PI])
of its free components would not be able to be determined uniquely.
This is completely analogous to the situation of free group factors $L(F_{n})$
with finite
(see [V2, 6.13 Remark]). This analogy is very natural in
a certain sense, because the amalgamated free product $R*_{D}R$ can be
regarded as one candidate of the true generalizations of the free group
factor $L(F_{2})$ from the view-point of the idea generalizing the group von
Neumann algebra construction to the group-measure space construction.
(D. Shlyakhtenko [Si] provided another candidate “ $A$ -valued semicircular systems” from the view-point of Voiculecu’s free Gaussian functor
(see [VDN]).)
$\mathcal{F}(R*_{D}R\supseteq D)=R_{+}^{\times}$

$n$
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Finite approximations and physics over
unconventional fields
Trond Digernes

In this talk we will discuss some ideas and results from ’unconventional physics’, partly from the point of view of finite approximations.
Finite approximations play an important role in many areas of mathematics. In operator algebras there are several notions of approximate
finiteness, for example hyperfinite algebras, $AF$ -algebras, residually finite algebras, to mention some.
In the context of locally compact abelian groups there is a useful
notion of closeness which takes into account the Weyl structures of the
groups. It was shown in [4] that-with respect to this concept of closeness–any (separable) locally compact abelian group is a limit of finite
abelian groups. This notion of convergence-called convergence of Weyl
systems–involves approximation from the outside, i.e., the approximating groups need not be subgroups of the given group.
Convergence of Weyl systems takes place at the kinematical level.
The deeper problem of approximating dynamical operators requires a
. Here it
more detailed analysis, and was treated in [6] for the case
was shown that for quantum systems with potentials of ’oscillator type’
(essentially those with discrete Hamilton spectrum), the finite approximands converge to the continuous system in the strongest possible sense:
eigenvalues and eigenfunctions for the finite systems converge to the corresponding objects for the continuous system. These results have later
been generalized to the setting of a general locally compact group [1].
(In this general setting, though, the position and momentum operators
do not have obvious interpretations.)
The above approximation results may serve as motivation for study, for ining quantum systems over fields other than $R$ and $C-$ like
stance-since, after all, such systems, too, can be obtained as limits of finite systems (where most computations will have to take place). This is,
$R^{n}$

$Q_{p}$
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however, a rather modest approach to the subject of ’physics over unconventional fields and rings’ (or ’unconventional physics’ for short). There
are other, and more profound, reasons, of which we mention just a couple here: 1) It can be argued that the structure of space-time below the
Planck scale is best described by a number field with a non-archimedean
metric (like
; see [13] and further references there). 2) Regularization:
the well-known divergences in quantum field theory disappear when the
underlying field is non-archimedean; and unbounded operators become
bounded [2]. -It should be mentioned that simple quantum mechanical models, like the harmonic oscillator, can be successfully formulated
over
, although it is not obvious what the nature of ’time’ should be:
should it be -adic, real, or discrete? [13, 10, 7]
Since there does not seem to be a preferred prime in nature, one
eventually has to work with all the primes at the same time, which leads
to the adelic theories (the ring of adeles is the restricted product of
’s, including $Q_{\infty}=R$ ). An adelic string theory has been
all the
formulated (see the excellent review article by Brekke and Freund [3]
and the references therein), and Manin gives a beautiful argument for
the adelic nature of our physical world in [8].
In a forthcoming paper [5] we study some other phenomena which
may occur in general models. More specifically, we study irreducible
models for Heisenberg groups based on compact maximal isotropic subgroups. It is shown that if both the Heisenberg group and the subgroup
are 2-regular, the “vacuum sector” of the associated representation is
1-dimensional and thus gives rise to a unique vacuum state (this genwith $p\neq 2$ ). On the other hand, if the
eralizes a result in [13] for
Heisenberg group is 2-regular, but the subgroup is not, the vacuum sector exhibits a fermionic structure. This will be the case, for instance,
in a quantum mechanical model built on the 2-adic numbers, with a
maximal isotropic subgroup constructed from the 2-adic integers.
Finally it should be mentioned that the idea of doing physics in a
setting other than ordinary space-time appears already in the works of
Weyl $[14, 15]$ and Schwinger (see, $e.g.$ , [11] and further references there;
this article served as a starting point and motivation for the paper [6] .
In fact, some of these ideas go back to Riemann [9] (for an English
translation, see [12, page 135] .
$Q_{p}$

$Q_{p}$

$p$

$p$

$Q_{p}$

$Q_{p}$

$)$

$)$

References
[1] S. Albeverio, E. I. Gordon, and A. Yu. Khrennikov, Finite-dimensional
approximations of operators in the Hilbert spaces of functions on locally

Finite approximations and physics over unconventional

fields

269

compact abelian groups, Acta Appl. Math. 64 (2000), no. 1, 33-73. MR
2002f:47030
[2] Sergio Albeverio and Andrew Khrennikov, A regularization of quantum
field Hamiltonians with the aid of -adic numbers, Acta Appl. Math. 50
(1998), no. 3, 225-251. MR99f:81117
[3] Lee Brekke and Peter G. O. Freund, -adic numbers in physics, Phys.
Rep. 233 (1993), no. 1, 1-66. MR94h:11115
[4] T. Digernes, E. Husstad, and V. S. Varadarajan, Finite approximation of Weyl systems, Math. Scand. 84 (1999), no. 2, 261-283. MR
2001b:22006
[5] Trond Digernes and V. S. Varadarajan, Models for the irreducible representation of a Heisenberg group, in preparation.
[6] Trond Digernes, V. S. Varadarajan, and S. R. S. Varadhan, Finite approximations to quantum systems, Rev. Math. Phys. 6 (1994), no. 4,
621-648. MR 96e:81028
[7] Peter G. O. Freund and Mark Olson, -adic dynamical systems, Nuclear
Phys. B 297 (1988), no. 1, 86-102. MR 89g:8l026
[8] Yu. I. Manin, Reflections on arithmetical physics, Conformal invariance
and string theory (Poiana Bra ov, 1987), Perspect. Phys., Academic
Press, Boston, MA, 1989, pp. 293-303. MR 90m:11195
[9] Bernhard Riemann, Gesammelte mathematische Werke, wissenschaftlicher
Nachlass und Nachtr\"age, Springer-Verlag, Berlin, 1990, Based on the
edition by Heinrich Weber and Richard Dedekind, Edited and with a
preface by Raghavan Narasimhan. MR 91j:0l070b
[10] Ph. Ruelle, E. Thiran, D. Verstegen, and J. Weyers, Quantum mechanics
on -adic fields, J. Math. Phys. 30 (1989), no. 12, 2854-2874. MR
90k:81241
[11] Julian Schwinger, Unitary operator bases, Proc. Nat. Acad. Sci. U.S.A.
46 (1960), 570-579. MR 22 #6446
[12] Michael Spivak, A comprehensive introduction to diﬀerential geometry.
Vol. I, second ed., Publish or Perish Inc., Wilmington, Del., 1979. MR
82g:53003a
[13] V. S. Vladimirov, I. V. Volovich, and E. I. Zelenov, -adic analysis and
mathematical physics, Series on Soviet and East European Mathematics,
vol. 1, World Scientific Publishing Co. Inc., River Edge, NJ, 1994. MR
95k: 11155
[14] Hermann Weyl, Theory of Groups and Quantum Mechanics, Dover, New
York, 1931.
[15] –, Space, Time, and Matter, Dover, New York, 1950, p. 98.
$p$

$p$

$p$

$p$

$p$

The Norwegian University
7491 Trondheim
Norway

of Science

E-mail address: digernes@math.ntnu.no

and Technology

Advanced Studies in Pure Mathematics 38, 2004
Operator Algebras and Applications
pp. 271-284

Operator means and their norms
Fumio Hiai and Hideki Kosaki

\S 1.

Introduction

In his very interesting (unpublished) 1979 notes [17] A. Mclntosh
obtained the following arithmetic-geometric mean inequality for Hilbert
space operators $H$ , $K$ , $X$ :
(1)

$||HXK||\leq\frac{1}{2}||H^{*}HX+XKK^{*}||$

.

Among other things he also pointed out that simple alternative proofs for
so-called Heinz-type inequalities ([9], and see also the discussions in \S 2)
are possible based on this inequality. Then, about 15 years later Bhatia
and Davis ([4]) noticed that the inequality remains valid for all unitarily
invariant norms (including the Schatten norms .
and so on). Recall
that a norm
for Hilbert space operators is called unitarily invariant
when $|||UXV|||=|||X|||$ for unitary operators $U$, $V$ , and basic facts on
these norms can be found for example in [8, 10, 19]. In recent years
the arithmetic-geometric mean and related inequalities have been under
active investigation by several authors, and very readable accounts on
this subject can be found in $[1, 3]$ .
Motivated by all of the above, the authors have investigated simple unified proofs for known (as well as some new) norm inequalities,
some refinement of the norm inequality (1) (such as the arithmeticlogarithmic-geometric mean inequality), and a general theory on operator ( $and/or$ matrix) means in a series of recent articles [15, 11, 12]. The
purpose of the present notes is to give a brief survey on the topics dealt
in these articles.
We will derive a variety of integral expressions for relevant operators
to establish desired norm inequalities. This means that our arguments
are not just for proving norm inequalities, but we are actually solving
$||$

$||_{p}$

$|||\cdot|||$
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certain operator equations in a very explicit form. We will briefly touch
this viewpoint at the end of the article, and more details were worked
out in [12, \S 4, (A)]. Some related analysis can be found in [18], where the
notion of a diﬀerential is investigated in detail. We also point out that
the recent article [6] is technically closely related to our works although
the main emphasis there may be diﬀerent from ours.

\S 2.

Arithmetic-geometric mean and related inequalities

As was observed in [15] one can obtain simple and unified proofs
for the norm inequalities mentioned in \S 1 based on the Poisson integral
formula for the strip
$S=\{z\in C;0\leq Imz\leq 1\}$ .

Namely, for

$0<\theta<1$

we set

$d\mu_{\theta}(t)=a_{\theta}(t)dt$

$a_{\theta}(t)=\frac{\sin(\pi\theta)}{2(\cosh(\pi t)-\cos(\pi\theta))}$

and

and

$du_{\theta}(t)=b_{\theta}(t)dt$

with

$b_{\theta}(t)=\frac{\sin(\pi\theta)}{2(\cosh(\pi t)+\cos(\pi\theta))}$

.

which is
Then, for a bounded continuous function $f(z)$ on the strip
analytic in the interior, the well-known Poisson integral formula
$S$

$f(i\theta)=\int_{-\infty}^{\infty}f(t)d\mu_{\theta}(t)+\int_{-\infty}^{\infty}f(i+t)d\nu_{\theta}(t)$

is valid (see [20] for example). We point out that the total masses of the
, respectively.
,
measures
are
proof
for the arithmetic-geometric mean
simple
We begin with a
inequality (1). To this end, we may and do assume the positivity of $H$ , $K$
(by the standard argument on the polar decomposition). The function
$f(t)=H^{1+it}XK^{-it}(t\in R)$ extends to a bounded continuous (in the
which is analytic in
strong operator topology) function on the strip
, $K^{-it}$ are understood as unitaries on the support
the interior. Here,
$d\mu_{\theta}(t)$

$d\iota/_{\theta}(t)$

$ 1-\theta$

$\theta$

$S$

$H^{it}$

$dt$

spaces of

,

$H$ $K$

total mass

$\frac{1}{2}$

respectively. Since

$d\mu_{\frac{1}{2}}(t)=dl/\frac{1}{2}(t)=\overline{2\cosh(\pi t)}$

(with

), we have

$H^{\frac{1}{2}}XK^{\frac{1}{2}}$

$=$

$f(\frac{i}{2})=\int_{-\infty}^{\infty}f(t)d\mu_{\frac{1}{2}}(t)+\int_{-\infty}^{\infty}f(i+t)d\iota/\frac{1}{2}(t)$

$=$

$\int_{-\infty}^{\infty}K^{it}(KX+XK)K^{-it}\frac{dt}{2\cosh(\pi t)}$

.

Operator means

The unitary invariance of

$|||$

.

$|||$
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thus implies
.

$|||K^{\frac{1}{2}}XK^{\frac{1}{2}}|||\leq|||HX+XK|||\times\int_{-\infty}^{\infty}\frac{dt}{2\cosh(\pi t)}=\frac{1}{2}|||HX+XK|||$

Heinz-type inequalities ([9]) deal with operators of forms
, where , $q\geq 1$ with $1/p+1/q=1$ . Note that the preceding
argument also shows
$ H^{\frac{1}{p}}XK^{\frac{1}{q}}\pm$

$H^{\frac{1}{q}}XK^{\frac{1}{p}}$

$p$

(2)

$H^{\frac{1}{p}}XK^{\frac{1}{q}}=\int_{-\infty}^{\infty}H^{it}HXK^{-it}d\mu_{\frac{1}{q}}(t)+\int_{-\infty}^{\infty}H^{it}XKK^{-it}d\nu_{\frac{1}{q}}(t)$

,

(3)

$H^{\frac{1}{q}}XK^{\frac{1}{p}}=\int_{-\infty}^{\infty}H^{it}HXK^{-it}d\mu_{\frac{1}{p}}(t)+\int_{-\infty}^{\infty}H^{it}XKK^{-it}d\nu_{\frac{1}{p}}(t)$

.

We note
(3), we get

$d\mu_{\frac{1}{q}}=d\nu_{\frac{1}{p}}$

and

$H^{\frac{1}{p}}XK^{\frac{1}{q}}+H^{\frac{1}{q}}XK^{\frac{1}{p}}$

$d\mu_{\frac{1}{p}}=d\nu_{\frac{1}{q}}$

$=$

.

Hence, by summing up (2) and

$\int_{-\infty}^{\infty}H^{it}(HX+XK)K^{-it}d\mu_{\frac{1}{q}}(t)$

$+\int_{-\infty}^{\infty}H^{it}(HX+XK)K^{-it}d\nu_{\frac{1}{q}}(t)$

$=$

$\int_{-\infty}^{\infty}K^{it}(HX+XK)K^{-it}d(\mu_{\frac{1}{q}}+\nu_{\frac{1}{q}})(t)$

.

This expression obviously shows
$|||H^{\frac{1}{p}}XK^{\frac{1}{q}}+H^{\frac{1}{q}}XK^{\frac{1}{p}}|||\leq|||HX+XK|||$

since the total mass of the measure
“diﬀerence version”
(4)

$d(\mu_{\frac{1}{q}}+\nu_{\frac{1}{q}})(t)$

is

$\frac{1}{p}+\frac{1}{q}=1$

$|||H^{\frac{1}{p}}XK^{\frac{1}{q}}-H^{\frac{1}{q}}XK^{\frac{1}{p}}|||\leq|\frac{2}{p}-1|\times|||HX-XK|||$

.

The

.

is also valid. Indeed, by subtracting (3) from (2), we have
.

$H^{\frac{1}{p}}XK^{\frac{1}{q}}-H^{\frac{1}{q}}XK^{\frac{1}{p}}=\int_{-\infty}^{\infty}H^{it}(HX-XK)K^{-it}d(\mu_{\frac{1}{q}}-\nu_{\frac{1}{q}})(t)$

It is plain to see

$a_{\frac{1}{q}}(t)-b_{\frac{1}{q}}(t)=\frac{\sin(\frac{\pi}{q})\times 2\cos(\frac{\pi}{q})}{2(\cosh^{2}(\pi t)-\cos^{2}(\frac{\pi}{q}))}=\frac{\sin(\frac{2\pi}{q})}{\cosh(2\pi t)-\cos(\frac{2\pi}{q})}$

,
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and consequently we have
$H^{\frac{1}{p}}XK^{\frac{1}{q}}-H^{\frac{1}{q}}XK^{\frac{1}{p}}$

$=\int_{-,,\infty}^{\infty}H^{it}(HX-XK)K^{-it}\frac{\sin(\frac{2\pi}{q})}{\cosh(2\pi t)-\cos(\frac{2\pi}{q})}dt$

$=\int_{-\infty}^{\infty}H^{\frac{is}{2}}(HX-XK)K^{-\frac{is}{2}}\frac{\sin(\frac{2\pi}{q})}{\cosh(\pi s)-\cos(\frac{2\pi}{q})}\times\frac{ds}{2}$

.

Let us assume $1<p<2$ . Then, the above measure is exactly
with the total mass $1-\frac{2}{q}=1-2(1-\frac{1}{p})=\frac{2}{p}-1(>0)$ , showing (4)
in this case. The opposite case $ 2<p<\infty$ can be handled simply by
switching $H$ and $K$ .
It follows from (4) that
$d\mu_{\frac{q}{2}}(s)$

$|||H^{\frac{1}{2}+\in}XK^{\frac{1}{2}-\in}-H^{\frac{1}{2}-\in}XK^{\frac{1}{2}+\in}|||\leq 2\in\times|||HX-XK|||$

is valid for
. Let us assume the invertibility of $H$ , $K\geq 0$ here.
By dividing the above by $\in and$ then by letting
, we easily see
$0<\in i<\frac{1}{2}$

$\xi i$

$\searrow 0$

$|||(\log H)(H^{\frac{1}{2}}XK^{\frac{1}{2}})-(H^{\frac{1}{2}}XK^{\frac{1}{2}})(\log K)|||\leq|||HX-XK|||$

.

From this we obtain the following commutator estimate:
Theorem 1 (Theorem 4, [15]).
self-adjoint, we have
$|||AX-XB|||\leq|||$

for

For operators

$A$

,

$B$

$\exp(\frac{A}{2})X\exp(-\frac{B}{2})-\exp(-\frac{A}{2})X$

each unitarily invariant norm

$|||$

.

$|||$

, $X$ with

$A$

,

$B$

$\exp(\frac{B}{2})|||$

.

A somewhat related topic is the “matrix Young inequality” due to
T. Ando. In [2] he showed that for each positive matrices $H$ , $K$ and
1 $<p<\infty$ (with the conjugate exponent ) one can find a unitary
matrix $U$ satisfying
$q$

$|HK|\leq U(\frac{1}{p}H^{p}+\frac{1}{q}K^{q})U^{*}$

(the special case $p=q=2$ was dealt in [5]). In particular,
$|||HK|||\leq|||\frac{1}{p}H^{p}+\frac{1}{q}K^{q}|||$

is valid, however in [2,
(5)

\S 7]

he pointed out that

$|||HXK|||\leq|||\frac{1}{p}H^{p}X+\frac{1}{q}XK^{q}|||$

is false
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. $|||=||\cdot||$ .
(unless $p=2$ ) for example for the operator norm
Let us try to understand this phenomenon. Assume that $H(=$
$\exp A)$ , $X$ are matrices, and let $A$ be a diagonal matrix with diagonal
entries
. We set
,
, ,
$|||$

$\lambda_{1}$

$\lambda_{2}$

$\lambda_{n}\in R$

$\cdots$

$Y=\int_{-\infty}^{\infty}\exp(itA)(\frac{1}{p}\exp(A)X+\frac{1}{q}X\exp(A))\exp(-itA)f(t)dt$

with

$f(t)$

to be determined. The

$(j, k)$

-component of

$Y$

is

$Y_{j,k}=(\frac{1}{p}\exp(\lambda_{j})+\frac{1}{q}\exp(\lambda_{k}))(\mathcal{F}f)(\lambda_{j}-\lambda_{k})X_{j,k}$

Therefore, if one wants

$Y=\exp(\frac{A}{p})X$

$\exp(\frac{A}{q})$

.

, then one must have

$(\frac{\exp(\lambda_{j})}{p}+\frac{\exp(\lambda_{k})}{q})(\mathcal{F}f)(\lambda_{j}-\lambda_{k})=\exp(\frac{\lambda_{j}}{p})$

$\exp(\frac{>_{k}\backslash }{q})$

.

This requirement is the same as

(6)

$(Ff)(\lambda_{j}-\lambda_{k})$

$=$

$\frac{\exp(\frac{\lambda_{j}}{p})\exp(\frac{\lambda_{k}}{q})}{\frac{\exp(\lambda_{j})}{p}+\frac{\exp(\lambda_{k})}{q}}$

1
’
$\overline{\frac{1}{p}\exp(\frac{\lambda_{j}-\lambda_{k}}{q})+\frac{1}{q}\exp(-\frac{\lambda_{j}-\lambda_{k}}{p})}$

that is,
$(\mathcal{F}f)(s)=(\frac{1}{p}$ $\exp(\frac{s}{q})+\frac{1}{q}\exp(-\frac{s}{p}))^{-1}$

It is possible to compute explicitly the inverse Fourier transform of this
function, and indeed we can prove
(7)

$f(t)=\frac{p^{\frac{1}{p}}q^{\frac{1}{q}}(\frac{p}{q})^{-it}}{2\cosh(\pi t+\frac{\pi i}{2}(\frac{1}{p}-\frac{1}{q}))}$

.

By the standard approximation argument we get the next result in the
special case $H=K$ . Then, the general case can be handled by the
well-known
-matrix trick: by applying the special case to
$2\times 2$

$\overline{H}=$
$\left\{\begin{array}{ll}H & 0\\0 & K\end{array}\right\}$

one can look at the

$(1, 2)$

and

$\tilde{X}=\left\{\begin{array}{ll}0 & X\\0 & 0\end{array}\right\}$

,

-component to get the desired conclusion.
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Theorem 2 (Theorem 6, [15]). For operators
positive and $p\in(1, \infty)$ with the conjugate exponent

with
, ,
we have

$H$ $K$ $X$
$q$

,

$H$ $K$

$H^{\frac{1}{p}}XK^{\frac{1}{q}}=\int_{-\infty}^{\infty}H^{it}(\frac{1}{p}HX+\frac{1}{q}XK)K^{-it}f(t)dt$

with the function $f(t)$ defined by (7). In particular,
.
invariant norm
we have
$|||$

for

each unitarily

$|||$

$|||H^{\frac{1}{p}}XK^{\frac{1}{q}}|||\leq k_{p}|||\frac{1}{p}HX+\frac{1}{q}XK|||$

with

$k_{p}=\int_{-,,\infty}^{\infty}|f(t)|dt(<\infty)$

Notice

.

$\int_{-,,\infty}^{\infty}f(t)dt=(Ff)(0)=1$

and consequently

.

However,

$k_{p}=\int_{-,,\infty}^{\infty}|f(t)|dt>1$

is complex-valued

(unless $p=2$ ). This fact corre-

sponds to the failure of (5). The constant
$k_{p}=\frac{p^{\frac{1}{p}}q^{\frac{1}{q}}}{\pi}\int_{0}^{\frac{\pi}{2}}\frac{d\theta}{\sqrt{1-\kappa^{2}\sin^{2}\theta}}$

$f(t)$

$k_{p}$

with

can be rewritten as

$\kappa=\sin(\frac{\pi}{2}(\frac{1}{p}-\frac{1}{q}))$

.

Note that
depends only on $p\in(1, \infty)$ (independent of the choice of
. ), but unfortunately
blows up when either
or
. On
the other hand, unitarily invariant norms under which the map
is Lipschitz continuous were thoroughly analyzed in $[7, 14]$ . For such a
.
unitarily invariant norm
a constant $k=k_{|||}|||$ can be chosen in
such a way that
$k_{p}$

$|||$

$|||$

$p\searrow 1$

$k_{p}$

$ p\nearrow\infty$

$A\rightarrow|A|$

$|||$

$|||$

$|||H^{\frac{1}{p}}XK^{\frac{1}{q}}|||\leq k|||\frac{1}{p}HX+\frac{1}{q}XK|||$

is valid for all

\S 3.

$p\in(1, \infty)$

(see [12, Proposition 3.1]).

Refinement of the arithmetic-geometric mean inequality
The logarithmic mean of positive scalars

$\lambda$

,

is

$\mu$

$\frac{\lambda-\mu}{\log\lambda-1og\mu}=\int_{0}^{1}\lambda^{t1-t}\mu dt$

.

The second integral form indicates that for operators
$H$ , $K\geq 0$ one can introduce their logarithmic mean by
$L=\int_{0}^{1}H^{t}XK^{1-t}dt$

.

,

,

$H$ $K$ $X$

with
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The above right side should be understood in the weak sense, i.e.,
$(L\xi, \eta)=\int_{0}^{1}(H^{t}XK^{1-t}\xi, \eta)dt$

(for each vectors , ).
$\xi$

$\eta$

For simplicity, we set
$G$

$=$

$A$

$=$

$H^{\frac{1}{2}}XK^{\frac{1}{2}}$

(geometric mean),

$\frac{1}{2}(HX+XK)$

(arithmetic mean),

and we would like to compare the three means.
The ratios (between the relevant scalar means) are
$\frac{\log\lambda-1og\mu}{\lambda-\mu}\times\sqrt{\lambda\mu}=g_{1}(\log\lambda-\log\mu)$

,

$\frac{\lambda-\mu}{\log\lambda-1og\mu}\times\frac{2}{\lambda+\mu}=g_{2}(\log\lambda-\log\mu)$

with
$g_{1}(s)=\frac{s/2}{\sinh(s/2)}$

and

$g_{2}(s)=\frac{\tanh(s/2)}{s/2}$

.

By repeating the argument (recall (6)) before Theorem 2 with
stead of
, we arrive at the integral expressions

$H^{it}$

in-

$e^{itA}$

The densities

,

$G$

$=$

$\int_{-,,\infty}^{\infty}H^{it}LK^{-it}\frac{\pi}{2\cosh^{2}(\pi t)}dt$

$L$

$=$

$\int_{-\infty}^{\infty}H^{it}AK^{-it}\log|\coth(\frac{\pi t}{2})|\frac{2dt}{\pi}$

$\frac{\pi}{2\cosh^{2}(\pi t)}$

and

$\frac{2}{\pi}\log|\coth(\frac{\pi t}{2})|$

.

here arise as the inverse

. They are positive functions (i.e.,
and
Fourier transforms of
’s are positive definite thanks to the Bochner theorem) with total
mass $g_{i}(0)=1$ . Consequently, we get the following strengthening of (1)
(i.e., arithmetic-logarithmic-geometric mean inequality):
$g_{1}(s)$

$g_{2}(s)$

$g_{i}(s)$

Proposition 3 (Proposition 1, [11]). Let $H$ , $K$ , $X$ be Hilbert space
we
operators with $H$ , $K\geq 0$ . For any unitarily invariant norm
have
$|||\cdot|||$

$|||H^{\frac{1}{2}}XK^{\frac{1}{2}}|||\leq|||\int_{0}^{1}H^{s}XK^{1-s}ds|||\leq\frac{1}{2}|||HX+XK|||$

.
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Actually, further refinement is possible by introducing the two series
of operator means corresponding to the following natural scalar means:
$\frac{1}{m}\sum_{k=0}^{m-1}\lambda^{\frac{k}{m-1}\frac{m-1-k}{m-1}}\mu$

,

$\frac{1}{n}\sum_{k=1}^{n}\lambda^{\frac{k}{n+1}\frac{n+1-k}{n+1}}\mu$

$=1$ correspond to the arithmetic and geoThe cases $m=2$ and
metric means respectively. Note that what was important in the proof
of Proposition 3 is the positive definiteness of ratios between relevant
scalar means, and this reasoning (together with some others) enables us
to prove
$n$

Theorem 4 (Theorem 5, [11]). Let $H$ , $K$ , $X$ be Hilbert space op.
$H$ , $K$ positive, and
erators
be a unitarily invariant norm,
(i) For each $m(\geq 1)$ and
, the following inequalities are valid:
$w\dot{0}th$

$|||$

$n$

$|||H^{\frac{1}{2}}XK^{\frac{1}{2}}|||$

, and

$(\geq 2)$

$\leq$

$\frac{1}{m}|||\sum_{k=1}^{m}H^{\frac{k}{m+1}}XK^{\frac{m+1-k}{m+1}}|||\leq|||\int_{0}^{1}H^{t}XK^{1-t}dt|||$

$\leq$

$\frac{1}{n}|||\sum_{k=0}^{n-1}H^{\frac{k}{n-1}}XK^{\frac{n-1-k}{n-1}}|||\leq\frac{1}{2}|||HX+XK|||$

(ii) The quantity
$m$

$|||$

$\frac{1}{m}|||\sum_{k=1}^{m}H^{\frac{k}{m+1}}XK^{\frac{m+1-k}{m+1}}|||$

furthermore

is monotone increasing in

we have the monotone convergence

$\lim_{m\rightarrow\infty}\frac{1}{m}|||\sum_{k=1}^{m}H^{\frac{k}{m+1}}XK^{\frac{m+1-k}{m+1}}|||=|||\int_{0}^{1}H^{t}XK^{1-t}dt|||$

(ii) The quantity
$n$

.

$\frac{1}{n}|||\sum_{k=0}^{n-1}H^{\frac{k}{n-1}}XK^{\frac{n-1-k}{n-1}}|||$

.

is monotone decreasing in

.

Notice that the assertion (ii) in the theorem is a certain monotone
convergence theorem for a norm, and more precise convergence results
(for operators) for various means are investigated in our recent article
[13].

\S 4.

General means for matrices

It is clear from the discussions so far that the positive definiteness of
ratios between involved scalar means is a key to establish norm inequalities. This viewpoint in fact enables us to investigate norm comparison
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of means in a more axiomatic fashion, which makes it possible to handle various other means. In this section we explain this approach, but
for simplicity we will mainly restrict ourselves to finite-dimensional operators (see Remark 6 for the infinite-dimensional case). Namely, we
introduce a certain class of binary means (for positive scalars), to each
of which one can associate a matrix mean in a natural way.
By a symmetric homogeneous mean we shall mean a continuous
satisfying
positive function on
(a) $M(\lambda, \mu)=M(\mu, \lambda)$ ,
for any $\alpha>0$ ,
(b)
is non-decreasing in and ,
(c)
$\min\{\lambda,
\mu\}\leq
M(\lambda, \mu)\leq\max\{\lambda, \mu\}$ .
(d)
We denote by
the set of all such means.
matrices, we write $H\geq 0$ if $H$ is positive
For $H\in M_{n}(C)$ , the
semi-definite, and $H>0$ if $H\geq 0$ is invertible. We regard $M_{n}(C)$
as a (finite-dimensional) Hilbert space equipped with the inner product
$\langle X, Y\rangle=Tr(XY^{*})(X, Y\in M_{n}(C))$ . For $H$ , $K\geq 0$ let
, $R_{K}$ be the
left multiplication by $H$ and the right multiplication by $K$ respectively,
i.e., $L_{H}X=HX$ and $R_{K}X=XK$ for $X\in M_{n}(C)$ . Note that they are
commuting positive operators acting on $M_{n}(C)$ , and for each $M$
one can perform the functional calculus $M(L_{H}, R_{K})$ (which is a positive
operator acting on $M_{n}(C))$ . Thus, for each $X\in M_{n}(C)$ we can consider
$M(L_{H}, R_{K})X(\in M_{n}(C))$ , which will be simply denoted by $M(H, K)X$ .
Assume that the spectral decompositions of $H$ , $K\in M_{n}(C)$ are
$[0, \infty)$

$\times[0, \infty)$

$M(\alpha\lambda, \alpha\mu)=\alpha M(\lambda, \mu)$

$\lambda$

$M(\lambda, \mu)$

$\mu$

$\mathfrak{M}$

$n\times n$

$L_{H}$

$\in \mathfrak{M}$

$H=\sum_{i=1}^{n}\lambda_{i}P_{i}$

,

$K=\sum_{j=1}^{n}\mu_{j}Q_{j}$

with eigenvalue lists
and rank-one projections
,
spectively. Then, $M(H, K)$ is obviously given by
$\{\lambda_{i}\}$

(8)

$\{\mu_{j}\}$

$M(H, K)X=\sum_{i,,,j=1}^{n}M(\lambda_{i}, \mu_{j})P_{i}XQ_{j}$

$\{P_{i}\}$

,

$\{Q_{j}\}$

.

This means that with the diagonalization
$H=Udiag(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{n})U^{*}$

via unitary matrices
(9)

where

,

$U$ $V$

,

$K=Vdiag(\mu_{1}, \mu_{2}\ldots, \mu_{n})V^{*}$

we have

$M(H, K)X=U([M(\lambda_{i}, \mu_{j})]\circ(U^{*}XV))V^{*}$

$o$

,

means the Hadamard product (i.e., the entry-wise product).

re-
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With the interpretation of $M(H, K)X$ explained so far, we can prove
Theorem 5 (Theorem 1.1, [12]).
lowing conditions are equivalent
(i) one can

find

For means

$M$ ,

a symmetric probability measure

$\nu$

$N\in \mathfrak{M}$

on

$R$

the

fol-

satisfying

$M(H, K)X=\int_{-,,\infty}^{\infty}H^{is}(N(H, K)X)K^{-is}d\iota/(s)$

all matrices $H$ , $K$ , $X$ (of any size) with $H$ , $K>0$ ;
(ii) one has $|||M(H, K)X|||\leq|||N(H, K)X|||$ for each matrices $H$ , $K$ ,
$X$ (of any size) with $H$ , $K\geq 0$ and
for each unitarily invariant
;
norm
(iii) one has $||M(H, H)X||\leq||N(H, H)X||$ for each matrices $H$ , $X$
(of any size) with $H\geq 0$ ;

for

$|||\cdot|||$

(iv)

for

each

$\lambda_{1}$

,

$\lambda_{2}$

,

$\ldots$

,

(with any

$\lambda_{n}>0$

$n$

),

a positive semi-definite matrix;
(v) the function $M(e^{t}, 1)/N(e^{t}, 1)$ is positive

$[\frac{M(\lambda_{i},\lambda_{j})}{N(\lambda_{i},\lambda_{j})}]1\leq i,j\leq n$

definite

is

on R.

In the above, the measure in (i) is the representing one
$M(e^{t}, 1)/N(e^{t}, 1)$ in the Bochner theorem,
,
$iJ$

for

the ratio

$i.e.$

$M(e^{t}, 1)/N(e^{t}, 1)=\int_{-\infty}^{\infty}e^{its}d\nu(s)$

.

We consider the following typical one-parameter families of means:
$\frac{\alpha-1}{\alpha}\times\frac{\lambda^{\alpha}-\mu^{\alpha}}{\lambda^{\alpha-1}-\mu^{\alpha-1}}$

$M_{\alpha}(\lambda, \mu)$

$=$

$\lambda$

$B_{\alpha}(\lambda, \mu)$

$=$

$(\lambda\neq\mu)$

$\{$

$(\lambda=\mu)$

,

$(\frac{\lambda^{\alpha}+\mu^{\alpha}}{2})^{1/\alpha}$

with $-\infty\leq\alpha\leq\infty$ . The arithmetic, logarithmic and geometric means
appear as
,

$M_{2}(\lambda, \mu)$

$=$

$\frac{\lambda+\mu}{2}$

$M_{1}(\lambda, \mu)$

$=$

$\frac{\lambda-\mu}{\log\lambda-1og\mu}(=\lim_{\alpha\rightarrow 1}M_{\alpha}(\lambda, \mu))$

$M_{1/2}(\lambda, \mu)$

$=$

$\sqrt{\lambda\mu}$

,

,
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while it is easy to see
$(n=2,3, \cdots)$ ,

$M_{\frac{n}{n-1}}(\lambda, \mu)$

$=$

$\frac{1}{n}\sum_{k=0}^{n-1}\lambda^{\frac{k}{n-1}\frac{k-1}{n-1}}\mu$

$M_{\frac{m}{m+1}}(\lambda, \mu)$

$=$

$\frac{1}{m}\sum_{k=1}^{m}\lambda^{\frac{k}{m+1}\frac{m+1-k}{m+1}}\mu$

$(m=1,2, \cdots)$

(which correspond to the operator means appeared in Theorem 4). On
the other hand, with the special choice $\alpha=1/n$
$\lambda^{\frac{k}{n}}\mu\frac{n-k}{n}$

$B_{1/n}(\lambda, \mu)=\frac{1}{2^{n}}\sum_{k=0}^{n}$

$\left(\begin{array}{l}n\\k\end{array}\right)$

is the usual binomial mean.
For
one can prove the positive definiteness of the
ratio
$-\infty\leq\alpha\leq\beta\leq\infty$

$\frac{M_{\alpha}(e^{t},1)}{M_{\beta}(e^{t},1)}$

$=$

$\frac{(\alpha-1)\beta}{\alpha(\beta-1)}\times\frac{(e^{\alpha t}-1)(e^{(\beta-1)t}-1)}{(e^{(\alpha-1)t}-1)(e^{\beta t}-1)}$

$=$

$\frac{(\alpha-1)\beta}{\alpha(\beta-1)}\times\frac{\sinh(\alpha t/2)\sinh((\beta-1)t/2)}{\sinh((\alpha-1)t/2)\sinh(\beta t/2)}$

(see [12, Theorem 2.1]). Therefore, thanks to Theorem 5 we can obtain further generalization of Theorem 4 in \S 3. One can also prove the
positive definiteness of ratios such as

$\frac{M_{1/2}(e^{t},1)}{B_{\alpha}(e^{t},1)}$

$=$

$\frac{B_{1/n}(e^{t},1)}{M_{2}(e^{t},1)}$

$=$

$(\frac{1}{\cosh(\alpha t/2)})^{1/\alpha}(\alpha>0)$

$\frac{\cosh^{n}(t/2n)}{\cosh(t/2)}$

,

.

Note
$\frac{1}{\cosh t}=\int_{-\infty}^{\infty}e^{its}\frac{ds}{2\cosh(\pi s/2)}$

,

and the positive definiteness of the former is indeed a consequence of the
infinite divisibility of the probability measure $(2 \cosh(\pi s/2))^{-1}ds$ . From
these we conclude
$|||H^{1/2}XK^{1/2}|||\leq\frac{1}{2^{n}}|||\sum_{k=0}^{n}$

$\left(\begin{array}{l}n\\k\end{array}\right)$

$H^{\frac{k}{n}}K^{\frac{n-k}{n}}|||\leq\frac{1}{2}|||HX+XK|||$
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for instance (see [12, Proposition 3.3]). Some other means as well as a
variety of comparison results for their norms (based on Theorem 5) are
obtained in [12].
The idea behind Theorem 5 (especially the integral representation
for matrix means) can be also adopted to obtain solutions to certain matrix equations in a very explicit way. To see a flavor of this application,
as a typical example we consider the matrix equation
$\int_{0}^{1}H^{t}YK^{1-t}dt=X$

for a unknown matrix $Y$ with positive invertible matrices $H$ , $K$ . The
equation means $M_{1}(H, K)Y=X$ with the logarithmic mean $M_{1}(\lambda, \mu)=$
$\frac{\lambda-\mu}{\log\lambda-1og\mu}$

.

It is plain to see that the reciprocal is

$M_{0}(\lambda^{-1-1}, \mu)$

it follows from the expression (9) that the unique solution

$Y$

, and

is given by

$Y=M_{0}(H^{-1}, K^{-1})X$ .

The comparison of
expression

$M_{0}$

with

$M_{1/2}$

, for instance, supplies the integral

$Y=\int_{-\infty}^{\infty}H^{-\frac{1}{2}+is}XK^{-\frac{1}{2}-is}\frac{\pi ds}{2\cosh^{2}(\pi s)}$

for this solution. Furthermore, the diﬀerent integral expressions
$Y=\int_{0}^{\infty}(H+tI)^{-1}X(K+tI)^{-1}dt$

and
$Y=\int_{0}^{\infty}\int_{0}^{\infty}e^{-sH}Xe^{-tK}\frac{dsdt}{s+t}$

for the same

$Y$

are also possible based on some other tools (see [12]).

Remark 6. It is possible to generalize Theorem 5 to infinite-dimensional operators. Namely, we simply replace $M_{n}(C)$ by the Hilbert space
$C_{2}(H)$
of Hilbert-Schmidt class operators. In this setting the multiplication operators
, $R_{K}$ (positive operators in $B(C_{2}(7\{))$ ) can be also considered for arbitrary positive operators $H$ , $K\geq 0$ . Consequently, as long
as $X$ is taken from
, the mean $ M(H, K)X=M(L_{H}, R_{K})X(\in$
makes a perfect sense. With this interpretation the theorem remains valid for Hilbert space operators. In [12, 4,(C)] the requirement
$X\in C_{2}(7\{)$ was not explicitly mentioned, and we apologize
for this inaccuracy.
$L_{H}$

$C_{2}(\mathcal{H})$

$C_{2}(\uparrow t))$
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A theory of means $M(H, K)X$ with $X\in B(H)?.S$ more preferable.
Such a theory is developed in our recent article [13] based on the theory of
double integral transformations. Roughly speaking it isa continuous ver(including
sion of (8), and for a very wide class of scalar means
$
M(H,
K)X(\in$
operator
all the examples in [12] corresponding
means
$B(H))$ are completely justified for each $X\in B(H)$ . Moreover, in the
forthcoming article [16] we will obtaina variety of new norm inequalities not covered here (nor in [11, 12, 13, 15]).
$M(\lambda, \mu)$

$)$
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Quantum spin chain and Popescu systems
Taku Matsui

\S 1.

Introduction

In this article, we explain how Popescu systems and their dilation
to representations of the Cuntz algebra are related to some problems of
quantum statistical mechanics. The physics we discuss here is the quasi
one-dimensional material, closely related to an unsolved problem of antiferromagnetic Heisenberg models. First we begin by stating our notation
and the mathematical problem precisely. Our quantum spin models with
-dynamical system on
an infinite degree of freedom are described as a
-algebra. The standard references of this mathematical apa UHF
proach are [9] and [10]. The algebra of local observables is the infinite
of the full matrix algebras. For the usual quantensor product
tum system with spin $(s=1/2,1, 3/2, \cdots)$ , the one site algebra is
$M_{2s+1}(C)$ , the set of $2s+1$ by $2s+1$ matrices, and in this case
$C^{*}$

$C^{*}$

$\mathfrak{U}_{loc}$

$s$

$\mathfrak{U}_{loc}=\otimes_{Z}M_{2s+1}(C)$

.

Each component of the tensor product above is specified with a lattice
is denoted by 2 .
-completion of
site $j\in Z$ . The
will be an
For any integer and any matrix $Q$ in $M_{2s+1}(C)$ ,
$Q$
.
we
denote
the
by
Thus,
observable
located at the lattice site
following element of 21:
$C^{*}$

$($

$\mathfrak{U}_{loc}$

$Q^{(j)}$

$j$

$Q^{(j)}$

$j$

$\ldots$

$\otimes 1\otimes 1\otimes\cdots\in \mathfrak{U}$

$\otimes 1\otimes 1\otimes$

$\vee Q$

.

the -th component
$j$

Given a subset
generated by all
restriction of to

$\Lambda$

$Q^{(j)}$

$\mathfrak{U}_{\Lambda}$

$\varphi$

of ,
is defined as the
. If
with $Q\in M_{n}(C)$ ,
will be denoted by
:
$Z$

$\mathfrak{U}_{\Lambda}$

$ j\in\Lambda$

.

Classification.

Primary

$\mathfrak{U}$

$\mathfrak{U}$

$\varphi$

$\varphi_{\Lambda}$

$\varphi_{\Lambda}=\varphi|_{\mathfrak{U}_{\Lambda}}$

2000 Mathematics Subject

-subalgebra of
is a state of the

$C^{*}$

$82B10$ .

286

T. Matsui

The translation
(shift on the integer lattice Z) is an automorphism
of determined by
$\tau_{k}$

$\mathfrak{U}$

.

$\tau_{k}(Q^{(j)})=Q^{(j+k)}$

As the Lie group $SU(2)$ acts on the $2s+1$ dimensional vector space irreducibly, each one site algebra $M_{2s+1}(C)$ has the adjoint action of $SU(2)$ .
From this action we obtain the product type action
of $SU(2)$ on
which commutes with the lattice translation .
The time evolution of the system is governed by the one parameter
group of automorphisms
on . The generator of
is an approximate inner derivation obtained by the infinite volume limit of local
Hamiltonians
on the finite subset of :
$\mathfrak{U}$

$\beta_{g}$

$\tau_{k}$

$\delta$

$\mathfrak{U}$

$\alpha_{t}$

$H_{\Lambda}$

$\alpha_{t}$

$Z$

$\Lambda$

$\frac{d}{dt}\alpha_{t}(Q)|_{t=0}=\delta(Q)=\lim_{\Lambda\rightarrow Z}[H_{\Lambda}, Q]$

. A standard Hamiltonian of the spin
for $Q$ in
chain is the Heisenberg Hamiltonian
$\mathfrak{U}_{loc}$

$s$

antiferromagnetic

$H_{\Lambda}$

(1.1)

where

$H_{\Lambda}=\sum_{j\in\Lambda}(S^{(j)}, S^{(j+1)})$

$S_{\alpha}^{(j)}$

is the spin operator at the site

(1.1)

,

and

$j$

$(S^{(j)}, S^{(j+1)})=\sum_{\alpha=x,,,y,z}S_{\alpha}^{(j)}S_{\alpha}^{(j+1)}$

.

Another Hamiltonian frequently used in Sold State Physics is the following spin 1 Hamiltonian $(s=1)$ :
(1.3)

$H_{\Lambda}=\sum_{j\in\Lambda}\{J_{1}(S^{(j)}, S^{(j+1)})+J_{2}(S^{(j)}, S^{(j+1)})^{2}\}$

.

The above Hamiltonians of (1.1) and (1.3) and the time evolution
associated with them are obviously $SU(2)$ invariant:
$\beta_{g}o\alpha_{t}=\alpha_{t}o\beta_{g}$

$\alpha_{t}$

.

Mathematically we may consider more general Hamiltonians as well. Although these two Hamiltonians are approximation of more complicated
interactions, it is believed that the qualitative feature of these models represent “universal property” of $SU(2)$ invariant antiferromagnetic
systems.
Decay of correlation and the spectrum property of these
-dynamical
are of prime interest in mathematical physics. Next we
system
formulate the problem more precisely.
$C^{*}$

$\{\mathfrak{U}, \alpha_{t}\}$
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States considered for the above models are ground states. As far as
the spectrum and decay of correlation are concerned, KMS states are of
no interest as they always have exponentially decay of correlation and
each model does not exhibit any individual character.
By definition, a state is a ground state of the
-dynamical system
if
$C^{*}$

$\varphi$

$\{\mathfrak{U}, \alpha_{t}\}$

$\frac{1}{i}\frac{d}{dt}\varphi(Q^{*}\alpha_{t}(Q))\geq 0$

for any $Q$ of
. Let
be the GNS representation of a
ground state
is the Hilbert
where
is the representation, and
space and
is the GNS cyclic vector. When the state is a ground
on
state, there exists a positive (unbounded) selfadjoint operator
such that
$\mathfrak{U}_{loc}$

$\{\pi_{\varphi}, \ovalbox{\tt\small REJECT}_{\varphi}, \Omega_{\varphi}\}$

$fl_{\varphi}$

$\varphi$

$\pi_{\varphi}$

$\Omega_{\varphi}$

$\varphi$

$H_{\varphi}$

(1.4)

$e^{itH_{\varphi}}\pi_{\varphi}(Q)e^{-itH_{\varphi}}=\pi_{\varphi}\alpha_{t}((Q))$

,

$H_{\varphi}\Omega_{\varphi}=0$

$ff_{\varphi}$

.

By spectrum of the infinite volume Heisenberg model, we mean the
.
spectrum of
When the spin is 1/2, the Heisenberg model of (1.1) is exactly
solved and eigenvectors and their eigenvalues of (1.1) have been found
by Bethe ansatz. Even though the completeness of eigenvectors is not
yet proved, a lot of heuristic argument has been published. On the other
hand, for higher spin, nothing is rigorously proved for the Hamiltonian
(1.1) so far. Nevertheless due to the heuristic arguments and numerical
simulations, the following are now believed.
$H_{\varphi}$

$s$

Conjecture 1.1. (i) The ground state of the antiferromagnetic
Heisenberg model obtained by the infinite volume of (1.1) is unique,
(iia) If the spin
is a half odd integer $(s=(2n-1)/2)$ the spectrum of
for the unique ground state has no gap. Namely for
. The decay of correlation
any positive number Spec
$Q’$
$Q$
in
has the power law, so there exists
and
such that the limit
$\lim_{n\rightarrow\infty}|\varphi(Q\tau_{n}(Q’))-\varphi(Q)\varphi(Q’)|=0$ decays in a negative power
of .
has the gap in the
(iib) If the spin is an integer, the spectrum of
sense that Spec
for a positive number .
$s$

$H_{\varphi}$

$\varphi$

$\delta$

$ H_{\varphi}\cap(0, \delta)\neq\emptyset$

$\mathfrak{U}_{loc}$

$n$

$s$

$H_{\varphi}$

$ H_{\varphi}\cap(0, \delta)=\emptyset$

$\delta$

It is possible to show that the decay of correlation is exponential if
the spectral gap of
is open. In the case of integer spin Heisenberg
models, the conjecture suggests the exponential decay of correlation of
$|\varphi(Q\tau_{n}(Q’))-\varphi(Q)\varphi(Q’)|$ for any $Q$ and $Q’$ in
. Theorem 1.4
below).
Note that when the ground state is unique, it is pure and $SU(2)$
invariant (invariant under the product type action ). The conjecture
$H_{\varphi}$

$\mathfrak{U}_{loc}(c.f$

$\beta_{g}$
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(iia) and (iib) was proposed by Haldane in the beginning of 1980’ . The
spin 1/2 case of Haldane’s conjecture is supported by the exact (nonrigorous) solution. For the half odd integer spin I.Aﬄeck and E. Lieb have
shown that the gap of the spectrum of the finite volume Hamiltonian
vanishes in the infinite volume limit (see [2]). When the spin is
integer nothing is known but in [3] I.Aﬄeck, T.Kennedy, E.Lieb and
H.Tasaki found an example of Hamiltonian with the similar property to
the property Haldane’s conjecture claims. In fact, they have shown that
when the spin is one and $J_{1}=1$ , $J_{2}=1/3$ the Hamiltonian (1.3) has
the unique infinite volume ground state which has the exponential decay
correlation and the spectral gap. Their Hamiltonian $H_{AKLT}$ is referred
to as the AKLT model or the AKLT Hamiltonian:
$s$

$H_{\Lambda}$

(1.5)

.

$H_{AKLT}=\sum_{j}\{(S^{(j)}, S^{(j+1)})+\frac{1}{3}(S^{(j)}, S^{(j+1)})^{2}\}$

To prove their results, I.Aﬄeck, T.Kennedy, E.Lieb and H.Tasaki constructed the ground state of the AKLT Hamiltonian with a finite algebraic manipulation (the iteration of complete positive maps on finite
matrix algebras). The state they obtained in [3] is named Valence Bond
Solid state. Since the paper [3] was published, Valence Bond Solid states
was studied extensively. We will return $‘(VBS$ ” states later.
Unlike the integer spin case, we do not have any definite result on
the decay of correlation for the half odd integer spin case. However,
M. Aizenman and B. Nachtergaele obtained a measure theoretic representation of ground states for a class of Hamiltonians. Within their class of
Hamiltonians, M.Aizenman and B.Nachtergaele have found that translation symmetry breaking occurs if the decay of correlation is fast. It is
interesting to ask if the result which M.Aizenman and B.Nachtergaele
proved is a universal phenomenon or due to special choice of Hamiltonians. The theorem below is related to this question.
Theorem 1.2. Suppose that the spin is a half odd integer and
consider a translationally invariant pure state
of 2(. If is $SU(2)$
invariant,
cannot have the following uniform cluster property:
$s$

$\varphi$

$\varphi$

$\varphi$

(1.6)

where

$k\rightarrow\infty\lim_{||}\sup_{Q||\leq 1}|\sum_{i}(\varphi(Q_{i}\tau_{k}(R_{i}))-\varphi(Q_{i})\varphi(R_{i}))|=0$

$Q$

is any local observable in
$Q=\sum_{i}\gamma_{i}Q_{i}R_{i}$

,

$\mathfrak{U}_{loc}$

written in the

$Q_{j}\in \mathfrak{U}_{(-\infty,-1]}$

,

finite

$R_{i}\in \mathfrak{U}_{[0,\infty)}$

sum
.
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We can formulate the same kind of results as above for an arbitrary
compact semisimple Lie group.
Purity and translation invariance of implies the cluster property
$\varphi$

$\lim_{k\rightarrow\infty}|\sum_{i,,,j}(\varphi(Q_{j}\tau_{k}(R_{i}))-\varphi(Q_{j})\varphi(R_{i}))|=0$

.

Let
be the GNS representation of a translation invariant factor state . Consider the von Neumann algebras
. The uniformity of the cluster property in (1.6)
and
is equivalent to the condition that the inclusion $M_{1}\subset M_{2}$ contains an
intermediate type I factor . Following R.Longo in [18] we call such an
inclusion $M_{1}\subset\Re\subset M_{2}$ split.
$\{\pi_{\varphi}, fi_{\varphi}\Omega_{\varphi}\}$

$M_{1}=\pi_{\varphi}(\mathfrak{U}_{(-\infty,-1]})’’$

$\varphi$

$M_{2}=\pi_{\varphi}(\mathfrak{U}_{[0,\infty)})’$

$\Re$

Definition 1.3. Let
be a translati on invariant factor state of
. We say that the state
is split if the uniform cluster condition (1.6)
$\varphi$

$\mathfrak{U}$

$\varphi$

is

satisfied.

Any Gibbs state for a finite range interaction is split and so is any
VBS state. The construction of non-split pure states is a non trivial
mathematical problem. We believe that the exponential decay correlation implies the split property of state, as we are not aware of any
counter-example to this claim. Moreover Theorem 1.4 tells us that the
spectral gap implies the exponential decay of correlation. If the exponential decay of correlation implies the split property, Theorem 1.1 is a
solution to a part of Haldane’s conjecture.
Theorem 1.4. Consider a finite range translationally invariant
. Suppose that the state
is a pure ground state, and
Hamiltonian
is non-degenerate and the spectral
that the ground state energy of
in the sense specified in Conjecture 1.1. For any $Q$ and $Q’$ in
$H_{\Lambda}$

$\varphi$

$H_{\varphi}$

$\mathfrak{U}_{loc}gap,opens$

$|\varphi(Q\tau_{n}(Q’))-\varphi(Q)\varphi(Q’)|\leq C(Q, Q’)e^{-Mn}$

where

$C(Q, Q’)$ , $M$

are positive constants dependent on

,

$Q$

and

$Q’$

This theorem is a lattice version of Cluster Theorem of K. Fredenhagen
$(c.f. [15] )$ . A crucial assumption for Cluster Theorem of K.Fredenhagen
is strict locality for the time evolution, which is not valid in our case.
However we have entire analyticity and quasi-locality of our time evolution, with which we obtain Theorem 1.4. Unfortunately we do not have
good estimates for constants $C(Q, Q’)$ and $M$ .
About the question whether there exist any pure state without split
property, we have the following answer.
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Theorem 1.5. Consider the spin chain. Let be a translationally invariant pure state. Suppose that it is invariant under the torus
$U(1)$ in
for any $z\in U(1)$ . Then is either a product
state or a non-split state.
$\frac{1}{2}$

$\varphi$

$ SU(2):\varphi\circ\beta_{z}=\varphi$

$\varphi$

Due to this result, the ground state of the one-dimensional $XY$ model
is non-split. We will also discuss this model later.
Next we sketch the key point of our proof for Theorem 1.2, 1.4.
The proof is based on notions of split property, the shift of
and
Popescu systems.
A standard argument of quasi-local algebra implies that a state is
split if and only if is quasi-equivalent to the state
where
and
are the restriction of
to
and
. The split property of states is one of basic concepts in the local
quantum field theory (see [16], [11] and [12] and the references therein).
When
is a translation invariant pure split state, the restriction
is a type I factor state. Passing to the GNS representation and the
restriction of $\tau_{j}(j\geq 0)$ to
we obtain the shift of
in the sense of
with Powers index is implemented
R.Powers ([21]). Any shift of
by the generator of the Cuntz algebra
. Thus the translation invariant
. The Popescu
state is extendible to a state of the Cuntz algebra
system describes the connection of symmetry of and the representation
. We will explain this connection more explicitly
of the Cuntz algebra
in the next section.
$\mathfrak{B}(fi)$

$\varphi$

$\varphi_{(-\infty,-1]}\otimes\varphi_{[0,\infty)}$

$\varphi$

$\varphi_{(-\infty,-1]}$

$\mathfrak{U}_{(-\infty,-1]}$

$\varphi$

$\varphi_{[0,\infty)}$

$\mathfrak{U}_{[0,\infty)}$

$\varphi$

$\varphi_{[0,\infty)}$

$\mathfrak{B}(ff)$

$\mathfrak{U}_{R}$

$d$

$\mathfrak{B}(fi)$

$O_{d}$

$O_{d}$

$\varphi$

$\varphi$

$O_{d}$

Popescu Systems

\S 2.

Here we begin with the definition of the Popescu system. This notion
of
naturally appears when a translationally invariant state
is extended to a state on the Cuntz algebra $O_{d}(d=2s+1)$ .
$\varphi_{[0,\infty)}$

$\mathfrak{U}_{[0,\infty)}$

Definition 2.1. Let $R$ be a separable Hilbert space. By Popescu
system on $R$ we mean the triple
satisfying the following conditions.
is a von Neumann algebra acting on $R$ non-degenerately. $V$ is an
.
is a normal faithful state of
isometry from $R$ to
satisfying
the invariance
$\{\mathfrak{M}, V, \psi\}$

$\mathfrak{M}$

$C^{d}\otimes R$

(2.1)

$\psi(R)=\psi(E(1_{C^{d}}\otimes R))$

where $R$ is any element
map from

of

$M_{d}(C)\otimes \mathfrak{B}(R)$

(2.2)

$\mathfrak{M}$

$\psi$

$E(Q)=V^{*}QV$

$\mathfrak{M}$

to

and
$\mathfrak{B}(R)$

,

is the unital completely positive
determined by

$E(Q)$

for any

$Q$

in

$M_{d}(C)\otimes \mathfrak{B}(R)$

.
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Given a Popescu system
on $R$ , we can construct a translationally invariant state of the UHF algebra $( d=2s+1)$ by the formula
$\{\mathfrak{M}, V, \psi\}$

$\mathfrak{U}$

(2.3)

$\varphi(Q_{0}^{(j)}Q_{1}^{(j+1)}Q_{2}^{(j+2)}\cdots Q_{l}^{(j+l)})$

$=\psi(E(Q_{0}\otimes E(Q_{1}\otimes\cdots E(Q_{l}\otimes 1_{f1}))\cdots))$

.

When the dimension of $R$ is finite, the state
determined by (2.3) is
called the finitely correlated state or quantum Markov state or Matrix product state in mathematical physics. L.Accardi introduced quantum Markov states as a non-commutative extension of Markov measures in [1]. After the discovery of the AKLT Hamiltonian, M.Fannes,
B.Nachtergaele and $R,Werner$ found the relationship between VBS states
and quantum Markov states in [13]. (See also [14].) The ground state
of the AKLT Hamiltonian is described by the Popescu system where
$R$ is two dimensional and $V$ is the intertwiner of the representations of
$\varphi$

$SU(2)$ .

Any translationally invariant state is described by the Popescu system if we allow the dimension of $R$ to be infinite.
Lemma 2.2. Let be a translati onally invariant state of . There
such that the state
is deexists a Popescu system on $R$ ,
is a factor state, the complete
scribed by (2.3). Furthermore when
$E$
positive map
of (2.2) has the following ergodicity:
$E(1_{C^{d}}\otimes Q)=Q$
If
for $Q$ in , $Q$ isa scalar $Q=c1$ .
$\mathfrak{U}$

$\varphi$

$\{\mathfrak{M}, V, \psi\}$

$\varphi$

$\varphi$

$\mathfrak{M}$

The lemma is based on the following observation. Let
be the GNS triple of . Consider the von Neumann algebra
.
is extendible to the endomorand the shift
restricted to
.
implemented
phism
the von Neumann algebra
there exists
by a representation of the Cuntz algebra. Namely, on
$S_{k}(k=1,2,
..d)$
isometries
such that
$\{\pi_{\varphi}, \ovalbox{\tt\small REJECT}_{\varphi}, \Omega_{\varphi}\}$

$\pi(\mathfrak{U}_{[0,\infty)})’’$

$\varphi$

$\tau_{1}$

$\mathfrak{U}_{[0,\infty)}$

$\ominus on$

$\tau_{1}$

$\pi(\mathfrak{U}_{[0,\infty)})’’$

$\ominus is$

$Si_{\varphi}$

$S_{k}^{*}S_{j}=\delta_{kj}1$

,

$\sum_{k=1}^{d}S_{k}S_{k}^{*}=1$

and
$\Theta(Q)=\sum_{k=1}^{d}S_{k}QS_{k}^{*}$

$Q\in\pi(\mathfrak{U}_{[0,\infty)})’’$

.

. Let $R$ be
Let $P$ be the support projection of as the state of
, $V=(V_{1}, V_{2}, \ldots.V_{d})=$
the range of $P$ . Then we set
$(PS_{1}^{*}P, PS_{2}^{*}P, \ldots PS_{d}^{*}P)$ and we obtain the claim of Lemma.
$\varphi$

$\mathfrak{M}=P\pi(\mathfrak{U}_{[0,\infty)})’’P$

$\pi(\mathfrak{U}_{[0,\infty)})’’$
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In [8] O.Bratteli, P.Jorgensen, A.Kishimoto and R.Werner studied
the connection of the Popescu system and the shift of the von Neumann
when it is of type I. We also consider the
algebra
same situation.
$\mathfrak{M}=P\pi(\mathfrak{U}_{[0,\infty)})’’P$

Lemma 2.3. Let be a translationally invariant pure state of .
The following conditions are equivalent:
(i) The state is split;
associated with
is type
(ii) The $GNS$ representation of
$\mathfrak{U}$

$\varphi$

$\varphi$

$I$

$\mathfrak{U}_{[0,\infty)}$

$\varphi_{[0,\infty)}$

factor.
on a von Neumann algebra
An endomorphism
satisfies the following condition:
$\Theta$

$\bigcap_{n=01,,,2},$

.

$\ominus^{n}(\mathfrak{M})=C1$

$\mathfrak{M}$

is shift if it

.

It is known that the shift of a type I factor is inner in the sense that
is implemented by the canonical endomorphism of the Cuntz algebra
.
in
$\Theta$

$O_{d}$

$\mathfrak{M}$

Let

$E$

be the completely positive map of (2.2) and set
$E_{Q}(R)=E(Q\otimes R)$

for

$Q\in M_{d}(C)$

.

$E_{Q}$

is a complete bounded map from

$\mathfrak{M}$

to

$\mathfrak{M}$

.

Lemma 2.4. Let
be a translationally invariant factor state of
is a von
and
be the associated Popescu system. If
Neumann subalgebra of
containing 1 and invariant under the operator
or
.
with any $Q\in M_{d}(C)$ , then
$\varphi$

$\mathfrak{U}$

$\{\mathfrak{M}, V, \psi\}$

$9\mathfrak{n}_{1}$

$9\mathfrak{n}$

$\mathfrak{M}_{1}=1$

$E_{Q}$

$\mathfrak{M}_{1}=\mathfrak{M}$

We call that the above condition the minimality condition. This
minimality is crucial in our proof of our Theorem.
Now we proceed to study of the symmetry property of pure states
and the Cuntz algebra
with split property. Here we consider
of the group $U(d)$ of by
implementing the shift. The gauge action
unitary matrices is defined via the formula
$\mathfrak{U}_{[0,\infty)}$

$d$

$\gamma_{U}$

$d$

$\gamma_{U}(S_{k})=\sum_{l=1}^{d}U_{lk}S_{l}$

,

is the $k1$ matrix element for $U$ in $U(d)$ . Consider the diagonal
where
circle group $U(1)=\{z |z|=1z\in C\}$ . We identify the fixed point
.
algebra
with
$U_{kl}$

$O_{d}^{U(1)}$

$\mathfrak{U}_{[0,\infty)}$
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Let $G$ be a compact group and $v(g)$ be a -dimensional unitary
we denote the product action of $G$ on the
representation of $G$ . By
infinite tensor product induced by $v(g)$ :
$d$

$\beta_{g}$

$\mathfrak{U}$

$\beta_{g}(Q)=(\ldots.\otimes v(g)\otimes v(g)\otimes v(g)\otimes\ldots)Q(\ldots.\otimes v(g)^{-1}\otimes v(g)^{-1}\otimes v(g)^{-1}\otimes\ldots)$

for any
and
$O_{d}$

$Q$

in . On
coincide,
$\mathfrak{U}$

$\beta_{g}$

$\mathfrak{U}_{[0,\infty)}$

the gauge action
for any

of the Cuntz algebra
in
.

$\gamma_{v(g)}$

$\gamma_{v(g)}(Q)=\beta_{g}(Q)$

$Q$

$\mathfrak{U}_{[0,\infty)}$

Proposition 2.5. Let be a translationally invariant factor state
. Suppose that
and $G$ invariant:
$\varphi$

of

$\mathfrak{U}$

$\varphi$

$\varphi(\beta_{g}(Q))=\varphi(Q)$

for

any

$g$

in

$G$

and any

$Q$

in

$\mathfrak{U}$

.

Let
be the canonical Popescu system for .
(i) There exista projective unitary representation $u(g)$ of $G$ on $R$ and
such that $V$ intertwines the
one-dimensional unitary representation
representation as follows:
$\{\mathfrak{M}, V, \psi\}$

$\varphi$

$a$

$\xi(g)$

(2.4)

$(\xi(g)v(g))\otimes u(g)V=Vu(g)$ .

(ii) $Ad(u(g))$ leaves
invariant.
(ii) The normal state of of
is invariant under
$\mathfrak{M}$

$\mathfrak{M}$

$\psi$

$Ad(u(g))$ .

Proposition 2.6. Suppose that is translationally invariant, pure
.
is the inner
and split. The automorphism $Ad(u(g))$ on
$G$
Suppose, further, that is the one-dimensional torus $U(1)$ or a connected, simply connected compact semisimple Lie group. The projective
representation $u(g)$ isa unitary representation.
$\varphi$

$(u(g)\in 9\mathfrak{n})$

$\mathfrak{M}$

Corollary 2.7. Let $G$ be a connected, simply connected compact
semisimple Lie group. Let
be the set of irreducible unitary duals of
,
the compact group G. Let
be a partition of
$\hat{G}$

$\{F_{\alpha}\}$

$(\alpha\neq\beta)$

,

$\bigcup_{\alpha}F_{\alpha}=\hat{G}$

$\hat{G};F_{\alpha}\subset\hat{G}$

$F_{\alpha}\cap F_{\beta}=$

.

Suppose that any irreducible component in the tensor of the repre.
sentation $v(g)$ and
is contained in another diﬀerent
Then there exists no translationally invariant pure split state.
$F_{\alpha}$

$F_{\beta}$

Using the above Proposition we obtain our main results Theorem
1.2 and 1.4.

\S 3.

Examples

In this section we present a few examples of ground states, which illustrate some aspects of previous results. We consider the translationally
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invariant Hamiltonian. For simplicity we assume that the interaction is
of nearest neighbor. So suppose a selfadjoint element
in
is given and consider the finite volume Hamiltonian $H_{[n,m]}$ in
on
$[n,
m]$
the interval
is determined by
$h_{0}=h_{0}^{*}$

$\mathfrak{U}_{\{0,1\}}$

$\mathfrak{U}_{[n,m]}$

$H_{[n,m]}=\sum_{j=n}^{m-1}$

where we set

$\tau_{j}(h_{0})=h_{j}$

$h_{j}$

,

.

We begin with the exactly solvable $XY$ model as an example of
Theorem 1.4. The Hamiltonian $H_{XY}$ of the $XY$ model is determined by
the equation

(3.1)

$H_{XY}=-\sum_{j\in Z}\{\sigma_{x}^{(j)}\sigma_{x}^{(j+1)}+\sigma_{y}^{(j)}\sigma_{y}^{(j+1)}\}-2\lambda\sum_{j\in Z}\sigma_{z}^{(j)}$

,

where is a real parameter (an external magnetic field),
,
and
(j)
are the Pauli spin matrices at the site . For the finite chain the $XY$
model is equivalent to the free Fermion via the Jordan Wigner transformation. For the infinite chain the equivalence is not literally correct
due to the infinite product of
in the Jordan Wigner transformation.
Nevertheless we have obtained the following results in [5].
$\sigma_{x}^{(j)}$

$\lambda$

$\sigma_{y}^{(j)}$

$j$

$\sigma_{z}$

$\sigma_{z}^{(j)}$

Theorem 3.1. The ground state of the $XY$ model (3.1) is unique
for any real .
(i)
it is a product state. The spectral gap is open $if|\lambda|>1$ .
(ii) $|\lambda|<1$ the ground state is not a product state. The spectrum is
purely absolutely continuous without gap.
$\lambda$

$|\lambda|\geq 1$

The Hamiltonian $H_{XY}$ of the $XY$ model is invariant under the rotation around the axis where the infinitesimal generator of the rotation
is
$z$

$N=\sum_{j\in Z}\sigma_{z}^{(j)}$

.

Due to uniqueness the ground state is invariant under the rotation
around the axis. As a consequence, Theorem 1.4 implies the following.
$z$

Corollary 3.2. For the case $|\lambda|<1$ , the unique ground state
the $XY$ model (3.1) is a pure state without split property.

of
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Next we consider a generalization of the AKLT model of [3]. Here
we only give an abstract condition for Hamiltonians.
is positive: $H_{[n,m]}\geq 0$
Assumption 3.3. (i) We assume that
$[n,
m]$
.
for any
(ii) The dimension of the kernel of $H_{[n,m]}$ (the multiplicity of zero eigenvalue of $H_{[n,m]}$ as a finite matrix) is greater than one and uniformly
bounded in and $m$ :
$h_{j}$

$n$

(3.2)

$ 1\leq\sup_{n,,,m}dimkerH_{[n,m]}<\infty$ .

If a suitable constant is added to the Hamiltonian, AKLT model
(1.5) satisfies the Assumption 3.3.
be
Theorem 3.4. Suppose that Assumption 3.3 is valid. Let
translationally invariant pure ground state.
is split and pure. In fact, the auxiliary Hilbert
Then the state
$R$
space of the canonical Popescu system is finite dimensional. The two
point function decays exponentially fast:
$\varphi$

$a$

$\varphi$

$\sup_{j\in Z}|\varphi(Q_{1}\tau_{j}(Q_{2}))-\varphi(Q_{1})\varphi(Q_{2})|e^{m|j|}<\infty$

for any

local

$Q_{1}$

and

$Q_{2}$

.

This result is a converse to a result of M.Fannes, B.Nachetergaele
and R.Werner in [13]. They have shown that if is a translationally
invariant pure state with the finite dimensional auxiliary Hilbert space
$R$
of the associated Popescu system, there exists a projection $P$ in
such that
$\varphi(P_{j})=0$
with $P_{j}=\tau_{j}(P)$ .
$\varphi$

$\mathfrak{U}_{loc}$

Thus is a ground state for the Hamiltonian $H=\sum_{j}P_{j}$ .
Thus our Theorem 1.2 asserts impossibility of the construction of
$SU(2)$ spin half odd integer models satisfying the Assumption 3.3.
$\varphi$

Next we consider another variant of the Heisenberg model, the antiferromagnetic XXZ model. The Hamiltonian of the XXZ model is
defined by
(3.3)

$H_{XXZ}=\sum_{j}\{\sigma_{x}^{(j)}\sigma_{x}^{(j+1)}+\sigma_{y}^{(j)}\sigma_{y}^{(j+1)}+\triangle\sigma_{z}^{(j)}\sigma_{z}^{(j+1)}\}$

,

where
is a real parameter. We consider the antiferromagnetic region
of the model, i.e., $-1<\triangle$ . The following is the standard picture on the
$\triangle$
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ground state commonly accepted by physicists.
(a) If $-1<\triangle\leq 1$ , the ground state is unique. The correlation function
decays in power. There is no spectral gap of Hamiltonian.
(b) When
, there exists precisely two pure ground states
and
. They are not translationally invariant, however, periodic with
. The Hamiltonian has the spectral gap
period two,
and their two point correlation functions decay exponentially fast.
The XXZ model is exactly solved by the Yang-Baxter machinery,
though none of the above assertions has not be yet proved rigorously
is extremely large $ 1<<\triangle$ . The reason why
except the case where
the large case is well understood is that the standard cluster expansion
(convergent perturbation theory) works. We can verify the above claim
as well as the split property of ground states. It is easy to see that any
product state is not the ground state of the XXZ model. Theorem 1.4
suggests the following implication.
$ 1<\triangle$

$\varphi_{even}$

$\varphi_{odd}$

$\varphi_{even}=\varphi odd\circ\tau_{1}$

$\triangle$

$\triangle$

Theorem 3.5. Consider the $XXZ$ model $H_{XXZ}$ of (3.3) in the
antiferromagnetic region. Then, one of the following is valid:
(i) The ground state is unique and it is not split;
(ii) There exists two pure ground states which are not translationally
invariant.

Theorem 3.5 is a complementary result to the one due to I.Aﬄeck
and E.Lieb ([2]) saying: there is no spectral gap if the ground state
is unique. Their argument does not yield any information on correlation function while our Theorem 3.5 (i) asserts lack of certain uniform
clustering.
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Kengo Matsumoto

\S 1

Introduction

In [Wi], R. F. Williams introduced the notions of strong shift equivalence and shift equivalence between nonnegative square matrices and
showed that two topological Markov shifts are topologically conjugate
if and only if the associated matrices are strong shift equivalent. He
also showed that strong shift equivalence implies shift equivalence (cf.
[KimR] . There is a class of subshifts called sofic subshifts that are generalized class of Markov shifts and determined by square matrices with
entries in formal sums of symbols (see [Kit] , [Kr4] , [LM], [We] ,etc.). Such
a square matrix is called a symbolic matrix. It is an equivalent object
to a labeled graph called a -graph. M. Nasu in [N] ,[N2] generalized
the notion of strong shift equivalence to symbolic matrices. He showed
that two sofic subshifts are topologically conjugate if and only if their
canonical symbolic matrices are strong shift equivalent ([N], [N2] ,see also
[HN] . M. Boyle and W. Krieger in [BK] introduced the notion of shift
equivalence for symbolic matrices and studied topologically conjugacy
for sofic subshifts.
In [Ma6], the notions of symbolic matrix system and -graph system
have been introduced as presentations of subshifts. They are generalized
be a
notions of symbolic matrix and -graph for sofic subshifts. Let
finite set. A symbolic matrix system over consists of two sequences of
. The matrices
have
,
rectangular matrices
entries in formal sums of and the matrices
have entries in {0, 1}.
They satisfy the following commutation relations
$)$

$\lambda$

$)$

$\lambda$

$\Sigma$

$\lambda$

$\Sigma$

$(\lambda 4_{l,,,l+1}, I_{l,,,l+1})$

$\Sigma$

$l$

$\in \mathbb{N}$

$\lambda\Lambda_{l,,,l+1}$

$I_{l,,,l+1}$

$I_{l,,,l+1}\mathcal{M}_{l+1,l+2}=\Lambda 4_{l,,,l+1}I_{l+1,l+2}$
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We assume that for

$i$

there exists
such that the $(i, j)$ -component
there uniquely exists such that $I_{l,,,l+1}(i, j)=1$ .
$j$

and for
.
We denote it by
is a labeled Bratteli diagrams with
A -graph system
vertex set $ V=V_{1}\cup V_{2}\cup\cdots$ and edge set $ E=E_{1,,,2}\cup E_{2,,,3}\cup\cdots$ that
. The matrix
naturally arises from a symbolic matrix system
from a vertex in
to a vertex in
defines an edge in
. The matrix
defines a
whose label is denoted by
to . The symbolic matrix systems and the
surjection from
graph systems are the same objects and give rise to subshifts. There
is a canonical method to construct a symbolic matrix system from an
arbitrary subshift. The obtained symbolic matrix system is said to be
canonical for the subshift. If a subshift is sofic, the canonical symbolic
matrix system corresponds to the symbolic matrix of its left Krieger
cover graph. The notion of strong shift equivalence for nonnegative
matrices and symbolic matrices has been generalized to symbolic matrix
systems ([Ma6], cf. [Mall]). We have proved (cf. [N],[Wi])
$I_{l,,,l+1}(i, j)=1$

$j$

$i$

$(\Lambda 4, I)$

$\mathcal{L}=(V, E, \lambda, \iota)$

$\lambda$

$(\mathcal{M}, I)$

$\lambda 4_{l,,,l+1}$

$e$

$V_{l}$

$E_{l,,,l+1}$

$\lambda(e)\in\Sigma$

$V_{l+1}$

$V_{l+1}$

$I_{l,,,l+1}$

$\lambda-$

$V_{l}$

Theorem A ([Ma6]). Two subshifts are topologically conjugate
if and only if their canonical symbolic matrix systems are strong shift
equivalent.

Shift equivalence between two symbolic matrix systems has been defined in [Ma6] as a generalization of the corresponding notion for symbolic matrices defined by Boyle-Krieger in [BK].
be the nonnegative
, let
For a symbolic matrix system
by setting all the symbols equal
rectangular matrix obtained from
to 1 for each
. Then the resulting pair $(M, I)$ still satisfies the
following relations.
$(\mathcal{M}, I)$

$M_{l,,,l+1}$

$\lambda 4_{l,,,l+1}$

$l$

$\in \mathbb{N}$

$I_{l,,,l+1}M_{l+1,l+2}=M_{l,,,l+1}I_{l+1,l+2}$

,

$l$

$\in \mathbb{N}$

.

. We say $(M, I)$
We call $(M, I)$ the nonnegative matrix system for
to be canonical when
is canonical. More generally, for a sequence
of rectangular matrices with entries in nonnegative integers
,
and a sequence
of rectangular matrices with entries in {0, 1},
,
the pair $(M, I)$ is called a nonnegative matrix system if they satisfy the
nonnegative square matrix $A$ , if we
relations above. For a single
,
set $M_{l,,,l+1}=A$ and $I_{l,,,l+1}=I_{n}$ : the $n\times n$ identity matrix for all
$(M,
I)$
We
similarly formuis a nonnegative matrix system.
the pair
late strong shift equivalence and shift equivalence between nonnegative
matrix systems as generalizations of the corresponding equivalences for
single nonnegative square matrices.
$(\lambda\Lambda, I)$

$(\mathcal{M}, I)$

$M_{l,,,l+1}$

$l$

$\in \mathbb{N}$

$I_{l,,,l+1}$

$l$

$\in \mathbb{N}$

$n$

$\times n$

$l$

$\in \mathbb{N}$
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For nonnegative matrices, the dimension groups defined by Krieger
in [Kr2], [Kr3] and the Bowen-Franks groups considered in [BF] are
crucial shift equivalence invariants. They induce topological conjugacy
invariants for the associated topological Markov shifts. We generalize
them to nonnegative matrix systems. The following three kinds of objects for a nonnegative matrix system $(M, I)$ are defined:
$(\triangle M,I), \triangle^{+} ((M,I)$

’

$ _{\delta_{(M,I)}}$

The dimension triple

),

$K_{i}(M, I)$

,

$(\triangle M,I), \triangle^{+} ((M,I)’ ^{\delta_{(M,I)}})$

$BF^{i}(M, I)$ ,

$i=0,1$ .

consists of an abelian group

and an ordered automorphism
with positive cone
on it. The $K$ groups $K_{i}(M, I)$ , $i=0,1$ and the Bowen-Franks groups
$BF^{i}(M, I)$ , $i=0,1$ consist of a pair of abelian groups for each. The
three kinds of objects above are invariant under shift equivalence in nonnegative matrix systems. Hence they are naturally induce topological
conjugacy invariants for subshifts by taking their canonical nonnegative
matrix systems. Relationships among the equivalences and the invariants for the matrix systems are as in the following way:
$\triangle(M,I)$

$\delta_{(M,I)}$

$\triangle^{+}(M,I)$

Theorem $B$ ([Ma6]). For two symbolic matrix systems
and their respect nonnegative matrix systems $(M, I)$ , $(M’,
consider the following situations:

$(\mathcal{M}, I)$

$(\mathcal{M}’, I’)$

(51)
(N1)
(52)
(N2)
(3)

$(\mathcal{M}, I)\approx(\lambda 4’, I)$

$(M, I)\approx(M’, I)$
$(\Lambda 4, I)\sim(\mathcal{M}’, I)$

$(M, I)\sim(M’, I)$

,

I’)$ ,

: strong shift equivalence,
: strong shift equivalence,
: shift equivalence,
: shift equivalence,

$(\triangle M,I), \triangle^{+} ((M,I)’ ^{\delta_{(M,I)}})\cong(\triangle(M’,I’),$ $\triangle^{+} (M’,I’)$

’

$ ^{\delta_{(M’,I’)}}$

) :

isomorphic dimension triples,
(4)

$(\triangle\delta)(M,I),(M,I)\cong(\triangle(M’,I’),$
$pa\iota rs$

(5)
(6)

$\delta_{(M’,I’)})$

: isomorphic dimension

,

$K_{*}(M, I)\cong K_{*}(M’, I)$

$BF^{*}(M, I)\cong BF^{*}(M’,

: isomorphic $K$-groups,
I)$ : isomorphic Bowen-Franks groups.

Then we have the following implications:
$(S1)\Rightarrow(S2)$
$\Downarrow$

$\Downarrow$

$(N1)\Rightarrow(N2)\Rightarrow(3)\Rightarrow(4)\Rightarrow(5)\Rightarrow(6)$

.

Two subshifts are said to be flow equivalent if their suspension flows
act on homeomorphic spaces under some homeomorphism that preserves
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orbits in an orientation preserving way (cf. [PS]). The Bowen-Franks
for nonnegative matrix $A$ is known to be not only
group
a topological conjugacy invariant but also a flow equivalence invariant
for the associated topological Markov shift ([BF], cf. [Fr], [PS]). We
generalize it to subshifts.
$\mathbb{Z}^{n}/(1-A)\mathbb{Z}^{n}$

Theorem $C$ ([Ma8], cf. [Ma3]). The $K$-groups and the BowenFranks groups for canonical nonnegative matrix systems for subshifts are
invariant under flow equivalence.

In [Ma6], the eigenvalues and eigenvectors of a nonnegative matrix
system $(M, I)$ have been defined as a generalization of the nonzero spectrum of a single nonnegative matrix. We denote by $Sp\times(M, I)$ the set
of all nonzero eigenvalues of $(M, I)$ . Let $Sp_{b}\times(M, I)$ be the set of all
nonzero eigenvalues of $(M, I)$ having a certain boundedness condition
on the corresponding eigenvectors. We know that the both $Sp\times(M, I)$
and $Sp_{b}\times(M, I)$ are not empty and invariant under shift equivalence of
$(M, I)$ . In particular, if $(M, I)$ is the canonical nonnegative matrix system for a subshift, the set $Sp_{b}\times(M, I)$ is bounded by the topological
entropy of the subshift.
The author has constructed the
algebra
associated with subshift ([Ma], cf. $[CaM]$ , [MalO]) as a generalization of the Cuntz-Krieger
algebra
associated with topological Markov shift
for matrix $A$
with entries in {0, 1}. The
algebra
has a canonical action of the
. Let
one dimensional torus group, called gauge action and written as
$(M, I)$ be the canonical nonnegative matrix system for the subshift
.
$K$
The invariants mentioned above are described in terms of the -theoretic
-algebra as in the following way:
objects for the
$C^{*}$

$O_{\Lambda}$

$\Lambda$

$O_{A}$

$\Lambda_{A}$

$C^{*}$

$O_{\Lambda}$

$\alpha_{\Lambda}$

$\Lambda$

$C^{*}$

Theorem

$D$

([Ma2], [Ma3], [Ma4], cf. [C3] , [PS]).

$(\triangle M,I), \triangle^{+} ((M,I)$

’

$ ^{\delta_{(M,I)}}$

)

$\cong(K_{0}(\mathcal{F}_{\Lambda}), K_{0}(\mathcal{F}_{\Lambda})_{+}$

$K_{i}(M, I)\cong K_{i}(O_{\Lambda})$

where

$\alpha_{\hat{\Lambda}}$

denotes the dual action

of

$\alpha_{\Lambda}$

and

$\alpha_{\hat{\Lambda}})$

,

$i=0,1$ ,

,

$BF^{i}(M, I)\cong Ext^{i+1}(O_{\Lambda})$

,

,

$i=0,1$

Ext1

$(O_{\Lambda})=Ext(O_{\Lambda})$

,

$Ext\ovalbox{\tt\small REJECT}$

The normalized nonnegative eigenvectors of $(M, I)$ exactly correspond to the KMS-states for
on the
. Hence the set of
algebra
bounded spectrums with nonnegative eigenvectors are the set of inverse
temperatures for the admitted KMS states ([MWY] cf. [EFW]).
$\alpha_{\Lambda}$

$C^{*}$

$O_{\Lambda}$
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-graph systems as presen-

We fix a finite set
and call it the alphabet. Each element of is
called a symbol. We write the empty symbol in as 0. We denote by
the set of all finite formal sums of elements of .
For two symbolic matrices $A$ over alphabet and $A’$ over alphabet
and bijection from a subset of onto a subset of , we say that
$A$ and $A’$ are specified equivalence under specification
if $A’$ can be
.
obtained from $A$ by replacing every symbol appearing in $A$ by
$\Sigma$

$\Sigma$

$\Sigma$

$\emptyset$

$\Sigma$

$\mathfrak{S}_{\Sigma}$

$\Sigma$

$\Sigma’$

$\Sigma’$

$\Sigma$

$\phi$

$\phi$

$\phi(a)$

$a$

. We call
We write it as $A$
a specification from
to . These
notions are due to M. Nasu in [N], [N2].
over
and
over
Two symbolic matrix systems
to
are said to be isomorphic if there exists a specification from
and an $m(l)\times m(l)$ -square permutation matrix
for each
such
that
$\simeq\phi A’$

$\Sigma’$

$\Sigma$

$\phi$

$\Sigma$

$(\lambda 4, I)$

$\Sigma’$

$(\mathcal{M}’, I’)$

$\phi$

$l$

$P_{l}$

$P_{l}\lambda 4_{l,,,l+1}\simeq\phi \mathcal{M}_{l}’,{}_{l+1}P_{l+1}$

,

Two -graph systems
over alphabet and
alphabet
are said to be isomorphic if there exist bijections
$V’$
:
such that
,
and a specification :
$\lambda$

$\Sigma$

$(V, E, \lambda, \iota)$

(1)
(2)
(3)
(4)

$E\rightarrow E’$

$\phi$

and

$\Phi_{V}(V_{l})=V_{l}’$

$\iota’(\Phi_{V}(v))=\Phi_{V}(\iota(v))$
$\lambda’(\Phi_{E}(e))=\phi(\lambda(e))$

$\in \mathbb{N}$

$\Phi_{V}$

:

.

over
$ V\rightarrow$

$\Sigma\rightarrow\Sigma’$

for

$\Phi_{E}(E_{l,,,l+1})=E_{l,,,l+1}’$

$\Phi_{V}(s(e))=s(\Phi_{E}(e))$

$l$

$(V’, E’, \lambda’, \iota’)$

$\Sigma’$

$\Phi_{E}$

$\in \mathbb{N}$

for

$P_{l}I_{l,,,l+1}=I_{l}’,{}_{l+1}P_{l+1}$

$\Sigma’$

$\Sigma$

$l$

$\in \mathbb{N}$

and $\Phi_{V}(r(e))=r(\Phi_{E}(e))$
for $v\in V$,
for $e\in E$

,

for

$e\in E$

,

, $s(e)\in V_{l}$ and $r(e)\in V_{l+1}$ denote the source
where for an edge
vertex of and the range vertex of respectively. Then we know that
there exists a bijective correspondence between the set of all isomorphism
classes of symbolic matrix systems and the set of all isomorphism classes
of -graph systems.
We will see that any subshift comes from a symbolic matrix system
and equivalently from a -graph system. We review on subshifts. Let
, where
be an alphabet. Let
be the infinite product spaces
, endowed with the product topology. The transformation on
is called the (full) shift. Let
be
given by $(\sigma(x_{i}))=(x_{i+1})$ ,
. The topological
a shift invariant closed subset of
i.e.
by and
dynamical system
is called a subshift. We denote
the
write the subshift as
for short. We denote by
set of all right-infinite sequences that appear in . A finite sequence
is called a block or a word of length
of elements
$e$

$\in E_{l,,,l+1}$

$e$

$e$

$\lambda$

$\Sigma$

$\lambda$

$\Sigma^{\mathbb{Z}}$

$\prod_{i=-\infty}^{\infty}\Sigma_{i}$

$\Sigma_{i}=\Sigma$

$\sigma$

$\Sigma^{\mathbb{Z}}$

$\Lambda$

$i\in \mathbb{Z}$

$\Sigma^{\mathbb{Z}}$

$\sigma(\Lambda)=\Lambda$

$(\Lambda, \sigma|_{\Lambda})$

$\sigma|_{\Lambda}$

$\Lambda$

$X_{\Lambda}(\subset\prod_{\dot{x}}^{\infty}\Sigma_{i})$

$\Lambda$

$\mu=(\mu_{1}, \ldots, \mu_{k})$

$\sigma$

$\mu_{j}\in\Sigma$
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. A block $\mu=(\mu_{1}, \ldots, \mu_{k})$ is said to occur in
.
, , $x_{m+k-1}=\mu_{k}$ for some

$\mu_{1}$

if

$x=(x_{i})\in\Sigma^{\mathbb{Z}}$

$x_{m}=$

$m\in \mathbb{Z}$

$\ldots$

We will construct subshifts from symbolic matrix systems.
be a symbolic matrix system over and
Let
its corresponding -graph system. Let
for
be the set of all label
to , that is,
sequences of paths from
$\Sigma$

$(\mathcal{M}, I)$

$\lambda$

$V_{1}$

$L_{l}=\{$

$l$

$L_{l}$

$(\lambda(e_{1}), \lambda(e_{2})$

,

$\ldots$

$\mathcal{L}=(V, E, \lambda, \iota)$

$\in \mathbb{N}$

$V_{l}$

,

$\lambda(e_{l}))\in\Sigma^{l}|e_{i}\in E_{i,,,i+1}$

,

$r(e_{i})=s(e_{i+1})$

for $i=1,2$ ,

$\ldots$

,

$l$

$-1$

}.

We set
$X_{(\mathcal{M},I)}=\{(\lambda(e_{1}), \lambda(e_{2})$

,

$\ldots)\in\Sigma^{\mathbb{N}}|e_{i}\in E_{i,,,i+1}$

for

$i\in \mathbb{N}$

, $r(e_{i})=s(e_{i+1})$

}

the set of all right infinite sequences consisting of labels along infinite
is defined from open sets of the form
paths. The topology on
$X_{(\lambda\Lambda,I)}$

$U_{(\mu_{1}},$

for

.

’

$\mu_{k}$

)

$=$

{

$(\alpha_{1},$

$\alpha_{2}$

,

$\ldots)\in X_{(\lambda 4,I)}|\alpha_{i}=\mu_{i}$

so that
, we have
, we may find a symbol
Hence the following map

$(\mu_{1}, \ldots, \mu_{k})\in L_{k}$

$X_{(\mathcal{M},I)}$

$\in X_{(\Lambda 4,I)}$

.

$i=1$ ,

$\ldots$

,

$k$

}

is a compact Hausdorﬀ space. For
. For
such that

$(\alpha_{2}, \alpha_{3}, \ldots)\in X_{(\lambda 4,I)}$

$(\alpha_{1}, \alpha_{2}, \ldots)\in X_{(\mathcal{M},I)}$

$X_{(A4,I)}$

for

$\alpha_{0}\in\Sigma$

$(\alpha_{1}, \alpha_{2}, \ldots)$

$(\alpha_{0}, \alpha_{1}, \alpha_{2}, \ldots)\in$

$S:(\alpha_{1}, \alpha_{2}, \alpha_{3}, \ldots)\in X_{(\Lambda 4,I)}\rightarrow(\alpha_{2}, \alpha_{3}, \ldots)\in X_{(\Lambda 4,I)}$

is well-defined, continuous and surjective. We set
$\Lambda_{(\mathcal{M},I)}=\varliminf\{S:X_{(\mathcal{M},I)}\rightarrow X_{(\Lambda 4,I)}\}$

the projective limit in the category of compact Hausdorﬀ spaces. Thus
is identified with the set of all biinfinite sequences arising from
the sequences in
. That is
$\Lambda_{(A4,I)}$

$X_{(\Lambda 4,I)}$

$\Lambda_{(\mathcal{M},I)}=\{(\ldots, \alpha_{2}, \alpha_{1}, \alpha_{0}, \alpha_{1}, \alpha_{2}, \ldots)|(\alpha_{n}, \alpha_{n+1}, \ldots)\in X_{(\lambda\Lambda,I)}$

for

$n\in \mathbb{Z}$

}.

The map induces a homeomorphism on it. We denote it by that sat. Therefore we obtain a subshift
.
isfies
We next construct symbolic matrix systems from subshifts.
, let
For a subshift
over and a number
be the set of
, two points
occurring in some
. For
all words of length in
$S$

$\sigma$

$\sigma((\alpha_{i})_{i\in \mathbb{Z}})=(\alpha_{i+1})_{i\in \mathbb{Z}}$

$(\Lambda, \sigma)$

$k$

$\Sigma^{\mathbb{Z}}$

$(\Lambda_{(\mathcal{M},I)}, \sigma)$

$\Sigma$

$\Lambda^{k}$

$k\in \mathbb{N}$

$ x\in\Lambda$

$l$

$\in \mathbb{N}$
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are said to be -past equivalent if
. Let
, $i=1,2$ ,
, $m(l)$ be the set of all -past equivalence
. We define two rectangular $m(l)\times m(l+1)$ matrices
classes of
respectively as
with entries in {0, 1} and entries in
,
in the following way. For $i=1,2$ ,
, $m(l)$ , $j=1,2$ ,
, $m(l+1)$ , the
$(i, j)$ -component
of
is one if
contains
otherwise
for which
zero. Let ,
be the set of all symbols in
,
for some $x\in F_{j}^{l+1}$ . We then define the $(i, j)$ -component of the matrix
: the formal sum of ,
.
,
as
becomes a symbolic matrix system.
We can show that the pair
We call it the canonical symbolic matrix system for . We denote its
and call it the canonical
-graph system by
associated with
graph system for . The subshift
coincides with the original subshift .
$x$

,

$\{\mu\in\Lambda^{l}|\mu x\in X_{\Lambda}\}=\{\iota/\in$

$l$

$y\in X_{\Lambda}$

$\Lambda^{l}|\iota/y\in X_{\Lambda}\}$

$l$

$F_{i}^{l}$

$\ldots$

$X_{\Lambda}$

$I_{l,,,l+1}^{\Lambda}$

$\mathfrak{S}_{\Sigma}$

$\Lambda 4_{l,,,l+1}^{\Lambda}$

$\ldots$

$I_{l,,,l+1}^{\Lambda}(i, j)$

$\ldots$

$F_{j}^{l+1}$

$F_{i}^{l}$

$I_{l,,,l+1}^{\Lambda}$

$a_{k}x\in F_{i}^{l}$

$\Sigma$

$a_{1}$

$\ldots$

$a_{r\iota}$

$\lambda\Lambda_{l,,,l+1}^{\Lambda}(i, j)=a_{1}+\cdots+a_{r\iota}$

$\lambda\Lambda_{l,,,l+1}^{\Lambda}(i, j)$

$a_{1}$

$\ldots$

$a_{n}$

$(\mathcal{M}^{\Lambda}, I^{\Lambda})$

$\Lambda$

$\lambda-$

$\mathcal{L}^{\Lambda}=(V^{\Lambda}, E^{\Lambda}, \lambda^{\Lambda}, \iota^{\Lambda})$

$\lambda$

$\Lambda$

$(\mathcal{M}^{\Lambda}, I^{\Lambda})$

$\Lambda_{(A4^{\Lambda},I^{\Lambda})}$

$\Lambda$

Strong shift equivalence and shift equivalence

\S 3

In this section, we define strong shift equivalence and shift equivalence between two symbolic matrix systems. For alphabets $C$ , $D$ , put
$C\cdot D=\{cd|c\in C, d\in D\}$ . For
,
and
define
.
Let
and
be symbolic matrix systems over alphabets
are $m(l)\times m(l+1)$ matrices and
,
respectively, where
,
,
are $m’(l)\times m’(l+1)$ matrices.
are said to
,
Definition. Two symbolic matrix systems
be strong shift equivalent in 1-step and written as
$y=\sum_{k}d_{k}\in \mathfrak{S}_{D}$

$x=\sum_{j}c_{j}\in \mathfrak{S}_{C}$

$xy=\sum_{j,k}c_{j}d_{k}\in \mathfrak{S}_{C\cdot D}$

$(\mathcal{M}, I)$

$\Sigma$

$\Sigma’$

$\mathcal{M}_{l,,,l+1}’$

$(\lambda 4’, I’)$

$\mathcal{M}_{l,,,l+1}$

$I_{l,,,l+1}$

$I_{l,,,l+1}’$

$(\lambda 4’, I)$

$(\mathcal{M}, I)$

$(\mathcal{M}, I)$

$1-st\approx(\lambda 4’, I’)$

:
and
if there exist alphabets $C$ , $D$ and specifications
, there exist an $m(l-1)\times m’(l)$
:
such that for each
over $D$ satisfying
matrix
over $C$ and an $m’(l-1)\times m(l)$ matrix
the following equations:
$\Sigma\rightarrow C\cdot D$

$\varphi$

$\phi$

$\Sigma’\rightarrow D\cdot C$

$l$

$\in \mathbb{N}$

$\prime H_{l}$

$\mathcal{K}_{l}$

$I_{l-1,,,l}\mathcal{M}_{l,,,l+1}\simeq\varphi 7\{_{l}\mathcal{K}_{l+1}$

,

$H_{l}I_{l,,,l+1}’=I_{l-1,,,l}\mathcal{H}_{l+1}$

,

$I_{l-1,,,l}’\lambda 4_{l,,,l+1}’\simeq\phi \mathcal{K}_{l}H_{l+1}$

and
$\mathcal{K}_{l}I_{l,,,l+1}=I_{l-1,,,l}’\mathcal{K}_{l+1}$

and
Two symbolic matrix systems
$N$
strong shift equivalent in -step and written as
$(\mathcal{M}, I)$

$(\mathcal{M}’, I’)$

$(\mathcal{M}, I)$

.

are said to be
if

$N-st\approx(\mathcal{M}’, I’)$
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there exist symbolic matrix systems
that
$(\mathcal{M}, I)$

$(\mathcal{M}^{(i)}, I^{(i)}),$

$i=1,2$ ,

$\ldots$

, $N-1$ such

$ 1-st\approx(\mathcal{M}^{(1)}, I^{(1)})1-st\approx(\mathcal{M}^{(2)}, I^{(2)})1-st\approx\ldots$

$\ldots$

We simply call it a strong

$1-st\approx(\lambda 4^{(N-1)}, I^{(N-1)})1-st\approx(\mathcal{M}’, I’)$

shift

.

equivalence.

We see the following theorem.

Theorem 3.1 ([Ma6]). Two subshifts and
are topologically
conjugate if and only if their respect canonical symbolic matrix systems
and
are strong shift equivalent.
$\Lambda$

$\Lambda’$

$(\mathcal{M}^{\Lambda’}, I^{\Lambda’})$

$(\mathcal{M}^{\Lambda}, I^{\Lambda})$

In the proof given in [Ma6] of the only if part of Theorem 3.1, the bipartite -graph system has been introduced and M. Nasu’s factorization
theorem for topological conjugacy between subshifts into bipartite codes
and symbolic conjugacies has been used. We can also prove Theorem
3.1 without using the Nasu’s result, by considering the state splitting of
-graph systems. Let
be a -graph system over . Let
be a partition of . We put
and
where
denotes the equivalence classes of by the partition . Then we
can construct the out-split -graph system
over
and the in-split -graph system
over
such that
$\lambda$

$\mathcal{L}=(V, E, \lambda, \iota)$

$\lambda$

$\Sigma$

$\lambda$

$\Sigma^{[P]}=\Sigma\times\Sigma/P$

$\Sigma$

$\Sigma/P$

$\Sigma$

$\Sigma_{[P]}=\Sigma/P\times\Sigma$
$\prime p$

$\mathcal{L}^{[7^{\supset}]}=(V^{[P]}, E^{[P]}, \lambda^{[P]}, \iota^{[7^{\supset}]})$

$\lambda$

$\Sigma^{[P]}$

$7^{\supset}$

$\lambda$

$\mathcal{L}_{[P]}=(V_{[P]}, E_{[P]}, \lambda_{[P]}, \iota_{[P]})$

$\Sigma_{[P]}$

$(\mathcal{M}, I)$

and

$1-st\approx(\lambda\Lambda^{[P]}, I^{[P]})$

$(\lambda 4, I)$

$1-st\approx(\mathcal{M}_{[7^{\supset}]}, I_{[P]})$

where
and
,
are the symbolic matrix sysrespectively. Full detail
tems for the -graph systems ,
and
of the construction will appear in [Mall].
$(\mathcal{M}^{[P]}, I^{[7^{\supset}]})$

$(\mathcal{M}, I)$

$(\mathcal{M}_{[P]}, I_{[P]})$

$\mathcal{L}^{[7^{\supset}]}$

$\lambda$

$\mathcal{L}$

$\mathcal{L}_{[7^{\supset}]}$

We will state the notion of shift equivalence between two symbolic
matrix systems as a generalization of Williams’s notion for nonnegative matrices and Boyle-Krieger’s notion for symbolic matrices. Let
be two symbolic matrix systems over alphabets ,
,
respectively. For
, we put
: the
,
$N$ -times products.
, two symbolic matrix systems
Definition. For
,
$N$
are said to be shift equivalent of lag
if there exist alphabets
,
and specifications
$(\Lambda 4, I)$

$(,\vee 1’, I’)$

$\Sigma$

$(\Sigma)^{N}=\Sigma\cdots\Sigma$

$N\in \mathbb{N}$

$N\in \mathbb{N}$

$(\Sigma’)^{N}=\Sigma’\ldots\Sigma’$

$(\Lambda 4, I)$

$(\Lambda 4’, I’)$

$C_{N}$

$\varphi_{1}$

:

$\Sigma\cdot C_{N}\rightarrow C_{N}\cdot\Sigma’$

,

$\varphi_{2}$

:

$\Sigma’$

$\Sigma’\cdot D_{N}\rightarrow D_{N}\cdot\Sigma$

$D_{N}$
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and
$\psi_{1}$

:

,

$(\Sigma)^{N}\rightarrow C_{N}\cdot D_{N}$

such that for each
and an $m’(l)\times
equations:
$l$

$C_{N}$

$\psi_{2}$

:

$(\Sigma’)^{N}\rightarrow D_{N}\cdot C_{N}$

over
, there exist an $m(l)\times m’(l+N)$ matrix
$D_{N}$
m(l+N)$ matrix
over
satisfying the following

$\in \mathbb{N}$

$H_{l}$

$\mathcal{K}_{l}$

$\mathcal{M}_{l,,,l+1}H_{l+1}\varphi_{1}\simeq\prime\mu_{l}\mathcal{M}_{l+N,l+N+1}’$

$I_{l,,,l+N}\lambda\Lambda_{l+N,l+2N}\simeq\psi_{1}\prime H_{l}\mathcal{K}_{l+N}$

,

$\lambda\Lambda_{l,,,l+1}’\mathcal{K}_{l+1}\varphi_{2}\simeq \mathcal{K}_{l}\mathcal{M}_{l+N,l+N+1}$

,

,

$I_{l,,,l+N}’\lambda 4_{l+N,l+2N}’\psi_{2}\simeq \mathcal{K}_{l’}H_{l+N}$

and
$I_{l,,,l+}{}_{1}H_{l+1}=H_{l}I_{l+N,l+N+1}’$

,

$I_{l,,,l+1}’\mathcal{K}_{l+1}=\mathcal{K}_{l}I_{l+N,l+N+1}$

.

We denote this situation by
or

$(\mathcal{M}, I)\iota_{ag}^{\sim_{N}}(\mathcal{M}’, I’)$

and simply call it a

shiﬄ

Proposition 3.2.
equivalence of lag $N$ .

\S 4

$(H, \mathcal{K})$

:

$(\Lambda 4, I)\iota_{ag}^{\sim_{N}}(\mathcal{M}’, I’)$

equivalence.

Strong

shift

equivalence in

$N$

-step implies

shift

Nonnegative matrix systems and dimension groups

A nonnegative matrix system consists of two sequences of rectangu. The matrices
have entries in
lar matrices $(A_{l,,,l+1}, I_{l,,,l+1})$ ,
have entries in {0, 1}. They
nonnegative integers and the matrices
satisfy the following commutation relations
$l$

$\in \mathbb{N}$

$A_{l,,,l+1}$

$I_{l,,,l+1}$

$I_{l,,,l+1}A_{l+1,l+2}=A_{l,,,l+1}I_{l+1,l+2}$

,

$l$

$\in \mathbb{N}$

.

such that the $(i, j)$ -component
We assume that for there exists
$I_{l,,,l+1}(i, j)=1$ and for
there uniquely exists such that $I_{l,,,l+1}(i, j)=1$ .
We denote it by $(A, I)$ .
$i$

$j$

Lemma 4.1.

$j$

$i$

For a symbolic matrix system
the $m(l)\times m(l+1)$ rectangular matrix obtained from
all the symbols equal to 1. Then the resulting pair
nonnegative matrix system.

$(\mathcal{M}, I)$

, let

$\lambda\Lambda_{l,,,l+1}$

$(M, I)$

be
by setting
$M_{l,,,l+1}$

becomes

$a$

For nonnegative matrix systems we formulate strong shift equivalence and shift equivalence as follows.
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Definition. Two nonnegative matrix systems $(A, I)$ , $(A’, I’)$ are said to
be strong shift equivalent in 1-step and written as $(A, I)$ $1-st\approx(A’, I’)$ if
for each
, there exist an $m(l-1)\times m’(l)$ matrix
with entries in
nonnegative integers and an $m’(l-1)\times m(l)$ matrix
with entries in
nonnegative integers satisfying the following equations:
$l$

$\in \mathbb{N}$

$H_{l}$

$K_{l}$

,

$I_{l-1,,,l}A_{l,,,l+1}=H_{l}K_{l+1}$

$I_{l-1,,,l}’A_{l,,,l+1}’=K_{l}H_{l+1}$

and
$H_{l}I_{l,,,l+1}’=I_{l-1},{}_{l}H_{l+1}$

,

$K_{l}I_{l,,,l+1}=I_{l-1,,,l}’K_{t+1}$

.

Two nonnegative matrix systems $(A, I)$ and $(A’, I’)$ are said to be
strong shift equivalent in $N$-step $(A, I)$ $N-st\approx(A’, I’)$ if there exist non-

negative matrix systems
$(A, I)$

$(A^{(i)}, I^{(i)})$

, $i=1,2$ ,

$\ldots$

, $N-1$ such that

$ 1-st\approx(A^{(1)}, I^{(1)})1-st\approx(A^{(2)}, I^{(2)})1-st\approx\ldots$

$\ldots$

$1-st\approx(A^{(N-1)}, I^{(N-1)})1-st\approx(A’, I’)$

We simply call it a strong shift equivalence.
For a nonnegative matrix system $(A, I)$ , we set the
matrices:
$I_{l,,,l+k}=I_{l,,,l+1}\cdot I_{l+1,l+2}\cdots I_{l+k-1,l+k}$

.

$m(l)\times m(l+k)$

,

$A_{l,,,l+k}=A_{l,,,l+1}\cdot A_{l+1,l+2}\cdots A_{l+k-1,l+k}$

.

Definition. Two nonnegative matrix systems $(A, I)$ , $(A’, I’)$ are said to
be shift equivalent of lag $N$ if for each
, there exist an $m(l)\times m’(l+$
$N)$ matrix
with entries in nonnegative integers and an $m’(l)\times m(l+N)$
with entries in nonnegative integers satisfying the following
matrix
equations:
$l$

$\in \mathbb{N}$

$H_{l}$

$K_{l}$

$A_{l,,,l+1}H_{l+1}=H_{l}A_{l+N,l+N+1}’$

,

$A_{l,,,l+1}’K_{l+1}=K_{l}A_{l+N,l+N+1}$

,

$H_{l}K_{l+N}=I_{l,,,l+N}A_{l+N,l+2N}$

$K_{l}H_{l+N}=I_{l,,,l+N}’A_{l+N,l+2N}’$

and
$I_{l,,,l+1}H_{l+1}=H_{l}I_{l+N,l+N+1}’$

,

$I_{l,,,l+1}’K_{l+1}=K_{l}I_{l+N,l+N+1}$

We write this situation as
$(A, I)\iota_{ag}^{\sim_{N}}(A’, I’)$

and simply call it a

or

$(H, K)$

shift equivalence.

:

$(A, I)\iota_{ag}^{\sim_{N}}(A’, I’)$

.

,
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Proposition 4.2. If two symbolic matrix systems are strong shift
equivalent in $N$ -step (resp. shift equivalent of lag $N$ ), then the associated
nonnegative matrix systems are strong shift equivalent in $N$ -step (resp.
shift equivalent of lag $N$ ).
We describe the matrix relations appearing in the formulations of
strong shift equivalence and shift equivalence between nonnegative matrix systems in terms of certain single homomorphisms between inductive limits of associated abelian groups. For a nonnegative matrix system
$(A, I)$ , the transpose
naturally induces an orof the matrix
to
, where the positive cone
dered homomorphism from
of the group
is defined by
$I_{l,,,l+1}$

$I_{l,,,l+1}^{t}$

$\mathbb{Z}^{m(l+1)}$

$\mathbb{Z}^{m(l)}$

$\mathbb{Z}^{m(l)}$

$\mathbb{Z}_{+}^{m(l)}$

$\mathbb{Z}_{+}^{m(l)}=\{(n_{1}, n_{2}, \ldots, n_{m(l)})\in \mathbb{Z}^{m(l)}|n_{i}\geq 0, i=1,2\ldots m(l)\}$

.

We put the inductive limits:
$\mathbb{Z}_{I^{t}}=\lim_{\vec{l}}\{I_{l,,,l+1}^{t} ^{:} ^{\mathbb{Z}^{m(l)}}\rightarrow \mathbb{Z}^{m(l+1)}\}$

$\mathbb{Z}_{I^{t}}^{+}=\lim_{\vec{l}}\{I_{l,,,l+1}^{t} ^{:} ^{\mathbb{Z}_{+}^{m(l)}}\rightarrow \mathbb{Z}_{+}^{m(l+1)}\}$

,
.

is injective. By the reThe canonical homomorphism :
lation: $I_{l,,,l+1}A_{l+1,l+2}=A_{l,,,l+1}I_{l+1,l+2}$ , the sequence of the transposed
yields an endomor,
of the matrices
matrices
,
. For nonnegative
. We write it as
phism of the ordered group
, a homomorphism from the
matrix systems $(A, I)$ , $(A’, I’)$ and
is said to be finite homomorphism of lag
group
to the group
if it satisfies the condition
$\mathbb{Z}^{m(l)}\rightarrow \mathbb{Z}_{I^{t}}$

$\iota_{l}$

$l$

$A_{l,,,l+1}^{t}$

$\in \mathbb{N}$

$A_{l,,,l+1}$

$l$

$\mathbb{Z}_{I^{t}}$

$\in \mathbb{N}$

$\lambda_{(A,I)}$

$L\in \mathbb{N}$

$L$

$\mathbb{Z}_{I^{Jt}}$

$\mathbb{Z}_{I^{t}}$

$\xi(\mathbb{Z}^{m(l)})\subset \mathbb{Z}^{m^{J}(l+L)}$

where
tively.

$\xi$

$\mathbb{Z}^{m(l)}$

and

$\mathbb{Z}^{m’(l)}$

for all

$l$

$\in \mathbb{N}$

are naturally imbedded into

$\mathbb{Z}_{I^{t}}$

and

$\mathbb{Z}_{I’}t$

respec-

Lemma 4.3. Two nonnegative matrix systems $(A, I)$ and $(A’, I’)$
are shift equivalent of lag $N$ if and only if there exist order preserving
and :
such
finite homomorphisms of lag $ N:\xi$ :
that
$\mathbb{Z}_{I^{t}}\rightarrow \mathbb{Z}_{I^{lt}}$

$\lambda A’,I’)o(\xi=\xi o\lambda(A,I)$

,

$\mathbb{Z}_{I^{Jt}}\rightarrow \mathbb{Z}_{I^{t}}$

$\eta$

$\lambda A,I)o\eta=\eta o(\lambda(A’,I’)$

and
$\eta o\xi=\lambda_{(A,I)}^{N}$

,

$\xi\circ\eta=\lambda_{(A’,I’)}^{N}$

.
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In particular, $(A, I)$ and $(A’, I’)$ are strong shift equivalent in 1-step if
and only if there exist order preserving finite homomorphisms of lag 1:
:
and :
such that

$\xi$

$\mathbb{Z}_{I^{t}}\rightarrow \mathbb{Z}_{I^{lt}}$

$\mathbb{Z}_{I^{lt}}\rightarrow \mathbb{Z}_{I^{t}}$

$\eta$

$\eta\circ\xi=\lambda_{(A,I)}$

,

$\xi o\eta=\lambda_{(A’,I’)}$

.

For nonnegative matrices, W. Krieger in [Kr2],[Kr3] showed that
shift equivalence relation is the complete relation that defines the same
dimension triples. We next formulate dimension groups for nonnegative
matrix systems. Let $(A, I)$ be a nonnegative matrix system. We set
and
. We define an abelian group
for
and its positive cone by the following inductive limits:
$\mathbb{Z}_{I^{t}}(k)=\mathbb{Z}_{I^{t}}$

$\mathbb{Z}_{I^{t}}^{+}(k)=\mathbb{Z}_{I^{t}}^{+}$

$k\in \mathbb{N}$

$\triangle(A,I)=\lim_{\rightarrow}\{\lambda_{(A,I)} ^{:} ^{\mathbb{Z}_{I^{t}}}(k)\rightarrow \mathbb{Z}_{I^{t}}(k+1)\}$

,

$\triangle^{+}(A,I)=\lim_{\rightarrow}\{\lambda_{(A,I)} ^{:} ^{\mathbb{Z}_{I^{t}}^{+}}(k)\rightarrow \mathbb{Z}_{I^{t}}^{+}(k+1)\}$

.

The ordered group
$(A, I)$ . The map
$([X, k+1])$ for
the positive cone

is called the dimension group for
:
defined by $\delta_{(A,I)}([X, k])=$
yields an automorphism on
that preserves
. We also denote it by
and call it the

$(\triangle\triangle^{+})(A,I),(A,I)$

$\delta_{(A,I)}$

$X\in \mathbb{Z}_{I^{t}}$

$\mathbb{Z}_{I^{t}}(k)\rightarrow \mathbb{Z}_{I^{t}}(k+1)$

$\triangle(A,I)$

$\triangle^{+}(A,I)$

$\delta_{(A,I)}$

dimension automorphism. We call the triple
dimension triple for $(A, I)$ and the pair
pair for $(A, I)$ .

the
the dimension

$(\triangle A,I), \triangle^{+} ((A,I)’ ^{\delta_{(A,I)}})$

$(\triangle\delta)(A,I),(A,I)$

Proposition 4.4. If too nonnegative matrix systems are
equivalent, their dimension triples are isomorphic.

\S 5

$K$

shift

-groups, Bowen-Franks groups and flow equivalence

Let $(A, I)$ be a nonnegative matrix system. For
abelian groups

$\in \mathbb{N}$

$l$

$K_{0}^{l}(A, I)=\mathbb{Z}^{m(l+1)}/(I_{l,,,l+1}^{t}-A_{l,,,l+1}^{t})\mathbb{Z}^{m(l)}$

$K_{1}^{l}(A, I)=Ker(I_{l,,,l+1}^{t}-A_{l,,,l+1}^{t})$

Then the map
:
phisms between the groups:

$\mathbb{Z}^{m(l)}\rightarrow \mathbb{Z}^{m(l+1)}$

$I_{l,,,l+1}^{t}$

$i_{*}^{l}$

:

$K_{*}^{l}(A, I)\rightarrow K_{*}^{l+1}(A, I)$

in

$\mathbb{Z}^{m(l)}$

, we set the

,

.

naturally induces homomor-

for

$*=0,1$ .

of symbolic
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Definition. The $K$ -groups for $(A, I)$ are defined as the following inductive limits of the abelian groups:
,

$K_{0}(A, I)=\lim_{\vec{l}}\{i_{0}^{l} ^{:} ^{K_{0}^{l}(A, I)}\rightarrow K_{0}^{l+1}(A, I)\}$

$K_{1}(A, I)=\lim_{\rightarrow}\{i_{1}^{l} :

The groups

$K_{*}(A, I)$

_{K_{1}^{l}}(A, I)\rightarrow K_{1}^{l+1}(A, I)\}$

.

are also represented as in the following way

Proposition 5.1.
(i)
(ii)

$K_{0}(A, I)=\mathbb{Z}_{I^{t}}/(id-\lambda_{(A,I)})\mathbb{Z}_{I^{t}}$

$K_{1}(A, I)=Ker(id -\lambda_{(A,I)})$

As the automorphism
we have

$\delta_{(A,I)}$

in

,

$\mathbb{Z}_{I^{t}}$

is given by

.

on

$\lambda_{(A,I)}=\{A_{l,,,l+1}^{t}\}$

$\triangle(A,I)$

,

Proposition 5.2.
(i)
(ii)

$K_{0}(A, I)=\triangle(A,I)/(id-\delta_{(A,I)})\triangle(A,I)$

$K_{1}(A, I)=Ker(id -\delta_{(A,I)})$

in

$\triangle(A,I)$

,
.

Set the abelian group
$\mathbb{Z}_{I}=\varliminf_{l}\{I_{l,,,l+1} ^{:} ^{\mathbb{Z}^{m(l+1)}}\rightarrow \mathbb{Z}^{m(l)}\}$

:
. The
,
the projective limit of the system:
as an endomorphism that we
naturally acts on
sequence
,
$A$
is denoted by .
denote by . The identity on
Definition. For a nonnegative matrix system $(A, I)$ ,
$\mathbb{Z}^{m(l+1)}\rightarrow \mathbb{Z}^{m(l)}$

$I_{l,,,l+1}$

$A_{l,,,l+1}$

$l$

$\in \mathbb{N}$

$BF^{0}(A, I)=\mathbb{Z}_{I}/(I-A)\mathbb{Z}_{I}$

$BF^{i}(A, I)$

$\in \mathbb{N}$

$\mathbb{Z}_{I}$

$\mathbb{Z}_{I}$

We call

$l$

,

$I$

$BF^{1}(A, I)=Ker(/ -A)$ in

, $i=0,1$ the Bowen-Franks groups for

$(A, I)$

$\mathbb{Z}_{I}$

.

.

Theorem 5.3. The $K$-groups and the Bowen-Franks groups are
invariant under shift equivalence of nonnegative matrix systems. Hence
the $K$-groups and the Bowen-Franks groups of the canonical symbolic
matrix systems for subshifts are invariant under topological conjugacy of
the subshifts.
The following formulation of the universal coeﬃcient type theorem comes from the Universal Coeﬃcient Theorem for $K$ -theory of
algebras (cf. [Bro], [Rs]). It says that the Bowen-Franks groups are determined by the $K$ -groups.
$C^{*}-$
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Theorem 5.4 ([Ma6]).
(i)

There exists a short exact sequence

$O\rightarrow Ext_{\mathbb{Z}}^{1}(K_{0}(A, I)$

,

$\mathbb{Z})\rightarrow BF^{0}(A, I)\delta\rightarrow Hom_{\mathbb{Z}}(\gamma K_{1}(A, I),$

$\mathbb{Z})\rightarrow 0$

that spZits unnaturally.

(ii)
$BF^{1}(A, I)\cong Hom_{\mathbb{Z}}(K_{0}(A, I),$

$\mathbb{Z})$

.

Parry-Sullivan showed that the flow equivalence relation on homeomorphisms of Cantor sets is generated by topological conjugacies and
operations called expansions ([PS]). For the case of topological Markov
shifts, they also gave a description of the expansions in terms of a matrix
operation. By using their result, Bowen-Franks in [BF] proved that for
and $Ker(1-A)$
nonnegative matrix $A$ the groups
an
are invariant under flow equivalence of the topological Markov shifts
for the matrix $A$ . We can generalize the Parry-Sullivan’s argument and
the Bowen-Franks’s proof to the canonical nonnegative matrix systems
for subshifts.
$\mathbb{Z}^{7l}/(1-A)\mathbb{Z}^{n}$

$n\times n$

$\Lambda_{A}$

Theorem 5.5 ([Ma8]). The $K$-groups and Bowen-Franks groups
of the canonical nonnegative matrix systems for subshifts are invariant
under flow equivalence of the subshiﬄs.

-algebra technique
This result first has been shown by using a
under some conditions on subshifts in [Ma3] (cf.[Ma7]). For the case
of topological Markov shifts, Cuntz-Krieger [CK] and Cuntz [C3] had
-algebra approach and obtained
discussed their flow equivalence by
the corresponding result to the above theorem (cf. [H], [H2]).
$C^{*}$

$C^{*}$

Spectrum

\S 6

We fix a nonnegative matrix system
vectors $v^{l}=(v_{1’ m(l)}^{l}\ldots, v^{l})\in \mathbb{C}^{m(l)}$ ,
vector if it satisfies the conditions:
$l$

A sequence
of
is called an -compatible

$(A, I)$

$\in \mathbb{N}$

for all

$v^{l}=I_{l,,,l+1}v^{l+1}$

.

$\{v^{l}\}_{l\in \mathbb{N}}$

$I$

$l$

$\in \mathbb{N}$

.

is a nonzero
An -compatible vector
is said to be nonzero if
, the sequence
for all $i=1$ ,
, $m(l)$ and
vector for some . If
of vectors is said to be nonnegative. If there exists a number $M$
for all
is said to be bounded.
,
such that
$I$

$v^{l}$

$\{v^{l}\}_{l\in \mathbb{N}}$

$l$

$v_{i}^{l}\geq 0$

$l$

$\ldots$

$\{v^{l}\}_{l\in \mathbb{N}}$

$\sum_{i=1}^{m(l)}|v_{i}^{l}|\leq M$

$l$

$\in \mathbb{N}$

$\{v^{l}\}_{l\in \mathbb{N}}$

$\in \mathbb{N}$
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Definition. For a complex number , a nonzero -compatible vector
is called an eigenvector of $(A, I)$ for eigenvalue if it satisfies the
conditions:
$A_{l,,,l+1}v^{l+1}=\beta v^{l}$
for all
.
$I$

$\beta$

$\{v^{l}\}$

$\beta$

$l$

$\in \mathbb{N}$

An eigenvalue is said to be bounded if it is an eigenvalue for a bounded
eigenvector. Let $Sp\times(A, I)$ be the set of all nonzero eigenvalues of $(A, I)$
and
the set of all nonzero bounded eigenvalues of $(A, I)$ . We
call them the nonzero spectrum of $(A, I)$ and the nonzero bounded spectrum of $(A, I)$ respectively.
$\beta$

$Sp_{b}\times(A, I)$

Proposition 6.1. The nonzero spectrum and the nonzero bounded
spectrum are invariant under shift equivalence of nonnegative matrix
systems.

We denote by
the set of all bounded -compatible vectors. It is
where
for
a complex Banach space with norm
of matrices
,
, , $m(l)$ . The sequence
. We
gives rise to a bounded linear operator on the Banach space
.
denote it by
$I$

$\mathfrak{B}_{I}$

$||v||_{1}=\sup_{l}\Sigma_{i=1}^{m(l)}|v_{i}^{l}|$

$||\cdot||_{1}$

$v=\{v^{l}\}_{l\in \mathbb{N}}$

$v^{l}=(v_{i}^{l})_{i=1}$

$A_{l,,,l+1},$

$l$

$\in \mathbb{N}$

$\mathfrak{B}_{I}$

$L_{A}$

Proposition 6.2. A complex number belongs to $Sp_{b}(A, I)$ if and
. In particular,
only if it satisfies $L_{A}v=\beta v$ for some nonzero
.
on
belongs to
the spectral radius of the operator
$\beta$

$v\in \mathfrak{B}_{I}$

$L_{A}$

$Sp_{b}\times(A, I)$

$\mathfrak{B}_{I}$

to be left resolving if a symWe say a symbolic matrix system
for other
bol appearing in
can not appear in
$i’\neq i$ . A canonical symbolic matrix system is left resolving. The following proposition states a relation between spectrum and the topological
entropy of subshift ([MWY], cf. [EFW]).
$(\mathcal{M}, I)$

$\mathcal{M}_{l,,,l+1}(i’,j)$

$\lambda\Lambda_{l,,,l+1}(i,j)$

Proposition 6.3. Let
be a left resolving symbolic matrix
system and $(M, I)$ its associated nonnegative matrix system. For any
$\beta\in Sp_{b}(M, I)$ , we have the inequalities:
$(\Lambda 4, I)$

$\log|\beta|\leq\log r_{M}\leq h_{top}(\Lambda_{(\mathcal{M},I)})$

where
is the spectral radius
the associated subshift with
$r_{M}$

of the

$(\Lambda 4, I)$

\S 7

operator

$L_{M}$

on

$\mathfrak{B}_{I}$

and

$\Lambda_{(A4,I)}\dot{\iota}s$

.

Examples
Let

$M$

be an

$n\times n$

$A_{l,,,l+1}=M$ ,

nonnegative matrix. Put for each
$I_{l,,,l+1}=$

the

$n\times n$

$l$

$\in \mathbb{N}$

identity matrix.
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Then

$(A, I)$

is a nonnegative matrix system. We know

$K_{0}(A, I)=\mathbb{Z}^{r\iota}/(1-M^{t})\mathbb{Z}^{n}$

$BF^{0}(A, I)=\mathbb{Z}^{n}/(1-M)\mathbb{Z}^{n}$

,

$K_{1}(A, I)=Ker(1-M^{t})$

in

$BF^{1}(A, I)=Ker(1-M)$ in

,

$\mathbb{Z}^{n}$

$\mathbb{Z}^{n}$

,
.

Hence we have
$K_{0}(A, I)\cong BF^{0}(A, I)$

$=BF(M)$ : the original Bowen-Franks group for
$K_{1}(A, I)\cong BF^{1}(A, I)=$

$M$ ,

the torsion-free part of $BF(M)$ .

Note that for a general nonnegative matrix systems $(A, I)$ , $BF^{1}(A, I)$
is not necessarily the torsion-free part of $BF^{0}(A, I)$ as in the following
examples.
, $BF^{*}$ for canonical
We will next present examples of the groups
nonnegative matrix system of nonsofic subshifts (cf. [KMW]). Let $Z$ be
the subshift over {1, 2, 3} whose forbidden words are $\{32^{m}1^{k}3|m\neq k\}$
where the word $32^{m}1^{k}3$ means 32
21 $\cdots 13$ . Let $D$ be the Dyck
$\vee\vee$
$K_{*}$

$\cdots$

$m$

times

$k$

times

shift over brackets
whose forbidden words consist of words that
,
do not obey the standard bracket rules (cf. [AU], [Kr]). We denote
by $(A^{Z}, I^{Z}),$ $(A^{D}, I^{D})$ and
the canonical nonnegative
$Z$ $D$
matrix systems of the subshifts , and the product subshift between
$D$ and the full
shift
respectively.
$(, )$

$[, ]$

$(A^{D\times[n]}, I^{D\times[n]})$

$n$

$[n]$

Proposition 7.1 ([Ma5], [Ma9]).
(i)
$K_{0}(A^{Z}, I^{Z})=BF^{1}(A^{Z}, I^{Z})=\mathbb{Z}$

,

$K_{1}(A^{Z}, I^{Z})=BF^{0}(A^{Z}, I^{Z})=0$ .

(ii)

$ K_{0}(A^{D}, I^{D})=\sum \mathbb{Z}\infty$

,

$ BF^{1}(A^{D}, I^{D})=\prod \mathbb{Z}\infty$

$K_{1}(A^{D}, I^{D})=BF^{0}(A^{D}, I^{D})=0$ .

,
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(ii)
$K_{0}(A^{D\times[n]}, I^{D\times[n]})\cong \mathbb{Z}[\frac{1}{n}]^{\infty}$

,

$K_{1}(A^{D\times[n]}, I^{D\times[n]})\cong 0$

,

$BF^{0}(A^{D\times[7l]}, I^{D\times[n]})\cong\prod_{\mathbb{N}}(\varliminf_{i}\mathbb{Z}/n^{i}\mathbb{Z})/\mathbb{Z}$

$\cong\prod_{\mathbb{N}}\mathring{\mathring{\frac{n-adic\inf finiteplynmials}{n-adicffinitepolynomials}}}$

,

$BF^{1}(A^{D\times[n]}, I^{D\times[n]})\cong 0$

where

is the countable

$\prod_{\mathbb{N}}(\varliminf^{\mathbb{Z}}/n^{i}\mathbb{Z})/\mathbb{Z}$

infinite product of the

quotient

$i$

group by

$\mathbb{Z}$

of the

natural projective limit:

.

$\mathbb{Z}/n\mathbb{Z}\leftarrow \mathbb{Z}/n^{2}\mathbb{Z}\leftarrow\cdots$

Corollary 7.2.
(i)

The

subshift
shifts

$Z$

$D\times[n]$

(ii)

\S 8

$D\times[n]$

flow
$C^{\star}$

equivalent to any

flow

, $n=1,2$ ,

is not

Connection to

is not

$\cdots$

.

equivalent to

-algebra

of the product sub-

$K$

$D\times[m]$

for $n\neq m$ .

-theory

The author in [Ma] ( cf. $[CaM],[Mal0]$ ) has constructed the
associated with subshift as a generalization of the Cuntzalgebra
Krieger algebra
associated with topological Markov shift
for ma$A$
with
in
The
has
a
canonical
([CK]).
algebra
trix
entries
{0, 1}
action of the one dimensional torus group, called gauge action and written as
. The fixed point algebra
of
under
is an $AF$ algebra
([Ma2]).
which is stably isomorphic to the crossed product
$C^{*}-$

$\Lambda$

$O_{\Lambda}$

$O_{A}$

$\Lambda_{A}$

$C^{*}$

$F_{\Lambda}$

$O_{\Lambda}$

$\alpha_{\Lambda}$

$O_{\Lambda}$

$\alpha_{\Lambda}$

$O_{\Lambda}\times_{\alpha_{\Lambda}}Fr$

$\Lambda’$

Proposition 8.1 ([Ma7], [Ma12], [CK]).
are topologically conjugate, we have

If two subshifts

$\Lambda$

and

$(O_{\Lambda}\otimes \mathcal{K}, \alpha_{\Lambda}\otimes id)\cong(O_{\Lambda’}\otimes \mathcal{K}, \alpha_{\Lambda’}\otimes id)$

where
is the
-algebra
dimensional Hilbert space.
$\mathcal{K}$

$C^{*}$

of all

compact operators on separable

infinite

Let $(M, I)$ be the canonical nonnegative matrix system for the subshift . The invariants mentioned above are described in terms of the
$K$ -theoretic objects for the
-algebras as in the following way, where if
is a topological Markov shift
the corresponding results have been
seen in [C3], [CK].
$\Lambda$

$C^{*}$

$\Lambda$

$\Lambda_{A}$
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Theorem 8.2.
$(\triangle(M,I)$

,

$\triangle^{+} (M,I)$ $ ^{\delta_{(M,I)}}$

’

)

$=(K_{0}(F_{\Lambda}), K_{0}(\mathcal{F}_{\Lambda})_{+},$

$K_{i}(M, I)=K_{i}(O_{\Lambda})$

,

$\alpha_{\Lambda}$

denotes the dual action

of

$\alpha_{\Lambda}$

,

$i=0,1$ ,

$BF^{i}(M, I)=Ext^{i+1}(O_{\Lambda})$

where

$\alpha_{\Lambda*})$

and

,

$i=0,1$

$Ext1$

$Ext\ovalbox{\tt\small REJECT}$

The normalized nonnegative eigenvectors of $(M, I)$ exactly corre-algebra
. Hence the set of
on the
spond to the KMS-states for
all bounded spectrums with nonnegative eigenvectors are the set of all
inverse temperatures for the admitted KMS states ( $[MWY],cf$ . [EFW]).
-algebras are stably isoAs the $K$ -groups and the $Ext$ -groups for
morphic invariant, it is possible to know that the dimension triples, the
$K$ -groups and the Bowen-Franks groups for the canonical nonnegative
matrix systems for subshifts are topological conjugacy invariants of the
subshifts by using Proposition 8.1 and Theorem 8.2 under some conditions on subshifts.
$C^{*}$

$O_{\Lambda}$

$\alpha_{\Lambda}$

$C^{*}$

In [MalO], as a generalization of the
-algebras associated with
subshifts, construction of
-algebras from symbolic matrix systems are
introduced.
$C^{*}$

$C^{*}$
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Relative positions of four subspaces
in a Hilbert space and subfactors
Yasuo Watatani
Abstract.
We study relative positions of four subspaces in a Hilbert space.
Gelfand-Ponomarev gave a complete classification of indecomposable
systems of four subspaces in a finite-dimensional space. In this note
we show that there exist uncountably many indecomposable systems
of four subspaces in an infinite-dimesional Hilbert space. We extend
a numerical invariant, called defect, for a certain class of systems
of four subspaces using Fredholm index. We show that the set of
.
possible values of the defect is
$\{\frac{n}{3};n\in Z\}$

\S 1.

Introduction

This is an announcement of the joint work [EW] with M. Enomoto.
The relative position of one subfactor in a factor has been proved
quite rich after the work [J] of Jones. But the relative position of one
subspace of a Hilbert space is extremely poor and simply determined by
its dimension and $co$ -dimension. The aim of the paper is to cover up the
poorness by considering the relative position of several subspaces.
It is a well-known fact that the relative position of two subspaces $E$
and $F$ in a Hilbert space $H$ can be described completely up to unitary
equivalence as in Dixmier [D] and Halmos [H]. The Hilbert space is the
direct sum of five subspaces:
$H=(E\cap F)\oplus(therest)\oplus(E\cap F^{\perp})\oplus(E^{\perp}\cap F)\oplus(E^{\perp}\cap F^{\perp})$

.

In the “rest part” , $E$ and $F$ are in generic position and the relative
position is described only by the “angles” between them. In fact, let
and be the projections onto $E$ and $F$ respectively. Then and look
like
$e$

$f$

$e$

$e$

$=I_{(e\wedge f)H}\oplus$

2000 Mathematics Subject

$\left(\begin{array}{ll}1 & 0\\0 & 0\end{array}\right)$

$\oplus I_{(e\wedge f^{\perp})H}\oplus 0\oplus 0$

Classification.

$f$

,

Primary $46C05,46C06,46L37$ .
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$ f=I_{(e\wedge f)H}\oplus$

$\left(\begin{array}{ll}c^{2} & cs\\cs & s^{2}\end{array}\right)$

$\oplus 0\oplus I_{(e^{\perp}\wedge f)H}\oplus 0$

,

where and are two positive operators with null kernels and $c^{2}+s^{2}=1$ .
By the functional calculus, there exists a unique positive operator ,
called the angle operator, such that $ c=\cos\theta$ and $ s=\sin\theta$ with
$c$

$s$

$\theta$

$0\leq\theta\leq\frac{\pi}{2}$

.

Consider two self-adjoint unitaries $u=2e-1$ and $v=2f-1$ . It is
obvious that there is a bijective correspondence between the set of two
subspaces in a Hilbert space $H$ and the set of unitary representations
of the free product $ G_{2}=Z/2Z*Z/2Z=\langle a, b\rangle$ of the cyclic groups
of order two on $H$ through $\pi(a)=u$ and $\pi(b)=v$ . Similarly there is
a bijective correspondence between the set of subspaces in a Hilbert
space $H$ and the set of unitary representations of the free product $G_{n}=$
$Z/2Z*\cdots*Z/2Z$ ( -times) of the cyclic groups of order two. It is wellis non-type I and non-amenable.
known that for
the group
Therefore it seems brave and stupid to study the relative positions of
subspaces for
up to unitary equivalence. To avoid the diﬃculty,
we forget the angles and consider a weaker equivalent relation for the
systems of -subspaces as topological vector spaces.
We say that two systems $S$ $=(H;E_{1}, \cdots, E_{n})$ and $S’=(H’;E_{1}’,$
of subspaces in Hilbert spaces $H$ and $H’$ are similar if their exists
a bounded invertible operator $T$ : $H\rightarrow H’$ satisfying $TE_{i}=E_{i}’$ for
$i=1$ ,
, .
We should study an indecomposable system $S$ $=(H;E_{1}, \cdots, E_{n})$ of
-subspaces in the sense that the system $S$ can not be similar to a direct
sum of two non-zero systems. Consider the case that the Hilbert space $H$
is finite-dimensional. Then we have four indecomposable systems of two
subspaces. We have nine indecomposable systems of three subspaces.
They are trivial ones, that is, $H$ is one dimensional, except one system.
But, in the old paper [GP], Gelfand and Ponomarev showed that there
exist infinitely many indecomposable systems of four subspaces with
higher finite dimensions and surprisingly they completely classified them.
We shall show that there exist infinitely many indecomposable systems of four subspaces in an infinite-dimensional Hilbert space $H$ .
The most important numerical invariant of a subfactor $N\subset M$ is
the Jones index $[M : N]$ introduced in [J]. Similarly the most important numerical invariant of a system $S$ $=(H;E_{1}, E_{2}, E_{3}, E_{4})$ of four
subspaces in a finite-dimensional Hilbert space $H$ is the defect
$\pi$

$n$

$n$

$n$

$\geq 3$

$G_{n}$

$n$

$n$

$\geq 3$

$n$

$\cdots$

$E_{n}’)$

$n$

$\cdots$

$n$

$n$

$\rho(S)=\sum_{i=1}^{4}dimE_{i}-2dimH$

Relative positions

of four
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subspaces

introduced by Gelfand-Ponomarev in [GP]. We shall extend their notion
of defect
for a certain class of systems of four subspaces in an
infinite-dimensional Hilbert space $H$ using Fredholm index. If a pair
$N\subset M$ of factor-subfactor is finite-dimensional, then Jones index [ $M$ :
$N]$ is an integer. But if $N\subset M$ is infinite-dimensional, then Jones index
$[M : N]$ is a non-integer in general. One of the amazing facts was that
the possible value of Jones index is in $\{4cos^{2}\frac{\pi}{n}|n=3,4, \cdots\}\cup[4, \infty]$ .
Similarly if a system $=(H;E_{1}, E_{2}, E_{3}, E_{4})$ of four subspaces is finiteis an integer. Gelfand-Ponpmarev
dimensional, then the defect
showed that if a system
is indecomposable and finite-dimensional,
is exactly in $\{-2, -1, 0, 1, 2\}$ . We
then the possible value of defect
show that the set of values of defect for indecomposable systems of four
.
subspaces in an infinite-dimesional Hilbert space is
Sunder also considered subspaces in [S]. But his interest is opposite
to ours. In fact he studied the case that the Hilbert space $H$ is the
algebraic sum of the subspaces and solved the statistical problem of
computing the canonical partial correlation coeﬃcients between three
sets of random variables.
$S$

$\rho(S)$

$S$

$\rho(S)$

$S$

$\rho(S)$

$\{\frac{n}{3};n\in Z\}$

$n$

$n$

\S 2.

Systems of n subspaces

Our purpose is to study relative positions of subspaces in a Hilbert
,
,
space. Let $H$ be a (separable) Hilbert space and
be a fi$H$
$=(H\cdot E_{1})’\ldots$ ,
nite family of subspaces of . We shall write
$=(H;E_{1}, \cdots, E_{n})$ and $S’=$
for such a system of subspaces. Let
$(H’; E_{1}’, \cdots, E_{n}’)$ be systems of
subspaces. We say that and $S’$ are
similar, denoted by $S\sim S’$ , if there exists a bounded linear operator
$T:H\rightarrow H’$ such that $E_{i}’=TE_{i}$ for $i=1$ ,
, . We say that and $S’$
such
are unitary equivalent if there exists a unitary operator :
that $E_{i}’=uE_{i}$ for $i=1$ ,
, . We study relative positions of subspaces up to similarity to ignore angles between subspaces in a certain
sense. We denote by
the direct sum
of two systems and $S’$ . We write $S=0$ if $H=0$ .
$n$

$E_{1}$

$E_{n}$

$\cdots$

$S$

$E_{n})$

$S$

$n$

$S$

$n$

$\cdots$

$S$

$n$

$u$

$\cdots$

$H\rightarrow H’$

$n$

$n$

$S\oplus S’$

$(H\oplus H’; E_{1}\oplus E_{1}’, \cdots, E_{r\iota}\oplus E_{n}’)$

$S$

Lemma 1. Let $H$ be a Hilbert space and $=(H;E_{1},
of two subspaces. Then the following are equivalent:
1. There exists a closed subspace $M\subset H$ such that
$S$

E_{2})$

a system

$(H;E_{1}, E_{2})\sim(H;M, M^{\perp})$

2.

$H=E_{1}+E_{2}$

and

$E_{1}\cap E_{2}=0$

.

be a system of n subspaces in a
Definition. Let S $=(H;E_{1}, $\cdots ,
Hilbert space H. We say that S is decomposable if there exists non-zero
$ E_{n})$
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and
of subspaces such that
. It is useful
systems
to note that is decomposable if and only if there exist non-zero closed
subspaces
and
of $H$ such that $H_{1}+H_{2}=H$ , $H_{1}\cap H_{2}=0$ and
$E_{i}=E_{i}\cap H_{1}+E_{i}\cap H_{2}$ for $i=1$ ,
, . We say is indecomposable if
is not decomposable.
$S_{1}$

$S_{2}$

$S$

$n$

$\sim S_{1}\oplus S_{2}$

$S$

$H_{2}$

$H_{1}$

$\cdots$

$S$

$n$

$S$

Example 1. Let H $=C^{2}$ . Fix an angle
$E_{1}=C(1,$ 0) and $E_{2}=C(cos\theta, sin\theta)$ . Then
.
, )$
)
$(H
$E_{1}$

$E_{2}$

$\sim(C;C, O)\oplus$

$\theta$

with

Put

$0<\theta<\pi/2$ .

( $C;0$ , C)
$ $

Hence $(H;E_{1}, E_{2})$ is decomposable. Let
and
be the projections
. Then the
onto
and
-algebra
generated by
and
is exactly $B(H)\cong M_{2}(C)$ . Thus the irreducibility of
does not imply the indecomposability of $S=(H;E_{1}, E_{2})$ .
$e_{2}$

$e_{1}$

$E_{1}$

$C^{*}$

$E_{2}$

$C^{*}(\{e_{1}, e_{2}\})$

$e_{1}$

$C^{*}(\{e_{1}, e_{2}\})$

$e_{2}$

Remark. Let $S$ $=(H;E_{1}, \cdots, E_{n})$ be a system of subspaces in a
Hilbert space $H$ . Let
be the projection of $H$ onto
, .
for $i=1$ ,
$C^{*}(\{e_{1},
\cdots,
e_{n}\})$
$=(H;E_{1}, \cdots, E_{n})$ is indecomposable, then the
If
is irreducible. But the converse is not true as in
,
generated by ,
Example 1.
$n$

$E_{i}$

$e_{\dot{0}}$

$\cdots$

$n$

$S$

$e_{1}$

$\cdots$

$e_{n}$

Example 2. Let $H=C^{2}$ . Put $E_{1}=C(1,0)$ , $E_{2}=C(0,1)$ and
$E_{3}=C(1,1)$ . Then $S=(H;E_{1}, E_{2}, E_{3})$ is indecomposable.
Example 3. Let $H=C^{3}$ and
be a linearly independent
$=$
subset of $H$ . Put $E_{1}=Ca_{1}$ , $E_{2}=Ca_{2}$ and $E_{3}=Ca_{3}$ . Then
$(H;E_{1}, E_{2}, E_{3})$ is decomposable. In fact, let $H_{1}=E_{1}\vee E_{2}\neq 0$ and $H_{2}=$
$E_{3}\neq 0$ . Then $H_{1}+H_{2}=H$ , $H_{1}\cap H_{2}=0$ and $E_{i}=E_{i}\cap H_{1}+E_{i}\cap H_{2}$ ,
for $i=1,2,3$ .
$\{a_{1}, a_{2}, a_{3}\}$

$S$

Example 4. Let $H=C^{3}$ and
be a subset of $H$ . Put
$E_{i}=Cb_{i}$ for $i=1$ ,
, 4. Consider a system $=(H;E_{1}, E_{2}, E_{3}, E_{4})$ of
four subspaces. Then the following are equivalent:
$\{b_{1}, b_{2}, b_{3}, b_{4}\}$

$S$

$\cdots$

1.
is indecomposable.
2. Any three vectors of
is linearly independent.
3. The set
is linearly independent and
for some scalars $\lambda_{i}\neq 0(i=1,2,3)$ .
$S$

$\{b_{1}, b_{2}, b_{3}, b_{4}\}$

$b_{4}=\lambda_{1}b_{1}+\lambda_{2}b_{2}+$

$\{b_{1}, b_{2}, b_{3}\}$

$\lambda_{3}b_{3}$

Assume that $\{u_{1}, u_{2}, u_{3}, u_{4}\}\subset H$ and
$=(H;Cu_{1},
above condition (2). Then
$(H;Cv_{1}, Cv_{2}, Cv_{3}, Cv_{4})$ are similar.

$\{v_{1}, v_{2}, v_{3}, v_{4}\}\subset H$

$S$

Cu_{2}, Cu_{3}, Cu_{4})$

satisfy the
and I $=$

Example 5. Let $H=C^{3}$ . Put $E_{1}=C\oplus C\oplus 0$ , $E_{2}=C(1,1,1)$ and
$E_{3}=C(1,2,3)$ . Then a system $S=(H;E_{1}, E_{2}, E_{3})$ is decomposable.
In fact, let $E_{1}’=(E_{2}\vee E_{3})\cap E_{1}$ and $H_{1}=E_{1}\cap(E_{1}’)^{\perp}\neq 0$ . Let

Relative positions
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Then $H_{1}+H_{2}=H$ ,

$H_{2}=E_{2}\vee E_{3}\neq 0$ .
$E_{i}\cap H_{1}+E_{i}\cap H_{2}$

of four

and

$H_{1}\cap H_{2}=H$

$E_{i}=$

, for $i=1,2,3$ .

Example 6. Let $H=C^{3}$ . Put $E_{1}=C\oplus C\oplus 0$ , $E_{2}=C(0,0,1)$ ,
$E_{3}=C(0,1,1)$ and $E_{4}=C(1,0,1)$ . Then a system $S_{1}=(H;E_{1},$
,
,
of four subspaces is indecomposable.
$E_{2}$

$E_{3}$

$E_{4})$

Example 7. Let

Put

$E_{1}=C\oplus C\oplus 0$

Put

$E_{1}=C\oplus C\oplus 0$

, $E_{2}=C(0,0,1)$ ,
and $E_{4}=C(1,0,1)$ . Then a system $S_{2}=$
of four subspaces is indecomposable.
$H=C^{3}$ .

$E_{3}=C(1,0, 0)\oplus C(0,1,1)$
$(H;E_{1}, E_{2}, E_{3}, E_{4})$

Example 8. Let

$H=C^{3}$ .

$E_{3}=C(1,0,0)\oplus C(0,1,1)$

system

and

$S_{3}=(H;E_{1}, E_{2}, E_{3}, E_{4})$

,

$E_{2}=C(0,0,1)$ ,

Then a
of four subspaces is indecomposable.
$E_{4}=C(1,0,1)$

$\oplus C(0,1, 0)$

.

Example 9. Let $H=C^{3}$ . Put $E_{1}=C(1,0,0)\oplus C(01)$ ’ 0), $E_{2}=$
$C(0,1, O)\oplus C(0,0,1)$ , $E_{3}=C(1,0, O)\oplus C(0,1,1)$ and $ E_{4}=C(0,0,1)\oplus$
$C$ (1, 1, 0). Then a system $S_{4}=(H\cdot E_{1}, E_{2}, E_{3}, E_{4}))$ of four subspaces is
indecomposable.

Remark Any two of the above indecomposable systems
of four subspaces are not similar.

$S_{1}$

,

$\cdots$

,

$S_{4}$

Example 10. Let $K=\ell^{2}(N)$ and $H=K\oplus K$ . Consider a
: $K\rightarrow K$ . Let $E_{1}=K\oplus 0$ , $E_{2}=0\oplus K$ , $E_{3}=$
unilateral shift
$\{(x, Sx)\in H|x \in K\}$ and $E_{4}=\{(x, x)\in H|x\in K\}$ . Then a system
$S_{4}=(H;E_{1}, E_{2}, E_{3}, E_{4})$ of four subspaces in $H$ is indecomposable.
$S$

Example 11. (Harrison-Radjavi-Rosental [HRR]) Let $K=\ell^{2}(Z)$
given by $\alpha_{n}=1$ for
Consider a sequence
and $\alpha_{r\iota}=exp((-1)^{n}n!)$ for $>1$ . Consider a bilateral weighted
: $D_{T}\rightarrow K$ such that $T(x_{n})_{n}=(\alpha_{n-1}x_{n-1})_{n}$ with the doshift
main $D_{T}=\{(x_{n})_{n}\in\ell^{2}(Z)|\sum_{n}|\alpha_{n}x_{n}|^{2}<\infty\}$ . Let $E_{1}=K\oplus 0$ ,
$E_{2}=0\oplus K$ , $E_{3}=\{(x, Tx) \in H|x\in D_{T}\}$ and $ E_{4}=\{(x, x)\in$
$H|x\in K\}$ . Since $\{0, H, E_{1}, E_{2}, E_{3}, E_{4}\}$ is a transitive lattice, a system
$S_{4}=(H;E_{1}, E_{2}, E_{3}, E_{4})$ of four subspaces in $H$ is indecomposable.
and $H=K\oplus K$ .

$n$

$(\alpha_{n})_{n}$

$\leq 0$

$n$

$S$

$=(H;E_{1}, \cdots, E_{n})$ be a system of
subspaces
Definition. Let
$H$
denoted
in a Hilbert space . Then the orthogonal complement of
.
, is defined by
by
$S$

$n$

$S_{)}$

$S^{\perp}$

$S^{\perp}=(H;E_{1}^{\perp}, \cdots, E_{n}^{\perp})$

Proposition 2. Let $H$ be a Hilbert space and $=(H\cdot E_{1})’\ldots$ ,
a system of four subspaces in H. Then is indecomposable if and only
$S$

$S$

if

$S^{\perp}is$

indecomposable.

$E_{n})$
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Classification of two subspaces

\S 3.

Let

be a system of

. We say
is trivial if $dimH=1$ .
Gelfand-Ponomarev [GP] claim that if $H$ is finite-dimensional, then
$=(H\cdot E_{1}, E_{2}))$ of two subspaces is
every indecomposable system of
trivial and similar to one of the following four systems:

that

$S$

$=(H\cdot E_{1})’\ldots$

,

$E_{n})$

$n$

subspaces in

$H$

$S$

$S$

$S_{1}=(C;C, 0)$ ,

$S_{2}=(C;0, C)$ ,

$S_{3}=(C;C, C)$ ,

$S_{4}=(C;0,0)$ .

Any system of two subspaces is similar to a direct sum of a finite
number of indecomposable systems above.
We consider the case that $H$ is infinite-dimensional.
Proposition 3. Let $H$ be a separable infinite-dimesional Hilbert
$=(H;E_{1}, E_{2})$ a system of two subspaces in H.
space and
If is
indecomposable, then is similar to one of the following four systems:
$S$

$S$

$S$

$S_{1}=(C;C, 0)$ ,

$S_{2}=(C;0, C)$ ,

$S_{3}=(C\cdot C, C))$

’

$S_{4}=(C;0,0)$ .

Classification of three subspaces

\S 4.

Gelfand-Ponomarev ([GP]) also claim that if $H$ is finite-dimensional,
then there exist nine diﬀerent indecomposable system $S=(H;E_{1},$
,
of three subspaces in $H$ . The eight of them are trivial and similar
to one of the following systems:
$E_{2}$

$E_{3})$

$S_{1}=(C\cdot 0,0,0))$

$S_{4}=(C;0,0C))$ ’

’

$S_{2}=(C;C, 0,0)$ ,

$S_{3}=(C;0, C, 0)$ ,

$S_{5}=(C;C, C, 0)$ ,

$S_{6}=(C\cdot C, 0, C))$

$S_{7}=(C;0, C, C)$ ,

’

$S_{8}=(C;C, C, C)$

The only non-trivial indecomposable system of three subspaces is
$S$

$=(C^{2}\cdot C()1,0)$

, $C(0,1)$ ,

$C(1,1))$

up to similarity.

Classification of four subspaces

\S 5.

The classification of indecomposable systems $S=(H;E_{1},$
,
,
of four subspaces in a Hilbert space $H$ is a central problem. If
is finite-dimensional, Gelfand-Ponomarev [GP] completely classified
$E_{2}$

$E_{4})$

$H$

$E_{3}$

of four

Relative positions
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them and gave a complete list of their canonical forms. Their important
numerical invariants are $dimH$ and the defect
$\rho(S)=\sum_{i=1}^{4}dimE_{i}-2dimH$ .

Proposition 4 (Gelfand-Ponomarev [GP]). If a system of four
subspaces in a finite-dimensional $H$ is indecomposable, then a possible
value of the defect
is exactly in the set $\{-2, -1, 0, 1, 2\}$ .
$S$

$\rho(S)$

The defect characterizes an essential feature of the system. If $\rho(S)=$
and $B$ :
, then there exists a pair of linear operators $A$ :
and the system $S=(H;E_{1)}E_{2}, E_{3}, E_{4})$ is described up to permutation
by $H=E\oplus F$ , $E_{1}=E\oplus 0$ , $E_{2}=0\oplus F$ , $E_{3}=\{(x, Ax)\in H|x\in E\}$
and $E_{4}=\{(By, y)\in H|y\in F\}$ . If $\rho(S)=\pm 1$ , then is given up to
and
are
permutation by $H=E\oplus F$ , $E_{1}=E\oplus 0$ , $E_{2}=0\oplus F$ ,
$H$
subspaces of
that do not reduced to the graphs of the operators as in
the case that $\rho(S)=0$ . A system with $\rho(S)=\pm 2$ cannot be described
in the above forms.
Following [GP], we write down the canonical forms of indecomposable systems $S=(H;E_{1}, E_{2}, E_{3}, E_{4})$ of four subspaces in an finitedimensional space $H$ up to permutation. We first consider the case
when $dimH$ is even and $2k$ for some positive integer . There exist no
indecomposable systems
with $\rho(S)=\pm 2$ . Let $H$ be a space with a
.
basis
$S_{3}(2k,
-1)=(H;E_{1},
E_{2}, E_{3}, E_{4})$ has the defect $\rho(S)=$
The system
$-1$ and given by
$F\rightarrow E$

$E\rightarrow F$

$0$

$S$

$E_{3}$

$E_{4}$

$k$

$S$

$\{e_{1}, \cdots, e_{k}, f_{1}, \cdots, f_{k}\}$

$E_{1}=[e_{1}, \cdots, e_{k}]$

,

$E_{3}=[(e_{2}+f_{1}), \cdots, (e_{k}+f_{k-1})]$

The system
given by

$E_{2}=[f_{1}, \cdots, f_{k}]$

,

$E_{4}=[(e_{1}+f_{1}), \cdots, (e_{k}+f_{k})]$

$S_{3}(2k, 1)=(H\cdot E_{1}, E_{2}, E_{3}, E_{4}))$

$E_{1}=[e_{1}, \cdots, e_{k}]$

,

,

has the defect

$E_{2}=[f_{1}, \cdots, f_{k}]$

$E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k}+f_{k-1}), f_{k}]$

,

$\rho(S)=1$

,

$E_{4}=[(e_{1}+f_{1}), \cdots, (e_{k}+f_{k})]$

$E_{2}=[f_{1}, \cdots, f_{k}]$

$E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k}+f_{k-1})]$

,

and

,

The system $S_{1,,,3}(2k, O)=(H;E_{1}, E_{2}, E_{3}, E_{4})$ has the defect
and given by
$E_{1}=[e_{1}, \cdots, e_{k}]$

.

.

$\rho(S)=0$

,

$E_{4}=[(e_{1}+f_{1}))\ldots, (e_{k}+f_{k})]$

.
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The system $S(2k, 0;\lambda)=(H;E_{1}, E_{2}, E_{3}, E_{4})$ has the defect
and given by
$E_{1}=[e_{1}, \cdots, e_{k}]$

,

$E_{2}=[f_{1}, \cdots, f_{k}]$

$\rho(S)=0$

,

$E_{3}=[(e_{1}+\lambda f_{1}), (e_{2}+f_{1}+\lambda f_{2}), \cdots)(e_{k}+f_{k-1}+\lambda f_{k})]$

$E_{4}=[(e_{1}+f_{1}), \cdots, (e_{k}+f_{k})]$

,

.

Every other system $S_{i}(2k, \rho)$ , $S_{i,,,j}(2k, 0)$ can be obtained from the
systems $S_{3}(2k, \rho)$ , $S_{i,,,3}(2k, 0)$ by a suitable permutation of the subspaces.
Let be a permutation on the set {1, 2, 3, 4} and $=(H;E_{1}, E_{2}, E_{3}, E_{4})$
a system of four subspaces. We define
$S$

$\sigma$

$\sigma S=(H\cdot E_{\sigma^{-1}(1)}, E_{\sigma^{-1}(2))}E_{\sigma^{-1}(3)}, E_{\sigma^{-1}(4)}))$

Let
be the transposition
for $\rho=-1,1$ . We also define
$\sigma_{i,,,j}$

$\{1, 2, 3, 4\}$

$(i, j)$

We put

.

.

$S_{i}(2k, \rho)=\sigma_{3,,,i}S_{3}(2k, \rho)$

$S_{i,,,j}(2k, 0)=\sigma_{1,,,i}\sigma_{3,,,j}S_{1,,,3}(2k, 0)$

for ,
$i$

$ j\in$

.

We next consider the case $dimH=2k+1$ , odd (for some positive
integer ). Let $H$ be a space with a basis $\{e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}\}$ .
The system $S_{1}(2k+1, -1)=(H\cdot E_{1}, E_{2}, E_{3}, E_{4}))$ has the defect
$\rho(S)=-1$ and given by
$k$

$E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}]$

$E_{3}=[(e_{2}+f_{1}))\ldots, (e_{k+1}+f_{k})]$

The system $S_{2}(2k+1,1)=(H;E_{1},
and given by

,

$E_{2}=[f_{1}, \cdots, f_{k}]$

E_{2}, E_{3}, E_{4})$

$E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots)(e_{k+1}+f_{k})]$

,

,

$E_{4}=[(e_{1}+f_{1}), \cdots, (e_{k}+f_{k})]$

$E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}]$

The system $S_{1,,,3}(2k+1,
and given by

,

,

has the defect

$E_{2}=[f_{1}, \cdots, f_{k}]$

.

$\rho(S)=1$

,

$E_{4}=[(e_{1}+f_{1}), \cdots)(e_{k}+f_{k}), e_{k+1}]$

has the defect

O)=(H;E_{1}, E_{2}, E_{3}, E_{4})$

$\rho(S)=0$

$E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}]$

,

$E_{2}=[f_{1}, \cdots, f_{k}]$

$E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})]$

,

$E_{4}=[(e_{1}+f_{1}), \cdots, (e_{k}+f_{k})]$

The system $S(2k+1,
$=-2$ and given by

-2)=(H;E_{1}, E_{2}, E_{3}, E_{4})$

$E_{1}=[e_{1}, \cdots)e_{k}$

,

$e_{k+1}])$

,

has the defect

$E_{2}=[f_{1}, \cdots, f_{k}]$

$E_{3}=[(e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})]$

.

,

,

$E_{4}=[(e_{1}+f_{2}))\ldots, (e_{k-1}+f_{k}), (e_{k}+e_{k+1})]$

.

.

$\rho(S)$

of four

Relative positions

$2$

The system
and given by

subspaces

has the defect

$S(2k+1,2)=(H\cdot E_{1}, E_{2}, E_{3}, E_{4}))$

$E_{1}=[e_{1}, \cdots, e_{k)}e_{k+1}]$

,
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$E_{2}=[f_{1}, \cdots, f_{k}])$

$E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots)(e_{k+1}+f_{k})]$

,

$E_{4}=[f_{1}, (e_{1}+f_{2}))\ldots, (e_{k-1}+f_{k}), (e_{k}+e_{k+1})]$

We put

$S_{i}(2k+1, -1)$

$\sigma_{2,,,i}S_{2}(2k+1,1)$

$\{1, 2, 3, 4\}$

,

$\rho(S)=$

$=\sigma_{1,,,i}S_{1}(2k+1, -1)$

,

.

$S_{i}(2k+1, +1)=$

$S_{i,,,j}(2k+1,0)=\sigma_{1,,,i}\sigma_{3,,,j}S_{1,,,3}(2k+1,0)$

for

$ i,j\in$

.

Theorem 5 (Gelfand-Ponomarev [GP]). If a system $S$ of four subspaces in a finite-dimensional $H$ is indecomposable, then is similar to
one of the systems $S_{i,,,j}(m, 0)$ , $(i<j, i, j\in\{1, 2,3,4\}, m=1,2, \cdots)$ ;
$S(2k, 0, \lambda)$ ,
$(\lambda\in C, \lambda\neq 0, \lambda\neq 1, k=1,2, \cdots);S_{i}(m, -1)$ , $S_{i}(m, 1)$ ,
$(i\in\{1, 2, 3, 4\}, m=1,2, \cdots);S(2k+1, -2)$ , $S(2k+1, +2)$ , $k=0,1$ ,
$S$

$\cdots)$

We would like to investigate the case when $H$ is infinite-dimensional.
The complete classification is at present far from being solved. But we
can show the existence of plenty of examples.
Theorem 6 ([EW]). There exist uncountably many indecompos$=(H;E_{1}, E_{2}, E_{3}, E_{4})$
able systems
of four subspaces in an infinitedimensional Hilbert space $H$ .
$S$

We shall extend the notion of the defect for a certain class of systems
using Fredholm index.

Definition. Let $=(H;E_{1}, E_{2}, E_{3}, E_{4})$ be a system of four subFor any $i\neq j\in\{1, 2, 3, 4\}$ , define a
spaces in a Hilbert space $H$
bounded linear operator $T_{ij}=E_{i}\oplus E_{j}\rightarrow H$ by $T_{ij}(x, y)=x+y$ . If
is a Fredholm operator, then $indT_{ij}=dim(E_{i}\cap E_{j})-dim(E_{i}+E_{j})^{\perp}$ .
is a Fredholm operator for
We say that
is a Fredholm system if
any $i\neq j\in\{1, 2, 3, 4\}$ . We also say that is a weak Fredholm system if
$kerT_{ij}$ and
is finite-dimensional for any $i\neq j\in\{1, 2, 3, 4\}$ . It is
clear that if is a Fredholm system, then is a weak Fredholm system.
For any weak Fredholm system we define the defect of , denoted by
, by
$S$

$T_{ij}$

$S$

$T_{ij}$

$S$

$kerT_{ij}^{*}$

$S$

$S$

$S$

$S$

$\rho(S)$

$\rho(S)=\frac{1}{3}\sum_{1\leq i<j\leq 4}IndT_{i,,,j}$

.

The new definition of the defect agrees with the original one when $H$ is
finite-dimensional. In that case the value of the defect is an integer.
Proposition 7 ([EW]). If is a weak Fredholm system, then the
orthogonal complement
also a weak Fredholm system and
$S$

$S^{\perp}is$

$-\rho(S)$

.

$\rho(S^{\perp})=$
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Recall that one of the amazing fact in subfactor theory was that the
possible value of the Jones index for a subfactor is in $\{4cos^{2}\frac{\pi}{n}|n=$
$3,4$ ,
. We shall determine the possible value of the defect for
an indecomposable system of four subspaces in an infinite-dimesional
Hilbert space.
$\cdots\}\cup[4, \infty]$

$S$

Theorem 8 ([EW]). The set of possible values of the defect for indecomposable systems of four subspaces in an infinite-dimesional Hilbert
.
space is
$\{\frac{n}{3};n\in Z\}$
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